Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results  Power utility: an example
[e]e]e} 00000 0000 (e]e] 0000000

Exponential and power utility maximization
problems under partial information: some
convergence results.

Marina Santacroce

Politecnico di Torino
Joint work with D. Covello and M. Mania
New advances in Backward SDEs for financial engineering

applications
Tamerza, 25th October 2010



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results Power utility: an example
[e]e]e} 00000 0000 (e]e] 0000000

Outline

Utility maximization under partial information: semimartingale setting
Semimartingale model
Expected utility and partial information
Equivalent problem and solution



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results Power utility: an example
[e]e]e} 00000 0000 (e]e] 0000000

Outline

Utility maximization under partial information: semimartingale setting
Semimartingale model
Expected utility and partial information
Equivalent problem and solution

Exponential utility maximization
Assumptions
Equivalent problem
Value process and BSDE



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results Power utility: an example
[e]e]e} 00000 0000 (e]e] 0000000

Outline

Utility maximization under partial information: semimartingale setting
Semimartingale model
Expected utility and partial information
Equivalent problem and solution

Exponential utility maximization
Assumptions
Equivalent problem
Value process and BSDE

Power utility maximization
Power utility maximization
Unified characterization



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results Power utility: an example
[e]e]e} 00000 0000 (e]e] 0000000

Outline

Utility maximization under partial information: semimartingale setting
Semimartingale model
Expected utility and partial information
Equivalent problem and solution

Exponential utility maximization
Assumptions
Equivalent problem
Value process and BSDE

Power utility maximization
Power utility maximization
Unified characterization

Convergence results
Convergence of the optimal strategies



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results Power utility: an example
[e]e]e} 00000 0000 (e]e] 0000000

Outline

Utility maximization under partial information: semimartingale setting
Semimartingale model
Expected utility and partial information
Equivalent problem and solution

Exponential utility maximization
Assumptions
Equivalent problem
Value process and BSDE

Power utility maximization
Power utility maximization
Unified characterization

Convergence results
Convergence of the optimal strategies

Power utility: an example with explicit solution
Diffusion model with stochastic correlation



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results Power utility: an example
@00 00000 0000 (e]e] 0000000

The model

o Let S= (S, t €0, T]) be a continuous semimartingale which
represents the returns process of the traded asset.

o (A o =(,te]0,T]),P), where A= o/rand T < o is a fixed
time horizon.

o Assume the interest rate equal to zero.
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The model

o Let S= (S, t €0, T]) be a continuous semimartingale which
represents the returns process of the traded asset.

o (A o =(,te]0,T]),P), where A= o/rand T < o is a fixed
time horizon.

o Assume the interest rate equal to zero.

The process S admits the decomposition
t
St:SO+N[+/ /\ud<N>u, <)\~N>T<OC a.s.,
0

where N is a continuous «7-local martingale and X is a .o/ -predictable
process (Structure condition).
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Utility maximization and partial information

Denote by 4 = (¢4, t € [0, T]) a filtration smaller than <
4 C o, forevery te]0,T].

¢ represents the information available to the investor.
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Utility maximization and partial information

Denote by 4 = (¢4, t € [0, T]) a filtration smaller than <
% C o, forevery tel0,T].

¢ represents the information available to the investor.
We consider the utility maximization problem (with random payoff H at time
T) when ¢ is the available information,
maximize  E[U(X7™ — H)] overall = e N(¥).
e [1(¥) is a certain class of self-financing strategies (¢-predictable and
S-integrable processes).

We see in some detail the exponential case

o U(x)=—e %
Then we will briefly consider the problem when H = 0 for

e U(x) = %.



Semimartingale Setting

In most papers, under various setups, (see, e.g., Lakner (1998), Pham and
Quenez (2001), Zohar (2001)) expected utility maximization problems have
been considered for market models where only stock prices are observed,
while the drift can not be directly observed.

— under the hypothesis .7° C ¥.

We consider the case when ¢ does not necessarily contain all information on
the prices of the traded asset i.e.

S is not a ¥-semimartingale in general!
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Semimartingale Setting

In most papers, under various setups, (see, e.g., Lakner (1998), Pham and
Quenez (2001), Zohar (2001)) expected utility maximization problems have
been considered for market models where only stock prices are observed,
while the drift can not be directly observed.

— under the hypothesis .7° C ¥.

We consider the case when ¢ does not necessarily contain all information on
the prices of the traded asset i.e.

S is not a ¥-semimartingale in general!
= In this case, we solve the problem in 2 steps:
e Step 1: Prove that the expected utility maximization problem is

equivalent to another maximization problem of the filtered terminal net
wealth (reduced problem)

e Step 2: Apply the dynamic programming method to the reduced
problem.

(In Mania et al. (2008) a similar approach is used in the context of mean
variance hedging).
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Filtration .# and decomposition of S w.r.t. .7

o Let.7 = (7, t € [0, T]) be the augmented filtration generated by .7
and ¢.
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Filtration .# and decomposition of S w.r.t. .#

o Let.Z = (F,t € [0, T]) be the augmented filtration generated by .%#°
and ¢.

e Sis a.Z-semimartingale:
t
St = So +/ )\Slg)d<M>u + Mfa
0
(Decomposition of S with respect to .%)

t
M = N; +/ [ — Af”]d(N)u is .Z-local martingale
0

where we denote by A7) the .7 -predictable projection of \.
¢ Note that (M) = (N) are .#-predictable.
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Assumptions
In the sequel we will make the following assumptions:
A) (M) is ¥-predictable and d(M);dP a.e. A¥ = X¥ hence for each t

E(MFE V%) = E(M%), P—as.

B) any ¢-martingale is a .#-local martingale,
C) the filtration ¢ is continuous,
)
)

D) for any ¢¥-local martingale m(g) (M, m(g)) is ¢-predictable,
E) His an «/r-measurable bounded random variable, such that P- a.s.

E[e™"|#r] = E[e™"|%7],
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Assumptions
In the sequel we will make the following assumptions:
A) (M) is ¥-predictable and d(M);dP a.e. A¥ = X¥ hence for each t

E(MFE V%) = E(M%), P—as.

B) any ¢-martingale is a .#-local martingale,
C) the filtration ¢ is continuous,
)
)

D) for any ¢¥-local martingale m(g) (M, m(g)) is ¢-predictable,
E) His an «/r-measurable bounded random variable, such that P- a.s.

E[e™"|#r] = E[e™"|%7],

= If #5 C ¢, then (M) is ¥-predictable. Conditions A), B), D) and the equality in E)
are automatically satisfied.
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Assumptions
In the sequel we will make the following assumptions:
A) (M) is ¥-predictable and d(M);dP a.e. A¥ = X¥ hence for each t

E(MFE V%) = E(\|%), P-as.

B) any ¢-martingale is a .#-local martingale,
C) the filtration ¢ is continuous,
)
)

D) for any ¢¥-local martingale m(g) (M, m(g)) is ¢-predictable,
E) His an «/r-measurable bounded random variable, such that P- a.s.

E[e™"|#r] = E[e™"|%7],

Let S; = E(S/|%:) be the ¥-optional projection of S;. Since A7 = A% =\

o~ r/-\ o~
S = E(S|4) = S +/ Sod(Myy + 1,

0

where M, is the ¢-local martingale E(M:|%;).
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Equivalent problem

We consider U(x) = —e~“*) and we rewrite the related problem as
minimize  E[e U ¥=M]  overall e N(%). )
where the class of strategies is defined as
MN(¥) = {r : ¢ — predictable, 7 - M € BMO(.%)}

(w.l.g. we put the initial capital x = 0).
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Equivalent problem

We consider U(x) = —e~“*) and we rewrite the related problem as

minimize  E[e"*Ud ™9S=H]  overall = e N(%). (1)
where the class of strategies is defined as

MN(¥) = {r : 4 — predictable, = - M € BMO(.%)}
(w.l.g. we put the initial capital x = 0).

PROPOSITION Let conditions A)-E) be satisfied. Then the optimization
problem (1) is equivalent to

T S .ol (T
minimize E[e~ Vo me@Su—H1t g I TS0 M ] over all € M(F)  (2)

-1 o 2 d(M),
H_aInE[e |“r1], Kt_d(M)'

~
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Remarks

e The previous proposition says that the optimization problems (1) and (2)
are equivalent.
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are equivalent.

e |tis sufficient to solve problem (2), which is formulated in terms of
¢-adapted processes.
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Remarks

e The previous proposition says that the optimization problems (1) and (2)
are equivalent.

e |tis sufficient to solve problem (2), which is formulated in terms of
¢-adapted processes.

o We can see (2) as an exponential hedging problem under complete
information with a (multiplicative) correction term and we can solve it
using methods for complete information.
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Remarks

e The previous proposition says that the optimization problems (1) and (2)
are equivalent.

e |tis sufficient to solve problem (2), which is formulated in terms of
¢-adapted processes.

o We can see (2) as an exponential hedging problem under complete
information with a (multiplicative) correction term and we can solve it
using methods for complete information.

Let
V, = ess inf E[e~ U/ mudSu=R)+ 5 [T 501 -rE)aMu g
nen(«) o

be the value process related to the equivalent problem.



Exponential case: Value process and BSDE
°

THEOREM Under assumptions A)-E) and [,/ A2d(M); < C,

the value process V related to the equivalent problem (2) is the unique
bounded strictly positive solution of the following BSDE

t 2 5 2 t %
Y: = Yo-&-%/ wd(Mﬂ-&-/ YudMy + Ly
0 0

u

Yr = E[e*"|%7]
Moreover the optimal strategy exists in the class (%) and is equal to

<~ | hikE
(At—l— Y, )

*

Tt =

1
«
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the value process V related to the equivalent problem (2) is the unique
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t 2 3 2 t N
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— We prove the existence of a solution using results of Tevzadze (2008)

(see also Morlais (2008) for related results) and uniqueness by directly

showing that the unique solution of the BSDE is the value of the problem.

(4)



Exponential case: Value process and BSDE
°

THEOREM Under assumptions A)-E) and j;)T N2d(M); < C,

the value process V related to the equivalent problem (2) is the unique
bounded strictly positive solution of the following BSDE

t 2,73 v2 t R
Y, = Y0+%/ wd</\/l>"+/ YudMy + Ly
0 0

u

Yr = E[e*"|%7]
Moreover the optimal strategy exists in the class (%) and is equal to

<~ | hikE
(At—l— Y, )

*

Tt =

1
«

— We prove the existence of a solution using results of Tevzadze (2008)

(see also Morlais (2008) for related results) and uniqueness by directly

showing that the unique solution of the BSDE is the value of the problem.

(4)

— If% = o = My =M =N;, A\=D>X, Yr=e: the bsde takes on the form

1t AuYu)? t
i=Yo+l [ de)ﬁ/ PudNy + L, Y7 = M.
2 0 Yu 0
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Partial information and power utility maximization

Consider the problem of maximizing the power utility of terminal wealth when
4 is the available information.

X, T\p
maximize E {%} over all = € N(G),

where M(¥) is a certain class of (¢-predictable) strategies.
e x represents the initial endowment (we set x = 1)
o the strategy = denotes the proportion of wealth invested in the asset

= the wealth process related to the self-financing strategy = is
X =1+ [ muX] dS,
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Partial information and power utility maximization

Consider the problem of maximizing the power utility of terminal wealth when
¢ is the available information.

X, T\p
maximize E {%} over all = € N(G),

where M(¥) is a certain class of (¢-predictable) strategies.

e x represents the initial endowment (we set x = 1)
o the strategy = denotes the proportion of wealth invested in the asset

= the wealth process related to the self-financing strategy = is
X =1+ [ muX] dS,

We rewrite the problem in exponential form
minimize  E [Ef(x - S))] overall w e MN(G),

where £(X) denotes the Doléans-Dade exponential of X.
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Equivalent problem

The problem is
minimize  E [E7(x-S)] overall weN(G),

where the class of strategies is defined as

MN(¢) = {r : 4 — predictable, = - M € BMO(.%)}

PROPOSITION Let conditions A)-D) be satisfied. Then the optimization
problem (5) is equivalent to

minimize  E[€2(r - §) "7 40 m1=sdMu) overall x e N(G).  (6)

2 _ d(M)
where k7 = -
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Equivalent problem

The problem is
minimize  E [E7(x-S)] overall weN(G),

where the class of strategies is defined as
MN(¢) = {r : 4 — predictable, = - M € BMO(.%)}

PROPOSITION Let conditions A)-D) be satisfied. Then the optimization
problem (5) is equivalent to

minimize  E[€2(r - §) "7 40 m1=sdMu) overall x e N(G).  (6)

where 7 = L.

The value process related to the reduced problem is

Vi(p) = essme[é’ (n-S) exp{p( )/[Tw5(1 — K3)d(M),}|G].
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BSDE related to power utilities maximization

THEOREM Under assumptions A)-D) and [, \?d(M); < C,

the value process associated to the power utility maximization problem is
characterized as the unique bounded positive solution of

P Yy on L Yukbe ‘ v
Vi Yo+ gy [ VoGt Bptyamy, + [Cvdit+ L ¥r =1

and the optimal strategy is
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BSDE related to power utilities maximization

THEOREM Under assumptions A)-D) and [, \?d(M); < C,

the value process associated to the power utility maximization problem is
characterized as the unique bounded positive solution of

P Yy on L Yukbe ‘ v
Vi Yo+ gy [ VoGt Bptyamy, + [Cvdit+ L ¥r =1

and the optimal strategy is

LET US COMPARE THIS BSDE wiTH THE BSDE RELATED TO THE
EXPONENTIAL UTILITY MAXIMIZATION FOR H =0 AND a = 1
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BSDEs and unified characterization

The BSDE related to exponential utility maximization (with « = 1 and H = 0)
is

1[0 Rl t N
Vi = Yo+*/ Yo(Ro + 22 “)2d<M>u+/ Yudlly 1 Ly, Yr =1
2 /o Y. 0

and the one related to power utility maximization is

q 1/’U(C7) ! Iy _
/ V() Gt Ly B0 2 /Owu(q)dMﬁLt(qx Yr(q)=1

Yi(q)=Yo(q

where q = p%.

= the value process of the exponential corresponds to g =1.
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BSDEs and unified characterization

The BSDE related to exponential utility maximization (with « = 1 and H = 0)
is

1[0 Rl t N
Vi = Yo+*/ Yo(Ro + 22 “)2d<M>u+/ Yudlly 1 Ly, Yr =1
2 0 YU 0

and the one related to power utility maximization is

2 t .
Yi(@)= Yo(q)+2 / Yu(q Y(‘(’Zg) d(My, /Owu(qwmu(q), Yr(g)=1.

where q = p%.

= the value process of the exponential corresponds to g =1.

In the context of full information Mania and Tevzadze (2003) provide a similar unified
characterization to study the convergence of g-optimal martingale measures to the
minimal entropy martingale measure (see also Hobson (2004) for related results for
stochastic volatility models).

—> We will use the BSDE characterization to receive the convergence of the

optimal strategies for the utility optimization problems.
(See Nutz (2010) for related results in full information)



Convergence results
[ 1]

Aim: Study the convergence of the optimal strategies of the power utility
maximization problem to the one related to the exponential problem as

i
p—>—oo,henceasqfﬁe1

Remark: In partial information, we can not resort to duality arguments
and we can not receive the convergence of the strategies using the
convergence of utility functions.

Our approach will use the characterization of the optimal strategies
through the BSDEs.

The convergence of strategies in full information can be obtained as a
corollary.



Convergence results
[ 1]

e Aim: Study the convergence of the optimal strategies of the power utility
maximization problem to the one related to the exponential problem as
p — —oo, hence as q = ,% — 1

e Remark: In partial information, we can not resort to duality arguments
and we can not receive the convergence of the strategies using the

convergence of utility functions.

= Our approach will use the characterization of the optimal strategies
through the BSDEs.

e The convergence of strategies in full information can be obtained as a
corollary.

Recall the optimal strategies are respectively:

~ 1 K2 ~  (1)K?
w*(q):(pq)(ﬂ‘”\(f(’;)) and W*(1):A+L$1(i)

taking in mind that ¢(q) and Y(q) are part of the solution of the BSDE(q).

The main point consists in studying the family of BSDE(q) (varying with the
parameter q) and in particular find some estimates which involves the
martingale part of the solution.
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Idea of the proof

= The proof can be roughly summarized as follows:
Step 1 Find an estimate for a proper function of Y(q) and Y(1), namely

[InY(1) —qinY(q)| < c[1 —ql.

Y(q) (Y(1)) stands for the “solution” of the generic (respectively g = 1) element
of the family of the BSDEs
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Idea of the proof

= The proof can be roughly summarized as follows:
Step 1 Find an estimate for a proper function of Y(q) and Y(1), namely

[InY(1) —qinY(q)| < c[1 —ql.

Y(q) (Y(1)) stands for the “solution” of the generic (respectively g = 1) element
of the family of the BSDEs
Step 2 (Main result) Convergence of the martingale part of In Y(q):

qy(q M%Y M as g — 1, (in BMO).
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|dea of the proof

— The proof can be roughly summarized as follows:
Step 1 Find an estimate for a proper function of Y(q) and Y(1), namely
[InY(1) —qinY(q)| < c[1 —ql.
Y(q) (Y(1)) stands for the “solution” of the generic (respectively g = 1) element

of the family of the BSDEs

Step 2 (Main result) Convergence of the martingale part of In Y(q):
qy(q M%Y M as g — 1, (in BMO).

Step 3 Convergence of the strategies:

let 7*(q) and 7* (1) denote respectively the optimal strategies for the
power and for the exponential utility maximization problem,
we prove

2 a(q)-M—7*(1)-M asq—1, (inBMO).



Power utility: an example
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Diffusion model with stochastic correlation

We consider a diffusion market model consisting of two correlated risky
assets one of which has no liquid market.

The price of the two risky assets follow the dynamics

~

dSt =u(t,n)dt + o(t, n)dW;, (7
dne =b(t,n)dt + a(t, n)dW;. 8

~

subjected to initial conditions.
e W' and W are two Brownian motions with stochastic correlation
prdt = d(W', W),
e 7 represents the price of a nontraded asset

e |n Frei and Schweizer (2008) a case like this has been considered in the
context of exponential indifference evaluation.
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Assumptions

Assume that the coefficients u, o, a and b are non anticipative functionals
such that:

1) OT;L t.n) dt is bounded,

2 02>O,a2>0

)
3) the SDE (8) admits a unique strong solution (7).
4) pis #" adapted.

e 1
Under conditions 2), 3) we have .#5" = ZW W and %" = #W.
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Problem: An agent is trading with the liquid asset S using only observations
coming from n in order to

minimize  E [€8(x-S))] overall e M(F"), 9)

where 7 represents the proportion of wealth the agent invests in the stock
which depends only on 7.

Fi=F>"C oy and 4 =7
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Problem: An agent is trading with the liquid asset S using only observations
coming from n in order to

minimize  E [€8(x-S))] overall e M(F"), 9)

where 7 represents the proportion of wealth the agent invests in the stock
which depends only on 7.

Fi=F>"C oy and 4 =7

Under conditions 1)—4) the value process related to (9) is the unique bounded
positive solution of the BSDE

t 2 t
Y, = YOJrg/ Mdu+/ YudWy, Yy =1 (10)
2 0 Yu 0

where ¢ = £ is the market price of risk.



Srmm rtingale Setting Ex| ential case: Value process and BSDE Pv rum y: Value process and BSDE fr‘m ergence results  Power utility: an example

0O0@0000

Problem: An agent is trading with the liquid asset S using only observations
coming from n in order to

minimize  E [€8(x-S))] overall e M(F"), 9)

where 7 represents the proportion of wealth the agent invests in the stock
which depends only on 7.

Fi=F>"C oy and 4 =7

Under conditions 1)—4) the value process related to (9) is the unique bounded
positive solution of the BSDE

t 2 t
Y, = YOJrg/ Mdu+/ YudWy, Yy =1 (10)
2 0 Yu 0

where ¢ = £ is the market price of risk.

e If pis constant the BSDE can be solved explicitly



Semimartingale Setting Exponential case: Value process and BSDE Power utility: Value process and BSDE Convergence results  Power utility: an example

0O00e000

e If pis stochastic (using the BSDEs characterization) = we find an upper
and lower bounds for the value process.

PrRoPOsITION Assume conditions 1) — 4) hold true. Then, the value process
V related to problem (9) satisfies

1 1
~ =2 — ~ 1—qgp2 a2
(Eo[e—i““ )f”ﬁ"“wfﬁ]) T < vis (Eo[e-i“ ;a)f;egdu)w])‘ §
where

® p = sup||ps|[r= and p = inf|[ps||L
s>t - s>t

e Qis defined by 92 = £7(—6 q- W')
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p constant

Corollary: Assume conditions 1) — 3) and suppose p is constant. Then, the
value process V is equal to

1
Vi = (Ea[ef i0e) 57 03"“>|f,”]> o

Moreover, the optimal strategy =™ is identified by

* (1 _q) (0 pht )7

T ) T (1—qp?)(c+ J; hudW,)

where h; is the integrand of the integral representation

_a1=gp?) [T g2 T
e 2 o "fd':c—i—/ hedW.
0
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Following Theorem 1 of Frei and Schweizer (2008), we can find

THEOREM Under assumptions 1) — 4), there exists a ;' measurable random
variable p; taking values in the interval [p, p], such that

1
5. _a(=gp?) (T 2 1—qp?
Vi(w) = (Eo[e 2 i Gudw\f,"]) ! [ (11)

Remark: In the case of stochastic correlation we can find an explicit
expression for the value process but we do not find an explicit expression for
the optimal strategy.



Thank you.
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