SOLUTION OF A KINETIC STOCHASTIC EQUATION MODELING A SPRAY IN A TURBULENT GAS FLOW

J.F.CLOUET, and K.DOMELEVO Centre de Mathématiques Appliquées Ecole Polytechnique 91128 Palaiseau Cedex, France.

clouet@cmapx.polytechnique.fr, and komla@cmapx.polytechnique.fr

This work studies the modeling of the effect of turbulence on spray. The spray obeys a kinetic equation. The use of the method of characteristics gives under certain assumptions the solution of the problem. When the gas velocity is modeled by using a white-noise, the solution of the problem obeys a kinetic stochastic equation and may be written in terms of a Wiener chaos expansion.

1 Introduction and Modeling

1.1 Introduction

We consider in this work the modeling of the turbulent dispersion of a cloud of solid particles. The behaviour of many devices such as fludized bed coal combustion or Diesel engines indeed heavily depends upon the turbulent mixing between a gas phase and a dispersed phase. Our aim is to give a rigourous mathematical justification of several models commonly used to predict the turbulent dispersion of the dispersed phase: the turbulent gas flow is modeled by using a random field characterized by its correlation time t_d. The authors P.J.O’Rourke and Reeks describe the droplets dispersion for any time t_d (see [1, 2]), whereas S.Chandrasekhar, Z.Kotulski and P.L.Chow assume t_d to be 0, that is the random field is a gaussian white-noise (see [3, 4, 5]). We would like to emphasize also that Z.Kotulski and P.L.Chow use a stochastic spray equation (although restricted to the dispersion of passive particles) while S.Chandrasekhar restricts himself to the Fokker-Planck equation satisfied by the mean solution of the spray equation. Here, we show how these results are linked. On the one hand, we show for any t_d that the equation satisfied by the mean solution (of the spray equation) is obtained by adding a diffusion term to the spray equation (see [2]). On the other hand, we rigourously study the limiting behaviour of the spray in the white-noise limit t_d tends to 0. Furthermore a chaos expansion enables us to estimate the difference between the mean solution and the solution of the spray equation for a particular experiment, in the limit of the white-noise.

1.2 A mathematical modeling

In order to model two-phase fluid flows, one can use essentially to approaches: a fluid one or a kinetic one. In the fluid model, one assumes that all the particles have the same radius r and that at a given location of the physical space, the velocity distribution function of the cloud of particles has a known shape such as a Dirac distribution or a gaussian function. We wish however to consider more general velocity distribution functions and we rather use the kinetic model.

The particles are characterized by their position x, their velocity v, their radius r. The probability density function (pdf) is then a function f = f(x, v, r, t) and the spray equation writes (see [6, 7]):

∂_tf + ∇x(fv) + ∇v(fβ) + ∇_r(fR) = Q(f, f). (1.1)

The term β = β(x, v, r, t) is the acceleration of a droplet at the location (x, v, r) of the phase space and at time t. The term R is the regression velocity of the radius of the particle: R = dr dt . Finally Q(f, f) is a nonlinear expression that takes into account the collisions of particles and the break-up. Here, we are mainly interested in the turbulent dispersion of dilute clouds of particles so that we omit the term Q(f, f) in (1.1). Furthermore, we assume that all the particles have the same radius r for the sake of simplicity. The pdf is then f = f(x, v, t) and the spray equation reduces to the transport equation:

∂_tf + ∇x(fv) + ∇v(fβ) = 0. (1.2)

The accelaration β of a droplet with radius r and velocity v is taken as:

β = β_g + g (1.3)

where g is the acceleration of gravity and β_g is the drag force. We model it by using the Stokes drag force: β_g = − 9 2 μ_g r^2ρ_p

(v − u_g). (1.4)

Here, μ_g denotes the viscosity of the gas, r is the radius of the particle, ρ_p is the mass density of the particle and u_g is the velocity of the gas. We assume below that μ_g and ρ_p are positive constants.

The turbulent gas flow field is modeled by using the ideas of J.K.Dukowicz (see [8]): the velocity field u_g of the gas is given by:

u_g (x, t) = u_g (x, t) + u(x, t) where u_g (x, t) is the mean value of the gas velocity flow field and u(x, t) is the fluctuating part of this field. More precisely we assume that for x given, u(x, t) is a piecewise constant function:

u(x, t) = u_i(x) if it_d ≤ t < (i + 1)t_d.

The components (u^j_i )_{1≤j≤3} of u_i are gaussian centered random variables with variance σ (that is u^j_i = N (0, σ^2)): denoting by dp(u^j_i ) the probability density of u^j_i , we have: dp(u^j_i (x)) = G_σ (u^j_i (x))du^j_i (x)

G_σ (u^j_i (x)) = 1 √ 2πσ exp ( − u^j_i (x)^2 2σ^2 ) (1.5)

This is a simple modeling of an isotropic homogeneous turbulent flow field. In fact the turbulent flow field a priori depends on the space coordinate x. Since we study the behaviour of the cloud of particles, we are only interested in local properties and we may omit the x-dependency of u_i. Hence, given a turbulent flow field u(t) modeled by

u(t) = u_i if it_d ≤ t < (i + 1)t_d, u^j_i = N (0, σ^2) (1.6)

we are left to solving the following model problem:

Problem 1.1 (model problem) Find f such that

∂_tf + ∇x(fv) + ∇v(fβ) = 0

β = β(v, t) = −cv + cu(t)

f(x, v, 0) = f_0(x, v), f_0 ≥ 0

(1.7)

Here c =^9_2^{μg}_{r2ρp} . In the following, we write κ = σ^2t_d. Since we want to insist on the dependency of the solution of (1.7) on the random variable u (and hence on κ and t_d) we shall write its solution as fu_{(κ,td )} .

The system (1.7) may be solved explicitly by using the method of characteristics. The scale of spatial resolution that should be used in a numerical simulation is of course smaller than the scale of the smallest eddies in the gas flow, which means that a direct simulation of turbulent flow field of the dispersed phase should be used. We want here to introduce some turbulence model for the dispersed phase, i.e., we want to determine the behaviour of the solution f in function of the gas turbulence parameters κ and t_d. We first consider the expectation over all the possible gas turbulent flow fields of the solutions fu_{(κ,td )} of system (1.7). This expectation, denoted by f_{(κ,td)} satisfies a parabolic equation whose coefficients are explicitly computed in function of c, κ, and t_d. We consider next the formal limit for κ fixed of the function f_{(κ,td)} as t_d tends to zero and, so that f_{(κ,td)} tends to a solution f_{(κ,0)} of a parabolic equation. On the other hand, we consider the limit as t_d tends to zero of the solution fu_{(κ,td )} of (1.7): the limit is denoted by fu_{(κ,0)} . Here, the gas turbulent flow field is modeled by a white-noise u_{(κ,0)} and, for a particular realization of the white-noise, the function fu_{(κ,0)} is solution of a stochastic kinetic equation. Taking finally the expectation over all the possible white-noise of the solutions fu_{(κ,0)} we obtain the function f_{(κ,0)} solution of the same equation as above. We obtain thus the following commutative diagram: fu_{(κ,td )}^{IE(κ,td )} −−−−−−−−−−−−−−→ f_{(κ,td)} t_d−→0 t^{d−→0} fu_{(κ,0)}^{IE(κ,0)} −−−−−−−−−−−−−−→ f_{(κ,0)} (1.8)

2 Solution of the problem

In this section the parameters κ and t_d are fixed positive constants. Hence the (κ, t_d)-dependency will be omitted. Furthermore, we shall assume that f_0 is smooth with compact support (i.e. f_0 ∈ C^∞_0 (IR^3x × IR^3v)) and we are looking for solutions of (1.7) whose moments are all finite. So, we introduce the space L^{1,2} = {f ∈ L^1(IR^3x × IR^3v, ‖x‖^1‖v‖^2dxdv) × C[0, T ]}. The functions of L^{1,2} have finite inertial moment, mass, impulsion and energy. Furthermore, for the sake of simplicity, we set for the mean velocity of the gas u_g = 0, and we introduce the mean acceleration β_0 such that β = −cv + cu = β_0 + cu.

2.1 Solution of the model problem

Theorem 2.1 (solution) Let u(t) be defined by (1.6). Define the characteristics (Xu, Vu) as the solution of the following Cauchy problem:

∂_tXu(t; x, v, s) = Vu(t; x, v, s)

∂_tVu(t; x, v, s) = β(Vu(t; x, v, s))

= −cVu(t; x, v, s) + cu(t)

{ Xu(s; x, v, s) = x

Vu(s; x, v, s) = v

(2.1)

then, the function

fu(x, v, t) = e^{3ct}f_0(Xu(0; x, v, t), Vu(0; x, v, t)) (2.2)

is the unique solution in L^{1,2} of the model problem (1.7).

The characteristics defined in (2.1) are the solutions of the Langevin’s equation^dx_{dt} = v,^dv_{dt} = β. This is the path of a single droplet in the phase space.They will be called the direct characteristics and denoted by Xu(t; x, v, 0) and Vu(t; x, v, 0). The functions associated to the backward direction will be called reverse characteristics and denoted by Xu(0; x, v, t) and Vu(0; x, v, t). We first solve the Langevin’s equation:

Lemma 2.2 (characteristics) Let u(t) be defined by (1.6) and let t > 0. The direct characteristics defined in (2.1) are explicitly

Xu(t; x, v, 0) = x + 1 − e^{−ct} c v + i=N−1 ∑ i=0 {t_d − 1 − e^{−ctd} c e^{−c(t−itd)}u_i}

+ {(t − Nt_d) − 1 − e^{−c(t−Ntd)} c }u_N Vu(t; x, v, 0) = e^{−ct}v + i=N−1 ∑ i=0 (1 − e^{−ctd} )e^{−c(t−itd)}u_i + (1 − e^{−c(t−Ntd)})u_N (2.3) where N = [t/t_d] denotes the integer part of t/t_d. The transformation

Φu(t) : (x, v) −→ (Xu(t; x, v, 0), Vu(t; x, v, 0))

is a bijection of IR^3x × IR^3v whose inverse writes in terms of the reverse characteristics:

Xu(0; x, v, t) = x − e^{ct} − 1 c v + i=N−1 ∑ i=0 { 1 − e^{−ctd} c e^{citd} − t_d}u_i

+ { 1 − e^{−c(t−Ntd)} c e^{ct} − (t − Nt_d)}u_N Vu(0; x, v, t) = e^{ct}v − i=N−1 ∑ i=0 (1 − e^{−ctd} )e^{citd)}u_i − (1 − e^{−c(t−Ntd)})e^{ct}u_N (2.4)

Proof. We refer the reader to the article of P.J.O’Rourke for the expression of the direct characteristics (2.3) (see [1]). The end of the proof follows from straightforward calculations. 2

Proof of Theorem 2.1. Let fu be the solution of the model problem (1.7). Since Φu(t) is a bijection, we are allowed to make the change of variables:

f̃u(x, v, t) = fu(Φu(t)(x, v), t) = fu(Xu(t; x, v, 0), Vu(t; x, v, 0), t) (2.5)

where we used the direct characteristics. Derivating f̃u with respect to t, we get ∂_tf̃u(x, v, t) = ∂_tXu · ∇xfu(Xu, Vu, t) + ∂_tVu · ∇vfu(Xu, Vu, t) + ∂_tfu(Xu, Vu, t) = Vu · ∇xfu(Xu, Vu, t) + β(Vu) · ∇vfu(Xu, Vu, t) + ∂_tfu(Xu, Vu, t).

Subtracting this expression to the equation (1.2) satisfied by fu, we have

∂_tf̃u(x, v, t) = −(∇v · β)(Vu)fu(Xu, Vu, t) = +3cfu(Xu, Vu, t) = +3cf̃u(x, v, t) and the latter equation can be integrated explicitly: f̃u(x, v, t) = e3ctf̃u(x, v, 0) = e^{3ct}f(Φu(0)(x, v), 0) = e^{3ct}f_0(x, v).

In other words, for any u,

fu(x, v, t) = e^{3ct}f_0(Xu(0; x, v, t), Vu(0; x, v, t)).

Uniqueness follows from the linearity of (1.7) and fu is in L^{1,2} because the support of f_0 is compact. 2

2.2 Mean solution

Definition 2.3 (mean solution) Denote by fu be the solution of the model problem (1.7) for a given u(t) defined by (1.6). The mean solution f of the model problem is the expectation over all the possible distributions u of fu:

f(x, v, t) = IE(fu) = ∫ u∈U(t) dp(t)(u)fu(x, v, t). (2.6)

The operator IE denotes the expectation operator, dp(t)(u) is the density of probability at time t of u, and U(t) is the set of all the possible u defined by (1.6) on the intervall of time [0, t]. Note that the expectation operator should be written IE ≡ IE_{(κ,td)} where (κ, t_d) are the parameters of the modeling.

We prove now that the mean solution satisfies a parabolic equation:

Theorem 2.4 (equation of the mean solution) The mean solution f is the solution in L^{1,2} of the parabolic system: { ∂_tf + ∇x(fv) + ∇v(fβ_0) − ∇v · (D_x∇xf + D_v∇vf) = 0 f_0 ≥ 0, f_0 ∈ C^∞_0

(2.7)

where the diffusion coefficients are: D_x ≡ D_x(t) = cσ^2{(t − Nt_d) − 1 − e^{−c(t−Ntd)} c } D_v ≡ D_v(t) = cσ^2(1 − e^{−c(t−Ntd)}) (2.8)

and N = [t/t_d].

Remark that the mean acceleration appears in the convection term.

Proof. The proof is given in Appendix A. It uses the explicit formulas for the characteristics and the law of u(t). 2

Owing to the convexity and monotonicity of the exponential, the difusion coefficients are non negative. Furthermore, the diffusion term −∇v · (D_x∇xf + D_v∇vf) couples the derivatives with respect to x and v.

Equation (2.7) of Theorem 2.4 is also given in the article of M.W.Reeks (see [2]). The author uses the physical property of Galilean invariance of the equation. In the case of a gaussian random variable u(t), he proves that the diffusion term −D_v∇vf of the Fokker-Planck equation must be replaced by the more general term −∇v ·(D_x∇xf +D_v∇vf). In our approach, this result follows from straightforward calculations.

Finally, note that D_x and D_v are some periodic functions of time with period t_d, which may surprise. Actually this comes from our modeling where the fluctuating velocity is piecewise constant. Indeed, the diffusion terms are given by D_x∇xf + D_v∇vf = cIE(fuu), which is the correlation between fu and u. Hence, if t = it_d for some i ∈ IN, the correlation is zero, and then increases as t describes the intervall [it_d, (i + 1)t_d[.

We conclude this Section with the following remark:

Remark 2.5 (formal limit) If we introduce the dependency of f = f_{(κ,td)} with respect to κ and t_d, we are allowed to consider, at least formally, the white-noise limit (see next Section) where κ is fixed and t_d tends to 0 for the mean solution f_{(κ,td)}. Let < D_x > and < D_v > be the mean values of D_x(t) and D_v(t) respectively over a period t_d. It is easy to see that < D_x >= 0 and < D_v >=^{c2κ}_2 in this limit, which formally leads to the following Fokker-Planck equation for the mean solution fu_{(κ,0)} :

∂_tf_{(κ,0)} + ∇x(f_{(κ,0)}v) + ∇v(f_{(κ,0)}β_0) − ∇v · (< D_v > ∇vf_{(κ,0)}) = 0. (2.9)

3 Stochastic calculus

3.1 White-noise limit

We now want to model the effect of a gas a turbulent flow field in which the variations of the fluctuating velocity are extremely fast compared to any other characteristic time. Thus, we consider the limit where κ is fixed and t_d tends to zero, that is the diffusion coefficient D_v is a constant and the time frequency of the eddies tends to infinity. In the previous Section, we introduced the idea of calculating a mean solution in this limit, that is identifying f_{(κ,0)} as the limit f_{(κ,0)} = lim_{td−→0} f_{(κ,td)}.

Instead of considering the limit of the mean solution, we prefer to consider again a particular solution fu_{(κ,td )} of the model problem (1.7), where t_d is positive. We want to define now the limit f ≡ fu_{(κ,0)} as t_d tends to zero of fu_{(κ,td )} . That is, we want to define a particular solution of the model problem in the limiting white-noise. A rigourous definition is given in the following theorem:

Theorem 3.1 (stochastic equation) Let fu_{(κ,td )} be the solution of the model problem (1.7). Then, in the white-noise limit, the solution fu_{(κ,td )} converges in law in L^{1,2} to the solution f of the following stochastic problem: { df + {∇x · (fv) + ∇v · (fβ_0) − ∇v · (D_v ∇vf)}dt + √ 2D_v∇vf · dB_t = 0

f_0 ≥ 0, f_0 ∈ C^∞_0 (IR^3x × IR^3v) (3.1)

where D_v = c^2σ^2t_d 2 = c^2κ 2 and B(t) is the brownian motion in IR^3.

Proof. The proof is given in Appendix B. 2

From the properties of the brownian motion, we get immediately:

Definition and Corollary 3.2 (mean solution in the white-noise limit) Let f be the random function defined in theorem 3.1. In the white-noise limit, the mean solution f_{(κ,0)} is:

f_{(κ,0)} = IE(f) (3.2)

where IE is the expectation operator in the white-noise limit. The mean solution f_{(κ,0)} is the solution in L^{1,2} of the parabolic system: { ∂_tf_{(κ,0)} + ∇x(f_{(κ,0)}v) + ∇v(f_{(κ,0)}β_0) − ∇v · (D_v∇vf_{(κ,0)}) = 0

f_0 ≥ 0, f_0 ∈ C^∞_0 (IR^3x × IR^3v)

(3.3)

where D_v is given in Theorem 3.1.

Notice that this is the equation (2.9) of Remark 2.5. The first task of our work is now achieved, that is to study the diagram (1.8): we have rigourously shown how the Fokker-Planck equation follows from the white noise limit. We shall now see that the study of the stochastic equation gives us more insight on the droplets behaviour than the Fokker-Planck equation.

3.2 Chaos expansion

We now want to compare the particular and mean solutions f and f_{(κ,0)} in the white-noise limit. In this Subsection, we prove that the solution f of (3.1) writes in terms of a Wiener Chaos expansion involving the mean solution (3.2). Define first the homogeneous chaos spaces for our problem:

Wiener Chaos

Let t −→ F (t) be a random process with finite mean and variance. The Wiener chaos expansion of F is the serie:

F (t) = +∞∑ n=0 I_n(t)(F ) (3.4)

where I_n(t)(F ) is a scalar random variable that is in the Wiener chaos space H_n of order n: let B(t) denote the Brownian motion in three dimensions. Then, the

Wiener chaos spaces are defined as follows

H_0 = { h_0 ∈ L^2[0, T ] }

H_1 = { h_1(t) = ∫_t 0 h0(s) · dBs, h0 ∈ (H0)3 }

. . H_n = { h_n(t) = ∫_t 0 hn_−1(s) · dBs, hn_−1 ∈ (Hn_−1)3 }

and the scalar function I_n(t)(F ) defined above writes in the form

I_n(t)(F ) = 3∑ j1,...,j_n=1 ∫_t 0 . . . ∫_{tn}�_1 0 f^{(j1,...,jn)}(t_1, . . . , t_n) dB^{j1}_{t1} . . . dB^{jn}_{tn} (3.5)

where the scalar functions f^{(j1,...,jn)}(t_1, . . . , t_n) are unknowns, and dB^j_{tk} is the j_{th} component of the differential of the Brownian motion B(t) at time t_k. The space H_0 is the space of the deterministic scalar functions. The space H_n contains the iterated integrals of order n of the Brownian motion. Consider the scalar product defined with the expectation operator. Then, the Wiener chaos spaces are orthogonal spaces, that is

IE(I_n(t)(F )I_m(s)(G)) = δ(m, n) 3∑ j1,...,j_n=1 ∫_{inf(t,s)} 0 . . . ∫_{tn}�_1 0 f^{(j1,...,jn)}(t_1, . . . , t_n)g^{j1,...,jn} (t_1, . . . , t_n) dt_1 . . . dt_n for any functions F and G.

For the sake of simplicity, we introduce the tensor of order n of the differentials: ( dB^{j1}_{t1} . . . dB^{jn}_{tn} ) j1,...,j_n = [dB_{t1} ⊗ . . . ⊗ dB_{tn} ]

and in the same way we introduce the tensor of rank n: f^{(n)} = ( f^{(j1,...,jn)} ) j1,...,j_n . Then, (3.5) simply writes:

I_n(t)(F ) = ∫_t 0 . . . ∫_{tn}�_1 0 f^{(n)} (:) [dB_{t1} ⊗ . . . ⊗ dB_{tn} ]

where (:) is the n-contracting product of tensors.

Remark that if F (t) also depends on the space variable (x, v), then the tensor f^{(n)} will also depend on (x, v).

Chaos expansion of the particular solution

Since the function f defined by (3.1) is bounded (as a weak limit of the uniformely bounded sequence fu_{(κ,td )} ), it has finite mean and variance. Hence, we are allowed to seek for a chaos expansion of this function.

Theorem 3.3 (first expansion) Let f be the function defined by (3.1). It writes

f(x, v, t) = f_{(κ,0)}(x, v, t) + +∞∑ n=1 V_n(x, v, t) (3.6)

where

V_n(x, v, t) = (2D_v)^{n2} ∫_t 0 . . . ∫_{tn}�_1 0 S(t − t_1)∇v . . . S(t_{n−1} − t_n)∇vf_{(κ,0)}(x, v, t_n) (:) [dB_{t1} ⊗ . . . ⊗ dB_{tn} ] . (3.7) Here (S(t))_{t>0} is the semi-group associated to the evolution equation (3.3) satisfied by the mean function f_{(κ,0)}.

Proof. Let g = f − f_{(κ,0)}. As seen in Appendix B, the functions f and f_{(κ,0)} are some C^∞ functions of x and v. From Eqs. (3.1) and (3.3), the function g is the solution of the system: { dg_t = A(g)dt + √ 2D_v∇vf · dB_t g(x, v, 0) = 0

(3.8)

where we have set

A(g) = −∇x · (gv) − ∇v · (gβ_0) + ∇v · (D_v ∇vg).

The operator A is the infinitesimal generator of the semi-group S. The regularity of f allows us to write g(x, v, t) = √ 2D_v ∫_t 0 S(t − s)∇vf(x, v, s) · dB_s. Writting f = f_{(κ,0)} + g in this relation and iterating the operation, we get

g(x, v, t) = N∑ n=1 V_n(x, v, t) + R^N (x, v, t) (3.9)

where V_n(t) is the function of H_n defined by (3.7) and R^N (t) is the function of ⊕^{+∞}_{N+1}H_n defined by

R^N (x, v, t) = (2D_v)^{n2} ∫_t 0 . . . ∫_{tn}�_1 0 S(t − t_1)∇v . . . S(t_{n−1} − t_n)∇vg(x, v, t_n) (:) [dB_{t1} ⊗ . . . ⊗ dB_{tn} ] . (3.10)

Owing to the orthogonality of the chaos spaces, the relation (3.9) gives

IE(g(x, v, t)^2) = N∑ n=1 IE(V_n(x, v, t)^2) + IE(R^N (x, v, t)^2) ≥ N∑ n=1 IE(V_n(x, v, t)^2).

which shows that the serie converges. The linearity of (3.1) shows immediately that the limit ∑_{+∞} n=1 V_n is the unique solution of (3.1) which proves the theorem. 2

In order to simplify this expansion, we have to commute the derivation operator ∇_v and the semi-group operator S_t = S(t):

Lemma 3.4 (commutator) Let S(t) be the semi-group associated to (3.3). We have the operators identities: { S_t∇x. = ∇xS_t. S_t∇v. = a(t)∇xS_t. + b(t)∇vS_t. where a(t) = 1 − e^{−ct} c b(t) = e^{−ct} (3.11)

Proof. The proof is given in Appendix A 2

Theorem 3.5 (second expansion) Let f be the function defined by (3.1). It writes

f(x, v, t) = f_{(κ,0)}(x, v, t) + ∞∑ n=1 (2D_v )^{n/2} n∑ k=0 ∇x^{n−k}∇v^kf_{(κ,0)}(x, v, t) (:) B̃^{n,k}_t (3.12) where B̃^{n,k}_t is the tensor of rank n defined by B̃^{n,k}_t = ∫_t 0 . . . ∫_{tn}�_1 0 ∑ ℑ^k_n a(t − t_{i1} ) . . . a(t − t_{in}�_k )b(t − t_{in}�_{k+1} ) . . . b(t − t_{in} ) (:) [dB_{t1} ⊗ . . . ⊗ dB_{tn} ] and ℑ^k_n is the set of indices: ℑ^k_n = {(i_1, . . . , i_n); (i_1, . . . , i_{n−k}) ⊂ (1, . . . , n) , and (i_{n−k+1}, . . . , i_n) ⊂ (1, . . . , n)\(i_1, . . . , i_k)}. Proof. Lemma 3.4 allows us to write S(t − t_1)∇v ⊗ . . . ⊗ S(t_{n−1} − t_n)∇v = [a(t − t_1)∇x + b(t − t_1)∇v] ⊗ . . . ⊗ [a(t − t_n)∇x + b(t − t_n)∇v]S(t − t_n) = ( ∑ k α^{n,k}_t (t_1, . . . , t_n)∇x^{n−k}∇v^k ) S(t − t_n) (3.13) where a(t) and b(t) are defined in (3.11), and α^{n,k}_t (t_1, . . . , t_n) = ∑ ℑ^k_n a(t − t_{i1} ) . . . a(t − t_{in}�_k )b(t − t_{in}�_{k+1} ) . . . b(t − t_{in} )

where ℑ^k_n is defined in the theorem. Since S(t − t_n)f_{(κ,0)}(x, v, t_n) = f_{(κ,0)}(x, v, t), the identity (3.13) enables us to rewrite the general term (3.7) of the serie as shown in Theorem 3.5. 2

Remark 3.6 (generalisation) The model can easily be extended to the case where the turbulent gas speed depends on the space variable (see [9]). In the most general model, u(x, t) is a stationary random field which satisfies a mixing property in the t−direction. The stochastic equation writes as: df + {∇x.(fv) + ∇v.(fβ_0) − ∇v.(D_v ∇vf)}dt + √ 2D_v ∇vf.dB(x, t) = 0 where B(x, t) is a centered gaussian field whose variance is defined by:

IE(B(x, t).B(y, s)) = inf(s, t)IE(u(x − y, 0).u(0, 0))

Remark that the equation for the mean solution (3.2) and the first chaos expansion (3.6) remains unchanged provided that a slight modification is made in the definition of the homogeneous chaos spaces (it simply consists in replacing B(t) by B(x, t) in the definition). However it is not possible to rewrite simply this expansion as we did in (3.12) because the derivation operator ∇x now acts on the whole stochastic integral ∫ f(x, v, t)dB(x, t) and not only on f(x, v, t).

3.3 Application

The expansion (3.1) is useful for the comparison of f (or any given functional of f) and its mean. We shall give an example for the simplest functional, the density of particles (we restrict ourselves to the 1-d case).

Theorem 3.7 (error estimate) Let σ_x and σ_v be two positive numbers. We take as initial data the following gaussian function:

f_0(x, v) = 1 √ 2πσ_x exp ( − x^2 2σ_x^2 ) 1 √ 2πσ_v exp ( − v^2 2σ_v^2 ) (3.14)

and we consider the densities ρ_0(x, t) = ∫ v f_0dv, ρ(x, t) = ∫ v fdv and ρ(x, t) = ∫ v f_{(κ,0)}dv. We can write the error

ρ(x, t) − ρ(x, t) = ∞∑ n=1 (2D_v)^{n/2}∇x^nρ(x, t)B̃^{n,n}_t (3.15) and we have

∀t, IE ( ‖ρ(x, t) − ρ(x, t)‖^2_{IL2(dx)} ) ‖ρ_0(x)‖^2_{IL2(dx)}

≤ inf D_v c^2σ^2_x t, σ_x ( σ^2_x + σ^2_v c^2

) 1_2

. (3.16)

Note that this is a global result in the sense that the norms ‖g‖_{IL}2_{(dx)} in the estimate are calculated thanks to all the values of g in the physical space.

Proof. The expansion (3.15) is an obvious consequence of the chaos expansion (3.12), because ∇vρ = 0. In order to calculate the norm in IL^2(dx), we calculate the norm in the Fourier space IL^2(dξ). Thus, introduce the Fourier transforms ρ̂(ξ, t) and ρ̂(ξ, t) of ρ(x, t) and ρ(x, t) respectively. The expansion (3.15) writes in the Fourier space: ρ̂(ξ, t) − ρ̂(ξ, t) = ∞∑ n=1 (2D_v)^{n/2}(ıξ)^nρ̂(ξ, t)B̃^{n,n}_t (3.17)

where B̃^{n,n}_t = ∫_t 0 . . . ∫_{tn}�_1 0 a(t − t_1) . . . a(t − t_n)dB_{t1} . . . dB_{tn} (3.18) thanks to Theorem 3.5. Hence,

IE((B̃^{n,n}_t )^2) = ∫_t 0 . . . ∫_{tn}�_1 0 a(t − t_1)^2 . . . a(t − t_n)^2dt_1 . . . dt_n = 1 n! (∫_t 0 a(s)^2ds )n . Calculate now the expectation of the error (3.16): IE ( ‖ρ(x, t) − ρ(x, t)‖^2_{IL}2_{(dx)} ) = ∫ ξ IE(ρ̂(ξ, t) − ρ̂(ξ, t))^2dξ. Owing to the orthogonality of the chaos spaces, we have

IE(ρ̂(ξ, t) − ρ̂(ξ, t))^2 = ∞∑ n=1 (2D_v )^n (∫_t 0 a(s)^2ds )n

n! |ξ|^{2n}|ρ̂(ξ, t)|^2

= [ exp ( 2D_v (∫_t 0 a(s)^2ds ) |ξ|^2 ) − 1 ] |ρ̂(ξ, t)|^2. For the sake of brevity, we shall not give all the details of the calculation (see [10]): since f_0 is gaussian, we can compute explicitly ρ̂(ξ, t) thanks to the formula given in Appendix A. Finally, we have for all t the equality: IE ( ‖ρ(x, t) − ρ(x, t)‖^2_{IL2(dx)} ) ‖ρ_0(x)‖^2_{IL2(dx)} = ( 1 √ ϕ_1(t) − 1 √ ϕ_1(t) + ϕ_2(t) ) σ_x where

ϕ_1(t) = σ^2_x + ( 1 − e^{−ct} c )_2 σ^2_v

ϕ_2(t) = 2D_v (∫_t 0 a(s)^2ds ) = D_v c^3 (2ct − 3 + 4e^{−ct} − e^{−2ct}) and the result follows easily. 2

Note that for t ≪ 1, the error increases slowly since it is equivalent to^{Dv}_{3σ3v} t^3. The same method may be used for other linear quantities of f and f − f_{(κ,0)}.

4 Conclusion

We insisted on the difference between a particular solution and a mean solution. When we want to compute the solution, we may use one of these two functions. In the direct simulation, we would compute the path of the droplets for a particular occurence of the turbulent gas velocity field. The solution obtained corresponds to the function fu_{(κ,td )} of Theorem 2.1. On the other hand, one may compute the mean solution by solving the parabolic equations (2.7) or (3.3). Hence, this study contributes to understanding and comparing these two approaches.

Furthermore, in the white-noise limit, the mean solution obeys the Fokker- Planck equation. If we consider a steady, homogeneous gas flow, we may look for some equilibrium solutions of the spray. The explicit expression of the mean solution proves that the velocity distribution of the droplets tends to a maxwellian distribution. An other approach is possible. By using an entropy function for the spray, L.Sainsaulieu considers a steady, non necessarily homogeneous, turbulent gas flow and writes the equilibrium distributions for the spray (see [11]).

Acknoledgement The authors would like to thank L.Sainsaulieu for suggesting the problem, reading the manuscript and many helpful advices.

This work was supported by the french ”Direction des Recherches et Etudes Techniques” of the French Defense Ministry and the ”pôle FIRTECH, Calcul Scientifique”.

A Proofs of Theorems and Lemmas.

Proof of Theorem 2.4:

For the sake of simplicity, we omit the index (κ, t_d) in the proof below. Taking the expectation of (1.7), we obtain

∂_tf + ∇x(fv) + ∇v(fβ_0) + ∇v(IE(cfuu)) = 0 (A.1) so that we just have to compute IE(cfuu). Since u(t) ≡ u_N in our notations, we write IE(cfuu) = c ∫ U(t) dp(t)(u)fuu(t) = c ∫ U(t−t_d) dp(t − t_d) ∫ IR3 dp(u_N )fuu_N

(A.2)

where we have U(t) = IR^{3([t/td]+1)}, and

dp(t)(u) = [t/t_d]∏

i=0 3∏ j=1 dp(u^j_i ) = [t/t_d]∏

i=0 3∏ j=1 G(u^j_i )du^j_i (A.3)

where the function G_σ (u) is the gaussian function defined by (1.5). Hence,we have to compute

∫ IR3 dp(u_N )fuu_N =

∫ IR3 dp(u_N )fuu^1_N ∫ IR3 dp(u_N )fuu^2_N ∫ IR3 dp(u_N )fuu^3_N

(A.4)

where (u^1_N , u^2_N , u^3_N ) are the three components of u_N . Write for example the first component. Thanks to the definition of u(t) and the expression (2.2) of the solution fu, we have ∫ IR3 dp(u_N )fuu^1_N = ∫ IR2 dp(u^1_N )dp(u^2_N ) ∫ IR G(u^1_N )fu(x, v, t)u^1_N du^1_N = ∫ IR2 dp(u^1_N )dp(u^2_N ) e^{3ct} ∫ IR du^1_N u^1_N G(u^1_N )f_0(Xu(0; x, v, t), Vu(0; x, v, t)).

We note (X^−, V^−) ≡ (Xu(0; x, v, t), Vu(0; x, v, t)) the reverse characteristics defined in (2.4). They may be written in the form: { X^− = X^−_0 + a(t)u_N V^− = V^−_0 + b(t)u_N

where (X^−_0 , V^−_0 ) are independent of u_N , a(t) = {^{1−e} �c(t�N t_d) c e^{ct} − (t − Nt_d)} and b(t) = −(1−e^{−c(t−Ntd)})e^{ct}. In other words, introducing the derivatives of the reverse characteristics with respect to u(t),we have (∂X^−/∂u) = a(t)Id^3_{IR} and (∂V^−/∂u) = b(t)Id^3_{IR}. We now have to compute the 1-d integral: e^{3ct} (∫_0 −∞ + ∫_{+∞} 0 ) du^1_N u^1_N G(u^1_N )f_0(X^−_0 + a(t)u_N , V^−_0 + b(t)u_N ).

Integrate each term thanks to the primitives

H^+(u) = − ∫_{+∞} u G_σ (u)udu if u ≥ 0

H^−(u) = ∫_u −∞ G_σ (u)udu if u ≤ 0. Since G_σ (u) is a gaussian function, an easy calculation allows us to write H^±(u) = ±σ^2G_σ (u) and an integration by part with respect to u^1_N gives e^{3ct} ∫ IR du^1_N u^1_N G(u^1_N )f_0(X^−, V^−)

= e^{3ct}[H^−(0) + H^+(0)]f_0(X^−_0 , V^−_0 )

+e^{3ct}σ^2 ∫ IR dp(u^1_N )[a(t)(∂_x1 f_0)(X^−, V^−) + b(t)(∂_v1 f_0)(X^−, V^−)]

where ∂_x1 and ∂_v1 are the partial derivatives with respect to the first coordinates of the position and velocity variables. Note that [H^−(0) + H^+(0)] = 0. Repeating the calculation for the other components of the integral (A.4) we can finally write the expectation (A.2):

IE(cfuu)(x, v, t) = cσ^2 ∫ U(t) dp(t)(u)e^{3ct}[a(t)∇xf_0(X^−, V^−) + b(t)∇vf_0(X^−, V^−)]. (A.5) In the sequel, we write (X^+, V^+) ≡ (Xu(t; x, v, 0), Vu(t; x, v, 0)) the direct characteristics defined by (2.3). The derivatives of the direct characteristics with respect to u(t) are the matrices (∂X^+/∂u) = {(t − Nt_d) − 1 − e^{−c(t−Ntd)} c }Id^3_{IR}, (∂V^+/∂u) = (1 − e^{−c(t−Ntd)})Id^3_{IR}. To achieve the proof of the theorem we just have to rewrite (A.5) by using only the derivatives of f rather than those of f_0. Lemma A.1 We have the equality: cσ^2 ∫ U(t) dp(t)(u)e^{3ct}[(∂X^−/∂u)∇xf_0(X^−, V^−) + (∂V^−/∂u)∇vf_0(X^−, V^−)]

= −cσ^2[(∂X^+/∂u)∇xf + (∂V^+/∂u)∇vf]. (A.6) Recall Eq. (A.1) ∂_tf + ∇x(fv) + ∇v(fβ_0) + ∇v(IE(cfuu)) = 0 where IE(cfuu) is now given by the second term of Eq. (A.6). Thanks to the expression of (∂X^+/∂u) and (∂V^+/∂u) given above, we have IE(cfuu) = −(D_x∇xf + D_v∇vf) where D_x and D_v are the diffusion coefficients defined by (2.8). This concludes the proof of Theorem 2.4. 2 Proof of Lemma A.1. According to the explicit expression (2.2) of fu and the Definition 2.3 of f, we have: f(x, v, t) = ∫ u∈U(t) dp(t)(u)e^{3ct}f_0(X^−, V^−).

Let (∂X^−/∂x), (∂V^−/∂x), (∂X^−/∂v) and (∂V^−/∂v) be the derivatives of the reverse characteristics with respect to the space variables. Setting

M = (∂X^−/∂x) (∂V^−/∂x) (∂X^−/∂v) (∂V^−/∂v)

(A.7)

we write the derivatives of f with respect to the space variables: ∇xf ∇vf (x, v, t) = ∫ u∈U(t) dp(t)(u)e^{3ct}M ∇xf_0 ∇vf_0 (X^−, V^−). (A.8)

From the definition of the reverse and direct characteristics, we have for any t:

∀(x, v), ∀u, X^−(X^+(x, v, u), V^+(x, v, u), u) = x V^−(X^+(x, v, u), V^+(x, v, u), u) = v Derivating this equality with respect to u gives

− (∂X^−/∂u) (∂V^−/∂u) = M^t (∂X^+/∂u) (∂V^+/∂u) where M^t is the transpose of the matrix M defined in (A.7). Hence, the first term of (A.6) is rewritten as

− ∫ U(t) dp(t)(u)e^{3ct}[(∂X^+/∂u), (∂V^+/∂u)] · M ∇xf_0 ∇vf_0 (X^−, V^−)

that is, since the derivatives (∂X^+/∂u) and (∂V^+/∂u) are independent of u

−[(∂X^+/∂u), (∂V^+/∂u)] ∫ U(t) dp(t)(u)e^{3ct} · M ∇xf_0 ∇vf_0 (X^−, V^−) and from (A.8), it also writes

−[(∂X^+/∂u), (∂V^+/∂u)] · ∇xf ∇vf (x, v, t).

This concludes the proof of Lemma A.1 2

Proof of Lemma 3.4:

Since ∇x commutates with the generator A, it also commutates with S and the first part of the lemma is proved.

We write (X^−_0 , V^−_0 ) the reverse characteristics (2.4) with no turbulent velocity u, that is: X^−_0 (x, v, t) = x − e^{ct} − 1 c v V^−_0 (x, v, t) = e^{ct}v and introduce now a new function f̃: f_{(κ,0)}(x, v, t) = e^{3ct}f̃(X^−_0 (x, v, t), V^−_0 (x, v, t), t).

We prove in Appendix C that f̃ writes in terms of a semi-group operator: f̃ = S̃_tf_0 where S̃ is a convolution semi-group whose s̃ is the kernel, that is:

f̃(x, v, t) = S̃_tf_0 = ∫ IR3x ∫ IR3v s̃_t(x − x^′, v − v^′)f_0(x^′, v^′)dx^′dv^′.

Consequently, the operator S satisfies for any function Φ:

S_tΦ(x, v) = ∫ IR3x ∫ IR3v s̃_t(X^−_0 (x, v, t) − x^′, V^−_0 (x, v, t) − v^′)Φ(x^′, v^′)dx^′dv^′. (A.9)

Note that S_t is not a convolution operator. Let (∂X^−_0 /∂x), (∂V^−_0 /∂x), (∂X^−_0 /∂v) and (∂V^−_0 /∂v) be the derivatives of the reverse characteristics with respect to the space variables. Introducing the matrix

M = (∂X^−_0 /∂x) (∂V^−_0 /∂x) (∂X^−_0 /∂v) (∂V^−_0 /∂v) we compute the derivative of (A.9) with respect to the space variables and get ∇x ∇v (S_tΦ) = MS_t ∇x ∇v Φ (A.10) because the derivatives of the characteristics are independent of x and v. We write now (X^+_0 , V^+_0 ) the direct characteristics (2.3) with no turbulent velocity u, that is:

X^+_0 (x, v, t) = x + 1 − e^{−ct} c v V^+_0 (x, v, t) = e^{−ct}v

and calculate the inverse of M:

M^{−1} =

(∂X^+_0 /∂x) (∂V^+_0 /∂x)

(∂X^+_0 /∂v) (∂V^+_0 /∂v).

This allows us to rewrite (A.10): S_t ∇x ∇v Φ = M^{−1} ∇x ∇v (S_tΦ) and the lemma is proved 2

B Stochastic Calculus.

The problem involves limit theorems for the solution of an evolution equation with random wide-band noise and has already been studied by several authors: Bouc and Pardoux first studied the case of a parabolic equation where the noise is driven by an ergodic finite dimensional diffusion (see [12] ). Then Kushner and Huang generalized these results when the noise satisfies only a mixing property (see [13]). Both of these works use strongly the hilbertian framework associated to the parabolic equation. Using the technique of stochastic flows of diffeomorphisms, Kunita extended previous theorems to transport equations but the functional framework is then a space of differentiable functions (see [9]).

The turbulent accelaration u does not fulfill all Kunita’s hypotheses: it satisfies the required ergodicty condition but is not bounded when t_d is fixed because it is gaussian. Nevertheless, as in the finite-dimensional case, the diffusionapproximation result that we need can be extended to the gaussian case: we will not give any details and we refer to Carmona and Fouque [14] who did it for a more complicate problem.

Applied to Eq. (1.7), Kunita’s result is the following: Proposition B.1 (Kunita’s result) Let:

D_v = c^2 2 lim_{td→0} ∫_∞ 0 IE ( u^j (0)u^j (t) ) dt = c^2κ 2 . Let (B(t))_{0≤t≤T} be a three dimensional standard brownian motion. Then fu_{(κ,td )} converges in distribution in the space C^∞(IR^3x × IR^3v) × C[0, T ] to the unique solution of the following stochastic partial differential equation:

f = f_0 − ∫_t 0 (∇x · (fv) + ∇v · (fβ_0)) ds + √ 2D_v ∫_t 0 ∇vf ∘ dB_s.

In that equation, the last integral is a Stratonovich integral. This equation writes also in the Itô sense:

f = f_0 − ∫_t 0 (∇x · (fv) − c∇v · (fβ_0)) ds + D_v ∫_t 0 Δvfds + √ 2D_v ∫_t 0 ∇vf · dB_s which is nothing but (3.1). This convergence means that for each continuous function F on C^∞(IR^3x × IR^3v) × C[0, T ], one has: IEF (fu) −→_{td→0} IEF (f). However we are not fully satisfied with this result because functions which are physically interesting for the solution of equation (1.7) are the moments:

F (fu) = ∫ IR3x^{×IR3}v fu(x, v, t)‖x‖^p‖v‖^q dxdv.

For this purpose it is enough to extend the convergence result to the space L^1(IR^3x × IR^3v, Φ(x, v)dxdv)×C[0, T ] where Φ(x, v) is smooth and slowly increasing at infinity. Thanks to previous convergence it is enough to show that the sequence (fu) is tight in this space because finite-dimensional laws already converge. The tightness criterium is given by the Dunford-Pettis theorem and we have to prove the two following assumptions:

(i) sup_{td,t≤T} IE‖fu‖_L1_{(IR}3x_{×IR}3v_{,Φ(}x_,v_{)d}x_dv_) < ∞

(ii) ∀ϵ, ∃η, ∀A ⊂ IR^3x × IR^3v, |A| < η ⇒ sup_{td,t≤T} IE ∫ A fu(x, v, t)Φ(x, v)dxdv ≤ ϵ From a physical point of view, (i) means that the droplets do not go too fast to infinity and (ii) means that there is no accumulation of droplets in a given region of the phase space.

To prove (i), we consider the ball B_L of center 0 and radius L in IR^3. Integrating (1.7) over B_L × B_L, we get: ∫ B_L dv ∫ B_L dx(fu − f_0)Φ

+ ∫_t 0 ds ∫ B_L dv ∫ B_L dx (∇x · (fuv) + ∇v · (fuβ_0) + c∇vfu · u) Φ = 0.

(B.1)

And we prove below that the second integral goes to zero in the mean as L goes to infinity which proves (i) when ‖f_0‖_L1_{(IR}3x_{×IR}3v_{,Φ(}x_,v_{)d}x_dv_) < ∞: let us take care of

the first term T_1(L, u) = ∫_t 0 ds ∫ B_L dv ∫ B_L dx ∇x ·(fuv)Φ. Using Stokes’s formula,

we obtain: T_1(L, u) = ∫_t 0 ds ∫ B_L dv ∮ ∂B_L fuv · ∇xΦdSx taking the expectation and denoting by Ω_L the set B_L × ∂B_L, we get: IE ∫_t 0 ds ∫ Ω_L

fuv · ∇xΦdSxdv ≤ |Ω_L|T e^{3cT} sup_{ΩL} ‖∇xΦ‖ sup_{t,td,ΩL} IEf_0(X^{−1}u , V^{−1}u ).

Owing to the properties of Φ, there exists an integer p such that sup_{ΩL} ‖∇xΦ‖ ≤ L^p and, since f_0 has compact support, we have: sup t,t_d,Ω_L IEf_0(X^{−1}u , V^{−1}u ) ≤ ‖f_0‖_∞ sup_{t,td,ΩL} IP((X^{−1}u (x, v, t), V^{−1}u (v, t)) ∈ supp(f_0)).

We shall prove that this last quantity goes exponentially fast to zero as L goes to infinity which proves that T_1(L, u) goes to zero in the mean as L goes to infinity. We come back to the expression (2.2) of fu in terms of the characteristics: fu(x, v, t) = e^{3ct}f_0(X^{−1}u (x, v, t), V^{−1}u (v, t)).

As t_d goes to zero, it is possible to prove that Vu(v, t) converges in the law sense in the space C(IR^3v × [0, T ]) to the Ornstein-Uhlenbeck process: Ṽ(v, t) = ve^{−ct} + √ 2D_v ∫_t 0 e^{−c(t−s)}dW_s where W is a brownian motion in IR^3. Since Vu and Ṽ have exponential moments, this implies that:

IE exp(|Vu(v, t)|) −→_{td→0} IE exp(|Ṽ(v, t)|).

Let K be a compact set of IR^3v, for a constant C(T, K), we have: sup t,t_d,v∈K IE exp(|Vu(v, t)|) ≤ C(T, K) thus: sup t,t_d,v∈K IP(|Vu(v, t)| > L) ≤ e^{−L}C(T, K). We can prove a similar property for the flow Xu(x, v, t) and, in terms of V^{−1}u and X^{−1}u , this tells us that, for each compact set K of IR^3x × IR^3v, there exists a constant C̃(T, K) such that: sup t,t_d,‖v‖+‖x‖>L IP((X^{−1}u (x, v, t), V^{−1}u (v, t)) ∈ K) ≤ e^{−L}C̃(T, K) (B.2)

which is exactly what we needed to conclude. The second term is of the same kind but the last one, ∫_t 0 ds ∫ B_L dv ∫ B_L dxu·∇vfuΦ, is more complicate because u is not bounded. We do not want to go into the details of its estimation and we only mention that, in order to take care of that term, we have to carry out the perturbed test function method in equality (B.1) by introducing a small perturbation of the form: ∫_t 0 ∫_T s IEu(r)/F_rds ∫ B_L dv ∫ B_L dx ∇vfuΦ

(F_r) being the filtration generated by the turbulent speed before time r; we refer to Carmona and Fouque [14] where this is rigourosly done in the gaussian case. The second part of the tightness criterium is an easy consequence of the first one because fuΦ is locally bounded. Let ϵ > 0. Then, coming back to the proof of (i), we can choose L such that:

sup_{td} IE ∫ IR6/(B_L)2 fuΦdxdv < ϵ/2. We choose next η such that: ‖f_0‖_∞ ( sup (B_L)2 Φ ) η < ϵ/2. Thus, for each subset A with |A| < η, one has: IE ∫ A fuΦdxdv ≤ sup_{td} IE ∫ A∩(B_L)2 fuΦdxdv + sup_{td} IE ∫ IR6/(B_L)2 fuΦdxdv ≤ ϵ which concludes the proof of Theorem 3.1. 2

C Solution of the Fokker-Planck equation

We write the explicit formula for the solution of the Fokker-Planck equation (3.3). Theorem C.1 (solution of the Fokker-Planck equation) Let f be the solution of the parabolic system: { ∂_tf + ∇x(fv) + ∇v(fβ_0) − ∇v · (D∇vf) = 0 f_0 ≥ 0, f_0 ∈ C^∞_0 (IR^3x × IR^3v)

(C.1)

where β_0(v) = −cv. Then, the function f writes: f(x, v, t) = e^{3ct} ∫ IR3x ∫ IR3v

G(X^−_0 (x, v, t) − x^′, V^−_0 (x, v, t) − v^′, t)f_0(x^′, v^′)dx^′dv^′

where (X^−_0 , V^−_0 ) are the reverse characteristics (2.4) with no turbulent velocity, that is: X^−_0 (x, v, t) = x − e^{ct} − 1 c v V^−_0 (x, v, t) = e^{ct}v and G is defined by G(x, v, t) = 1 (2Π)^3Δ^32 exp [ − ( a(t)x^2 + 2h(t)x · v + b(t)v^2 ) /2Δ(t) ] where a(t) = 2D ∫_t 0 (e^{cs})^2ds , b(t) = 2D ∫_t 0 ( e^{cs} − 1 c )_2 ds h(t) = −2D ∫_t 0 e^{cs} ( 1 − e^{cs} c ) ds , Δ(t) = a(t)b(t) − h^2(t) One checks that f is smooth with respect to (x,v) and is in L^{∞,∈}.

Proof. Make the change of variables:

f(x, v, t) = e^{3ct}f̃(X^−_0 (x, v, t), V^−_0 (x, v, t), t). (C.2)

It is equivalent to write f̃(x, v, t) = e^{−3ct}f(X^+_0 (x, v, t), V^+_0 (x, v, t), t)

where (X^+_0 , V^+_0 ) are the direct characteristics (2.3) with no turbulent velocity, that is: X^+_0 (x, v, t) = x + 1 − e^{−ct} c v V^+_0 (x, v, t) = e^{−ct}v

One easily writes the system for f̃: ∂_tf̃ − D [( e^{ct} − 1 c )_2 Δxf̃ − 2 (e^{ct} − 1)e^{ct} c (∇x · ∇v)f̃ + e^{2ct}Δvf̃ ] = 0 f̃(x, v, 0) = f_0(x, v) (C.3) Recall the lemma (see [3]):

Lemma C.2 Let Φ(t) and Ψ(t) be two arbitrary functions of time. Consider the system { ∂_tG = Φ^2(t) ΔxG + 2Φ(t)Ψ(t) (∇x · ∇v)G + Ψ^2(t) ΔvG G(x, v, t = 0) = δ_(x_) ⊗ δ_(v_)

(C.4)

where δ denotes the delta function. The function G writes G(x, v, t) = 1 (2Π)^3Δ^32 exp [ − ( a(t)x^2 + 2h(t)x · v + b(t)v^2 ) /2Δ(t) ] (C.5)

where a(t) = 2 ∫_t 0 Ψ(s)^2ds , b(t) = 2 ∫_t 0 Φ(s)^2ds h(t) = −2 ∫_t 0 Φ(s)Ψ(s)ds , Δ(t) = a(t)b(t) − h^2(t)

Proof. The proof is given in Chapter II of the article of S.Chandrasekhar (see [3]). 2 Let us denote by G the kernel defined in (C.5) with Φ(t) = − √ D e^{ct} − 1 c and Ψ(t) = √ De^{ct}. The solution f̃ of (C.3) writes f̃ = G ⋆ f_0, which concludes the proof of Theorem C.1. 2

References

[1] P.J.O’Rourke. Statistical properties and numerical implementation of a model for droplets dispersion in a turbulent gas. J. Comp. Physics, 83:345–360, 1989.

[2] M.W.Reeks. On a kinetic equation for the transport of particles in turbulent flows. Phys. Fluids A, 3(3), March 1991.

[3] S.Chandrasekhar. Stochastic problems in physics and astronomy. Rev. Mod.

Ph., 15(1), January 1943.

[4] Z.Kotulski. On the markovian model of turbulent diffusion. Rep. Math.

Physics, 14, 1986.

[5] P.L.Chow. Generalized solution of some stochastic p.d.e.’s in turbulent difusion. Stochastic Processes in Physics and Engineering, pages 63–74, 1988.

[6] F.A.Williams. Combustion Theory, 2nd edition. Benjamin Cummings, 1985.

[7] C.Cercignani. The Boltzmann equation and its Applications, volume 67 of Applied Mathematics. Springer Verlag, 1988.

[8] J.K.Dukowicz. A particle-fluid numerical model for liquid sprays. J. Comp.

Physics, 35:229–253, 1980.

[9] Kunita H. Limits for stochastic differential equations and stochastic flows of diffeomorphisms.

[10] K.Domelevo. Mathematical and Numerical analisys of a Modeling of Spray.

PhD thesis, Ecole Polytechnique, in preparation.

[11] L.Sainsaulieu. Equilibrium velocity distribution functions for a kinetic model of two-phase fluid flows. Mathematical Model and Methods in Applied Sciences, 5(2), 1995.

[12] Bouc R. et Pardoux E. Asymptotic analysis of p.d.e.s with wide-band noise disturbances and expansions of the moments. Stochastic Analysis and Applications, 2(4):369–422, 1984.

[13] Kushner H. and Huang H. Limits for parabolic partial differential equations with wide-band stochastic coefficients and an application to filtering theory. Stochastics, 14:115–148, 1985.

[14] Carmona R. and Fouque J.P. Diffusion-approximation for the advectiondiffusion of a passive scalar by a space-time gaussian velocity field. In Birkhauser, editor, Conference on Stochastic Analysis and Random fields, Ascona. Suisse, 1993.