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Synopsis

Another numerical example

@ Forward Backward SDEs and related PDEs.
@ Second order discretization.

@ Simulation with the cubature method

@ Numerical examples.
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Forward-Backward SDEs
)

D

(Wi, Fit )o<i<7 @ d-dimensional BM on (2, F,P). Let
(X,Y,Z) = {(Xt, Yt, Zt)o<t<T } € RY x R x RY be the solution of the
(decoupled) system:

t d t .
Xt :X+/0 Vo(XS)dS—i—iZ;/O Vi(Xs) o dWy, "

T T
Yt:¢(XT)+/ f(XS,YS,ZS)dS—/ Zs - dWq,
t t

-V, : RY — RY smooth vector fields.
- ®(X1) called the final condition
-f:RY xR x RY — R Lipschitz, called "the driver”.
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Synopsis
Forward-Backward SDEs
)

D

A nu
Cubature

Another numer

Letu € C¥2([0,T) x RY) be the solution of the final value Cauchy
problem

{(L°+L)uf(t,x,u,(VuV)(x)), te[0,T), x € RY @

u(T,x) = d(x), xR

where

o L is the second order differential operator L = 1 "¢ | (L1)?.

oLl,i=0,1..d,are the first order differential operators
associated to V; = (V).

d d
L'=> V0o, L°=a+> Vo
j=1

=1

9@ V isthe matrix V = (V1,...,Vq).
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Forward-Backward SDEs

Theorem (Peng 1991,1992, Pardoux & Peng 1992)

The (viscosity or classical ) solution of (2) admits the following
Feynman-Kac representation

;
u(t,x)—Ytt’X—E[CD(X}*X)nL/ f(s,X$*,YeX, 28 Yds |, (3)
t

where (XX, YtX ZtX) is the ‘stochastic flow’ associated to (1)

d
dXs™ = Vo(Xs™)ds + > Vi(Xs*) odWi, s € [t,T],

e (4)
dYs* = —f(Xs™*, Ys™*,Z8%)ds + 28 - dWs.

X =%, YK =o(XyN)
If in addition u € C}(RY) then Z¢* = Vu(s, Xs*)V (Xs™).



We fix aa partition 7 := {0 =tg <t; < ... < tn}_.
Ais the set of multi indices A :=U;{0,1,...,d}.
Norm on multi indices
la| = lengthof o, |[laf] := || +card{j: =0, 1 <j <|al}.
Fora = (aa,...,ax) € A, we denote by

L* ;=L ... L%u

and the iterated Stratonovich integral for appropriate
g:[0,T] xRY = R:

(s, Xs) B8l =0
Isla( X s == S [ Is-[9( X, udu I >1,j=0
[ 35-19(, X)), u0dWi(u) 1 >1,j #0.
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We can develop the Stratonovich-Taylor expansion for appropriate
g:[0,T] xRY = R::

gt X)) = 3 L°g(0.x)3°[or+ Y. IYLYG(-X)ox

lleefl <m llal]=m+1,m+2

= Tayl(gvt) + Rm(t7g)
(5)

Rm(t,9) is called the remainder.

E[|Rm(t.g)[]=O@MY2), t<1
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Cubatur

First revisit the Bouchard-Touzi-Zhang discretization (Euler style).
Assume that we “know” {X }1' :

YOti=0(X), Z7t=0

T 1 ™

Zti 1 = TE, |:Yti,’llAWi+1}
i+1

Yfl_E[n+}+mﬁ(x, ,4“),i:nfL“w0

where 61 =ty 1 —t, AW, = Wti“ —W,.

K Manolarakis



Discretization

Theorem (Bouchard and Touzi(2004), Zhang(2004), Gobet and
Labart(2007))

When coefficients of the FBSDE are smooth

2 2
7,1 m,1
Ogrpga}]xil]E “Yti =Yy ‘ + dit1 ‘ Zy = 24 ‘ ] = O(||=||?)

whereas, if these are Lipschitz continuous

2 2
a1 1
Ogrpga}])gl]E “Yti = ‘ + 041 ’Zti -z ‘ ] = O(||~)

[NUYEUIETENSS Second order algorithm for BSDEs



Cubature

For the driver, we use the Trapezoid rule rather than Euler. Assume that
we also “know” Z; = Vu(ti, Xy )V (Xy):
6 .
T2 T2 1 T2

Yt‘ =E [Yt‘ 1 } + IT (f(th,Yt‘ -Zt\) + Ei f(xtw Yt‘+1 ,ZM)} )
With standard arguments using the Stratonovich Taylor expansions, we
can show :

‘ Yy — Y72 )

— [ Yo - Y07 /t f(@9)ds — 212 (1(e7?) + & [1(e72)] )|

< (14 Co) B [ Yo = YEF] |+ max L0 (s, )

t|+1

where @t = (Xt, Yt, Zt) @77 2 (Xt‘ t 7Zl,7r,2)'
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Discretization

Another numerical example

We fix | =1,...,d and look at the BTZ approximation using the Taylor
expansion:
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We fix | =1,...,d and look at the BTZ approximation using the Taylor
expansion:

1 [ 1 [
mﬂfi |:Yti+1AWi+1:| = EE [U(ti+lvxlu+1)AWi+1]
1

« [e3 1
= EE AW/ D LUt X)I% [ s,s +mEi {R4(U75i+l)AWil+1

llall<4
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We fix | =1,...,d and look at the BTZ approximation using the Taylor
expansion:

1 1
E; |:Y[i+1 A\Ni|+1 ] = E; [U(ti+17 Xlu+1)AWi|+1 ]
5i+l 6i+1

1 1
= TEI AWi|+1 Z L(’u(ti,Xt,)J"[l]t‘ i1 + TEI {R;;(U, (Si+1)AWi|+1
i+1 lal<4 i+1
1
= Zits D0 LU XE [ AW [t [+ max LUt )l
i+ «||=9,
lafl=3

(6
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We fix | = 1,.
expansion:

..,d and look at the BTZ approximation using the Taylor

1 | 1
mﬂfi [thAW.H] =5 E; [U(tl+1 Xt.+1)AW|+1]

1 1
=5k AW Y LUt X )9 L s +5E {R;,(u Sir1) AW
i+1 lal<4 i+1
1
= Zits D0 LU XE [ AW [t [+ max LUt )l
|
el =3
(6)
Since

Ja[l]t‘ l\+1 l. oy Z J((Yl ..... aj—1,l0,., (Yk)[l][‘ o

E [3°[1) ., ] =0, |f HQH =1+2N,
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Which multi indices «, with ||a| = 3, satisfy

1y AWiIJrl‘Ja[l]tiJiAl #O
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Forward-Back Es
Discretization

A numer
Cubature

Another numerical example

Which multi indices «, with ||a| = 3, satisfy

1y AWiIJrl‘Ja[l]tiJiAl #O

Answer: a = (0,1), (1,0), (I, k, k), (k,k,), k=1,...,
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Which multi indices «, with ||a| = 3, satisfy
[ {AWiIJrl‘Ja[l]tiJiAl #0

Answer: « = (0,1), (1,0), (I, k, k), (k,k,), k=1,....,d.
However, from the PDE

< Z'—kk> (i, Xt) = —F (Xe,, u(ti, Xy ), Vu(ti, X))

We get

[

d
( 52 'kk> u(ti, Xy ) = —L' F(Xy, u(ti, X, ), Vu(ti, X))
k

On the other hand, with the same reasoning

Ei [f(xt,HyYK,H: Zl.+1)AWi|+l} = G yqL f(Xy, Yy, Zy ) +6% 4 |\m2§4 IL*u(tiye,-)]
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Cubatur

Putting everything we have so far, together:

1

rlEi |:Ytl+1 AV\/iIJrl } + Ei |:f(xt\+17 Yt.+1a Z'l|+1 )AWilJrl
I+

1
—Ei AWi|+1 Z Lou(ti, X )3 1.y | + O(02 1)
i+1 a=(0,1),(k,k,1)
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Forward-Back Es
Discretization

A nur
Cubature

Another numeri

Putting everything we have so far, together:

1

rEi |:Yt.+1 AVViIJrl :| + Ei |:f(xt\+17 Yt|+1’ Ztl+l )AWilJrl
i+1

1
A E' AWIIJrl Z Luu(t| ) Xt| )J “ [1]t| Jlige + O((SIZJrl)
i+1 a=(0,1),(k,k,1)

Final ingredient:
Ej {Zilu} =Ei [Llu(tiJrl,xiJrl)}

1
i1

=Zl+ B AW Y LMt X)W |+ O(67)

a=(0,1),(k k1)
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Cubatur

All these intuitive arguments tell us that
2

Z = EE [YtMAWiLl}*Ei [Ziga [4Ei | f (Xt Yo, 2o, ) AW [+0O(67)
I
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Forward-Back DEs
Discretization

A nu
Cubature

Another numer

All these intuitive arguments tell us that
2
Zi = EE' |:Yti+1AWil+1}7Ei [Zi+1]+Ei f(X[iH?Yti+1vzti+1)AWil+l +(9(5i2-%-il.)
We suggest the following scheme:
Y2 = &(Xn),

{V(D(Xn)V(Xn), if & smooth

T2
Z "=
0, else

n

If & Lipschitz 27 ==z, Y% =v7

tn—l" tn—l tn—l

Fori=n-2,...,0

T T AW, g T T
Z7? = 2K, {Y ’2'“] _E [Zt,ﬂ +E {f(xm,v 2.7 ’Z)AWiH} ,

B Gy tin? Tl
YR [Yiﬂ * 5i51 (f (Xi’YtT’Z’ZtThZ) B [f (Xi+1,Ytiﬂ+’12=Zt:12>])'
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Discretization

Let {Vi}%,, f be smooth.

2
FR— 7T72 ~ A/
oIS “Y' Y ‘ } = ClIVloe vor

(7)

n—-1
+C D A LU, )lee
i=1 N
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Discretization

Theorem
Let {Vi}%,, f be smooth.

max IEI“Y. Y”Z( }:C||v¢||oo\/$

0<i<n-1
@)
+c25 » max X LU (t, oo

Theorem (F. Delarue 2010)

In the context of the above theorem, assume that ¢ is Lipschitz
continuous. Then the solution of the PDE is smooth on
c,™?™ ([0,T) x RY) and

N [Vl
[Du(t, )| < C(T ~¢)(lel D72

K Manolarakis
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Discretization

Corollary

Within the same framework, consider the second order scheme along
the partition

m={t:=T (1— <1—ri1>2>, i=0,....,n, neN,}

Then, there exists a constant C independent of the partition such that

21Y2 cllve
max E “Yti —Y? ) } < 7||V2 e
0<i<n-1 ! n
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We approximate the involved expectations with the cubature method.
The details:

Given a finite measure 1 on (R?, B(R?)), the points {x;}*; ¢ R? and
numbers A € R, i =1,...,N define a cubature formula of order m
w.r.t p if

./me;/dx Z/\xl_ZAax , Yk<m

= fos FOOp(dx) = SN, Nif(xi), Y smooth

(RY, ) (Co[0,T],P) (P~ Wiener measure)
xX — / /OdWI1 .o dWk
x € R — w € Col0,T]

K Manolarakis



Given a nice function f, the Sratonovich-Taylor expansion tells us

FX*)= > Lf(0,x / odW,! ... o dW,*

[lee||<m o<ty <... <t <t
+ Rm(t, x, )
m+1
||Rm(t,X,f)||p = O(tT})

Let Q be another measure on (C([0,t]), B(C(]0,t]))) with

(E2 —E) U odwg;,..odvv;;} =0, (i1,...,i) € Am
o<ty <... <t <t
E2[|Rm(t, x, )[P] small for small t

~ EQ [f(xto-*)] ~E [f(xto-*)]
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Simulation

Theorem (Lyons & Victoir (2004), Litterer& Lyons (2008))

Cubature paths exist. Moreover there exists explicit construction for
m = 3,5 any dimension and m = 7 and dimension 1, 2.

This new measure, called cubature measure, will be denoted by Q[",
ie QM= N,
Let w € Copy ([0, T]; RY). What is E%[f(X*)]?

Su 0,X\1 __ ! d ! 3 i
RS [f (XO)] = f x+/o Vo(Xs(w))ds+Z/o Vi (Xs(w))ded (5)
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Put differently, if =1 x(w) the solution at time T of the ODE
dyix = 3o Vi(¥ex)dw! (1), Yo = X, then

N

Egp [FX¢70N =D N (Snaxl(wy)) -

i=1

Over multiple steps, the above measure compounds as

(tk [f(th ‘XO - X Z /\'1 ’ '/\ikdEtk,x(wul‘X“mw\k )(f) = E%On [f]

k=1
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Along the partition = we build the cubature tree UE:O Nk:
No={x=Xo}, M ={Zpx(wj)]i=1,...,N}, Xxe&Nc1
U &
XGNK,1

We define recursively the family of vectors {v(x), ¢k(X), X € N o
(each of length N¥), as

Un(X) = ®(X), ((x)=0, j=1,....,N, xeMN,
= Z Aili/z(ﬂﬁi+1(>?))—ﬁi+1( X) + (X, ipa(X), Gya(X ))5|1+/f

XN, i+1

hi(X) = Y Aetiga(X)

XENX

i+1

i . di _
n 2+1f(x7wi(x),c +lfx§ f (X, ¥ir1(X),Ge1(X))
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Conside the (F)BSDE:

dX; = pXdt+4/1+X2dW;, Xo=1

T T
Y, = arctan (xT)+/ ef(T*S>(1—,1,)xsz§—rsts—/ ZsdWs,
t t

) . _ _ —r(T—t)
Solutlon -(Ytazt) = (e T(T t) arCtan(Xt), i/W) .

sssss
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A numer
Cubature +recombination

Another numerical example

The cubature method produces a finitely supported measure on RY,
at every time ty: ;f“bm =2 N - N Oy, Where the point X, )

is obtained by solving ODEs along w|l, e W -

The support of the measure explodes exponentially.

At time t, we have (NX*1 — 1)/(N — 1) points , N the number of
cubature paths.
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Another numerica

The cubature method produces a finitely supported measure on RY,
at every time ty: ;f“bm =2 N - N Oy, Where the point X, )

is obtained by solving ODEs along wij, , . . . , wj, -

The support of the measure explodes exponentially.

At time t, we have (NX*1 — 1)/(N — 1) points , N the number of
cubature paths. But we do not need this much !.

Let g : RY — R be smooth with compact support. Then

909 = 3 29Dy 4 Ru(g. 30

o[ <m

:Taym(gaxo)+Rm(gaX0), X e B(X075)
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Another numerical example

Any measure ji such that fi[ (X —Xo)®] = u[(X —%0)"], V|a| <m
will give us
Fi(9e(x0,5)) = 1(9 B (x0,5))

d+m) monomials X<, |«| < min d variables.

There are (
We can reduce the supp(u£*®) N B(xo, ), to (*}™) + 1 points
Namely, find at most (*1™) + 1 points among all points in

supp(u£*°™) N B(xo, §) with new weights, that integrate polynomials
same as p"®". Call this measure ,°!om-red

o [pebmred(g) —E[g(X,)]| = O (|1™(9) —E[9(X)]])
@ The number of knods grows only polynomially.
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A numerical example

Cubature +recombination

Another numerical example

All the above carry over in the BSDE framework with two
differentiations:

@ The condition for the reduce measure is
Mcubm,red ((Xa)p) — Iucubm ((Xa)p )7 ‘Oz| < m, p > 1.

@ Children of the same parent knod, all die or all survive
. The overall rate of convergence stays the same!
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Cubatur
Another numel

dX! = piXdt + o X/ dW,, i=1,2,3
dYy = rYdt + 60 - Zdt + Z; - th,

Y = (K —f{xg>+
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