NON-CLASSICAL SHOCK WAVES AND KINETIC RELATIONS (II)

Brian T. Hayes^1 and Philippe G. LeFloch^2

Abstract. We consider hyperbolic systems of conservation laws whose characteristic fields are not genuinely nonlinear (g.n.l.), and introduce a framework for the non-classical shocks that arise as limits of certain continuous or discrete, diffusive or diffusivedispersive, approximations. A non-classical entropy solution is defined as a solution that satisfies a single entropy inequality. A non-classical shock, by definition, is a non-classical entropy solution that does not fulfill the Liu entropy criterion. Such a shock turns out to be under-compressive.

We show that the Riemann problem admits a multi-parameter family of non-classical entropy solutions: each non-g.n.l. characteristic field generates a two-dimensional wave set instead of the classical one-dimensional wave curve. The Riemann problem can be solved uniquely with classical waves and non-classical shocks, provided an additional constraint is imposed: we stipulate that the entropy dissipation across any non-classical shock be a given constitutive function. In particular, the entropy dissipation may be sought as a function of the propagation speed. We call this admissibility criterion a kinetic relation, by analogy with similar laws introduced in material science for propagating phase boundaries. The kinetic relation may be derived from limits of traveling wave solutions to an augmented system and, typically, depends on the ratio of the dissipation and dispersion parameters.

Contents 1. Introduction 2. A framework for non-classical shocks in systems

2.1 Preliminaries 2.2 Non-classical Riemann solutions 2.3 Selection by kinetic relations 3. Non-classical shocks in elastodynamics (1)

3.1 Preliminaries 3.2 Liu’s construction of a unique solution 3.3 Two-parameter family of non-classical entropy solutions 3.4 Unique admissible non-classical entropy solution 4. Non-classical shocks in elastodynamics (2)

4.1 Convergence result 4.2 Numerical experiments 5. Non-classical shocks in magnetohydrodynamics

5.1 Preliminaries 5.2 Unique admissible non-classical entropy solution 5.3 Convergence result 5.4 Numerical experiments References Appendix

Preprint October 1996.

1 Center for Applied Mathematical Sciences and Department of Mathematics, University of Southern California, Los Angeles, CA 90089-1113; and Department for Mathematics, Duke University, Durham, North Carolina 27706. E-mail: bhayes@math.duke.edu. 2 Centre de Mathématiques Appliquées & Centre National de la Recherche Scientifique, UA 756, Ecole Polytechnique, 91128 Palaiseau Cedex (France). E-mail: lefloch@cmapx.polytechnique.fr.

Typeset by AMS-TEX 1

2 HAYES AND LEFLOCH

1. Introduction.

In this paper, we consider discontinuous solutions to hyperbolic systems of conservation laws that do not fulfill the classical entropy criteria, carrying over to systems the discussion we initiated in [22] for scalar conservation laws with non-convex flux-functions. We aim here at obtaining a framework to address the issues of existence and uniqueness for the non-classical shock waves that arise as limits of diffusive-dispersive approximations. An analysis of such approximations shows that it is natural to constrain the solutions to the hyperbolic system with an entropy inequality for a single, strictly convex, entropy-pair.

By definition (see Section 2 below) a non-classical entropy solution is a solution in the sense of distributions that satisfies a single entropy inequality but not necessarily the Liu entropy criterion. A non-classical shock is defined as one that does not fulfill Liu criterion. It turns out that such a shock is under-compressive: the number of characteristics impinging on the discontinuity is smaller than that imposed by the (classical) Lax shock inequalities. Such waves are under-determined (in the sense of linearized analysis) and sensitive to the form of the dissipative-dispersive mechanism.

The main focus of this work is on hyperbolic systems where one (or more) characteristic field lacks genuine nonlinearity (g.n.l.), such as those describing the dynamics of elastic materials or magnetic fluids. A key observation is that undercompressive shocks may arise for such systems through balanced dissipative and dispersive mechanisms: this is the case even for shocks having arbitrary small amplitude. We concentrate here on the Riemann problem which is fundamental in the theory of conservation laws. A typical Riemann solution combines classical (shock and rarefaction) waves and non-classical shocks. The numerical analysis of non-classical shocks is investigated in a companion paper [24].

We build here upon extensive activity on under-compressive waves for non-strictly hyperbolic systems and systems with change of type. In the examples studied in the literature, the under-compressive waves have finite strength; they were found to be necessary in order to solve the Riemann problem and, therefore, reflect a property of the flux-function of the system. For recent results, we refer the reader to Azevedo et al. [3], Freistühler [18], Isaacson et al. [28, 27], Keyfitz [31], Liu-Zumbrun [46, 47], Schecter-Shearer [52], etc.

The basic concepts and the analysis of the traveling waves associated with such non-standard discontinuities and a resolution of the Riemann problem for some mathematical models can be also found in [28, 32, 44, 45, 58]. The largetime asymptotic stability of under- or over-compressive shocks (the number of impinging characteristics in the latter is larger) is proven in [19, 43, 46, 47]. Liu-Zumbrun observe in [47] that, for under-compressive shocks, the asymptotic state for large times cannot be determined solely from the mass of the initial perturbation, but must also take into account the dissipative effects of a parabolic augmented system of equations.

Several examples from continuum mechanics are known to exhibit under-compressive shocks. The system of magnetohydrodynamics lacks both genuine nonlinearity and strict hyperbolicity (Brio-Wu [5]). It has been observed numerically, as well as analytically, that non-standard shock waves not fullfiling the classical entropy criteria arise with certain approximations.

MHD shocks may be either under-compressive or over-compressive. Those shocks are refered to as non-standard or intermediate in the MHD literature and are critical to the understanding of important phenomena such as the effect of the solar wind (Wu [63]). For various results on the Riemann problem for a rotationally invariant model in MHD, we refer to [4, 6, 8, 17, 32, 65]. See also [21] for another model. There is also an extensive literature on phase boundaries in materials admitting phase transformations of the austenite-martensite type. When the stress-strain relation for a material is decreasing on an interval, the system of elastodynamics is of the hyperbolic-elliptic type. Propagating phase boundaries are still another example of under-compressive waves. They are fundamental to understanding phase transformation processes. Cf. [15, 26, 56, 57, 59] as well as [1, 2, 38, 61, 62]. See also [48] for a general review on the nonlinear waves arising in fluids and materials, with or without phase transitions.

A pioneering study of the effect of vanishing dissipation and dispersion terms in scalar conservation laws can be found in Schonbek [53] using the compensated compactness method. She proved a convergence theorem toward weak solutions. LeFloch-Natalini [39] used the concept of entropy measure-valued solution, and established the convergence toward entropy weak solutions, assuming that the dissipation effects dominate the dispersion effects.

The works by Wu [64] and Jacobs-McKinney-Shearer [30] established the first existence result of under-compressive shocks for the modified KdV-Burgers equation, and motivated us in [22].

The present series of papers ([22, 24]) is intended as a contribution towards unifying ideas behind some of the above works. We pursue a better understanding of simple models giving rise to under-compressive shocks. Deriving entropy criteria for their selection is one of the main challenges in the field. The classical criteria developed by Dafermos [10,

NON-CLASSICAL SHOCK WAVES 3

11, 12], Lax [34, 35], Liu [41, 42], Oleinik [50], etc, cannot be applied directly. In contrast to previous works, we focus here primarily on strictly hyperbolic systems having non-genuinely nonlinear characteristic fields.

Given a strictly convex entropy pair, we first endeavour to describe the set of all solutions to the Riemann problem that satisfy a single entropy inequality. Allowing non-classical shocks leads to a lack of uniqueness for the Riemann problem and a multi-parameter family of solutions can be constructed. Our construction is an extention to Liu’s theorem on the resolution of the Riemann problem which was based on what is now called the Liu entropy criterion. This analysis provides a complete description of all the Riemann solutions generated by any dissipative-dispersive approximation compatible with a given entropy pair (Section 2). We observe that characterizing limits of approximate sequences of solutions to hyperbolic systems via pointwise relations on the propagating discontinuities in the limiting solution may not be possible in the most general situation (see, for instance, Glimm [20] and LeFloch-Tzavaras [40]). In this regard the notion of non-classical entropy solution is pertinent toward describing the set of all possible such limits. In our presentation, pointwise constraints are added afterwards.

Next we investigate a way of selecting a unique non-classical entropy solution. We propose to make the selection based on the entropy dissipation, which is a fundamental quantity from both mathematical and physical standpoints. We stipulate that the entropy dissipation of a non-classical shock be a given function, the “kinetic function”. It may be assumed, for instance, that the kinetic function only depends on the speed of the non-classical shock. We call such an admissibility criterion a kinetic relation by analogy with similar laws introduced in the material science. This therefore generalizes to strictly hyperbolic systems the notion of kinetic relation known for the hyperbolic-elliptic system of phase transitions (Abeyaratne-Knowles [1, 2] and Truskinovsky [61, 62]; see also LeFloch [38]) and for non-convex scalar conservation laws (Hayes-LeFloch [22] and Kulikovsky [33]). See also the review in [62].

In Section 2, we construct a unique solution to the Riemann problem in the class of non-classical entropy solutions when the kinetic relation is enforced. For some Riemann data choosing between the classical solution and the nonclassical one may be still necessary (see Section 2). When a specific augmented system including dissipative/dispersive effects is provided, the entropy dissipation and therefore the kinetic function can be determined. Small-scale effects neglected in the mathematical modeling at the hyperbolic level are essential to understanding the behavior of nonclassical shocks. The kinetic function can be obtained from the equation of the traveling wave solutions associated with the dissipative/dispersive model.

Classical and non-classical shock are very different in nature. The classical shocks are associated with the continuum spectrum of the traveling wave equation, and the non-classical shocks with its discrete spectrum. Typically, given a (left) state, and restricting attention to a given wave family, there exists a one-parameter family of right states that can be attained with a classical shock, but a single right state can be attained by a non-classical shock.

In several systems arising in the applications in continuum mechanics, the entropy dissipation is related to the total energy and may be viewed as a force driving the propagation of the non-classical propagating discontinuities. We also consider here the Riemann problems with large amplitude for two specific examples of interest: a system from nonlinear elastodynamics based on a non-convex strain-stress law, which is a strictly hyperbolic system with two nongenuinely nonlinear fields (Sections 3 and 4); and a model from magnetohydrodynamics, which has an umbillic point and one linearly degenerate characteristic field (Section 5). In these examples we numerically demonstrate that certain dissipative dispersive approximations generate non-classical shocks.

The kinetic relation may be used in the design of numerical scheme consistent with the underlying regularization, avoiding the (costly) resolution of small-scale effects. Hou-LeFloch-Rosakis [25] proposed recently, for computing propagating phase boundaries in a two-dimensional plate, a consistent method based on the level set formulation. For difference schemes generating non-classical shocks, one can consult [24]. 2. A Framework for Non-classical Shocks in Systems.

2.1 Preliminaries.

We now motivate the definition of non-classical entropy solution. Consider a system of hyperbolic conservation laws: ∂_tu + ∂_xf(u) = 0, u(x, t) ∈ U, (2.1) where U is a convex and open subset of RI^N and the flux-function f : U → RI^N is a smooth mapping. We assume that the system is endowed with a strictly convex entropy pair (U, F ); that is, ∇F^T = ∇U^T Df and ∇^2U(u) ≥ C Id with C > 0. This, in particular, implies that the system is hyperbolic, although not necessarily strictly hyperbolic.

4 HAYES AND LEFLOCH

Suppose that the “good” solutions to (2.1) according to some underlying physical interpretation are to be obtained as limits of a dissipative-dispersive approximation scheme of the form:

∂_tu_ϵ + ∂_xf(u_ϵ) = ϵ ∂_x ( B_1(u_ϵ)∂_xu_ϵ ) + ϵ^2 ∂_x ( B_2(u_ϵ)∂_{xx}u_ϵ ) (2.2)

as ϵ → 0 (ϵ > 0). When B_1 and B_2 are N × N matrix-valued functions, the regularization (2.2) (together with the conditions (2.3) below) describes one large class of systems, which includes the examples we will be interested in the applications. (The important issue of the existence of a solution u_ϵ satisfying (2.2) is out of the scope of the present paper.)

We shall say that the entropy pair (U, F ) is compatible with the approximation scheme (2.2) if the following conditions hold:

– the first term in the right hand side of (2.2) is dissipative for the entropy U, in the sense that

∇^2U(v)B_1(v) is a positive matrix for all v ∈ U; (2.3i)

– the second term in (2.2) in conservative for the entropy U, in the sense that there exist N × N matrix-valued functions B_3 and B_4 such that

∂_xv^T ∇^2U(v)^T B_2(v)∂_{xx}v = ∂_t ( ∂_xv^T B_3(v)∂_xv ) + ∂_x ( ∂_xv^T B_4(v)∂_xv ) (2.3ii)

for any solution v : RI × RI_+ → U to (2.2), and

B_3(v) is a non-negative matrix for all v ∈ U. (2.3iii)

Note in passing that trivial linear entropies always satisfy (2.3) but are of no use for our purpose of selecting entropy solutions to (2.1). When (2.3) holds and ∂_xu_ϵ vanish at infinity, one can (formally) derive from (2.2) an entropy inequality. Indeed we obtain ∂_t ( U(u_ϵ) + ϵ^2 ∂_xu^T_ϵ B_3(u_ϵ)∂_xu_ϵ ) + ∂_xF (u_ϵ) = ϵ ∂_x ( ∇U(u_ϵ)^T B_1(u_ϵ)∂_xu_ϵ ) − ϵ ∂_xu_ϵ∇^2U(u_ϵ)B_1(u_ϵ)∂_xu_ϵ

+ ϵ^2 ∂_x ( ∇U(u_ϵ)^T B_2(u_ϵ)∂_{xx}u_ϵ ) − ϵ^2 ∂_x ( ∂_xu_ϵB_4(u_ϵ)∂_xu_ϵ ) , which yields the entropy balance ∫ RI U(u_ϵ(t)) dx + ϵ^2 ∫ RI ∂_xu_ϵ(t)^T B_3(u_ϵ(t))∂_xu_ϵ(t) dx + ϵ ∫_t 0 ∫ RI ∂_xu^T_ϵ ∇^2U(u_ϵ)B_1(u_ϵ)∂_xu_ϵ dxds = ∫ RI U(u_ϵ(0)) dx + ϵ^2 ∫ RI ∂_xu_ϵ(0)^T B_3(u_ϵ(0))∂_xu_ϵ(0) dx

(2.4)

for all t ≥ 0 and an entropy inequality for u = lim_{ϵ→0} u_ϵ:

∂_tU(u) + ∂_xF (u) ≤ 0. (2.5)

We observe that – an arbitrary entropy pair for (2.1) need not be compatible with the given regularization (2.2), and the inequality (2.5) need not hold for an arbitrary entropy pair.

– the estimate (2.4) provides an a priori control on u_ϵ and its derivatives, which may be used to apply the compensated compactness method, at least if N ≤ 2. When the latter applies the sequence u_ϵ is shown to converge to a weak solution to (2.1), (2.5). Cf. [53, 22] and Sections 4 and 5 of this paper.

As an illustration, consider the case of a scalar equation (N = 1) and

∂_tu_ϵ + ∂_xf(u_ϵ) = ϵ ∂_{xx}u_ϵ + α ϵ^2 ∂_{xxx}u_ϵ, (2.6)

NON-CLASSICAL SHOCK WAVES 5

where α is a real parameter. It is easily checked that the conditions (2.3) hold for the entropy U(u) = u^2 with B_1 = 1, B_2 = α, B_3 = α/2 and B_4 = 0. The estimate (2.4) reduces to ∫ RI u_ϵ(t)^2 dx + 2 ϵ ∫_T 0 ∫ RI |∂_xu_ϵ|^2 dxds = ∫ RI u_ϵ(0)^2 dx,

and we get the entropy inequality:

∂_tU(u) + ∂_xF (u) ≤ 0, F^′(u) := u f^′(u).

Observe that, for non-quadratic entropies, (2.3) is generally violated and the inequality (2.5) does not hold, as was pointed out in Hayes-LeFloch [22].

The scaling in (2.6) is important. The dissipation dominant regularization

∂_tu_ϵ + ∂_xf(u_ϵ) = ϵ ∂_{xx}u_ϵ + δ ∂_{xxx}u_ϵ (2.7)

with δ = o(ϵ^2) would bring us back to the classical theory of conservation laws, while the dispersion dominant case (2.7) with ϵ^2 = o(δ) is the subject of the Lax-Levermore theory [36, 37]. Limiting solutions in the latter case are not weak solutions to (2.1).

This motivates us to constrain the solutions to (2.1) with a single entropy inequality.

Definition 2.1. A function u ∈ L^∞ is called a non-classical entropy solution if it satisfies (in the sense of distributions) the system of conservation laws (2.1) together with the single entropy inequality

∂_tU(u) + ∂_xF (u) ≤ 0. (2.8) ⊔⊓ Not surprisingly, when one (or more) characteristic field of the system (2.1) is not genuinely nonlinear, the entropy inequality in Definition 2.1 will be shown to be too lax to guarantee uniqueness even for the Riemann problem. The forthcoming analysis is built upon this elementary observation.

We recall that Liu constructed a unique entropy solution to the Riemann problem for systems that are not genuinely nonlinear [41, 42]. In Liu’s construction, every shock satisfies what is now called the Liu entropy criterion (see, below, (2.18)). This criterion is consistent with the regularization (2.2) with B_1(u) = I and B_2(u) = 0. The latter regularization happens to be compatible with any convex entropy to (2.1) since, then, (2.3i) is equivalent to the convexity assumption on U and (2.3ii) and (2.3iii) are trivially satisfied. Henceforth the inequalities (2.5) in this particular case hold for all convex entropy pairs. However the Liu criterion need not be satisfied by limits of more general dissipative-dispersive regularizations.

Our analysis in [22] of the non-classical shocks for scalar conservation laws relied on the violation of the Oleinik entropy criterion. For systems we shall say that a shock is classical if it satisfies the Liu entropy criterion. In other words:

Definition 2.2. A propagating discontinuity in a non-classical entropy solution is called a non-classical shock when it does not fulfill the Liu entropy criterion. ⊔⊓

In Subsection 2.2 below we study the Riemann problem in the class of non-classical entropy solutions. We prove that a multi-parameter family of solutions exists, extending Liu’s construction to encompass all possible limits of dissipativedispersive approximations compatible with the given entropy pair (U, F ). A further admissibility criterion will be necessary to ensure uniqueness of the entropy solution. This will be developed in Subsection 2.3.

2.2 Non-Classical Riemann Solutions.

We now assume that U := B(u_∗, R) is a ball with center u_∗ and radius R > 0, and, for each u and u^′ in U, the matrix A(u, u^′) := ∫_1 0 Df(m u+(1−m) u^′) dm admits N real and distinct eigenvalues λ̄_1(u, u^′) < λ̄_2(u, u^′) < · · · < λ̄_N (u, u^′) and

6 HAYES AND LEFLOCH

corresponding basis of right eigenvectors r̄_j (u, u^′) and left eigenvectors l̄_j (u, u^′). Throughout this section we normalize the basis so that l̄_j (u, u^′) · r̄_j (u, u^′) = δ_{ij} .

It is assumed that the wave speeds λ_j (u, u^′) are strictly separated in the sense that there exist disjoint intervals [ λ^{min}_j , λ^{max}_j ] , j = 1, 2, · · · , N, such that λ^{min}_j < λ̄_j (u, u^′) < λ^{max}_j (2.9)

for all u, u^′ ∈ U. We also set λ_j (u) := λ̄_j (u, u), r_j (u) := r̄_j (u, u) and l_j (u) := l̄_j (u, u). When (2.1) is strictly hyperbolic, the condition (2.9) is satisfied if U is a sufficiently small neighborhood of u_∗.

We are interested in systems admitting N − P genuinely nonlinear characteristic fields and P ≤ N non-g.n.l. characteristic fields. In the latter case the scalar-valued function u → ∇λ_j (u) · r_j (u) does not keep a constant sign. We assume that there is a subset with P elements, P ⊂ { 1, 2, · · · , N } such that, for j /∈ P, ∇λ_j (u) · r_j (u) > 0 for all u (after suitable normalization of the eigenvectors), and for j ∈ P, the set

M_j = { u ∈ U | ∇λ_j (u) · r_j (u) = 0 }

is a smooth affine manifold with dimension N − 1 containing the point u_∗. For simplicity in the presentation we do not include linearly degenerate fields.

We denote by μ_j (u) a scalar-valued function satisfying ∇μ_j ·r_j > 0. When the j-field is g.n.l., one takes μ_j (u) = λ_j (u). The function μ_j will be used to parametrize the wave curves. We assume that μ_j can be chosen such that either

μ_j (u) = 0 ( resp. > 0 or < 0 ) iff ∇λ_j (u) · r_j (u) = 0 ( resp. > 0 or < 0 ) (2.10a) or μ_j (u) = 0 ( resp. > 0 or < 0 ) iff ∇λ_j (u) · r_j (u) = 0 ( resp. < 0 or > 0 ) . (2.10b)

Therefore ∇λ_j · r_j changes sign across M_j . In the scalar case, (2.10a) means that there is a state u_∗ such that the function f is strictly concave for u < u_∗ and strictly convex for u > u_∗. Typical examples are f(u) = u^3 in the case (2.10a) and f(u) = −u^3 in the case (2.10b); in both cases one can choose μ(u) = u. As we will see, the cases (2.10a) and (2.10b) lead to wave curves with different properties.

The Riemann problem, (2.1), (2.11) with u(x, 0) = { u_l for x < 0, u_r for x > 0,

(2.11)

and u_r and u_l fixed in U, plays an important role in the theory of hyperbolic conservation laws. Since the problem is invariant under the transformation (x, t) → (β x, β t) (with β > 0), it is natural to search for self-similar solutions only depending on x/t. We now define the one-parameter families of shock and rarefaction waves to be used as building blocks in the resolution of the Riemann problem.

Given a state u_0 ∈ U and j = 1, 2, · · · , N, let O_j (u_0) = { v_j (μ_j ; u_0) ∈ U } be the integral curve of the vector field r_j issued from u_0, so that dv_j dμ_j (μ_j ; u_0) = r_j ( v_j (μ_j ; u_0) ) , v_j (μ_j (u_0); u_0) = u_0. (2.12)

Note that r_j (u_0) is the tangent vector of the curve O_j (u_0) at the point u_0.

We also consider the Hugoniot locus described by the nonlinear equation −s ( w − u_0 ) + f(w) − f(u_0) = 0, (2.13)

which is equivalent to saying that there exists an index j and a scalar-valued coefficient α(u_0, w) such that

w − u_0 = α(u_0, w) r̄_j (u_0, w), s = λ̄_j (u_0, w). (2.14)

NON-CLASSICAL SHOCK WAVES 7

By the implicit function theorem, the Hugoniot set decomposes (locally near u_0, at least) into N Hugoniot curves H_j (u_0) = { w_j (μ_j ; u_0) ∈ U } , passing through u_0 and having the tangent vector r_j (u_0) at u_0. Since ∇μ_j · r_j > 0, the coefficient α(u_0, w_j ) in (2.14) has the same sign than that of μ_j (w_j )−μ_j (u_0). Along the j-curve, the shock speed satisfies

λ̄_j (u_0, w_j ) = λ_j (u_0) + μ^j 2 ∇λ_j (u_0) · r_j (u_0) + O(μ^2_j ). (2.15)

Taking a suitable subset B(u_∗, R^′) of U = B(u_∗, R) if necessary, one can assume that the curves O_j (u_0) and H_j (u_0) extends up to the boundary of U. Furthermore we assume that, for j ∈ P, these curves are transverse to the manifold M_j : each Hugoniot curve and each integral curve intersect the manifold at exactly one point. Observe that when R small enough, it is sufficient to assume that the vector field r_j is transverse to the manifold M_j . Our construction here applies however to the case that R is not necessarily small. The tranversality assumption implies that, for j ∈ P, the wave speed μ_j → λ_j ( v_j (μ_j ; u_0) ) has exactly one critical point along each integral curve. It will be checked in Lemma 2.3 below that, for j ∈ P, the shock speed μ_j → λ̄_j (u_0, w_j (μ_j ; u_0)) also admits (at most) one critical point along the Hugoniot curve.

Finally we introduce another assumption about the Hugoniot curve, for all w_j (μ_j ; u_0) with μ_j ≠ μ_j (u_0),

l_j (w_j ) · dw_j dμ_j > 0, (2.16i) ( μ_j − μ_j (u_0) ) l_j (w_j ) · (w_j − u_0) > 0. (2.16ii)

Both conditions in (2.16) trivially hold for weak shocks, since l_j (u_0) · r_j (u_0) = 1.

Discontinuous solutions being not unique in general, it is customary to select the “admissible” weak solutions via an entropy criterion acting on discontinuities. From physical, mathematical and numerical standpoints, it is desirable that an admissible solution to the Riemann problem exist, be unique, and depend continuously upon its initial states in a certain topology. In the classical approach, a wave curve W_j (u) is indeed defined by piecing together (admissible) parts of the above curves. The Lax shock inequalities [34, 35] are fundamental for stability, and are used for weak shocks in the neighborhood of a point of genuine nonlinearity. A j-shock connecting u_0 to u_1 with speed λ_j (u_0, u_1) is admissible in the sense of Lax iff λ_j (u_0) ≥ λ̄_j (u_0, u_1) ≥ λ_j (u_1). (2.17)

Note that the inequalities λ_{j−1}(u_0) < λ̄_j (u_0, u_1) < λ_{j+1}(u_1) are obtained as a direct consequence of (2.9). When the characteristic fields are genuinely nonlinear, applying the Lax criterion leads to uniquely defined wave curves and to a unique solution for the Riemann problem. Each wave curve contains two distinct parts, half of the Hugoniot curve and half of the integral curve.

When one or more characteristic fields are not genuinely nonlinear, Liu proposed that, along the Hugoniot curve H_j (u_0), the following entropy criterion holds:

λ̄_j (u_0, w_j (μ_j ; u_0)) ≥ λ̄_j (u_0, u_1) (2.18)

for all μ_j between μ_j (u_0) and μ_j (u_1); in other words, the shock speed for μ_j in the above range achieves its minimum at the point u_1. Liu [42] constructed a unique wave curve based on the condition (2.18). The wave curves may be composed of more than two pieces, and the Riemann solution contains composite waves mixing shocks and rarefactions.

It is known that (2.8), (2.17), and (2.18) are equivalent for shocks of weak amplitude and genuinely nonlinear fields. This is nolonger true when for systems having non-g.n.l. fields. In the present paper we attempt to get a wave curve based on using the criterion (2.8). Instead of one-parameter wave curves we arrive here to two-parameter sets, which we call “wave sets”. In this conbstruction it is important to distinguish several type of discontinuities.

An arbitrary shock connecting u_0 to u_1 can be either a Lax shock, in which case (2.17) holds, an under-compressive shock satisfying either of λ̄_j (u_0, u_1) ≤ λ_j (u_0) and λ̄_j (u_0, u_1) ≤ λ_j (u_1), (2.19)

λ̄_j (u_0, u_1) ≥ λ_j (u_0) and λ̄_j (u_0, u_1) ≥ λ_j (u_1), (2.20)

8 HAYES AND LEFLOCH

or a rarefaction shock:

λ_j (u_0) < λ̄_j (u_0, u_1) < λ_j (u_1). (2.21)

The properties of the wave speeds and shock speeds are described in Lemmas 2.3 and 2.4. (See Figure 2.1 for a graphical representation.) The entropy dissipation is dealt with in Lemma 2.5. Theorem 2.6 provide a complete description of all non-classical entropy solutions to the Riemann problem.

Lemma 2.3. Let u_0 be given with μ_j (u_0) > 0 and consider the Hugoniot curve H_j (u_0) for = j = 1, 2, · · · , N. Suppose that (2.10a) (respectively (2.10b)) holds. Then the wave speed μ_j → g(μ_j ; u_0) := λ̄_j (w_j (μ_j ; u_0)) is decreasing (resp. increasing) for μ_j < 0 and increasing (resp. decreasing) for μ_j > 0 and achieves its minimum (resp. maximum) at μ_j = 0.

There exists μ^⋆_j (u_0) ≤ 0 such that the shock speed μ_j → h(μ_j ; u_0) := λ̄_j (u_0, w_j (μ_j ; u_0)) is decreasing (resp. increasing) for μ_j < μ^⋆_j (u_0) and increasing (resp. decreasing) for μ_j > μ^⋆_j (u_0) and achieves its minimum (resp. maximum) at μ^⋆_j (u_0).

The wave speed and the shock speed coincide at the critical value of the shock speed:

g(μ^⋆_j (u_0); u_0) = h(μ^⋆_j (u_0); u_0). (2.22)

Moreover we have in case (2.10a):

h(μ_j ; u_0) − g(μ_j ; u_0) > 0 for μ_j ∈ ( μ^⋆_j (u_0), μ_j (u_0) ) , h(μ_j ; u_0) − g(μ_j ; u_0) < 0 for μ_j < μ^⋆_j (u_0) or μ_j > μ_j (u_0).

(2.23a)

and in the case (2.10b):

h(μ_j ; u_0) − g(μ_j ; u_0) < 0 for μ_j ∈ ( μ^⋆_j (u_0), μ_j (u_0) ) , h(μ_j ; u_0) − g(μ_j ; u_0) > 0 for μ_j < μ^⋆_j (u_0) or μ_j > μ_j (u_0).

(2.23b)

When μ_j (u_0) = 0, the same properties hold with μ^⋆_j (u_0) = 0. ⊔⊓

Figure 2.1: Wave speed and shock speed for (a) the case (2.10a); (b) the case (2.10b).

Lemma 2.3 includes, as a special case, the situation that the point w_j (μ^⋆_j (u_0); u_0) belongs to the boundary of U, in which case { μ_j < μ^⋆_j (u_0) } is empty. We denote by μ^{⋆⋆}_j (u_0), with μ^{⋆⋆}_j (u_0) < μ^⋆_j (u_0), the point of the Hugoniot curve such that h(μ^{⋆⋆}_j (u_0); u_0) = h(μ_j (u_0); u_0) (2.24)

when such a point exists. In the following, we tacitly to assume that both points, μ^⋆_j (u_0) and μ^{⋆⋆}_j (u_0), exist and belong to the interior of U, the discussion below being much simpler otherwise. Lemma 2.3 is due to Liu [42] and, for completeness, a proof is given in the appendix.

NON-CLASSICAL SHOCK WAVES 9

Lemma 2.4. Let u_0 be given with μ_j (u_0) ≥ 0 and consider the Hugoniot curve H_j (u_0). 1. Suppose that (2.10a) holds. A shock connecting u_0 to u_1 = w_j (μ_j (u_1); u_0) is

a rarefaction shock if μ_j (u_1) > μ_j (u_0) or μ_j (u_1) < μ^{⋆⋆}_j (u_0),

a Lax shock if μ_j (u_1) ∈ [ μ^⋆_j (u_0), μ_j (u_0) ] , an under-compressive shock if μ_j (u_1) ∈ [ μ^{⋆⋆}_j (u_0), μ^⋆_j (u_0) ) . (2.25a)

In the second case the shock also satisfies the (stronger) Liu entropy criterion. 2. Suppose that (2.10b) holds. A shock connecting u_0 to u_1 = w_j (μ_j (u_1); u_0) is

a Lax shock if μ_j (u_1) ≥ μ_j (u_0) or μ_j (u_1) ≤ μ^{⋆⋆}_j (u_0)

a rarefaction shock if μ_j (u_1) ∈ ( μ^⋆_j (u_0), μ_j (u_0) ) , an under-compressive shock if μ_j (u_1) ∈ ( μ^{⋆⋆}_j (u_0), μ^⋆_j (u_0) ] . (2.25b)

In the first case the shock also satisfies the (stronger) Liu entropy criterion. ⊔⊓

Lemma 2.5. Let u_0 be given with μ_j (u_0) ≥ 0 and consider the Hugoniot curve H_j (u_0). Suppose that (2.10a) (respectively (2.10b)) holds.

1. The entropy dissipation μ_j → D(u_0, w_j (μ_j ; u_0)) vanishes at μ_j (u_0) and at a point μ^{♭♭}_j (u_0) in the interval ( μ^{⋆⋆}_j (u_0), μ^⋆_j (u_0) ) . The entropy dissipation is decreasing (resp. increasing) for μ_j < μ^⋆_j (u_0), increasing (resp. decreasing) for μ_j > μ^⋆_j (u_0), and achieves a negative maximum value (resp. a positive maximum value) at the critical point of the wave speed, that is μ^⋆_j (u_0).

2. A shock satisfying (2.8) cannot be a rarefaction shock. As a corollary, a non-classical shock is under-compressive and satisfies μ_j ∈ ( μ^{♭♭}_j (u_0), μ^⋆_j (u_0) ) (resp. μ_j ∈ ( μ^{⋆⋆}_j (u_0), μ^{♭♭}_j (u_0) ) ). 3. Any shock satisfying the Liu entropy criterion (2.18) also satisfies the entropy inequality (2.8). ⊔⊓

Figure 2.2: Entropy dissipation for (a) the case (2.10a); (b) the case (2.10b).

For u_l and u_r given in U, the Riemann problem (2.1), (2.11) admits up to a P -parameter family of non-classical entropy solutions containing N separated wave fans, each of them being composed of (at most) two waves. Specifically we obtain the following description of the classical and non-classical waves.

Theorem 2.6. Consider a j-wave fan with left-hand state u_0 and right-hand state u with μ_j (u_0) ≥ 0. For j /∈ P, the wave fan is either a rarefaction wave if μ_j (u) > μ_j (u_0), or a classical shock if μ_j (u) < μ_j (u_0). For j ∈ P, we have the following:

1. Suppose that (2.10a) holds and j ∈ P. Assume first that μ_j (u_0) > 0. The j-wave fan may use only classical waves and, then, contains

(1) either a rarefaction from u_0 to u ∈ O_j (u_0) if μ_j (u) > μ_j (u_0),

10 HAYES AND LEFLOCH

(2) a classical shock from u_0 to u ∈ H_j (u_0) if μ_j (u) ∈ ( μ^⋆_j (u_0), μ_j (u_0) ) , (3) or a classical shock from u_0 to u^⋆ := w_j (μ^⋆(u_0); u_0 ) followed by an attached rarefaction connecting to u ∈ O_j (u^⋆) if μ_j (u) < μ^⋆_j (u_0).

This completes the description of the classical wave curve W^c_j (u_0). The j-wave fan may also contain a non-classical j-shock connecting u_0 to any state u^♭ ∈ H_j (u_0) with μ_j (u^♭) ∈ ( μ^{♭♭}_j (u_0), μ^⋆_j (u_0) ) followed by

(1) either a non-attached rarefaction connecting u^♭ to u ∈ O_j (u^♭) if μ_j (u) < μ_j (u^♭), (2) or by a classical shock connecting u^♭ to u ∈ H_j (u^♭) if μ_j (u) > μ_j (u^♭).

This defines a two-parameter family of u that can be reached from u_0 by non-classical entropy solutions. For a given u^♭, the classical shock with largest strength and connecting u^♭ to some u = u^♯ ∈ H_j (u^♭) is characterized by the condition λ̄_j (u♭, u♯) = λ̄_j (u_0, u♭) and, in that situation, one also has u♯ ∈ H_j (u_0). In particular the non-classical shock with largest possible strength connects the point u^{♭♭} := w_j (μ^{♭♭}_j (u_0); u_0) to the point u^{♯♯} := w_j (μ^{♯♯}(u_0); u^{♭♭}), where μ^{♯♯}(u_0) is defined by u^{♯♯} ∈ H_j (u_0). Moreover one has

μ^{⋆⋆}_j (u_0) ≤ μ^{♭♭}_j (u_0) ≤ μ^♭_j (u_0) ≤ μ^⋆_j (u_0) ≤ μ^♯_j (u_0) ≤ μ^{♯♯}_j (u_0) ≤ μ_j (u_0). (2.26)

Assume now that μ_j (u_0) = 0. Then the j-wave curve is the j-integral curve issuing from u_0.

2. Suppose now that (2.10b) holds and j ∈ P. Assume first that μ_j (u_0) > 0. The j-wave fan may use only classical waves and, then, contains

(1) either a classical shock connecting u_0 to u ∈ H_j (u_0) if either μ_j (u) ≥ μ_j (u_0) or μ_j (u) ≤ μ^{⋆⋆}_j (u_0), (2) a rarefaction connecting u_0 to u ∈ O_j (u_0) if μ_j (u) ∈ [ 0, μ_j (u_0) ] , (3) or a rarefaction wave connecting u_0 to a point u_1, followed by an attached classical shock connecting to u ∈ H_j (u_1) with μ_j (u) = μ^{⋆⋆}_j (u_1), if μ_j (u) ∈ ( μ^{⋆⋆}_j (u_0), 0 ) . (In this case the set of u does not describe a rarefaction or shock curve.)

This completes the description of the classical wave curve W^c_j (u_0). The j-wave fan may also contain

(1) either a rarefaction to u ∈ O_j (u_0) if μ_j (u) ∈ ( 0, μ_j (u_0) ) , possibly followed by a non-attached non-classical shock connecting u_1 to u, if μ_j (u) ∈ ( μ^{⋆⋆}_j (u_1), μ^{♭♭}_j (u_1) ) ; (in this case the set of u does not describe a rarefaction or shock curve);

(2) or a classical shock to u_1 ∈ H_j (u_0) with μ_j (u_1) > μ_j (u_0), followed by a non-classical shock connecting to u ∈ H_j (u_1), if μ_j (u) ∈ ( μ^{⋆⋆}_j (u_1), μ^{♭♭}_j (u_1) ) . This defines a two-parameter family of u that can be reached from u_0 by non-classical entropy solutions.

Assume finally that μ_j (u_0) = 0. Then the j-wave curve is the j-Hugoniot curve issuing from u_0 and corresponds to classical shocks. ⊔⊓

Based on the result in Theorem 2.6 we introuce the following terminology. Given u_0, the set of all states that can be reached using only j-waves will be called the j-wave set issuing from u_0 and be denoted by S_j (u_0), by analogy with the notion of j-wave curve known for classical solutions. We shall call a curve in the wave set a composite curve when it is not a part of a rarefaction or shock curve. The wave set in both cases (2.10a) and (2.10b) is represented in Figures 2.3a and 2.3b respectively. The case that μ_j (u_0) < 0 is analogous and is omitted. We now give a proof of Lemmas 2.4 and 2.5 and Theorem 2.6.

NON-CLASSICAL SHOCK WAVES 11

Figure 2.3: Wave set S_j (u_0) issuing from u_0 for (a) the case (2.10a); (b) the case (2.10b).

Remark 2.7. 1. Our analysis shows that, under the assumptions made in this section, the Lax inequalities and the Liu criterion are equivalent (Lemma 2.4), which, at first, may appear surprising. The Lax inequalities are sufficient to select a unique solution for shocks with small amplitude near a point where ∇λ_j · r_j vanishes. The Liu criterion is necessary for shocks of moderate amplitude when the product ∇λ_i · r_i changes sign several times along the Hugoniot curve. 2. When the system (2.1) has a sufficiently large family of entropy pairs (e.g. when N ≤ 2), the formulas (2.28)-(2.29) derived below may be used to establish the converse of the item 3 of Lemma 2.5, i.e. limits of regularizations compatible with all entropy pairs (such as (2.2) with D_ϵ = ϵ ∂_xu_ϵ), necessarily satisfy the Liu criterion. 3. It may be of interest to search for the weakest constraint on under-compressive shocks that can result from imposing one entropy inequality like (2.8). We shall say that a subset W^{max}_j (u_0) of U is a maximal j-wave set for the system (2.1) if it contains all the j-wave sets for arbitrary entropies. For instance a maximal wave set for the case (2.10a) is obtained by taking μ^{♭♭}_j (u_0) = μ^{⋆⋆}_j (u_0) in Theorem 2.6; this follows readily from the formula (2.28)-(2.29). In the scalar case with N = 1 and f(u) = u^3, one has μ_j (u_0) = u_0 and μ^{⋆⋆}_j (u_0) = −2 u_0. The scalar case is degenerated and W^c(u_0) = W^{nc}(u_0) = W^{max}(u_0) = RI ; the interval [−2 u_0, u_0] is the maximal interval of states that can be reached from u_0 by using a classical or non-classical shock. ⊔⊓

Proof of Lemma 2.4. Consider for instance the case (2.10a), the case (2.10b) being similar. Lemma 2.3 that the function μ_j → λ̄_j (u_0, w_j (μ_j ; u_0)) − λ̄_j (w_j (μ_j ; u_0)) is positive for μ_j > μ^⋆_j (u_0) and negative for μ_j < μ^⋆_j (u_0). On the other hand the function μ_j → λ̄_j (u_0, w_j (μ_j ; u_0)) − λ_j (u_0) is positive for μ_j < μ^{⋆⋆}_j (u_0) or μ_j > μ_j (u_0), and negative for μ_j ∈ ( μ^{⋆⋆}_j (u_0), μ_j (u_0) ) . The classification follows easily from these two properties. ⊔⊓

Proof of Lemma 2.5. Using the compatibility condition on the entropy pair, i.e. ∇F^T = ∇U^T Df, and the Rankine- Hugoniot relation (2.13), the entropy dissipation for a shock connecting u_0 to w_j (μ_j ; u_0) is found to be

D(u_0, w_j (μ_j ; u_0)) = ∫_{μj} μ_j (u0)

∇U(w_j (ζ_j ) {¯ λ_j (u_0, w_j (μ_j )) − Df(w_j (ζ_j )) } dw_j dζ_j (ζ_j ) dζ_j , = ∫_{μj} μ_j (u0) dw_j dζ_j (ζ_j ) · ∇^2U(w_j (ζ_j )) {¯ λ_j (u_0, w_j (ζ_j )) ( w_j (ζ_j ) − u_0 ) − f(w_j (ζ_j )) + f(u_0) } dζ_j . (2.27)

Using once more the Rankine-Hugoniot relation, we get

D(u_0, w_j ) = ∫_{μj} μ_j (u0) {¯ λ_j (u_0, w_j (μ_j )) − λ̄_j (u_0, w_j (ζ_j )) } m_j (ζ_j ) dζ_j , (2.28)

where m_j (ζ_j ) := dw_j dζ_j (ζ_j ) · ∇^2U(w_j (ζ_j )) ( w_j (ζ_j ) − u_0 ) (2.29)

12 HAYES AND LEFLOCH

has the same sign as μ_j − μ_j (u_0). The system (2.1) being strictly hyperbolic, it can be checked that dw_j dμ_j · ∇^2U(w_j ) = l_j (w_j ),

which, combined with (2.16ii), shows that m_j (ζ_j ) > 0 for ζ_j ≠ μ_j (u_0).

The occurence of non-classical shocks depends on the sign of the entropy dissipation. The integrand in (2.28) has the same sign as λ̄_j (u_0, w_j (μ_j )) − λ̄_j (u_0, w_j (ζ_j )), which is non-positive when the Liu entropy criterion (2.18) holds. It follows that the entropy dissipation is negative as long as the Liu criterion holds. This proves the item 3 of Lemma 2.5.

When, instead, the shock satisfies the inequalities (2.21), we have

λ̄_j (u_0, w_j (μ_j )) − λ̄_j (u_0, w_j (ζ_j )) ≥ 0. (2.30)

This indeed is an easy consequence of the facts that μ_j → λ̄_j (u_0, w_j (μ_j )) is a monotone function (see Lemma 2.3) and that λ̄_j (u_0, u_0) = λ_j (u_0) ≤ λ̄_j (u_0, w_j (μ_j )). Combining (2.28) and (2.30) shows that the entropy dissipation is negative for rarefaction shocks. This proves the item 2 of Lemma 2.5.

Finally we can establish the item 1 by differentiating the formula (2.28) with respect to μ_j : ∂ ∂μ_j D(u_0, w_j ) = ∫_{μj} μ_j (u0) ∂ ∂μ_j λ̄_j (u_0, w_j ) m_j (ζ_j ) dζ_j .

This yields a relation between the derivative of the entropy dissipation and the one of the shock speed: ∂ ∂μ_j D(u_0, w_j ) = b(w_j ) ∂ ∂μ_j λ_j (u_0, w_j ), b(w_j ) := ∫_{μj} μ_j (u0)

m_j (ζ_j ) dζ_j , (2.31)

with C_1 |w_j − u_0|^2 ≤ b(w_j ) ≤ C_2 |w_j − u_0|^2 for some positive constants C_1 and C_2. Note that the dissipation has a critical point either when the shock speed has a critical point or at the point u_0.

From the properties of the shock speed in Lemma 2.3, it follows therefore that D(u_0, w_j ) is decreasing for μ_j < μ^⋆_j (u_0) and increasing for μ_j > μ^⋆_j (u_0). From its definition, it is clear that D(u_0, w_j ) vanishes at μ_j (u_0). Moreover we checked that it is positive for μ_j < μ^{⋆⋆}_j (u_0). Therefore there exists a unique point, say μ^{♭♭}_j (u_0), in the interval ( μ^{⋆⋆}_j (u_0), μ^⋆_j (u_0) ) where the dissipation vanishes. This completes the proof of Lemma 2.5. ⊔⊓

Proof of Theorem 2.6. We construct the wave set S_j (u_0) for u_0 ∈ U and j ∈ P. The construction for j /∈ P is classical and S_j (u_0) is the classical wave curve W_j (u_0). Case (2.10a) :

For u_0 ∈ M_j , either of the conditions (2.8) or (2.18) shows that the wave set W^{nc}_j (u_0) coincides locally with the integral curve O_j (u_0). This is because the wave speed is increasing when moving away from u_0 in either direction. The construction is complete for u_0 ∈ M_j .

We now consider a point u_0 away from the manifold. For definiteness we assume that μ_j (u_0) > 0; the other case could be treated similarly. The construction of the wave curve will use the values μ^{⋆⋆}_j (u_0) < μ^⋆_j (u_0) ≤ μ_j (u_0) introduced in Lemma 2.3.

For μ_j > μ_j (u_0), the state u_0 can be connected to any point on O_j (u_0) since the wave speed λ_j is increasing for μ_j increasing. Therefore the wave curve W_j (u_0) coincides with the rarefaction curve O_j (u_0) for μ_j ≥ μ_j (u_0).

For μ_j decreasing from μ_j (u_0), the shock speed is decreasing as long as μ_j remains larger than the critical value μ^⋆_j (u_0). Therefore all the points in the Hugoniot curve H_j (u_0) with μ_j ∈ [μ^⋆_j (u_0), μ_j (u_0)] can be reached from u_0 by a classical shock satisfying Liu criterion. According to Lemma 2.5, the entropy dissipation remains negative in the whole range μ_j ∈ [μ^{♭♭}_j (u_0), μ_j (u_0)]. Thus the points of the Hugoniot curve H_j (u_0) with μ_j ∈ [μ^{♭♭}_j (u_0), μ^⋆_j (u_0)] can also be reached from u_0 but, now, with a non-classical shock.

These are the only admissible solutions with a single j-wave issuing from u_0.

Consider now an admissible one-wave solution joining u_0 to u_1. If μ_j (u_1) > μ^⋆_j (u_0), then no further j-wave can be constructed from u_1. The state u^⋆_1 with μ_j (u_1) = μ^⋆_j (u_0) can be connected to any point u_2 in the rarefaction curve O_j (u_1) with μ_j (u_2) ≤ μ^⋆_j (u_0). This covers the whole range of values μ_j and corresponds to the classical wave curve.

NON-CLASSICAL SHOCK WAVES 13

We now describe all non-classical entropy solutions with two j-waves. Consider an admissible one-wave solution joining u_0 to u^♭ with μ_j (u^♭) ∈ [ μ^{♭♭}_j (u_0), μ^⋆_j (u_0) ) . According to Lemma 2.3, the wave speed is increasing with μ_j decreasing from μ_j (u^♭), so u^♭ can be connected to any point u_2 in the rarefaction curve O_j (u^♭) with μ_j (u_2) ≤ μ_j (u^♭). Observe that the non-classical shock is not attached to the rarefaction fan, i.e.

λ̄_j (u_0, u^♭) < λ_j (u^♭). (2.32)

This describes all the solutions containing a non-classical shock followed by a rarefaction; no further j-wave may follow the rarefaction.

Consider again an admissible one-wave solution joining u_0 to u^♭ with μ_j (u^♭) ∈ [ μ^{♭♭}_j (u_0), μ^⋆_j (u_0) ) . By (2.32), the shocks with small strength issuing from u^♭ have a larger speed than that of the non-classical shock, i.e. λ̄_j (u^♭, u_2) ≈ λ_j (u^♭) > λ̄_j (u_0, u♭), for all states u_2 close to u♭. Hence the speeds have the proper ordering and u♭ may be connected to any u_2 ∈ H_j (u^♭), at least in the small. Such a shock is also admissible (according to Liu criterion) since the wave speed is decreasing when μ_j increases (Lemma 2.3.).

This construction can be continued, for u^♭ fixed, until u_2 violates either of the two conditions:

λ̄_j (u^♭, u_2) > λ̄_j (u_0, u^♭), (2.33)

D(u^♭, u_2) ≤ 0. (2.34)

Actually, as μ_j (u_2) increases from μ_j (u^♭), one reaches a maximum value μ^♯_j , in which equality holds in (2.33), while the shock is still classical and therefore (2.34) still holds.

To check the latter, we consider the graphs of the two functions h(μ_j ) := λ̄_j (u_0, w_j (μ_j ; u_0)) and k(μ_j ) := λ̄_j (u^♭, w_j (μ_j ; u^♭)). See Figure 2.4a. By symmetry of the Rankine-Hugoniot relation, one has λ̄_j (u^♭, u_0) = λ̄_j (u_0, u^♭), so

s := h(μ_j (u^♭)) = k(μ_j (u_0)). (2.35)

In view of their monotonicity properties, the two graphs must intersect at exactly one point μ^♯_j in the interval ( μ_j (u^♭), μ_j (u_0) ) . We define u^♯_2 by the conditions μ_j (u^♯_2) = μ^♯_j and u^♯_2 ∈ H_j (u^f lat).

Figure 2.4: Graphs of the two shock speeds for (a) the case (2.10a); (b) the case (2.10b).

We claim that, actually, h(μ^♯_j ) = k(μ^♯_j ) = s and u^♯_2 ∈ H_j (u_0). (2.36)

Namely from the Rankine-Hugoniot relations −s ( u^♭ − u_0 ) + f(u^♭) − f(u_0) = 0 and − s ( u^♯_2 − u^♭ ) + f(u^♯_2) − f(u^♭) = 0,

14 HAYES AND LEFLOCH

we deduce that −s ( u^♯_2 − u_0 ) + f(u^♯_2) − f(u_0) = 0, which proves (2.36).

It follows (see Figure 2.4a) that (2.33) holds for all μ_j (u_2) < μ_j (u^♯_2), and the equality holds in (2.33) at the critical value u^♯_2. Moreover, since μ_j (u^♯_2) < μ^⋆_j (u_0), the shock speed is decreasing on the interval ( μ_j (u^♭), μ_j (u^♯_2) ) and any shock from u^♭ to u_2 (with μ_j (u_2) ≤ μ_j (u^♯_2)) satisfies the Liu criterion.

We have the inequalities μ_j (u^♭) < μ^⋆_j (u_0) < μ_j (u^♯_2) < μ_j (u_0). As μ_j (u^♭) increases, μ_j (u^♯_2) decreases and eventually both quantities approach the limiting value μ^⋆_j (u_0). As μ_j (u^♭) decreases, μ_j (u^♯_2) increases and eventually μ_j (u^♭) approaches the limiting value μ^{♭♭}_j (u_0), while μ_j (u^♯_2) approaches some limiting value, say μ^{♯♯}_j (u_0). It is tedious but straightforward to check from the properties of the wave speeds, that no third wave can follow a two-wave fan. See Figure 2.2a for a representation of the wave set S_j (u_0). Case (2.10b) :

For u_0 ∈ M_j , it is not hard to see, using either of the conditions (2.8) or (2.18), that W_j (u_0) coincides locally with the Hugoniot curve H_j (u_0). This is because the wave speed is decreasing when moving away from u_0 in either direction. The construction is complete for u_0 ∈ M_j .

Consider the case μ_j (u_0) > 0. For μ_j > μ_j (u_0), the state u_0 can be connected to any point on H_j (u_0) since the the wave speed is decreasing for μ_j increasing. For μ_j < μ_j (u_0), the wave speed is, locally, increasing for μ_j decreasing. So u_0 can be connected to a point on O_j (u_0) by a rarefaction. This remains possible until μ_j reaches the value 0. It is also possible to connect any point u_1 ∈ O_j (u_0) with μ_j (u_1) ∈ [ 0, μ_j (u_0) ] to a point u_2 ∈ H_j (u_1) provided

λ̄_j (u_1, u_2) = λ_j (u_1). (2.37)

This construction covers the range μ_j ∈ [ μ^{⋆⋆}_j (u_0), 0 ] . It is also possible to connect u_0 directly to a point u ∈ H_j (u_0) with μ_j (u) ≤ μ^{⋆⋆}_j (u_0), since the shock speed in this range satisfies the Liu criterion.

This completes the construction of the classical wave curve W^c_j (u_0).

We now describe all non-classical entropy solutions with two j-waves. Consider an admissible one-wave solution from u_0 to u_1. Suppose first μ_j (u) ∈ ( 0, μ_j (u_0) ) so that u_1 ∈ O_j (u_0). One can connect u_1 to u_2 ∈ H_j (u_0) by a shock provided both conditions λ̄_j (u_1, u_2) ≥ λ(u_1), (2.38)

D(u_1, u_2) ≤ 0 (2.39)

hold. From the graph of the entropy dissipation, we know that (2.39) is equivalent to:

μ_j (u_2) ≤ μ^{♭♭}_j (u_0).

In view of the graph of the shock speed, (2.38) reads:

μ^{♭♭}_j (u_1) ≤ μ_j (u_2) ≤ μ^⋆_j (u_1).

Since we always have μ^{♭♭}_j (u_0) ∈ [ μ^{⋆⋆}_j (u_0), μ^⋆_j (u_0) ] , it follows that the admissible interval in the case under consideration is μ_j (u_2) ∈ [ μ^{⋆⋆}_j (u_0), μ^{♭♭}_j (u_0) ] . Moreover such a shock is classical only when μ_j (u_2) ≤ μ^{⋆⋆}_j (u_0), that is only when μ_j (u_2) = μ^{⋆⋆}_j (u_0).

Suppose now that μ_j (u) ≥ μ_j (u_0) so that u_1 ∈ H_j (u_0). One can connect u_1 to a point u_2 ∈ H_j (u_1) provided

λ̄_j (u_1, u_2) ≥ λ̄_j (u_0, u_1) (2.40) and D(u_1, u_2) ≤ 0. (2.41)

The condition (2.41) is equivalent to saying μ_j (u_2) ≤ μ^{♭♭}_j (u_1). As μ_j decreases from μ^{♭♭}_j (u_0), the speed λ̄_j (u_1, u_2) satisfies (2.40), decreases, and eventually reaches the value λ̄_j (u_0, u_1). Since u_1 ∈ H_j (u_0) and u_2 ∈ H(u_1), the same argument as in the case (2.10a) shows that for that value of μ_j , one has u_2 ∈ H_j (u_0). This completes the proof of Theorem 2.6. ⊔⊓

2.3 Selection by Kinetic Relations.

NON-CLASSICAL SHOCK WAVES 15

In view of Theorem 2.6, the wave set S_j (u_0) is a two-dimensional manifold when j ∈ P. It is our objective now to select a non-classical wave curve W^{nc}_j (u_0) in the wave set. Heuristically, it is sufficient to determine one free parameter need for each non-g.n.l. wave family. One may postulate that for each state u_0, there exists a single right state u_1 that can be reached by a non-classical shock for any j ∈ P. This is indeed what happens when defining non-classical shocks as limits of diffusive-dispersive regularizations. We propose to select the admissible non-classical shocks by considering their entropy dissipation, and stipulate the knowledge of an additional jump-like relation on the non-classical discontinuities. The derivation of such an additional relation for limits of diffusive-dispersive regularizations is discussed later in this subsection.

The following definition stipulates that the entropy dissipation

D(u_0, u_1) = −s (U(u_1) − U(u_0)) + F (u_1) − F (u_0)

of a non-classical shock, with speed s = λ̄_j (u_0, u_1) and connecting u_0 to u_1, is a given “constitutive function” representing certain small-scale properties that have been neglected at the hyperbolic level of modeling. In the following we suppose, for the sake of definitness, that the condition (2.10a) is satisfied. Dealing with the case (2.10b) requires some modification of the analysis in this subsection. (See also Section 3 in which both cases arise.)

We denote by BV ∩ L^∞ the space of measurable and bounded functions that have bounded variation in space and time. This space is natural for systems of conservation laws. Functions in BV ∩ L^∞ admit traces in a measure theoretic sense [14], so that (2.42) below has a meaning almost everywhere with respect to the one-dimensional Hausdorff measure.

Definition 2.8. For each j ∈ P, let ϕ_j : U → RI_− be a given function. A non-classical entropy solution u(x, t) ∈ BV ∩ Ł^∞ to (2.1), (2.8) is called an admissible solution if the entropy dissipation of any non-classical j-shock in u (j ∈ P), connecting u_0 to u_1, satisfies D(u_0, u_1) = ϕ_j (u_0). (2.42) ⊔⊓ We refer to the equation (2.42) as a kinetic relation and to ϕ_j as the kinetic function for the family j since they determine the propagation of the non-classical shocks. The kinetic function could also be expressed as a function of the right state u_1 (which need not be equivalent to (2.42)) or –and this is physically more realistic – as a function of a variable “symmetric” in u_0 and u_1, such as the shock speed, or –for problem in fluid dynamics and material science– the mass flux across the discontinuity, etc. Here we shall focus attention on kinetic functions depending solely on the shock speed s, i.e.

D(u_0, u_1) = φ(s), (2.43)

where φ need be defined only on the union of intervals Λ = ⋃ j∈P^{[λmin}j^{, λmax}j^{]. For scalar conservation laws and under}

suitable monotonicity conditions, the kinetic function can always be expressed as a function of the shock speed. The same is true for the kinetics generated by diffusive-dispersive regularizations for the systems of two equations studied later in Sections 3–5.

In many physical systems, the entropy dissipation is related to the mechanical energy, and may be viewed as a force driving the propagation of the non-classical shocks; it is natural to provide a one-to-one relationship between the propagation speed and the driving force. This standpoint was emphasized by Abeyaratne-Knowles [1] for propagating phase boundaries in solids undergoing phase transformations.

In the following we show that the kinetic relation selects a unique wave of non-classical entropy solutions W^{nc}_j (u_0) in the wave set S_j (u_0). Denote by D^⋆_j (u_0) the maximal negative value of the entropy dissipation D(u_0, u_1) along the Hugoniot curve H_j (u_0): D^⋆_j (u_0) = min u1∈H_j (u0) D(u_0, u_1).

Actually the maximum is achieved at the critical value μ^⋆_j (u_0) for the shock speed. Consider also the entropy dissipation as a function of s, say d^⋆(s) defined as

d^⋆(s) = max { D^⋆_j (u_0) | u_0 ∈ U, j ∈ P, λ_j ( u_0, w_j (μ^⋆_j (u_0); u_0) ) = s } . (2.44)

16 HAYES AND LEFLOCH

(The value is taken to be −∞ when no u_0 satisfies the constraint.) Note that D^⋆_j and d^⋆ are computable from the expression of the flux f in the examples studied in Sections 3–5 below.

Theorem 2.9 below shows that knowing the entropy dissipation of the admissible non-classical shocks determines a unique solution of the Riemann problem. To solve the Riemann problem, we assume that { r_k(u, u^′) } is a basis of RI^N for arbitrary u, u^′ ∈ U. (This is always true when R is small enough.)

Theorem 2.9. Suppose that the system satisfies the condition (2.10a). 1. For j ∈ P, let ϕ_j : U → RI_− be a continuous function satisfying

D^⋆_j (u_0) ≤ ϕ_j (u_0) ≤ 0 for all u_0 ∈ U, j ∈ P. (2.45)

Let u_0 ∈ U and j ∈ P be given. From the wave set S_j (u_0), there exists a unique wave curve W^{nc}_j (u_0) using non-classical shocks satisfying the kinetic relation (2.42). For u_l and u_r in U, the Riemann problem (2.1), (2.11) admits a unique solution in the class of admissible non-classical entropy solutions obtained by intersection of the curves W^{nc}_j , which furthermore depends continuously in the L^1 norm upon its end states. 2. Let φ : Λ → RI_− be a Lipschitz continuous function satisfying d^⋆(s) ≤ φ(s) ≤ 0, dφ ds (s) ≤ 0, for all s ∈ Λ. (2.46)

Then the same results as that in 1) hold for the kinetic relation (2.43). 3. In both cases 1) and 2) above, there exist two values μ^♭_j (u_0) and μ^♯_j (u_0), with

μ^{⋆⋆}_j (u_0) ≤ μ^{♭♭}_j (u_0) ≤ μ^♭_j (u_0) ≤ μ^⋆_j (u_0) ≤ μ^♯_j (u_0) ≤ μ^{♯♯}_j (u_0) ≤ μ_j (u_0), (2.47)

such that the non-classical wave curve is composed of the following four pieces:

W^{nc}_j (u_0) =

O_j (u_0) for all μ_j ≥ μ_j (u_0), H_j (u_0) for all μ^♯_j (u_0) ≤ μ_j ≤ μ_j (u_0),

H_j (u^♭) for all μ^♭_j (u_0) ≤ μ_j < μ^♯_j (u_0), O_j (u^♭) for all μ_j ≤ μ^♭_j (u_0),

where u^♭ := w_j ( μ^♭_j (u_0); u_0 ) . The curve W^{nc}_j (u_0) is continous and monotone in the parameter μ_j , and is of class C^2 except at μ_j = μ^♯_j (u_0) where it is generally only Lipschitz continuous. ⊔⊓

We can recover the classical curve W^c_j (u_0) with the (maximal) choice

ϕ_j (u_0) = D^⋆_j (u_0). (2.48)

In that case the classical and non-classical shocks in the solution have the same propagation speed, and the two waves are undistinguishable in the (x, t) plane. On the other hand it is not possible to use part of the classical wave curve, say for values μ_j > μ^c_j , and switch to the non-classical wave curve, say for values μ_j < μ^c_j , at least as far as a Riemann solution depending continuously upon its end states is sought. The latter seems to be a natural requirement, at least in view of the examples studied so far in the literature. Furthermore the classical wave curve W^c_j (u_0) is always admissible, since Definition 2.8 does not prevent us from solving the Riemann problem by using classical waves only. Therefore, even after imposing the kinetic relation, there exist two wave curves to choose from for each non-g.n.l. family, W^c_j (u_0) and W^{nc}_j (u_0). It would be interesting to connect this non-uniqueness to with instability in solutions to an augmented dissipative-dispersive system with vanishing small-scale parameters.

NON-CLASSICAL SHOCK WAVES 17

Proof of Theorem 2.9. Let u_0 ∈ U and j ∈ P be given. In view of the definition (2.44) of the maximal entropy dissipation and the assumption (2.45), the criterion (2.42) selects a unique non-classical shock along the Hugoniot curve H_j (u_0), say u^♭ = w_j (μ^♭_j (u_0), u_0). Once this state is selected, the construction in Theorem 2.6 determines a unique wave curve W^{nc}_j (u_0) having the form described in the item 3) of the theorem. This curve is continuous in the parameter μ_j which by construction is monotone increasing along it. It is of class C^2 at the point μ_j (u_0) and μ^♭_j (u_0) since classical rarefaction curves and shock curves have second order contact. Finally, along the wave curve, the speeds of the (rarefaction or shock) waves change continuously. To see that, at the point μ^♯_j (u_0), one has to compare, on one hand, the shock speed of the non-classical shock and, on the other hand, the shock speeds of the non-classical shock and the classical one. Actually all three terms coincide at μ^♯_j (u_0): lim μj !μ^♯_j (u0) μj >μ♯j (u0) λ̄_j (u_0, w_j (μ_j , u_0)) = lim μj !μ^♯_j (u0) μj <μ♯j (u0) λ̄_j (u^♭, w_j (μ_j ; u^♭)) = λ̄_j (u_0, u^♭).

The continuous dependence of the wave speeds implies the L^1 continuous dependence of the solution. Finally, having constructed the Lipschitz continuous wave curves W^{nc}_j for j ∈ P and the smooth wave curves W^c_j for j /∈ P, and using the condition that { r_k(u, u^′) } is a basis of RI^N for arbitrary u, u^′, we can solve the Riemann problem with data in U:

combining together the wave curves, we apply the theorem of implicit functions for Lipschitz continuous curves. (For a reference see Isaacson-Temple [29].) The Riemann problem admits a unique solution, at least with data in B(u_∗, R^′) ⊂ U, with R^′ << R. This proves the items 1) and 3).

In order to use the criterion (2.43), one observes that the entropy dissipation D(u_0, u_1) along the Hugoniot curve –when expressed as a function of the shock speed s– is increasing from its lower value D^⋆_j (u_0) at s^⋆ = λ̄_j ( u_0, w_j (μ^⋆_j (u_0); u_0) ) to the value 0 at s = λ̄_j ( u_0, w_j (μ^{♭♭}_j (u_0); u_0) ) . On the other hand, the function φ(s) is assumed to be decreasing in the same interval and by (2.44), (2.46), one has φ(s^⋆) ≥ d^⋆(s) ≥ D^⋆_j (u_0). Thus there exists a unique point μ_j = μ^♭_j (u_0) such that the kinetic relation (2.43) is satisfied. The wave curve here shares the same properties with that in the case (2.42). ⊔⊓ Remark 2.10. 1. The assumption that the kinetic function be a decreasing function of the shock speed may be motivated in the following way. Consider a scalar conservation law (N = 1) with the flux f(u) = u^3 and the entropy U(u) = u^2/2. Consider a linear relation for non-classical shocks, say between the left state u_0 and the right state u_1,

u_1 = g(u_0) := β u_0. (2.49)

According to the theory in this section, one must have β ∈ (−1, −1/2). Plugging (2.49) in the definition of the entropy dissipation D(u_0, u_1) the kinetic relation corresponding to (2.49) can be computed: φ(s) := D ( u_0, g(u_0) ) = − (1 + β)(1 − β)^3 u^4

= − (1 + β)(1 − β)^3(1 + β + β^2)^{−2} s^2,

which indeed is a decreasing function of s in the interesting range s > 0.

2. In the classical solution, the value of the intermediate state (if any) in the Riemann solution varies continuously as u_1 ∈ W^c_j (u_0) describes the wave curve; the solution in the (x, t) plane varies continuously in the L^1 norm and its total variaton is a continuous function of the end points. For the non-classical wave curve, the wave speeds only are continous, and the total variation of the Riemann solution is not a continuous function of the end points. ⊔⊓

To conclude this section, we explain how to determine the kinetic function, needed in (2.42) or (2.43). Consider a sequence of solutions u^ϵ to a regularized version of (2.1) of the form (2.2). Assume for the sake of this presentation that the u^ϵ remain bounded in the total variation norm and converge to a limiting solution u to (2.1), (2.5). Suppose also that the system admits an entropy pair that is compatible with the regularization (2.2). We know that the entropy

18 HAYES AND LEFLOCH

inequality (2.5) is too lax to guarantee uniqueness for the Riemann problem. An additional Rankine-Hugoniot relation, besides the set of conservation laws contained in (2.1), is in principle sufficient to select a unique non-classical solution.

The concepts of entropy and entropy dissipation are fundamental in the theory of hyperbolic conservation laws. It seems mathematically natural to go beyond the entropy inequality (2.8), and instead write the entropy balance:

∂_tU(u) + ∂_xF (u) = μ_U ≤ 0. (2.50)

Here μ_U is a bounded, non-positive Borel measure, which provides partial information on the small-scale effects in the regularization sequence that generated the solution u. The dissipation measure generated by a regularization (2.2) satisfying the condition (2.3) is μ_U := w − ⋆ lim_{ϵ→0} ϵ ∂_xu^T_ϵ ∇^2U(u_ϵ)B_1(u_ϵ)∂_xu_ϵ. (2.51)

Since u solves (2.1), the measure μ_U has its support included in the union of the set of points of approximate discontinuity of u. The mass of the measure along the curve of discontinuity is the entropy dissipation D(., .).

Of course the knowledge of the measure μ_U in (2.50) is required only for non-classical shocks, since the propagation of a classical shock is uniquely determined by the Rankine-Hugoniot relation

−λ̄_j (u_0, u_1) ( u_1 − u_0 ) + f(u_1) − f(u_0) = 0,

and the entropy inequality −λ̄_j (u_0, u_1) (U(u_1) − U(u_0)) + F (u_1) − F (u_0) ≤ 0.

The entropy dissipation measure μ_U for a non-classical shock, as determined by (2.51), in general, will depend upon the left state u_0 and the shock speed, s = λ̄_j (u_0, u_1). The kinetic relation generated by (2.2) can be detremined, at least at a formal level, from an analysis of admissible traveling wave solutions to (2.2). Different approximations to (2.1) will result, in general, in different kinetic relations. Consider a traveling wave solution u_ϵ(x, t) = w((x − s t)/ϵ) to (2.2), that a solution to the ordinary differential equation in ξ = (x − s t)/ϵ:

−s w^′ + f(w)^′ = ( B_1(w) w^′ )_′ + ( B_2(w) w^{′′} )_′ (2.52)

satisfying the following boundary conditions: lim ξ→−∞ w(ξ) = u_0, lim_{ξ→∞} w(ξ) = u_1. lim ξ→±∞ w^′(ξ) = 0, lim_{ξ→±∞} w^{′′}(ξ) = 0.

(2.53)

The equation (2.52) can be integrated once:

−s (w − u_0) + f(w) − f(u_0) = B_1(w) w^′ + B_2(w) w^{′′}. (2.54)

The internal structure of the non-classical shock is represented by the trajectory ξ → w(ξ), which can be used to determine the entropy dissipation measure. Namely at the hyperbolic level we have:

D(u_0, u_1) = −λ̄_j (u_0, u_1) ( U(u_1) − U(u_0) ) − F (u_1) + F (u_0) = ∫ RI ∇U(w) · ( −λ̄_j (u_0, u_1) + Df(w) ) w^′ dξ = − ∫ RI w^′ · ∇^2U(w) · ( −λ̄_j (u_0, u_1) (w − u_0) + f(w) − f(u_0) ) dξ. Using the equation (2.54) for the traveling wave and the conditions (2.3), we obtain

D(u_0, u_1) = − ∫ RI (w^′)^T ∇^2U(w)B_1(w) w^′ dξ ≤ 0. (2.55)

In the examples arising in continuum mechanics, at least, the entropy dissipation for a non-classical shock, computed from (2.55), can be expressed as a function of the state u_0 (or, equivalently, u_1). (Cf. also Section 4.1.)

NON-CLASSICAL SHOCK WAVES 19

3. Non-Classical Shocks in Elastodynamics (1).

We now turn to a model arising in the theory of elastic materials, which is strictly hyperbolic and admits two non-genuinely nonlinear characteristic fields. This section restricts attention to the Riemann problem and extends the analysis of Section 2 to arbitrarily large initial data.

3.1 Preliminaries.

Consider the system of elastodynamics ∂_tv − ∂_xσ(w) = 0, ∂_tw − ∂_xv = 0, (3.1)

where the real-valued functions v and w represent the velocity and gradient deformation, respectively. The stress-strain law is assumed to have the form:

σ(w) = w^3 + m^2 w, m > 0. (3.2)

The focus here is on Riemann data, v(x, 0), w(x, 0) = { v_l, w_l, x < 0, v_r, w_r, x > 0, (3.3)

for constants v_l, w_l, · · · We note that (3.1)-(3.2) is invariant under any of the transformations: w → −w, v → −v, (3.4i) v → v + v̄ ( for any constant v̄), (3.4ii) x → −x, v → −v. (3.4iii) We may write the equation (3.1) in the general form (2.1) by setting u = (v, w), f(u) = − ( σ(w), v ) . The system is strictly hyperbolic with eigenvalues λ_1(v, w) = −c(w) < 0 < λ_2(v, w) = c(w), where the sound speed is defined by c(w) = √ 3 w^2 + m^2. Since the wave speed are independent of v, the notation λ_1(w) = −c(w) and λ_2(w) = c(w) is also used. The wave speeds are strictly separated: they keep different signs and are bounded away from zero. The right eigenvectors may be chosen as r_i(v, w) = (±c(w), 1) for i = 1, 2.

We consider the wave curves for the system (3.1). The Hugoniot locus H_1(v_0, w_0) consists of all the states (v_1, w_1) connected to (v_0, w_0) on the left by a discontinuity with speed s < 0. Similarly, H_2(v_0, w_0) corresponds to the discontinuities with speed s > 0. The Rankine-Hugoniot condition gives −s = v − v_0 w − w_0 = σ(w) − σ(w_0) v − v_0 . (3.5)

A discontinuity connecting (v_0, w_0) to (v, w) therefore travels with speed s = ± c̄(w_0; w), where we use the notation c̄(w_0; w) = √ w^2_0 + w_0 w + w^2 + m^2. Observe that c̄(w; w) = c(w). We emphasize that c̄(w_0; w) is the magnitude of the shock speed and is always positive. From (3.5) we obtain

H_1(v_0, w_0) = { v ∈ RI | v − v_0 = c̄(w_0; w) (w − w_0) } , (3.6)

H_2(v_0, w_0) = { v ∈ RI | v − v_0 = − c̄(w_0; w) (w − w_0) } . (3.7)

In addition, the rarefaction waves are based on the integral curves of the vector fields r_j :

O_1(v_0, w_0) = { v ∈ RI | v − v_0 = ∫_w w0 c(z) dz } , (3.8)

20 HAYES AND LEFLOCH

O_2(v_0, w_0) = { v ∈ RI | v − v_0 = − ∫_w w0 c(z) dz } . (3.9)

The system (3.1)-(3.2) is not genuinely nonlinear since ∇λ_1(w) · r_1(w) = − 3 w/c(w) and ∇λ_2(w) · r_2(w) = 3 w/c(w), which vanish on the (one-dimensional) manifold M: = M_1 = M_2 = { (v, w) | w = 0 } . In order to uniquely solve the Riemann problem, we now apply appropriate entropy criteria. Away from the line w = 0, the system has two genuinely nonlinear fields; therefore, for shocks with small amplitude, the Lax shock inequalities may be used.

3.2 Liu’s Construction of a Unique Solution.

Here we briefly summarize the Liu’s construction for the system (3.1). For a point (v, w) in H_1(v_0, w_0), the Liu entropy criterion implies the Lax shock inequalities, −c(w_0) ≥ −c̄(w_0; w) ≥ −c(w), and, as pointed out in Section 2, are actually equivalent to them since the stress-strain relation has a single inflexion point. Defining

κ = w/w_0, (3.10)

and using the expressions for c(w) and c̄(w_0; w), one sees that the admissible region for H_1(v_0, w_0) consists of all (v, w) with κ ∈ (−∞, −2] ∪ [1, +∞) . (3.11)

For H_2(v_0, w_0), the shock speed is positive and the Liu entropy criterion leads to the interval

κ ∈ [−1/2, 1] . (3.12)

Note in passing that the intervals found in (3.11) and (3.12) are independent of m. We now utilize (3.11)-(3.12) and construct the classical wave curves W^c_j (v_0, w_0). Consider a point (v_0, w_0) with w_0 > 0. By (3.4ii), W^c_j (v^′_0, w_0) for v^′_0 ≠ v_0 is a suitable translate of W^c_j (v_0, w_0), while (3.4i) allows the construction for w_0 > 0 to be simply extended to the case w_0 < 0.

The wave curves are easily defined locally. These curves are H_1(v_0, w_0), O_1(v_0, w_0), H_2(v_0, w_0), and O_2(v_0, w_0) for values w > w_0, w < w_0, w < w_0, and w > w_0, respectively. Note that since ∇λ_i · r_i = ±3 w/c(w) changes signs only along curves crossing w = 0, we see immediately that the curves H_1(v_0, w_0) and O_2(v_0, w_0) may be extended to all points (v, w) such that w > w_0. These two curves correspond to functions w → v(w) that are increasing and decreasing, respectively, according to the formulas (3.6) and (3.9).

We now turn to those wave curves which cross the line w = 0. For 0 < w ≤ w_0, we have ∇λ_i · r_i < 0, so that all points (v, w) in this region, lying on O_1(v_0, w_0), may be arrived at by a single 1-rarefaction. This construction changes for w < 0 : when −2 w_0 < w < 0, there is a critical point on the rarefaction curve, say (v_∗, w_∗) ∈ O_1(v_0, w_0) with w_∗ > 0, for which c̄(w_0; , w_∗) = c(w_∗). This point satisfies w_∗ = −w/2.

According to the Liu entropy criterion, in order to reach a point (v, w) from (v_0, w_0), having −2 w_0 < w < 0, the solution proceeds along O_1(v_0, w_0) until it reaches (v_∗, w_∗), at which point it jumps on H_1(v_∗, w_∗) to (v, w). We denote this composite curve by

K_1(v_0, w_0) = { (v, w) | there exists (v_∗, w_∗) ∈ O_1(v_0, w_0), 0 < w_∗ < w_0,

such that w = −2 w_∗ and (v, w) ∈ H_1(v_∗, w_∗) } . (3.13)

It may be shown that along K_1(v_0, w_0), v is monotone increasing with w. When w ≤ −2 w_0, the curve K_1(v_0, w_0) may be continued, by virtue of (3.11), as a single 1-shock, i.e. (v, w) ∈ H_1(v_0, w_0), when w ≤ −2 w_0 and v is thus given by the Rankine-Hugoniot relation (3.5). Note that K_1(v_0, w_0) joins H_1(v_0, w_0) at the point (v_{∗∗}, w_∗): = (v_{∗∗}, −2 w_0) ∈ H_1(v_0, w_0), and K_1(v_0, w_0) joins O_1(v_0, w_0) at the point (0, v_0) ∈ O_1(v_0, w_0). We summarize in:

NON-CLASSICAL SHOCK WAVES 21

Lemma 3.1. The classical 1-wave curve from a point (v_0, w_0), w_0 > 0, is the union of four pieces:

W^c_1 (v_0, w_0) =

H_1(v_0, w_0) for w > w_0, O_1(v_0, w_0) for 0 ≤ w ≤ w_0, K_1(v_0, w_0) for − 2 w_0 ≤ w < 0, H_1(v_0, w_0) for w < −2 w_0.

It is a monotone increasing curve of class C^1, extending from (v, w) = (−∞, −∞) to (v, w) = (+∞, +∞). ⊔⊓ The construction of the 2-wave curve is similar and we summarize its properties in: Lemma 3.2. The classical 2-wave curve from (v_0, w_0), with w_0 > 0, is the union of three pieces:

W^c_2 (v_0, w_0) =

O_2(v_0, w_0) for w > w_0, H_2(v_0, w_0) for − w_0/2 ≤ w ≤ w_0, O_2(v_∗, w_∗) for w < −w_0/2, where (v_∗, w_∗) ∈ H_2(v_0, w_0) and w_∗ = −w_0/2. It is a monotone decreasing curve of class C^1, extending from (v, w) = (+∞, −∞) to (v, w) = (−∞, +∞). ⊔⊓ The infinite extent in v of the 2-wave curve follows from the fact that the integral curves in (3.9) have no horizontal asymptotes. This completes the construction of the wave curves based on the Liu criterion. A unique solution exists for arbitrary Riemann data. It can be checked that this solution depends continuously upon its initial states.

3.3 Two-Parameter Family of Non-Classical Entropy Solutions.

We apply Definition 2.1 to the system (3.1) and construct a two-parameter family of solutions. Definition 2.1 is based on a specific convex entropy pair, which we take here to be U(v, w) = v^2 2 + w^4 4 + m^2 w^2 2 , F (v, w) = −v σ(w). (3.14) This choice is based on the physically motivated regularization studied in Section 4. A brief computation leads to the following formula for the entropy dissipation: D(v_−, w_−; v_+, w_+) = −s ( w̄(m^2 + w̄^2) [w] + v̄ [v] )( m^2w̄ + w̄^3 ) [v] − v̄ [σ(w)] (3.15) with [α] : = α_+ − α_− and ᾱ : = (α_+ + α_−)/2 We now substitute the Rankine-Hugoniot relations (3.5) to get

D(v_−, w_−; v_+, w_+) = w̄ w̄^2 [v] − w̄^3 [v] = − 1 2 w̄ [w]^2 [v] .

The entropy inequality (2.8), (3.14) therefore reduces to w̄ [v] ≥ 0 (3.16) (for [w] ≠ 0). If we now utilize the equations (3.6)-(3.7) for H_1(v_−, w_−) and H_2(v_−, w_−), we find that D(v_−, w_−; v_+, w_+) = s 2 [w]^3 w̄. (3.17) We recall that s < 0 for H_1(v_−, w_−) and s > 0 for H_2(v_−, w_−). From now on we express the entropy dissipation as a function of w_− and w_+ alone: D(w_−; w_+). The admissible non-classical shocks from (v_−, w_−) to (v_+, w_+) must therefore satisfy |w_+| ≥ |w_−| along H_1(v_−, w_−), |w_+| ≤ |w_−| along H_2(v_−, w_−). (3.18) Since H_1(v_−, w_−), restricted by the condition (3.8) forms a non-connected set, we denote the portion of H_1(v_−, w_−) with w_+ ≥ w_− by H^+_1 (v_−, w_−), while that portion having w_+ ≤ −w_− will be denoted by H^−_1 (v_−, w_−).

We now introduce solutions containing non-classical shocks. Consider a point (v_0, w_0) with w_0 > 0. Owing to transformations (3.4), a translation in v_0 simply effects the same translation in the entire solution; furthermore, we can obtain the wave curves for w_0 < 0 by switching the signs of both w and v. We begin by discussing the 1-wave curves. As in the classical case, the solution may leave (v_0, w_0) along O_1(v_0, w_0) and proceed until it reaches the point (ṽ, w̃) with w̃ = 0.

22 HAYES AND LEFLOCH

Lemma 3.3. From any point (v_1, w_1) ∈ O_1(v_0, w_0), with 0 < w_1 < w_0, it is possible to jump to a point (v_2, w_2) ∈ H^−_1 (v_1, w_1) with w_2 ∈ [−2 w_1, −w_1]. ⊔⊓

Proof of Lemma 3.3. By the entropy inequality (3.18), one must have w^2 − w^2_1 ≥ 0. In addition, for the shock to follow the rarefaction, one needs 0 > −c̄(w_1; w_2) ≥ λ_1(w_1), so that (w_2 + 2 w_1)(w_2 − w_1) ≤ 0. The intersection of these two regions is the interval −2 w_1 ≤ w_2 ≤ −w_1. Of the points w_2 in this interval, only the right-hand boundary w_2 = −2 w_1 corresponds to a classical shock. ⊔⊓

As (v_1, w_1) varies from (v_0, w_0) to (ṽ, 0), along O_1(v_0, w_0), the set of image points, {(v_2, w_2)}, of these non-classical shocks covers a bounded region. We refer to these wave fans as O_1-H^−_1 non-classical solutions. From the entropy inequality (3.18), it is also possible to leave (v_0, w_0) by a shock, i.e. to jump to (v_1, w_1) ∈ H_1(v_0, w_0) for |w_1| ≥ |w_0|. We note that for w_1 ≥ w_0 and for w_1 ≤ −2 w_0, these are classical shocks. In addition we have

Lemma 3.4. From a point (v_1, w_1) ∈ H^+_1 (v_0, w_0), it is possible to jump via a non-classical shock to (v_2, w_2) ∈ H^−_1 (v_1, w_1) with −w_0 − w_1 ≤ w_2 ≤ −w_1. The points with w_2 = −w_0 − w_1 lie on H_1(v_0, w_0). The region containing a classical shock along H^+_1 (v_0, w_0), followed by a non-classical shock along H^−_1 (v_1, w_1), extends indefinitely to the left in w_2, and down in v_2. ⊔⊓

Proof of Lemma 3.4. Once again the entropy inequality (3.18) gives |w_2| ≥ |w_1|, and for the non-classical shock to follow the classical one, one must also have −c̄(w_1; w_2) ≥ −c̄(w_0; w_1). Manipulating the expression for s leads to |2 w_2 + w_1| ≤ |2 w_0 + w_1|, and, using the fact that 0 < w_0 < w_1, this has the solution −w_0 − w_1 ≤ w_2 ≤ w_0. Combining this with the entropy inequality leads to −w_0 − w_1 ≤ w_2 ≤ −w_1.

For w_2 = −w_1 − w_0, one has −c̄(w_0; w_1) = −c̄(w_0; w_2) and, by using the Rankine-Hugoniot condition (3.5), one can show that (v_2, w_2) ∈ H^−_1 (v_0, w_0). Since w_2 ≤ −2w_0, the point (v_2, w_2) is in the classical portion of this Hugoniot curve.

According to (3.18), a point (v_1, w_1) ∈ H^+_1 (v_0, w_0) may have w_1 arbitrarily large and positive, so that w_2 ≤ −w_1 can be arbitrarily large and negative. A calculation using the Hugoniot curve shows that

v_2 = v_0 + c̄(w_0; w_1) (w_1 − w_0) + c̄(w_1; w_2) (w_2 − w_1) ≤ v_0 + c̄(w_0; w_1) (w_1 − w_0) − 2 w_1 c(w_1),

so that as w_1 → +∞ with (v_0, w_0) fixed, we have v_2 ≤ −w^2_1 (1 + o(1)) → −∞, so the upper boundary, and hence the entire region, tends to negative infinity, as w_2 → −∞. There is no horizontal asymptote. ⊔⊓

We refer to these two-wave fans as H^+_1 -H^−_1 non-classical solutions. A similar argument shows that no O_1-H^−_1 or H^+_1 -H^−_1 wave fan may be connected to additional states by a 1-wave.

We now turn to the 2-wave family, again taking (v_0, w_0) with w_0 > 0. In this case, λ_2(w) = √ 3 w^2 + m^2 is increasing with w, so that any point (v_1, w_1) ∈ O^+_2 (v_0, w_0), i.e. with w_1 ≥ w_0, may be connected to (v_0, w_0) via a 2-rarefaction. We may not continue from (v_1, w_1) to a point (v_2, w_2) ∈ H_2(v_1, w_1), since the entropy inequality, which gives |w_2| ≤ |w_1|, and the proper ordering of wave speeds, which implies w_2 ≥ w_1, have only the degenerate point (v_2, w_2) = (v_1, w_1) of intersection. If instead, we leave (v_0, w_0) via H_2(v_0, w_0), the entropy inequality permits us to proceed to the left, until we reach (ṽ, w̃) ∈ H_2(v_0, w_0) with w̃ = −w_0. Note that this shock is non-classical for −w_0 ≤ w_1 < −w_0/2.

Lemma 3.5. For (v_1, w_1) ∈ H_2(v_0, w_0) with −w_0 ≤ w_1 ≤ −w_0/2, it is possible to connect to a point (v_2, w_2) ∈ H_2(v_1, w_1), with w_1 ≤ w_2 ≤ −w_0 − w_1. This part of the curve H_2(v_1, w_1) entends until it reaches a point (v_2, w_2) = (v_2, −w_0 − w_1) ∈ H_2(v_0, w_0). ⊔⊓

Proof of Lemma 3.5. Starting from a point (v_1, w_1) ∈ H_2(v_0, w_0), we proceed with a 2-shock on the right, to a point (v_2, w_2) ∈ H_2(v_1, w_1). The entropy inequality forces |w_2| ≤ |w_1|. In addition, the requirement that c(w_1; w_2) ≥ c(w_0; w_1) ≥ 0 implies that |2 w_2 + w_1| ≥ |2 w_0 + w_1|. Since w_0 ≥ |w_2|, we must take w_1 ≤ 0. The condition then becomes |2 w_2 − |w_1|| ≥ 2 w_0 − |w_1|, so that w_2 must also be non-positive. Some manipulation gives w_2 ≤ −w_0 − w_1 ≤ 0, so that in combination with the entropy inequality (3.18) we have w_2 ∈ [w_1, −w_0 − w_1], and w_1 has the restriction that w_1 ≤ −w_0 − w_1, so that w_1 ≤ −w_0/2. This leads to w_1 ∈ [−w_0, −w_0/2]. At the right-hand end of this interval, w_1 = −w_0/2, the shock is classical. ⊔⊓

As w_1 varies about the interval [−w_0, −w_0/2], the set, {(v_2, w_2)}, of image points attainable from (v_0, w_0) by a nonclassical shock, followed by a second shock, fill up a bounded region. This second shock is always a classical one, across

NON-CLASSICAL SHOCK WAVES 23

which w does not change signs. Points on this second shock may not, therefore, be connected to a further rarefaction or shock wave. We now consider rarefaction waves originating at at point on H_2(v_0, w_0).

Lemma 3.6. A point (v_1, w_1) ∈ H_2(v_0, w_0), with −w_0 ≤ w_1 ≤ −w_0/2, may be connected to any point (v, w) ∈ O_2(v_1, w_1) having w ≤ w_1. ⊔⊓

Proof of Lemma 3.6. Since λ_2(w) is increasing for |w| increasing, if points (v_1, w_1) can be found so that c(w_1) ≥ c(w_0; w_1) ≥ 0, then the rarefaction curves O_2(v_1, w_1) may be continued indefinitely to the left. The condition on wave speeds reduces to (2w_1 +w_0)(w_1 −w_0) ≥ 0, so that we must have w_1 ≤ −w_0/2. Thus any (v_1, w_1) with w_1 ∈ [−w_0, −w_0/2] can serve as the origin of a 2-rarefaction. Note that the classical shock-rarefaction occurs for w_1 = −w_0/2. ⊔⊓

From (3.8)-(3.9), all of the (classical and non-classical) integral curves have v → +∞ as w → −∞. As w_1 varies from −w_0/2 to −w_0, the set of points that may be reached by a non-classical 2-shock, followed by a rarefaction, forms an unbounded strip in the (v, w)-plane. These rarefaction curves may not be further joined to 2-shock curves, since the entropy inequality and the proper wave speed ordering (the shock must travel faster than the maximum wave speed of the rarefaction fan) lead to incompatible intervals in w. We summarize the above results in this subsection by stating:

Theorem 3.7. The non-classical entropy solutions to (3.1)-(3.3) form a one-parameter family in each of the two characteristic fields. The shock speeds, s_1 and s_2 of the non-classical shocks in the 1- and 2-wave families, respectively, may be used as the parameters. Given a left-hand state (v_0, w_0) and denoting the left-hand state of the non-classical shock by (v_−, w_−), there are non-classical solutions in the 1-family for s_1 satisfying max { − √ w^2_0 + w_0 w_− + w^2_− + m^2 , − √ 3 w^2_− + m^2 } ≤ s_1 ≤ − √ w^2_− + m^2,

and in the 2-family for s_2 satisfying √ (3/4)w^2_− + m^2 ≤ s_2 ≤ √ w^2_− + m^2. ⊔⊓

Figure 3-1: Wave curve for (a) the 1-wave family; (b) the 2-wave family.

3.4 Unique Admissible Non-classical Entropy Solution.

In this section, we construct the non-classical wave curves W^{nc}_j (v_0, w_0), j = 1, 2. For a solution connecting u_0 = (v_0, w_0) to u_1 = (v_1, w_1), we label the successive states, according to increasing wave speed, by u_0, u_{i1} = (v_{i1} , w_{i1} ), u_m = (v_m, w_m), u_{i2} = (v_{i2} , w_{i2} ), and u_1. For classical shocks or rarefactions in the 1-wave and 2-waves curves, the points u_{i1} and u_{i2} , respectively, degenerate into u_0 and u_1, respectively. Non-classical 1-shocks always connect u_{i1} to a range of u_m,

24 HAYES AND LEFLOCH

while non-classical 2-shocks join u_m to a range of u_{i2} . In the classical cases where shocks are attached to rarefactions, one always has w_m = −2w_{i1} and/or w_{i2} = −w_m/2.

Depending on u_0 and u_1, a non-classical shock may appear in either H_1, or H_2, or both. To select the unique non-classical shock, from among the one-parameter families of solutions found in the previous subsection, we will utilize a kinetic relation, stipulating that any non-classical 2-shocks from u_m to u_{i2} must satisfy

D(w_m; w_{i2} ) = φ(s), (3.19)

where φ is the kinetic function depending upon the shock speed s. For a given left-hand state (v_m, w_m), we show that the kinetic relation produces a unique right-hand state (v_{i2} , w_{i2} ), where w_{i2} depends only on w_m, and not on v_m, say, w_{i2} = g(w_m). From Lemmas 3.3 and 3.4, w_{i2} ∈ [−w_m, −w_m/2).

In order to select a unique non-classical shock in the 1-wave family, a symmetry of system (3.1) is utilized: the non-classical 1-shock from u_{i1} to u_m is selected from among the possible non-classical 1-shocks from u_{i1} , if the kinetic relation (3.19) is satisfied for w_{i2} = w_{i1} . We begin with the kinetic relation for H_2-shocks, divorced from their role in the solution of the Riemann problem, and consider non-classical H_2-shocks from (v_−, w_−) to (v_+, w_+).

Theorem 3.8. Denote by I = [m, ∞) the range of positive shock speeds, s, and consider a kinetic function φ(s) having the following properties: dφ ds < 0 for s ∈ I, (3.20)

φ(s) ≤ 0 for all s ∈ I, (3.21) φ(s) ≥ − 3 4 s (s^2 − m^2)^2 for s ∈ I. (3.22)

Then the kinetic relation (3.19) selects a unique value of the right-hand state w_+ = g(w_−), from among the non-classical shocks in H_2(v_−, w_−). ⊔⊓

Proof of Theorem 3.8. Without loss of generality, we take w_− > 0, From (3.17), we have

D(w_−; w_+) = c̄(w_−; w_+)(w_+ − w_−)^3(w_+ + w_−)/4, (3.23)

and, from the previous subsection, −w_− ≤ w_+ < −w_−/2, for the H_2 non-classical shock. The following calculation shows that the entropy dissipation of (3.23) is monotone in w_+:

∂D(w_−; w_+) ∂w_+ = (2 w_+ + w_−) (5 w^2_+ + 4 w_+w_− + 3 w^2_− + 4 m^2)

(w_+ + w_−)^2 2 c̄(w_−; w_+)

. (3.24)

We re-write the second factor in (3.24) as 3 w^2_+ + w^2_− + 2 (w_+ + w_−)^2 + 4 m^2 > 0. So only the first factor may change sign, and therefore ∂D/∂w_+ < 0 along H_2(v_−, w_−) for w_+ < −w_−/2, (3.25)

so that D is monotone decreasing in w_+ for non-classical 2-shocks.

For fixed w_− > 0 and w_+ < −w_−/2,

∂c(w_−; w_+) ∂w_+ = 2w_+ + w_− 2 c̄(w_−; w_+)

< 0, (3.26)

so that combined with (3.25), this shows that in the region of admissible non-classical 2-shocks, D is increasing with s. Therefore by (3.20), the functions D(w_−; w_+) and φ(s) can have at most one intersection point.

We now verify that conditions (3.21) and (3.22) ensure one such intersection. Initially, by the entropy inequality (3.18), we have D(w_−; w_+) ≤ 0. Condition (3.21) is therefore a natural upper bound on φ. In addition, the maximum negative

NON-CLASSICAL SHOCK WAVES 25

entropy dissipation for a given w_− occurs at the “classical” endpoint, w_+ = −w_−/2, of the admissible non-classical interval. At this point, s = √ 3 w^2_−/4 + m^2 and by (3.24),

D(w_−; −w_−/2) = s (−3 w_−/2)^3 (w_−/2)/4 = − 3 4 s (s^2 − m^2)^2 .

(3.27)

Thus, if φ(s) remains within the bounds (3.21) and (3.22), the kinetic relation (3.19) must have a unique solution. This completes the proof of Theorem 3.8. ⊔⊓ Remark: The construction of Theorem 3.8 cannot be extended to cover the non-classical 1-shocks, i.e. to the interval s ∈ (−∞, −m], as the following argument demonstrates. For the admissible, non-classical 1-shock region, −2w_− < w_+ ≤ −w_−, one finds again that the entropy dissipation, D is monotonically increasing with s. This compels us to take φ^′(s) < 0 in (−∞, −m]. On the other hand, we also require φ(s) ≤ 0, and φ(s) ≥ 3s(s^2 − m^2)^/4, with this latter function increasing to zero at the right-hand endpoint of the interval. No kinetic function ϕ can possibly satisfy this combination of constraints over the whole interval of s.

We therefore abandon the idea of having independently prescribed kinetics for each of the families of waves. Instead, we will show existence and uniqueness for the Riemann problem under an assumption of symmetric kinetics. with symmetric kinetics, a non-classical H_1-shock from w_{i1} to w_m is selected if the kinetic relation for H_2 selects a shock from w_m to w_{i2} = w_{i1} . For the case of non-classical shocks in both families, this assumption results in the two non-classical shocks being mirror images of each other across the w-axis, in the (x, w)-plane. We will see in Section 4 that a numerical scheme for (3.1) produces such symmetric non-classical shocks.

We motivate a symmetric choice of w_{i1} by noting that system (3.1) is invariant under the transformation x → −x, v → −v. Thus to any non-classical 2-shock from (v_m, w_m) to (v_{i2} , w_{i2} ), there corresponds a non-classical 1-shock from (v_{i1} , w_{i1} ) to (v_m, w_m), with w_{i1} = w_{i2} . These shocks are actually antisymmetric in v and have v_{i1} = 3v_{i2} − 2v_m. Whether or not such non-classical shocks are admissible depends on the relative values of w_0 and w_{i1} , as the following lemma shows:

Lemma 3.9. Consider a point u_0, where w_0 > 0 without loss of generality. For 0 < w_{i1} < w_0, the non-classical 1-shock from w_{i1} to w_m, where w_m = h(w_{i1} ) is determined by the kinetic relation (3.19), is always an admissible non-classical 1-shock. For w_{i1} > w_0, the non-classical shock from w_{i1} to w_m, where w_{i1} = w_{i2} and w_{i2} = g(w_m), is determined from the H_2 kinetics, is only admissible if w_m ∈ (−w_{i2} − w_l, −w_{i2} ]. ⊔⊓ Remark: The function h(w_{i1} ) for the symmetrics kinetics in the 1-wave family is the inverse of g(·), which yields the right-hand state for non-classical 2-shocks. Since, as we will show in Theorem 3.10, the function g(·) is monotone in its argument, such an inverse exists and is well-defined.

Proof of Lemma 3.9. For w_{i1} > 0, we have w_m < 0 and w_{i2} > 0. By Lemma 3.3, w_{i2} ∈ I_2 := (−w_m/2, −w_m]. For w_{i1} < w_0, which corresponds to the rarefaction/non-classical 1-shock wave-fan, w_m ∈ I_1 = (−2w_{i1} , −w_{i1} ] = (−2w_{i2} , −w_{i2} ], and therefore w_{i2} ∈ I_2 if and only if w_m ∈ I_1.

In the case w_{i1} > w_0,Lemma 3.4 stipulates that there can be a non-classical shock joining u_{i1} to u_m, if w_m ∈ I_3 = (−w_{i1} − w_0, −w_{i1} ], and by the symmetric kinetics assumption, I_3 = (−w_{i2} − w_0, −w_{i2} ]. Meanwhile, for the non-classical 2-shock, w_m ∈ (−2w_{i2} , −w_{i2} ] which contains the interval I_3, since w_0 < w_{i2} . ⊔⊓ Remark: The intervals I_3 and I_4 are almost identical for w_0 ≈ w_{i1} . When w_{i1} ≫ w_0,however, the interval I_3 becomes an ever-diminishing fraction of I_4,relegated to the upper end containing the “most” non-classical shocks. As w_{i2} → ∞, unless the kinetic relation selects w_{i2} = −w_m,no admissible, symmetric 1-shock can be constructed.

We prepare for the construction of the non-classical wave curves, with a given kinetics, by proving that the 2-shocks selected by (3.19) have w_+ = g(w_−) monotone decreasing in w_−.

Theorem 3.10. For a non-classical 2-shock between (v_−, w_−) and (v_+, w_+), with w_+ = g(w_−) selected by the kinetic relation (3.19), d g(w_−) d w_− < 0, for s ∈ [m, ∞) . (3.28) ⊔⊓

26 HAYES AND LEFLOCH

Proof of Theorem 3.10. In light of the Rankine-Hugoniot condition, we may view the selection of a unique right-hand state, w_+, alternatively as the selection of a unique (non-classical) shock speed, s(w_−). Thus we may re-express the kinetic relation (3.19) as D(w_−; s) = φ(s). (3.29) Taking the derivative with respect to w_− in (3.29) gives ∂D ∂w_− + ∂D ∂s ∂s ∂w_− = φ^′(s) ∂s ∂w_− . (3.30)

Re-arrangement of (3.30) leads to ∂s ∂w_− = ∂D/∂w_− φ^′ − ∂D/∂s . (3.31)

Comparing the functions D and D, we find ∂D ∂w_− = ∂D ∂w_− and ∂D ∂w_+ ∂w_+ ∂s = ∂D ∂s . (3.32)

For the H_2 non-classical shocks, we have from Theorem 3.8 that ∂D/∂w_+ < 0 and ∂w_+/∂s < 0, so that by (3.32) we have ∂D/∂s > 0. In addition, since φ^′ < 0 by (3.20), the denominator in (3.31) is always negative. We now use the first equality of (3.32) to compute the sign of the numerator in (3.31).

We regard s as a parameter and compute the derivative of (3.23) with respect to w_−, where we have

w^2_+ = −w_− w_+ + S − w^2_−, (3.33)

from the Rankine-Hugoniot relation; here we have defined S = s^2 − m^2. We note that 3 w^2_−/4 ≤ S ≤ w^2_−. Taking the derivative of (3.33) gives w^′_+ = −(w_+ + 2w_−)/(2w_+ + w_−). A straightforward calculation from (3.23) using these quantities results in ∂D ∂w_− = −2 c̄(w_−; w_+) 2w_+ + w_− [ S − 3 w_− 2 (w_− + w_+) ] ( S − 3 w^2_−) . (3.34)

The first factor is positive, since c̄(w_−; w_+) > 0 and 2 w_+ + w_− < 0. The second factor in (3.34) is greater than or equal to S − 3 w^2_−/4, and so is also positive. Finally, from the above bounds on S, the third factor in (3.33) is negative. Thus from (3.34) we have ∂D/∂w_− < 0 for Case I. This implies, from (3.31), that ∂s/∂w_− > 0. The result (3.28) then follows from the Rankine-Hugoniot condition. This completes the proof of Theorem 3.10. ⊔⊓ Corollary 3.11. The non-classical 1-shock between (v_{i1} , w_{i1} ) and (v_m, w_m), with w_{i1} = w_{i2} from symmetric kinetics, where w_{i2} = g(w_m), has the monotonicity property

d h(w_{i1} ) d w_{i1} < 0 for s ∈ (−∞, −m]. (3.35) ⊔⊓ We now turn to construction of the non-classical wave curves, beginning with W^{nc}_1 (v_0, w_0). The point u_0 = (v_0, w_0) is arbitrary, but we take w_0 > 0 here for definiteness. Just as in the Liu construction, the wave-curve may be extended indefinitely to the right, along the classical portion of the H_1(v_0, w_0) curve. Similarly, W^{nc}_1 (v_0, w_0) may be continued to the left until it reaches the point (v, w) = (ṽ, 0), with ṽ given by (3.10), along the integral curve O_1(v_0, w_0).

To extend this 1-wave curve into the region with w < 0, we utilize the symmetric kinetics. For 0 ≤ w_{i1} < w_0, it is possible by Lemma 3.3 and Corollary 3.11 to connect (v_0, w_0) to a point (v_m, h(w_{i1} )), with −2w_0 < h(w_{i1} ) ≤ 0, by an O_1-H^−_1 wave fan. The union of these points, as w_{i1} varies between w_0 and zero, is given by the curve

Γ_1 = { (v_m, w_m) ∈ H^−_1 (v_{i1} , w_{i1} ) | w_m = h(w_{i1} ) ∈ (−2 w_{i1} , −w_{i1} ], w_{i1} ∈ O_1(v_0, w_0), 0 < w_{i1} < w_0 } . (3.36)

NON-CLASSICAL SHOCK WAVES 27

By the monotonicity property of w_m = h(w_{i1} ), the left-hand endpoint of Γ_1, which represents a single non-classical shock, must be the point (v, w) = (v^∗_0 , h(w_0)) ∈ H^−_1 (v_0, w_0), where the value of v^∗_0 is found from the Hugoniot curve (3.6).

According to Lemma 3.9, when w_{i1} > w_0 there will be a non-classical H^+_1 -H^−_1 wave fan, connecting (v_0, w_0) to (v_m, h(w_{i1} )) if and only if ψ_h(w_{i1} ; w_0) = h(w_{i1} ) + w_{i1} + w_0 ≥ 0, (3.37) holds, where h(w_{i1} ) is the value of w_m selected by the kinetic relation for w_{i1} . Note that the monotonicity property, from Corollary 3.11, of h does not imply the satisfaction or failure of condition (3.37) and, for a very general kinetic function φ(s) in Theorem 3.8, there may be successive intervals in w_{i1} > w_0 where non-classical shocks are alternately allowed or disallowed.

Since h(w_{i1} ) changes smoothly with w_{i1} , we must have ψ_h(w_{i1} ; w_0) = 0 in (3.37) just before it becomes negative, for a slightly larger w_{i1} . From Lemma 3.4, equality in (3.37) implies that (v_m, h(w_{i1} )) lies on the classical shock curve H^−_1 (v_0, w_0).

We therefore augment the symmetric kinetics for the 1-wave non-classical shocks by the additional requirement that if, for a given w_0, we have ψ_h(w_{i1} ; w_0) < 0, at some w_m = h(w_{i1} ), determined from symmetric kinetics, then the point (v_m, w_m) ∈ W^{nc}_1 (v_0, w_0) is chosen by requiring (v_m, w_m) ∈ H^−_1 (v_0, w_0).

By Lemma 3.9, ψ_h(w_0; w_0) ≥ 0. If there is strict inequality, the non-classical H^+_1 -H^−_1 wave fan will persist until w_{i1} = w̃_1, where ψ_h switches from positive to negative. Note that w̃_1 = w_0 if ψ_h(w_0; w_0) = 0. According to our augmented symmetric kinetics, we continue W^{nc}_1 (v_0, w_0) as a portion of H^−_1 (v_0, w_0) until w_{i1} = w̃_2, where ψ_h changes from negative to positive. The next segment - to the left of the previous one, as w_m is decreasing with increasing w_{i1} - of W^{nc}_1 (v_0, w_0) will be a non-classical one, continuing until w_{i1} = w̃_3, and so on.

This pattern of alternating classical and non-classical portions of W^{nc}_1 (v_0, w_0) may continue indefinitely. Regardless of the pattern of classical and non-classical curves, it follows from Lemmas 3.1 and 3.4 that for (v_m, w_m) on W^{nc}_1 (v_0, w_0), we have v_m → −∞, as w_m → −∞.

Left {w̃_k}, k = 0, 1, 2, · · · , with w̃_0 = w_0 ≤ w̃_1 < w̃_2 < · · · , be the set of points where w_{i1} ≥ w_0 has ψ_h(w_{i1} ; w_0) = 0. From the above argument, ψ_h(w_{i1} ; w_0) > 0 for w̃_{2k} < w_{i1} < w̃_{2k+1}, while ψ_h(w_{i1} ; w_0) < 0 when w̃_{2k+1} < w_{i1} < w̃_{2k+2}. We can then describe the portions of allowable non-classical H^+_1 -H^−_1 wave fans by

Γ^{(2k)}_2 = { (v_m, w_m) ∈ H^−_1 (v_{i1} , w_{i1} ) | w_m = h(w_{i1} ), (v_{i1} , w_{i1} ) ∈ H^+_1 (v_0, w_0), w̃_{2k} ≤ w_{i1} ≤ w̃_{2k+1} } , (3.38)

for k = 0, 1, 2, · · · . The right-hand endpoint of Γ^{(0)}_2 represents a single non-classical shock from (v_0, w_0) to the point (v^∗_0 , h(w_0)), so that this precisely matches the left-hand endpoint of the curve Γ_1, calculated previously. The curve W^{nc}_1 (v_0, w_0) is therefore continuous at w_m = h(w_0). The left-hand endpoint of Γ^{(0)}_2 , as well as both endpoints of Γ^{(2k)}_2 for k > 0, join continuously to the (classical) Hugoniot curve H^−_1 (v_0, w_0), according to Lemma 3.4. We denote the segments of H^−_1 (v_0, w_0), used in this construction, by

Γ^{(2k+1)} 2 = { (v_m, w_m) ∈ H^−_1 (v_0, w_0), | w_m = h(w_{i1} ), (v_{i1} , w_{i1} ) ∈ H^+_1 (v_0, w_0), w̃_{2k+1} ≤ w_{i1} ≤ w̃_{2k+2} } , (3.39)

for k = 0, 1, 2, · · · . The curve W^{nc}_1 (v_0, w_0) is then given by

W^{nc}_1 (v_0, w_0) =

H^+_1 (v_0, w_0) for w > w_0, O_1(v_0, w_0) for 0 ≤ w ≤ w_0, Γ_1 for h(w_0) ≤ w < 0,

Γ^{(0)}_2 ∪ Γ^{(1)}_2 ∪ Γ^{(2)}_2 ∪ · · · for w < h(w_0),

(3.40)

where h(w_0) < 0 is determined by symmetric kinetics, and w_0 is taken to be positive. Together, the above union of curves stretches continuously from (v, w) = (−∞, −∞) to (v, w) = (∞, ∞).

We complete the discussion of W^{nc}_1 (v_0, w_0) by showing that it increases monotonically in v as a function of w. Since the classical portions of this curve are known from Lemma 3.1 to be monotone increasing in w, it remains to show that the non-classical segments are also increasing. The next lemma shows that, in fact, the curves Γ_1 and Γ^{(2k)}_2 are monotone increasing:

28 HAYES AND LEFLOCH

Lemma 3.12. Suppose (v_m, w_m) ∈ Γ_1 or (v_m, w_m) ∈ Γ^{(2k)}_2 , then v_m is monotonically increasing with w_m. ⊔⊓ Proof of Lemma 3.12. For the point (w_m, v_m) on Γ_1, one calculates that dv_m dw_{i1} = − (c̄(w_{i1} ; w_m) − c̄(w_{i1} ))^2 2 c̄(w_{i1} ; w_m) + dw_m dw_{i1} ( c(w_{i1} ; w_m) +

(w_m − w_{i1} )(2 w_m + w_{i1} ) 2 c(w_{i1} ; w_m) ) . The first term is non-positive, while the coefficient of the dw_m/dw_{i1} can be shown to be positive. Since we have dh(w_{i1} )/dw_{i1} < 0, from Corollary 3.11, it follows that dv_m/dw_{i1} < 0, and so Γ_1 increases from left to right in w. It can further be shown that for (v_m, w_m) ∈ Γ^{(2k)}_2 , dv_m dw_{i1} = (c̄(w_0; w_{i1} ) − c̄(w_m; w_{i1} )) ( 1 − c̄^2(w_{i1} ) c̄(w_0; w_{i1} ) − c̄(w_m; w_{i1} ) ) + dw_m dv_{i1} ( c̄(w_{i1} ; w_m) +

(2 w_m + w_{i1} )(w_m − w_{i1} ) 2 c̄(w_{i1} ; w_m) ) . Since we have the inequalities: c̄(w_{i1} ) ≥ c̄(w_0; w_{i1} ) ≥ c̄(w_{i1} ; w_m) ≥ 0, the first term is negative, while the coefficient of dw_m/dv_{i1} is again positive. Applying Corollary 3.11, regarding the sign of dh(w_{i1} )/dw_{i1} yields the desired monotonicity for v_m as a function of w_m. ⊔⊓ We now turn to the construction of W^{nc}_2 (v_m, w_m). For this discussion, u_m = (v_m, w_m) is taken to be arbitrary.

Alternatively, we can view this point as u_m ∈ W^{nc}_1 (v_0, w_0), for some u_0 = (v_0, w_0). To be definite, we take w_m > 0, but this discussion could be extended to w_m < 0 with little complication. We are interested in the set of points u_1 = (v_1, w_1) that can be connected to u_m, through either a rarefaction, classical shock, shock-rarefaction or a pair of shocks with positive wave speeds; in the latter two cases, there will be an intermediate state, u_{i2} = (v_{i2} , w_{i2} ), between u_m and u_1. A specific kinetic function has been imposed, so that the kinetic relation (3.19) selects a unique value w_{i2} = g(w_m) from among the possible non-classical shocks in H_2(v_m, w_m).

As in the classical case, see Lemma 3.2, when w > w_m, this portion of W^{nc}_2 (v_m, w_m) is just O_2(v_m, w_m). Similarly, when 0 < w < w_m, we have that this section of W^{nc}_2 (v_m, w_m) matches the classical shock curve H_2(v_m, w_m). To determine how far this classical shock curve penetrates into the region w < 0, however, the specific kinetics must be taken into account, as we do below.

The point u_{i2} ∈ H_2(v_m, w_m), with −w_m ≤ w_{i2} < −w_m/2, is the unique right-hand state for the non-classical shock, determined by the kinetic relation (3.19). From u_{i2} , the solution may be continued, according to Lemma 3.6, along O_2(v_{i2} , w_{i2} ), for w < w_{i2} . We denote this portion of W^{nc}_2 (v_m, w_m) by

Γ_4 = { (v, w) ∈ O_2(v_{i2} , w_{i2} ) | w_{i2} = g(w_m), −∞ < w ≤ w_{i2} } . (3.41)

According to Lemma 3.6, one may also continue from u_{i2} to u_1 = (v_1, w_1) ∈ H_2(v_{i2} , w_{i2} ), for w_{i2} ≤ w_1 ≤ −w_m − w_{i2} . This portion of W^{nc}_2 (v_m, w_m) will be labelled by

Γ_3 = { (v, w) ∈ H_2(v_{i2} , w_{i2} ) | w_{i2} = g(w_m), w_{i2} ≤ w ≤ −w_m − w_{i2} } . (3.42)

For u_1 ∈ H_2(v_{i2} , w_{i2} ), with w_1 = −w_m − w_{i2} , we saw in Lemma 3.5 that u_1 ∈ H_2(v_m, w_m), as well. We may therefore complete the construction of W^{nc}_2 (v_m, w_m) in a continuous manner by extending the classical portion of H_2(v_m, w_m) until w = −w_m − w_{i2} . This continuous, non-classical 2-wave curve is then given by

W^{nc}_2 (v_m, w_m) =

O_2(v_m, w_m), for w > w_m, H_2(v_m, w_m), for − w_m − w_{i2} < w ≤ w_m, Γ_3, for w_{i2} ≤ w ≤ −w_m − w_{i2} , Γ_4, for w < w_{i2} ,

(3.43)

where w_{i2} = g(w_m) comes from the kinetic relation (3.19). We now show that the curve W^{nc}_2 (u_m) of (3.43) has v monotone decreasing with w:

NON-CLASSICAL SHOCK WAVES 29

Lemma 3.13. The curve W^{nc}_2 (v_m, w_m), defined in equation (3.43) is continuous, with v monotone decreasing in w, from (v, w) = (−∞, ∞) to (v, w) = (∞, −∞). Furthermore, W^{nc}_2 (v_m, w_m) is C^2, except at w = −w_m − w_{i2} , where it is merely continuous. ⊔⊓

Proof of Lemma 3.13. The monotonicity of W^{nc}_2 (v_m, w_m) follows from it being the continuous union of four monotone decreasing curves: Γ_4, which is a portion of O_2(v_{i2} , w_{i2} ), has v decreasing for increasing w by equation (3.9). This integral curve naturally joins H_2(v_{i2} , w_{i2} ) at u_{i2} with second-order contact, so that Γ_3 and Γ_4, together, form a C^2 curve. By equation (3.7), we have Γ_3 decreasing as w increases.

From Lemma 3.6, Γ_3 and H_2(v_m, w_m) meet at w = −w_m − w_{i2} , implying continuity. The remaining portion of W^{nc}_2 (v_m, w_m) is classical, and its continuity and monotonicity follow from Lemma 3.2.

The infinite extent, in v, of W^{nc}_2 (v_m, w_m) follows from the divergence of the integral in (3.9), as |w| → ∞. This proves Lemma 3.13. ⊔⊓

Combining Lemmas 3.12 and 3.13, regarding the infinite extent, continuity and the respective monotonicities of the non-classical wave curves, W^{nc}_1 (v_0, w_0) and W^{nc}_2 (v_m, w_m), we have our main result of this section:

Theorem 3.14. Given a point (v_0, w_0), the Riemann problem for system (3.1), with initial data (u_0, u_1), where u_1 = (v_1, w_1) is an arbitrary point, has a unique solution in the class of non-classical shocks, given a kinetic function φ(s) satisfying assumptions (3.20) - (3.22), and assuming augmented symmetric kinetics for the 1-wave family. ⊔⊓

4. Non-Classical Shocks in Elastodynamics (2).

4.1 Convergence Result.

For the model studied in Section 3, the convergence of some approximations toward weak solutions is easily established, applying the method of compensated compactness (Murat [49], Tartar [60], DiPerna [13]) as we show in this subsection. With no uniqueness result being available for non-classical solutions, only subsequences of solutions can be shown to converge. It is one of the challenging open problems in this area to extend the kinetic relation, introduced in this paper for traveling waves, to more general solutions. This is because the kinetic relation has been introduced for functions of bounded variation, while the compensated compactness approach provides solutions in a functional space of less regular functions (i.e. L^p).

Consider the augmented version of the system of elastodynamics: ∂_tv − ∂_xσ(w) = ϵ ∂_{xx}v − α ϵ^2 ∂_{xxx}w, ∂_tw − ∂_xv = 0, (4.1)

where ϵ and α are positive constants. Here σ is given by (3.2) as in Section 3. Regularization terms as in the right hand side of (4.1) have been studied by Slemrod (see the references [59] and Fan-Slemrod [15]) for the case that σ is decreasing in some interval, which models phase transitions in materials or in fluids; therein the dispersion term models the capillarity effect of the fluid. As we can demonstrate numerically, the sign of the dispersion term in (4.1) corresponds to that where non-classical behavior is observed.

As the coefficients in front of the dissipation and dispersion terms vanish, the solutions to (4.1) converge to a nonclassical entropy solution to the hyperbolic model (3.1). Observe that the presence of the dispersion term in the right hand side of the first equation in (4.1) (and the absence of dissipation in the second equation) precludes the obtention of an L^∞ bound by the theory of invariant regions a la Chuey-Conley-Smoller [7]. The theorem below uses L^p estimates, instead.

Define the internal energy W by W^′(w) = σ(w). From (3.2) one gets W (w) = ( w^4 + 2 m^2 w^2 ) /4. Theorem 4.1. 1. Let ( v^ϵ, w^ϵ ) , with α ≥ 0 fixed, be a family of solutions to (4.1) assuming at t = 0 a Cauchy data ( v^ϵ_0, w^ϵ_0 ) satisfying uniform bounds in ϵ in the following spaces:

v^ϵ_0 ∈ L^1(RI ) ∩ L^2(RI ), w^ϵ_0 ∈ L^1(RI ) ∩ L^4(RI ), ϵ^{1/2} ∂_xw^ϵ_0 ∈ L^2(RI ). (4.2)

Then the sequences v^ϵ and w^ϵ remain uniformly bounded in L^∞ ( RI_+, L^2(RI ) ) and L^∞ ( RI_+, L^4(RI ) ) , respectively, and converge almost everywhere to limiting functions v and w, solutions to the hyperbolic system (3.1).

30 HAYES AND LEFLOCH

2. The entropy pair (U, F ) = ( v^2/2 + W (w), −v σ(w) ) is compatible in the sense (2.3) with the dissipative-dispersive

regularization (4.1). Limits of traveling wave solutions to (4.1), additionally, satisfy the entropy inequality: ∂_t ( v^2 2 + W (w) ) − ∂_x ( v σ(w) ) ≤ 0. (4.3) ⊔⊓ We do not expect the entropy inequalities ∂_tU(v, w) + ∂_xF (v, w) ≤ 0, (4.4) with U(v, w) ≠ v^2/2 + W (w) (up to a linear function of v and w), to hold in general.

Proof of Theorem 4.1. The bounds in L^2 and L^4 follow from the following standard energy estimate. Multiplying

the first equation in (4.1) by σ and the second one by v, we arrive to : ∂_t ( W (w) + v^2/2 ) − ∂_x ( v σ(w) ) = −ϵ |∂_xv|^2 + ϵ ∂_x ( v ∂_xv ) − α ϵ^2 ∂_x ( v ∂_{xx}w ) + α ϵ^2∂_xv ∂_{xx}w. Using the second equation in (4.1), we rewrite ∂_xv ∂_{xx}w = ∂_tw ∂_{xx}w = ∂_x ( ∂_tw ∂_xw ) −∂_t ( |∂_xw|^2/2 ) . Therefore we obtain

the following entropy balance: ∂_t ( W (w) + v^2/2 + α ϵ^2 |∂_xw|^2/2 ) − ∂_x ( v σ(w) ) = −ϵ |∂_xv|^2 + ϵ ∂_{xx} ( v^2/2 ) − α ϵ^2 ∂_x ( v ∂_{xx}w ) + α ϵ^2∂_x ( ∂_xv ∂_xw ) . (4.5)

This leads to the following uniform bound: ∫ RI ( W (w) + v^2/2 + α ϵ^2 |∂_xw|^2/2 ) (T ) dx + ∫_T 0 ∫ RI ϵ |∂_xv|^2 dxdt = ∫ RI ( W (w) + v^2/2 + α ϵ^2 |∂_xw|^2/2 ) (0) dx ≤ O(1), (4.6)

where we have used (4.2) and O(1) denotes a constant independent on ϵ.

Multiply the first equation in (4.1) by ∂_xw and integrate in space and time to write, on one hand, ∫_T 0 ∫ RI ( ∂_xw ∂_tv − ∂_xw σ_w(w)∂_xw ) dxdt = [ ∫ RI ∂_xw v dx ]_T 0 − ∫_T 0 ∫ RI ∂_{xx}v v dxdt − ∫_T 0 ∫ RI σ_w(w) |∂_xw|^2 dxdt = ∫ RI ∂_xw(T ) v(T ) dx − ∫ RI ∂_xw(0) v(0) dx + ∫_T 0 ∫ RI |∂_xv|^2 dxdt − ∫_T 0 ∫ RI σ_w(w) |∂_xw|^2 dxdt and, on the other hand, ∫_T 0 ∫ RI ∂_xw ( ϵ ∂_{xx}v − α ϵ^2 ∂_{xxx}w ) dxdt = ∫_T 0 ∫ RI ϵ ∂_xw ∂_{tx}w dxdt + α ϵ^2 ∫_T 0 ∫ RI |∂_{xx}w|^2 dxdt = [ ϵ ∫ RI |∂_xw|^2/2 dx ]_T 0 + α ϵ^2 ∫_T 0 ∫ RI |∂_{xx}w|^2 dxdt. Observe that | | | ∫ RI ∂_xw(T ) v(T ) dx | | | ≤ ϵ ∫ RI |∂_xw(T )|^2/2 dx + ( 2ϵ )_{−1} ∫ RI |v(T )|^2 dx,

NON-CLASSICAL SHOCK WAVES 31

and similarly for the term ∂_xw(0) v(0). Finally, combining the above formulas, we obtain ∫_T 0 ∫ RI ϵ σ_w(w) |∂_xw|^2 dxdt + α ϵ^2 ∫_T 0 ∫ RI |∂_{xx}w|^2 dxdt ≤ ∫_T 0 ∫ RI ϵ |∂_xv|^2 dxdt + ϵ^2 ∫ RI |∂_xw(0)|^2 dx + ∫ RI |v(T )|^2/2 dx, + ∫ RI |v(0)|^2/2 dx. (4.7)

Combining (4.6) and (4.7) and using the form (3.2) of the function σ, we obtain the uniform bounds: ∫ RI ( v(T )^2 + w(T )^2 + w(T )^4 ) dx + ∫ RI α ϵ |∂_xw(T )|^2 dx ≤ O(1), (4.8) ∫_T 0 ∫ RI ( ϵ |∂_xv|^2 + ϵ |∂_xw|^2 + α ϵ^2 |∂_{xx}w|^2 ) dxdt ≤ O(1). (4.9) In view of the L^2 × L^4 bound derived for the sequence (v_ϵ, w_ϵ), we can introduce a Young measure which represent possible oscillations in the sequence, as ϵ → 0. The estimates (4.8)-(4.9) are the basis to apply DiPerna’s argument in [13], which shows that the Young measure satisfies the so-called Tartar’s commutation equation. The standard reduction theorem for the Young measure, stating that it must reduce to a Dirac mass, does not apply here since the support of the Young measure is not bounded.

Instead, the work by Shearer [55] and Serre-Shearer [54] based on L^p estimates does apply. The system (3.1) is strictly hyperbolic and the constitutive equation σ possesses a single inflexion point. The theorem in [54] implies that there exists a limiting function (v, w) ∈ L^∞(L^2 × L^4) such that the sequence strongly converges to (v, w) in the sense:

v_ϵ → v in L^p for all p < 2, w_ϵ → w in L^p for all p < 2.

(4.10)

Observe that (4.10) suffices for the passage to the limit in the equation (4.1) and in order to derive (3.1): the nonlinearity σ(w) is cubic while we have a control of w in L^4 by the entropy estimate (4.6).

Showing that the natural entropy of the system (3.1) is compatible with the regularization (4.1) is easy from (2.3). It is a classical matter (see Schonbek [53] and, also, Hayes-LeFloch [22] for the analogous case of scalar equations with vanishing dissipation and dispersion) to check that, in view of (4.8)-(4.9), the right handside of (4.5) converges to zero in the sense of distributions. The entropy flux does converge to its corresponding limit since σ(w^ϵ) converges strongly to σ(w). The term α ϵ ∂_t|∂_xw_ϵ|^2 converges to zero in the sense of distributions thanks to (4.8)-(4.9). Let us, equivalently, check that the product of v and α ϵ^2 ∂_{xxx}w converges to zero. Namely, for each smooth function θ with compact support, | | | ∫_T 0 ∫ RI ϵ^2 v ∂_{xxx}w θ dxdt | | | ≤ | | | | ∫_T 0 ∫ RI ϵ^2 ∂_xv ∂_{xx}w θ dxdt | | | | + | | | | ∫_T 0 ∫ RI ϵ^2 v ∂_{xx}w ∂_xθ dxdt | | | | ≤ O(1) ϵ^2 ‖∂_xv‖_L2_{((0,T )×RI )} ‖∂_{xx}w‖_L2_{((0,T )×RI )} + O(1) ϵ^2 ‖v‖_L2_{((0,T )×RI )} ‖∂_{xx}w‖_L2_{((0,T )×RI )}

≤ O(1) ϵ^{1/2} + O(1) ϵ → 0.

Further estimates are needed to treat the entropy term in general, since we only know that W (w^ϵ) is bounded in L^∞_t (L^1_x) and, therefore, could a priori converge to a bounded Radon measure. However, in the special case of (smooth) traveling wave solutions to (4.1), it is straighforward to deduce the entropy inequality (4.3) follows from the entropy balance (4.5), since all of the terms in the right hand side of (4.5) have a conservative form but one which is non-positive. ⊔⊓

We now comment upon the derivation a kinetic relation for (3.1) associated with the regularization (4.1). After rescaling by ϵ, a traveling wave solution (v, w) to (4.1), connecting (v_0, w_0) to (v_1, w_1) and having the speed s, satisfies the following third order system of O.D.E.’s:

s w^′ + v^′ = 0, s v^′ + σ(w)^′ = −v^{′′} + α w^{′′′},

32 HAYES AND LEFLOCH

together with the conditions v(ξ) → v_0, w(ξ) → w_0 at ξ → −∞, and v(ξ) → v_1, w(ξ) → w_1 at ξ → +∞. We also assume that w^′, w^{′′}, and w^{′′′} vanish at ±∞. Eliminating the variable v, we obtain an equation for the scalar-valued function w:

−s^2 w^′ + σ(w)^′ = s w^{′′} + α w^{′′′}.

Integrating once we obtain −s^2 ( w − w_0 ) + σ(w) − σ(w_0) = s w^′ + α w^{′′}. (4.11)

Given a value for the shock speed s, there exist up to three states that solve the equation giving the equilibrium points of (4.11), i.e.: −s^2 ( w − w_0 ) + σ(w) − σ(w_0) = 0. (4.12)

Namely w_0 itself, and (at most) two additional points w_1 and w_2. Since the cubic σ(w) = w^3 + m^2w has no quadratic term, one must have w_0 + w_1 + w_2 = 0. Consider the case that w_0 is chosen such that w_0 > 0 and w_1 < w_2 < 0 which holds in a certain range of values for s.

Consider for instance waves of the second characteristic family propagating with s > 0. From the Liu criterion, it follows that a traveling wave connecting w_0 to w_1 represents a classical shock, while a connection from w_0 to w_2 is a non-classical shock. A typical feature of the equation (4.11) is the following one [62]: there exists a critical value for the slope s^♯ such that: a traveling wave trajectory connecting to w_1 exists for speeds s > s^♯ and there exists a connection to w_2 when s = s^♯.

We emphasize that, given w_0, there exists a unique state w_2 and a unique speed such that w_0 and w_2 can be connected by a non-classical shock. The traveling wave analysis therefore allows us to write, say,

w_2 = g(w_0) and s = s(w_0). (4.13)

Using (4.13), the entropy dissipation of the non-classical shocks can be computed as a function of the left state of the shock. This determines the kinetic function ϕ:

ϕ(w_0) := D(w_0, w_2) = D ( w_0, g(w_0) ) . (4.14)

Provided the relation s = s(w_0) is one-to-one, one can rewrite (4.14) and obtain the kinetic function expressed as a function of the propagation speed, that is:

φ(s) := ϕ(w_0) with s^2 = w^2_0 + g(w_0)^2 + w_0 g(w_0) + m^2. (4.15)

The possibility of writing the kinetic function as a function of a single variable (here w), and hence as a function of the speed s, is a special property of the system (3.1) and the regularization (4.1). Other regularizations to (3.1), for which a scalar equation like (4.11) could not be derived, may require a kinetic function of the general form ϕ(v_0, w_0).

4.2 Numerical Experiments.

In this subsection, we numerically solve the Riemann problem and confirm some of the results enumerated in Section 3. We employ the following semi-discrete approximation to the augmented system dv_k dt − 1 2 Δ ( σ(w_{k+1}) − σ(w_{k−1}) ) = ϵ Δ^2 ( v_{k+1} − 2 v_k + v_{k−1} ) − α ϵ^2 2 Δ^3 ( w_{k+2} − 2 w_{k+1} + 2 w_{k−1} − w_{k−2} ) , dw_k dt − 1 2 Δ ( v_{k+1} − v_{k−1} ) = 0 (4.16)

for functions w_k(t) and v_k(t), where Δ denotes the spatial mesh-size. We integrate this system of ODE’s using a fourth order Runge-Kutta explicit scheme, taking as large a time-step τ as possible. We define λ = τ/Δ. Here we are interested in the continuous model (4.16) for small ϵ. (See [24] for results on numerical schemes). The following figures may be taken to represent features of the continuous model (4.1): we carefully checked that reducing the mesh size further virtually does not change the numerical results.

NON-CLASSICAL SHOCK WAVES 33

The Riemann initial data for the numerical scheme is implemented as (v_k(0), w_k (0)) = (v_l, w_l) for k ≤ 0 and (v_r , w_r) for k > 0. In Figures 4.1–4.4, we plot the numerical solution for several choices of initial data and parameters ϵ and α. From these figures, we may compare the classical and non-classical solutions. All the tests are performed on the interval x ∈ [−3, 3] and with m = 1 in (3.2).

In Figure 4.1a, we use the initial data (v_l, w_l) = (1, 1) and (v_r , w_r) = (−1.5, −2). The parameters are chosen to be Δ = 1/400, λ = .2. The component w of the numerical solution is represented in Figure 4.1a: the dash line and the solid line correspond to α = 0 and α = 10, respectively. In the second case we do observe non-classical behavior, i.e. a non-classical 1-shock.

Figure 4.1b is similar to Figure 4.1a, except that (v_r, w_r) = (−1.25, 6). The dash line represents a non-classical 2-shock.

Figure 4.2, show an exemple of a solution containing two non-classical shocks, a 1-shock propagating in the left direction and a 2-shock going to the right. This is obtained with a suitable choice of the right state: (v_r , w_r) = (.9, −5). The other parameters are the same as before. Figures 4.2a and 4.2b show the w- and v- component of the numerical solution, respectively.

Figure 4.1: Single non-classical shock: (a) non-classical 1-shock, (b) non-classical 2-shock.

Figure 4.2: Non-classical shocks in both characteristic families: (a) w-component, (b) v-component.

Figure 4.3 and 4.4 confirm our analytic results concerning the region of the (v, w)-plane in which two non-classical shocks may exist in a given solution. As initial states, we took u_l = (5, 5), fixed v_r, and varied w_r, in the range w > 0. In the first three plots, v_r = −100. This corresponds to solutions containing a O_1-H^−_1 non-classical shock. The curves in the final figure have v_r = −220, corresponding to H^+_1 -H^−_1 non-classical shocks. The parameters are chosen to be Δ = 1/400 and λ = .2.

34 HAYES AND LEFLOCH

In Figure 4.3a, the dash and solid lines correspond to the choices w_r = 2.25 and w_r = 2.5, respectively. Figure 4.3b is the continuation of Figure 4.3a: the dash and solid lines correspond to the choices w_r = 3 and w_r = 4, respectively.

Increasing w_r further, in Figure 4.4a, the dash and solid lines correspond to the choices w_r = 9 and w_r = 10, respectively. Finally in Figure 4.4b, we choose the v_r = −220 and show the solution for w_r = 4.5 (solid line), w_r = 7 (dash line), and w_r = 12 (dot line).

Figure 4.3: (a) Left-hand boundary of doubly non-classical region, and subregion I. (b) Transition from subregion I to subregion II.

Figure 4.4: (a) Subregion II and right-hand boundary of non-classical region. (b) Solutions from subregions III, IV, and II, respectively, as (lower) doubly non-classical region is traversed.

5. Non-Classical Shocks in Magnetohydrodynamics. 5.1 Preliminaries.

This section deals with a system arising in the modeling of small amplitude solutions to conservation laws that are rotationally invariant ([16]): ∂_tv + ∂_x ( (v^2 + w^2) v ) = 0, ∂_tw + ∂_x ( (v^2 + w^2) w ) = 0.

(5.1)

In magnetohydrodynamics, (v, w) represents transverse components of the magnetic field. This model is relevant to explain certain features observed in the solar wind around the Earth: Cohen-Kulsrud [8], and Wu-Kennel [65]. The model and its variants also arise in nonlinear elasticity. See also the interesting paper by Brio-Hunter [4]. The study of MHD traveling waves has a long history in the mathematical literature (consult, for instance, Conley-Smoller [9]). The system (5.1) has attracted attention of many researchers in recent years: Chen [6], Freistühler [17], Keyfitz-Kranzer [32],

NON-CLASSICAL SHOCK WAVES 35

Liu-Wang [44], etc. Freistühler-Liu [19] established the nonlinear stability of over-compressive shocks for a parabolic regularization of the system (5.1).

For smooth solutions, one can use polar coordinates

v = r cos θ, w = r sin θ, r ≥ 0, θ ∈ [0, 2π), (5.2)

and rewrite (5.1) as ∂_tr + ∂_xr^3 = 0, (5.3)

∂_tθ + r^2 ∂_xθ = 0. (5.4)

The equation (5.3) is a scalar conservation law with a non-convex (cubic) flux. We deduce from (5.3) that λ_2 = 3 r^2 is a wave speed for (5.1); it is the fast mode of the system and the corresponding characteristic field therefore fails to be genuine nonlinear. On the other hand the equation (5.4) is linearly degenerate since the slow mode wave speed λ_1 = r^2 is independent of θ.

Observe that the system is strictly hyperbolic everywhere but at the so-called umbillic point v = w = 0 or equivalently r = 0. The change of variable (5.2) is in fact ill-defined at r = 0 since the angle θ may be arbitrary. The structure (5.3)-(5.4) reflects the property of invariance by rotation or, isotropy, of the equations (5.1). There exists two main wave families:

– the rotational discontinuities keep the radius r constant while the angle θ may vary arbitrarily. Any entropy inequality would be satisfied by rotational discontinuities.

– the fast shocks keep the angle θ constant modulo π while the radius r may vary arbitrarily. An entropy inequality would select admissible fast shocks among all possible such shocks. Note that a rotational discontinuity always precedes a fast shock.

Consider now particular solutions to (5.1) such that w = ρ v where ρ is a given constant. Such solutions will be called coplanar in this section. Then both equations in (5.1) reduce to the same equation: ∂_tv + ( 1 + ρ^2 ) ∂_xv^3 = 0, (5.5)

which is a scalar conservation law with cubic flux. Therefore, when the initial data for (5.1) is coplanar, one can attempt to solve the system (5.1) by solving the reduced equation (5.5). This is a saddle issue: the transformation w = ρ v need not be compatible with a given regularization addeed to the hand side of (5.1). However in several instances the solutions to (5.5) turn out to be relevant to describe the solutions to (5.1). Note finally that the “natural” entropy for (5.1), U(v, w) = 1 2 ( v^2 + w^2 ) = r^2 2 , F (v, w) = 3 4 ( v^2 + w^2

)_2 = 3 r^4 4 , (5.6)

reduces, when w = ρ v, to an entropy pair for (5.5), U(v) = 1 2 v^2, F (v, w) = 3 4 ( 1 + ρ^2 ) v^4, (5.7)

which happens to be the one used in [22].

5.2 Unique Admissible Non-Classical Entropy Solution.

The existence and properties of the non-classical shocks for the cubic conservation law (5.3) was investigated in Hayes-LeFloch [22]. The equation (5.3) hovewer is supplemented with the constraint that r ≥ 0, which prevents us to truly solve (5.3) independently of the equation (5.4) for θ, even for coplanar initial data. The definitions in Section 2 extend easily to (5.1) eventhough the system is not strictly hyperbolic. A non-classical entropy solution is defined here to be a solution to (5.1) satisfying the single entropy inequality: 1 2 ∂_t ( v^2 + w^2 ) + 3 4 ∂_x ( v^2 + w^2

)_2

≤ 0. (5.8)

Our aim is to investigate the uniqueness of the non-classical solutions for the system (5.1). Relying on the analysis in [22] we state, without proof, the following result.

36 HAYES AND LEFLOCH

Theorem 5.1. Consider the Riemann problem for the system (5.1) with initial data (v_l, w_l) and (v_r, w_r). When the data are non-coplanar, then there exists a unique solution to the Riemann problem satisfying the entropy inequality (5.8): it contains a rotational discontinuity connecting (v_l, w_l) to a point (v_∗, w_∗) with v^2_l + w^2_l = v^2_∗ + w^2_∗ followed by either a fast shock or a rarefaction connecting to (v_r , w_r).

When the data are coplanar and the angles θ_l and θ_r associated with the initial data satisfy θ_r = θ_r (mod. π), the Riemann problem has a unique solution containing either a classical shock or a rarefaction.

When the data are coplanar and θ_r = π + θ_r (mod. π), the Riemann problem admits a one-parameter family of entropy solutions containing a non-classical shock connecting (v_l, w_l) to a point (v_∗, w_∗) with

v^2_l + w^2_l ≤ v^2_∗ + w^2_∗ ≤ v^2_l + w^2_l , (5.9)

followed by either a fast shock or a rarefaction connecting to (v_r , w_r).

In the latter case, we can impose across the non-classical shock a kinetic relation of the form: −s 1 2 [ v^2 + w^2 ] + 3 4 [( v^2 + w^2

)_2] = φ(s), (5.10)

where the kinetic function φ(s) satisfies the property (s ≥ 0) − 3 4 s^2 ≤ φ(s) ≤ 0, dφ ds (s) ≤ 0. (5.11)

A unique entropy weak solution is selected by (5.10) in the one-parameter family of solutions. This solution depends continuously in the L^1 norm on its end states for co-planar initial data. ⊔⊓

We refer to Hayes-LeFloch [22] for further details on the Riemann solution to the cubic conservation law (5.3). A solution to (5.1) using only classical shock waves always exists. We emphasize that the one-parameter family of solutions constructed in Theorem 5.1 includes as, special cases, the classical Riemann solution (defined from the Oleinik entropy criterion) and the Riemann solution using a rotational discontinuity followed by a fast shock. For non-coplanar data, the Riemann solution constructed in Theorem 5.1 does not depend continuously upon its initial states. (Consider “quasicoplanar” initial data.) It is conceivable that this lack of continuity may be related to physical instabilities in MHD fluid which can not be fully described by the model (5.1).

The coplanar discontinuities connecting (r_L, θ_L) to (r, θ) with r ∈ (0, r_L/2) and θ = θ_L + π are over-compressive shock waves. They possess non-unique traveling wave profiles, due to the existence of a component θ. When viewed as shock to the underlying scalar cubic conservation law, they are classical shocks however.

5.3 Convergence Result.

As we now demonstrate it numerically in Section 5.4 below, the solutions found in Theorem 5.1 may arise from dissipative-dispersive regularizations of (5.1). We consider here the system (ϵ > 0, α ∈ RI ):

∂_tv + ∂_x(v (v^2 + w^2)) = ϵ ∂_{xx}v + α ϵ ∂_{xx}w,

∂_tw + ∂_x(w (v^2 + w^2)) = ϵ ∂_{xx}w − α ϵ ∂_{xx}v,

(5.12)

called the derivative nonlinear Schrödinger-Burgers system. The right hand side of (5.12) represents dissipative-dispersive effects arising in magnetic fluids due to the so-called Hall effect. When the ion inertia dispersion α can be neglected, (5.12) reduces to the Cohen-Kulsrud-Burgers (CKB) equations and converges, as ϵ → 0, to classical entropy solutions. When α ≠ 0, the operator α ∂_{xx} in the right hand side of (5.12) generates dispersion effect and non-classical solutions may be obtained.

NON-CLASSICAL SHOCK WAVES 37

Theorem 5.2. 1) Let ( v^ϵ, w^ϵ ) with α ∈ (−1, 1) fixed be a family of solutions to (5.12) assuming at t = 0 a Cauchy

data ( v^ϵ_0, w^ϵ_0 ) such that

v^ϵ_0, w^ϵ_0 ∈ L^2(RI ) ∩ L^4(RI ) (5.13)

uniformly in ϵ. Then ( v^ϵ, w^ϵ ) is bounded in L^∞ ( RI_+, L^2(RI ) ∩ L^4(RI ) ) and converges almost everywhere to a limiting

function (v, w), solution to (5.1) in the sense of distributions.

2) The entropy pair (U, F ) = ( (v^2 +w^2)/2, 3 (v^2 +w^2)^2/4 ) is compatible in the sense (2.3) with the dissipative-dispersive

regularization (5.12). Limits of traveling wave solutions to (5.12) additionally satisfy the entropy inequality (5.8). ⊔⊓

Proof of Theorem 5.2. The proof relies on the compensated compactness method DiPerna [13] and more specifically

the results in Chen [6]. We restrict attention to deriving the main a priori estimates needed in applying the theory,

refering to [6, 13] for the details. The following entropy balance follows by multiplying the equations in (5.12) by v and

w respectively: 1 2 ∂_t ( v^2 + w^2 ) + 3 4 ∂_x ( v^2 + w^2

)_2 = − ϵ |∂_xv|^2 − ϵ |∂_xw|^2 + ϵ ∂_x ( v ∂_xv + w ∂_xw ) + α ϵ ∂_x ( v ∂_xw − w ∂_xv ) . (5.14)

Integrating (5.14) over (0, T ) × RI yields ∫ RI 1 2 ( v^2 + w^2 ) (T ) dx + ∫_T 0 ∫ RI ϵ ( |∂_xv|^2 + |∂_xw|^2 ) dxdt ≤ ∫ RI 1 2 ( v^2 + w^2 ) (0) dx ≤ O(1). (5.15)

Observe that the dispersive terms cancelled out in this derivation, so that the estimate (5.15) does not depend on the

coefficient α ∈ RI .

We now multiply (5.14) on both sides by v^2 + w^2 and integrate over RI to get: d dt ∫ RI 1 4 ( v^2 + w^2

)_2 dx + ∫ RI 1 2 ∂_x ( v^2 + w^2

)_3 dx = − ∫ RI ϵ ( v^2 + w^2 ) ( |∂_xv|^2 + |∂_xw|^2 ) dx − ∫ RI ϵ | |∂_x(v^2 + w^2) | |^2 dx + ∫ RI α ϵ ( v^2 + w^2 ) ∂_x ( v ∂_xw − w ∂_xv ) dx. (5.16)

Thus we obtain ∫ RI 1 4 ( v^2 + w^2

)_2 (T ) dx+ ∫_T 0 ∫ RI ϵ ( v^2 + w^2 ) ( |∂_xv|^2 + |∂_xw|^2 ) dxdt + ∫_T 0 ∫ RI ϵ | ∂_x ( v^2 + w^2 )|_2 dxdt = ∫ RI 1 4 ( v^2 + w^2

)_2

(0) dx + ∫_T 0 ∫ RI α ϵ ( v^2 + w^2 ) ( v ∂_xw − w ∂_xv ) dxdt. (5.17)

When |α| < 1, the integrand of the last term in the right hand side of (5.17) can be estimated by integrands of the left

hand side; namely | |α ϵ ∂_x(v^2 + w^2) (v ∂_xw − w ∂_xv) | | ≤ α 2 ϵ | |∂_x(v^2 + w^2) | |^2 + α 2 ϵ | |v ∂_xw − w ∂_xv | |^2 ≤ α 2 ϵ | ∂_x ( v^2 + w^2 )|_2 + α ϵ | v ∂_xw |_2 + α ϵ | w ∂_xv |_2 ≤ α 2 ϵ | ∂_x ( v^2 + w^2 )|_2 + α ϵ ( v^2 + w^2 ) ( |∂_xv|^2 + |∂_xw|^2 ) . Therefore (5.17) implies ∫ RI 1 4 ( v^2 + w^2

)_2 (T ) dx + ∫_T 0 ∫ RI ( 1 − α/2 ) ϵ ( v^2 + w^2 ) ( |∂_xv|^2 + |∂_xw|^2 ) dxdt + ∫_T 0 ∫ RI ( 1 − α ) ϵ | |∂_x(v^2 + w^2) | |^2 dxdt ≤ 0. (5.18)

38 HAYES AND LEFLOCH

The estimates (5.15) and (5.18) provide L^p uniform bounds for v^ϵ and w^ϵ, together with some derivative estimates. These estimates can be used along the lines of the proof in Schonbek [53] (and [22]) to show that a Young measure associated with (v^ϵ, w^ϵ) satisfies Tartar’s commutation equation. The reduction theorem in [6] may be extended to L^p Young measures and shows that v^ϵ → v, w^ϵ → w, in the weak sense,

v^2_ϵ + w^2_ϵ → v^2 + w^2, in the strong sense.

(5.19)

One can pass to the limit in the equations (5.12) and deduce (5.1) as ϵ → 0.

The item 2 of the theorem follows from the entropy balance (5.14) and the uniform estimates (5.18). Observe that the first two terms in the right hand side of (5.14) are non-positive and converge to non-negative bounded measures. The third term converges to zero in the sense of distributions. On the other hand the last term in the right hand side of (5.14), due to the dispersive terms in (5.12), do not contribute to the entropy dissipation measure (for the quadratic entropy only); namely, for each smooth function θ with compact support, one has | | | | ∫_T 0 ∫ RI ϵ ∂_x ( v ∂_xw − w ∂_xv ) θ dxdt | | | | ≤ ∫_T 0 ∫ RI ϵ | |v ∂_xw | | ∂_xθ dxdt + ∫_T 0 ∫ RI ϵ | |w ∂_xv | | ∂_xθ dxdt ≤ O(1) ϵ ‖v ∂_xw‖_{L2}(_{(0,T )×RI} ) + O(1) ϵ ‖v ∂_xw‖_{L2}(_{(0,T )×RI} ) ≤ O(1) ϵ^{1/2} → 0.

This completes the proof of Theorem 5.2. ⊔⊓

5.4 Numerical Experiments.

For coplanar initial data, we numerically demonstrate the existence of non-classical shocks. We employ the following semi-discrete approximation to the system (5.12): dv_k dt + 1 2 Δ ( v_{k+1} (v^2_{k+1} + w^2_{k+1}) − v_{k−1} (v^2_{k−1} + w^2_{k−1}) ) = ϵ Δ^2 ( v_{k+1} − 2 v_k + v_{k−1} ) + α ϵ Δ^2 ( w_{k+1} − 2 w_k + w_{k−1} ) dw_k dt + 1 2 Δ ( w_{k+1} (v^2_{k+1} + w^2_{k+1}) − w_{k−1} (v^2_{k−1} + w^2_{k−1}) ) = ϵ Δ^2 ( w_{k+1} − 2 w_k + w_{k−1} ) − α ϵ Δ^2 ( v_{k+1} − 2 v_k + v_{k−1} ) (5.20) for functions v_k(t) and w_k(t), where Δ denotes the spatial mesh-size. We integrate this system of ODE’s in the same fashion as in subsection 4.2. The Riemann initial data for the numerical scheme is implemented as (v_k(0), w_k (0)) = (v_l, w_l) for k ≤ 0 and (v_r, w_r) for k > 0.

In Figure 5.1, we plot the numerical results for two different coplanar data. The parameters are chosen to be Δ = 1/400, ϵ = 1/800 and α = 5/2. In Figure 5.1a, we use the initial data (v_l, w_l) = (1, 0) and (v_r, w_r) = (−.6, 0). The solid and the dotted lines represent the v- and w-components of the solution at the time t = 1, respectively. In Figure 5.1b, we picture the results obtained with, instead, (v_r, w_r) = (−.85, 0).

Figure 5.1: The slow shock is non-classical: it cannot be a rotational wave, since across this shock, |u_m|^2 < |u_l|^2.

NON-CLASSICAL SHOCK WAVES 39

Acknowledgements. Part of this work has been carried out while P.G.L. was visiting the Institute for Mathematics and its Applications (IMA), Minnesota, in September 1995 and January 1996. P.G.L. was partially supported by the Centre National de la Recherche Scientifique (CNRS), the National Science Foundation (NSF) under grants DMS 94- 01003, DMS 95-02766 and a Faculty Early Career Development (CAREER) award, and by the Air Force Office (AFOSR) under grant F49620-94–1-0215.

References.

[1] R. Abeyaratne and J.K. Knowles, Kinetic relations and the propagation of phase boundaries in solids, Arch. Rat.

Mech. Anal. 114 (1991), 119–154.

[2] R. Abeyaratne and J.K. Knowles, Implications of viscosity and strain gradient effects for the kinetics of propagating phase boundaries in solids, SIAM J. Appl. Math. 51 (1991), 1205–1221.

[3] A. Azevedo, D. Marchesin, B.J. Plohr, and K. Zumbrun, Non-uniqueness of solutions of Riemann problems caused by 2-cycles of shock waves, Proc. fifth Internat. conf. on Hyperbolic Problems: theory, numerics, applications, J. Glimm, M.J. Graham, J.W. Grove, and B.J. Plohr, ed., World Scientific Editions, 1996, pp. 43–51.

[4] M. Brio and J. Hunter, Rotationally invariant hyperbolic waves, Comm. Pure Appl. Math. 43 (1990), 1037–1053. [5] M. Brio and C.C. Wu, An upwind differencing scheme for the equations of ideal magnetohydrodynamics, J. Comput.

Phys. 75 (1988), 400-422.

[6] G.Q. Chen, Hyperbolic systems of conservation laws with a symmetry, Comm. Part. Diff. Equa. 16 (1991), 1461– 1467.

[7] K.N. Chuey, C.C. Conley, and J.A. Smoller, Positively invariant regions for systems of nonlinear diffusion equations, Ind. Univ. Math. J. 26 (1977), 372–411.

[8] R.H. Cohen and R.M. Kulsrud, Non-linear evolution of quasi-parallel propagating hydromagnetic waves, Phys. Fluid 17 (1974), 2215–2225.

[9] C. Conley and J.A. Smoller, On the structure of the magnetohydrodynamics shock waves, Comm. Pure Appl. Math.

28 (1974), 367–375.

[10] C.M. Dafermos, The entropy rate admissibility criterion for solutions of hyperbolic conservation laws, J. Diff. Equa.

14 (1973), 202–212.

[11] C.M. Dafermos, Hyperbolic systems of conservation laws, Proceedings “Systems of Nonlinear Partial Differential Equations”, J.M. Ball editor, NATO Adv. Sci. Series C, 111, Dordrecht D. Reidel (1983), 25–70.

[12] C.M. Dafermos, Admissible fans in nonlinear hyperbolic systems, Arch. Rat. Mech. Anal. 106 (1989), 243–260. [13] R.J. DiPerna, Convergence of approximate solutions to conservation laws, Arch. Rat. Mech. Anal. 82 (1983), 27–70. [14] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Functions, Studies in Advanced Mathematics, C.R.C. Press, Boca Raton, Ann Rbore, London (1992).

[15] H.T. Fan and M. Slemrod, The Riemann problem for systems of conservation laws of mixed type, in “Shock induces transitions and phase structures in general media”, R. Fosdick, E. Dunn, and H. Slemrod ed., IMA Vol. Math. Appl. 52, Springer-Verlag (1993), pp. 61–91.

[16] H. Freistühler, Anomale Schocks, strukturell labile Lösungen und die Geometrie der Rankine-Hugoniot-Bedingungen, Ph.D. Thesis, Ruhr-Univ. Bochum, Germany, 1987.

[17] H. Freistühler, Dynamical stability and vanishing viscosity: A case study of a non strictly hyperbolic system of conservation laws, Comm. Pure Appl. Math. 45 (1992), 561–582.

[18] H. Freistühler, Stability of non-classical shock waves, Proc. Fifth Internat. Conf. on Hyperbolic Problems: theory, numerics, applications, J. Glimm, M.J. Graham, J.W. Grove, and B.J. Plohr, ed., World Scientific Editions, 1996, pp. 120–129.

[19] H. Freistühler and T.P. Liu, Nonlinear stability of over-compressive shock waves in a rotationally invariant system of viscous conservation laws, Comm. Math. Phys. 153 (1993), 147–158.

[20] J. Glimm, Nonlinear waves: overview and problems, in “Multidimensional hyperbolic problems and computations”, J. Glimm and A. Majda ed., IMA Volume 29, Springer Verlag, New York, 1991.

[21] B.T. Hayes and P.G. LeFloch, On a model of two conservation laws arising in magnetohydrodynamics, Nonlinearity (1996) (in press).

[22] B.T. Hayes and P.G. LeFloch, Non-classical shock waves and kinetic relations (I), to appear in Arch. Rat. Mech.

Anal.

[23] B.T. Hayes and P.G. LeFloch, Non-classical shock waves and kinetic relations, in preparation. [24] B.T. Hayes and P.G. LeFloch, Non-classical shock waves and kinetic relations (III), in preparation. [25] T.Y. Hou, P.G. LeFloch, and P. Rosakis, Dynamics of phase interfaces: a level-set formulation, in preparation. [26] L. Hsiao, Uniqueness of admissible solutions of Riemann problems of systems of conservation laws of mixed type, Jour. Diff. Equa. 86 (1990), 197–233.

40 HAYES AND LEFLOCH

[27] E. Isaacson, D. Marchesin, C.F. Palmeira, and B.J. Plohr, A global formalism for nonlinear waves in conservation laws, Comm. Math. Phys. 146 (1992), 505–552.

[28] E. Isaacson, D. Marchesin, and B. Plohr, Transitional waves for conservation laws, SIAM J. Math. Anal. 21 (1990), 837–866.

[29] E. Isaacson and B. Temple, Nopnlinear resonance in systems of conservation laws, SIAM J. Appl. Math. 52 (1992), 1260–1278.

[30] D. Jacobs, W.R. McKinney, and M. Shearer, Traveling wave solutions of the modified Korteweg-deVries Burgers equation, J. Diff. Equa. 116 (1995), 448–467.

[31] B. Keyfitz, A geometric theory of conservation laws which change type, Z. Angew. Math. Mech. 75 (1995), 571–581. [32] B. Keyfitz and H. Kranzer, A system of non-strictly hyperbolic conservation arising in elasticity theory, Arch. Rat.

Mech. Anal. 72 (1980), 219–241.

[33] A. Kulikovsky, Dokl. Acad. Nauk. USSR 275 (6) (1984), 1349–1352 (in Russian). [34] P.D. Lax, Hyperbolic systems of conservation laws, II, Comm. Pure Appl. Math. 10 (1957), 53–566. [35] P.D. Lax, Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves, Society for Industrial and Applied Mathematics, Philadelphia (1973).

[36] P.D. Lax, The zero dispersion limit, a deterministic analogue of turbulence, Comm. Pure Appl. Math. 44 (1991), 1047–1056.

[37] P.D. Lax and C.D. Levermore, The small dispersion limit of the Korteweg-deVries equation, Comm. Pure Appl.

Math. 36 (1983) I, 253–290, II, 571–593, III, 809–829.

[38] P.G. LeFloch, Propagating phase boundaries: formulation of the problem and existence via the Glimm scheme, Arch.

Rat. Mech. Anal. 123 (1993), 153–197.

[39] P.G. LeFloch and R. Natalini, Conservation laws with vanishing nonlinear diffusion and dispersion, submitted to J.

Asympt. Anal.

[40] P.G. LeFloch and A.E. Tzavaras, Non-conservative hyperbolic systems: existence theory for the Riemann problem, in preparation.

[41] T.P. Liu, The Riemann problem for general 2x2 conservation laws, Trans. Amer. Math. Soc. 199 (1974), 89–1112. [42] T.P. Liu, Admissible solutions of hyperbolic conservation laws, Mem. Amer. Math. Soc. 30 (1981). [43] T.P. Liu, Nonlinear stability and instability of over-compressive shock waves, IMA Vol. Math. Appl. 52, 1993, pp.

159-167.

[44] T.P. Liu and J.H. Wang, On a non-strictly hyperbolic system of conservation laws, J. Diff. Equa. 57 (1985), 1–14. [45] T.P. Liu and Z. Xin, Stability of viscous shock waves associated with a non-strictly hyperbolic system, Comm. Pure Appl. Math. 45 (1992), 361–388.

[46] T.P. Liu and K. Zumbrun, Nonlinear stability of an under-compressive shock for complex Burgers equation, Comm.

Math. Phys. 168 (1995), 163–186.

[47] T.P. Liu and K. Zumbrun, On nonlinear stability of general under-compressive viscous shock waves, Comm. Math.

Phys. (to appear).

[48] R. Menikoff and B.J. Plohr, The Riemann problem for fluid flow of real materials, Rev. Modern Phys. 61 (1989), 75–130.

[49] F. Murat, A survey on compensated compactness, in “Contributions to modern calculus of variation”, ed. L. Cesari, Pitman Res. Notes in Math. Series, 148, Longman, Harlow (1987), 145–183.

[50] O. Oleinik, Discontinous solutions of nonlinear differential equations, Usp. Mat. Nauk. (N.S.) 12 (1957), 3–73;

English transl. in Amer. Math. Soc. Transl. Ser. 2 (26), 95–172.

[51] S. Schecter, D. Marchesin, and B.J. Plohr, Structurally stable Riemann solutions, Jour. Diff. Equa. 126 (1996), 303–354.

[52] S. Schecter and M. Shearer, under-compressive shocks for non-strictly hyperbolic conservation laws, Dynamics Diff.

Equa. 3 (1991), 199–271.

[53] M.E. Schonbek, Convergence of solutions to nonlinear dispersive equations, Comm. Part. Diff. Equa. 7 (1982), 959–1000.

[54] D. Serre and J.W. Shearer, Convergence with physical viscosity for nonlinear elasticity, personal communication. [55] J.W. Shearer, Global existence and compactness in L^p for the quasilinear wave equation, Ph.D. Thesis, University of California, Berkeley (1991).

[56] M. Shearer, The Riemann problem for a class of conservation laws of mixed type, Jour. Diff. Equa. 46 (1982), 426–443.

[57] M. Shearer and Y. Yang, The Riemann problem for the p-system of conservation laws of mixed type with a cubic nonlinearity, Proc. A Royal Soc. Edinburgh 125 A (1995), 675–699.

[58] M. Shearer, D.G. Schaeffer, D. Marchesin, and P. Paes-Leme, Solution of the Riemann problem for a prototype 2 × 2 system of non-strictly hyperbolic conservation laws, Arch. Rat. Mech. Anal. 97 (1987), 299–320.

NON-CLASSICAL SHOCK WAVES 41

[59] M. Slemrod, Admissibility criteria for propagating phase boundaries in a van der Waals fluid, Arch. Rat. Mech.

Anal. 81 (1983), 301–315.

[60] L. Tartar, The compensated compactness method applied to systems of conservation laws, in “Systems of Nonlinear Partial Differential Equations”, J.M. Ball ed., NATO ASI Series, C. Reidel publishing Col., 1983, pp. 263–285.

[61] L. Truskinovsky, Dynamics of non-equilibrium phase boundaries in a heat conducting nonlinear elastic medium, J.

Appl. Math. and Mech. (PMM) 51 (1987), 777–784.

[62] L. Truskinovsky, Kinks versus shocks, in “Shock induced transitions and phase structures in general media”, R.

Fosdick, E. Dunn, and H. Slemrod ed., IMA Vol. Math. Appl. 52, Springer-Verlag (1993). [63] C.C. Wu, Formation, structure, and stability of MHD intermediate shocks, J. Geophys. Res. 95 (1990), 8149–8175. [64] C.C. Wu, New theory of MHD shock waves, in “Viscous Profiles and Numerical Methods for Shock Waves”, M.

Shearer ed., SIAM Philadelphia (1991), pp. 231–235.

[65] C.C. Wu and C.F. Kennel, The small amplitude magnetohydrodynamic Riemann problem, Phys. Fluids B 5 (1993), 2877–2886.

Appendix: Proof of Lemma 2.3.

We follow Liu in [42] and treat the case (2.10a). The case (2.10b) is entirely similar. The statement on the wave speed follows easily from our assumption that ∇λ_j · r_j changes sign only once along a shock curve. Let us show that the shock speed satisfies similar properties. By differentiating the Rankine-Hugoniot relation (2.13), we get − ∂ ∂μ_j λ̄_j (u_0, w_j )(w_j − u_0) + (Df(w_j ) − λ̄_j (u_0, w_j )) dw^j dμ_j = 0. (A.1)

Using the decompositions

w_j − u_0 = N∑ k=1 α_k(u_0, w_j ) r_k (w_j ) and dw_j dμ_j = N∑ k=1 β_k(u_0, w_j ) r_k (w_j ),

we deduce that, for k = 1, 2, · · · , N, − ∂ ∂μ_j λ̄_j (u_0, w_j ) α_k(u_0, w_j ) + (λ_k (w_j ) − λ̄_j (u_0, w_j )) β_k(u_0, w_j ) = 0.

In particular, for k = j, ∂ ∂μ_j λ̄_j (u_0, w_j ) α_j (u_0, w_j ) = (λ_j (w_j ) − λ̄_j (u_0, w_j )) β_j (u_0, w_j ).

In view of our assumption (2.21), the coefficient α_j (u_0, w_j ) = l_j (w_j ) · (w_j − u_0) has the same sign as μ_j − μ_j (u_0), while β_j (u_0, w_j ) = l_j (w_j ) · dw_j /dμ_j is strictly positive. Therefore for μ_j > μ_j (u_0) we have ∂ ∂μ_j λ̄_j (u_0, w_j ) = 0 (resp. > 0 or < 0) iff λ_j (w_j ) − λ̄_j (u_0, w_j ) = 0 (resp. < 0 or > 0), (A.2)

while for μ_j < μ_j (u_0) the reversed inequalities are satisfied. Moreover it follows from (A.1) that (up to a multiplicative factor) dw_j dμ_j = r_j (w_j ) if ∂ ∂μ_j λ̄_j (u_0, w_j ) = 0. (A.3)

Denote by μ^⋆_j (u_0) a point achieving the equality in (A.2). We now prove that, at the critical point μ_j = μ^⋆_j (u_0),

∂^2 ∂μ^2_j λ̄_j (u_0, w_j ) = 0 (resp. > 0 or < 0) iff ∇λ_j (w_j ) · r_j (w_j ) = 0 (resp. < 0 or > 0) (A.4)

42 HAYES AND LEFLOCH

if μ^⋆_j (u_0) > μ_j (u_0), while the reversed inequalities are satisfied if μ^⋆_j (u_0) < μ_j (u_0). Namely first rewrite the relation (A.1) (by using (A.3)) in the form ( Df(w_j ) − λ̄_j (u_0, w_j ) )( dw_j dμ_j − r_j (w_j ) )

= ∂ ∂μ_j λ̄_j (u_0, w_j )(w_j − u_0) − (λ_j (w_j ) − λ̄_j (u_0, w_j )) r_j (w_j ).

(A.5)

Differentiating (A.5) once more, we obtain ∂ ∂μ_j ( Df(w_j ) − λ̄_j (u_0, w_j ) )( dw_j dμ_j − r_j (w_j ) ) + ( Df(w_j ) − λ̄_j (u_0, w_j ) )( d^2w_j dμ^2_j − ∂ ∂μ_j r_j (w_j ) )

= ∂^2 ∂μ^2_j λ̄_j (u_0, w_j )(w_j − u_0) + ∂ ∂μ_j λ̄_j (u_0, w_j ) dw^j dμ_j − ∂ ∂μ_j ( λ_j (w_j ) − λ̄_j (u_0, w_j ) ) r_j (w_j ) − ( λ_j (w_j ) − λ̄_j (u_0, w_j ) ) ∂ ∂μ_j r_j (w_j ).

Plugging the value μ_j = μ^⋆_j (u_0) in the above formula and using (A.2)-(A.3), we obtain ( Df(w_j ) − λ̄_j (u_0, w_j ) )( d^2w_j dμ^2_j − ∂ ∂μ_j r_j (w_j ) ) = ∂^2 ∂μ^2_j λ̄_j (u_0, w_j )(w_j − u_0) − ∂ ∂μ_j λ_j (w_j ) r_j (w_j ).

Multiplying the latter by l_j (w_j ) and observing that λ̄_j (u_0, w_j ) = λ_j (w_j ) so that the left hand side vanishes, we arrive at

∂^2 ∂μ^2_j λ̄_j (u_0, w_j ) l_j (w_j ) · (w_j − u_0) = ∂ ∂μ_j λ_j (w_j )

= ∇λ_j (w_j ) · r_j (w_j ).

The desired result (A.4) follows immediately from the above formula and Assumption (2.21ii).

We now use the notation g(μ_j ) := λ_j (w_j (μ_j ; u_0)) and h(μ_j ) := λ̄_j (u_0, w_j (μ_j ; u_0)). The property (A.2) shows that (2.24a) is satisfied for values μ_j close enough to μ_j (u_0), at least. Consider the largest value μ_j < μ_j (u_0) such that h(ζ_j ) − g(ζ_j ) > 0 holds for all ζ ∈ (μ_j , μ_j (u_0). Call this value μ^⋆_j (u_0) and observe that h(μ^⋆_j (u_0)) = g(μ^⋆_j (u_0)). In view of (A.2) one also have h^′(μ^⋆_j (u_0)) = 0.

Assume that μ^⋆_j (u_0) > 0. In view of (A.4), one has h^{′′}(μ^⋆_j (u_0)) > 0 since μ^⋆_j (u_0) > 0. Thus the function should decrease for μ_j < μ^⋆_j (u_0) at least in a small neighborhood of μ^⋆_j (u_0). According to (A.2), the wave speed should then by above the shock speed in this range, and so the wave speed g should be non-increasing. The function g is increasing near μ_j (u_0) and non-increasing near μ^⋆_j (u_0), so g must have a critical point in the interval [ μ^⋆_j (u_0), μ_j (u_0) ) . Since the only critical point of the wave speed is μ_j = 0 and that μ^⋆_j (u_0) > 0 by assumption, we reach a contradiction. Henceforth, one must have μ^⋆_j (u_0) ≤ 0.

Finally the shock speed is monotone in the whole region μ_j < μ^⋆_j (u_0), since otherwise that would imply the existence of a critical point for the function g, which is not possible. This completes the proof of Lemma 2.3. ⊔⊓