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[Boundary value problems]
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Membrane model. f = bulk force, g = surtace load.

(

—Au=f in Q,

n = unit normal vector,
u =0 on 0f1p,

an: du .
notation: oy = Vu-n.

\g—z:g on 0y
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[ Key idea which must be mastered:)

The variational approach
Boundary value problem = p.d.e. + boundary condition

It is proved that a boundary value problem is equivalent to its variational

formulation.

From a mechanical point of view, the variational formulation is just the

principle of virtual work.

Any variational formulation can be written as

find w € V' such that a(u,v) = L(v) Vv eV,

This approach gives an existence theory for solutions and yields numerical

methods such as finite elements for computing them.

It is also a key tool for shape optimization.

G. Allaire, Ecole Polytechnique Optimal design of structures



( Technical ingredients]

Green’s formula:

/ Au(x)v(x)dr = —/ Vu(zx) - Vu(z) dx + %(az)v(:{;) ds
Q Q

1o 871

Sobolev spaces (functions with finite energy):

we HY(Q) < /Q (IVa(@)? + Ju(@)]?) de < +oo

uw € Hy(Q) & ue H(Q) and u = 0 on 99
[0 The Hilbert space V is usually a Sobolev space.
[0 To find a and L, the p.d.e. is multiplied by a test function.
[1 Integrate by parts using Green’s formula.

[1 Use the boundary conditions for simplifying the boundary integrals.
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How to remember Green’s formula 7 It is enough to know the simple formula

ng (x)dx = LQ w(x)n; ds

with n;(x), the i-th component of the exterior unit normal vector to 9€2 (to
remember that it is the exterior normal, think about the 1-d formula !). All
type of Green’s formulas are deduced from this one.

As an example, take w = vg;, and sum w.r.t. ¢ to get

ou

. %(az)’u(:{;) ds

/Q Au(z)v(z) dz = — /Q Vu(z) - Volz) dz +

G. Allaire, Ecole Polytechnique Optimal design of structures



[Variational formulation]

Integration by parts yields

/fvda:=—/Auvd:v=/Vu-vadaz—/ %vds
Q Q Q oq On

[1 The Dirichlet B.C. is imposed to the test functions.
[1 The Neumann B.C. is just put into the variational formulation.

Adequate choice of the Sobolev space:
V=A{ve H'() such that v = 0 on O0p |}

After simplification we get: Find u € V such that

/Vu-Vvd:U:/ffud:BJr/ guvds YvelV.
Q Q 0N

variational formulation (V.F.) < boundary value problem (B.V.P.)

Lax-Milgram Theorem =- existence and uniqueness of u € V
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[Checking the equivalence V.F < B.V.P. j

We already saw that u solution of B.V.P. = u solution of V.F.

Let us check that u solution of V.F. = u solution of B.V.P.
Let u € V = {v € H*(Q) such that v =0 on 9Qp } satisty

/VU'VUdZC:/fUdZC+/ guvds YvelV.
Q Q 0N

Integrating by parts (backwards) yields

—/Auvdaer @vdSZ/f’Udaer/ gvds YvelV,
Q oq On Q 00N

Taking first v with compact support in 2 leads to

—Au = f in (.
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Taking into account this first equality, the V.F. becomes

/ %vds:/ guvds YvelV,
o0 On 0N

In a second step, v is any function with a trace on 0€2n. Thus

%:g on 0f)y.
on

The Dirichlet B.C. ©w = 0 on 0f)p is recovered because u € V.

Eventually, u is a (weak) solution of the B.V.P.

’

—Au=f in (Q,
u =20 on 0€1p,

\ g—gzg on 0.
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Remark: if 9Qp = () (no clamping), then a necessary and sufficient condition

of existence is the force equilibrium:

/fd:z:—l—/ gds = 0.
Q o0

Furthermore, uniqueness is obtained up to an additive constant, i.e., up to a

rigid displacement.
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[Linearized elasticity System]

—dive = f in ()
with o = 2ue(u) + Atr(e(u))Id
u=20 on 0S2p

| on=y on 0€)y,

6’uz~ ou j

1 1
e(u) = = (Vu+ (Vu)') = = ( + )
2 ( ) 2 (933]' (9337, 1<i,j<N

V ={ve H' ()" such that v =0 on dQp }

Variational formulation: find v € V such that

/2,ue( )oe(v)daj—l—/)\divudivvdx:/f'vdx—l—/ g-vdsVoveV.
Q Q Q 0N
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FINITE ELEMENT METHOD (F.E.M.)

(Variational approximation)

Exact variational formulation:
Find v € V such that a(u,v) = L(v) Vv e V.
Approximate variational formulation (Galerkin):
Find up € Vj such that a(up,vn) = L(vy) Yo € Vy

where V), C V is a finite-dimensional subspace.

The finite element method amounts to properly define simple subspaces V},,

linked to the notion of mesh of the domain f2.
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Introducing a basis (¢;)1<;<n, of Vi, we define

The approximate V.F. is equivalent to

Np,
Find U, € R™" such that a | Y ujé;, ¢; | = L(¢;) V1<i< N,

j=1
which is nothing but a linear system

KnUn =by with  (Kp)ij = al(@j,¢4),  (bn)i = L(¢s).

Remark: the coerciveness of a(u,v) implies that the rigidity matrix Ky, is
positive definite. On the same token, the symmetry of a(u,v) implies that of

Kh,.
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(Lagrange [P, finite elements in NV =1 dimension)

Uniform mesh with nodes (or vertices) (z; = jh)o<j<nt1 Where h = —

A

—
X=0 X1 X i Xnp-1 Xn Xner=l

V3, = space of piecewise affine and globally continuous functions

1 —|z| if |z| <1,
0 if |z| > 1.

ZC—ZCj

EE) with (o) =
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[Resulting linear system)

We have to solve the linear system /C;,Uj;, = b;, where K, is the rigidity matrix

Zuquj with Up, = (uq,...,uy, ) € RV,

A straightforward calculatlon shows that ICj is tridiagonal

(2 0
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(Resulting linear system (Ctd.)]

To obtain explicitly the right hand side b;, we have to compute the integrals
Tit1
(br); = / f(x)pi(zx)dx for 1<i<n.

For that purpose one uses quadrature formulas (or numerical integration). For

example, the “trapezoidal rule”

[ ) e i) + ().

Li+1 — L4

7

Remark. In most cases, Gauss quadrature is employed yielding optimal

order.
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(Convergence of the FEMJ

Theorem. Let u € H}(0,1) and uy € Vo, be the exact and approximate
solutions, respectively. The [P; finite element method converges in the sense
that

lim {lu = up| 20,1y = 0.

Furthermore, if uw € H*(0,1) (which is true as soon as f € L?(0,1)), then
there exists a constant C', which does not depend on h, such that

lw —un|lzr0,1) < Chllu”|22(0,1) = ChIl fll£2(0,1)-

Remark. One advantage of the V.F. (in comparison to the strong form) is
that the F.E. basis functions need not to be twice differentiable but merely

once.
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F.E.M. IN HIGHER DIMENSIONS N > 2'

(Lagrange P, finite elementsj

The domain is meshed by triangles in dimension N = 2 or tetrahedra in

dimension N = 3 with vertices denoted by (a;)1<;j<n+1 in RN,

We shall use FreeFem-++ http://www.freefem.org
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Lemma Let K be a triangle or a tetrahedron with vertices (a;)i1<j<n+1. Any

affine function or polynomial p € P; can be written as

where (\;(z))1<j<n+1 are the barycentric coordinates of z € RY defined by

Z;V;ll a;jNj =x; forl<e< N
SN =1

j=1

In other words, any P; function is uniquely characterized by its
(nodal) values at the vertices or nodes of the mesh.
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The Lagrange P; finite element method (triangular F.E. of order 1)
associated to a mesh 7 is defined by

Vi, = {v € C(Q) such that v |k, € Py for any K; € Tp, } .
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(Resulting linear system]

We have to solve the linear system KU = b, where Kp is the rigidity matrix

/chz(/wj-widx) ,bhz(/mdaz) ,
2 1<?,7<nqi Q 1<i<ngq;

_ Volume(K)
/K plz)de~ —5 +1

G. Allaire, Ecole Polytechnique Optimal design of structures



ZRectangular finite elements Ql]

A N-rectangle K in RY is defined as Hfll[li, L;] with —oco < [; < L; < 400.

Its vertices are (a;);<;j<an.
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The set Q; is made of polynomials of degree less or equal to 1 with respect
to each variable (# P;)

Q1 = {p(iﬂ) = Z Qi inT1 TN avec T = (1, ...,:I:N)}
0<ii<1,...,0<iy <1

In other words, Q; is defined as the tensor product of 1 — d affine polynomials

in each variable.

Any Q; polynomial is uniquely characterized by its values at the vertices

(aj)1<j<on of a N-rectangle.
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The Lagrange Q; finite element method (quadrangular F.E. of order 1)
associated to a mesh 7 is defined by

Vi, = {v € C(Q) such that v |k, € Q; for any K; € Tp, } .

Basis function of V}, associated to one node or vertex of the mesh.
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