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Backward Stochastic Differential Equations (BSDEs)

{ —dYt = f(w, t, Yt7 Zt)dt — thWt, (1)
Yr =&

e T : terminal time
@ ¢ : terminal condition
@ f : driver/generator

@ Z : control variable
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Theorem (existence and uniqueness)

Assume that

o l¢|+ [ IF(¢,0,0]dt € Lo,

@ f is a.s. continuous w.r.t. t and Lipschitz w.r.t. (y, z).
Then, BSDE (1) has a unique solution (Y, Z) s.t.

-
E[ sup ]Yt\Q] —HE[/ ]Zs|2ds] < +00.
t€[0,T] 0
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Markovian BSDE

Forward component

XO = X0,
dXt = b(t,Xt)dt+U(t, Xt)th,

X, e RY, W, e RY.

Backward component

{ —dYt = f(t,Xt, Yt,Zt)dt - thWt7
YT = g(XT).

Y; € R, Z; € R1*xq.
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Link with PDEs

Lx := infinitesimal generator of X. If u is the smooth solution to

Oru(t,x) + Lxu(t,x) + f (t,x, u(t,x), Viu(t,x)o(t,x)) =0,t < T,
u(T,x) = g(x),

then

Yt = U(t,Xt),
Zt = qu(t,Xt)U(t,Xt).
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L, regularity of Z

For a fixed timemeshm={0=ty < --- < t; <--- <ty =T},

L,-time regularity modulus of Z

i

N=1 tit1 _
5umy:§:E/ |Z; — Z,,|2dt
i=0

where 7, == L1 _E% ftt"“ Zsds.

tiy1—t; i

» Purpose : estimate £(Z, ) according to
- the regularity of g

- || = supp<icn(tit1 — ti).
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Motivation

A usual numerical scheme for BSDEs is

Yg — EFt (Yfﬂ+1 + (t,+1 t,‘)f(t;,Xt , Ytﬂ;rl’ Zg)), (2)
Zp = ey BT (Y, (Weyy — We)Y).
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Motivation

A usual numerical scheme for BSDEs is

Yg — EFt (Yfﬂ+1 + (t,+1 t,‘)f(t;,Xt , Ytﬂ;rl’ Zg)), (2)
Zp = ey BT (Y, (Weyy — We)Y).

It is known (Zhang'04) that

(Y™~ Y, 77— Z,7) =
supo<i<n E(Y{ — Yt) + ZN 1Eft'+1 |Zf — Z|?dt

< C(|m| + E(Z, 7).
» £(Z,m) plays a key role in the convergence of (2).
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Known results about £(Z, 7)
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@ If g is Lipschitz, then with uniform time net,
E(Z,7) = O(N~1) (Zhang'04).

o If f =0and g(x) = (x — K)3 with a € (0, 3), then with
uniform time net, £(Z, ) ~ N~(1/2+3) (Gobet, Temam'01).

o If f =0and g = 1(g,), then with uniform time net,
E(Z,m) ~ N='/? (Gobet, Temam'01).

o If f =0, X =W (or 1-dim SDE), and g € BS,, then (Geiss
et al. '04,'07)
o &(Z,m) ~ N~ with uniform time net,
o £(Z,m) ~ N~! with a convenient non-uniform time net.

» Our goal : generalize w.r.t g, X and f.
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The space Ly,
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The space Ly,

When E|g(X7)|? < +00, we define

Ver(g) = E |g(Xr) — E¥(g(X7))[
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The space Ly,

When E|g(X7)|? < +00, we define

Ver(g) = E |g(Xr) — E¥(g(X7))[

Definition
For a fixed a € (0, 1],

V.
Loo = g st E(gXr)2) + sup ~2T8) U
o<t<T (T — 1)
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Examples

o If g is Lipschitz, then g € Ly ;.
@ Si g is Holderian with exponent a, then g € L, (a+1)A1 !
’ 2

o If g(x) =1p(x), then g € L2,% !
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The ccefficients

Assumption (Ap ;)
o band o are C;7 (v € (0,1]) wert. x.
@ b and o are Hdlderian with exponent % w.r.t. t.

@ o is uniformly elliptic : 30 > 0 s.t.,
Y(t,x) € [0, T] x RY, [00*](t,x) > &lqg.
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The time nets

For g € (0, 1],

7@ = (VD) T o T(1- S5 0< k< N}

= >

NB.
o (1) = uniform grid.

@ For 8 < 1, the nodes of 7(%) are more concentrated near T.
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Regularity of the linear BSDE (f = 0)

(v, z) := solution of the linear BSDE (f = 0).
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Regularity of the linear BSDE (f = 0)

(v, z) := solution of the linear BSDE (f = 0).
Uniform grid

Assume (Ap), and g € Lo o (o € (0,1]). Then, with uniform grid,

s S e 2 C
1 T =
5(2’71-( )) = E ]E/(N 1) Zs — H(N,1) ds < m
k=0 % ,

(C does not depend on N).
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Regularity of the linear BSDE (f = 0)

Non uniform grid

Theorem

Assume (Ap), and g € Lo (a0 € (0,1]). Let § s.t. f =1, if
o =1, and B < « otherwise. Then, with the grid =(5),

N—1 tkﬁlﬁ)
(ﬁ)
= kZE /M
=0

(C does not depend on N ).

_ C
Zt,((N’ﬁ) ds < N
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Estimates for the derivatives

Lemma

Assume (Ap,) and g bounded. Then, 3C >0, s.t., Vt € [0, T),

Elu(t, X;)]” < Elg(X7)[%,

E|Vyu(t, X:)]2 < C ”(i),
Vi 1(8)

E|D?u(t, X¢)]? < Cm.
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Estimates for the derivatives
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Optimality
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Optimality

Lemma

Let o € (0, 1], and assume (A ) and g bounded. Then, the
following assertions are equivalent :

(i) g < Lz,a.
(i)

t
2 2o =
/OIE‘D u(s, Xs)|" ds < T
(iif)
C

E[Vu(t, Xe)|? < (T-—oi=
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Optimality

Lemma

Let o € (0, 1], and assume (A ) and g bounded. Then, the
following assertions are equivalent :

(i) g < Lz,a.

(ii)

t
2 2o =
/OIE‘D u(s, Xs)|" ds < T
(iif)
C

E[Vu(t, Xe)|? < (T-—oi=

» NB. Geiss et al. have proved that (iii) is equivalent to
E(z,m) < £, for every grid 7, in the case X = BM/GBM/1-dim
SDE.

16/21



Regularity of the nonlinear BSDE (f # 0)
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Regularity of the nonlinear BSDE (f # 0)

Idea : Z; = z; + perturbation.
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Regularity of the nonlinear BSDE (f # 0)

Idea : Z; = z; + perturbation.

Theorem

Assume (Ap,), g bounded and g € Ly o (o € (0,1]). Then,

Vtel[0,T),

/B [(ex) ~ 76 ()]

< T_
|Z: Zt’_C/t - ds + C(

t).
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Regularity of the nonlinear BSDE (f # 0)

Idea : Z; = z; + perturbation.

Theorem
Assume (Ap,), g bounded and g € Ly o (o € (0,1]). Then,

Vtel[0,T),

Fi _ EF z
|Zs — z¢| < C/tT \/E [(g(X;_)_SE ) }ds+ C(T —1t).

» Ex. If g is bounded and Hélderian with exponent «, then

1Zy — 2] < C(T —t)2.
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o Ytp = Yt — Yt Z? = Zt — Zt.
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o Ytp = Yt — Yt Z? = Zt — Zt.

T T
Yto :/ fO(S,XS, Ysoazso)ds_/ ZSOdW57
t t

FO(t,x, v, 2) = £ (£, %,y + u(t, x), 2 + Vxu(t, x)o(t, %))
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o Ytp = Yt — Yt Z? = Zt — Zt.

T T
Yto :/ fO(S,XS, Ysoazso)ds_/ ZSOdW57
t t

FO(t,x,y,2) = f (t,x,y + u(t, x), 2+ Vxu(t, x)o(t, x)).

o IfE [ [T |Dsf(s, Xs, y, 2)[2dsdd < oo, then Z0 = D, Y? =
Linear BSDE (EIl Karoui et al. '97).
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o Ytp = Yt — Yt Z? = Zt — Zt.

T T
Yto :/ fO(S,XS, Ysoazso)ds_/ ZSOdW57
t t

FO(t,x,y,2) = f (t,x,y + u(t, x), 2+ Vxu(t, x)o(t, x)).

o IfE [ [T |Dsf(s, Xs, y, 2)[2dsdd < oo, then Z0 = D, Y? =
Linear BSDE (EIl Karoui et al. '97).

But : this condition is not satisfied (E|D?u(t, X;)|? may not
be integrable).
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» Localization : for ¢ > 0, f(t,x,y,2) := fO(t,x,y, z)l<T_c,

T T
ﬁ:/ makvmm$/ ZEdW.
t t

§7°s
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» Localization : for ¢ > 0, f(t,x,y,2) := fO(t,x,y, z)l<T_c,
T T
Y¢ :/ (s, Xs, Yss,ZsE)ds/ ZEdWs.
t t

» When ¢ — 0,

zZ: = 20,
Z: = DY,
D: Y — D: Y.

= Z? = D;Y? = Linear BSDE
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Assume (Ap) and g € Lo (o € (0,1]). Then, 3C s.t., for every
grid m = {t, : k =0..N}

N—1 .
£(Z,7) = ZE/ Nz— 2z, ds
k=0 Utk

< C&(z,m) + Cln|.
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Main result
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Main result

Assume (Ap,) and g € Lo (oo € (0,1]). Then,
a) with the uniform grid =(1),

£(z,xM) < £;

Na
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Main result

Assume (Ap,) and g € Lo (oo € (0,1]). Then,
a) with the uniform grid =(1),

C
(1) < —-
E(Z, ) < Na

b) with the non uniform grid 7B where B=1ifa=1, and

B<aifa<l,
C

B <« =
EZ,m )_N.
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