Low-frequency electromagnetic scattering

H. Ammari^† J.-C. Nédélec^†

Abstract

The main result of this paper is to reduce the calculation of higherorder terms in the asymptotic expansions of the electric and magnetic fields at low frequencies to the solutions of certain canonical problems. We also provide a new and simple variational proof of the convergence of the electric and magnetic fields solutions of the scattering problem for the Maxwell equations as the frequency goes to zero. Besides its theoretical interest, our analysis is motivated by its application to the numerical computation of the higher-order terms.

key words. Low-frequency, Maxwell’s equations.

AMS subject classifications. 35C20, 35B40, 35Q60.

†Centre de Mathématiques Appliquées, CNRS URA 756, École Polytechnique, 91128 Palaiseau Cedex, France. H. Ammari is also with the Department of Electromagnetic Theory, Royal Institute of Technology, S-100 44, Stockholm, Sweden. (ammari@cmapx.polytechnique.fr and nedelec@cmapx.polytechnique.fr) 1

1 Introduction and statement of the problem

The scattering of electromagnetic waves from bounded objects whose dimensions are small compared with the length of the incident wave has been the subject of considerable study for more than a century. This problem is of interest in geophysics, astrophysics, electrical engineering, physics of the atmosphere and ocean, medicine, biology, and other fields. The study of wave scattering at low frequencies was pioneered by Rayleigh [23] who continued this work until his death. His contributions in this area provide the foundation on which almost all subsequent work is based. A low-frequency asymptotic for Maxwell’s boundary value problem and transmission problem has been given for instance by Stevenson [24], Werner [31] and [29], Picard [19], Kleinman-Senior [13], Kress [14] Ramm et al. [22], Ramm-Somersalo [21]. Kleinman and Senior systematized the calculation of the dominant term in the low-frequency limit for electromagnetic problems involving impenetrable, penetrable, non-lossy and lossy obstacles. With boundary integral methods, Werner [31], [29] and Kress [14] obtained the limit of the solution to the scattering problem by a perfectly conducting object for the Maxwell equations. Our present work is closely related to the work of Picard [19] who proved the convergence for non-homogeneous Maxwell’s equations using Hilbert space concepts. The approach of Picard [19] is based on the limiting absorption principle for a modified first-order Maxwell system to overcome the fact that the case ω = 0 is embedded in the continuous spectrum of the modified first-order Maxwell operator. He reformulated Maxwell’s equations in the following way: ( M + N − ω ) U^ω = F^ω,

where

M =

0 0 0 0 0 0 i ε −−→ curl 0 0 i μ −−→ curl 0 0

0 0 0 0

, N = 0 i div ε 0 0 i −−→ grad 0 0 0

0 0 0 i −−→ grad 0 0 i div μ 0 , and

U^ω = 0 E^ω H^ω 0 .

Here ε is the electric permittivity, μ the magnetic permeability, E^ω the electric field, H^ω the magnetic field and F^ω a given vector function with a bounded support. His method can not be easily extended to obtain the rate of the convergence of the electric and magnetic fields with higher-order terms since the assumption on the support of F^ω is crucial for his proof (Theorem 3 p.70). In none of the works cited above is a variational method for calculating the higher-order terms given and convergence with these terms analyzed. This is our basic aim in the present paper. We also provide a new and simple variational proof of the convergence of the electric and magnetic fields as the frequency goes to zero.

We first formulate the scattering problem equivalently on a ball B_R of radius R containing the inhomogeneity by making use of an adequate Steklov- Poincaré operator on the sphere S_R = ∂B_R called, throughout what follows, the electromagnetic operator. Either the expression of this pseudo-diffrential operator or the variational formulation used here for Maxwell’s equations is now well-known (see for instance [11] and [18]). Then, the electric and magnetic fields, as well as the electromagnetic operator, are expanded in power series with respect to the frequency. Making use of some properties of the Hankel functions, we show that in the asymptotic expansion of the electromagnetic operator with respect to the frequency all the coefficients which are pseudo-differential operators are of order less than the order of the electromagnetic operator. This important result is an essential tool which will permit us to derive the appropriate boundary conditions satisfied by the higher order terms of the electric and magnetic fields on the sphere S_R. These boundary conditions on the fictive surface S_R complete the reduction of the calculation of the higher-order terms in the asymptotic expansions of the electric and magnetic fields to two canonical problems which are uniquely solvable. A variational proof of the convergence with these higherorder terms will be given in the last part of this paper. Let us note that in the addition of the difficulty coming from the asymptotic expansion of the electromagnetic operator, there is another that is due to a lack of coerciverness in the variational formulation. This difficulty is overcome by using a compactness result due to Abboud [1] (Lemma 5.2).

The approach adopted in this work is different from those mentionned above. To the best of our knowledge, the technique developed in this paper, although quite natural, does not seem to be applied for the scattering of electromagnetic waves at low frequencies.

Let us now introduce the scattering problem. Suppose that a bounded inhomogeneity characterized by permittivity ε and permeability μ is illuminated by a time-harmonic electromagnetic wave given by (E^{in}_ω , H^{in}_ω ) (where E^{in}_ω is the electric field and H^{in}_ω is the magnetic field). The incoming wave (E^{in}_ω , H^{in}_ω ) is assumed to be a classical solution of the Maxwell system −−→ curl H^{in}_ω = −iωε_0 E^{in}_ω , −−→ curl E^{in}_ω = iωμ_0 H^{in}_ω ,

in all of R^3 except possibly for a finite number of points located outside a sphere strictly containing the inhomogeneity. This incoming field will interact with the inhomogeneity to give rise to a scattered field (E^{sc}_ω , H^{sc}_ω ). Let ε, μ be two functions of the spatial variable x; ε_0 and μ_0 two positive constants; and r = |x|. The total field (E^ω, H^ω) satisfies the time harmonic Maxwell system −−→ curl H^ω = −iωε E^ω in R^3, −−→ curl E^ω = iωμ H^ω in R^3,

H^ω = H^{sc}_ω + H^{in}_ω in R^3,

E^ω = E^{sc}_ω + E^{in}_ω in R^3, lim_{r→+∞} (√ μ_0 H^{sc}_ω ∧ x − r √ ε_0 E^{sc}_ω ) = 0.

(1)

We assume that the electric permittivity and the magnetic permeability, ε and μ are in L^∞(R^3). In the next section, we will add some restrictive conditions regarding the regularity of these coefficients to ensure the uniqueness of a solution to (1). We also assume that the inhomogeneity is bounded so that there exists a constant R_0 > 0 such that ε(x) = ε_0 and μ(x) = μ_0 if r = |x| ≥ R_0. The support of the function ε − ε_0, denoted by Supp(ε − ε_0), and that of μ − μ_0 are included in the ball B_{R0} = { |x| < R_0 } . For some fixed R > R_0 we define the ball B_R = { x ∈ R^3, |x| < R } , and the

sphere S_R = { x ∈ R^3, |x| = R } . The present study is concerned with the analysis of the behavior of the fields

(E^ω, H^ω) solutions of (1) as the frequency ω tends to zero. Our aim in this paper is to prove the convergence of the fields (E^ω, H^ω) and to reduce the calculation of higher order-terms to solutions of certain canonical problems. A similar program was carried out by the authors for the scattering problem from a small conductor embedded in a homogeneous chiral media [4]. For this problem, we have employed representations of electric and magnetic fields to reformulate the scattering problem as an integral equation over the scattering surface and represent the fields in terms of surface fields. Using a Hodge decomposition of the tangent fields, we have characterized the dependence of the asymptotics on the topological properties of the scatterer and we have shown the effect of the chirality admittance. The extension of the present study to the scattering of electromagnetic waves in a chiral media from a small inhomogeneity does not lead to any specify difficulty apart from much more cumbersome notations and calculations. Now, we introduce some standard notations. For any smooth vector field w, we denote by w_{SR} its tangential component on S_R w_{SR} = −n ∧ (n ∧ w) on S_R. For any smooth function f or any vector field u defined on S_R, we get an extension of each one to R^3 \ B_R by setting : ∀ x ∈ R^3 \ B_R, f̃(x) = f( x |x| ), ũ(x) = u( x |x| ). We also introduce the following boundary differential operators : the tangential gradient of a function f : −−→grad_{SR} f = −−→grad f̃|_{SR} , the surface divergence of a field u : div_{SR} u = div ũ|_{SR} , the vector rotational of a function : −−→ curl_{SR} f = −−→ curl (fn)|_{SR} , the scalar rotational of a vector : curl_{SR} u = n . −−→ curl ũ|_{SR} , and the Laplace-Beltrami operator on S_R defined on scalar functions by

Δ_{SR} f = div_{SR} −−→ grad_{SR} f = −curl_{SR} −−→ curl_{SR} f.

To state our boundary-value problem in a suitable mathematical form, we shall use the following notations for the usual functional spaces : D^′(B_R) is the space of distributions in B_R.

L^2(B_R) is the space of complex square integrable functions defined in B_R. L^∞(R^3) is the space of bounded functions defined in R^3. H^1(B_R) = { φ ∈ L^2(B_R), −−→ grad φ ∈ (L^2(B_R))^3 } .

H^1_0 (B_R) = { φ ∈ H^1(B_R), φ = 0 on S_R } . H(curl, B_R) = { u ∈ (L^2(B_R))^3, −−→ curl u ∈ (L^2(B_R))^3 } . H_0(curl, B_R) = { u ∈ H(curl, B_R), u ∧ n = 0 on B_R } . T L^2(S_R) = { c ∈ (L^2(S_R))^3, c . n = 0 } . T H^s(S_R) = { c ∈ (H^s(S_R))^3, c . n = 0 } . T H^{−1/2}(curl, S_R) = { c ∈ (H^{−1/2}(S_R))^3, c . n = 0, curl_{∂Ω} c ∈ H^{−1/2}(S_R) } . T H^{−1/2}(div, S_R) = { c ∈ (H^{−1/2}(S_R))^3, c . n = 0, div_{SR} c ∈ H^{−1/2}(S_R) } . T H^{−1/2}(curl, S_R) and T H^{−1/2}(div, S_R) are Hilbert spaces. Finally, we recall without proof the following well-known duality result (see e.g. [18] for a proof) : T H^{−1/2}(curl, S_R) = ( T H^{−1/2}(div, S_R) )′ . 2 The exterior electromagnetic operator for Maxwell’s equations

In this section we shall give an explicit construction of the electromagnetic operator T^ω defined for a tangential vector field g^ω ∈ T H^{−1/2}(curl, S_R) by

T^ω(g^ω) = H^ω ∧ n, (2)

where −−→ curl H^ω = −iωε_0 E^ω in R^3 \ B_R, −−→ curl E^ω = iωμ_0 H^ω in R^3 \ B_R,

E^ω_{SR} = g^ω on S_R, lim_{r→+∞} (√ μ_0 H^ω ∧ x − r √ ε_0 E^ω ) = 0. (3)

In order to prove the convergence of solutions to the Maxwell equations (1) as ω → 0, we also need the operator D^ω defined by

D^ω : g^ω ∈ T H^{−1/2}(curl, S_R) → E^ω . n. (4)

Since E^ω satisfies E^ω = i ωε_0 −−→ curlH^ω,

it follows that D^ω(g^ω) = i ωε_0 div_{SR} T^ω(g^ω), and then the explicit expression of the operator D^ω will be deduced from that of the operator T^ω. Our basic aim in this section is to analyze the dependence of both the operators T^ω and D^ω on the frequency ω. We start by representing the boundary data in terms of suitable vector basis functions on S_R. Following [7], let (Y^m_l )_{−l≤m≤l} be an orthonormal sequence of spherical harmonics of order l on the unit sphere Σ, normalized such that ∫ Σ Y^m_l . Y^{m′}_l′ = δ_{l,l}′ δ_{m,m}′ . The basis functions for tangential fields on S_R are then

G^m_l = 1 √ l(l + 1) ∇_{SR} Y^m_l and R^m_l = n ∧ G^m_l , for − l ≤ m ≤ l, l ≥ 1. The tangential vector fields G^m_l and R^m_l are an orthonormal basis on the unit sphere (in the L^2 inner product). It follows that any tangential vector field g ∈ T L^2(S_R) can be written in the form g = +∞∑ l=1 l∑ m=−l α^m_l G^m_l + β^m_l R^m_l . (5)

Spaces of either scalar or vector functions on S_R can be characterized by the summability of weighted sums of their expansion coefficients. The norm on the space T H^s(S_R) can be characterized using the series coefficients by (see [11]) ||g||_{T H}s_{(SR)} = +∞∑ l=1 l∑ m=−l ( 1 + l(l + 1) )s ( |α^m_l |^2 + |β^m_l |^2 ) , the norm on the space H^s(S_R) by ||φ||_Hs_{(SR)} = +∞∑ l=1 l∑ m=−l ( 1 + l(l + 1) )s |φ^m_l |^2, where φ = +∞∑ l=1 l∑ m=−l φ^m_l Y^m_l ,

the norm on the space T H^{−1/2}(curl, S_R) by ||g||_{T H}−1/2_{(curl,SR)} = +∞∑ l=1 l∑ m=−l √ 1 + l(l + 1) |β^m_l |^2 + 1 √ 1 + l(l + 1) |α^m_l |^2, and the norm on the space T H^{−1/2}(div, S_R) by ||g||_{T H}−1/2_{(div,SR)} = +∞∑ l=1 l∑ m=−l √ 1 + l(l + 1) |α^m_l |^2 + 1 √ 1 + l(l + 1) |β^m_l |^2. Throughout this paper, we assume for simplicity in exposition that ε_0 μ_0 = 1 and R = 1. Now, if we expand the tangential vector field g^ω in the form

g^ω = +∞∑ l=1 l∑ m=−l α^m_l (ω) G^m_l + β^m_l (ω) R^m_l , (6)

we have the following explicit representation for T^ω(g^ω (see appendix A)

T^ω(g^ω) = √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l α^m_l (ω) γ_l(ω) G^m_l + β^m_l (ω)γ_l(ω) iω R^m_l , (7)

where

γ_l(ω) = 1 + ω

(h^{(1)}_l )^′(ω) h^{(1)}_l (ω)

. (8)

From (7), we deduce that the operator D^ω introduced in (4) is given by

D^ω(g^ω) = +∞∑ l=1 l∑ m=−l √ l(l + 1) γ_l(ω) α^m_l (ω) Y^m_l , (9)

for any g^ω ∈ T H^{−1/2}(curl, S_R) in the form (6).

Now, we summarize the mapping properties of the exterior electromagnetic operator T^ω.

Lemma 2.1 There exists a constant C such that for any g ∈ T H^{−1/2}(curl, S_R) the following inequality holds ||T^ω(g)||_{T H}−1/2_{(div,SR)} ≤ C ||g||_{T H}−1/2_{(curl,SR)}. (10) Furthermore, ℜe ( T^ω(g), g ) > 0, (11)

for any g ≠ 0 in T H^{−1/2}(curl, S_R) where (, ) denotes the duality between T H^{−1/2}(div, S_R) and T H^{−1/2}(curl, S_R).

Proof. (10) is proved in [11]. Thus, only the last part of the lemma needs proving. From ( T^ω(g), g ) = √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l iω |α^m_l |^2 γ_l(ω) + |β^m_l |^2 γ_l(ω) iω , we obtain that ℜe ( T^ω(g), g ) = √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l ω |α^m_l |^2 |γ_l(ω)|^2 ℑm (γ_l(ω)) + |β^m_l |^2 ω ℑm (γ_l(ω)). The fact that ℑm (γ_l(ω)) > 0 (see for instance [18]) implies that (10) holds for any g ≠ 0 in T H^{−1/2}(curl, S_R).

Our next result shows that D^ω is continuous as a map

D^ω : T H^{−1/2}(curl, S_R) → H^{−1/2}(S_R).

Lemma 2.2 There exists a constant C such that for any g ∈ T H^{−1/2}(curl, S_R) the following inequality holds ||D^ω(g)||_H−1/2_{(SR)} ≤ C ||g||_{T H}−1/2_{(curl,SR)}. (12) Proof. Using the fact that there exist positive constants C_1 and C_2 such that for all l (see for instance [7]) C_1 l ≤ |γ_l(ω)| ≤ C_2 l, we obtain ||D^ω(g)||^2_{H−1/2(SR)} = +∞∑ l=1 l∑ m=−l l(l + 1) |γ_l|^2(ω) 1 √ l(l + 1) |α^m_l |^2,

≤ C +∞∑ l=1 l∑ m=−l 1 √ l(l + 1) |α^m_l |^2, ≤ C ||g||^2_{T H−1/2(curl,SR)}, where the constant C is independent of g. The dependence of the constant C on the frequency ω can be explicitly characterized.

Now, we wish to analyze the asymptotic behavior of the operators T^ω and D^ω as the frequency ω tends to zero. We start by recalling some wellknown results on the Logarithmic derivative of the Hankel function h^{(1)}_l . Following [18], we have ω (h^{(1)}_l )^′(ω) h^{(1)}_l (ω) = − p_l(ω) q_l(ω) + i ω q_l(ω) , where p_l(t) = c^0_l + 2c^1_l 1 t^2

+ . . . + (l + 1)c^l 1 t^{2l} , q_l(t) = c^0_l + c^1_l 1 t^2 + . . . + c^l 1 t^{2l} , and c^m_l =

(m + l)!(2m)! 4^m(m!)^2(l − m)! . Therefore, we can write γ_l(ω) in the form

γ_l(ω) = 1 −

(l + 1)c^l + . . . + (ω)^{2l}c^0_l c^l + . . . + (ω)^{2l}c^0_l + i (ω)^{2l+1} c^l + . . . + (ω)^{2l}c^0_l

. (13)

Firstly, we have the following lemmas. The proofs are given in the appendix B. Lemma 2.3 The following inequality holds (l + 1 − m) c^{l−m}_l c^l < 1, (14)

for all l ≥ 1 and m = 1 to l.

Lemma 2.4 There exist ω_0 and a constant C independent of ω such that for 0 < ω < ω_0 the following estimate holds for l large enough | 1 γ_l(ω) + 1 l | ≤ C l^2 ω. (15)

Next, from (13) and (14), we shall obtain the following results.

Lemma 2.5 There exists ω_0 > 0 such that

γ_l(ω) = +∞∑ j=0 γ^j_l ω^j, ∀ 0 < ω < ω_0. for all l ≥ 1 (ω_0 is independent of l). Furthermore, for any j ≥ 1 there exists a constant C_j independent of l such that | γ^j_l γ^0_l

| ≤ C_j for all l ≥ 1. (16)

Lemma 2.6 Let (δ^j_l )_{j≥0,l≥1} be defined by 1 γ_l(ω) = 1 γ^0_l +∞∑ j=0 δ^j_l ω^j. (17)

For any j ≥ 1 there exists a constant C_j independent of l such that |δ^j_l | ≤ C_j for all l ≥ 1. (18) With the help of these results, we obtain the following two crucial results for our asymptotic analysis at low frequencies. Lemma 2.7 The operator D^ω − D : T H^{−1/2}(curl, S_R) → H^{−1/2}(S_R), is compact, where D is defined for any g ∈ T H^{−1/2}(curl, S_R) in the form (5) by D(g) = − +∞∑ l=1 l∑ m=−l √ l + 1 l α^m_l Y^m_l .

Furthermore, there exists ω_0 such that for 0 < ω < ω_0 the following inequality holds ||(D^ω − D)(g)||_H1/2_{(SR)} ≤ C ω ||g||_{T H}−1/2_{(curl,SR)}, where the constant C independent of ω. Proof. Let g be in T H^{−1/2}(curl, S_R). We have

(D^ω − D)(g) = +∞∑ l=1 l∑ m=−l √ l(l + 1) ( 1 γ_l(ω) + 1 l ) α^m_l Y^m_l .

Therefore, by (15), we obtain that there existes a constant C independent of ω such that ||(D^ω − D)(g)||_H1/2_{(SR)} ≤ C ω +∞∑ l=1 l∑ m=−l √ 1 + l(l + 1) 1 l^2 |α^m_l |^2,

≤ 3C ω +∞∑ l=1 l∑ m=−l 1 √ 1 + l(l + 1)

|α^m_l |^2 + √ 1 + l(l + 1) |β^m_l |^2, ≤ 3C ω ||g||_{T H}−1/2_{(curl,SR)}, and then we have the claim.

The operator D is then in some sense the limit of the operator D^ω as ω tends to zero. Now, by using Lemma 2.5, we also verify without any difficulty that we have:

Lemma 2.8 There exists a constant C such that for any g ∈ T H^{−1/2}(curl, S_R) the following inequality holds ||T^ω_j (g)||_{T H}−1/2_{(div,SR)} ≤ C ||g||_{T H}−1/2_{(curl,SR)}, (19) where the operator T^ω_j is defined for any g ∈ T H^{−1/2}(curl, S_R) in the form (5) by

T^ω_j (g) = √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l iω α^m_l γ^0_l j∑ p=0 δ^p_l ω^p G^m_l

+ β^m_l γ^0_l iω j∑ p=0 γ^p_l γ^0_l ω^p R^m_l . Proof. Let g be in T H^{−1/2}(curl, S_R). We have ||T^ω_j (g)||^2_{T H−1/2(div,SR)} = ε_0 μ_0 +∞∑ l=1 l∑ m=−l √ 1 + l(l + 1) ω^2 | α^m_l γ^0_l

|^2 | j∑ p=0 δ^p_l ω^p|^2

+ 1 √ 1 + l(l + 1) | β^m_l γ^0_l ω |^2| j∑ p=0 γ^p_l γ^0_l ω^p |^2.

Therefore, from Lemma 2.5 and Lemma 2.6, we can show that there exists a constant C_j such that ||T^ω_j (g)||^2_{T H−1/2(div,SR)} ≤ C_j +∞∑ l=1 l∑ m=−l √ 1 + l(l + 1) l^2

|α^m_l |^2 + l^2 √ 1 + l(l + 1) |β^m_l |^2,

≤ 3C_j +∞∑ l=1 l∑ m=−l 1 √ 1 + l(l + 1)

|α^m_l |^2 + √ 1 + l(l + 1) |β^m_l |^2, ≤ 3C_j ||g||_{T H}−1/2_{(curl,SR)}, and then we have the claim.

3 The variational problem for Maxwell’s equations

Several proofs of the existence of solutions to the scattering problem for nonhomogeneous Maxwell’s equations in unbounded domains are now known. The proof of the existence and uniqueness of a solution for the case when ε and μ are in C^2 were first given by Müller [16]. Abboud and Nédélec [2] proved existence and uniqueness for Maxwell’s equations under the same regularity assumptions on the dielectric coefficients ε and μ but possibly discontinuous across the interface dielectric medium/exterior domain. They used the standard Sobolev space H^1 as a basis of their variational problem. Costabel [8] used an other modified bilinear form coercive over H^1 to establish the existence of a solution in a bounded domain. Kirsch and Monk [11] obtained a simple variational proof of the existence of a solution based on the use of the space H(curl, Ω) where Ω is a smooth bounded domain. The crucial points in their analysis are the Hodge decomposition of the space H(curl, Ω) and the compact embedding of the set { u ∈ H(curl, Ω) : ∫ Ω ε u . −−→ grad φ = 0 for all φ ∈ H^1(Ω) } into (L^2(Ω))^3. Note that the use of the Hodge decomposition of the space H(curl, Ω) is a well-known idea for the study of Maxwell’s equations in bounded domains (see Birman and Solomyak [5] and Leis [15]). Abboud [3] has analyzed the scattering of electromagnetic waves from periodic gratings in three dimensions. His method is very close to [11] but the compactness result that he used is quite different. More recently, Hazard and Lenoir [10] obtained by adding a regularizing term such as −−→ grad div in the time-harmonic Maxwell equations an elliptic problem similar to the vector Helmholtz equation.

For the uniqueness of a solution to the scattering problem from inhomogeneities, several results are also known, but the list of such results is still incomplete. In fact, under certain regularity assumptions on ε and μ, namely ε and μ are C^{1,1} in every subdomain of the dielectric medium, it can be shown that a principle of unique continuation is valid (see Vogelsang [26]). As a consequence we would have that any solution of Maxwell’s equations is unique. For our purposes, since ε and μ are assumed to be in L^∞(B_R), we have to suppose that the Maxwell system (1) has at most only one solution. Now, following for instance Kirsch and Monk [11], to obtain a variational formulation of the Maxwell system (1) in H(curl, B_R) we shall first eliminate the magnetic field H^ω from (1). We simply substitute H^ω = 1 iωμ −−→ curl E^ω

into −−→ curl H^ω = −iωεE^ω to obtain −−→ curl 1 μ −−→ curl E^ω − ω^2ε E^ω = 0 in B_R. (20)

If we multiply (20) by a test function Φ in H(curl, B_R), integrate over B_R, and using integration by parts, we obtain ∫ B_R 1 μ −−→ curl E^ω . −−→ curl Φ − ω^2 ∫ B_R ε E^ω . Φ− (−−→ curl E^ω ∧ n, Φ_{SR} ) = 0, (21)

where the last term in this equation is to take in the sense of the duality T H^{−1/2}(div, S_R), T H^{−1/2}(curl, S_R). Now, using the definition of the electromagnetic operator T^ω, we may write ∫ B_R 1 μ −−→ curl E^ω . −−→ curl Φ − ω^2 ∫ B_R ε E^ω . Φ −iωμ_0 ( T^ω(E^ω_{SR} ), Φ_{SR} ) = iωμ_0 ( g^{in}_ω , Φ_{SR} ) , (22)

where g^{in}_ω = T^ω(E^{in}_{ω,SR} ) − H^{in}_ω ∧ n. (23) We have from [11] or [18]:

Lemma 3.1 Suppose that the Maxwell system (24) admit at most one solution. Then the variational equation (22) is uniquely solvable in H(curl, B_R).

4 The derivation of the higher-order terms

This section is probably the most important section of this article because essentially all of what follows is either based on or motivated by the results we are about to discuss. We proceed formally to reduce the calculation of higher-order terms to the solutions of certain canonical problems. Then, we shall show that each of these problems admit a unique solution. This will be accomplished with the help of the lemmas given above. The convergence of the electric and magnetic fields with these higher-order terms is the basic aim of the next section. Let us first recall that the electric and magnetic fields are solutions of the following scattering problem −−→curl H_ω = −iωε E_ω in B_R, −−→ curl E^ω = iωμ H^ω in B_R, T^ω(E^ω_{SR} ) − H^ω ∧ n = T^ω(E^{in}_{ω,SR} ) − H^{in}_ω ∧ n on S_R, (24)

where we have replaced the Silver-Müller radiation condition by the exact nonlocal boundary condition T^ω(E^ω_{SR} ) − H^ω ∧ n = T^ω(E^{in}_{ω,SR} ) − H^{in}_ω ∧ n (25) on the artificial boundary S_R.

Let us now formally expand the electric and the magnetic fields (E^ω, H^ω) in power series of the frequency ω

E^ω = +∞∑ j=0 E^j ω^j,

H^ω = +∞∑ j=0 H^j ω^j, (26)

where the fields (E^j, H^j) are in H(curl, B_R) × H(curl, B_R). Therefore, the tangential component of the electric field on S_R can be written in the form E^ω_{SR} = +∞∑ l=1 l∑ m=−l u^m_l (ω) G^m_l + v^m_l (ω) R^m_l ,

Low-frequency scattering 16

where its expansion coefficients u^{m,j}_l and v^{m,j}_l have the following expansion forms with respect to the frequency ω

u^m_l (ω) = +∞∑ j=0 u^{m,j}_l ω^j

v^m_l (ω) = +∞∑ j=0 v^{m,j}_l ω^j. From the exact nonlocal boundary condition (25) on S_R we obtain that √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l iω 1 γ^0_l ( +∞∑ j=0 δ^j_l ω^j ) ( +∞∑ j=0 u^{m,j}_l ω^j ) G^m_l

+ γ^0_l iω ( +∞∑ j=0 γ^j_l γ^0_l ω^j ) ( +∞∑ j=0 v^{m,j}_l ω^j ) R^m_l − +∞∑ j=0 ( H^j ∧ n ) ω^j = g^{in}_ω ,

where g^{in}_ω is defined by (23). Now, using the fact that ( +∞∑ j=0 δ^j_l ω^j ) ( +∞∑ j=0 u^{m,j}_l ω^j ) = +∞∑ j=0 ( j∑ p=0 δ^{j−p}u^{m,p}_l ) ω^j, and ( +∞∑ j=0 γ^j_l γ^0_l ω^j ) ( +∞∑ j=0 v^{m,j}_l ω^j ) = +∞∑ j=0 ( j∑ p=0 γ^{j−p} γ^0_l v^{m,p}_l ) ω^j, we obtain √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l iω 1 γ^0_l +∞∑ j=0 ( j∑ p=0 δ^{j−p}_l u^{m,p}_l ) ω^j G^m_l

+ γ^0_l iω +∞∑ j=0 ( j∑ p=0 γ^{j−p}_l γ^0_l v^{m,p}_l ) ω^j R^m_l − +∞∑ j=0 ( H^j ∧ n ) ω^j = g^{in}_ω . (27)

If we assume that the incident electric field E^{in}_ω is analytic with respect to ω we can write the quantity g^{in}_ω in the form g^{in}_ω = 1 ω g^{in}_{−1} + +∞∑ j=0 g^{in}_j ω^j, since γ_l(ω) is analytic with respect to ω in a real neighborhood of 0. Now, we shall show how to obtain the fields (E^j, H^j). Upon inserting the expansions (26) of (E^ω, H^ω) in the system (24), we get −−→ curl E^0 = 0 in B_R, −−→ curl H^0 = 0 in B_R,

div ε E^0 = 0 in B_R,

div μ H^0 = 0 in B_R,

(28)

and more generally, −−→ curl E^{j+1} = iμ H^j in B_R, −−→ curl H^{j+1} = −iε E^j in B_R,

div ε E^{j+1} = 0 in B_R,

div μ H^{j+1} = 0 in B_R.

(29)

To complete the derivation of the canonical problem satisfied by the field E^j or the field H^j, we need to find a boundary condition satisfied by these fields on S_R. Identifying different terms in the identity (27) following increasing powers of the frequency ω, we obtain −i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l γ^0_l v^{m,0}_l R^m_l = g^{in}_{−1},

−i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l γ^0_l ( γ1 l γ^0_l v^{m,0}_l + v^{m,1}_l ) R^m_l − H^0 ∧ n = g^{in}_0 ,

(30)

and more generally, i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l 1 γ^0_l ( j∑ p=0 δ^{j−p}_l u^{m,p}_l ) G^m_l

−γ^0_l ( j+2∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l ) R^m_l − H^{j+1} ∧ n = g^{in}_{j+1}, j ≥ 0. (31)

We first derive a boundary condition on S_R(R = 1) satisfied by the field E^0. Since { div_{SR} G^m_l = − √ l(l + 1) Y^m_l ,

div_{SR} R^m_l = 0,

(32) then by taking the surface divergence of the identity (27) for j = 0 we obtain − √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l i γ^0_l u^{m,0}_l √ l(l + 1) Y^m_l − div_{SR} (H^1 ∧ n) = div_{SR} (g^{in}_1 ). (33)

Here we have used the fact that δ^0_l = 1. But from (24) we see that div_{SR} (H^1 ∧ n) = −−→ curl H^1 . n = −iε_0 E^0 . n on S_R.

Thus − +∞∑ l=1 l∑ m=−l 1 γ^0_l u^{m,0}_l √ l(l + 1) Y^m_l + E^0 . n = − i ε_0 div_{SR} (g^{in}_1 ). (34)

Now, let the operator K : H^s(S_R) → H^{s+1}(S_R), (for our purposes s = −3/2) be defined by K(φ) = +∞∑ l=1 l∑ m=−l − 1 γ^0_l φ^m_l Y^m_l ,

(γ^0_l = l) for φ ∈ H^s(S_R) of the form φ = +∞∑ l=1 l∑ m=−l φ^m_l Y^m_l . Using the fact

that u^{m,0}_l = 0 for all l ≥ 1 and m = −l to l, the definition of the operator K and the boundary condition on S_R (34), we obtain that E^0 satisfies on S_R E^0 . n − K(div_{SR} E^0_{SR} ) = − i ε_0 div_{SR} (g^{in}_1 ). (35) Let us observe that the operator K is related to the operator D by D(g) = K(div_{SR} g), ∀ g ∈ T H^{−1/2}(curl, S_R).

Now, to derive a boundary condition on S_R satisfied by the field H^0, we carry out the same procedure. Let us first observe that from (30) we can deduce that

div_{SR} (H^0_{SR} ) = −i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l √ l(l + 1)γ^0_l v^{m,1}_l Y^m_l − curl_{SR} g^{in}_0

−i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l √ l(l + 1)γ^1_l v^{m,0}_l Y^m_l .

Low-frequency scattering 19

But − +∞∑ l=1 l∑ m=−l √ l(l + 1)v^{m,1}_l Y^m_l = div_{SR} (E^1 ∧ n) = iμ_0 H^0 . n.

Thus,

iμ_0 H^0 . n + +∞∑ l=1 l∑ m=−l √ l(l + 1)v^{m,1}_l Y^m_l = 0. (36)

Making use of the operator K, we can rewrite (36) in the more suitable form

H^0 . n − K(div_{SR} H^0_{SR} ) = −iμ_0 K(curl_{SR} g^{in}_0 ) − +∞∑ l=1 l∑ m=−l √ l(l + 1)γ^1_l γ^0_l v^{m,0}_l Y^m_l . (37)

More generally, assume that the fields (E^i, H^i) are known for i = 0 to j, we wish to derive boundary conditions satisfied by the fields (E^{j+1}, H^{j+1}) on the fictive boundary S_R. From (31) it follows that √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l i 1 γ^0_l ( j−1∑ p δ^{j−1−p} l u^{m,p}_l ) G^m_l

−iγ^0_l ( j+1∑ p=0 γ^{j+1−p} l γ^0_l v^{m,p}_l ) R^m_l − H^j ∧ n = g^{in}_j , and so, −i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l γ^0_l v^{m,j+1} l R^m_l = g^{in}_j + H^j ∧ n

−i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l 1 γ^0_l ( j−1∑ p=0 δ^{j−1−p} l u^{m,p}_l ) G^m_l

+i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l γ^0_l ( j∑ p=0 γ^{j+1−p} l γ^0_l v^{m,p}_l ) R^m_l . (38)

Low-frequency scattering 20

Thus, the expansion coefficients (v^{m,j+1}_l )_{l≥1,−l≤m≤l} are determined. Furthermore, it is easy to see that

div_{SR} { +∞∑ l=1 l∑ m=−l +i 1 γ^0_l ( j+1∑ p=0 δ^{j+1−p} l u^{m,p}_l ) G^m_l }

= div_{SR} (H^{j+2} ∧ n) + div_{SR} (g^{in}_{j+2}), = −iε_0 E^{j+1} . n + div_{SR} (g^{in}_{j+2}).

Thus,

iε_0 E^{j+1} . n + i +∞∑ l=1 l∑ m=−l √ l(l + 1) γ^0_l ( j+1∑ p=0 δ^{j+1−p} l u^{m,p}_l ) Y^m_l = div_{SR} (g^{in}_{j+2}).

Finally, we obtain that E^{j+1} satisfies on S_R the following boundary condition

E^{j+1} . n − K(div_{SR} (E^{j+1}_{SR} )) = − i ε_0 div_{SR} (g^{in}_{j+2}) + +∞∑ l=1 l∑ m=−l √ l(l + 1) γ^0_l ( j∑ p=0 δ^{j+1−p} l u^{m,p}_l ) Y^m_l . Similarly, the following identity holds for the field H^{j+1}

div_{SR} (H^{j+1}_{SR} ) + i +∞∑ l=1 l∑ m=−l γ^0_l √ l(l + 1) j+2∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l Y^m_l = curl_{SR} (g^{in}_{j+1}),

(39) which can be rewritten in the form

div_{SR} (H^{j+1}_{SR} ) + i +∞∑ l=1 l∑ m=−l γ^0_l √ l(l + 1)v^{m,j+2}_l Y^m_l = curl_{SR} (g^{in}_{j+1})

+i √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l γ^0_l √ l(l + 1) j+1∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l Y^m_l , where the expansion coefficients (v^{m,j+1}_l )_{l≥1,−l≤m≤l} are known from the identity (38). Making use of the operator K, we see that

K(div_{SR} (H^{j+1}_{SR} )) − i +∞∑ l=1 l∑ m=−l √ l(l + 1)v^{m,j+2}_l Y^m_l = K(curl_{SR} (g^{in}_{j+1}))

−i +∞∑ l=1 l∑ m=−l √ l(l + 1) j+1∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l Y^m_l .

But − +∞∑ l=1 l∑ m=−l √ l(l + 1)v^{m,j+2}_l Y^m_l = div_{SR} (E^{j+2} ∧ n),

= iμ_0 H^{j+1} . n. Thus K(div_{SR} (H^{j+1}_{SR} )) − H^{j+1} . n = iμ_0 K(curl_{SR} (g^{in}_{j+1})) − +∞∑ l=1 l∑ m=−l √ l(l + 1) j+1∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l Y^m_l on S_R. To summarize, we have the following lemma.

Lemma 4.1 Assume that the electric and magnetic fields (E^ω, H^ω) admit the asymptotic expansions (26). Then we have −−→ curl E^0 = 0 in B_R, div ε E^0 = 0 in B_R, E^0 . n − K(div_{SR} (E^0_{SR} )) = − i ε_0 div_{SR} (g^{in}_1 ) on S_R,

(40)

−−→curl H_0 = 0 in B_R,

div μ H^0 = 0 in B_R.

H^0 . n − K(div_{SR} (H^0_{SR} )) = −iμ_0 K(curl_{SR} (g^{in}_0 )) − +∞∑ l=1 l∑ m=−l √ l(l + 1) γ^1_l γ^0_l v^{m,0}_l Y^m_l on S_R,

(41)

−−→ curl E^{j+1} = iμ H^j in B_R, div ε E^{j+1} = 0 in B_R, E^{j+1} . n − K(div_{SR} (E^{j+1}_{SR} )) = − i ε_0 div_{SR} (g^{in}_{j+2}) + +∞∑ l=1 l∑ m=−l √ l(l + 1) γ^0_l ( j∑ p=0 δ^{j+1−p} l u^{m,p}_l ) Y^m_l on S_R,

(42) and −−→ curl H^{j+1} = −iε E^j in B_R,

div μ H^{j+1} = 0 in B_R.

H^{j+1} . n − K(div_{SR} (H^{j+1}_{SR} )) = −iμ_0 K(curl_{SR} (g^{in}_{j+1})) − +∞∑ l=1 l∑ m=−l √ l(l + 1) j+1∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l Y^m_l on S_R. (43)

Now, in order to prove the existence of a solution to the boundary-value problems (42) and (43) we must analyze in some detail the boundary conditions satisfied by the fields (E^j, H^j) on S_R. We shall prove the following lemma which is essential to reduce the calculation of higher-order terms (E^j , H^j)_{j≥1} to a certain canonical problem.

Lemma 4.2 a) Assume that E^i is in H(curl, B_R) for i = 1 to j. Then the quantity − i ε_0 div_{SR} (g^{in}_{j+2}) + +∞∑ l=1 l∑ m=−l √ l(l + 1) γ^0_l ( j∑ p=0 δ^{j+1−p} l u^{m,p}_l ) Y^m_l

is in H^{−1/2}(S_R).

b) Assume that E^i is in H(curl, B_R) for i = 1 to j + 1. Then the quantity

−iμ_0 K(curl_{SR} (g^{in}_{j+1})) − +∞∑ l=1 l∑ m=−l √ l(l + 1) j+1∑ p=0 γ^{j+2−p} l γ^0_l v^{m,p}_l Y^m_l

is in H^{−1/2}(S_R).

Proof. This lemma follows immediately from Lemma 2.8. We also need the following results.

Lemma 4.3 The boundary-value problem

div ε −−→grad ψ = 0 in B_R, ∂_nψ − K(Δ_{SR} ψ) = f ∈ H^{−1/2}(S_R), (44)

is uniquely solvable in H^1(B_R) within an additive constant.

Proof. Let us first prove that the homogeneous problem: find ψ ∈ H^1(B_R) satisfying div ε −−→ grad ψ = 0 in B_R, ∂_nψ − K(Δ_{SR} ψ) = 0 on S_R,

(45)

admits only the constant functions as solutions. Multiplying

div ε −−→grad ψ = 0

by ψ, integrating by parts over B_R and making use of the boundary condition on S_R, we obtain ∫ B_R ε | −−→ grad ψ|^2 + +∞∑ l=1 l∑ m=−l (l + 1) |ψ^m_l |^2 = 0,

where ψ^m_l are the expansion coefficients of ψ on S_R. Hence the problem (45) admits only the constant functions as solutions. We now show that a solution to (44) does exist. It is easy to see that if ψ ∈ H^1(B_R) satifies (44) then it is solution of the variational equation ∫ B_R ε −−→ grad ψ −−→ gradψ_t+ +∞∑ l=1 l∑ m=−l (l+1) ψ^m_l (ψ_t)^m_l = ∫ S_R f ψ_t, ∀ ψ_t ∈ H^1(B_R), where ψ^m_l and (ψ_t)^m_l are the expansion coefficents of ψ and ψ_t on S_R. Since | +∞∑ l=1 l∑ m=−l (l + 1) ψ^m_l (ψ_t)^m_l | ≤ ||ψ||_H1/2_{(SR)} ||ψ_t||_H1/2_{(SR)}, the existence follows then from the Lax-Milgram theorem.

Next, we have to prove the following lemma.

Lemma 4.4 Let f be in H(curl, B_R) such that div f = 0 in B_R, q ∈ L^∞(B_R), and φ ∈ H^{−1/2}(S_R). The boundary-value problem −−→ curl u = f in B_R, div q u = 0 in B_R, u . n − K(div_{SR} u_{SR} ) = φ on S_R,

(46)

is uniquely solvable in H(curl, B_R).

Proof. Since f ∈ H(curl, B_R) satisfies div f = 0 in B_R, we can find v ∈ H(curl, B_R) such that div q v = 0 and f = −−→ curl v in B_R. Put ũ = u − v;

then ũ satisfies −−→ curl ũ = 0 in B_R,

div q ũ = 0 in B_R,

ũ . n − K(div_{SR} ũ_{SR} ) = φ̃ on S_R,

where φ̃ = φ − v . n + K(div_{SR} v_{SR} )

is in H^{−1/2}(S_R). But −−→ curl ũ = 0 in B_R implies that ũ = −−→ grad ψ where ψ is in H^1(B_R). Lemma 4.4 follows then immediately from Lemma 4.3.

We note that the operator K(Δ_{SR} ) is the Dirichlet-Neumann operator associated to the Laplace equation in IR^3 \ B_R. Finally, we can then state:

Theorem 4.5 Assume that the electric and magnetic fields (E^ω, H^ω) admit the asymptotic expansions (26). Then the fields (E^j , H^j) are determined as the unique solutions of the boundary-value problems (40) − (43) in H(curl, B_R).

5 Convergence result

Now let M be an integer. Let (E^j, H^j) for j = 0 to M be defined recursively as the unique solutions of the boundary-value problems (40)−(43). Our aim in this section is to prove that the quantities ||E^ω − M∑ j=0 E^j ω^j||_{(L}2_{(BR))}3 , ||H^ω − M∑ j=0 H^j ω^j||_{(L}2_{(BR))}3

are of order 0(ω^{M+1}) which justifies the asymptotic expansions (26) of the electric and magnetic fields with respect to ω. The next theorem provides a new and simple proof of the convergence of the electric and magnetic fields solutions of scattering problems for Maxwell’s equations as frequency tends to zero. In our proof of the convergence we shall need the following lemmas.

Lemma 5.1 The following boundary value problem −−→ curl v = 0 in B_R,

div ε v = 0 in B_R,

v . n − D(v_{SR} ) = 0 on S_R,

(47)

has only the trivial solution in H(curl, B_R).

Proof. −−→ curl v = 0 in B_R implies that v = −−→ grad ψ where ψ ∈ H^1(B_R) must satisfy div ε −−→ grad ψ = 0 in B_R, ∂_nψ − D( −−→ grad_{SR} ψ) = 0 on S_R.

We can easily verify that the following identity holds ∫ B_R ε |−−→grad ψ|^2 + +∞∑ l=1 l∑ m=−l (l + 1) |α^m_l |^2 = 0

where α^m_l are the expansion coefficients of ψ on S_R . Hence, the function ψ is constant in B_R and Lemma 5.1 is then obvious.

Lemma 5.2 Assume that q ∈ L^∞(B_R) and q = 1 in a neighborhood of B_R. Let V = { w ∈ H(curl, B_R), div q w = 0 in B_R, w . n − D(w_{SR} ) ∈ H^{1/2}(S_R) } . Then the embedding V → (L^2(B_R))^3 is compact.

Proof. This result holds from the fact that the embeddings (H^1(B_R))^3 → (L^2(B_R))^3 and { w ∈ H(curl, B_R), div q w = 0 in B_R, w . n − D(w_{SR} ) = 0 } → (L^2(B_R))^3,

are compact (see Abboud [1] for a proof).

We can state the main result of this section:

Theorem 5.3 Let M be an integer. Let (E^j, H^j) for j = 0 to M be defined recursively as the unique solutions of the boundary-value problems (40) − (43). There exists ω_0 > 0 such that for 0 < ω < ω_0 the following estimates hold ||E^ω − M∑ j=0 E^j ω^j||_{(L}2_{(BR))}3 ≤ C ω^{M+1},

||H^ω − M∑ j=0 H^j ω^j||_{(L}2_{(BR))}3 ≤ C ω^{M+1},

(48)

where the constant C is independent of ω.

Proof. It is easy to see that the field E^ω − E^0 satisfies −−→ curl 1 μ −−→ curl (E^ω − E^0) − ω^2ε (E^ω − E^0) = ω^2εE^0 in B_R,

div ε (E^ω − E^0) = 0 in B_R, −−→ curl (E^ω − E^0) ∧ n = iωμ_0 ( T^ω(E^ω_{SR} − E^0_{SR} ) − g^{in}_ω ) +iωμ_0 T^ω(E^0_{SR} ) on S_R.

(49)

If we multiply the Maxwell equations by (E^ω − E^0), integrate over B_R, and use integration by parts, we obtain ∫ B_R 1 μ | −−→ curl (E^ω − E^0)|^2 − ω^2 ∫ B_R ε |E^ω − E^0|^2 −iωμ_0 ( T^ω(E^ω_{SR} − E^0_{SR} ), E^ω_{SR} − E^0_{SR} )

= ω^2 ∫ B_R ε E^0 . (E^ω − E^0) + iωμ_0 ( g^{in}_ω − T^ω(E^0_{SR} ), E^ω_{SR} − E^0_{SR} ) . (50)

Next, using the operator D^ω, we may write

(E^ω − E^0) . n = D^ω(E^ω_{SR} − E^0_{SR} ) + D^ω(E^0_{SR} ) + K(div_{SR} E^0_{SR} ) − i ε_0 div_{SR} (g^{in}_1 ) + E^{in}_ω . n − D^ω(E^{in}_{ω,SR} ). (51)

We are now in position to prove Theorem 5.3. Let us first observe that

T^ω(E^0_{SR} ) − 1 ω g^{in}_{−1} = √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l 1 γ^0_l v^{m,0}_l G^m_l + 0(ω), where 0(ω) is in T H^{−1/2}(div, S_R). If we assume that the quantity 1 ω ||E^ω − E^0||_{(L}2_{(BR))}3

is not bounded then from (50) we can deduce that

v^ω =

E^ω − E^0 ||E^ω − E^0||_{(L}2_{(BR))}3

converges weakly in { w ∈ H(curl, B_R), divεw = 0 in B_R } to a certain v. It is easy to see that −−→ curlv = 0, divεv = 0 in B_R and

v^ω . n − D(v^ω_{SR} ) = (D^ω − D)( E^ω ||E^ω − E^0||_{(L}2_{(BR))}3 ). From Lemma 2.7, it follows that the following identity holds ||(D^ω − D)( E^ω ||E^ω − E^0||_{(L}2_{(BR))}3 )||_H1/2_{(SR)} ≤ C ω ||v^ω||_{H(curl,BR)}, where C is a constant independent of ω and then, by Lemma 5.1 we obtain that v = 0 and then Lemma 5.2 implies that v^ω → 0 in (L^2(B_R))^3, strongly. This leads to a contradiction. The quantity ||E^ω − E^0||_{(L}2_{(BR))}3 is then of order ω. Now, in order to prove that ||H^ω − H^0||_{(L}2_{(BR))}3 is of order ω we observe that ∫ B_R 1 μ | −−→ curl (E^ω − E^0 − ωE^1)|^2 − ω^2 ∫ B_R ε |E^ω − E^0 − ωE^1|^2 −iωμ_0 ( T^ω(E^ω_{SR} − E^0_{SR} − ωE^1_{SR} ), E^ω_{SR} − E^0_{SR} − ωE^1_{SR} )

= ω^2 ∫ B_R ε E^0 . (E^ω − E^0 − ωE^1) +iωμ_0 ( g^{in}_ω − T^ω(E^0_{SR} ) − ωT^ω(E^1_{SR} ), E^ω_{SR} − E^0_{SR} − ωE^1_{SR} ) .

(52)

Since the quantity | ( g^{in}_ω − T^ω(E^0_{SR} ) − ωT^ω(E^1_{SR} ), E^ω_{SR} − E^0_{SR} − ωE^1_{SR} ) | = 0(ω) ||E^ω_{SR} − E^0_{SR} − ωE^1_{SR} ||_{T H}−1/2_{(curl,SR)}, it follows by the same argument that ||E^ω − E^0 − ωE^1||_{(L}2_{(BR))}3 is of order ω^2. But 1 μ −−→ curl (E^ω − E^0 − ωE^1) = iω(H^ω − H^0).

Thus, from (52), we can deduce that ω^2 ||H^ω − H^0||^2_{(L2(BR))3} is of order ω^4 and then, ||H^ω − H^0||_{(L}2_{(BR))}3 is of order ω. Now, since −−→curl 1 μ −−→curl (E_ω−^M∑ j=0 E^j ω^j ) −ω^2ε ( E^ω− M∑ j=0 E^j ω^j ) = ω^{M+1}ε ( E^{M−1}+ωE^M )

in B_R, proceeding in a similar way, we obtain that the estimate ||E^ω − M∑ j=0 E^j ω^j||_{(L}2_{(BR))}3 = 0(ω^{M+1}),

holds for any integer M. To complete the proof of Theorem 5.3, we see that from ||E^ω − M+1∑ j=0 E^j ω^j||_{(L}2_{(BR))}3 = 0(ω^{M+2}),

the variational equation ∫ B_R 1 μ |−−→curl (E^ω − M+1∑ j=0 E^j ω^j)|^2 − ω^2 ∫ B_R ε |E^ω − M+1∑ j=0 E^j ω^j|^2

−iωμ_0 ( T^ω(E^ω_{SR} − M+1∑ j=0 E^j ω^j), E^ω_{SR} − M+1∑ j=0 E^j_{SR} ω^j )

= ω^{M+2} ∫ B_R ε (E^M + ωE^{M+1} ) . (E^ω − M+1∑ j=0 E^j ω^j)

+iωμ_0 ( g^{in}_ω − T^ω( M+1∑ j=0 E^j_{SR} ω^j), E^ω_{SR} − M+1∑ j=0 E^j_{SR} ω^j ) , and the fact that the quantity | ( g^{in}_ω − M∑ j=0 T^ω(E^j_{SR} )ω^j, E^ω_{SR} − M∑ j=0 E^j_{SR} ω^j ) | is of order 0(ω^M ) ||E^ω_{SR} − ∑M j=0 E^j_{SR} ω^j||_{T H}−1/2_{(curl,SR)}, we have

ω^2 ∫ B_R μ |H^ω − M∑ j=0 H^j ω^j|^2 = 0(ω^{2M+4}).

Therefore, the quantity ||H^ω − M∑ j=0 H^j ω^j||_{(L}2_{(BR))}3 is of order 0(ω^{M+1}).

Appendix A. In this appendix, we give the explicit expression of the operator T^ω. Let us recall the standard vector basis functions for Maxwell’s equations M^m_l (x) = −−→curl ( x h^{(1)}_l (ω √ ε_0μ_0) Y^m_l (x) ) , N^m_l (x) = 1 iω √ ε_0μ_0 −−→ curl M^m_l (x),

where h^{(1)}_l denotes the spherical Hankel functions of the first kind and order l. From the definitions of G^m_l and R^m_l , it is easy to see that −n ∧ ( n ∧ N^m_l (x) ) = − i ω √ ε_0μ_0 √ l(l + 1) ( h^{(1)}_l (ω √ ε_0μ_0) + ω √ ε_0μ_0(h^{(1)}_l )^′(ω √ ε_0μ_0) ) G^m_l (x), and −n ∧ ( n ∧ M^m_l (x) ) = − √ l(l + 1) h^{(1)}_l (ω √ ε_0μ_0) R^m_l (x),

on S_R(R = 1). Now, if we expand the tangential vector field g^ω in the form

g^ω = +∞∑ l=1 l∑ m=−l α^m_l (ω) G^m_l + β^m_l (ω) R^m_l ,

the solution of Maxwell’s equations (3) satisfying the outgoing radiation condition can be written for |x| > R = 1 in the form (see for instance [7])

E^ω(x) = ∑ l≥1 l∑ m=−l ( δ^m_l (ω) M^m_l (x) + θ^m_l (ω) N^m_l (x) ) , with uniform convergence on compact subsets of |x| > R, where

δ^m_l (ω) = − β^m_l (ω) √ l(l + 1) h^{(1)}_l (ω √ ε_0μ_0) , and θ^m_l (ω) = iω √ ε_0μ_0 α^m_l (ω) √ l(l + 1) ( h^{(1)}_l (ω √ ε_0μ_0) + ω √ ε_0μ_0(h^{(1)}_l )^′(ω √ ε_0μ_0) ) .

Since −−→ curl M^m_l (x) = iω √ ε_0μ_0 N^m_l (x), −−→ curl N^m_l (x) = −iω √ ε_0μ_0 M^m_l (x), the magnetic field H^ω is given by

H^ω(x) = 1 μ_0 ∑ l≥1 l∑ m=−l ( δ^m_l (ω) N^m_l (x) − θ^m_l (ω) M^m_l (x) ) . Therefore, we have the following explicit representation for the operator T^ω

T^ω(g^ω) = √ ε 0 μ_0 +∞∑ l=1 l∑ m=−l iω α^m_l (ω) γ_l(ω) G^m_l + β^m_l (ω)γ_l(ω) iω R^m_l , where γ_l(ω) = 1 + ω

(h^{(1)}_l )^′(ω) h^{(1)}_l (ω) . Appendix B. In this appendix we shall give the proofs of Lemmas 2.3- 2.6.

Proof of Lemma 2.3. It is easy to see that l c^{l−1}_l c^l < 1 and c^m_l c^{m+1}_l < 1 m = 0 to l − 1.

By rewriting the quantity (l + 1 − m) c^{l−m}_l c^l = (l + 1 − m) c^{l−1}_l c^l c^{l−2}_l c^{l−1}_l . . . c^{l−m}_l c^{l−m+1} l , we obtain the claim.

Proof of Lemma 2.4. Combining the following two identities | 1 γ_l(ω) + 1 l | ≤ ω sup_{0<ω<ω0} | γ^′_l(ω) γ^2_l (ω) |, and sup 0<ω<ω0 | γ^′_l(ω) γ^2_l (ω) | ≤ C l^2 ω, where l is large enough and the constant C is independent of ω, gives the claim.

Next, from (13) and (14), we shall prove Lemma 2.5.

Proof of Lemma 2.5. Let

Q_l(t) = t^{2l}q_l(t) = c^l ( 1 + . . . + c^0_l c^l t^{2l} ) . From Lemma 2.3, it follows that there exists a complex neighborhood V of zero such that for any l ≥ 1, Q_l(t) does not have a zero in V . We can deduce that there exists a ball B_r(r > 0) such that the function ω → γ_l(ω) is analytic in B_r. (16) follows from the fact that there exists a constant C independent of ω such that |γ_l(ω)| ≤ C|γ^0_l |, ∀ ω ∈ ∂B_r. Proof of Lemma 2.6. By using the fact that there exists a complex neighorhood V of zero such that

P_l(t) = t^{2l}p_l(t) + it^{2l}

does not have a zero in V , the identity (17) holds. (18) is easily deduced from (15).

References

[1] T. Abboud, Problèmes de diffraction d’ondes électromagnétiques, Cours de DEA, Université de Paris VI (1996).

[2] T. Abboud, Formulation variationnelle des équations de Maxwell dans un réseau bipériodique de R^3, C. R. Acad. Sci., Paris, Série I, 317 (1993), 245-248.

[3] T. Abboud and J.C. Nédélec, Electromagnetic waves in an inhomogeneous medium, J. Math. Anal. Appl. 164 (1992), 40-58.

[4] H. Ammari, M. Laouadi and J.C. Nédélec, Low frequency behavior of solutions to electromagnetic scattering problems in chiral media, SIAM J. Appl. Math., to appear.

[5] M. Sh. Birman and M. Z. Solomyak, L_2-Theory of the Maxwell operator in arbitrary domains, Russian Math. Surveys 42(6) (1987),75-96.

[6] D. Colton and R. Kress, Time harmonic electromagnetic waves in an inhomogeneous medium, Proc. Roya. Soc. Edinburgh, 116 A (1990), 279-293.

[7] D. Colton and R. Kress, Inverse acoustic and electromagnetic scattering theory, Springer-Verlag (1992).

[8] M. Costabel, A coercive bilinear form for Maxwell’s equations, J. Math.

Anal. Appl. 157 (1991), 527-541.

[9] R. Dautray and J.L. Lions, Mathematical analysis and numerical methods for science and technology, Vol.3, Spectral theory and applications, Springer-Verlag, 1990.

[10] C. Hazard and M. Lenoir, On the solution of time-harmonic scatterig problem for Maxwell’s equations, SIAM J. Math. Anal., 27 (1996), 1597-1630.

[11] A. Kirsch and P. Monk, A finite element/spectral method for approximating the time-harmonic Maxwell system in R^3, SIAM J. Appl. Math., Vol. 55 (1995), 1324-1344.

[12] R.E. Kleinman, Low-frequency electromagnetic scattering, edited by Uslenghi, Academic Press 1976.

[13] R.E. Kleinman and T.B.A. Senior, Rayleigh scattering in Low and high frequency edited by V.K. Varadan and V.V. Varadan, North Holland 1986.

[14] R. Kress, On the limiting behaviour of solutions to boundary integral equations associated with time harmonic wave equations for small frequencies, Math. Meth. in Appl. Sci. 1 (1979), 89-100.

[15] R. Leis, Initial Boundary Value Problems in Mathematical Physics, Teubner and Wiley, Stuttgart, (1986).

[16] C. Müller, Fondations of the mathematical theory of electromagnetic waves, Springer-Verlag, 1969.

[17] C. Müller and H. Niemeyer, Greensche tensoren and asymptotische gesetze der elektromagnetischen hohlraumschwingungen, Arch. Rat. Mech. Anal., 7 (1961), 305-348.

[18] J. C. Nédélec, Ondes acoustiques et électromagnétiques, Équations Integrales, Cours de DEA, Imprimerie de L’École Polytechnique (1996).

[19] R. Picard, On the low frequency asymptotics in electromagnetic theory, J. Reine Angew. Math., 354, 50-73 (1984).

[20] A.G. Ramm, Iterative methods for calculating static fields and wave scattering by small bodies, Springer-Verlag, 1982.

[21] A.G. Ramm and E. Somersalo, Electromagnetic inverse problems with surface measurements at low frequencies, Inverse Problems, Vol.5 (1989), 1107-1116.

[22] A.G. Ramm, O.L. Weaver, N. Weck and K.J. Witsch, Dissipative Maxwell’s equations at low frequencies, Math. Meth. in Appl. Sci., 13 (1990), 305-322.

[23] Lord Rayleigh, On the electromagnetic theory of light, Phil. Mag. 12, 81-101, 1881.

[24] A. Stevenson, Solution of electromagnetic scattering problems as power series in the ratio (dimension of scatter/wave length), J. Appl. Phys., 24 (1953), 1134-1142.

[25] M. E. Taylor, Partial Differential Equations II, Applied Mathematical Sciences 116, Springer (1996).

[26] V. Vogelsang, On the strong unique continuation principle for inequalities of Maxwell type, Math. Ann. 289 (1991), 285-295.

[27] Ch. Weber, A local compactness theorem for Maxwell’s equations, Math. Meth. in Appl. Sci., 2 (1980), 12-25.

[28] N. Weck and K.J. Witsch, Low-frequency asymptotics for dissipative Maxwell’s equations in bounded domains, Math. Meth. in Appl. Sci., 13 (1990), 81-93.

[29] P. Werner, Randwertprobleme für die zeitabhängigen Maxwellschen gleichungen mit variablen koeffizienten, Arch. Rat. Mech. Anal., 18 (1965), 167-195.

[30] P. Werner, On the behaviour of stationary electromagnetic wave fields for small frequencies, J. Math. Anal. Appl., 15 (1966), 447-496.

[31] P. Werner, Über das verhalten elektromagnetischer felder für kleine frequenzen in mehrfach zusammenhängenden gebieten I, J. Reine Angew. Math., 278 (1975), 365-397.

[32] P. Werner, Über das verhalten elektromagnetischer felder für kleine frequenzen in mehrfach zusammenhängenden gebieten II, J. Reine Angew. Math., 280 (1976), 98-121.