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Reflected BSDEs

» For (b,0) : RY — R? x M9 Lipschitz ( o may be degenerate) :

t t
Xt = Xo —I—/ b(Xu)du—i—/ o(Xy)dW,
0 0
> ‘Simply’ reflected BSDEs on a boundary /(X):
T T T
Yt = g(XT) +/ f(Xt, Yta Zt)dt - / (Zt),th +/ th
t t t
(C1)Y: > I(X¢) (constrained value process)
T
(cz)/ (Yt - I(Xt)>th — 0 (“optimality” of K)
0

» Extension: doubly reflected BSDEs, reflected BSDEs in convex
domain — normal reflection
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Geometric framework

Obliquely reflected BSDEs
Example: Starti nd stopping problem
Representation g “switched” BSDEs

» Multidimensional value process constrained in a domain C (d > 2)

C={y eRily >Pi(y) =

max;(y; — cjj)}

with ¢; = 0, inf,';éj Cij > 0, Cij + Cjk > Cik

— P (oblique projection) is L-lipschitz with L > 1 (euclidean norm)

» example d = 2, oblique direction of reflection
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Obliquely reflected BSDEs

» System of reflected BSDEs: for 1 < i < d,
. . T o T ' .
Yy =g'(X1) +/ f'(Xu, Y., Z)du _/ (ZIYdW, + K& — K
t t

(C1) Y; € C (constrained by K)
(C2) fOT (Yt’ - Pi(Yt))thi = 0 (‘optimality’ of K)

» Hu and Tang 07, Hamadene and Zhang 08
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Starting and Stopping problem (1)

Hamadene and Jeanblanc (01):

» Consider e.g. a power station producing electricity whose price is
given by a diffusion process X: dX; = b(X;)dt + o(X¢)dW;

» Two modes for the power station:
mode 1: operating, profit is then f1(X;)dt
mode 2: closed, profit is then £2(X;)dt
— switching from one mode to another has a cost: ¢ > 0

» Management decide to produce electricity only when it is profitable
enough.

» The management strategy is (6}, ;) : 6; is a sequence of stopping
times representing switching times from mode a;_; to «;.

(at)o<e<T is the state process (the management strategy).
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Starting and Stopping problem (2)

» Following a strategy a from t up to T, gives

T
J(a, t) = / 2 (Xs)ds — Z clico<T)
t

j20
» The optimization problem is then (at t = 0, for ap = 1)

Y§ := supH[J(a,0)]

At any date t € [0, T] in state i € {1,2}, the value function is Y/.
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Solution

» Y is solution of a coupled optimal stopping problem

Ytl =ess sup E |:/ f(l,Xs)dS—l- (Y7_2 — C)1{7—<T} ‘ .7:t:|
t

t<r<T
Yt2 =ess sup E [/ f(2, Xs)ds + (Yq} - C)I{T<T} | ft]
t<r<T t

» The optimal strategy (9}*,0[}‘) is given by

* H * af i
~1:=inf{s>07|Ys’ = max Y, —c¢
j+1 { - Yj | s ie{1.2} s }

iy =1ifaj =2, 0or2ifa; =1.
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System of reflected BSDEs

Y is the solution of the following system of reflected BSDEs:

. T T ) T .
Yt’—/ f(i,Xs)ds—/ (z;)’dws+/ dKi | i€ {1,2},
t t t
with (the coupling...)
YI>Y2—cand Y2> Y} —c,Vte[0,T]

and (‘optimality’ of K)

/OT (Ysl (Y2 - c))szl =0 and /0

! (Y2 (vi- c))dK§ ~0

S S
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Remark: related obstacle problem

» OnR x [0, T)

min(—@tul—£u1—f1,u1—u2+c> =0

min( — d;u® — Lu? — 2, u° — u1+c> 0

ulzuz—canduzzul—c

» Terminal condition
u(T,.)=0
» Link via
Y} = ul(t, X;) and Y2 = A(t, Xy)
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“Switching” problem - “switched” BSDEs

> “Switching” strategy a = («aj, §;); starting at (i, t)
N = #{k € N*|0, < T}

» State process - cost process
N2 AP
as = aolo<s<o, i1 aj—1ly, y<s<o; » AT =D ;01 Caj y05l0<s<T

» “Switched” BSDE (following the strategy a)

T T
Uf:gaT(XTH/ f(Xs, U, V;”)ds/ VAW, — A% + A?
t t

> Representation (a*: optimal strategy)

i _ a __ Jax
Y; = esssup U7 = U
a
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Approximation of the forward SDE

» For (b,0) : RY — R? x MY Lipschitz :

t t
Xe :Xg+/ b(Xu)du+/ o(X,)AW,
0 0
» Euler scheme X with 1 ={0=t) <. <t, <..<ty=T}:

{ XF = Xo
X = XT 4+ b(XT)(t = ta) + o(XT)(We — Wh,), t € (ta, taya]

» Error (b, o Lipschitz)

1

2
Err(X,X™) :=E| sup |X;— X[]?| <
tel0,T]

S

(maxp [the1 — ta| < %)
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A scheme for the RBSDE: an example

» RBSDE, Snell envelop of I(X¢):
Y = I(X7) — ft ) dW, +ft dKs . Y: > 1(Xe)

» Discrete Snell envelop of (/(X™)¢,)n :

Y;: =E [ tht1 ‘ ft”]
Yl = Yt: VI(XE)
— terminal condition Y7 :=/(X7F).
» More general domain/reflection:

YE = YEVIXE) — YT = P(YT)
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Moonwalk scheme for the RBSDE

» Implicit Euler scheme for the "BSDE part”

YO =E YT, | Fol + (a1 — ta)F(XT, YE, ZT)
ZL = (tpp1 — tn) " E[(Wh,, — We )(YEL) | T,

» Taking into account the reflection
Y Y 1t ¢R +P( )ltneéﬁ

R C = is the reflection grid with  dates.
> and terminal condition YJ = Y7 := g(XF).
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Continuous version

» Piecewise continuous version of the scheme (Y7, Y™ Z7):

tht1
Yo, = Es,| t+1] +/t (ZT)dW,

4

T

Vi (b = OFXEYEZD) - [ (2.
t

» Observe that : Z] = tH_tnEtn[ft”“(fo)’du]

> is an approximation of Z : Z;, = Et,,[ t"“(Zu)/dU}

t +1_tn
which is a “proxy” for Z...

J-F Chassagneux Approximation of obliquely reflected BSDEs



Approximation of the forward SDE
A Discretization scheme for RBSDEs Approximation of the RBSDE
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Error to control

» Error of interest :

1
2

NI

Err(Y,Y™) = sup E[|Yt - \~/t7r|2} or maxE[|Ytn - \7;:\2]
te[0, T n
>

=112 = 2"l

tht1

n—1
Z/ |Z, — ZT|2dt
i=0 ¥ In

&rr(Z,27) :=E

» “Regularity” term
Reg(Y):=max sup E[|Y;— Y,|?

t€[tn,tni1]

N-1 thi1 _
Reg(Z) =E[> / | Z, — Z, |2dt
n=0 "t

1
2
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Stability problem - formal discussion

In the multidimensional case, consider a scheme with pertubation
Y™ Y™ and the error between the two schemes is given by § Y7, §Y™.

» Using “classical” arguments, we obtain at step n
E[[d?{ﬂz} < e%(IEU(SYt’;H\Z} + pertubation terms)
» To iterate (at t, € R), remark that:
OYe = 1Y, = YeLl = 1PYEL) = PO < LISYL, |

» iteration gives
E[|5\~/g|2} < 1% x CZ pertubation terms

normal reflection: L <1, OK. but oblique reflection... L > 1.
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Method (1/2)

— known approximation results for reflected BSDEs in the case of :
simple reflection, double reflection, reflection in a convex domain with
normal reflection

— using the following method:

1. Discretize the reflection: use a discrete grid 3t of the time interval
[0, T]. New object called “Discretely Reflected BSDE" (DR)

2. Propose an approximation scheme for the DR using the discrete grid
7 (assuming R C 7)
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Method (2/2)

3. Prove the convergence of the scheme to the DR when 7 is refined: as
in the non-reflected case, need for “regularity”

4. Prove that the DR converges to the RBSDE when # is refined.

5. Use the approximation scheme of the DR to approximate the RBSDE
(assuming R C 7) and combine 3. & 4. (setting R and 7 in a
convenient way) to obtain convergence results.

< We use the same method here, but proofs are different | main
difficulty: stablity.
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Discretely reflected BSDEs

Given a grid % = 0=rnp<.<n<..<r=T}
a triplet (Y9, Y9, Z9) satisfying

Y =Y{ = g(Xr)

and, for j <k —1and t € [rj, rj11),

Ve = v+ [ AX Yz du— [P(Zd) aw
Ytd Ytdl{tgge} + P(Ytd)l{te%}-

example: simply reflected on /(X), set f =0, g = /... DR is the discrete
Snell envelop of I(X;),en
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Discretely Obliquely Reflected BSDE - Representation

» It can be rewritten

T T
Yo =g(X7r)+ / f(Xs, V2, 2%)ds — / (z8Ydw; + k4 — k4
t t

kd = Z AR, , AKY = Y4 — V4 = p(vd) - V¢
ref\{0}

» Same representation property as the obliquely RBSDE

(V) =esssupUZ = UZ*, Vi<d

but switching times take their values in & !
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Regularity results for discretely obliquely RBSDEs

» Stability of DR with respect to the parameter f,b,o... allows us to
regularize them.

» Representation using the optimal strategy a* (f = f(x))

HA * T *
(Z9)" =E | Vg (X7)DeXT + / V£ (X)DeXsds | ]—“t]
t

Reg(29) < c(ﬁ+ ,Jl)

» Observe : Reg(Y?) <

» allows us to obtain

_C
7N
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Error between the scheme and the discretely RBSDE

» Using “classical” arguments : C >1
e (Y9, Y™) + &r(29,27) < C" (grr(x, X™) + Reg(V9) + 7?eg(Zd)>
» Stronger assumption : f does not depend z, two steps

(@) Er(YI,Y™)+&r(YI, YT <
1

e

(b) &mr(z9,Z7) < c( +

N

SR

EE

where we used the regularity of (Y9, Z9).
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Sketch of proof (1/2)

1. Recall that (\N/d, Rd) has a representation in term of “switched”
BSDEs U for an optimal strategy a*: (Y) = U?".

2. Remark that (\7”, R”) can be seen as a discretely RBSDE, it also has
a representation in term of “switched” BSDEs (U™) for an optimal
strategy a™: (Y7) = U7 .

3. We introduce another discretely RBSDE (Y, K) with driver

fo i= F(Xe, YE) V F(XET, YI) for t € [t;, ti 1) and terminal condition

g1 = g(X71)V g(X%F). It also has a representation in term of “switched”

BSDEs (U) for an optimal strategy 3: (Y;)' = UZ.
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Sketch of proof (2/2)

X«
Y
Q
<
=<
N}

4. Using comparison theorem, we observe that (Y
V(t, 7).

5. Combining step 1-4, we obtain
0< (Vo) = (V) < UF = U and 0 < (Vo)) — (V7)) < U = UF
6. This leads to
(V) = (YE)P <2007 = UP*P + (U7 = UZP)

where the right-hand side term is very easy to control...
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Convergence for the obliquely RBSDE

Error between the discretely RBSDE and the obliquely

RBSDE ( f bounded in z)

=10

Also in two steps :
() Elsup|Y, - 7P| <
reR

then applying “classical” arguments and using (i)

(i) Err(Y, Y+ Er(Y, Y +Er(Z,29) <
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Convergence for the obliquely RBSDE

Convergence results

» Whenever f is bounded in z, the scheme converges... but the bound

is —C 07—, Ve > 0.
log(N)4~*
» Combining the previous controls, when f does not depend on z:
C
Ns

Err(Y,Y™) 4+ Er(Y,Y™) < £1 and &rr(Z,27) <
N

» And we obtain a better convergence rate at the grid point 7

Sy

maxE[| Y;, =Yg ] <
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Concluding remarks

» Extension: Constant costs— C2 costs: C% — Ceﬁ, e > 0.
case of Lipschitz costs 7

» Method to obtain stability allows to sllghtly extend existence and
uniqueness for the obliquely RBSDE. ' = f(y, z)

» Assumption on f: f/ = f(y' z') & f bounded in z or f' = f(y').
Reasonable convergence rate when f' = fi(y) or when it depends on
z?
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