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Optimization of a membrane thickness'

Membrane occupying a bounded domain Q in R”. Forces f € L?(Q),
displacement u € H}(Q) which is solution of

—div(hVu) = f in €,
u=20 on 0f).

It is called parametric (or sizing) optimization because the computational

domain €2 is fixed. The thickness h(x) is just a parameter.

Admissible set of thicknesses h, defined by

Uya = {h € LX), hmaz > Mx) > honin > 0 in Q/ h(z) dx = h0|Q|} .
Q
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Parametric shape optimization problem:

inf J(h) = ' d
it J(h) /Q j(u) dz

where v depends on h through the state equation, and j is a C*! function from
R to IR such that |j(u)] < C(u? + 1) and |7’ (u)| < C(Ju| + 1).

Examples:

[0 Compliance or work done by the load (a measure of rigidity)

[0 Least square criteria to reach a target displacement ug € L*(Q)

j(u) = [u—uol’
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‘Continuity of the cost function.

Proposition 5.1. The application

h— J(h) = / j(u) dx

Q

is continuous from U,4 into R.

Proof. By composition of the 2 continuous functions below.

Lemma 5.2. The map @& — [, j(@)dz is continuous from L?(2) into R.

Proof. By using the Lebesgue dominated convergence theorem.

Lemma 5.3. The map h — u is continuous from U,y into Hg ().
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[Proof of Lemma 5.3.]

Let h, € U,q be a sequence such that ||k, — heo|/r~ @) — 0. Let u, be the
unique solution in Hj () of the membrane equation with the associated
thickness h,,

—div (h,Vu,) = f in
U, =0 on 0f),

& /thVun~V¢dx:/Qf¢dx Vo e Hi (9.

We substract the variational formulation for u,, to that for u,

/ hV(Up — Up) - Vo dr = / (B — b))V, - Vodr Vo€ Hi(Q).
Q Q

Choosing ¢ = u,, — u,, we deduce

|V (wn — um)||L2(Q) < Hf||L2(Q)||hm — hnHLOO(Q)a

which proves that w,, is a Cauchy sequence in H}(92) and thus converges.
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5.2 Existence theories '

None of the theorems studied in the chapter on optimization applies in

general !

Usually there exists no optimal shape !

It is an important issue because this non-existence phenomenon has

dramatic consequences for the numerical computations.

Possible remedies: the definition of the set U/, of admissible designs has
to be modified to obtain existence.

1. Discretization: finite dimensional admissible set.

2. Regularization: compact admissible set.

3. A “miracle”: compliance minimization is a convex problem.
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(Generic non-existence of optimal shapes]

[1 There are precise mathematical counter-examples (a bit complicated).
[1 It shows up numerically: non convergence, instabilities...

Intuitive counter-example (which can be rigorously justified) with 2 state

equations:

One seeks a membrane which is
1. strong for the horizontal loading 1,

2. weak for the vertical loading 2.
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[Deﬁnition of the counter-examplej

—div (hVu;) =0 in £, —div (hVug) =0 in £,

hVui-n=e;-n on 0, hVus -n=ey-n  on 0,

inf J(h):/ elonulds—/ e - N Us ds
helyq o0 o0

We minimize the compliance in the e; direction and we maximize it in the es

direction.

The same membrane is subjected to the 2 loadings.
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[Hand—waving argumentj

If h is uniform = isotropic material = same mechanical behavior in all

directions, thus not optimal.

It is better to build horizontal layers of alternating small and large thicknesses:

= laminated structure which is horizontally strong and vertically weak.
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[Hand—waving argument (continued)]

[1 Verticaly, the lines of forces must cross the layers of minimal thickness:

the structure is thus weak.

[1 Horizontaly, the lines of forces follow the layers of maximal thickness: the

structure is thus strong.

[1 However, since the boundary conditions are uniform, the membrane is
horizontally stronger if the layers are finer because the lines of forces are
deviating from the horizontal to a lesser extent.

If h oscillates at a small scale, we obtain an anisotropic composite material.
To reach the minimum the oscillation scale must go to O.

Therefore, there does not exist an optimal design !
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5.2.2 Existence for a discretized model

Let (w;)1<i<n be a partition of 2 such that

Q:Owi, wiHWj:@fOI"i%j.
1=1

We introduce the subspace U, of U,q defined by
c?d:{heuada h(w)zhzmwz,lgzgn}

Any function h(z) € U7, is uniquely characterized by a vector
(hi)i<i<n € R™: U, is thus identified to a subspace of R".

We are now back to the finite dimensional case. It is much easier !
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Theorem 5.9 (finite dimension). The optimization problem

inf
ey, T

admits at least one minimizer.

Proof. Since U, is a compact subspace of R™ and J(h) is a continuous

function on U, (see Proposition 5.1), we can apply Theorem 3.3 which gives

the existence of a minimizer of J in .

Remark. What happens when n — oo 7 Numerically, local or global

minimizers 7 Conclusion: theorem of limited interest.
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(5.2.3 Existence with a regularity constraintj

Consider the space C1(Q) which is a Banach space for the norm

[l ) = mas (|6()] + [Vo(a)]).

xred

Take a given constant R > 0, and introduce the subspace U, 5

a

Ues = {h € UaNCHQ) Iy < R} |

Interpretation: “feasability” constraint because, in practice, the thickness

cannot rapidly vary.

Theorem 5.12. The optimization problem

inf J(h)

heu’ s

admits at least one minimizer.
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Proof. Consider a minimizing sequence (h;, )n>1

n—00 heures

lim J(h,) = < inf J(h)) :

By definition, the sequence h,, is bounded (uniformly in n) in the space

C1(92). We then apply a variant of Rellich theorem which states that one can

extract a subsequence (still denoted by h,, for simplicity) which converges in
C°(Q) towards a limit function h., (furthermore ho, € C1(Q)). We already
know that the map h — J(h) is continuous from U,, into R, thus

nh_)rrgo J(hy) = J(hso),

which proves that he, is a global minimizer of J in U 77.
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Theorem of limited practical interest.
0 How to choose the upper bound R in the definition of U, 79 ?
[1 Usually, no convergence when R goes to infinity.
[1 Numerically, global or local minimizers 7

[ Numerically, the following regularity constraint is prefered

1Al o) < R.

G. Allaire, Ecole Polytechnique Optimal design of structures



‘5.3.1 Computation of a continuous gradient'

—div (hVu) =f in
u=20 on 0f).
U=1{heL>*Q), Thg> 0 such that h(x) > hg in Q}.

Lemma 5.15. The application h — u(h), which gives the solution
u(h) € H}(Q) for h € U, is differentiable and its directional derivative at h in
the direction k € L°°(€2) is given by

(w'(h), k) = v,

where v is the unique solution in Hj () of

—div (hVv) = div (kVu) in Q
v=20 on 0f).
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Proof. Formaly, one simply differentiates the equation with respect to h.
However, to be mathematically rigorous one should rather work at the level of

the variational formulation (see the textbook).

To compute the directional derivative, we define h(t) = h + tk for t > 0. Let

u(t) be the solution for the thickness h(t). Deriving with respect to ¢ leads to

—div (h(t)Vu'(t)) = div (b (t)Vu(t)) in Q
u'(t) =0 on 0,

and, since h'(0) = k, we deduce u'(0) = v.
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Lemma 5.17. For h € U, let u(h) be the state in H3(Q) and

where j is a C'! function from IR into IR such that |j(u)| < C(u® + 1) and
17/ (w)| < C(|lu] + 1) for any u € IR. The application J(h), from U into R, is
differentiable and its directional derivative at h in the direction k € L*>°(Q) is

given by

0k = [ (u)ode.

where v = (u/(h), k) is the unique solution in H}(Q) of

—div (hVv) = div (kVu) in Q
v=>0 on Of).

Proof. By simple composition of differentiable applications.
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(Adj oint statej

We introduce an adjoint state p defined as the unique solution in Hg () of
—div (hVp) = —7'(u) in Q
p=20 on 0f).
Theorem 5.19. The cost function J(h) is differentiable on & and
J'(h) =Vu-Vp.

If h € U,y is a local minimizer of J in U, 4, it satisfies the necessary optimality

condition

/Vu-Vp(k—h)deO
Q

for any k € U, 4.
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Proof. To make explicit J'(h) from Lemma 5.17, we must eliminate
v = (u'(h),k). We use the adjoint state for that: multiplying the equation for
v by p and that for p by v, we integrate by parts

/th°Vvda::—/j’(u)vda:
Q

Q

/hV’U'VdeCI—/kVU'VdeC
Q Q

Comparing these two equalities we deduce

(T (). k) = /Q i () do = /Q kVu - Vpda,

for any k € L>°(Q). Since Vu - Vp belongs to L' (), we check that J'(h) is

continuous on L>(€2).

G. Allaire, Ecole Polytechnique Optimal design of structures



[How to find the adjoint statej

For independent variables (h, 4, p) € L°(Q) x HA(Q) x HL(Q), we introduce
the Lagrangian

L(h,0,p) = /

Q

i(0) da + / p (— div (Bva) _ f) dz,

Q

where p is a Lagrange multiplier (a function) for the constraint which

connects u to h. By integration by parts we get

j(f&)d:z:Jr/

Q

L(h,t,p) = /

Q

(ﬁvp Vi — fﬁ) de,
The partial derivative of £ with respect to u in the direction ¢ € H}(Q) is

f@ods+ [

: (va - w) dz,

which, when it vanishes, is nothing else than the variational formulation of the
adjoint equation.

G. Allaire, Ecole Polytechnique Optimal design of structures



[A simple formula for the derivativej

The Lagrangian yields the following formula

oL
Oh

J'(h) = - (h, u, p)

with the state u and the adjoint p.

This is not a surprise ! Indeed,
J(h) = L(h,u,p) Vp

because u is the state. Thus, if u(h) is differentiable, we get

/(). K) = (O (. 5). K+ (o (). o ()

Then, taking p = p, the adjoint, we obtain

oL

('), k) = (57

(h,u,p), k)
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‘5.4 The self-adjoint case: the compliance.

When j(u) = fu, we find p = —u since j'(u) = f. This particular case is said
to be self-adjoint.

We use the dual or complementary energy

/fud:vz min /h_l\T\Qd:B.
0 T€L2(Q).N 0

—divr=f 111 Q

We can rewrite the optimization problem as a double minimization

inf min h=trPde |
helyq T€L2(Q).N 0
—divr=f 111 O

and the order of minimization is irrelevent.
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5.4.1 An existence result

We rewrite the problem under the form

inf / ht |2 dx .
(h,T)EuadXH Q)

with H = {7 € L*(Q)", —divr = f in Q}.

Lemma 5.8. The function ¢(a,0) = a~'|o|?, defined from R™ x R" into IR,

is convex and satisfies

P(a,0) = ¢(ag,00) + ¢'(ao, 00) - (a — ag,0 — 0p) + Pp(a, o — i(70),

where the derivative is given by
¢'(ao,00) - (b,7) =

Theorem 5.23. There exists a minimizer to the shape optimization problem.
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[5.4.2 Optimality conditions]

Lemma 5.25. Take 7 € L?(Q)". The problem

min /h_1|T|2daj
helqya 0

admits a minimizer h(7) in U,y given by

(

h* (55) if hmz’n < h* (ZC) < hmaflf
L hmax if A* (z) Z hmax

where ¢ € R is the Lagrange multiplier such that / h(x) dx = hql€2].
Q

Proof. The function h — [, h~!|7|?dx is convex from U, into IR and we

easily compute its derivative.
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5.5 Discrete approach'

Is the problem simpler after discretization 7

Applying a finite element method, the equation becomes a linear system of

order n

K(h)y(h) =0

where K(h) is the rigidity matrix of the membrane (which depends on h), b
the right hand side of the forces f, y(h) the vector of the coordinates of the
solution u in the finite element basis (of dimension n). We also discretize h

Uggsc = {h c R" 9 hma:z: > hz > hmzn > Oazcihz’ — h0|Q|} )

1=1

where >~ | ¢;h; is an approximation of [, h(x)dx.
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Approximating the cost function, the discrete problem is
inf {JU*¢(h) = j¥"*(y(h))}
neudioe
where §9%%¢ is a smooth approximation of j from R” into IR. In the case of the

compliance

§*C(y(h)) = b-y(h) = K(h)~'b-b.

In the case of a least square criteria for a target displacement

i (y(h)) = B(y(h) — yo) - (y(h) — yo).

Practical question: how to compute the gradient J%¢¢(h) ?

Applications: optimality conditions, numerical method of minimization.
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[A naive idea

Explicit formula: y(h) = K(h)~1b, thus

(J9) () = o/ (h) (54°) (y(h)) with (k) = K (h)""K (b)Y K(l)~"b.

Notations: f/( ) = (8f(h)/8hz)1§2§n

Inoperative because one must solve n + 1 linear systems with the matrix K (h)
to obtain all components of 3'(h). Recall that K(h) is a very large matrix (of

size n) and its inverse is never explicitly computed.

As a consequence, we do not use the explicit formula y(h) = K(h)~1b. We

rather use an adjoint method.
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(Adj oint State]

We define the adjoint state p € IR™ solution of

K (h)p(h) = — (%) (y(h)).

Taking the scalar product of K(h)y'(h) = —K'(h)y(h) with p(h) and that of
K(h)p(h) = — (jdisc)/ (y(h)) with 4'(h), we obtain, for each component 1,

Oy OK oy

K()p(h) - - (h) = =g (Ry(h) - p(k) = = (5°°) (y(h)) - ;= (),

from which we deduce

(55’ () = K (1)0) () = G- (1) )

In practice, this is the very formula that we use for evaluating the gradient

(J disc)/ (h) since it requires only two solutions of linear systems.
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Conclusion

There is no simplification in using a discrete approach rather than a

continuous one.

Some authors prefer to discretize first, optimize afterwards. It guarantees a
perfect compatibility between the gradient and the cost function, but it

requires a deep knowledge of the numerical solver (almost impossible if one

has not written himself the source code !).

Here, we follow another philosophy: first optimize in a continuous framework,
then discretize. It is much simpler ! No precision is lost if the finite element

spaces are adequately chosen.
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5.3.2 Numerical algorithm.

(Pro jected gradient]

1. Initialization of the thickness hg € U,q (by example, a constant function
which satisfies the constraints).

[terations until convergence, for n > O:

it = Putya (i = 17 (hn)),

where p > 0 is a descent step, Py, is the projection operator on the
closed convex set U,4 and the derivative is given by

J' (hy,) = Vu, - Vp,
with the state u, and the adjoint p,, (associated to the thickness h,,).

To make the algorithm fully explicit, we have to specify what is the projection

operator Py ..
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We characterize the projection operator Py,
(Puad (h)) () = max (Rymin, min (Rmaz, h(z) + £))
where £ is the unique Lagrange multiplier such that
/Q Puyo(h) dz = hol€).

The determination of the constant ¢ is not explicit: we must use an iterative

algorithm based on the property of the function

[ F() = / max (s, 0 (homass h(x) + £)) da
Q

which is strictly increasing on the interval [¢—, £1], reciprocal image of
Pomin |, Bmaz|€2|]. Thanks to this monotonicity property, we propose a simple
iterative algorithm: we first bracket the root by an interval [¢1,¢?] such that

F(€') < holQ| < F(£%),

then we proceed by dichotomy to find the root /.
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In practice, we rather use a projected gradient algorithm with a variable
step (not optimal) which guarantees the decrease of the functional

J(hn_|_1) < J(h )

The algorithm is rather slow. A possible acceleration is based on the

quasi-Newton algorithm.

The overhead generated by the adjoint computation is very modest : one
has to build a new right-hand-side (using the state) and solve the
corresponding linear system (with the same rigidity matrix).

Convergence is detected when the optimality condition is satisfied with a
threshold ¢ > 0

‘hn — Inax (hmz’na min (hma:m hn o ,unJ/(hn) + gn))‘ S E,unhmaa:-
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‘ 5.4.3 Numerical algorithm for the compliance I

When j(u) = fu, we find p = —u since j'(u) = f. This particular case is said
to be self-adjoint.

We use the dual or complementary energy

J(h) = / fudr = min /h_1|7|2dx.
Q Q

reL?2( Q)N
—divr=f 111 Q

We can rewrite the optimization problem as a double minimization
inf min htrPde |
h€Uaa rTeL2(@)N 0
—divr=f 111 Q

and the order of minimization is irrelevent.

The problem is convex and admits a minimizer.
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Lemma 5.25 (optimality conditions). For a given 7 € L?(Q)¥, the

problem
min / h= T2 de
helyq 0

admits a minimizer h(7) in U,q given by

/

h* (33) if hmin < h* (33) < hmax
L hma:z: it h* (33) Z hma:z:

where £ € R" is the Lagrange multiplier such that / h(x) dz = ho|€|.
Q
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(Optimality criteria method]

1. Initialization of the thickness hg € U, 4.

2. Iterations until convergence, for n > 0:

(a) Computation of the state 7,, unique solution of

min / hotrPde
Q

reL2Q)N
— divr=fin Q

with the previous thickness h,,.

(b) Update of the thickness :

hn—i—l — h<7_n)7

where h(7) is the minimizer defined by the optimality condition. The
Lagrange multiplier is computed by dichotomy.
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Remark that minimizing in 7 is equivalent to solving the equation

—div (h,Vu,) = f in
Uy = 0 on 0f,
and we recover 7,, by the formula
Tn = hp,VUu,.

This algorithm can be interpreted as an alternate minimization in 7 and h of
the objective function. In particular, we deduce that the objective function
always decreases through the iterations

J(hn_|_1):/Qh;_'l_1|’7'n_|_1‘2d£6§/Qh;_ll_1|’7'n‘2d£€§/thl"rnpdaj:,](hn).

This algorithm can also be interpreted as an optimality criteria method.
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5.6 Thickness optimization of an elastic plate I

L

/

—dive = f
o =2uhe(u) + Ahtr(e(u))Id
u =0

on =g

\

with the strain tensor e(u) = 3 (Vu + (Vu)?).
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Set of admissible thicknesses:

Uy = {h €L®(Q), hmaw > h(x) > humin > 0 in Q/ h(z)dx = h0|Q|} .
Q

The compliance optimization can be written

inf J(h) = -d+/ - uds.
hgg{ad()/gfu:v L guds

The theoretical results are the same.

We apply the optimality criteria method.
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[Boundary conditions and mesh for an elastic platej

|

FreeFem++ computations ; scripts available on the web page

http://www.cmap.polytechnique.fr/“allaire/cours_X_annee3.html
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[Thickness at iterations 1, 5, 10, 30 (uniform initialization).j

hmin = 0.1, hpmae = 1.0, hg = 0.5 (increasing thickness from white to black)
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[Comparing the initial and final deformed shapesj

G. Allaire, Ecole Polytechnique Optimal design of structures



[Convergence historyj
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[Numerical instabilities (Checkerboards)]

[1 Finite elements P2 for v and PO for h = OK

[1 Finite elements P1 for v and PO for h = unstable !
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[Numerical counter-example of non-existence of an optimal shape (in elasticity)]

We look for the design which horizontally is less deformed and vertically more
deformed.

boundary conditions target displacement
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[Optimal shapes for meshes with 448, 947, 3992, 7186 trianglesj
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[No convergence under mesh refinement !j

More and more details appear when the mesh size is decreased.

The value of the objective function decreases with the mesh size.

Y—
B
o
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c
o
B
c
(@]
LL

10 20 30 40 50 60 70 80 90

Nombred’iterations
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‘ 5.6.4 Regularization I

Triple motivation:
To avoid instabilities when using P1 finite elements for v and PO for h
(less expensive than P2-P0).
To obtain an algorithm which converges by mesh refinement.

To adhere to the “regularized” framework of section 5.2.3 (with existence

of optimal solutions).
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Main idea: we change the scalar product
(J'(h), k) = /QkVu -Vpdr VkelUyy.
Previously we identified U4 to a subspace of L?(Q), thus
(T (B), k) = /Q J(Wkde = J(h)=Vu-Vp.

Now, we identify a “regularized” admissible set U 5 to a subspace H'(),
thus

(T (R), k) = /Q (VT (h) - VE+ J (k) dz |

and we deduce a new formula for the gradient

(

—AJ'(h)+ J'(h) =Vu-Vp in Q,

0J"(h)

S =0 on Of).
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(Regularized optimal Shapej

Finite elements P;-FP,. Compliance minimization. Alternate directions
algorithm.
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[Convergence by mesh reﬁnement]

Same case as the “numerical counter-examples” (meshes 448, 947, 3992, 7186).
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Conclusion

Regularization works !

It costs a bit more (solving an additional Laplacian to compute the
gradient).

Difficulty in choosing the regularization parameter ¢ > 0 (which can be
interpreted as a lengthscale)

—AJ (h)+ J'(h) =Vu-Vp inQ

It has a tendency to smooth the geometric details.
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