An elliptic regularity result for a composite medium with “touching” fibers of circular cross-section.

Eric Bonnetier^1, Michael Vogelius^2

Abstract

In this paper we consider the elliptic equation r�aru = 0 in a two dimensional domain Ω, which contains a finite number of circular inhomogeneities (cross-sections of fibers). The coefficient, a, takes two constant values, one in all the inhomogeneities and one in the part of Ω which lies outside the inhomogeneities. A number of the inhomogeneities may possibly touch, and in spite of this we prove that any variational solution u (with sufficiently smooth boundary data) is in W^{1,∞}. For this very interesting, particular type of coefficient, our result improves a classical regularity result due to DeGiorgi and Nash, which asserts that the solution is in the Hölder class C^γ for some positive exponent γ.

1 Introduction

Consider a domain Ω ⊂ IR^2, representing the cross-section of a three dimensional body. We suppose the three dimensional body is occupied by a fiber-reinforced composite and we suppose the cross-section is taken perpendicular to the finitely many (identical) cylindrical fibers. Frequently in composites, the fibers are very closely spaced and may even touch. We suppose the strength of the fibers is different from that of the material between the fibers (the so-called matrix). When we talk about strength this could for instance refer to the shear modulus (for a problem of antiplane shear) or the conductivity (for a problem of heat or electric conduction). In all three cases the corresponding scalar variable, u, (the out of plane displacement, the temperature or the voltage potential) satisfies the elliptic equation

∇ · a∇u = 0 in Ω , (1)

with, for instance a given Dirichlet boundary condition

u = ϕ on ∂Ω . (2)

The coefficient 0 < a < ∞ takes two constant values, one in the fibers and one in the matrix. The aim of this paper is to study the behaviour of u and, in particular, its gradient near points where the fibers touch. Because the cross-section is perpendicular to the fibers, these appear as disks of identical radii. We may without loss of generality restrict attention to a situation

1CNRS, CMAP, Ecole Polytechnique, 91128 Palaiseau, France 2Department of Mathematics, Rutgers University, New Brunswick, NJ 08903, USA

with only two touching disks (fibers); for simplicity we take these to lie strictly inside Ω. We may also rescale the strength, a, so that

a(x) = 1 for x outside the two disks a(x) = a_0 for x inside the two disks . (3)

In the context of anti-plane shear it is probably physically most relevant to think of a_0 as being larger than 1 – after all, the fibers are there for reinforcement. However, in the context of heator electrical conduction there are no physical reasons why we might not have a_0 < 1 as well. We may, without loss of generality, suppose that the point where the two disks touch is located at the origin. We may also suppose that the domain Ω is of class C^∞ and symmetric in the x_1-axis, and that the boundary data ϕ is in C^∞(∂Ω). If not, we can simply take such a smooth domain inside Ω, containing the two fiber cross-sections, and rely on elliptic regularity to get that the (new) Dirichlet data is C^∞. The geometric situation is illustrated in Figure 1. For simplicity of illustration, we have drawn ∂Ω in the shape of a circle – a convention we shall follow throughout this paper. The solution u is defined variationally, by the requirements that u be in H^1(Ω) with u|_{∂Ω} = ϕ and ∫ Ω a(x)∇u∇v dx = 0 ∀v ∈ H^1_0 (Ω) . In two dimensions (as we are here) Sobolev’s imbedding theorem states that elements of H^s(Ω), 1 < s, are automatically continuous. But this is not true for all elements of H^1(Ω). However, a regularity result of DeGiorgi and Nash (cf. [3], [9] or [4]) asserts that any H^1 solution to a divergence form, scalar elliptic equation with bounded measurable coefficients such as (1), is indeed Hölder continuous inside Ω. Near ∂Ω, the coefficent a is constant, and the boundary, as well as the boundary data ϕ are C^∞, so standard elliptic boundary regularity results immediately imply that u is C^∞ there. Indeed, away from the origin (where the two disks touch) standard elliptic regularity results (for operators with constant, or piecewise constant coefficients) very easily imply that the gradient of u is bounded. The origin, however, presents a serious problem. Neither standard elliptic regularity results, nor the DeGiorgi-Nash result assert anything about the boundedness of the gradient. Such boundedness is guaranteed by the main result of this paper:

Theorem The solution u is in W^{1,∞}(Ω) for any fixed 0 < a_0 < ∞.

Since the gradient of the solution u is generically discontinuous at the interfaces between the fibers and the matrix, this theorem is optimal in terms of global regularity.

We have assumed that the circular fiber cross-sections have same radius. It is worthwhile to point out that this assumption is for convenience only. A configuration with two touching disks of different radii (say, r_1 and r_2) may quite easily be mapped conformally to a configuration consisting of two identical touching disks: pick the x_1-axis to be the common tangent for the two disks (they touch at the origin) and let z = Φ(x) denote the conformal mapping Φ(x_1, x_2) = (x_1/(x^2_1 + x^2), x_2/(x^2_1 + x^2)). Let T_c denote the vertical translation T (z_1, z_2) = (z_1, z_2 + c). With an appropriate choice of c (= ±(r_2−r_1)/4r_1r_2) the conformal mapping Ψ = Φ^{−1} ∘T_c∘Φ maps the configuration with the two different disks to a configuaration with two identical touching disks (of radius 2r_1r_2/(r_1 + r_2)). This mapping is furthermore smooth at the origin. The validity of

Figure 1: Two touching fibers.

the above theorem for two identical disks now immediately imply its validity for different disks as well: the “push-forward” w = u ∘ Ψ^{−1} of the function u is in W^{1,∞} near the origin (since it pertains to a configuration of two identical disks) and due to the regularity of Ψ the same can therefore be said about u. This “push-forward” technique works for any configuration which is conformally equivalent to two touching disks. It should be extremely interesting to study the regularity issue for configurations that are not conformally equivalent to two touching disks.

In the context of antiplane shear, a∇u represents the stresses (internal forces). Most linear fracture models suppose that fracturing will occur at points with extreme stress concentrations. The fact that the (shear) stresses remain bounded, even near points where the fibers touch, strongly indicates that separation between circular fibers and the matrix is not a likely mechanism for the onset of fracture. The result proven in this paper only applies to a scalar equation, it would be of utmost interest to extend this to the full system of linear elasticity.

To indicate that the behaviour of u near the origin is not entirely obvious (and not always the same) let us change to the (conformally) different situation shown in Figure 2 :two conical shapes symmetrically touching, with a = a_0 inside the two shapes, a = 1 outside. For a fixed a_0, the solution is in C^γ with γ uniformly bounded away from zero (independently of the size of the interior angle of the conical shapes). This is consistent with the result of DeGiorgi and Nash, which asserts that u is of a minimal Hölder class that only depends on the aspect ratio of the coefficient. The Hölder exponent γ is smallest when the conical shapes have interior angles α = π/2. For a_0 ≠ 1 Figure 3 shows the “generic γ” as a function of a_0 for the two possible symmetries of the solution u: one where u is odd with respect to the x_1 axis, and one where u is even with respect to the x_1 axis. Corresponding to this “generic γ”, there is locally near the origin an H^1 solution to (1), which in polar coordinates has the form

r^γ(a cos γθ + b sin γθ) ,

with a different pair of constants (a, b) in each of the four sectors. This γ is the smallest exponent for which a solution of this form exists in H^1. γ is very easily characterized as the smallest positive solution to a certain determinant identity (expressing that the system of linear equations for the coefficient pairs (a, b) has a nontrivial solution). An analysis very

Figure 2: Two touching conical shapes.

similar to that found in [5] would show that near the origin any solution has, generically, the same behaviour as this special solution. It is clear from the graph, that a general solution u, which contains elements of both symmetries, is never in W^{1,∞} (except when a_0 = 1) indeed, depending on a_0, its regularity may not be better than C^γ for any arbitrarily small positive γ.

The fact that u is not in W^{1,∞}(Ω) in this situation can be explained in terms of a “corner effect”. Consider the geometric situation where the two convex shapes are ϵ > 0 apart vertically. The solution will then have two singularities which arise due to the corners in the interfaces. Each corner has an angle of π/2. Figure 4 shows the generic Hölder coefficient for any solution corresponding to an interface with angle π/2 (and conductivity ratio 1 : a_0). Figure 4 corresponds to the lower half of Figure 3; if we had considered solutions with a special symmetry, the curve on the right side (of a_0 = 1) would continue smoothly into the left quadrant, and vice versa. It is clear that, for ϵ > 0, a general solution is never in W^{1,∞}(Ω) (except when a_0 = 1), and it is quite natural to expect that this does not in any way improve in the limit ϵ → 0, when the two shapes touch.

But the “corner effect” is not the whole story in Figure 3: the regularity situation has clearly become significantly worse when compared to that in Figure 4. For fixed ϵ > 0, Figure 4 clearly indicates that any solution will at least be in C^{2/3}(Ω), independently of a_0. However, when the shapes touch (for ϵ = 0) Figure 3 clearly indicates that the regularity may not be better than C^γ for any arbitrarily small positive γ, depending on the size of a_0. The touching may thus induce a loss of almost a factor of 2/3 in terms of differentiability.

We now return to the case of (identical) circular fibers. The extreme situations that formally correspond to a_0 = 0 and a_0 = ∞ are somewhat particular. The corresponding solutions are now (essentially) only defined in Ω \ { the fibers }. If the boundary point, where the two fibers touch (the origin) is thought of as two different boundary points of Ω \{ the fibers }, then these solutions are always C^∞ in the interior and up to the boundary of Ω \ { the fibers }. With this convention we also have that all the derivatives of order ≥ 1 vanish at the origin. In the case a_0 = 0, and for a certain symmetry of the data, we generically have that the solution u^0 is multivalued at the origin, i.e., it has a different limit when approaching the origin from the cusp on the left than when approaching the origin from the cusp on the right. For a_0 = ∞, the

Figure 3: The generic γ as a function of a_0 for symmetrically touching conical shapes of interior angle π/2

solution u^∞ is always single valued at the origin. We refer the reader to the appendix, where these issues are discussed in more detail.

An interesting project would be to consider the case where the fibers are very close, but not touching. Say, the circular cross-sections are ϵ apart vertically. For the case of a_0 = 0 (as well as a_0 = ∞) the discontinuity mentioned above gives the existence of solutions, the gradients of which become unbounded at the origin as the distance ϵ approaches zero. This phenomenon has been noted and studied in detail by several authors ( cf. [2], [8] and [6]). We again refer to the appendix, where some of this work is discussed in a little more detail. For fixed 0 < a_0 < ∞, we conjecture that the gradient near the origin stays bounded independently of ϵ. We base this conjecture, among other things, on some very accurate calculations communicated to us by Börje Andersson of the Aeronautical Research Institute of Sweden [1]. For special boundary conditions, such as those corresponding to the solutions considered in [2] and [8], it is not unlikely that the mapping technique used there would make it possible to establish this uniform boundedness. However, for general boundary conditions we have at the moment no proof of this conjecture.

2 A reduced problem

Since Ω is symmetric in the x_1-axis, the boundary condition u|_{∂Ω} = ϕ(x) may also be written: u|_{∂Ω} =^1_2 (ϕ(x) − ϕ(x)) +^1_2 (ϕ(x) + ϕ(x)), where x = (x_1, −x_2) denotes the reflection of the point x = (x_1, x_2). As a consequence, we may separate our boundary value problem into one of two cases: 1) the solution u is odd in the x_1-axis, 2) the solution u is even in the x_1-axis.

In case the boundary data (and thus the solution, u) is even in the x_1-axis, consider the

Figure 4: The generic γ as a function of a_0 for a single conical shape of interior angle π/2

a-harmonic conjugate to u. This function, v, is related to u by a∇u = ∇v^⊥ = ( −^{∂v}_{∂x2∂v} ∂x_1 ) , (4)

and it solves ∇ · a^{−1}(x)∇v = 0 in Ω .

From (4) it follows immediately that on ∂Ω a^{−1}∇v · n = −a^{−1}∇v · τ^⊥ = a^{−1}∇v^⊥ · τ = ∂u ∂τ , where τ denotes the counter-clockwise tangent. Since u is even it now follows that v (normalized by ∫ Ω v dx = 0) is odd in the x_1-axis.

In the rest of this paper we shall concentrate on the case where u is odd in the x_1-axis, and prove that the gradient of u is bounded. The exact same argument that we present could of course be applied to the (odd) function v (the only difference being that a_0, the conductivity inside the two fibers, gets replaced by a^{−1}_0 ) thus proving that the gradient of v stays bounded in Ω. Because of the relationship (4) this immediately implies that ∇u is also bounded in Ω in the case where u is even in the x_1-axis. By means of the splitting introduced at the beginning of this section, this now verifies the boundedness of ∇u in the general case (without any symmetry assumptions).

Under the assumption that u is odd in the x_1-axis it indeed suffices to consider the boundary value problem in the half-domain, Ω_+ = { (x_1, x_2) ∈ Ω : 0 < x_2 }, with the additional boundary condition u = 0 at x_2 = 0 (cf. Figure 5). For simplicity we shall from now on assume that the fiber has radius 1, so that its boundary is given by the equation x^2_1 + (x^2 − 1)^2 = 1.

Figure 5: The reduced geometric setup.

Figure 6: The geometric situation with the “auxiliary” boundary.

3 An auxiliary boundary value problem

Let D_ϵ denote the disk D_ϵ = {(x_1, x_2) : x^2_1 + (x_2 − ϵ)^2 = ϵ^2}, centered at (0, ϵ), with radius ϵ. For small, positive ϵ we introduce an auxiliary function u_ϵ as the solution to the boundary value problem

∇ · a(x)∇u_ϵ = 0 in Ω_+ , u_ϵ = ϕ on ∂Ω_+ \ {x_2 = 0} , u_ϵ = 0 on {x_2 = 0} and on ∂D_ϵ .

For a geometric illustration, see Figure 6.

The conductivity, a, is as given before. The solution, u, whose gradient we are trying to bound, solves the corresponding “limiting” boundary value problem

∇ · a(x)∇u = 0 in Ω_+ , u = ϕ on ∂Ω_+ \ {x_2 = 0} , u = 0 on {x_2 = 0} .

A fairly direct argument shows that

Proposition 3.1 Let u_ϵ and u be as defined above, with u_ϵ extended to all of Ω_+ by setting it to zero on D_ϵ. Then u_ϵ → u in H^1(Ω_+) as ϵ → 0. Let K denote a compact subset of Ω_+ \ { x^2_1 + (x_2 − 1)^2 = 1 }. Then u_ϵ → u in C^∞(K) as ϵ → 0.

Proof Let 0 ≤ ψ ≤ 1 be in C^∞(IR^2) with

ψ(y) = 0 for |y| ≤ 1 , and ψ(y) = 1 for |y| ≥ 2 , and define the function v_ϵ by v_ϵ(x) = u(x)ψ( x_1 ϵ , x_2 − ϵ ϵ ) . The function v_ϵ ∈ H^1(Ω_+) satisfies v_ϵ = ϕ on ∂Ω_+ \ { x_2 = 0 } , v_ϵ = 0 on { x_2 = 0 } and on ∂D_ϵ .

Thus, due to Dirichlet’s principle [∫ Ω+\Dϵ a|∇u_ϵ|^2 dx ]_1/_2 ≤ [∫ Ω+\Dϵ a|∇v_ϵ|^2 dx ]_1/_2

≤ [∫ Ω+\Dϵ a|∇u|^2 dx ]_1/_2 + 1 ϵ [∫ Ω+\Dϵ a|u|^2|∇ψ( x_1 ϵ , x_2 − ϵ ϵ )|^2 dx

]_1/_2

= [∫ Ω+\Dϵ a|∇u|^2 dx ]_1/_2

+ o(1) .

For the last estimate we have used the fact that ∇ψ(y) vanishes for |y| ≥ 2, and the fact that u is continuous at 0 with u(0) = 0 (due to the result of DeGiorgi and Nash) to conclude that [∫ Ω+\Dϵ a|u|^2|∇ψ( x_1 ϵ , x_2 − ϵ ϵ )|^2 dx

]_1/_2 ≤ Cϵ max Ω+∩{x21+(x2−ϵ)2≤4ϵ2} |u| = o(ϵ) . Since u_ϵ has been extended to be zero on D_ϵ, and since u is in H^1(Ω_+), it follows that ∫ Ω+ a|∇u_ϵ|^2 dx ≤ ∫ Ω+ a|∇u|^2 dx + o(1) . (5) On the other hand, Dirichlet’s principle also gives ∫ Ω+ a|∇u|^2 dx ≤ ∫ Ω+ a|∇u_ϵ|^2 dx . (6) A combination of (5) and (6) yields ∫ Ω+ a|∇u_ϵ|^2 dx = ∫ Ω+ a|∇u|^2 dx + o(1) . (7) It is easy to see that ∫ Ω+ a|∇(u_ϵ − u)|^2 dx = ∫ Ω+ a|∇u_ϵ|^2 dx − ∫ Ω+ a|∇u|^2 dx , and therefore by insertion of (7) ∫ Ω+ a|∇(u_ϵ − u)|^2 dx → 0 as ϵ → 0 . Since u_ϵ = u = 0 on { x_2 = 0 }, it follows immediately that u_ϵ → u in H^1(Ω_+).

The statement about C^∞ convergence follows from elliptic regularity theory and from the fact that ϕ comes from an odd C^∞ function on all of ∂Ω. We have to exclude the curve { x^2_1 + (x_2 − 1)^2 = 1 }, since the coefficient a is discontinuous across it. 2

Figure 7: The geometric situation in the z-coordinates.

4 Preliminary estimates

It turns out to be somewhat simpler to work with the variables (z_1, z_2) = Φ(x_1, x_2), given by the conformal transformation

Φ(x_1, x_2) = ( x_1 x^2_1 + x^2 , x_2 x^2_1 + x^2 ) . The geometric situation is now as illustrated in Figure 7. The “outer” boundary ∂Ω ∩ {x_2 > 0} maps to the “inner” boundary S. The circle {x^2_1 + (x_2 − 1)^2 = 1} (the fiber) and the circle {x^2_1 + (x_2 − ϵ)^2 = ϵ^2} (the additional boundary for u_ϵ) map to the horizontal straight lines z_2 = 1/2 and z_2 = 1/2ϵ respectively. The inside of these circles map to the halfplanes z_2 > 1/2 and z_2 > 1/2ϵ respectively. The lower boundary {x_2 = 0 , − R < x_1 < R^′} maps to the straight part of the lower boundary, {z_2 = 0 , z_1 < −1/R or 1/R^′ < z_1}. Since Φ is a conformal mapping, it follows immediately that ∫ Ω+ a(x)|∇_xv|^2 dx = ∫ Φ(Ω+)

A(z)|∇_zV |^2 dz , ∀v ∈ H^1(Ω_+) . (8)

Here A and V are related to a and v by

V (z) = v ∘ Φ^{−1}(z) , A(z) = a ∘ Φ^{−1}(z) .

The transformed solutions U(z) = u ∘ Φ^{−1}(z) and U_ϵ(z) = u_ϵ ∘ Φ^{−1}(z) satisfy the differential equations ∇ · A(z)∇U = 0 for z ∈ Φ(Ω_+) and ∇ · A(z)∇U_ϵ = 0 for z ∈ Φ(Ω_+) , z_2 < 1/2ϵ .

The transformed conductivity A(z) = A(z_2) has the form

A(z) = 1 for z_2 < 1/2, A(z) = a_0 for z_2 > 1/2 .

On the “inner” boundary S the functions U and U_ϵ satisfy the boundary conditions

U(z) = U_ϵ(z) = ϕ ∘ Φ^{−1}(z) .

Furthermore, U satisfies

U = 0 on the lower straight boundary {z_2 = 0, z_1 < −1/R or 1/R^′ < z_1} , and U_ϵ satisfies U_ϵ = 0 on the lower straight boundary {z_2 = 0, z_1 < −1/R or 1/R^′ < z_1} , and on {z_2 = 1/2ϵ} . From the energy identity (8) and the fact that u, u_ϵ ∈ H^1(Ω_+), with u_ϵ → u, it follows immediately that ∫ Φ(Ω+) |∇U|^2 dz < ∞ and ∫ Φ(Ω+)∩{z2<1/2ϵ} |∇U_ϵ|^2 dz < C , independently of ϵ . (9)

The function U(z) tends to zero as |z| → ∞ (this follows from the fact that u is continuous and has the value 0 at the origin). A simple calculation, using separation of variables, shows that the auxiliary function, U_ϵ, has the expansion

U_ϵ(z) = ∞∑ n=1 β_{n,ϵ}ϕ_{n,ϵ}(z_2)e^− √_{λn,ϵ z1} for z_1 sufficiently positive , (10)

U_ϵ(z) = ∞∑ n=1 β^′_{n,ϵ}ϕ_{n,ϵ}(z_2)e √_{λn,ϵ z1} for z_1 sufficiently negative , (11)

where λ_{n,ϵ} > 0 and ϕ_{n,ϵ}(·) are the eigenvalues and the eigenvectors of the two point boundary value problem −(A(·)ϕ^′)^′ = λA(·)ϕ , in (0, 1/2ϵ) ϕ(0) = ϕ(1/2ϵ) = 0 . (12) Since the coefficient A is bounded from above and is bounded away from zero, it is not difficult to see that d(nϵ)^2 ≤ λ_{n,ϵ} ≤ D(nϵ)^2 , for some constants 0 < d < D, independent of n and ϵ. We assume the ϕ_{n,ϵ} are normalized by ‖ϕ_{n,ϵ}‖_L2_{(0,1/2ϵ)} = 1. Note that there are no exponentially increasing terms in either of the representations (10) and (11) due to the second inequality from (9). Using the same inequality from (9) (and a standard trace theorem) it follows that there exists z^∗_1 > 0, such that ∞∑ n=1 (β_{n,ϵ})^2e^{−2} √_{λn,ϵ z�1} ≤ C‖U_ϵ|_{z1=z}�_1 ‖^2_L2_{(0,1/2ϵ)} ≤ C_ϵ ∫ Φ(Ω+)∩{0≤z1≤z�1 , 0≤z2≤1/2ϵ } |∇U_ϵ|^2 dz < ∞ , for any fixed ϵ > 0. Similarly we get that ∞∑ n=1 (β_{n,ϵ})^2e^{−2} √_{λn,ϵ z�1} < ∞ for any fixed ϵ > 0. As a consequence of these two bounds and the fact that d(nϵ)^2 ≤ λ_{n,ϵ} ≤ D(nϵ)^2, it follows immediately that |U_ϵ(z)| ≤ C_ϵe^{−cϵ|z1|} for |z_1| sufficiently large, uniformly in 0 < z_2 < 1/2ϵ. That is, for a fixed ϵ, the function U_ϵ converges exponentially to zero as |z_1| → ∞.

Consider the restriction of U_ϵ to the horizontal line z_2 = 1 (supposing ϵ < 1/2). By simple integration by parts and Hölder’s inequality ∫ z_2=1

U^2_ϵ dz_1 ≤ C ∫ Φ(Ω+)∩{z2<1} ( ∂ ∂z_2 U_ϵ )_2 dz + ∫ S U^2_ϵ ds_z . Using the energy bound (9) for U_ϵ and the boundedness of the boundary values of U_ϵ on S, we now obtain ∫ z_2=1

U^2_ϵ dz_1 ≤ C (∫ Φ(Ω+)∩{z2<1} |∇U_ϵ|^2 dz + ∫ S ( ϕ ∘ Φ^{−1} )_2 ds_z ) ≤ C . (13)

The fact that U_ϵ(z) approaches 0 exponentially fast as z_1 → ±∞ along the line z_2 = 1, translates into the fact that the function u_ϵ(x), restricted to the corresponding circle { x^2_1 + (x_2 − 1/2)^2 = 1/4 }, is C^∞, with its value and all the values of its tangential derivatives vanishing at zero. Let v_ϵ denote the solution to △v_ϵ = 0 in { x^2_1 + (x_2 − 1/2)^2 < 1/4 } , v_ϵ = u_ϵ on { x^2_1 + (x_2 − 1/2)^2 = 1/4 } .

We introduce one more auxiliary function V_ϵ(z), the “push-forward” of the function v_ϵ V_ϵ(z) = v_ϵ ∘ Φ^{−1}(z) .

V_ϵ is defined on the halfplane {z_2 > 1}. V_ϵ, together with all its derivatives with respect to z_1, converges to zero as |z| → ∞, and it satisfies △V_ϵ = 0 in { z_2 > 1 } , V_ϵ = U_ϵ on { z_2 = 1 } .

We have the following representation for V_ϵ

V_ϵ(z_1, z_2) =

(z_2 − 1) π ∫_∞ −∞ U_ϵ(s, 1) (z_1 − s)^2 + (z_2 − 1)^2 ds , from which it immediately follows that |V_ϵ(z_1, z_2)| ≤ C(z_2 − 1)‖U_ϵ(·, 1)‖_Lp_{(−∞,∞)}‖ 1 (z_1 − ·)^2 + (z_2 − 1)^2 ‖_Lq_{(−∞,∞)} ≤ C(z_2 − 1)^{− 1p} ‖U_ϵ(·, 1)‖_Lp_{(−∞,∞)} . (14) Here 1 ≤ p ≤ ∞, and^1_p +^1_q = 1. Note that we are not asserting that ‖U_ϵ(·, 1)‖_Lp_{(−∞,∞)} is finite for all 1 ≤ p ≤ ∞. For any integer k ≥ 1, we similarly get | | | | | | ( ∂ ∂z_1 )k V_ϵ(z_1, z_2) | | | | | | ≤ C(z_2 − 1)^{−k− 1p} ‖U_ϵ(·, 1)‖_Lp_{(−∞,∞)} . (15) The estimates (13), (14) and (15) (the latter two for p = 2) lead to

Lemma 4.1 Let 0 < α. Then there exists a constant C, independent of ϵ, such that |U_ϵ(z)| ≤ C|z|^{−1/2} , | | | | | ∂ ∂z_1 U_ϵ(z) | | | | | ≤ C|z|^{−3/2} , and | | | | | ( ∂ ∂z_1 )_2 U_ϵ(z) | | | | | ≤ C|z|^{−5/2} , for z ∈ { max(2, α|z_1|) ≤ z_2 ≤ 1/2ϵ }.

Proof Let V_ϵ be as above. The function U_ϵ − V_ϵ satisfies

△(U_ϵ − V_ϵ) = 0 in { 1 < z_2 < 1/2ϵ } , U_ϵ − V_ϵ = 0 on { z_2 = 1 } , (16) U_ϵ − V_ϵ = O( √ ϵ) on { z_2 = 1/2ϵ } .

The estimate of U_ϵ − V_ϵ on { z_2 = 1/2ϵ } follows from (13) and (14) with p = 2. For any fixed ϵ we also have that (U_ϵ − V_ϵ)(z) → 0 as |z_1| → ∞ (uniformly on 1 ≤ z_2 ≤ 1/2ϵ). An application of the maximum principle to (16) now yields |(U_ϵ − V_ϵ)(z)| ≤ C √ ϵ on { 1 ≤ z_2 ≤ 1/2ϵ } ,

and therefore, based on (13) and (14) with p = 2 |U_ϵ(z)| ≤ C( √ ϵ + z^{−1/2}_2 ) on { 2 ≤ z_2 ≤ 1/2ϵ } .

It follows from this that |U_ϵ(z)| ≤ C|z|^{−1/2} on { max(2, α|z_1|) ≤ z_2 ≤ 1/2ϵ } , as desired. A similar argument may be used to derive the desired estimates for^∂_{∂z1} U_ϵ and ( ∂ ∂z_1 )_2

U_ϵ, the only difference being that one applies (15) with k = 1 and 2 in place of (14). 2 The following result will prove convenient both here and later.

Lemma 4.2 Let 0 < M_0, 0 < γ and 0 < α, with arctan α <^π_{2(γ+1)} . Suppose W_ϵ is continuous on { M_0 ≤ z_1 , 0 ≤ z_2 ≤^1_{2ϵ} }, continuously differentiable on each of the sets { M_0 ≤ z_1 ,^1_2 ≤ z_2 ≤^1_{2ϵ} } and { M_0 ≤ z_1 , 0 ≤ z_2 ≤^1_2 }, and satisfies, in a weak sense

∇ · A(z)∇W_ϵ = 0 in { M_0 < z_1 , 0 < z_2 < 1/2ϵ }

W_ϵ = 0 on { M_0 ≤ z_1 , z_2 = 1/2ϵ } and { M_0 ≤ z_1 , z_2 = 0 } .

Suppose furthermore that |W_ϵ(M_0, z_2)| ≤ K_0 for 0 ≤ z_2 ≤ αM_0, and that, for fixed ϵ, W_ϵ(z)z^γ_1 → 0 as z_1 → ∞, uniformly on 0 ≤ z_2 ≤ 1/2ϵ. Then

|W_ϵ(z)| ≤ C_0|z|^{−γ} on { M_0 ≤ z_1 , αM_0 ≤ z_2 ≤ 1/2ϵ } ∩ { z_2 = αz_1 }

implies that

|W_ϵ(z)| ≤ C^′_0|z|^{−γ} on { M_0 ≤ z_1 , 0 ≤ z_2 ≤ min(αz_1, 1/2ϵ) } ,

with C^′_0 depending on C_0, M_0, K_0, α and γ, but otherwise independent of W_ϵ (and ϵ).

Figure 8: The semi-infinite strip. The dashed line represents the conductivity discontinuity at z_2 = 1/2. The “inner” boundary S is illustrated as a semi-circle.

Proof The proof differs slightly depending on whether a_0 < 1 or a_0 > 1. We start by considering the case a_0 < 1. Let μ(z) denote the function

μ(z) = r^{−γ} sin γ(θ + δ) ,

where (r, θ) denotes polar coordinates centered at the origin. Let P_ϵ denote the semi-infinite strip bounded by the four lines { z_2 = 0 }, { z_1 = M_0 }, { z_2 = αz_1 }, and { z_2 = 1/2ϵ } (see Figure 8).

The function μ is clearly harmonic in P_ϵ. We also calculate ∂μ ∂z_2 = sin θ ∂μ ∂r + cos θ r ∂μ ∂θ = −γr^{−γ−1}(sin θ sin γ(θ + δ) − cos θ cos γ(θ + δ) ) = γr^{−γ−1} cos( (γ + 1)θ + γδ) .

Due to the condition arctan α <^π_{2(γ+1)} , it follows that 0 ≤ θ ≤ α <^π_{2(γ+1)} on P_ϵ. By selecting 0 < δ sufficiently small we may thus obtain

0 < (γ + 1)θ + γδ < π/2 on P_ϵ .

It follows immediately that

μ(z) > 0 for z ∈ P_ϵ , and ∂μ ∂z_2 (z) > 0 for z ∈ P_ϵ . (17)

Now consider the function w_ϵ(z) = W_ϵ(z) μ(z) . A simple calculation gives that

△w_ϵ + 2 1 μ ∇μ · ∇w_ϵ = 0 in P_ϵ \ { z_2 = 1/2 } , (18) and a_0 ∂w_ϵ ∂z_2 + − ∂w_ϵ ∂z_2 − = (1 − a_0) 1 μ ∂μ ∂z_2 w_ϵ on the half-line { z_2 = 1/2 } ∩ P_ϵ . (19)

The equation (18) , the fact that w_ϵ attains the value 0 on ∂P_ϵ, and the fact that w_ϵ(z) → 0 as z_1 → ∞, imply that w_ϵ attains it extremal values (min and max) on ∂P_ϵ or on the half-line { z_2 = 1/2 } ∩ P_ϵ. The condition (19) rules out the posibility that an extremal value can be attained on { z_2 = 1/2 } ∩ P_ϵ unless w_ϵ is constant (= 0): if a maximum was attained at z_0 ∈ { z_2 = 1/2 } ∩ P_ϵ then w_ϵ(z_0) ≥ 0 and thus, according to (17) and (19),

a_0 ∂w_ϵ ∂z_2 + (z_0) − ∂w_ϵ ∂z_2 − (z_0) ≥ 0 .

(Remember we are in the case a_0 < 1). However, Hopf’s version of the maximum principle asserts that if w_ϵ is not constant (= 0) then^{∂wϵ}_{∂z2}^+(z_0) ≤ 0 and^{∂wϵ}_{∂z2}^−(z_0) ≥ 0, and at least one of these values is nonzero. Consequently

a_0 ∂w_ϵ ∂z_2 + (z_0) − ∂w_ϵ ∂z_2 − (z_0) < 0 ,

and this represents a contradiction. Corresponding to a minimum we would have w_ϵ(z_0) ≤ 0, and the same argument as above would lead to a contradiction (unless w_ϵ = 0).

We may therefore conclude that the extremal values of w_ϵ are always attained on ∂P_ϵ. Let d_0 denote the constant d_0 = sin γδ .

It follows that 0 < d_0, and that d_0 only depends on γ and δ. It is quite easy to see that

|w_ϵ(z)| ≤ K_0d^{−1}_0 M^γ_0 (1 + α^2)^{γ/2}

on {z_1 = M_0 , 0 ≤ z_2 ≤ αM_0}, and that

|w_ϵ(z)| ≤ C_0d^{−1}_0

on {M_0 ≤ z_1 , αM_0 ≤ z_2 ≤ 1/2ϵ} ∩ {z_2 = αz_1}. Together these two estimates show that

|w_ϵ(z)| ≤ C^′_0 on ∂P_ϵ ,

with C^′_0 = d^{−1}_0 max(C_0, K_0M^γ_0 (1 + α^2)^{γ/2}). Since the extremal values of w_ϵ are attained on the boundary of P_ϵ, we immediately conclude that |w_ϵ(z)| ≤ C^′_0 in P_ϵ, and thus |W_ϵ(z)| ≤ C^′_0|z|^{−γ} in P_ϵ , exactly as desired (for a_0 < 1).

In the case a_0 > 1 we introduce the funtion μ = r^{−γ} cos γθ. We now calculate ∂μ ∂z_2 = sin θ ∂μ ∂r + cos θ r ∂μ ∂θ = −γr^{−γ−1}(sin θ cos γθ + cos θ sin γθ ) = −γr^{−γ−1} sin(γ + 1)θ . Therefore μ(z) > 0 for z ∈ P_ϵ , and ∂μ ∂z_2 < 0 for z ∈ P_ϵ .

The argument from before works in an identical fashion with this function, since the signs of 1 − a_0 and^∂_{∂z2} μ have both changed, so that^1_μ (1 − a_0)^∂_{∂z2} μ stays positive. The constant d_0 gets replaced by d^′_0 = cos γθ_α > 0 ,

with θ_α = arctan α. This shows that |W_ϵ(z)| ≤ C^′_0|z|^{−γ} in P_ϵ , exactly as desired (for a_0 > 1 as well). 2 Based on the two previous lemmas it is now fairly simple to prove

Proposition 4.3 There exists a constant C, independent of ϵ, such that the functions U_ϵ satisfy |U_ϵ(z)| ≤ C|z|^{−1/2} , | | | | | ∂ ∂z_1 U_ϵ(z) | | | | | ≤ C|z|^{−3/2} , and | | | | | ( ∂ ∂z_1 )_2 U_ϵ(z) | | | | | ≤ C|z|^{−5/2} , for z ∈ Φ(Ω_+) ∩ { z_2 < 1/2ϵ }.

Proof Select 0 < α so that arctan α < π/3, and select 0 < M so that 2 < αM, and so that the line { z_1 = M } does not intersect the “inner” boundary S. Elliptic regularity results (in combination with the uniform energy bound for U_ϵ) easily give |U_ϵ(M, z_2)| ≤ K for 0 ≤ z_2 ≤ αM , with K independent of ϵ. We also have that U_ϵ(z)z^{1/2}_1 → 0 as z_1 → ∞ (uniformly on 0 ≤ z_2 ≤ 1/2ϵ). Indeed, U_ϵ decreases exponentially as z_1 → ∞. From Lemma 4.1 we know that |U_ϵ(z)| ≤ C|z|^{−1/2} on { M ≤ z_1, αM ≤ z_2 ≤ 1/2ϵ } ∩ { z_2 = αz_1 } . Application of Lemma 4.2 with γ = 1/2 now gives |U_ϵ(z)| ≤ C^′|z|^{−1/2} on {M ≤ z_1, 0 ≤ z_2 ≤ min(αz_1, 1/2ϵ) } , with C^′ independent of ϵ. For 0 ≤ z_1, max(αM, αz_1) ≤ z_2 ≤ 1/2ϵ it follows immediately from Lemma 4.1 that |U_ϵ(z)| ≤ C|z|^{−1/2} . For z outside S, 0 ≤ z_1 ≤ M and 0 ≤ z_2 ≤ αM (the remainder of Φ(Ω_+) ∩ { 0 ≤ z_1, z_2 ≤ 1/2ϵ }) elliptic regularity results yield that |U_ϵ(z)| ≤ C ≤ C|z|^{−1/2} . In summary, we have thus verified that

|U_ϵ(z)| ≤ C|z|^{−1/2} in Φ(Ω_+) ∩ { 0 ≤ z_1, z_2 < 1/2ϵ } .

A similar argument (e.g. using U_ϵ(−z_1, z_2) in place of U(z_1, z_2)) proves the same estimate in Φ(Ω_+)∩{ z_1 ≤ 0, z_2 < 1/2ϵ }, thus completing the proof of the first assertion of this proposition. Almost identical arguments with γ = 3/2 and γ = 5/2 lead to the desired estimates for^∂_{∂z1} U_ϵ and ( ∂ ∂z_1 )_2

U_ϵ respectively. Note that these functions also solve the type of boundary value problem required in Lemma 4.2. 2 Since U_ϵ → U,^∂_{∂z1} U_ϵ →^∂_{∂z1} U and ( ∂ ∂z_1 )_2 U_ϵ → ( ∂ ∂z_1 )_2

U pointwise inside Φ(Ω_+) \{z_2 = 1/2}

(Proposition 3.1) and since U,^∂_{∂z1} U, and ( ∂ ∂z_1 )_2

U are all continuous in Φ(Ω_+), we derive from the above proposition

Corollary 4.4 There exists a constant C such that |U(z)| ≤ C|z|^{−1/2} , | | | | | ∂ ∂z_1 U(z) | | | | | ≤ C|z|^{−3/2} , and | | | | | ( ∂ ∂z_1 )_2 U(z) | | | | | ≤ C|z|^{−5/2} , for z ∈ Φ(Ω_+).

Based on the use of Proposition 4.3 we are able to establish improved estimates for U_ϵ and U that immediately lead to a proof of our main theorem.

5 The improved estimates

We extend the function A to all of the halfplane 0 < z_2 by setting it to 1 in the domain bounded by S = Φ(∂Ω ∩ {x_2 > 0}) and {z_2 = 0}, and we introduce the new variables z̃ = (z̃_1, z̃_2) as follows z̃_1 = z_1 , z̃_2 = a_0 ∫ z_2 0 1 A(s) ds = { z_2 +^{a0−1}_2 , z_2 > 1/2 a_0z_2 , z_2 < 1/2 .

(20)

The transformed function Ũ(z̃) = U(z) solves

(Ã(z̃_2) a_0

)_2 ( ∂ ∂z̃_1 )_2 + ( ∂ ∂z̃_2 )_2 Ũ = 0 for z̃ ∈ Φ̃(Ω_+) ,

with the domain Φ̃(Ω_+) defined by

z̃ ∈ Φ̃(Ω_+) if and only if z ∈ Φ(Ω_+) .

See Figure 9. We have illustrated the stretched “inner” boundary S̃ as the upper half of an ellipse.

The function Ã is defined by Ã(z̃_2) = A(z_2), where z̃_2 and z_2 are related by the second formula in (20). From the above definitions it follows immediately that

△_{z̃}Ũ = 0 for a_0/2 < z̃_2 , and △_{z̃}Ũ = (1 − 1 a^2_0 ) ( ∂ ∂z̃_1 )_2

Ũ for z̃ ∈ Φ̃(Ω_+) ∩ {z̃_2 < a_0/2} .

Figure 9: The streched geometry. The dashed line represents the location of the discontinuity of the coefficient Ã.

Similarly, △_{z̃}Ũ_ϵ = 0 for a_0/2 < z̃_2 <

1 + ϵ(a_0 − 1) 2ϵ , and △_{z̃}Ũ_ϵ = (1 − 1 a^2_0 ) ( ∂ ∂z̃_1 )_2

Ũ_ϵ for z̃ ∈ Φ̃(Ω_+) ∩ {z̃_2 < a_0/2} .

Let Ẽ denote the domain bounded by the inner boundary S̃ and {z̃_2 = 0}. In Figure 9 it is represented by the inside of the half-ellipse. We now extend both Ũ (and Ũ_ϵ) to all of the halfplane 0 < z̃_2 (the strip 0 < z̃_2 <^{1+ϵ(a0−1)}_{2ϵ} ) in such a way that the extensions are zero on z̃_2 = 0 and are C^{2,β} bounded in a neighborhood of Ẽ (independently of ϵ). This may be done since, near S̃, Ũ and Ũ_ϵ are C^∞, and uniformly bounded in all C^k norms (due to elliptic regularity results and the uniform energy estimate). As a conseqence we get that

△_{z̃}Ũ = 0 for a_0/2 < z̃_2 ,

△_{z̃}Ũ = (1 − 1 a^2_0 ) ( ∂ ∂z̃_1 )_2

Ũ + f(z̃) for 0 < z̃_2 < a_0/2 ,

where f is uniformly bounded and supported in the closure of Ẽ. We also get that

△_{z̃}Ũ_ϵ = 0 for a_0/2 < z̃_2 <

1 + ϵ(a_0 − 1) 2ϵ , △_{z̃}Ũ_ϵ = (1 − 1 a^2_0 ) ( ∂ ∂z̃_1 )_2

Ũ_ϵ + f_ϵ(z̃) for 0 < z̃_2 < a_0/2 ,

where the f_ϵ are uniformly bounded (independently of ϵ) and supported in the closure of Ẽ. The functions Ũ, Ũ_ϵ and the gradients ∇_{z̃}Ũ, ∇_{z̃}Ũ_ϵ are continuous across the line z̃_2 = a_0/2, so the above piecewise formulas entirely describe (the distributions) △_{z̃}Ũ and △_{z̃}Ũ_ϵ. Let g_ϵ denote the function g_ϵ = (1 −^1_{a20} ) ( ∂ ∂z̃_1 )_2

Ũ_ϵ + f_ϵ (in Ẽ) and define

Ṽ^∗_ϵ (z̃) = a^{20} − 1 4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E [ log(|z̃_1 − s|^2 + |z̃_2 − t|^2)

− log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] ( ∂ ∂s )_2 Ũ_ϵ(s, t) dsdt + 1 4π ∫ Ẽ [ log(|z̃_1 − s|^2 + |z̃_2 − t|^2)

− log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] g_ϵ(s, t) dsdt . It is not difficult to see that Ṽ^∗_ϵ satisfies

△_{z̃}Ṽ^∗_ϵ = 0 for a_0/2 < z̃_2 ,

△_{z̃}Ṽ^∗_ϵ = (1 − 1 a^2_0 ) ( ∂ ∂z̃_1 )_2

Ũ_ϵ + f_ϵ(z̃) for 0 < z̃_2 < a_0/2 , and

Ṽ^∗_ϵ = 0 at z̃_2 = 0 .

Ṽ ∗_ϵ and ∇_{z̃}Ṽ ∗_ϵ are continuous across the line z̃_2 = a_0/2, so the above piecewise formula entirely describe (the distribution) △_{z̃}V^∗_ϵ . The second order derivative ( ∂ ∂z̃_1 )_2

Ṽ ∗_ϵ is also continuous

across the line z̃_2 = a_0/2, but the second order derivative ( ∂ ∂z̃_2 )_2

Ṽ ∗_ϵ is in general discontinuous.

Lemma 5.1 For any fixed ϵ we have that |Ṽ^∗_ϵ (z̃)| → 0 , | | | | ∂ ∂z̃_1 Ṽ^∗_ϵ (z̃) | | | | → 0 , and | | | | | | ( ∂ ∂z̃_1 )_2

Ṽ^∗_ϵ (z̃) | | | | | | → 0 ,

as |z̃_1| → ∞, uniformly for z̃ ∈ { 0 < z̃_2 <^{1+ϵ(a0−1)}_{2ϵ} }.

Proof Since the function g_ϵ is uniformly bounded independently of ϵ, and since

log(|z̃_1 − s|^2 + |z̃_2 − t|^2) − log(|z̃_1 − s|^2 + |z̃_2 + t|^2) = −2t

2(z̃_2 + θ) |z̃_1 − s|^2 + |z̃_2 + θ|^2 , where −a_0/2 < θ < a_0/2 (when 0 < t < a_0/2) it follows immediately that the last integral in the definition of Ṽ^∗_ϵ , 1 4π ∫ Ẽ [ log(|z̃_1 − s|^2 + |z̃_2 − t|^2) − log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] g_ϵ(s, t) dsdt , converges to 0 as |z_1| → ∞ (uniformly for 0 < z_2 <^{1+ϵ(a0−1)}_{2ϵ} ) . Let Ẽ^c denote the set Ẽ^c = { (s, t) : 0 < t < a_0/2 } \ Ẽ . The first integral in the definition of Ṽ^∗_ϵ may be bounded by C ∫ Ẽ^c∩{ |z̃_1−s|<|z̃_1 |/2 } [ | | |log(|z̃_1 − s|^2 + |z̃_2 − t|^2) | | | + | |log(|z̃_1 − s|^2 + |z̃_2 + t|^2) | | ] | ( ∂ ∂s )_2 Ũ_ϵ(s, t)| dsdt

+C ∫ Ẽ^c∩{ |z̃_1−s|≥|z̃_1 |/2 } t |z̃_2 + θ| |z̃_1 − s|^2 + |z̃_2 + θ|^2 | ( ∂ ∂s )_2 Ũ_ϵ(s, t)| dsdt . (21)

As |z̃_1| → ∞ (for 0 < z̃_2 <^{1+ϵ(a0−1)}_{2ϵ} ) the second integral in (21) is bounded by C_ϵ 1 |z̃_1|^2 ∫ Ẽ^c | ( ∂ ∂s )_2 Ũ_ϵ(s, t)| dsdt , which clearly approaches 0 (the integral in this estimate is uniformly bounded in ϵ according to Proposition 4.3). For 0 < z̃_2 <^{1+ϵ(a0−1)}_{2ϵ} , 0 < t < a_0/2 we have

| log(|z̃_1 − s|^2 + |z̃_2 − t|^2)| ≤ | log(|z̃_1 − s|^2)| + K_ϵ , and | log(|z̃_1 − s|^2 + |z̃_2 + t|^2)| ≤ | log(|z̃_1 − s|^2)| + K_ϵ , so that the first integral in (21) becomes bounded by C_ϵ ∫ Ẽ^c∩{ |z̃_1−s|<|z̃_1 |/2 } (| log(|z̃_1 − s|^2)| + 1)| ( ∂ ∂s )_2 Ũ_ϵ(s, t)| dsdt ≤ C_ϵe^{−cϵ|z̃1|} ∫ Ẽ^c∩{ |z̃_1−s|<|z̃_1|/2 } (| log(|z̃_1 − s|^2)| + 1) dsdt ≤ C_ϵe^{−cϵ|z̃1|}|z̃_1| | log(|z̃_1|^2)| as |z̃_1| → ∞ . Here we used that |z̃_1 − s| < |z̃_1|/2 ⇒ |s| > |z̃_1|/2, and that | | | ( ∂ ∂s )_2 Ũ_ϵ(s, t) | | | decreases exponentially in |s| (uniformly in t, for fixed ϵ). This proves that the first integral in the definition of Ṽ^∗_ϵ converges to 0 as |z̃_1| → ∞ (uniformly for 0 < z_2 <^{1+ϵ(a0−1)}_{2ϵ} ) and it thus verifies the asymptotic statement concerning Ṽ^∗_ϵ . For the first and second order derivatives of Ṽ^∗_ϵ with respect to z̃_1 we write (for |z̃_1| large) ( ∂ ∂z̃_1 )k Ṽ^∗_ϵ (z̃) = a^{20} − 1 4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E [ log(|z̃_1 − s|^2 + |z̃_2 − t|^2)

− log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] ( ∂ ∂s )_{2+}k Ũ_ϵ(s, t) dsdt

+ 1 4π ∫ Ẽ [ ( ∂ ∂z̃_1 )k log(|z̃_1 − s|^2 + |z̃_2 − t|^2) − ( ∂ ∂z̃_1 )k log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] g_ϵ(s, t) dsdt , and apply an argument very similar to that above. 2 Let H(x, y) denote the function H(x, y) = 2(y^2 − x^2) (x^2 + y^2)^2 .

For a_0/2 < z̃_2 a fairly straightforward computation gives ( ∂ ∂z̃_1 )_2

Ṽ^∗_ϵ (z̃_1, z̃_2) = a^{20} − 1 4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E [ H(z̃_1 − s, z̃_2 − t)

−H(z̃_1 − s, z̃_2 + t) ] ( ∂ ∂s )_2 Ũ_ϵ(s, t) dsdt + 1 4π ∫ Ẽ [H(z̃_1 − s, z̃_2 − t) − H(z̃_1 − s, z̃_2 + t)] g_ϵ(s, t) dsdt . By use of Taylor’s formula we now get ( ∂ ∂z̃_1 )_2

Ṽ^∗_ϵ (z̃_1, z̃_2)

= − a^2_0 − 1 4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E 2t H_y(z̃_1 − s, z̃_2 + θ) ( ∂ ∂s )_2 Ũ_ϵ(s, t) dsdt − 1 4π ∫ Ẽ 2t H_y(z̃_1 − s, z̃_2 + θ)g_ϵ(s, t) dsdt , (22)

where θ lies between −a_0/2 and a_0/2 (and depends on z̃_1 − s, z̃_2 and t). The derivative H_y is given by |H_y(x, y)| = | y(12x^2 − 4y^2)

(x^2 + y^2)^3

| ≤ Cy^{−3} 1 < y . (23)

From Proposition 4.3 we know that | ( ∂ ∂s )_2

Ũ_ϵ(s, t)| ≤ C(s^2 + t^2)^{−5/4}

for (s, t) ∈ Ẽ^c. We also know that g_ϵ is uniformly bounded on Ẽ, independently of ϵ. Combining these two facts with (22) and (23) we now conclude that | | | | | ( ∂ ∂z̃_1 )_2

Ṽ^∗_ϵ (z̃_1, z̃_2) | | | | | ≤ Cz̃^{−3}_2 1 + a_0/2 < z̃_2 , (24)

with C independent of ϵ. By an entirely similar argument (taking just one derivative, or no derivative at all) we obtain the estimates | | | | | ∂ ∂z̃_1 Ṽ^∗_ϵ (z̃_1, z̃_2) | | | | | ≤ Cz̃^{−2}_2 , and | | |Ṽ^∗_ϵ (z̃_1, z̃_2) | | | ≤ Cz̃^{−1}_2 for 1 + a_0/2 < z̃_2 . (25)

The estimates (24) and (25) are stronger than the corresponding estimates (14) and (15) (with p = 2) by a factor of z̃^{−1/2}_2 . Not surprisingly, these estimates for Ṽ^∗_ϵ lead to improvements of the results of Lemma 4.1 by a factor of |z|^{−1/2}.

Lemma 5.2 Let 0 < α. Then there exists C, independent of ϵ, such that |U_ϵ(z)| ≤ C|z|^{−1} , | | | | | ∂ ∂z_1 U_ϵ(z) | | | | | ≤ C|z|^{−2} , and | | | | | | ( ∂ ∂z_1 )_2 U_ϵ(z) | | | | | | ≤ C|z|^{−3} , for z ∈ { max(2, α|z_1|) ≤ z_2 ≤ 1/2ϵ }.

Proof The function Ũ_ϵ − Ṽ^∗_ϵ satisfies

△(Ũ_ϵ − Ṽ^∗_ϵ ) = 0 for 0 < z̃_2 <

1 + ϵ(a_0 − 1) 2ϵ , Ũ_ϵ − Ṽ^∗_ϵ = 0 at z̃_2 = 0 ,

Ũ_ϵ − Ṽ^∗_ϵ = O(ϵ) at z̃_2 = 1 + ϵ(a^0 − 1) 2ϵ , and Ũ_ϵ − Ṽ^∗_ϵ → 0 as |z_1| → ∞ (uniformly for 0 < z̃_2 <^{1+ϵ(a0−1)}_{2ϵ} ). The desired estimate for U_ϵ

follows by an application of the maximum principle just as in the proof of Lemma 4.1 (possibly

with a smaller coefficient α^′) and then a return to the z coordinates. The estimates for^∂_{∂z1} U_ϵ and ( ∂ ∂z_1 )_2

U_ϵ follow in a completely similar manner. 2 Based on Lemma 4.2 and Lemma 5.2 it is now possible to establish

Proposition 5.3 There exists a constant C, independent of ϵ, such that the functions U_ϵ

satisfiy |U_ϵ(z)| ≤ c|z|^{−1} , | | | | | ∂ ∂z_1 U_ϵ(z) | | | | | ≤ C|z|^{−2} , and | | | | | ( ∂ ∂z_1 )_2 U_ϵ(z) | | | | | ≤ C|z|^{−3} , for z ∈ Φ(Ω_+) ∩ { z_2 < 1/2ϵ }.

Proof The proof is exactly the same as that of Proposition 4.3. 2 Taking the limit ϵ → 0, we conclude just as before

Corollary 5.4 There exists a constant C, such that |U(z)| ≤ C|z|^{−1} , | | | | | ∂ ∂z_1 U(z) | | | | | ≤ C|z|^{−2} , and | | | | | | ( ∂ ∂z_1 )_2 U(z) | | | | | | ≤ C|z|^{−3} , for z ∈ Φ(Ω_+).

6 The proof of the main theorem

Going back to the function Ũ , one can check that it has the representation formula

Ũ(z̃) = a^{20} − 1

4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E [ log(|z̃_1 − s|^2 + |z̃_2 − t|^2)

− log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] ( ∂ ∂s )_2 Ũ(s, t) dsdt + 1 4π ∫ Ẽ [ log(|z̃_1 − s|^2 + |z̃_2 − t|^2) (26)

− log(|z̃_1 − s|^2 + |z̃_2 + t|^2) ] g(s, t) dsdt , where g denotes the function

g = (1 − 1 a^2_0 ) ( ∂ ∂z̃_1 )_2 Ũ + f ,

in Ẽ. To see this, it suffices to notice that the right hand side of (26) satisfies the same equation and the same boundary condition as Ũ, and to verify that it also converges to zero as |z̃| tends to infinity. The fact that the two integrals in (26) converge to zero for 0 < z̃_2 < K as |z̃_1| → ∞, follows from an argument very similar to that used in the proof of Lemma 5.1 (one compensates for the fact that Ũ does not necessarily decrease exponentially in z_1 by using the decay estimate of Corollary 4.4). As we shall observe later, it is not difficult to prove that these two integrals are also bounded by Cz̃^{−1}_2 (uniformly in z̃_1) as z̃_2 → ∞. A combination of these two facts yields that the right hand side in the formula (26) converges to zero as |z̃| → ∞, which now implies that it is indeed a representation of Ũ. For a_0/2 < z̃ we calculate ∂ ∂z_2 Ũ (z̃) = a^{20} − 1 4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E [ 2(z̃_2 − t) |z̃_1 − s|^2 + |z̃_2 − t|^2 − 2(z̃_2 + t) |z̃_1 − s|^2 + |z̃_2 + t|^2 ] ( ∂ ∂s )_2 Ũ(s, t) dsdt + 1 4π ∫ Ẽ [ 2(z̃_2 − t) |z̃_1 − s|^2 + |z̃_2 − t|^2 − 2(z̃_2 + t) |z̃_1 − s|^2 + |z̃_2 + t|^2 ] g(s, t) dsdt . Introducing K(x, y) =^{2y}_{x2+y2} , we obtain ∂ ∂z_2 Ũ(z̃) = −a^{20} − 1 4πa^2_0 ∫ {(s,t) : 0<t<a_0/2}\^~E 2tK_y(z̃_1 − s, z̃_2 + θ) ( ∂ ∂s )_2 Ũ(s, t) dsdt − 1 4π ∫ Ẽ 2tK_y(z̃_1 − s, z̃_2 + θ)g(s, t) dsdt , with θ lying between −a_0/2 and a_0/2 (and depending on z̃_1 − s, z̃_2 and t). Since |K_y(x, y)| = |^{2(x2−y2 )}

(x^2+y^2)^2 | ≤ Cy

−2, 1 < y, the known decay of ( ∂ ∂s )_2

Ũ (Corollary 4.4) and the boundedness of g imply | | | | | ∂ ∂z̃_2 Ũ(z̃) | | | | | ≤ Cz̃^{−2}_2 , 1 + a_0/2 < z̃_2 . (27)

An argument identical to that given just above (taking no derivative) would immediately yield that the two integrals in the right hand of the formula (26) are bounded by Cz̃^{−1}_2 (we needed this fact earlier when we showed that (26) is indeed a representation of Ũ ). Rewritten in terms of the z coordinates, (27) gives | | | | | ∂ ∂z_2 U(z) | | | | | ≤ Cz^{−2}_2 , 1/2 + c < z_2 , (28) for some 0 < c. Using the fact that ( ∂ ∂z_2 A(z_2) ∂ ∂z_2 U(z) ) = −A(z_2) ( ∂ ∂z_1 )_2

U(z) = O(|z|^{−3}) , z ∈ Φ(Ω_+) , (29)

as asserted by Corollary 5.4, we are now able to prove that

Lemma 6.1 There exists a constant C, such that | | | | | ∂ ∂z_2 U(z) | | | | | ≤ C|z|^{−2} , for z ∈ Φ(Ω_+) \ {z_2 = 1/2}.

Proof From (28) it follows immediately that | | | | ∂ ∂z_2 U(z) | | | | ≤ Cz^{−2}_2 ≤ C|z|^{−2} for max(1/2 + c, |z_1|) ≤ z_2 . (30)

For 0 < z_2 and max(K, z_2) ≤ |z_1| (with K sufficiently large) we have that ( A ∂ ∂z_2 U ) (z_1, z_1) − ( A ∂ ∂z_2 U ) (z_1, z_2) = ∫ z_1 z_2 ( ∂ ∂z_2 A ∂ ∂z_2 U ) (z_1, t) dt , and therefore | | | | ( A ∂ ∂z_2 ) U(z_1, z_2) | | | | ≤ C|z|^{−2} + C ∫ z_1 z_2

(|z_1|^2 + |t|^2)^{−3/2} dt

≤ C|z|^{−2} for max(K, z_2) ≤ |z_1| . (31)

Here we have used the estimates (29) and (30) (and the fact that we may select K > 1/2 + c) to derive the first inequality. Based on a combination of (30) and (31) we conclude that | | | | | ∂ ∂z_2 U(z) | | | | | ≤ C|z|^{−2} for |z| > √ 2K, z /∈ {z_2 = 1/2} . The function A is discontinuous across {z_2 = 1/2} and the derivative^∂_{∂z2} U is not properly defined there; this is why we subtract the set {z_2 = 1/2}. The above estimate in combination with an elliptic regularity estimate (for |z| small) immediately leads to the desired result. 2 Combining Corollary 5.4 and Lemma 6.1 we finally arrive at

Theorem 6.2 The solution, u ∈ H^1(Ω), to the boundary value problem (1), with conductivity a given by (3), is in W^{1,∞}(Ω) for any fixed 0 < a_0 < ∞ .

Proof We already know (cf. [4]) that u ∈ C^β(Ω) for some β > 0. From standard elliptic regularity results we also know that u is smooth, and therefore bounded, near ∂Ω. It thus suffices to prove that ∇u ∈ L^∞(Ω). As already explained earlier (in section two) we may restrict attention to u that are odd in the x_1-axis. For such u, it suffices to show that |∇u| ≤ C in Ω_+ \ { x^2_1 + (x_2 − 1)^2 = 1 } = (Ω ∩ { 0 < x_2 }) \ { x^2_1 + (x_2 − 1)^2 = 1 }. The solution u has the form u(x) = U ∘ Φ(x) , where U has been studied in the preceeding three sections. We calculate

∇u(x) = DΦ^t(x)(∇_zU)(Φ(x)) . (32)

The matrix DΦ is given by

DΦ = ∂z_1 ∂x_1 ∂z_1 ∂x_2 ∂z_2 ∂x_1 ∂z_2 ∂x_2 ,

and a simple computation yields | | | | | ∂z_i ∂x_j | | | | | = | | | | | δ_{ij}(x^2_1 + x^2) − 2x_ix_j

(x^2_1 + x^2)^2 | | | | | ≤ C 1 x^2_1 + x^2 x ∈ Ω_+ . (33)

At the same time, Corollary 5.4 and Lemma 6.1 give that

|∇_zU(Φ(x))| ≤ C|Φ(x)|^{−2} = C(x^2_1 + x^2) for x ∈ Ω_+ \ { x^2_1 + (x_2 − 1)^2 = 1 } . (34)

Combining (32), (33), and (34) we finally obtain

|∇u(x)| ≤ C x ∈ Ω_+ \ { x^2_1 + (x_2 − 1)^2 = 1 } ,

as desired. 2 Remark In the appendix we shall see that the case which formally corresponds to a_0 = 0 admits solutions that are discontinuous at the origin. Thus, it would not be reasonable to expect the solution u (given fixed boundary data) to have a gradient that is uniformly bounded, independently of a_0. The L^∞ norm of |∇u| may well become unbounded as a_0 approaches 0. By duality the same phenomenon may also occur as a_0 approaches ∞.

7 Appendix

In this appendix we give a short review of what happens in the two cases that at least formally correspond to a_0 = 0 and a_0 = ∞. In both cases the relevant boundary value problems live in Ω \ { the fibers }. They require that

△u^0 = △u^∞ = 0 in Ω \ { the fibers } , (35)

with ∂ ∂n u^0 = 0 on the boundaries of the fibers , (36) and u^∞ = constant on the boundary of each fiber , (37) respectively. The constants in the boundary condition (37) are not arbitrary, they are those for which the energy expression attains its smallest value. On the boundary ∂Ω, the two solutions satisfy the common boundary condition

u^0 = u^∞ = ϕ .

Given smooth boundaries, the solutions u^0 and u^∞ would be obtained as limits of the solution to (1), as a_0 tends to 0 and as a_0 tends to ∞ respectively. We suspect that the same holds true for boundaries with cusps as here, but we have not carried out the analysis. This is why we use the terminology “formally corresponding to a_0 = 0 and a_0 = ∞”.

In the transformed variables z = Φ(x), with Φ as before, the equations (35)–(37) become

△U^0 = △U^∞ = 0 in { z ∈ Φ(Ω) , − 1/2 < z_2 < 1/2 } , (38)

with ∂ ∂z_2 U^0 = 0 on z_2 = ±1/2 , (39) and U^∞ = c_± on z_2 = ±1/2 , (40) respectively. The common boundary condition on ∂Ω transforms into

U^0 = U^∞ = ϕ ∘ Φ^{−1} on Φ(∂Ω) .

For the moment we restrict attention to the boundary value problem for U^0. At the very end of this section, we return to make some remarks about the boundary value problem for U^∞. As mentioned previously, any solution to this boundary value problem may be written as a sum of two harmonic functions in { z ∈ Φ(Ω) , − 1/2 < z_2 < 1/2 }, one which is even in the z_1-axis and one which is odd. These two functions have somewhat different behaviour. We first consider the even function, which, when restricted to the interval 0 < z_2 < 1/2, is a solution to

△U^0 = in { z ∈ Φ(Ω) , 0 < z_2 < 1/2 } , ∂ ∂z_2 U^0 = 0 on { z_2 = 1/2 } and on { z ∈ Φ(Ω) , z_2 = 0 } , (41)

U^0 = ϕ ∘ Φ^{−1} on {z ∈ Φ(∂Ω) , 0 < z_2 } .

Separation of variables now immediately gives that U^0 must have the form

U^0(z_1, z_2) = β_0 + ∞∑ n=1 β_n cos(2nπz_2)e^{−2nπz1} for z_1 sufficiently positive , (42)

U^0(z_1, z_2) = β^′_0 + ∞∑ n=1 β^′_n cos(2nπz_2)e^{2nπz1} for z_1 sufficiently negative . (43)

Conversely any function, U^0, that is defined by (42) for z_1 > 0 and by (43) for z_1 < 0, is a solution to △U^0 = 0 in {z_1 ≠ 0}

Figure 10: The function f.

with boundary conditions ∂ ∂z_2 U^0 = 0 on {z_2 = 0} and on {z_2 = 1/2} .

We shall now use this fact to construct a rather large class of solutions.

Select β_0 and β^′_0 arbitrarily, and let f(z_2) denote any smooth, even and periodic function with period 1, such that f(z_2) = β^′_0 −β_0 for r < z_2 < 1/2 (0 < r) and such that

∫_1/_2

0 f(s) ds = 0.

A graph of such a function on the interval (0, 1/2) is illustrated in Figure 10. The value of r is selected small enough, so that the line segment {z_1 = 0 , 0 < z_2 < r } lies inside Φ(IR^2 \ Ω).

Let β_n, n ≥ 1, be the cosine Fourier coefficients of the function f/2, i.e. 2 ∞∑ n=1 β_n cos(2nπz_2) = f(z_2) . (44)

Since the integral of f is zero, the expansion does not contain any 0’th order term . Since f is smooth, the β_n converge very fast to zero.

Let β^′_n, n ≥ 1, be given by β^′_n = −β_n , (45) and consider U^0 defined by (42) for z_1 > 0, respectively by (43) for z_1 < 0. Due to (44), (45), and the fact that f(z_2) = β^′_0 − β_0 for r < z_2 < 1/2, we observe that U^0 is continuous across the line segment { z_1 = 0 , r < z_2 < 1/2 }. The fact that β^′_n = −β_n insures that^∂_{∂z2} U^0 is even in z_1, and thus automatically continuous across the line segment { z_1 = 0 , r < z_2 < 1/2 }. We conclude that this U^0 is indeed harmonic in all of Φ(Ω) ∩ { 0 < z_2 < 1/2 }, and satisfies the boundary conditions ∂ ∂z_2 U^0 = 0 on { z_2 = 1/2 } and on { z ∈ Φ(Ω) , z_2 = 0 } .

The values of U^0 on Φ(∂Ω) ∩ { 0 < z_2 } (the remainder of the boundary) naturally depend on f, and correspond to a particular choice of ϕ.

Since β_0 and β^′_0 were chosen arbitrarily we have β^′_0 ≠ β_0 in general. In the z coordinates β_0 and β^′_0 are the limits of U^0 at z_1 = +∞ and z_1 = −∞ respectively. In the x-coordinates these are the limits of u^0 as we approach the origin through the cusp on the right and through the cusp on the left respectively.

We have thus constructed a family of solutions which are discontinuous at the origin (and even in the x_1-axis). This should be the typical behaviour of solutions, when the data ϕ is odd in the x_2-axis (and even in the x_1-axis).

If the data ϕ is even in both the x_2- and the x_1-axis, then we must necessarily have β^′_n = β_n for all 0 ≤ n (in the expansion (42) and (43)) and so u^0 has to be continuous at the origin. If the data ϕ is odd in the x_1-axis then it is very easy, again by separation of variables, to see that u^0 is continuous at the origin (its value is zero).

In all the cases considered above the function u^0 is C^∞ inside each of the cusps and all its derivatives (of order ≥ 1) vanish at the origin.

Let us now briefly return to the case a_0 = ∞. When ϕ is even in the x_1-axis, separation of variables readily gives that U^∞(z) must have the form

U^∞(z_1, z_2) − c_0 = ∞∑ n=1 β_n cos((2n + 1)πz_2)e^{−(2n+1)πz1} for z_1 sufficiently positive ,

U^∞(z_1, z_2) − c_0 = ∞∑ n=1 β^′_n cos((2n + 1)πz_2)e^{(2n+1)πz1} for z_1 sufficiently negative ,

where c_0 is the common value attained on the fibers (there is just one constant value, due to the evenness of the solution). It follows immediately that u^∞ is continuous at 0 (in the x-coordinates), and that all its derivatives vanish at 0. When ϕ is odd in the x_1-axis, so are u^∞ and U^∞. Separation of variables thus yields

U^∞(z_1, z_2) − 2c_0z_2 = ∞∑ n=1 β_n sin(2nπz_2)e^{−2nπz1} for z_1 sufficiently positive , (46)

U^∞(z_1, z_2) − 2c_0z_2 = ∞∑ n=1 β^′_n sin(2nπz_2)e^{2nπz1} for z_1 sufficiently negative , (47)

where c_0 is the value attained on the upper fiber. However, in this case the requirement that u^∞ be H^1 in the x-coordinates, implies that the gradients ∇u^∞ and ∇U^∞ must be L^2 in the x- and in the z-coordinates respectively. Thus, c_0 must be equal to 0. It follows, using the representation (46) and (47), that u^∞ is continuous at x = 0 (it has value 0), and that, similarly, all its derivatives vanish at x = 0.

The fact that all the solutions are C^∞, when regarded as functions in just each individual cusp, would also follow from the analysis in [7].

As mentioned earlier, it would be very interesting to analyse the geometric setting, when the fibers are close but not quite touching, say, the cross-sections are ϵ apart vertically. A few things can be said related to the calculations carried out above, as the distance ϵ tends to 0. When the boundary value ϕ is odd in the x_2-axis but even in the x_1-axis, then the singularity mentioned above for u^0 gives rise to a gradient (an x_1-derivative^∂_{∂x1} u^0_ϵ (0)) which becomes unbounded as ϵ tends to zero. The solution u^∞ for the case of a ϕ, which is even in the x_2-axis but odd in the x_1-axis, is related to the previous solution by harmonic conjugation (rotation of the gradient by 90 degrees). We thus in general, in this case, also obtain a gradient (an x_2-derivative^∂_{∂x2} u^∞_ϵ (0)) which becomes unbounded as ϵ tends to zero. This in spite of the fact that there is no irregularity in the “limiting” solution when the fibers touch. The rate at which this gradient becomes unbounded has actually been calculated in [2], for a special solution corresponding to uniform antiplane shear (see also [8]). For this special solution, the rate turns out to be ϵ^{−1/2}; we believe this is the generic rate for the above mentioned symmetries in the boundary data. It should also be mentioned that for two touching fibers and 0 < a_0 < ∞, Budiansky and Carrier ([2]) calculate a finite value for the stress ( a^∂_{∂x2} u ) (0) of the same special (antiplane shear) solution. This calculation relates ( a^∂_{∂x2} u ) (0) to the “shear at infinity”.

Acknowledgments This work was initiated while Eric Bonnetier was visiting the Department of Mathematics at Rutgers University; it was completed while Michael Vogelius was visiting the Centre Emile Borel at the Institut Henri Poincaré. The hospitality of these two institutions is gratefully acknowledged. Michael Vogelius also gratefully acknowledges the support of the National Science Foundation under grant DMS-9704575. Both authors would like to thank Ivo Babuska of the University of Texas for stimulating discussions and communications that provoked their initial interest in this problem.

References

[1] B. Andersson, Private communication.

[2] B. Budiansky, G. F. Carrier, High shear stresses in stiff fiber composites. J. App. Mech., 51, pp. 733–735, (1984).

[3] E. DeGiorgi, Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli regolari. Mem. Accad. Sci. Torino Cl. Sci. Fis. Natur., 3, pp. 25–43, (1957).

[4] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order.

Grundlehren der Mathematischen Wissenschaften, vol. 224, Springer-Verlag, Berlin (1983).

[5] P. Grisvard, Elliptic Problems in Nonsmooth Domains. Pitman, Boston (1985).

[6] J. B. Keller, Stresses in narrow regions. J. Appl. Mech., 60, pp. 1054–1056, (1993).

[7] V. A. Kozlov, V. G. Maz’ya and J. Rossmann, Elliptic Boundary Value Problems in Domains with Point Singularities. Mathematical Surveys and Monographs, vol. 52, AMS, Providence, (1997).

[8] X. Markenscoff, Stress amplification in vanishingly small geometries. Computational Mechanics, 19, pp. 77–83, (1996).

[9] J. Nash, Continuity of solutions of parabolic and elliptic equations. Amer. J. Math.,80, pp.

931–954, (1958).