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Ergodic BSDEs and Ergodic Optimal Control

LSetting of the control problem and some references

Ergodic Control Problem

We address the following optimal control problem with
m State equation

dXY = (AXPUHF(XY)dt+GdWi+GR(ur), X" = x

m Cost functional

1 T
J(x,u) = limsup TE/O L(X2, us)ds.

T—o0

Main features
ergodic cost functional
infinite dimensional equation (Banach space valued)

possibly degenerate G
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Very incomplete list of references

BSDEs and infinite horizon stochastic control

m P. Briand and Y. Hu, J. Funct. Anal. (1998) (Finite
dimensions - all positive discounts)

m M. Fuhrman and G. Tessitore, Ann. Probab. (2004) (Infinite
dimensions - only large discounts)

m F. Masiero, A.M.O. (2007), (Banach spaces)
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Ergodic stochastic control

m A. Bensoussan and J. Frehse, J. Reine Angew. Math. (1992)
(Finite dimensions, classical solutions of HJB)

m M. Arisawa, P. L. Lions, Comm. Partial Differential Equations
(1998) (Finite dimensions, viscosity solutions of HJB)

m B. Goldys and B. Maslowski, J. Math. Anal. Appl., (1999)

(Infinite dimensions, mild solutions of HJB, smoothing of
Kolmogorov semigroup)
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Forward (state) equation

Xo=x¢€ E.

E Banach, E C H Hilbert space H.

A generates a Cy semigroup in E that has an extension to H.
W is a cylindrical Wiener process in the Hilbert space =

[
[
m F: E — E is continuous and has polynomial growth.
m A+ F is strictly dissipative (with constant 7).

[

G is bdd. = — H. The stochastic convolution
t
Wi = / S(t—s)GdW,, t>0,
0

has an E-continuous version with sup, E|WA|2 < oc.
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Results on the forward (state) equation

dXy¥ = AXZdt + F(X))dt + GdW,;, t >0,
X§=xe¢€ E.

m Vx € E there exists a unique E continuous mild solution X*.
m Moreover | X{* — X{?| < e " |xg — x|, t >0, x1,x € E.
m Finally sup, E[X{|g < C(1+ |x|).
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Ergodic BSDEs (EBSDEs)

T T
Vo= Vit [ W0G.2) - Ndo- [ Zdw,, 0<t<T <,
t t

or equivalently

—dY; = (X, Z) — Al dt — ZaW,

A solution is a triple (Y, Z, \).
m )\ is a real number.
m Y is a real continuous prog. meas. process such that
Esupco,7] Y2 <00, VT >0

m 7 is a prog. meas. process with values in =* such that
E [\ |Zs2. <00, VT >0.
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Main Result

On the function ¥ : E x =* — R we assume:
m [0(x,2) = (', 2)] < Klx = x| + K|z = 2/,
x,x' € E, z,Z € =*.

m (-,0) is bounded.

Theorem (Existence of solutions for EBSDEs)

m I\ eR;
m Jdv: E — R Lipschitz (v(0) =0);
m 3¢ : E — =* measurable

such that if we set Y 1= v(X)), ZX := ((X¥)

then (Y*,Z*,\) is a solution of the EBSDE.
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L Proof of main result

Sketch of the proof

Considering with strictly monotonic drift o > 0:

T T
Ve =Y [ Zp) - e o~ [ Zzvans,
t t

Lemma (Briand-Hu 1998, Royer 2004)
3! solution (Y*®, Z2%%) Y bounded cont., Z* € L%JOC.

Moreover | Y| < M/«a, P-a.s. for all t > 0.

Define v¥(x) = Y™ Clearly, [v¥(x)| < M/a and Y = v*(XY)
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L Proof of main result

Claim |[v*(x) — v*(x')| < %\x—x’ : x,x" € E.

F:roof of claim Set~

Y = yox _ Ya,x', 7 = 7ox _ Za,x”

B = pXE fix )_%)S 2 (Zta’x — Zta’xl)*, notice (3 bdd.
|Zt’X; Z 2. o

ﬂ“ :1/]()<1?<’Zt7 )_qb(th( 7Zt7 )

3P under which Wt = fot Bsds + W; is a Wiener process.
:>Yt YT—ozft Yd0+ft da—ftZdW
— V] < e TR | V| 4 &7 [T e=ols=0)|f|ds

Since Y is bdd and |f;| < Kye "t|x — x'| (by dissip.of forw. equat.)
if T — oo we get |V < Ki(n+a) tedt|x —x/|. O
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Proof of main result

Set v*(x) = v¥(x) — v*(0),
We know [v¥(x)| < Kxn~t|x|; a|v¥(0)] < M; {v®} unif. Lip.

= Ja, \, 0 such that v*(x) — v(x), Vx and a,v*"(0) — A.
Define Y;“ = Y% — v®(0) = v*(X}) and Y = V(X¥), then

N
E/ Y7 —Yi2dt -0 and E[YZ" —Y7>—0
0

By standard BSDE arguments 37" € L7> 1oe (@2 L2(0,00;2)) s. t.

;
IE/ | 2% — Z7|2.dt — 0
0
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L Proof of main result

Finally we remark that Y% verifies
37X, X, T X, T
yro v +/ ((XE, 259 =a Y —avO‘(O))da—/ 759,
t t

Now we can pass to the limit as n — oo to obtain

X X T X ~ T*X

Y, = YT+/ (V(XZ, Z,) — )\)da—/ Z_ dW,.

t t

The construction of ¢ : £ — Z* such that Z; = ¢(X}),
exploits the fact that the same holds for Z“. [
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L Remarks on uniqueness

Uniqueness of A

The solution (Y™, Z", \) we have constructed verifies

V75| < e XZ|.

If we require similar conditions then we immediately obtain
uniqueness of \.

Theorem

Suppose that, for some x € E, (Y',Z',\') is a solution of
(EBSDE) and verifies

IY{| < cx(I1XZ| + 1), forall t > 0.

Then N = \.
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L Remarks on uniqueness

Lack of uniqueness of EBSDEs

Clearly if (Y, Z, ) is a solution then (Y + ¢, Z, ) is a solution.

Even if we ask Y(? = 0 the solution to EBSDE is, not unique.

If we do not require Y; = v(XY), Z; = ((X{) then can construct
several solutions of the above EBSDE (with Y and Z bounded).

If we require Yy = v(X{), Zr = ((X{) with v and ¢ continuous
and X* to be recursive (see [Seidler 1997])
then v can be characterized (as in [Goldys-Maslowski 1999]) by:

T

v(x) = inflimsup lim supE/ r [(XZY, u(XZY)) — A]ds.
0

U r-0 T—oo

where 7,7 = inf{s € [0, T] : |X&"| < r}.
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Optimal Ergodic Control problem

Let X* be the solution to equation

dXX = (AXSY + F(XS))dt + GdW,,  XP" = x

An admissible control u is a progressively measurable process with
values in a Borel subset U of a complete metric space.

The ergodic cost corresponding to u and the starting point x € E is
1 T
J(x,u) = limsup E“/ L(XZ, us)ds,
T—o0 0

where .
o = exp ( Jy R(us)dWs — % [T IR(us)2.ds), P4 = p4P.

Where R: U — R, L: Ux E— Rwith R, L bdd in u; L Lip. in x.



Ergodic BSDEs and Ergodic Optimal Control
LOpt:imal Ergodic Control

Ergodic control and EBSDEs

We first define the Hamiltonian in the usual way
v(x,2z) = inf {L(x,u) + 2R(u)},  x€E ze="
ue

Under the present assumptions ¢ is a Lipschitz function and
¥(+,0) is bounded thus the EBSDE

—dY = [W(XZ, ZX) — N dt — ZX dW,

has at least a solution (Y*,Z*, )
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Synthesis of Optimal control

Theorem

Suppose that, for some x € E, a triple (Y, Z,\) verifies EBSDE
and | Y| < o (|XF| + 1), forall t > 0.
Then the following holds:

(i) For arbitrary control u we have J(x,u) > X and the equality
holds if and only if L(X, us) + Z¢R(ut) = Y(XE, Z¢).

(ii) If the infimum in the definition of v is attained at u = y(x, z)
then the control Uy = (X, Z;) verifies J(x,0) = \.

Recall that A is univocally determined.
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Differentiability and identification of Z

We recall that in the proof of the existence of EBSDE we have
constructed specific v: E — R and ¢ : E — R such that if
Vi = v(X2), Z& = C(X) then

—d V7 = [(X, ZY) — A] dt — ZXdW,

Theorem

If F and 1 are continuously Gateaux differentiable then the
function v is continuously Gateaux differentiable.

If 3 a Banach space S0 C =, s t. G:=g— E isbdd. (see
[Masiero]) then Z; = V,v(X{)G.

Consequently the optimal feedback law for the ergodic control
problem becomes u(x) = v(x, Vv(x)G)



Ergodic BSDEs and Ergodic Optimal Control
L Differentiability

Other consequences of ldentification

We introduce here the Kolmogorov semigroup corresponding to X:

P:[#](x) = Ep(X{); V¢ : E — R with polynomial growth.

The semigroup (P¢)¢>0 is strongly Feller if

|Pel@](x) = Pel@](x')] < kelldllo|x — x'].

F is genuinely dissipative if for all x,x’ € E, there exists
z* € 9]x — x| such that < F(x) — F(x'),z* >< c|x — x|} *€.
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Corollary

Suppose that F is continuously Gateaux differentiable and that 1)
has linear growth in z with respect to the =5 norm.

If the Kolmogorov semigroup (P;) is strongly Feller then:

A= [0 Gl
where p is the unique invariant measure of X.

If, in addition F is genuinely dissipative then v is bounded.
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Ergodic H.J.B. Equations

If Y5 = v(x) is differentiable (v, ) is a mild solution of the
“ergodic” Hamilton-Jacobi-Bellman equation:

Lv(x)+1Y(x,Vv(x)G) =\, x€E,
where L is formally defined by
1
LF(x) = Tr (GG*Vf (x))+(Ax, VF (x))g,g++(F (x), VFf (x)) £+

By mild solution we mean that for all 0 < t < T it holds

)
v(x>=PT_t[v](x)+/t (Pr o [(- Vv () @) (x) ~ \)dr, x€E.
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Example

We consider, for t € [0, T] and £ € [0, 1], the equation:

XU(8.6) = |G X" (£.6) + F (£ X" () + xa(u (£, )| dt

+X[a,5)(§) (§) W (t, ) dt,
XU (t,0) = XU (t,1) =0,
XU (t,€) = x0 (),

. (1)
where 0 < a< b<1and W (t¢) is a space-time white noise on
[0, T] x [0,1].

We introduce the cost functional
J(x,u) = limsup IE/ / & X us(§)) u(d§) ds  (2)

T—oo

Here 11 is a finite regular measure on [0, 1].
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An admissible control u(7,£) is a predictable process such that for
all 7> 0, and P-ais. u(7,:) e U:={ve C([0,1]):|v(§)| <6}

We suppose the following:

m f:[0,1] x R — R is continuous and for every ¢ € [0, 1],
f(&, -) is decreasing in x.
Moreover |f (&, x) | < C(1+ |x|)™.

m/:[0,1] x R x U — R is continuous and bounded.

m x0 € C([0,1]).
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Weak dissipative assumption

Let us now suppose that F is Lipschitz, bounded and Gateaux
differentiable (of class G!) and G is invertible.
We assume that there exists k > 0 such that

(Ax,x) < —k|x|3, Vx € D(A)

Main tool: Coupling estimate (see, e.g. Hairer and Mattingly,
Annals of Mathematics 2006).
Recurrence property: Da Prato and Zabczyk 1992.
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Basic coupling estimate

Let T : H— H be a bounded Lipschitz map H — H and let X* be
the strong solution of the equation

dXX = AXYdt + T(XY)dt + GdW;, t >0, (3)
X5 =x¢€ H.

Then there exist ¢ > 0 and 7) > 0 such that for all ¢ € Bp(H) with
supxen [¢(x)] < 1

Pell(x) = Peldl(x)] < 21+ IxP + [XP)e ™  (a)

where Pi[¢](x) = E¢(XT) is the Kolmogorov semigroup associated
to equation (3).

We stress the fact that ¢ and 7} depend on T only through

sup,ep | T(x)]-
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bounded and measurable drift

Corollary

Relation (4) can be extended to the case in which T is only
bounded and measurable, and there exists a uniformly bounded
sequence of Lipschitz functions {p},>1 (i.e. Vn, Ty is Lipschitz
and sup,, sup, | Th(x)| < 00) such that

limTy(x)=7T(x), VxeH

(in this case the solution of equation (3) has to be intended the
weak sense).
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Theorem

Assume that T : H — H can be approximated (in the sense of poi
ntwise convergence) by a uniformly bounded sequence of Lipschitz
functions {Tp}p>1 -

Then the solution of equation (3) is recurrent in the sense that for
allT € H, T open:

lim P{3te [0, T]: X el}=1.
T—o0

In particular, setting 7 = inf{t : | XX| < €}, then Ve > 0,
M7 oo P{7% < T} = 1.

Proof: Doob's Method.
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Approximation

Let now ¢ : H x =¥ — R continuous, with

W0l < 6 |(x2) = (x| <tz - 7| (5)

and let « > 0 be fixed.
We consider the following (decoupled) forward-backward system
(with infinite horizon):

dX¥ = AXXdt + F(XX)dt + GdW,, t >0,
—dY = (XE, 20 dt — a Y dt — 27 dWy, >0,
Xy =xe H.
(6)
As it is well known the BSDE in the above system admits a unique
solution with Y®* bounded. In particular | Y| < {/a.
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L Coupling Method

Main Estimates

Theorem

There exists a constant c(¢,¢,7) > 0 such that for all x, x' € H
v (x) = v () < (1 + |x[ + [X'P); ()
and for all x € H,

V()] < (1 + [x]?). (8)

We stress the fact that ¢ > 0 is independent of «.
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Proof of Theorem

Set
w(X’vva(X)G) _w(xv 0) v (x * i v (x
fafyy Vve(x)GJ? (Vv (x)G)"  if Vv (x)G #0
TYx) =
0if Vv*(x)G =0.
Then

D(XE, ZE) = p(XE,0) + T (X)) 28
T is the pointwise limit of a uniformly bounded sequence of
Lipschitz functions.
For all T > 0, the couple of processes (Y**, Z**) is a solution to
the following finite horizon linear BSDE, t € [0, T],

{ —dY = p(XE,0)dt + THXX)Z8dt — a Y dt — Z2*dW,,
Yo = v (XE).
9)
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Since T is bounded for all T > 0 there exists a unique probability
P**T such that

t
W;l’x = / ’?Q(XSX)CIS + Wt
0
is a P T Wiener process for t € [0, T]. Consequently we have
R T
ve(x) = ke T [e_O‘TVO‘(Xﬂ —I—/ e_o‘sqb(XSX,O)ds]
0

where £*%T denotes the expectation with respect to poxT
Letting T — 00, as [v@(x)| < L, we get

A T
ve(x) = lim RexT {/ easzp(XsX,O)ds] .
0

T—o0
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Key Idea

We rewrite the forward equation (3) with respect to W it turns
out that X* verifies

{ dX¥ = AXZXdt + F(XX)dt + GT(X))dt + GW™™,

. 1
Xy =xe H. (10)

We denote by P the associated Kolmogorov semigroup, i.e.,
PIg)(x) = B o(X7).

Applying Theorem with T® = F + GT? (which is also the
pointwise limit of a sequence of Lipschitz functions), we obtain

V) = v < /OooeM\P?W(vo)l(X)—P?[ib(-,o)](X’)ldt

cl
< 5(1+ |+ X )
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To prove (ii), let us set
vY(x) = v¥(x) — v*(0).

Then, Y& = Y2 — Y% = v2(X¥) is the unique solution of the
finite horizon BSDE

LAV = p(XE, 29NV dE — a VS — ave(0)dt — ZO¥ dW,,
t t t t t
Vi = v (X))

Note that in particular, in the above equation, |av®(0)| < /. By
Bismut-Elworthy's formula, v® is of class G and there exists a
constant ¢(/,¢,7) > 0 independent of « such that

|Vve(x)| < c(1 + |x|?), and the conclusion follows.
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L Coupling Method

Existence of solutions for EBSDEs

m A\ eR;
m Jdv: E — R locally Lipschitz (v(0) = 0);
m 3¢ : E — =* measurable

such that if we set Y 1= v(X)), ZX = ¢(X¥)

then (YX,ZX,\) is a solution of the EBSDE.
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Uniqueness of Markovian solution

We prove that the Markovian solution is unique.

|

Theorem

Let (v, (), (v,¢) two couples of functions with v,V : H — R,
continuous, with |v(x)| < c¢( V(x)| < (1 + |x]?),

v(0) = #(0) = 0 and ¢, { continuous from H to =* endowed with
the weak* topology verifying |¢(x)| < c(1 + |x[?),

800 < c(1 + IxP). ]

Assume that for some constants A\, A and all x € H,

(v(XE), C(X2), \), (V(XX), C(XX), A) verify the EBSDE, then
A=\ v="7,¢=C
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Proof: Part 1

The equality A = X comes from Girsanov's transformation. y
Then let Y = v(XX) — (X)), Z¥ = ¢(X¥) — {(X¥) and T be
defined by linearization. We have

—dYX = T(XX)ZXdt — ZXdW, = —ZXdW/]

where W{ = — [ T(XX)ds + W, is a Wiener process in [0,T]
under the probab|||ty Px T
Moreover, under P*:7, X* satisfies equation (3), in [0, T], with, as
before T = GT + F. Thus, it holds that for all p > 1, and all
xeH

EXTIXXP < c(14 |x|P),YO<t< T,

where ¢ > 0 depends on p,~, M and /|G| + sup, |F(x)|, and is
independent of T. Thus the growth conditions on ¢ and ¢ implies
that, for all T >0, B<7 [T |Zx2dt < cc.




Ergodic BSDEs and Ergodic Optimal Control
LCoupling Method

Proof: Part 2: Recurrence property

Let 7 = inf{t : |X{| < €} then forall T >0
Yo =BTV,

For any 6 > 0, there exists € > 0 such that |v(x) — 7(x)| < § if
|x| <e. Then for a constant ¢ > 0,

V5= BTVl < BTV Lpery + BX TV sy

5+ (BTr= 1)) (BTveey)

IN

IN

5+ (PTir > T}>1/2 (BTt \x;|4})1/2.

Noting that, by recurrence, limy_ . P*T{r > T} =0 and sending
T to oo in the last inequality, we obtain that |Y{| < 4 an d the
claim follows from the arbitrarity of §.
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