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Abstract

The aim of this course is to introduce different stochastic control models and to present dynamic
programming as a tool for solving them. Illustrations selected among stock management, portfolio
selection, Yield management, transportation or Web PageRank optimisation will be presented.

We shall consider essentially stochastic dynamical systems with discrete time and finite state
space, or finite Markov chains. This framework already contains the essential difficulties (for
instance for long term problems), and allows one to give at the same time an insight of algorithms,
mathematical techniques and qualitative properties. We may however consider some examples with
infinite state space or continuous time.

We shall present the different types of stochastic control problems: complete and incomplete
observation problems, criteria with finite horizon, discounted infinite horizon, stopping time, er-
godic criteria, risk-sensitive criteria, constrainted problems, armed bandit problems. For some of
these criteria, we shall state the corresponding dynamic programming equations, study their qual-
itative properties, and the algorithms for solving them (value iterations, policy iterations, linear
programming), and deduce in some cases the structure of optimal strategies.

Key Words: Markov Decision processes, Stochastic control, Ergodic control, Risk-sensitive con-
trol, Dynamic programming, Max-plus algebra, Value iteration, Policy iteration.
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Motivations and Introduction

A Markov decision problem, or a deterministic or stochastic control problem consists in the maxi-
mization or minimization of some functional involving a (possibly random) dynamical system and
constructed dynamically. This means that we consider an optimization problem in which the vari-
ables are:

e A dynamical system (X¢)¢>o over a state space &;

e A control process (Uy)s>o taking its values in a control or action space C, on which the states
depend;

e both may depend on a random process (W;)¢>o.

In particular the simplest stochastic control problem satisfies
X1 = fe(Xk, U, Wk), k€N, (0.1)

where (Wj)r>0 is a sequence of independent random variables.

The criteria J to be optimized has a dynamical structure, which “separate” past and future of
the state, and thus allows to apply Dynamic Programming method (introduced by (Bellman, 53)).
For instance, it may be additive:

T
J(X;U) := Z 9k (Xk, Ug) (for a discrete time problem).
k=0

Applications

Several real life problems can be modelized as Markov decision processes (MDP) or Stochastic
Control Problems. Here are some examples:

e Airline Revenue management;

Portfolio selection;

e Dam management;

Stock management;

Transportation or Web PageRank optimisation;

Divorce of birds;



Aim of the course

e Modelize real life problems.
e Apply dynamic programming approach.
e Solve dynamic programming equations:

— with analytical tools (convexity,monotonicity,...)

— with numerical algorithms (value and policy iterations, linear programming)

One shall consider essentially deterministic or stochastic dynamical systems with discrete time
and finite state space, and go from simple to more sophisticated models/problems:

e from deterministic to stochastic problems;
e from uncontrolled to controlled problems;

e from complete to incomplete observation problems;

additive criteria with finite horizon, discounted infinite horizon, stopping time, ergodic crite-
ria, risk-sensitive criteria;

e from unconstrained to constrainted problems.
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Chapter 1

Dynamic programming principle for
deterministic optimal control

1.1 Dynamical systems (some recalls)

Let us recall what is a general dynamical system.

Definition 1.1. A (deterministic) dynamical system consists in a function (or sequence) from a
set T of times to a set £ of states, denoted (X;)ieT, such that, for each time ¢ € T, the state X; of
the system at time ¢ is a (deterministic) function f; of the history of the states until time ¢, that is

(X7)r<t-
There, the set of times 7 may be:
e Z or N and t = n: we speak about discrete time dynamical system.
e R or Ry: we speak about continuous time dynamical system.
The state space £ may be:
e a finite set: finite state space.
e a finite or countable set: discrete state space.
e R™: (finite dimensional) continuous state space [system.
e a space of functions : infinite dimensional continuous state space /system.
The system may satisfy:
o X, = fn(Xp-1),n>0.
o X = g(X), t >0, with g Lipschitz continuous: mechanical or physical systems.
. %—)t( = —AX. Heat equation.

e the discretization of a ODE or PDE.

In particular,



Definition 1.2. A (deterministic) dynamical system with discrete time and state space £ is a
sequence (X)rez or (Xi)ken with values in the set &, such that, for each k € N, the state X}
at time (or stage) k is a (deterministic) function f of the states at previous times, that is of
Xp1, Xpoo,. ...

The sequence (X})i>0 is called the trajectory of the system starting from Xj.

Examples of discrete time dynamical systems are as follows:

1. Xp41 = n), n >0, where f, : £ — £.

fa(X
2. Xp+1= fu(Xpn, Xpn-1),n>1,with f, : ExE = €.
Jn(

3. Xoa1 = fu(Xn, Xn_1,...,X0), n >0, with f,, : EnFt — &£,

4. Xpt1 = fu(X, ) n > 0, where 7 : N — N is a variable delay.
Fact 1.3. Any discrete time dynamical system can be reduced to a system of type

Proof. If the time set is Z, then a dynamical system is such that X, 11 = f (X, Xp—1,...), with
fn:EN = &, for all n € Z.

Consider the new state X! = (X3, Xp_1,...) belonging to the larger state space & = &V, then
X}, has the dynamics X, = f;(X}) with

f]g((xo,.%'l, .. )) = (fk(xo,:rl, .. .),xo,xl,. . ) .

If the time set is N, a dynamical system is such that X,+1 = fo(Xpn, Xn-1,...,X0), with
fo: &ML = & for alln > 0.

We can reduce the new state space to £ = UkZOSkH, which is countable if £ is a finite set.
Indeed, the new state X; = (Xx, Xj—1, ..., Xo) belongs to £ and has the dynamics X} = f,(X}_,),
where f; is only defined on ¥ by

fil(zo, - 25-1)) = (fu(@o, - - -, Tp1), To, 21, - . ., Tp—q) € EFFL

O]

A drawback of the above construction is that even if £ were a finite set, the new state space &’
may be infinite noncountable, in particular, when the time set is Z. Also to initialize the sequence,
one need an initial state of the form X = (Xo, X_1,...) to be given. However, when the time set
is N, and & is a finite set, then the state space £ is countable.

The above construction is similar to the one used to transform a second order differential
equation to a first order one for instance.

1.2 Deterministic optimal control problems with additive payoff
and finite horizon

The simplest deterministic control problem is the following. Consider a discrete time dynamical
system (X, ),>0 with finite (or discrete) state space £ and a dynamics of type

n+1 fn( n) n>1.



Assume now that we (or somebody) are able to change the behavior of this system, that is its
dynamics f,.

That is, the dynamics is supposed to depend not only on the state but also on a parameter,
called the action or the control:

XnJrl = fn(XnaUn)a n>1.

An optimal control problem is the problem of choosing the actions Uy, ...,U,... in such a
way that they minimize (resp. maximize) a certain functional, called the total cost (resp. the total
payoff) of the sequences X = (Xy)r>0 and U = (Uy)k>0-

We assume in this part that all the states are observable, which means in particular that the
initial state X is known. We speak about complete observation.

Let us consider or denote:

e a finite or discrete state space &;
e an action space C

e for all k € N and x € &, the subset Ci(z) C C of all possible actions at time k, when the state
is equal to z;

o for all £k € N, the set Ay := {(x,u) |z € £, u € Cx(x)} of all possibles couples (state, action)
at time k;

e for all £ > 0, the dynamics at time k, which is a map fr : Ax = &;

e for all k € N, the instantaneous/running reward/payoff at time k, which is a map ry : A — R;
e a final reward, which is a map ¢ : £ — R;

e an initial state xg € .

e for all sequences X = (Xj)r>0 and U = (Ug)k>0 in € and C respectively, the total additive
payoff with finite horizon T > 1:
T-1

i:Tk(Xk,Uk)> + ¢(X7) . (1.1)

k=0

J(X;U) = (

Moreover, we shall replace the words reward or payoff by cost, and the notation r; by ¢, when the
criterion J is to be minimized, instead of maximized.

Definition 1.4. A deterministic control problem with discrete time, complete observation, and
the above data and additive criteria consists in the following optimization problem:

max J(X;U)
X, U
where the optimization holds over all sequences X = (Xj)i>0 and U = (Ug)g>o0 in € and C
respectively, such that
Xiy1 = fe(Xk, Uk), Xo = z0, Up € C(X), k€N .

The optimum of above criteria is called the value of the problem. A sequence U = (Uj)p>o of
an optimal solution (X, U) is called an optimal control (process). Moreover, maximization can be
replaced by minimization.



Definition 1.5. For all zg € &, let v(xp) be the value of the problem of Definition when the
initial state is 9. The map v : &€ — R, z¢ — v(xg) is called the value function.

Some small generalizations of the above problem can be done.

e One can also consider functions 7 and ¢ taking their values in RU{—o0o} (for a maximization
problem).

e This allows one to restrict the state space at each time. Indeed, for all £ > 0, let & C &, and
take i (x,u) = —oo when = ¢ Si and ¢(z) = —oo when x ¢ Ep, then the maximum of J is
attained only for a sequence X such that X € & for all £ > 0.

e In particular, if ¢(x) = 0 when z = zr and ¢(x) = —oo otherwise, then the final state is
necessarily equal to x7.

e Conversely, one can replace the constraint Xo = x¢ by the addition to J of an initial reward
¢ : €& = RU{—o0}, as in
maxy(Xo) + J(X;U)

where the optimization holds over all sequences X = (Xj)i>0 and U = (Ug)r>0 in € and C
respectively, such that

X1 = [x(Xk,Ug), U € Cp(Xy), k€N .

e If ¢)(z) = 0 when 2 = xg and p(r) = —oo otherwise, we recover the previous problem.

e If vy, denotes the value of the problem, then

vy = max(y(zo) + v(zo)) -

Example 1.6 (Shortest path problem). Consider a directed graph G = (N, A), where N is the
set of nodes, and A C N2 is the set of arcs. Let ¢ be a weight function representing the “lengths”
of arcs: £: A — Ry. One can think for instance to a network of towns: the nodes are the towns,
the arcs the direct roads between some of them (that is the ones containing no other town), and ¢
can be either the true length (in km) of the road or the gas consumption necessary to travel on it.
The shortest path problem starting from node x¢ and ending in x ¢ consists in solving:

N-1
min{z Uz, xpr1) | N €N, (xg,...,2n) is a path of G, zny = :L’f}
k=0




When we restrict the minimization to paths with length (that is number of arcs) less or equal
to N, we get:

n—1
min {Zf(ajk,xkﬂ) |n <N, (x0,...,2,) is a path of G, x, = mf}
k=0

This problem is an optimal control problem with finite horizon N with

e E=C=WN.

Ci(z) is the set of nodes y such that (z,y) € A, when = # x¢ and Cy(xy) = {xr}.

The dynamics is fx(x,u) = u.

The instantaneous cost is : r(z,u) = l(x,u) if x # x5 and ri(zf,x5) = 0.
e The final cost is ¢(x) = 0 if x = 2y and ¢(x) = 400 otherwise.

e The initial state is xg.

Example 1.7 (Ressource allocation problem). An investor can invest M € N units (of money,
capacity, requets,...) in N € N ressources (stocks, flats, planes, parallel processors,...).

e We assume that the reward obtained when he invests x units in the ith ressource is equal to
Ri(z).

e We also assume that the units that are not invested yield a zero reward.

e So the investor wants to maximize his total reward, that is equivalent to find
N N

max{ZRi(ui) |u; €N, i=1,..., N, Zuz < M}

i=1 =1

Consider the deterministic optimal control problem in which:

e The ressource number is considered as a stage/time;

e The state at each stage is equal to the number of units remaining to be invested.

e The state space is £ ={0,..., M};

e The action spaces are C = £ and Ci(x) ={0,...,x}.

e The dynamics at each time k is : fi(z,u) =z — u;

e for all £ € N, the instantaneous reward is : 75(x,u) = Rgy1(u).

e The final reward is ¢(x) = 0.

e The initial state is zg = M.



e The total additive payoff with finite horizon T'= N is then:
T—1

J(X;U) =) ri(Xp, Uy) = ZRk+1 Uk)
k=0

Then the value of this problem coincides with the one of the ressource allocation problem : take
up = Up_1 and X} equal to the number of units remaining to be invested, when the number of
units ug, . . . , ug, invested in ressources 1 to k have already been chosen (X = Xo —ug — -+ — ug).

Example 1.8 (Knapsack problem). Given N items, each with a weight w; and a value m;,
i=1,...,N, one need to determine the number u; of each item 7 to include in a knapsack so that
the total weight is less than or equal to W and the total value is as large as possible. This consists
in the optimization problem:

N N
maX{Zmiui | u; €N, i=1,...,N, Zwiui < W}
i=1 =1

Additionnaly, the numbers wu; can be restricted to be in {0,1} or to be in {0,...,c}.

If w; € N* forallt = 1 , N, considering the ressource allocation problem in which the rewards
are linear with R;(z) = ™z, and adding constraints induced by non-divisibility of ressources, or
restricting the sets C;(x) of the optimal control problem, we recover all types of knapsack problems.
For instance, for 0-1 knapsack problem, one can consider C;_1(z) = {0,...,z} N {0,w;}. For the
unbounded knapsack problem, one can consider C;—1(z) = {0,...,z} Nw;N

1.3 Dynamic programming equation

In the optimal control problem of Definition

max J (X; U) (1.2a)
Xk+1 ka(Xk,Uk), onxo, U GCk(Xk), keN (1.2b)

the optimization is done over all sequences U = (Uy)i>0 satisfying the above constraints.

One may wish to obtain an optimal control which yields a dynamical system, that is a system
which is causal in the sense that the state Xj,1 at time k£ 4+ 1 only depends on the past states
Xo, ..., Xk Moreover, one may wish to take a decision at time k using only the informations we
have in hand, that is the history of the trajectories of X and U before the decision. A strategy is
precisely a rule which tells how to take this decision.

Definition 1.9. The set Hy = Ag X --- X Ag_1 x £ is called the set of histories at time k.
A strategy for the (perfect information) optimal control problem of Definition [1.4]is a sequence
o = (00,...,0r—1) such that, for all k =0,...,T — 1, oy, is a map from Hy, to C satisfying
O'k(.fv[), UQy e ooy Tfp—1, Uk—1, a:k) S Ck(l'k), fOI‘ all (.I[), UQy e ooy Tfp—1, Uk—1, xk) c Hk .
We denote by ©(T) the set of all strategies. A strategy gives rise to a dynamical system (Xk, Uk) k>0
satisfying the dynamics: Xyy1 = fi(Xg,Ur) and U = or(Xo,Uo,. .., Xg—1,Ux—1,X). Such a
sequence (X, Ug)r>0 is also called an admissible sequence of states and controls.

A strategy is optimal if the sequence (X,U) is optimal for the optimization problem (|1.2)
restricted to admissible sequences of states and controls (that is to strategies).

8



Definition 1.10. A strategy o is a feedback policy if each map o depends only on the information
on the state at the current time, that is

ok(xo, Ug, - -, Th—1, Uk—1, Tk) = Tp(Tk) ,

where 7, : € — C is such that mg(xg) € Cr(zg). We then denote by m = (7, ..., 7r—1) such a
policy, and by IIT) the set of all feedback policies.

Definition 1.11. An open-loop control is a strategy such that each map o depends only on the
state xg at the initial time, that is

ok (0, U0, - - Th—1, Uk—1, Tk) = Wk (T0) -
We denote by O the set of all open-loop controls.

The following result shows that the optimization of the total reward J over each of the above
types of strategies gives the same value. However, one can show that feedback policies are more
robust with respect to disturbances on the model, that is disturbances on the maps f; and 7.

Theorem 1.12 ((Bellman) Dynamic programming method for deterministic optimal control prob-
lems). Assume that the maps ¢, ri, k > 0 are bounded from above. Define the functions vy : € — R,
t=0,...,T, by the backward recursion:

vp(x) =p(x) Veel (1.3a)
vg(x) = sup{ri(z,u) + vir1(fu(z,w)) |u € Cx(x)} Ve &, k<T-—1. (1.3b)

Then the value function v of the optimal control problem of Definition [I.4) coincides with vg.

Moreover, the value v coincides with the optimum of (that is of J) restricted to admissible
controls (or strategies), or to feedback policies, or to open-loop controls.

Assume in addition that the mazximum of , is attained for an action u € Ci(x) and let
us denote by 7 (x) this action, then the feedback policy m = (m)o<k<r—1 S an optimal strategy
of the problem, and the dynamics Xiy1 = fi(Xk, m6(Xg)) with Uy = 7, (Xg) furnishes an optimal
solution (X,U) of the optimal control problem.

Proof. The dynamic programming equation by moving suprema. The value v(zg) of the problem of
Definition [1.4] is by definition the optimum of

T-1
J(X;U) <Z T Xk,Uk)> + o(X7)

0

over all sequences X = (X)x>0 and U = (Ug)k>0 of € and C satisfying the constraints (|1.2b)):

T-1
e —Sup{<2m X4, Ui ) +(Xr) | (X,U) satisfies (LZ) }
k=0

Note that these sequences are not necessarily admissible.



This can be rewritten as:

v(zg) = sup e sup
Uo€Co(x0), X1=1fo(z0,U0) Ur_1€Cr_1(Xr-1), Xr=fr_1(X7-1,Ur-1)

T—2
<<Z (X, Uk)) +rr_1(Xr—1,Up—1) + @(XT)> .. ) ,

k=0

Consider the maps vg, k > 0, as in (|1.3]).

Since 79(Xo, Up), - .., r7—2(X71_2,Ur_2) do not depend on Ur_1 nor Xp, but only on the first
states and actions Xg,..., X7_o and Uy, ...,Ur_o, we deduce that for Xy = zo, we have

v(zg) = sup e sup
Uo€Co(Xo), X1=fo(Xo0,U0) Ur_2€Cr_o2(X7r—2), Xr_1=fr—2(X1_2,Ur_2)

T2
( (Z 7k (X, Uk)) +

k=0

sup (ro—1(Xp—1,Up—1) + vp(fr—1(Xp_1, UT—I)))) ) :
Ur—1€Cr_1(Xr-1)

= Sup ... Sup
Uo€Co(Xo), X1=fo(Xo,U0) Ur_2€Cr_2(X1—2), Xr_1=fr—2(XT_2,Ur_2)

T2
( (Z ”r’k(Xk,Uk)> +UT_1(XT_1)> ) 7
k=0

= =1(Xp) .

which shows that the value function v of the problem of Definition coincides with the function
v defined recursively by .

Optimality and an alternative proof of dynamic programming equation Applying recur-
sively, it is easy to show that, for all sequences (X, U) of states and actions satisfying the dynamics
Xp11 = frx(Xg, Uk), we have

’U()(l'o) > To(l‘o,Uo) +U1(X1) > > J(X; U) .

Taking the supremum over all sequences, we deduce that vy(xg) > v(zg).

Now, if 7 (x) is optimal in the criteria , then taking the sequence (X, U) such that U, =
Wk(Xk) and Xk+l = fk(Xk,Uk), we get Uo(.ﬁlfo) = TO(X(),UQ) + ’Ul(Xl) = = J(X; U) S U(J;‘()).
Hence, since vg(zg) > v(zo), we deduce the equality and that (X,U) is optimal.

Moreover, this action is a function of k and Xj, hence it comes from a (feedback) strategy,
which is in particular a strategy. This shows that the maximum v(zg) over all sequences is equal
to the maximum over all feedback strategies, or over all strategies.

Since the dynamics is deterministic, the constraints Uy = 7 (X%) together with allow
to write Uy as a function of Xy only, that is as an open-loop control, hence we also get that the
maximum v(zg) coincides with the optimum of J restricted to all open-loop controls.

10



When the action sets are infinite, but the suprema are finite, which is the case when the maps
©, Tk, k > 0, are bounded from above, one can prove the same result by considering actions 7y (z)
that are e-optimal for (1.3b]), that is satisfying for all z € £, and k < T — 1,

vr(@) < €+ ri(z, me () + vk (fi(, me(2))) -
Indeed, this gives a control sequence U = (7 (Xy))r>0 which is (T'¢)-optimal for the criteria J :
vo(zo) < e+ ro(zo,Up) +v1(X1) <-+- <Te+ J(X;U) < Te+v(xg) .

Since this holds for all € > 0, we obtain that vo(zg) < v(zo) and so the equality as in the above
case of finite action sets. Moreover, we obtain that v(z) < wvg(zg) < Te + J(X;U) and since the
sequence (X, U) comes from a feedback strategy, this shows that the supremum of J(X;U) over all
feedback strategies is equal to v(xg). The other assertions are shown as for the case of finite action
sets. O

Remark 1.13. Let us consider the partial criteria:
T-1
In(X3U) = <Z Tk(Xk,Uk)> + o(X7)
k=n
Then, the iterations (vy)o<p<r defined in the dynamic programming equation have the following

interpretation:
Un () = max Jn(X;0) (1.4a)

where the optimization is done over all sequences X = (Xj)r>n and U = (U)r>n satisfying the
following constraints

Xk+1 = fk(Xk, Uk), X, = Ty U, € Ck(Xk), n<k<T-1 (1.4b)

Example 1.14 (Shortest path problem (continued)). Let us consider the shortest path prob-
lem described in Example Using the optimal control interpretation of the value of the shortest
path from g to x; with paths with length (that is number of arcs) less or equal to N:

n—1

o™ (z4) := min {Zﬁ(:ck,ka) |n <N, (x0,...,2,) is a path of G, x,, = :Uf} ,
k=0

we obtain the dynamic programming equation:

’UEVN)( ) =400 VzeN\{zs},

oy (ap) =0,
v,(CN)(x) = min{/(z, y)+vk+1( )y, (zy) e Ay Vee N\{zs}, k<N-1,

o (@) = v (@)

Morover, since £ does not depend on time k, we can rewrite theses equation as a forward

recurrence for wy = v((]k), such that v( ) — WN_:
wo(x ):—i-oo Ve e N\ {zs} ,

wo(zy) =
wi(x) = mln{é( y) +wr—1(y) |y, (z,y) € A} VYeeN\{zf}, k< N-1,
(

wi(wyp) = wp—1(zf)
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Example 1.15 (Ressource allocation problem (continued)). Let us consider the ressource
allocation problem described in Example Using the deterministic optimal control problem
interpretation, the value of the ressource allocation problem coincides with vg(M), where vy, t =
0,..., N satisfy the dynamic programming equation:

uy(z) =0 Vee{0,...,.M} ,
vp(z) = sup{Rp41(u) + vgy1(z —u)) [ 0<u <z} VO<z<M, E<N-1.

Example 1.16 (Knapsack problem (continued)). Let us consider Knapsack problem described
in Example [I.8}

N N
max{Zmiui | u; €{0,1}, i=1,...,N, Zwiui < W}
i=1 i=1

As for the ressource allocation problem, the value of the problem is equal to vo(W) where vy,
t=0,...,N satisfy the dynamic programming equation:

vn(z) =0 Vre{0,...,W} ,
vi(z) = sup{mp+1u + Vg1 (x — wrpiu)) | v €{0,1}, wpru <z} VO<z<W, k<N -1

So the recurrence equation reduces to:

vg(2) = max(vg41(2), Mppt1 + Vg1 (T — Wi41)) (1.5)

if © > wg41, and v (x) = vg41(z) otherwise. Moreover, one can use (|1.5)) for all z > 0, by extending
the functions vg by vi(z) = —oo for all negative integers .

Ezercise 1.3.1. Solve the Knapsack problem
max {4uy + 3ug + 2us3 | u; € {0,1}, i =1,...,3, buy + 4ug + 3ug < 10}

using dynamic programming equation.

1.4 Properties of Dynamic programming

1.4.1 Complexity

Corollary 1.17 (of Dynamic programming). Under the assumptions of Theorem denote, for
z,y €&, and k > 0:

Gr(@,y) = sup{ri(z, u) | u € Cx(z), fe(w,u) =y} € RU{-o0} .
Then, the dynamic programming equation of Theorem [1.13 can be rewritten as
vg(x) = sup{Gr(x,y) + vp+1(y) |y €E} Ve e &, E<T — 1.
Note also that an optimal feedback policy mi(x) can be obtained as the composition: mp(x) =

m.(z, m(x)) where

7.(z,y) € Argmax{rg(z,u) | u € Cx(x), fr(z,u) =1y}
and
T (x) € Argmax{Gy(x,y) + vit1(y) |y € €}

12



If the maps G do not depend on k, one can construct a weighted directed graph with set of
nodes &, an arc (z,y) if G(x,y) # —oo, with the weight G(z,y). For instance for £ = {1, 2,3} and
the following table of values of G

-1 2 - -4
G=|10 —4 3 ,
-0 —0 0

. 3
we obtain the (di)graph: 5 ﬁj
10
O

-1
Then, the weight of a path is the sum of the weights of its arcs, and an optimal sequence of
states (Xj)r>0 is a path in this graph which has a maximal weight among the paths with same
initial and final nodes. When the weights are nonpositive, this is a “shortest path” (for the lengths
which are the opposite of GG). In general, denote

0

e n = card(€), the number of states;
o my = card({(z,y) € € x & | Gi(z,y) # —o0}), the number of arcs in the graph.

Fact 1.18. Once an oracle is available to compute G, the computational complexity of Dynamic
programming equation is O(Y", my) = O(Tn?). This has to be compared with O(n?), if we solve
the optimization directly, that is we solve the combinatorial optimization problem consisting in
optimizing the criterion over all trajectories (zg,...,zr) in ET L,

The storage complexity is O()_, my) if Gy depends on k and is O(m + T'n) otherwise.
1.4.2 Operator properties

Definition 1.19. For k < T —1, let By, : R — R¢ be the map such that for all v € RE, and z € &,
we have

[Br(v)|(x) = sup{rk(z,u) + v(fr(z,u)) [ u € Cx(x)}
= sup{Gg(z,y) +v(y) [y € £} .

The map By, is called the Bellman operator at time k of the optimal control problem.
The dynamic programming equation can then be rewritten in functional form:
vp =@, v = Br(vgs1), forT —1,...,0.

Definition 1.20. Denotes by < the partial order on R¢: v < w if v(x) < w(x) for all z € £.
We say that an operator B : RE — R is monotone or order preserving if it preserves the partial
order of R®, that is if, for all v, w € R, we have

v<w= B(v) <Bw) .

13



Definition 1.21. Denote by 1 the element of R® which is the constant function (or vector) equal
tol: 1(z) =1forall z € £.

We say that an operator B : R — R is additively homogeneous if it commutes with the
addition of a constant, that is, for all v € R® and A € R, we have:

B(v+ A1) = B(v) + A1 .
Proposition 1.22. The above Bellman operators are monotone and additively homogeneous.

Proposition 1.23. Any monotone additively homogeneous operator B : RE — RS is nonexpansif,
that is Liptschitz continuous with Lipschitz constant 1, for the sup-norm ( ||v||cc = sup{|v(z)|| z €

E}):
1B(v) = B(w)]|oo < ||v — w]loo Yov,w € RE .

Proof. For all v,w € R, we have v(z) —w(z) < ||[v —wl|so, for all 2 € £, hence v —w < ||v — w|so 1.
So v < [|[v — w||s1 + w. Using monotonicity of B, and then additive homogeneity, we get

B(v) < B(||lv — w||ool + w) < ||[v — wl|eol 4+ B(w) .

Hence B(v) — B(w) < ||v — w||x1, that is [B(v) — B(w)](x) < ||v — w||c, for all z € £.
By symmetry, we also get [B(w) — B(v)](z) < [[w — v||co, and deduce [|B(v) — B(w)|lee <

lv — w]|o- O

Remark 1.24. Another proof of the nonexpansivity of the operator B of a deterministic control
problem is as follows. Such an operator acts on R and satisfies

[B(v)|(z) = sup{r(z,u) + v(f(z,u)) | u € C(x)}
=sup{G(z,y) +v(y) |y €&},
for all v € R® and 2 € &, for some control sets C(x) and maps r, f and G. Given v,w € R and

x € &, choose y € £ which is optimal in the expression of [B(v)](x), that is such that [B(v)](z) =
G(z,y) + v(y). Since [B(w)](z) > G(z,y) + w(y), we obtain

[B(0)l(x) = [B(w)](z) < v(y) —w(y) < [[v—wloo -

By symmetry, we also get [B(w)](z) — [B(v)](z) < ||[v — |0, and taking the maximum over x € &,
we deduce ||B(v) — B(w)]lco < ||v — w||o0o-

1.5 Infinite horizon problems

Assume now that the horizon T is infinite, that is the functional J is replaced by:

o0

Z?% X, Uk) (1.6)

k=0

and that the infinite sum is well defined in RU{—o0} for all sequences X}, and U}, satisfying .
Then, one may try to compute again the maximum (or supremum) v of J, as in finite horizon
problems.

This is the case when



(A1) Cj and f;, do not depend on k (then we omit k in the notations), r(z,u) = or(z,u) for all

k > 0, for some function r bounded from above and some constant o > 0;

and one of the following assumptions hold:
(A2) a<1,;

(A3) a=1and r(z,u) <0 for all z € £ and u € C, and for all zp € &, there exists a sequence
(Xk, Uy) satisfying (1.2b)), such that r(X, Ux) = 0 for k large enough.

(A4) a =1, if G is constructed as in Section then any circuit of the graph of G has a total
weight < 0, and for all xg € &, there exists an infinite path xg, x1, ... in the graph of G, such
that G(zk, zx41) = 0 for k large enough.

Definition 1.25. The parameter « is called the discount factor. We say that the infinite horizon
optimal control problem is discounted if o < 1, and that it is undiscounted when o = 1.

Definition 1.26. We define strategies, feedback policies and open-loop controls of an infinite
horizon problem as for finite horizon problems, but with T' = oc.

We say that a feedback policy 7, = (7 )x>0 of an infinite horizon control problem is stationary
if T, = mg for all k > 0.

Moreover we will sometimes use the same notation for m, and 7.

Theorem 1.27 (Stationnary deterministic dynamic programming). Assume that £ is a finite set,
and that [(A1)| holds together with one of the assumptions |(A2), [(A3)| or [(A4)l Then the value

function v of the problem

v(wo) = sup{J(X;U) | (X,U) satisfies (1.2b) } (1.7)
with J as in (1.6), satisfies the equation:

v(z) = sup{r(z,u) + av(f(z,u)) |u e C(z)} Vref . (1.8)

For all xy € &, the value v(zg) coincides with the optimum of J over all strategies or over all
feedback policies, or over all open-loop controls. When o < 1, the solution of s unique.

Moreover, assume that the mazimum of is attained for an action u € C(x) and let us
denote by m(z) this action, then the stationary feedback policy m, = (7)k>0, with m, = m for
all k > 0, is an optimal strategy of the problem, and the dynamics X1 = f(Xk,n(Xg)) with
U = m(Xg) furnishes an optimal solution (X,U) of the infinite horizon control problem.

To show this result, we shall use the Bellman operator.
Definition 1.28. Let B, : R — R be the map such that for all v € R, and z € £, we have
[Ba(v)|(2) = sup{r(z,u) + av(f(z,u)) | u € C(z)}
= sup{G(z,y) + av(y) |y € £} ,

where
G(z,y) = sup{r(z,u) |u € C(z), f(x,u) =y} € RU{—0o0} .

The map B, is called the Bellman operator of the discounted infinite horizon optimal control
problem.
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Note that since 7 is bounded from above, G(x,y) exists in RU {—oo}. Then, if £ a finite set,
we get that the values of G(z,y) which are finite (that is # —o0) are bounded from below. Then,
one may have assumed from the begining that r is bounded from below and above.

The dynamic programming equation can be rewritten in functional form as the fired point
equation of the Bellman operator B,:

v=DBy(v) .

Fact 1.29. The undiscounted Bellman operator B; is monotone and additively homogenous.

Corollary 1.30. The discounted Bellman operator B, is Lipschitz continuous for the sup-norm
with Lipschitz constant «, thus it is a-contracting when o < 1.

Proof. From Proposition B is nonexpansive for the sup-norm. We have B, (v) = Bi(aw), so
1Ba(v) = Ba(w)loo = [|Bi(av) = Bi(aw)|[e < [lav — awlloe = aljv — w]|c. O

Corollary 1.31. When £ is finite and o < 1, the operator B, admits a unique fized point v*.
Moreover, for any initial point vy € RE, the sequence v,y 1 = Ba(vyn) converges towards v*:

[on = v%]loo < a™jvg — v"[|oo -

Proof. This follows from the fixed point theorem since R¢ is a Banach space and B, is contracting.
O

Proof of Theorem [I.27 when o < 1. Assume that £ is a finite set and that o < 1. Let v* be the
unique solution of the Bellman equation v = B,(v), by Corollary Let o) be the value
function of the finite horizon problem:

o™ () = max{ S (X;U) | (X, Yp) satisfying (L25)}

with

N-1
JN(XU) = (Z akr(Xk,Uk)> +0 .

k=0

From Theorem o) = v(()N) with v,(gN) solution of the dynamic programming equation:

U](VN)(m') =0 Veef,

oM ()

z) = sup{afr(z, u) + o (f(z,u) [uel(x)y Vzel, k< N-1

This can be rewritten as v,(CN) = akBa(v,g]i)l/ak+1). Hence, v™) = BN (0) := Byo---0B,(0) (where
the composition is done N times). Therefore, limy_, o) = v* where the limit is uniform in &
(limit for the sup-norm of R¥).

Let C be a bound of the finite values of |G(z,y)|, with G as in Definition Then, for any
infinite sequences X and U, we have

C

l—a

TM(X;U) - J(X30) < Y ofC=a
k=N
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Using the definition of the value function v of the infinite horizon problem and that of v(¥)| as the
supremum of J(X;U) and JW)(X; U) respectively, we deduce

50 impy oo vV = v, which implies that v = v*.
The proof of optimality is similar to the finite horizon case. O

Proof of Theorem [1.27 when o = 1. Under Assumption we get that v < 0 and v(z) € R for
all z € £. Moreover, v(z) < vV (z) < vN=D(z) for all z € £ and N > 1. This implies that v(™)
has a limit v* which satisfies v < v*. Since vV) = Bl(v(Nfl)) for all N > 1, and B; is continuous,
we get that v* = By (v*).

It remains to prove that v = v*. We shall use the finiteness of £. Let 6 > 0 be a lower bound of
—G(x,y) over all (z,y) such that G(z,y) < 0 and let n be the cardinality of £. Let € > 0 be such
that € < 6, and N such that v(V)(2) < v*(x) 4 £/3. We get that vN) (z) < v+ (z) + ¢/3 and if
(X, U) is e/3-optimal for v ™) we deduce that Zg;ol G(Xp, Xpp1) < oW (z) < oW+ (2)4¢/3 <

]kV:JBn_l G(Xp, Xk11)+2x¢e/3so, forall k=N,...N+n—1, we have —G (X, Xi+1) <2 x /3.
This implies that all these (Xj, Xj1) are such that G(Xj, Xx11) = 0, and since the cardinality of
€ is equal to n, two elements of the sequence (Xy, ..., Xnin) are equal, which means that there
is a cycle (Xy, ..., Xy = Xy). Consider the infinite sequence obtained by concatening (X, ..., Xy)
with an infinite number of the cycle (Xy, ... Xy). We obtain that J(X;U) = f;;%) G( Xk, Xpt1) =
SV G( Xy Xpeg1) > oWVt () — /3 > v* — /3. Since v(x) > J(X;U) we deduce that
v(xz) > v*(x) — /3. Since this holds for all € > 0 (with ¢ < 0), we get that v(z) > v*(z), and so
the equality. O

Definition 1.32. The algorithm constructing the sequence v, +1 = By (vy,) is called value iterations.

In practice one uses rather a variant similar to Gauss-Seidel algorithm (wrt to Jacobi) for the
solution of linear systems, in order to avoid useless storage. The resulting algorithm is called
Ford-Bellman algorithm. It depends on some ordering on £. When £ = {1,..., N}, it is as follows:

Vk,0 = Uk,
forj=1,.... N, v ;(j) = Balvrj-1)](7), vk ) = vk j-1(€) VL # ],
Vk4+1 = Uk,N-

When o = 1, under suitable conditions, the value iterations converge in finite time < N =
card(€) to the solution. So with a computational time in O(mN), where m = card({(x,y) € EXE |
G(z,y) # —oo}).

When in addition holds (in particular r < 0), the problem is equivalent to a shortest path
problem with weight G' and no constraints in the length of paths.

The fixed point equation can be solved using Dijkstra algorithm which is equivalent to one full
step of Ford-Bellman algorithm with an appropriate ordering of states. The computational time is
then in O(m + Nlog N) (with the implementation of Fredman and Tarjan).

Ezercise 1.5.1 (Hierarchical shortest path problem). Alice and Bob are in holidays in Venezia with
the little Charlie (1 year). Venizia is composed of islets connected with bridges with several stairs,
which are thus difficult to cross with the heavy stroller of Charlie.
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Assume that the map of Venezia is approximated by a graph in which nodes correspond to
landmarks and arcs correspond to streets and bridges, and that we know the travel time and
number of stairs to cross between nodes. Alice et Bob want to find the paths between two points
x; and x ¢ of the graph which minimize first the number of stairs and among all paths minimizing
the number of stairs, they want to choose the ones which minimize also the travel time. Modelize
this problem as a deterministic control problem.

1.6 Max-plus or Tropical algebra

The equations in can be seen as linear over the following semifield.

Consider the set RU {—o0} of real numbers extended by —co, endowed with the maximization
as an addition and the usual addition as a multiplication: a @ b = max(a,b) and a ® b = a + b for
all a,b € RU{—o0}.

The addition is commutative, associative and has the zero element —oo, which is absorbing for
the multiplication, the multiplication is commutative, associative, has the unit (neutral) element
0, and it distributes over the addition .

The addition is idempotent, meaning that a ® a = a for all a. Therefore opposites to non zero
elements do not exist.

Inverses (for the multiplication) exist for all non zero elements. So we obtain a semifield called
the maz-plus algebra or the tropical algebra, that is often denoted Ry ax.

Then the dynamic programming equation of deterministic control with finite horizon ((1.3b]) can
be rewritten as

vg(z) = @ re(z,u) @ v (fr(z,u)) Vee& andk=T-1,...,0 , (1.9)
u€Cr ()

which is a linear equation over Ry,.. In particular, denoting

M) = sup{ry(z,u) | u € Chlx), fr(z,u) =y}

for all z,y € £ (this was G, above), then (1.9)) can be rewritten as

=P MY @vea(y) Vo andk=T-1,...,0
ye€

that is the vector v is the product of the tropical matrix M*) with entries Mé’;),x, y € € by the
vector vi11. Hence, vg is obtained by applying the product of the T" matrices M O ., MT=D ¢
the vector vr = .

In this way, the Bellman equation can be seen as a Kolmogorov equation associated to a Markov
chain, as in Chapter

In some situations, the analogy with usual numerical linear algebra may suggest some algo-
rithms. These algorithms are often called tropical numerical methods.
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1.7 Solutions of Exercises

Exercise The example can be solved by applying with N =3, m1 =4,mo =3, m3 =
2, w1 = 5, we = 4, w3 = 3. These equations reduce to:
)=0 forxze{0,...,10}
) = max(vs(x),2 + vs(x — 3))
x) = max(va(x),3 + vo(x — 4))
) = max(vi(x),4 + vi(x — 5))

with the extension of vy to —oo for x < 0. This gives the following table of values of the problem:

|0 1 2 3 4 5 6 7 8 9 10
v3|0 0 0 0O O O O O O O O
w|0 0 0 2 2 2 2 2 2 2 2
v1|0 O 0 2 3 3 3 5 5 5 O
n|0 0 0 2 3 4 4 5 6 7 7

This table determines the optimal policy at each step k = 0,1,2: mx(x) = 0 if vg(x) = vgy1(x) and
7 (z) = 1 otherwise.

The value of the knapsack problem is equal to vg(10) = 7. It is obtained by starting with
Xo = 10 and taking the controls uy = Ugp_1 = mx—1(Xg—1), and Xy = Xp—1 — wg_1Ug—1. In view
of the above table, we have vp(10) # v1(10), so u3 = Uy =1 and X; =10 — 5 = 5. For X1 =5, we
have v1(5) = 3 # v2(5),s0us = U; = 1 and Xy =5—4 = 1. For X3 = 1, we have v3(1) = 0 = v3(1),
soug =Us =0 and X3 =1.

Exercise [1.5.1l
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Chapter 2

Markov chains and Kolmogorov
equations

2.1

Introduction and Notations

We shall consider here Markov chains over a finite (or countable) state space £. These are the
random version of the dynamical system X, +1 = f,(Xp).

We shall also consider functionals similar to the ones optimized in the optimal control prob-
lems of Chapter [I} and prove a “linear version” of Bellman dynamic programming equation: the
Kolmogorov equation.

Bellow are some general notations used in all the course.

The state space £ is assumed to be finite or possibly countable, that is discrete. Let N =
card(£) € NU {o0}.

The elements of £ are (linearly) ordered, one can identify £ with {1,..., N} (or Nif N = 00),
and any element of R®, that is any function £ — R, to a column vector in RY.

We shall use this identification, without fixing any order on &.

More generally, we shall speak about matrices over £: an element M of RE*€ is a matrix over
£, and its entries are denoted (Myy )z yee-

€ beeing at most countable, we shall endow £ with the o-algebra P(€) of all subsets of £.

A probability law p over £ will be identified to a row vector, although we will also write
p € RE, more precisely this is an element of the simplea:

Ag:{pERglprOVa:GS,plzmezl} .
z€e€

The Dirac measure over £ in state x € £ will be denoted J,: its entries are 1 in x and 0
elsewhere.

A matrix M € RE*€ is a Markov (or a stochastic) matriz if its entries are all nonnegative

(Myy >0 forallz,y € &) and M1 =1 (3, e Myy =1forallz € £).
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e Given a probability space (£2,2, P), a random variable taking its values in £ is by definition
a measurable function from (Q,2) to (&, P(£)).

e Given a filtration (Fy,)nen on (€2,20), that is a nondecreasing sequence of o-algebras F,, C 2,
we say that a sequence (X, )n>0 of random variables (also called a random process) taking
its values in £ is adapted to the filtration if for all n > 0, X,, is measurable from (Q, F,,) to
(&, P(E)).

2.2 Markov property

Definition 2.1. A sequence (X,,),en of random variables over (2,2, P), taking its values in &, is
a Markov chain (or a discrete time Markov process) if it satisfies:

P(Xn+1 = Tn+1 ‘ X() =20y -- 7Xn = an) = P<Xn+1 = :L'n+1 ‘ Xn = l'n) (21)

foralln > 1, zg,...,zpt1 € E.
The probability measure p©) and the Markov matrices M ™ over £ defined by:

P = P(Xo = )

M:EZ) =P(Xpt1=y| Xy =1)
for all z,y € £ are respectively called the nitial law and the transition matriz at time n of the
Markov chain (Xp,)nen.

The Markov chain is stationary if the transition matrices M do not depend on n. If p(® = O
we say that x( is the initial state of the Markov chain.

Example 2.2 (Random walk). A particule or a drunk man is walking on a line: at each unit of
time, he is going forward with probability p € [0, 1], and backward with probability 1 — p. If he
stops at boundaries of £ = {0, ..., N}, then the position X,, at time n defines a Markov chain X,
over £ such that

PXppi=z+1|X,=2)=1-PXpp1=2—-1| X, =12) =p,

when = # 0, V.
The transition matrix is given by:
1 0 0 0 0]
1-p 0 »p 0 0
M = 0

: ‘. .. 0

0 -0 1—p 0 »p
| 0 -0 0 0 1]

Proposition 2.3. Let (X,,)nen be a sequence of random variables over (2,2, P), taking its values
in &, with initial law p®). Then the following are equivalent:

1. (Xpn)nen s a Markov chain with transition matrices M®™ at time n € N;
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2. P(Xo=uw0,...,Xpn=xp) :p&?Mgﬁng . Mé::}%n, forallm>1, xg,...,xn € E;
3. P(Xp+1 =xpy1 | Xo=z0,..., Xpn=12p) = Mé:;nﬂ, foralln >0, xg,...,Tp+1 € E;

Proof. Let (X, )nen be a sequence of random variables over (2,2, P), taking its values in £, with
initial law p(®).

1. = 2. Assume (X, )nen is @ Markov chain with transition matrices M (") at time n € N, then
it satisfies:

P(Xg :xo,...,Xn :il?n)
= P(XO =Z0y-- s Xn-1= -Tn—l)P(Xn = Tn | Xo =0y, Xn-1= xn—l)
= P(Xo=20,..., Xn_1 = xpn_1) M)

Tn—1Tn

from which one deduce 2. by induction.
2. = 3. Assume that (X,,) satisfies 2| Then,

P(Xp+1 =xpy1 | Xo=z0,..., Xn =xp)
P(Xo=z0,..., Xnt1 = Tn+1)
P(Xo=z0,...,Xpn =xp)
P8 ME, - M,
Py Mg, - M1,

= Mx(ngn-&-l ?
that is 3.
3. = 1. Assume now that (X,,) satisfies 3., or equivalently assume that P(X,41 = Zp+1 |
Xo = z0,...,X, = x,,) does not depend on xq,...,x,—1. Let us deduce that it is also equal to

P(Xy41 = @pt1 | Xn = xy), that is the Markov property. Indeed,

P(Xn = Tn, Xnt1 = :EnJrl)
= Z P(XOZwa--an:xnaXn—i—l :xn—i-l)

1’07~-~amn71€£

= Y (P(Xo =10, ., Xp = 20)P(Xps1 = Tns1 | Xo = 0,..., X = 1))

= Z P(XO = XQ,- - - )X’n = l‘n) Mlgzzfn+1

TQyeeeyTy—1€E
= P(X,=2,)P(Xpn+1 =2py1 | Xo=z0,...,. Xpn=12p) .
O

Corollary 2.4. Let (X,,)nen be a sequence of random variables over (0,2, P), taking its values in
E. If, for allmn >0, zg,...,xpn41 € E, P(Xp+1 = Tpt1 | Xo = zo,..., Xy = x,) does not depend
On Xy ..., Tn—1, that is is a function of n,x,, Tpy1 only, then (X,)nen is a Markov chain.
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Theorem 2.5. Let p© be a probabilty over € and M™ be Markov matrices over €, for all n € N.
Then, there exists a probability space (2,20, P) and a Markov chain (X,)neny on (2,21, P) taking
its values in &, with initial law p'® and transition matrices M ™.

Sketch of proof. We know that necessarily, the law of X, is given by the formula in [2] of Propo-
sition This allows to compute the probability of all the cylinders Ag x --- x A, x EN of EN.
Therefore, it is sufficient to consider the canonical probability space Q = EN, with 2 the o-algebra
generated by finite cylinders, and P the probability on (€2,2() already given on cylinders. Such a
probability exists and is unique by Kolmogorov extension theorem. O

2.3 Elementary Properties and representations

Proposition 2.6 (Fokker-Plank equation). Let (X, )nen be a Markov chain over (2,2, P), taking
its values in &€, with initial law p(o) and Markov transition matrices M™ at time n € N. Then, the
law p™ of the random variable X,, satisfies the Fokker-Plank recurrence equation:

D) () ()

Proof. Using the definition of p(™, M and of conditional probabilities, we get, for all 2,41 € &,

pit = P(Xpi1 = 2n41)
- Z P(Xy = zn, Xpt1 = Tny1)
zn€E
= Y P(Xns1 =Tt | Xy = ) P(X = )
Tn€E
= > M, o =@E"Mm),, . O
n€E

Remark 2.7. The proof of Fokker-Plank equation does not use the Markov property, but only the
value of P(X,11 = Zpt1 | Xn = xp).

Proposition 2.8. Let (X,,)nen be a Markov chain over (Q,21, P), taking its values in €, with initial
law p(o) and Markov transition matrices M™ at time n € N. Then, the sequence (Xpik)neN @S @
Markov chain with initial law p®) (given by Fokker-Plank equation) and Markov transition matrices
M™+E) at time n € N.

Proof. By Proposition the sequence (X, )nen satisfies . Therefore, for k,n € N, we have

P(Xo = 20, Xoop = anas) = pOMO) =D L pplnth)

To Tox1 Tp—1Tk Tnt+k—1Tn+k -~
Taking the sum for all xg,...,zx_1 € £, we get
0 0 k—1 k k
P(Xk - .'L'k;, e 7Xn+k - xn+k) - Z pg’:o)Ma(?())xl e Mm(‘k_lﬂ');k M;Ek)xk+1 e M]{‘:Ikzlxn_,_k °
T, Th—1EE
(2.2)
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For n = 0 this equation writes

P(Xp=ar)= »  pOMO, - Ml

Z0ye s Th—1€E

Together with (2.2)) for any n € N, this gives

P(Xp=ap,. .., Xppk = Tpan) = P(Xp = zp) M, oo (PR
_ . (k k +k
- pgﬁk)MﬂgkgﬁkH o 'MHEZML%M J

where p(®) is the law of Xj. Therefore, using Proposition we get that (X,,4x)nen is a Markov
chain with initial law p(®) and transition matrix M™**%) at time n € N. Moreover, from Proposi-
tion p*) satisfies Fokker-Plank equation. O

Proposition 2.9. Let (X,)nen be a Markov chain over (Q,2, P), taking its values in &, with
initial law p© and Markov transition matrices M™ at time n € N. Then, for all zo,...,zp € &,
0<k<T, we have

P(Xp41 = Tpit, - X7 = 27 | Xo = @0, .., Xy = ap) = M) .. p{T—1)

TETr+1 Tr—1TT

Proposition 2.10. Let (X,,)nen be a Markov chain over (2,2, P), taking its values in &, with
initial law p(© and Markov transition matrices M™ at time n € N. Then, for all k > 1,

the sequence (Xnk)nen is a Markov chain with initial law p(o) and Markov transition matrices
M) A (A DE=1) gt time n € N.

Proof. From Proposition the sequence (X, )nen satisfies . Then, for all £ > 1 and n € N,
we have

xoT1 Tpk—1Tnk °

Taking the sum over all T1,..., Zk—1,Tk41, -+, 215+ - T(n—1)k415 - - Tnk—1 € &, We get:

P(XO = $0,...,ka Z.ka,.-',Xnk = $nk)

xl:"'zxkflzkarl7"'7x2k71»"'x(nfl)k+1»"'7xnkflEg
Denoting M*n) .= prk .. A+ DE=1) - we obtain

P(XO = Zo,--- )ka = Tmk, - - - 7X’rl/€ = xnk) = p(O)M(hO) o M(k’n)

To ToTk T(n—1)kTnk

which with Proposition [2.3] shows the result. O
Practical examples are often constructed in the following way.

Fact 2.11. Let (2,2, P) be a probability space. Let Xy be a random variable taking its values
in £, (Wp)n>0 be a sequence of independent random variables taking its values in a finite set W,
and independent of Xg, and for all n € N, let f, : € x W — £ be a map. Then, the sequence X,
defined recursively by:

Xn+1 :fn(XnaWn)> neN )

is a Markov chain taking its values in &£.
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Proof. Indeed X, is a deterministic function of Xy, Wy, ..., W,,_1, so is independent of W,,. Hence,
P(Xny1 = ny1 | Xo = 20y, X = 2n) = P(fu(Xn, Wn) = @pt1 | Xo = 20,...,Xn =
xn) = P(fu(xn,Wy) = xpe1 | Xo = 20y, Xn = ) = P(fo(xn, W,,) = zp41) only de-
pends on z, and x,y1. From Proposition X,, is a Markov chain with transition matrix
Mﬂgzgcnﬂ = P(fn(xm Wn) = Tni1) O

Proposition 2.12. Conversely, let P2 and M be the initial law and transition Markov matrices
of a Markov chain taking its values in E. There exists a probability space (2,2, P), a set W, a
sequence (fn)n>0 of maps fn : € X W — &, and, over (Q,U, P), a random variable Xy taking
its values in € with law p©, and a sequence (Whn)n>0 of independent random variables, taking
their values in W, and independent of Xo, such that the sequence (Xp)n>0 defined recursively by
Xnt1 = fu(Xn, Wy) is a Markov chain with transition Markov matrices M®),

Proof. Assume to simplify that £ is a finite set. Let W be the set of maps from & to itself. For
each n > 0, denote by ¢, the probability law on W defined, for all w e W (w: & = &, x — w(x)),

by qn(w) = [[,ce MI(Z)(JU). Let Xo, Wy, ..., W,,... be independent random variables with values in

EW ..., W, ..., respectively with laws p(®, qo, ..., qu, ..., respectively. Such a sequence can
be constructed on Q = & x WY, with 2 the set of cylinders. Then, taking f,(z,w) = w(x), we get
that X, 11 = fn(Xn, W,) defines a Markov chain with transition Markov matrices M (n), O

Ezercise 2.3.1. Let (2,2, P) be a probability space. Let X be a random variable taking its values
in a finite set &, let (W,),>0 be a Markov chain taking its values in a finite set W, with initial
law q(o)7 transition matrix M (™ at time n > 0, and independent of Xy, and for all n € N, let
fn:EXW — & be a map. Consider the sequence X,, of random variables taking its values in &,
and defined recursively by:

Xnt1 = fu(Xn, W), neN.

Show that ((X,, Wp))n>0 is a Markov chain and compute its transition matrix.

2.4 The digraph of a stationary Markov chain

Definition 2.13. Let M € R*€ be a matrix with nonnegative entries, in particular a Markov
matrix. We associate to M a digraph, denoted G(M ), with set of nodes £ and set of arcs A such
that (z,y) € € x € is in A if and only if M, > 0.

We associate also the weight map w: A —= R, (z,y) — My,.

Then, the weight of a path p = (z9,...,z,) of G(M) (i.e. such that xg,...,z, € £ and
(xo,21), ..., (Tnt1, ) are arcs in G(M)), is defined as w(p) = w((zo,x1)) X -+ X w((Tp_1,2n)) =
Mzoml e M:pn_1zn-

If X, is a stationary Markov chain with transition matrix M, we have

w(zo, ..., x,) if (zo,...,xy) is a path of G(M)

PXi=x1,....Xp, =z, | Xo=29) =
(X ! " n | Xo 0) {0 otherwise.

Moreover,

P(Xpir =y | X =) = (M) = >, w),
p path of length n
in G(M), from z to y
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where the length of a path is the number of its arcs. Indeed,

Ma?y == Z Mzml . e M$n72$n,1Mzn71y
(xl,-..,xn_l)egn—l

(x1,0sp_1)€EMT

— Y e e

(@1,...zn—1)€E1
Moy 50,0 My, _1y>0

Example 2.14. A Markov matrix and its associated digraph G(M) (with weights written on arcs):

05 05 0 0.1

i

0 0 1

1

Example 2.15 (Random walks). The digraph associated to the random walk of Example is as
follows:

The digraph associated to a random walk on Z? with probability p, ¢, r,s > 0 to go respectively to
right, up, left and down (with p+ ¢+ r + s = 1) is shown in
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Z2

2.5 Kolmogorov equation for finite horizon criteria

The following equation is the dual of Fokker-Plank equation (seen in Proposition :

Proposition 2.16 (Kolmogorov equation without instantaneous reward). Let (X,,)nen be a Markov
chain over (Q,2, P), taking its values in &, with Markov transition matrices M™) at time n € N.
Let ¢ € RE and T € N, and denote:

vr(z) = E[p(X7) | Xp = 2]

Then, the value vy satisfies the following backward recurrence equation, called Kolmogorov equa-
tion :

v =MWy, 0<k<T—-1,
with final condition:
vr =@ .
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Proof. One way is to use the formula already proved for the probabilities of the tuple (Xo, ..., X,):

vp(z) = > (P(Xpyr = a1, Xp =27 | X = 2)p(27))

$k+17-~71'T€g

B P(Xy =2, Xpi1 = Tpy1, -, X7 = 27)

Tkt 1, LT EE

- Z (Mgglgcﬂ T MagzjllazT(p(xT))

karl,...,xTEg

Then vy, = M®) ... MT=D . which implies vy = M(k)vk+1 and vy = .
Another way is to obtain Kolmogorov equation directely from conditional expectations:

vg(z) = E[p(Xr) | Xy = 2] = E[E[p(X7) | Xpt1] | Xp =2] .

E [p(X7T) | Xg+1] is the projection of ¢(X7) on the o-algebra genererated by the random variable
Xk+1. Since € is finite, we also get E [p(X7) | Xit+1] = h(Xg41), where h is the deterministic
function defined by h: £ = R, z +— E[p(X7) | Xk41 = ], that is b = vg41. We deduce:

k() = E [Up41 (Xp41) | X = ]

= ZP(Xk-I—l =y | X = fE)”k—f—l(:U)
ye€

= ZM:EZ)WH(Z/) = (MBogpy),
yesé

S0 VU = M(k)vk+l. ]
Remark 2.17. Another way to prove Proposition [2.16] is to show that the sequence
M, =v,(X,), n>0,
is a Martingale for the filtration (F,),>0 associated to the Markov chain (X,,)n>0, that is
EMpt1 | Fo] =M, .
Indeed, using the definition of v, we get, for n > 0,
My =E[p(X7) | Xn] -

Moreover, since X,, is a Markov chain, the above conditional expectation is equivalent to the one
with respect to F,. Indeed, E [p(X7) | Fr—1] is necessarily of the form ¢p(Xo,... Xp_1), where
7 is measurable and given by: Yr(xo,...,z7-1) = E[po(X7) | Xo = 0,..., X7-1 = x7_1] and
since X, is a Markov chain, we get that ¥y (zo,...,27-1) = E[p(X7) | Xr—1 = 27-1] depends
only on z7_1, so E [p(X7) | Fr—1] = ¥r(Xr—_1). By induction, we get also that E [p(X7) | Fn] is
a measurable function of X,,. Since the o-algebra generated by X, is smaller than F,, (which is
generated by Xj,...,X,), we deduce that E [p(X7) | Fp] = E [p(X7) | Xn)-
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Therefore,
My =E[p(X7) | Fn)

which is clearly a Martingale, by the property of compositions of conditional expectations:
E[Mupi1 | Fol = E[E[p(X7) [ Fota] | Ful = E[p(X1) | Fo] = My
This implies that
Up(Xk) = M = E My | Fi] = E [veg1 (Xp+1) | Xi]

which gives the recurrence equation of Proposition [2.16)

The following more general result will be used in what follows in order to establish the Bellman
dynamic programming equation for Markov decision problems, which will be a nonlinear extension
of Kolmogorov equation.

Theorem 2.18 (Kolmogorov Equation for an additive functional). Let (X, )nen be a Markov chain
over (0,2, P), taking its values in &, with Markov transition matrices M®™ at time n € N. Let
peRE, TeN, and ry, € RE for 0 <k < T —1, and denote:

T-1
(Z W(Xe)> +o(Xp) | Xp ==

l=k

vp(z) =E

Then, v satisfies the following backward recurrence equation, called Kolmogorov equation :
=1+ MPyp 1, 0<k<T-1, (2.3a)
with final condition:
vr = . (2.3b)

Proof. Use the second way of proof of previous Kolmogorov equation:

T—-1
(Z Tz(Xe)) + o(Xp) | X = w]
= T-1
( > W(Xé)> + o(Xp) | X = w]

{=k+1

T—-1
( Z m(Xe)> + o(X7) |Xk+1] | X = QU]

l=k+1
= Tk(l‘) + E [Uk+1(Xk+1) | Xk = l‘]

= (@) + > P(Xp1 =y | Xp, = 2)vrs1(y)
ye&

= r(z) + Z ME v (y)
ye€
= (r + M(k)karl)m )

vg(x) = E

=E[ry(Xg) | Xk =a] + E

ri(z) + E |E

hence vy = i + M(k)ka. O
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Remark 2.19. As in Remark [2.17] another way to prove Theorem [2.18]is to show that for all k > 0,
the sequence

n—1
M, = (Zm()@)) +on(Xn), n>k,
l=k

is a Martingale for the filtration (F,),>0 associated to the Markov chain (X,,),>. Indeed, using
the definition of v,,, we get, for n > k,

n—1
M, = <Z m()@)) +E

l=k

T-1
(Z W(Xe)> + o(X7) | Xn]

l=n

and since Xy, ..., X,,_1 are measurable with respect to F,, and X, is a Markov chain, so the above
conditional expectation with respect to X,, is equivalent to the one with respect to F,,, we get

n—1 T-1 T-1
(Z W(Xe)> + <Z Te(Xe)> +o(X7) | Fn <Z Tz(Xé)> + o(X7) | fn]

I=k {=n l=k

M, =E =E

which is clearly a Martingale. This implies that
vp(Xp) = Mi = E[Mpgr | Fi] = ri(Xp) + E [vi1 (Xpga) | Fie] = 70(Xp) + E [vpg1 (K1) | X

which gives the recurrence equation of Theorem

Remark 2.20. When rj, = r and M®) = M do not depend on k, (hence the Markov chain (X,),en
is stationary), the Kolmogorov equation writes vy = r + Muvy.1, so that one can consider the value
function as a function of the remaining time until the end:

<Z rg(Xg)) + o(Xy) | Xo = x] ,
{=0

which satisfies a forward Kolmogorov equation:

v () =E

oY) = 4 Mo®
Remark 2.21. Moreover, Kolmogorov equation can be rewritten as
Vg — Vg1 + (M —Tvg+r=0 .

which is analogue to the Kolmogorov equation of a Markov process (with continuous time):

dv
—+M—-Tv+r=0.
P ( Ju+
Then, M — I is called the infinitesimal generator of the Markov chain. (A Markov process is
obtained when the holding times in each state are random independent with exponential law).
A similar Kolmogorov equation is obtained when (X¢):>0 is a Wiener process:

dv 1
E+§AU+T—O .

31



Ezercise 2.5.1. Compute

V=

T-1
(Z W(XZ)> + SO(XT)] ;

=0
for any initial law of the Markov chain (Xp,)n>0.
FEzercise 2.5.2. Let X,, be a Markov chain with values in (a finite subset of) N, and consider the
sequence Y, = Xg+ --- + X,,. Compute
v(z) =E[p(Yr) | Xo = 2]
Do the same for Y,, = max(Xy,..., X,).

FEzercise 2.5.3. Consider a Markov chain (X,),>0 with values in £ and transition matrix M € REXE
(independent of time). Let f be a function from £ to R, compute

vp(z) =P (3ne{0,...,T}, f(Xn)>1]| Xo=2x) .

Taking the exponential of an additive functional does not change optimization problems, but it
does change expectation.

Theorem 2.22 (Kolmogorov equation for a multiplicative functional). Let (X, )nen be a Markov
chain over (Q,2, P), taking its values in &, with Markov transition matrices M™) at time n € N.
Let p € R, T €N, and aj, € RS, for 0 < k < T — 1, and denote:

<Hag Xg) XT)]Xk—x]

Let A®) € REXE pe the matriz with nonnegative entries A(z]z) = ak(m)Mé’;), for x,y € £. Then, vy
satisfies the following backward recurrence equation:

vp =AWy, 0<k<T -1, (2.4a)

with final condition:
v = . (2.4Db)

Proof. We use again the same arguments as for the previous Kolmogorov equations:

(Hagxg) XT)\Xk_:c]
(H ay X4> XT)|Xk+1] \Xk:x]

{=k+1
= o (T)E [vg41(Xpy1) | Xi = 7]

vp(z) =

= O

= (@) | Y P(Xpr1 =y | Xp = 2)vp41(y)
ye€

= Z M k)vkﬂ

ye€

> AL vk y)

ye€
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which gives vy = A(k)ka. O

Again, with the same arguments, one prove:

Theorem 2.23 (Kolmogorov equation for a mixed functional). Let (X, )nen be a Markov chain
over (2,2, P), taking its values in &, with Markov transition matrices M®™ at time n € N. Let
peRE, TeN, r, eRE, and oy, € Rf_, for 0 <k <T -1, and denote:

T-1 /4-1 T—1
vp(z) =E [(Z ( am(Xm)> m(}g)) + <H am(Xm)> o(X7) | Xp = 3:]
k m=k

=k \m=

Let A®) ¢ REXE pe the matriz with nonnegative entries A;(El;) = ak(a:)MggZ), for x,y € £. Then, vy
satisfies the following backward recurrence equation:

ve=rp+ APy, 0<k<T -1, (2.5a)
with final condition:
ur =@ . (2.5b)

When ag(z) = a < 1, a is the discount factor, as for determinitic control problems with infinite
horizon.

More generally, when ay(z) < 1 depends on x, we call it a variable discount factor.

In that case, the matrix A®) satisfies A®)1 < 1. A matrix A with nonnegative entries and such
that A1 <1 is called a submarkovian matrix.

When the matrices A®) are submarkovian, one can reduce the previous problem /functional to
a problem with additive criteria, by adding to the state space £ a cemetery point. Indeed, let ¢
denote this cemetery point, assume that ¢ € &, and consider & = £ U {c}. Let M'(F) ¢ RE*E pe
the matrix such that

M*) = AR whenz,y e &

M =1,
MR =0, vzef&
M) =1 — au(z), Vzek,

and extend r and ¢ to £ in 7} and ¢’ respectively by mapping ¢ to 0.

Proposition 2.24. The value function vy of Theorem [2.23 is the restriction to £ of the value
function v}, obtained in Theoremfor the matrices M'®) and functions r), et ¢'.

Note that vy, satisfies necessarily v} (c) = vy (c) = -+ = ¢'(c) = 0, so the boundary equation:
v.(c) =0 .
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2.6 Kolmogorov Equations for infinite horizon criteria

Theorem 2.25 (Kolmogorov Equations for a discounted infinite horizon functional). Let (X,,)nen
be a stationary Markov chain over (2,2, P), taking its values in &, with Markov transition matrix
M. Let r,a € RE, satisfying 0 < a(z) < a for all x € &, for some constant & < 1. Assume that v
is bounded in sup-norm (or & is finite). Denote:

00 -1
(Z ( a(Xm)> T(Xe)> | Xo = :v] : (2.6)
=0 \m=0

Let A € RE*¢ be the matriz with nonnegative entries Ay = a(z)Myy, for x,y € £. Then, v is the
unique solution of the fixed point linear equation:

w(z)=E

v=r+ Av , (2.7)

Before giving the proof let us state some properties of Markov matrices.
Recall that for any matrix M € RE*€ the matriz norm ||M||s associated to the sup-norm of
vectors, defined by:

Mu
IMloo = sup WMoy gup ]
were\{o}  [[Ulloo oeé

satisfies

1Moo =sup | > [Myyl |
ze€ yee

and that spectral radius of M, denoted p(M), which is the maximum of the modulus of its
eigenvalues satisfies necessarily p(M) < ||[M|| for any matrix norm.

Lemma 2.26. For any Markov matriz M € REX¢ we have
p(M) = [[M]|oo =1 .

Proof. Since a Markov matrix M has nonnegative entries, and the sum of each row is equal to 1,
we get || M||e = 1.
Since 1 is an eigenvalue of M associated to the eigenvector 1 (M1 = 1), we get p(M) > 1.
Since 1 < p(M) < ||M||ooc = 1, we deduce the result. O

Proof of Theorem [2.25, Assume that £ is finite. Since a(X,,) < @ < 1, for all m > 0, and r is
bounded, the series inside the expectation in is normally converging (for sup-norm), and its
sum is a.s. bounded by C/(1 — &), where C' is a bound of r. Hence, the expectation v(z) exists,
for all z € £, which allows one to define the value function v : z — v(z).

By the same arguments as in previous proofs, one shows that v satisfies . So it remains to
prove that has a unique solution. This holds if I — A is invertible, that is 1 is not an eigenvalue
of A. Using the formula of the sup-norm of a matrix, we get that ||A]cc < &||M||cc = & < 1, which
implies that p(A) < @ < 1, and so I — A is invertible.

One can also show that the Kolmogorov operator: K : v — r+ Av is monotone and contracting
for the sup-norm with factor & < 1. Indeed

1K (0) = K(w)lloo = [[A(v = w)loo < [|Alloclv = wlleo < @lv = wlloo -
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So K has a unique fixed point.

This property holds also when £ is a countable set (discrete infinite), by considering K as
an operator on the Banach space L*°(€) of bounded functions from & to R, endowed with the
sup-norm. O

In sustainable development problems, on may wish to consider a functional which put more
weight on future rewards. This would mean that some of the discount factors a(x) are greater than
1, and so A is no more contracting for the sup-norm. However, the previous result remains if the
spectral radius of A remains lower than 1 as in the following result.

Theorem 2.27. Let (X,,)nen be a stationary Markov chain over (2,2, P), taking its values in a
finite set £, with Markov transition matriz M. Let r,a € RE, satisfying 0 < o(x) for all z € €. Let
A € RE*€ be the matriz with nonnegative entries Ay = afx)M, my, for x y E E. Assume that the
spectral radius & := p(A) is < 1. Then, for all x € S, the value v(z) of (2.6)) is well defined and
the functionv : £ — R, x € € — v(x) is the unique solution of the ﬁxed point linear equation .

Proof. Since S is a finite set, r is bounded by some constant C'. Hence

i)

where Y is the nonnegative random variable defined by

0o /-1
Y = Z (H oz(Xm)>
{=0 \m=0

Since Y is the sum of series with nonnegative coeffcients, its expectation exists and is equal to

Ha |X0—1:]

Using Kolmogorov equation for multiplicative functionals, we obtain that wy satisfies w, = Awy_1
and wy = 1, hence wy = A*1. Therefore, E[Y | Xo = 2] = Y ;2,(A*1),. Since p(A) < 1, the
previous series converges and is equal to ((I — A)~'1),. Then, Y has a finite expectation, which

o0

2

=

<CY

oo

EY | Xo=2x]= Zwk(w) with  wg(z
=0

m=0

implies (by dominated convergence theorem) that the random variable ;2 (Hfﬁl a(Xm)> r(Xy)
is well defined (exists almost surely) and has a finite expectation. Hence, the value v(z) in (2.6

is well defined. The rest of the result can be proved using the same arguments as for previous
theorem. O

2.7 Kolmogorov Equations for stopping time criteria

Definition 2.28. Given a filtration (F,,)nen on (£2,2), a random variable 7 with values in NU{+o0}
is a stopping time with respect to (Fp)nen if {7 =n} € F,, for all n € N. We then denote

Fr={AeA|{r<t}nAecF, vVt >0} .

Fact 2.29. 7 is a stopping time if and only if {7 < n} € F,, for all n € N.
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Proof. If T is a stopping time, then {7 < n} = Up—g {7 =k} € Fp, since F}, C Fp, for all k < n.
Conversely, if {T < n} € F,, for all n € N, then {7 = n} = {r < n}\{r <n-1} € F,, since
Fn-1 C Fn. O

Definition 2.30. Given a Markov chain (X, )nen over (2,2, P), we associate the filtration (F, )nen:
Fni=0%(Xo,...,Xp), VneN.

Then, a random variable 7 with values in NU {+o0} is a stopping time with respect to the Markov
chain (X, )nen if it is a stopping time with respect to (Fy)nen-

Note that the filtration associated to a Markov chain (X,,),>0 is the minimal filtration such
that (X,,)n>0 is adapted to it.

Example 2.31. Let (X,,)nen be a Markov chain over (2,2, P), and let B be a subset of £. Then,
for all k € N,
% =inf{n > k| X,, ¢ B}

is a stopping time with respect to the Markov chain (X,),>x. Indeed, for t > 0, {7F > t} =

mkgegt{Xf € B} belongs to 0®(Xk, ..., Xy), so does its complementary {75 < t}. The stopping

time Tg is called the exit time from B of the Markov chain starting at time k.

Theorem 2.32 (Strong Markov property). Let (Xp)nen be a Markov chain over (2,2, P), taking
its values in €. Let T be a stopping time with respect to (Xy)n>0. We have,

PXri1i=y1, - Xork =k | Xo=20,..., Xro1 = 27-1, Xr = 9o and 7 < +00)
:P(XT+1 :yly--~7XT+k:yk’XT:y0 cmd7'<+oo) .

for all k, ¢ € N, sequences (z¢)¢>0, and yo, ...,y € £.
Moreover if the chain is stationary then

PXrp1 =yt Xeqp =k | Xo =yo and 7 < 4+00) = P(X1 =y1,..., X = yr. | Xo = v0) -

Theorem 2.33 (Kolmogorov Equation for a finite horizon functional with stopping time). Let
(Xn)nen be a Markov chain over (0,2, P), taking its values in &, with Markov transition matrices
M®™ qt time n € N. Let @ €RE, B C & be nonempty, T €N, and r, € RE for0 <k < T —1, and
denote, for all x € E:

k
TATg—1

ve(@) =E || Y rXe) | +o(Xppk) | Xp =
{=k

Then, v satisfies the following backward recurrence equation, called Kolmogorov equation :
op(z) = rp(z) + (MPop ) (z), € B, 0<k<T -1, (2.8a)
with boundary condition
vg(z) = p(z), v € B, (2.8b)
and final condition

vr(z) =p(z), € B . (2.8¢)
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Note that here, we used the same name ¢ for the function involved in the boundary condition
and in the final condition. In general, and in particular when the state space is continuous, one
consider two maps ¢ € RP and 1) € RE\E and define vy, as the functional

k
ThTg—1

vp(z) = E Do rXe) | (X + (X g )lys s | X =2
l=k

Proof of Theorem [2.33. Consider the sequence Y;, = X, . &, for n > k. With the same arguments
as for the strong Markov property, we can show that this is a Markov chain starting at time n = k.
Indeed,

n—1
P(Yn =Yn, ", Yk :yk) :ZP(YH =Yny 5 Yk :ykﬂ—g :p)
p=k
+P(Yn:yn7 7Yk :ykaTg Zn)
n—1
:ZP(XnAp:yna"' y Xk :yk,TE :p)
p=k
+P(XTL =Yn, " an:yk’?Tg Zn)
n—1
- Z P<Xp =Yp Xy = yk)lykEB Y 1yp—1eBlypr]‘yp:prrl:"':yn
p=k
+ P(Xn =Yn," " an‘ = yk‘)lykEB e lyn,leB
n=1
—1 k
- Z Mzsg—w)p o Mlgkl)/kJrllykeB Ly, veBly,gBly,=y, ==y,
p=k

—1 k
+ Mé:—ly)n T MZSkZ)JkHlykeB e 1yn71€B

=My e M,
where, for n > k, MB") is given by:
Méz) forx e B,ye&
M:((:f’”): 1 forr=y¢ B
0 otherwise.

Hence, by Proposition (Y)n>k is a Markov chain with transition matrix M (B.n) gt time n > k.
For all n > 0, extend 7, by 0 on £ \ B. Then, for all z € &, vy, coincides with:

T-1
<Z Tz(Ye)) +o(Y7) | Vi =2

l=k

vg(z) =E

From Theorem [2.18] we get the recurrence equation
vp =1+ MEBRy L 0<k<T -1,

with final condition: vy = ¢. This final condition implies (2.8c). When x € B, the recurrence
equation gives (2.8a)). When = ¢ B, the recurrence equation gives vy(x) = vg41(x), which with the
final condition implies vg(x) = ¢(x), hence the boundary equation (2.8b)). O
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Another way to prove Theorem [2:33]is to use Theorem [2.23] and the following result, which is
easy to check.

Fact 2.34. The value function v, of Theorem [2.33|can rewritten as the value function of the mixed
functional :

T-1 /—1 T-1
vp(z) = E KZ ( am(Xm)> d(}g)) + (H am(Xm)> o(X7) | Xp = m] ,
{=k \m=k m=k

for the same Markov chain (Xy,),>0, with the same final reward ¢, and the instantaneous rewards
7}, and variable discount factors ay given by:

r.(z) = ri(z), forx e B
ri.(z) = p(z), forz ¢ B
ag(x) =1, forxe B
ag(x) =0, forz¢B .

We can derive similarly the solution of the discounted infinite horizon problem with stopping
time.

Theorem 2.35 (Kolmogorov Equations for discounted infinite horizon with stopping time). Let
(Xn)nen be a stationary Markov chain over (2,2, P), taking its values in £, with Markov transition
matriz M. Let B C £ be nonempty, r € RE, and o € (0,1), Assume that r is bounded in sup-norm
(or £ is finite). Denote, for all x € &,

T3—1
e K > a‘r(Xw) o p(Xey) | Xo =2 29)

{=0
Then, v is the unique solution of the fixed point linear equation:

{ v(z) =r(z)+a(Mv)(x) xz€B,
v(z) = @(x) x¢ B .

We can in some cases avoid the discount factor.

Theorem 2.36 (Kolmogorov Equations for undiscounted infinite horizon with stopping time).
Let (Xp)nen be a stationary Markov chain over (Q,2, P), taking its values in &€, with Markov
transition matriz M. Let B C € be nonempty, r € RB. Assume that r is bounded in sup-norm (or
& is finite), and that the matriz Mg € RP*B which is the restriction of M to rows and columns
in B (MBB)ay = Mgy for all x,y € B) has a spectral radius p < 1. Denote, for all x € &,

v(z) =E (2.10)

TB—1
(Z T(Xe)> +o(Xep) [ Xo =2

£=0

Then, v is well defined and it is the unique solution of the fixed point linear equation:

{ v(z) =r(z)+ (Mv)(z) ze€B,
v(z) = ¢(x) x ¢ B .
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Proof. Same arguments as for the proof of Theorem [2.27] O

Example 2.37. Consider a Markov chain with transition matrix

1/2 1/2 0
M=|1/2 1/2 0
0 1/2 1/2

If one consider B = {1,2} C &, then 75 = 400 almost surely since B is a recurrence class. Then,
[(ZZBOI r(Xk)) + o(Xr) | Xo = ar} = oo if for instance r = (11 0)7.
Now if B = {2,3}, then 75 < 400 almost surely, and

=1

satisfies p(Mpp) = 1/2. Then, v(z) = [(22301 r(X%)) + ¢(Xrg) | Xo = x} exists and is solution
of

v(1) = (1)

v(2) =7r(2)+ %v(l) + 51}(2)

v(3) =r(3) + %U@) + 51}(3)
This gives

v(1) = ¢(1)

v(2) =2r(2) + p(1)

v(3) =2r(3) + 2r(2) + ¢(1)

2.8 Further examples

Example 2.38 (A rolling dice game). Consider a game in N steps. At each step, the player is
rolling a dice. If the dice falls on 6, the player is loosing all his previous gains positive or negative,
otherwise he receives the value of the dice minus 3 as an additional gain. Denoting by W, the
value of the dice at the nth stage of the game, we get that (W,,),>0 is an i.i.d. sequence of random
variables with laws: P(W,, =) =1/6 for i € {1,...,6}.

If the dice neither fall on 6, the total gain/payoff of the player at stage n would be equal to
Wy —34---+ W, —3. Since the player may loose everything, one need to consider a new sequence
X, of states consisting in the (possible) total reward at time n. We starts with Xy = 0 and get
that

{Xn + Wn—H -3 if WTL+1 7& 6
Xn+1 =

0 otherwise,

forallm =0,..., N —1. Such a dynamics can be written X, 11 = f(X,, Wy4+1), which implies that
the sequence (X, )n>0 is a Markov chain with values in Z. The expected total reward at the end of
the game is then equal to E [X7], which has the form of the criterion considered in Propositionm
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Then it can be computed by using the Kolmogorov equation. Using the dynamics f, instead of
transition probabilities, Kolmogorov equation can be written as follows

or(2) = E o1 (f (2, W)l vr(z) =2, weZ.
Then, E [X7] = vo(0) (since Xo = 0). Using the above informations on f and the law of (W),)n>0,
we can rewrite the Kolmogorov equation as:
1 5
op(®) = {vk1(0) + ;vkﬂ(x +i—-3)} z€Z.
Then, using that vr(x) = x, we can prove by backward induction on k that vy is linear in z:

vg(x) = zix with zp = zk+1%. This implies that the game has no expected gain.

2.9 Solutions of Exercises

Exercise 2.3.1]

Exercise 2.5.1l Let
v:=FE

T-1
(Z TZ(X€)> + SO(XT)]

=0

Using the property that v = E [E [( = rg(Xg)) + o(X7) | XOH’ we get that v = p(®Qvy, where
vg is the solution of Kolmogorov equation.

Exercise Let X, be a Markov chain with values in (a finite subset £ of) N, and consider
the sequence Y,, = Xo+---+ X,,. Then, Y,, satisfies the recurrence Yn+1 = Y 4+ Xp41. Since X, is
a Markov chain, then (X,,Y;) is a Markov chain on & x N. Let M be its transition probability

matrix. We have

™ = M1

(z.y) (@ y) y+a)y' -

Moreover

v(z) = Elp(Yr) | Xo = 2] = E[@(X7, Y7) | (X0, Yo) = (2,0)] ,
with @(z,y) = ¢(y). So v(z) = wo(x,0) where wy, satisfies Kolmogorov equation wy, = M® w1,
that is

k
wr(z,y) = Y MPwp (2 y+a')
z'e€

with wp = @.

Exercise Consider a Markov chain (X,,)p>0 with values in £ and transition matrix
M € RE*€ (independent of time). Let f be a function from &£ to R, compute

vr(z) =P (@n e {0,..., T}, f(Xp) > 1] Xo = 1)
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Chapter 3

Markov decision processes with finite
horizon criteria

We now consider a discrete time dynamical system (X ),>0 with finite (or discrete) state space &£
and a dynamics of the following type:

Xn+1 = fn(Xn)a n>1,

which can both be changed (by a company manager, an investor, a provider, a driver,...), by
applying an action or control U, at each time or stage n > 0, and be subject to randomness. For
instance:

Xnt1 = fu(Xn, Un, Wy), n>0.

The aim is still to choose the sequence of actions Uy, ..., Uy, ... in such a way that they minimize
(resp. maximize) a certain functional, called the total cost (resp. the total payoff).

However, we assume that information on the sequences X,, and W,, arrive sequentially, so that
at time n, the “manager” only knows Xy, ..., X,, and Wy, ..., W,,. Then, the decision to choose U,
is taken at time n using this information. We are still in the context of complete observation since
we know all the past states, however we do not know the future states. This is the main difference
with deterministic control problems, in which, given the model, and the state at some time n, we
can infer all the state trajectory (Xg)g>n.

Since we cannot observe the future realizations of the Markov chain (when the sequence of
actions is fixed for instance), we shall optimze a functional which is the expectation of the total
payoff given the initial state, which is a criteria already considered in the chapter on Markov chains,
Chapter

Another difficulty is that the choice of the actions (Up,)n>0 changes the random process (X, )n>0,
so we cannot start with a Markov chain on a given probability space as in previous chapter. We
can only define a model with all the parameters of the system, like the dynamics or the transition
probabilities, and the initial law. This is what is called a Markov decision process or a controlled
Markov chain.

3.1 Markov decision processes

Definition 3.1. A Markov Decision Process (MDP) or a controlled Markov chain consists in giving
the following parameters:
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a finite or discrete state space &;
e an action space C

e for all k € N and x € &, the subset Ci(z) C C of all possible actions at time k, when the state
is equal to z;

o for all k € N, the set Ay := {(z,u) |z € £, u € Cx(x)} of all possibles couples (state, action)
at time k;

e an initial probability p© € Ag¢ on &, or an initial state zg € &, which is equivalent to the
case where p(® is the Dirac measure at zo;

e forall k € N, z € £ and u € Ci(x), a probability row vector Mék’u) over &, the entries of

which will be denoted (") .
ye€

The MDP is stationary if C(x) and Mék’u) do not depend on time k. In this case, the index or
argument k is omitted. It is uncontrolled if the sets Cy(x) are singletons. In this case, the argument
u is omitted.

In the uncontrolled case, the above parameters allow one to construct a Markov chain (and a
probability space), by considering the transition probability matrices

M) = P(Xjp1 =y | Xpe=2) .

In the general case, one wish to construct (a probability space and) two discrete time processes
(Xk)k>0 and (Ug) x>0 taking their values in € and C respectively, with transition probabilities Mé’;’“):

MEY = P(Xpp1 =y | Xpe =2, U =u) , (3.1a)
and such that (X}) satisfies the following Markov property:
P(Xpy1 = opq1 | Xp = 2, Up = up, X1 = 23-1, U1 = ug—1, ..., Xo = 20, Up = up)
= P(Xp+1 =21 | Xk =k, U =ug) , Va; €E, u; € Ci(x;), fori >0 . (3.1b)

To define the underlying probability, one need to assume that the control process (Ug)r>o is ad-
missible, meaning that Uy depends only on the past of states and actions, or more precisely that
(Uk)k>0 is obtained from a strategy, where we extend the notion of strategy as follows.

Definition 3.2. Given a MDP as above, the set Hy = Ag X --- X Ap_1 x £ is called the set of
histories at time k. A pure strategy is a sequence o = (o)r>0 such that, for all k& > 0, oy, called
the strategy at time k, is a map from H; to C satisfying

Uk(.%'o,U(], Ce ,1‘k,1,uk,1,xk) (S Ck(xk), fOI‘ all (l’o,UQ, Ce ,1‘k,1,uk,1,xk) c Hk .

We denote by X the set of all pure strategies. A pure strategy gives rise to the stochastic process
(Xk, Uk) k>0 with transition probabilities as in (3.1]), satisfying in addition

Uk = 01(Xo0,Uo, ..., Xpo—1, Uk—1, X))

that is there exists a probability space (2,2, P) and a stochastic process (Xj,Uy)k>0 over this
space satisfying all the above properties. Such a sequence (X, Uy)ir>0 is also called an admissible
sequence of states and controls.
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Definition 3.3. A random (or relazed) strategy is a sequence o = (0y)r>0 such that, for all £ > 0,
o1, is a map from H;, to the space of probabilities, denoted here CR, over a given probability space
(C, 2, P) such that the support of oy (zo,uo,. .., Tk—1,ux—1, k) is included in Cg(zy), for all
(xo,u0, - .. Th—1,Ug—1,Tk) € Hp. Such a strategy gives rise to a stochastic process (Xj,Us)r>0
satisfying, for all B € ¢,

P(Uy € B | Xo,Up, ..., Xp—1,Ug—1, Xi) = [ok(Xo, Vo, - - ., Xp—1, Ug—1, X)) |(B) .
We denote by SR the set of all relaxed strategies.

Definition 3.4. A pure or random strategy is said Markovian if each map o} depends only on the
information on the state at the current time, that is

ok(xo, Ug, . - ., Th—1, Uk—1, Tk) = Tp(Tg)

for some map 7, from S to C or CR.

A pure Markovian strategy is also called a feedback strategy or feedback policy. We denote by
m = (7 )k>0 such a policy and call 7, the policy at time k.

We denote by IT and II® the sets of all feedback and Markov strategies respectively, and by II;,
and HE the sets of k-coordinates of elements of II and II? respectively.

When C; and M do not depend on k (for all z € £ and u € C(x)), we say that a (pure or
relaxed) Markovian strategy is stationary if 7 does not depend on k, in which case 7 also denotes
each of the 7.

Definition 3.5. A pure strategy is an open-loop strategy if o} depends only on the initial state,
that is

ak(xo,uo, .. ,xk,l,uk,l,xk) = wk(a;g) for all (xo,u(), .. ,xk,l,uk,l,wk) S Hk .

We denote by OL the set of all open-loop strategies.

Definition 3.6. Given a MDP as in Definition and a feedback policy m = (7)k>0 € 11, we
associate the Markov transition matrices M *7) at time k, where for all k € N, 7 € II;, the matrix
M®*m) is defined by
k
MED = MO Yy e g |

Fact 3.7. Given a MDP as in Deﬁnition and a feedback policy m = (7)r>0 € II, the associated
stochastic process (X, Uk ) x>0 as in Definition is such that (Xj)r>0 is @ Markov chain with initial
law p(© and transition probability matrices M k) at time k. Moreover, Uy = 7r(Xk), and so
(Xk, Uk)k>0 is also a Markov chain taking its values in £ x C.

Another definition of a MDP is sometimes given, which can be shown to be equivalent to the
previous one at least in the case of finite state and action spaces, up to the choice of the probability
space.

Definition 3.8. A Markov Decision Process (MDP) or a controlled Markov chain consists in giving
the following parameters:

e a finite or discrete state space &;
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e an action space C

e for all k € N and x € &, the subset Ci(z) C C of all possible actions at time k, when the state
is equal to z;

o for all £ € N, the set Ay := {(x,u) |z € £, u € Cx(x)} of all possibles couples (state, action)
at time k;

e an initial probability p(® € Ag¢ on &, or an initial state o € &, which is equivalent to the
case where p(®) is the Dirac measure at zo;

e a probability space (£2,2(, P), a random variable Xy with values in £ and law p© and a
sequence of independent random variables (W,),>0 with values in some discrete space W,
independent from Xp;

e for all k£ > 0, the dynamics at time k, which is a map fi : Ay x W — £.

The MDP is stationary if Cx(x) and fx do not depend on time k, and if the W) are identically
distributed. In this case, the index or argument k is omitted. It is uncontrolled if the sets Cg(x)
are singletons. In this case, the argument v is omitted.

Given a MDP in the sense of Definition |3.8] and a strategy of one of the above form, one can
construct on a probability space (extending (£2,%, P)), two discrete time processes (X)i>0 and
(Uk)k>0 taking their values in £ and C respectively, satisfying:

X’n+l - fn(Xn7 U’na WTL)7 n Z 0. (32)

Fact 3.9. Given a MDP in the sense of Definition [3.8] we can construct the following transition
probabilities which define a MDP in the sense of Definition with same behavior as the initial
MDP:

Ty

Proof. Indeed, given the probability space as in Definition [3.8] and the random variables Xy and
W, for all pure strategies o, one can associate the random process (X, Ug)r>0 satisfying both

(3-2) and
Uk = 0i(Xo0,Uo, ..., Xpo—1, Uk—1, X)) .

In that case,

MEY = P(Xpo1 =y | X = 2, U = u)

Moreover, if W is finite or discrete, then

P(fi(w,u, Wi) =y) = > P(Wy, =w) .
weEW, s.t. fi(z,u,w)=y

If one consider a relaxed strategy however, one need to increase the probability space in order to
handle all the possible probability laws ok (X, Uo, - .., Xx—1, Uk—1, Xk)- O
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Associated to a Markov decision process, we can consider a Markov decision problem or a discrete
time stochastic control problem which consists in maximizing (or minimizing) a criteria equal to the
expected value of a functional of the random processes (Xj)i>0 and (Uy)r>0 induced by the above
model among all (relaxed) strategies or among a restricted set of strategies. As for deterministic
control problems, the criteria can be of several types:

e Finite horizon (time) additive or multiplicative or mixed criteria.
e Infinite horizon discounted (additive) criteria.
e Additive criteria with stopping time, which may be fixed or to be optimized.

e Long run time average criteria.

3.2 Markov decision problems with additive finite horizon criteria

Let be given a Markov decision process as in Definition [3.1]or Definition 3.8] and consider or denote:
e for all k € N, the instantaneous/running reward/payoff at time k, which is a map r, : Ay — R;
e a final reward, which is a map ¢ : £ — R;

o for all strategies o = (0} )r>0 in ¥ or F (or IT and TI®), the total additive payoff with finite
horizon T' > 1:

1

T—
(Zm(Xk,Uk)) +¢<XT>] , (3.3)

k=0

JTo) .= JT(X;U) :=E

where (X,U) := (Xj, Ug)r>0 is the process induced by o as in Definition [3.2 or Definition [3.3]
on a probability space (2,2, P).

e and for strategies associated to the MDP starting at time ¢, the additive payoff starting at
time t:

T-1

I (@) = JL(XU) =B KZ (X, Uw) +(Xr) | Xo = x] L (34
k=t

e for all £ > 0 and 7 € II; (feedback policy at time k), the associated reward vector at time k

k‘,ﬂ) (kvﬂ—)

r*m) wwith vy ™ = 1y (2, w(2)), for z € £.

Definition 3.10. A Markov decision problem with complete observation, and the above data
consists in the following optimization problem:

max J (79

ag
where the optimization holds over either all relaxed strategies o € X%, or all pure strategies, or all
Markov strategies, or all feedback policies. The optimum of above criteria is called the value of the
problem. An optimal solution ¢ is called an optimal strategy, and the corresponding process Uy or

(X, Uk) an optimal control process. Moreover, maximization can be replaced by minimization.
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Definition 3.11. For all z € £, and ¢t < T, let v(z) be the value of the Markov decision problem
with a criteria starting at time ¢:
max Jt(T’U) (x) .
g

The map v : {0,... ,T} x & = R, (t,z — v (x) is called the value function of the MDP.
Using Theorem [2.18] and Fact [3.7] we deduce the following result.

Lemma 3.12. When 0 = m = (my)k>0 is a feedback policy, then vy = Jt(T’W) satisfies the Kol-
mogorov equation:
vp = rBm) TRy 0<k<T -1,

with final condition:
vp = .
In the controlled case, we obtain the nonlinear Bellman equation.

Theorem 3.13 (Dynamic programming equation for Markov decision problems with finite hori-
zon). Assume that the maps p,ri, k > 0 are bounded from above. Let vy be the value function of
the Markov decision problem:

() = max J,ET’U) (x) ,

where the maximum is taken over all relaxed strategies starting at time k. Then, v satisfies the
following backward recurrence, called the Bellman dynamic programming equation:

vp(z) = sup | rr(z,u —i—ZMk“UkHy) Veel, 0<k<T-1. (3.5)
u€Ck () yee

with final condition
vp = .
Moreover, the values v obtained by optimizing over the restricted sets of pure strategies, Markov
strategies, or feedback policies, coincide.
Assume in addition that the maximum of is attained for an action u € Ci(z) and let us
denote by 7y (x) this action, then the feedback policy m = (7 )o<k<T—1 is an optimal strategy of the
problem.

Note that we also have v = p(Duq for the value of the Markov decision problem with total
additive payoff.

3.3 Properties of Bellman operators

We shall use similar operator notations as for deterministic control problems. For all £ € N and
7 € I, B%&™ and B% denote the maps from R¢ to itself such that (assuming that the rj are

bounded from above)
Bk (v) = pm) 4 pptkmy,

BX (0)](z) = sup | rp(z,u) + ZM (ko)) : (3.6)
u€Cy () yee
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The dynamic programming equation (3.5) can be rewritten as vg(z) = [B®) (vy41)](z) for all
x € &, or simply
vp = B (vp1). (37)

Moreover, the supremum in (3.6) is finite as soon as & is finite, v € R, and the functions ry
are bounded from above. Then, the operator B%*) is well defined from R? to itself.

Remark 3.14. As for deterministic or uncontrolled problems, when the MDP is stationary, that is
Cr(z) and M¥™ do not depend on k, and the reward r is independent of time £ too, then B does
not depend on k, and one can consider the value function as a function of the remaining time until
the end:

v (z) = max Jét’g) (x) .

o

Then, the backward Bellman equation for the value function is equivalent to the following forward
Bellman equation:

v(k+1)(:n) = sup |r(z,u)+ ZMx(Z)U(k)(w Veel,0<k<T-1,

or equivalently to
p* D = B(pR)y

with initial condition v(®) = ¢.

Definition 3.15. For all k < T — 1, the map B® is called the Bellman operator at time k of the
Markov decision problem.

The maps B*7™) are the Kolmogorov or Bellman operators at time k of the Markov decision
problem, when the policy is freezed.

Since

[BED (v)](2) = re(a, w(x) + > MET)y
ye€

only depends on 7(z), and not on all the other values of the map m, we get:

[B®) (0)](z) = sup [BF™(v)](x) Vv eRE, vz ek.
melly

which implies that
B® (v) = sup B*™ (v) Vo € RE, (3.8)
mell
where the suppremum is taken for the partial order of R¢.

Moreover, the existence of an optimum u in the dynamic programming equation for all
x € &, is equivalent to the existence of 7 € II; such that B® (v, ) = B%™ (v,,,), that is to the
property that the supremum in is a maximum when v = vgy1.

The operators B#™ : R€ — R are affine operators that are the Kolmogorov operators asso-
ciated to the Markov chain of Fact We already know that the operators B%™ are monotone
additively homogeneous (since a Markov matrix M has nonnegative entries and satisfies M1 = 1).
The Bellman operators as suprema of such operators satisfy the same property:
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Lemma 3.16. The Bellman operators B*) are monotone and additively homogeneous.

However, the Bellman operators B(¥) are in general nonlinear both in usual algebra and tropical
algebra. They are however convex in the following sense, as suprema of affine maps.

Definition 3.17. An operator B : R® — R¢ is convez if for all z € &, the function v € RE —
[B(v)](z) € R is convex, or equivalently, for all v,w € R® and ¢t € [0,1], B((1 — t)v + tw) <
(1 —t)B(v) + tB(w) for the partial order of RS,

Fact 3.18. The Bellman operators B*) are convex.

3.4 Proof of Theorem [3.13

We shall show the results by using the previous notations and properties, although one may do
everything without using these properties explicitely.

Denote by (wg)o<k<r the sequence defined (uniquely) by the final condition wr = ¢, and
the backward recurrence equations or equivalently (3.7): wy = B® (wy41). We denote also
w := pDwy. We need to show that wy, = vy, for all k € {0,...,T} and that w = v.

1. Proof of wy > v, and w > v (without any assumption). Since for vy, we use strategies

starting at time k, the inequality wy > vy is of same type as wg > vg. So we show wgy > vy only.
Let 0 € R be fixed, let (X, Up)i>0 be the process associated to the strategy o, and let

Hy = (Xo,Uy, X1,U1,...,Xk), for all £ > 0, be the history process. For all 0 < k < T', and all

histories hy = (xo, ug, - .., Tk—1, Uk—1, k) € H, denote
T-1
2 (h) =E <Z re(Xe, Ut)) +(Xr) | Hy, = hk]
t=k

Then, z(()g) (xo) = éT’G) (z0), and so JT9) = [z(()g)(Xo)} = p(o)z(()g).

The process Hj, is a Markov chain taking its values in the variable state space Hj. Therefore,

z,E:U) satisfies the Kolmogorov equation for an additive functional (see Theorem j

n

A (n) = B [ra(@n, Un) + 220 (b Uny Xot1) | Ho = (3.9)

if hy, = (xo,uo,...,Tn) € Hyp, with the final condition zéﬂo)(hT) = o(x7).
wy, satisfies (3.5]), which can be rewritten as

wp(x) = sup (rp(z,u) + Ewps1(Xnt1) | Xn =2,U, =u]) Vel . (3.10)
uECH ()
Let us show that wy(zx) > z,(f)(hk) by backward induction on k, when hy = (xg,ug, ..., zr) € Hg.

This is true for k = T since zéf)(hT) = p(xr) = wr(zr). If the inequality is true for k + 1, then
from the above equations (3.9)) and (3.10)), we deduce

27 (hi) < E [ri(ap, Up) + win (X)) | Hi = hy] =
E [rr(zr, Ur) + E[wrg 1 (Xpg1) | Xp = 2, Up] | Hy = hy] =

> o) (ur) {ru(@r, ur) + E [wpar (Xpsr) | Xi = 20, U = ugl}

up€Cr (1)

48



where the last equality holds when o(hy) is a probability with a countable support (in C(zg)).

Using (3.10)), we deduce z,gg)(hk) < E[wg(xg) | Hy = hi] = wg(z), which proves the induction.
In particular z(()o) (x9) < wo(xg) for all zp € €. Since z(()a) (z9) = JéT’U) (x0), taking the maximum
over all strategies, we deduce that vy(xg) < wo(xg). Since J(T7) = p(©) z(()a) < pDawy, taking again
the maximum over all strategies, we deduce v < w.

2. Proof of w; < v, and w < v when the supremum in (3.5)) is attained. Assume that the
maximum in
wy, = sup BE (w4 1) (3.11)
mell

is attained for some policy 7 € Il (for instance if the sets Ci(x) are finite). Denote m = (7 )x>0-
Then,
wy = BE™) (wyhq), k=0,...,T—1,

which means that (wy),>0 satisfies the same Kolmogorov equation as JIET’W), given in Lemma
with same final condition wr = p = JéT’ﬂ). Hence, w; = J,S,T’ﬂ), for all k£ > 0. So wy < vy, where
the value v is obtained as the maximum over any set of strategies containing at least feedback
policies. Similarly, w = p@0 = J(TI'm) < . Moreover, 7 is an optimal strategy which is a feedback

strategy.

3. Proof of wy < v, and w < v in general. Assume now that the maximum in is not
attained. We only assume that the maps r; are bounded from above, for all k¥ < T — 1. This
condition ensures in particular that the operators B*) are well defined as operators from R to
itself. The supremum in is finite, therefore for all e > 0, k < T — 1 and v € R, there exists
7 € IIj, such that

BED ())(2) = [BOw)](@) = Ve &

which can be rewritten as
BE™)(v) > B® (v) — e1.
Let 7 € Il such that
BE ™) (wyy1) > BH (wy 1) — €1,
We have

BET) (wyy1) > wy, — €.

Denote zp = wy, + (k — T)el. We have zp = wp = ¢ and
BE™) (z211) = BE™) (wyiq) + (k+ 1 — T)el > wy + (k — T)el = 2, (3.12)

since B ™) is additively homogeneous.

Then, the functions z; are sub-solutions of the Kolmogorov equation of Lemma We shall
show the inequality zp < J,gT’W)
k=T, since zp = ¢ = JY™ . If it holds for k + 1, then

by backward induction on k. Indeed the inequality is true for

o < BE™ () < BEW D) = 0 <
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where the first inequality follows from , the second one from the induction assumption and
the monotonicity of B%™)  the third one from the Kolmogorov equation of Lemma which is
satisfied by J,ET’W), and the last one by definition of vg. This shows zg < JéT’W) < vg, hence we get
p©z < p(O)JéT’W) =K [J(T’”)] <.
Therefore,
wg =2, + (T —k)el < v + (T — k)el

for all k € {0,...,T}. Since we have shown this inequality for all € > 0, we deduce that wy < vy
for all k € {0,...,T}. Similarly w = pQwy = p@ 2y + Te < v + Te, and since this holds for all
e >0, we get w < v. O

Remark 3.19. In the present case of an additive functional, another way to prove that the values
v obtained by optimizing over either all relaxed strategies or all Markov strategies coincide is

to show that for all 7 € ¥R, there exists 7/ € II® such that E [J(“)] =E [J(”/)] Indeed, let
(m.(2))(B) = P(Uy € B, X}, = z)/P(X}, = z), where P is the probability on the process (Xj, Uy)
induced by 7 as in Definition Then, if (X;,U}) is the process induced by 7', we get that for
all k& > 0, the laws of the random variables (X}, Uy) and X, U}) coincide (not the ones of the

processes). Therefore E [J (“)] =K [J (”/)} , since they are both sums of expectations of functions of

the random variables (X}, Uy) only and not of all the process (X, Uk)x>0-

3.5 Problems with multiplicative or discounted finite horizon pay-
off

Let be given a Markov decision process as in Definition [3.1]or Definition [3.8] and consider or denote:
e for all k € N, the instantaneous/running reward/payoff at time k, which is a map ry : A — R;
e for all k£ € N, a variable discount factor at time k, which is a map ay : Ax — Ry;
e a final reward, which is a map ¢ : £ — R;
e for all strategies 0 = (0%)k>0 in ¥ or IR, the mized payoff with finite horizon T > 1:

T-1 /01
JT0) = JT(X.U) =F !(Z <H ozm(Xm,Um)) W(Xe,Ué)> +

=0 \m=0

T-1
(H am(XmaUm)> so(XT)] , (3.13)

m=0

where (X, U) := (X, Ug)r>o is the process induced by o as in Definition [3.2 or Definition

e and for strategies associated to the MDP starting at time ¢, the mized payoff starting at time
t:

TN @) = JL(X;U) =E

T—1 /¢-1
(Z (H am(Xm, Um)> Tg(Xg, Ug)) +

=t \m=t

T-1
(H (X om, Um)) o(X7) | X; = x] : (3.14)

m=t
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Theorem 3.20 (Dynamic programming equation for Markov decision problems with mixed func-
tional and finite horizon). Assume that the maps p,rg, ag, k > 0 are bounded from above. Let vy,
be the value function of the Markov decision problem:

(T'0) (z)

v () := max J

)

where the mazximum is taken over all relaxed strategies starting at time k. Then, v satisfies the
following backward recurrence, called the Bellman dynamic programming equation:

vp(z) = sup | re(x,u) + ag(z,u) ZM;’;’“)ka(y) Veel, 0<k<T-1. (3.15)
u€Ck () yee

with final condition
v =¢ .
Moreover, the values v obtained by optimizing over the restricted sets of pure strategies, Markov
strategies, or feedback policies, coincide.
Assume in addition that the mazimum of is attained for an action u € Cx(x) and let us
denote by 7y (x) this action, then the feedback policy m = (7 )o<k<rT—1 i an optimal strategy of the
problem.

Remark 3.21. As above, when the MDP is stationary, that is Cx(x) and Mék’u) do not depend on
k, and the reward r; and discount factor oy are independent of time k too, then B does not depend
on k, and one can consider the value function as a function of the remaining time until the end:

v (z) = max J[()t’a) (x) .

Then, the backward Bellman equation for the value function is equivalent to the following forward
Bellman equation:

o (@) = sup | r(@,u) +ole,u) Y Mv(y) | Vre€0<k<T-1,
ueC(x)

or equivalently to

with initial condition v(®) = ¢.

For the proof of Theorem we shall use the Kolmogorov operators B*™ from Rf to itself
defined, for k € N and v € R®, by:

Bk (v) = 7“,(:) + Ay

(’C ™)

where A7) is the matrix with nonnegative entries such that Ay,™ = oy (z, ﬂ(x))MQE’;’W). We also

use the Bellman operators B*) defined by (3.8] - We have:

B®) (0)](z) = sup | ri(e,u) + ar(ez,u ZM (k) . (3.16)
u€Cx () yee
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Then, the dynamic programming equation can be rewritten as in . As in the additive
case, the supremum in is finite as soon as £ is finite, v € R®, and the functions 7y (z, -) and
ag(z,-) are bounded from above, which implies that B® is well defined and is a map from RE
to itself, and that all the value functions vy take finite real values. Moreover, the existence of an
optimal control u in for all x € £ is equivalent to the existence of a policy m € Il such
that B®) (v,1) = B*®™(vp,1). The operators B*™ : R€ — RE are affine, monotone, and thus
the operators B*) are convex and monotone. However, they are no more additively homogeneous.
Nevertheless, when ai(x,u) < B, for all x € £ and u € Ci(x), the operators B*™) and B are
B-subhomogeneous, where this property is defined as follows.

Definition 3.22. Let 5 > 0. We say that an operator B : R® — R¢ is additively 3-subhomogeneous
if it satisfies, for all v € R® and A € R,

B(v+ A1) < B(v) + A1 .
When S =1, we say that B is additively subhomogeneous

Proof of Theorem [3.20. We follow the same arguments as in the proof of Theorem [3.13] where
Equation is substituted to , and Kolmogorov equation of Theorem is used instead
of the one of Theorem [2.18] Indeed, Points 1 and 2 of the proof of Theorem [3.13] only use the
monotonicity of the operators B%™) and B*), Property defining B%) as a supremum of the
B%m) and the Kolmogorov equation satisfied by the Markov chain Hj, associated to any strategy,
or the Markov chain X} associated to any feedback policy. They thus can be followed similarly for
the operators B%7) and B®*) of this section.

For Point 3, we use the property that the functions «y are bounded from above. Let [ be
an upper bound. Then, from the above remarks, the operators B#™ and B®*) are additively j-
subhomogeneous. Choose 7 as in Point 3 of the proof of Theorem [3.13] and zp = wi — &7, where
the sequence 7y is obtained by the backward induction yp = 0, and v = 1+ By (so v, =T — k
if =1, and v, = (877% — 1)/(B — 1) otherwise). We obtain in the same way as in the proof of

Theorem that B(k’ﬂ-k)(Zk_A'_l) > 2, and thus z; < v,(:), and p(©)zy < v. Therefore
Wi = 2 + e < 0 + e < v + Yae

for all k € {0,...,T}. Since this holds for all £ > 0, we deduce that wy < vy for all k € {0,...,T}.
The rest of the proof remains. O

Remark 3.23. Another way to prove Theorem is to increase the state space by taking & :=
S x Z, with Z = RT, and considering the state sequence X, = (X, Zi), where Z;, € Z satisfies
Zyr1 = ag(Xk, Ug) Zy starting at Zg = 1. This corresponds to a MDP with transition probabilities

given by M;(,Z’,") = Mx(l;“) if 2/ = (z,2) and y = (y, ag(z,u)z) and M

oy = 0 otherwise, and the
initial law p/(©) = p(©) @ p., where p, is the Dirac probability at Point 1 on Z. The only difficulty is
that now the new state space is infinite not countable. One can reduce however the problem to a
finite state space &;, depending on time if we assume that the action spaces Cj(z) are finite. Consider
the reward functions defined for 2’ = (z,2) € € x Z, by r.(2/,u) = zri(z,u), ¢'(2') = zp(x), we
get that ng(X ;U) is equal to the additive functional Jg(%l)(X '*U) defined with the new MDP

and rewards. We can then apply Theorem We deduce that v = (p(¥ ® p-)(vy) where v/, = ¢’
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and v}, satisfies the dynamic programming equation

vi(z') = sup |1} Z M(ku v 1Y) vz’ e & .
u€Ck () y'€E

Replacing 7}, and ¢’ with their values, we obtain that, for all £ > 0, v, (z') = zvi(z) for some
function vy, and that vy satisfies (3.15)). Similarly v = pDay.

The previous remark shows that one can always reduce a MDP with mixed functional to a
MDP with additive functional by increasing the state space which may become infinite. One can
also do the reverse operation, when the state has the form X = (X}, Z), in which Zj, is positively
homogeneous, that is satisfies that Zj is transformed into AZy when Z; is transformed into AZj,
if Xl,’gJrl does not depend on Zj. Indeed, in that case the state can be reduced to X}, then the
additive functional becomes a mixed functional.

When the discount factors «y are less than 1, we call the mixed functional a discounted func-
tional. Another reduction can be obtained in that case, by adding a cemetery point, as in Propo-
sition This leads to the following result.

Proposition 3.24. The value function of a finite horizon discounted Markov Decision problem is
equal to the restriction to £ of the value function of a finite horizon MDP with additive criteria on
the state space €U {c}, where ¢ ¢ £ is a cemetery point.

Proof. Consider a MDP with finite horizon mixed functional as above. Let ¢ € £, and consider
& = EU{c}. We construct a MDP with additive functional on £ as follows. We keep the same
action spaces Cy(z) for 2 € £ and we take for Cj(c) any singleton subset of C, The initial law p/(?)

is p;(O) = pg(,;o) for x € £ and p,c(o) = 0, and the transition probabilities are

M:/C(ka) = ak(z,u)Méz’“’), when z,y € £
Mé(ck") =1—-ag(z,u), Vref&
M =0, wye&

MW =1

We extend 7, and ¢ to £ in r} and ¢’ respectively by mapping (¢, u) or ¢ to 0. Let v" be the value
function of this new MDP on &’ with additive functional (see (3.4])). By Theorem we have
v’ = p'Ov) where v}, € RE' is solution of the backward recurrence dynamic programming equation

vi(r) = sup | ri(z,u —l—ZM’k“kay) Vee& 0<k<T-1,
u€Cx () ye&’

with final condition v/, = ¢’. Since ¢(c) = r(c,u) = 0 and M =1 for all u € Ck(c), we get
that vy (c) = v;,(c) for all k& > 0, hence vy (c) = 0. Therefore, if vy, is the restriction of v} to &, we
obtain that v = p©vy and that vy satisfies the dynamic programming equation . Moreover,
v/ = v so the values of the two problems coincide. O
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3.6 Problems with exit time in finite horizon

Let be given a Markov decision process as in Definition [3.1] or Definition [3.8] and let B be a strict
subset of £. Then, any strategy o = (0y,)n>0 in X or rR mduces the process (Xy, Uy )n>0 and the
history process (Hpy)n>0. The later beeing a Markov chain, we can construct the filtration (F,)n>0
generated by (Hy,)n>0, which is in that case F,, = 0*(H,) = 0*(Xo,Up,...,Un—1,X,). Then, the
exit time of the sequence (Xj,),>) from the set B:

=inf{n > k| X, & B}

is a stopping time with respect to the filtration (F,,),>x. When o is a feedback policy, then (X,,)n>0
is a Markov chain and Tg is also a stopping time with respect to the Markov chain (X;,),>%-
Consider or denote:

e for all k € N, the instantaneous/running reward/payoff at time k, which is a map ry : A — R;
e a final reward, which is a map ¢ : £ — R;

e for all k € N, an exit reward, which is a map 1; : £\ B — R, such that ¢ is the restriction

of pon £\ B;
e for all strategies 0 = (0% )x>0 in X or YR the payoff with exit stopping time and finite horizon
T>1:
TATE—1
JIBe) . —JTB(X.U) :=E D re(XeUo) | +(X1)pepo + Upo (X0 ) lpsro |
=0

(3.17)

where (X, U) := (X, Uk)r>0 is the process induced by ¢ as in Definition or Definition
and 73 is the exit time of the process (X,)n>0 from B.

e and for strategies associated to the MDP starting at time ¢, the payoff starting at time t with
exit stopping time:
T/\T}é—l
T,B, T,B
TP @) = aRPU) =B |3 r(Xe U | + ppes (Xppee) [ X = |, (3.18)
=t
where we extend 17 to B by taking v = ¢

Theorem 3.25 (Dynamic programming equation for Markov decision problems with exit time in
finite horizon). Assume that the maps @, 7, k > 0 are bounded from above. Let vy be the value

function of the Markov decision problem:
vg(z) := max JIET’B’U) (x) ,

where the maximum is taken over all relaxed strategies starting at time k. Then, v satisfies the
following backward recurrence, called the Bellman dynamic programming equation:

vp(z) = sup | re(z,u —l—ZM’“‘ka Y) VeeB, 0<k<T-1. (3.19a)
u€Cy () yee
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with boundary condition
ve(z) = Yi(x), Vo g B, 0<k<T (3.19b)
and final condition

vr(z) = p(z) = Yr(x), VreB . (3.19¢)

Moreover, the values v obtained by optimizing over the restricted sets of pure strategies, Markov
strategies, or feedback policies, coincide.

Assume in addition that the mazximum of is attained for an action u € Cy(x), for x € B,
and let us denote by 7 (z) this action when = € B, and choose any action i (x) for x & B, then
the feedback policy m = (7 )o<k<T—1 is an optimal strategy of the problem.

Theorem [3.25]| can be deduced easily from Theorem [3.20] using the following property which is
the same as Fact 2.34
(T,B

Fact 3.26. The functional J;"~ ) of (3.18) can rewritten as the mixed functional:

T-1 /¢-1
(Z (H am(Xm,Um)> r;(XZ,Ug)> +

Jt(T’B’U) (x) = JZ;CB(X; U) :=E

e
<H am(vaUm)> (P(XT) ‘ Xt = .CC]

for the same Markov Decision process, with the same final reward ¢, and the instantaneous rewards
7). and variable discount factors oy, given by:

re(x,u) = ri(z,u), forz € B, u € Cy(x)
re(x,u) = (), forx & B, u € Cgx(x)
ag(z,u) =1, forz € B, u € Cx(x)

(

1
ap(x,u) =0, forx ¢ B, ue€Cy(zx) .

The previous property shows that a Markov decision process with exit time in a finite horizon
functional can be seen as a problem with mixed functional with discount factors < 1, for the
same MDP. By Proposition such a problem can then be reduced to a problem with additive
functional by adding a cemetery point to the state space. Another way to prove Theorem [3.25] or
to reduce the exit time functional to an additive functional is to consider the process X, ATk which
corresponds to a slightly different MDP, in which the transition probabilities in £ \ B are changed
(see the proof of Theorem . The advantage of Fact is that we do not need to change the
MDP.

Example 3.27. Conversely, consider a Markov decision process with an additive criteria as
including a cemetery point ¢ € &£, as in the reductions of previous section. This means that
Mc(f ) = 1, and rg(c,u) = 0 for all u € Ci(c). Then, one can rewrite the additive functional by
using the exit stopping time 75 from the set B = £\ {c} of the process (Xj)x>0 induced by any
strategy o. Indeed, in that case ri(Xy, Ug) =0 and X = Xy41 = X, for all £ > 7, and so

T-1 T/\TB—l
JIo) = JT(X;U) :=E KZ (X, Uk)> +o(Xr)| =E ( > (X, Uk)> + go(XT/\TB)]
k=0 k=0
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Again the advantage of this technique is that we do not need to change the MDP (the transition
probabilities).

3.7 The example of optimal stopping time problems with finite
horizon
Consider

e a (fixed) Markov chain (X,,),>0 over a probability space (€2, 2, P) taking its values in a finite
state space &, with transition matrices M (™ at time n € N, and initial probability law p0),

instantaneous/running rewards/payoffs ri, € RP (at any time k < T — 1);

final rewards ¢, € R (at any time k < T');

for all stopping times 7 with respect to the Markov chain (X, )n,>0, the finite horizon payoff
with stopping time T:

D ACHL . )

TAT—1
( Z W(Xf)> ‘HPT/\T(XT/\T)] ; (3.20)

=0

e and for all t < T, the finite horizon payoff with stopping time T > t, starting in x at time ¢:

TAT—1
I (2) =E [( > re(Xe)> + @rar(Xonr) | Xe =x] . (3.21)

=t

Definition 3.28. An Optimal stopping time problem with complete observation and finite horizon
criteria consists in the following optimization problem:

max J (77
T
where the optimization holds over all stopping times 7 with respect to the Markov chain (X,,)n>0.
The optimum of above criteria is called the value of the problem.
An optimal solution 7 is called an optimal stopping time.

Definition 3.29. For all x € &, and t < T, let v;(x) be the value of the optimal stopping time
problem with initial state z at time t:

max Jt(T’T) (x) .

The map v : {0,..., T} x & = R, (t,z) — v (x) is called the value function of the stopping time
problem.

Theorem 3.30 (Dynamic programming equation for optimal stopping time problems with finite
horizon criteria). Assume that the maps ok, 7k, k > 0, are bounded from above (or £ finite). Let
v be the value function of the optimal stopping time problem with finite horizon:

vg(x) := max J,ET’T) (z) ,
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where the mazimum is taken over all stopping times T with respect to the Markov chain (Xp)n>k-
Then, v satisfies the following backward recurrence, called the Bellman dynamic programming equa-
tion or variational inequality:

vg(z) = max (rk(ac) + Z Méz)ka(y), ka($)> Veel, 0<k<T-1. (3.22)
ye€

with final condition
vr = $T -

For all 0 < k < T, let By be the set of states in which the maximum in (3.22) is attained in the
first term, that is

B, = {x cé& ‘ rk(x) + ZMI(Z)'UkJrl(y) > (Pk<x)} ’
ye€

au define

T=inf{k>0| Xy & By ork=N} .
Then T is an optimal stopping time.

Proof. For the proof, we reduce this problem to a Markov decision problem with finite horizon
criteria.
Consider the MDP in which

e the state space is &' = £ U {c} where ¢ & &;
e the control space C = {0,1} (0 for stop, and 1 for not stop);
e the control space C(x) is such that C(z) =C if v € £ and C(z) = {0} if z = ¢.

e the states of the MDP, Y,,, depend on the states of the Markov chain X,, and on the actions
as follows:

Yn+1 = g(Xn+1, Un)

where g(z,u) =z if u =1 and g(z,u) = ¢ otherwise.
e Then, for all z; € &', w; € Ci(x;), i > 0, we have

P(Yit1 = xpq1 | Y = 2, U = up, Y1 = -1, ..., Yo = 20, Up = uo)
=lifc=zpr1and up =0
=0ifxg € andugr =0

k .
= Mék?xkﬂ it xg, 241 € Eand ug =1

e This implies that

P(Yit1 = xpq1 | Yo = 2, Uy = up, Y1 = -1, ..., Yo = 0, Up = uo)
=P(Yig1 = 2py1 | Yo = 2, Up = ug)

which is the Markov property.
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e The transition probabilities of the MDP are: Mé’;’l) = MQEZ) for all z,y € &, Mé’g’l) =0 for
x €& and y =c, Mél;’o) =1for x € £ and y = ¢, and Mél;,o) =0forx € £ and y € £. Note
that Mc(llj’l), with y € £, is useless.

e Take then the rewards: r} (z,1) = ri(x), r.(z,0) = @r(z) for x € € and 7} (c,0) = 0, and final
reward ¢(x) = pr(z) for x € £ and ¢(c) = 0.

Then, the value of the finite horizon Markov Decision problem coincides with the value of the
stopping time problem with finite horizon:

Given a pure strategy, the associated process U; satisfies Uy € F; = 0*(Xo,...,X:), and so
7 =1inf{t > 0| Uy = 0} is a stopping time. Conversely, given a stopping time 7, consider the process
such that U, =1 for all n < 7 and U,, = 0 for n > 7, we get that {U; = 1} € F; = 0*(Xo,..., X¢),
so that U; can be written as a measurable function oy of Xo,..., X;. Then, the process (U;)i>0 is
associated to the pure strategy (o¢)i>0.

The Bellman equation of the Markov decision problem is then:

vg () = max (rk(w) + Z MZ(.];)'U]{;+1(Z/), or(z) + ka(C)) Ve e
ye€

vk(c) = vrga(e)

with the final condition vp(z) = pp(x) for x € € and vp(c) = 0.

Here the action u = 1 corresponds to the left term in the above maximum, and « = 0 corresponds
to the right term.

Therefore if 7, : € — {0,1} is an optimal policy given by the Bellman equation, we recover
again the optimal stopping time by taking:

7 =1inf{t > 0 | m(X:) = 0}
or by taking 7 as in the theorem. O

Remark 3.31. As seen in the above result, the variational inequality allows one to construct
the set Ug>o{k} x By, for which the optimal stopping time is the exit time of the process (k, Xj)x>0-
The complementary of this set plays the same role as a free boundary in the continuous time
and state setting. Contrarilly to the case of control problems with an exit time considered in
Theorem the above “boundary” is not known in advance, but is computed as the optimal
boundary for a certain criterion.

3.8 Examples and Exercices

Example 3.32 (A random ressource allocation problem). Let us consider the ressource allocation
problem described in Example and Example where we assume now that the reward ob-
tained when one invests x units in the ¢th ressource is random, and can be written as R;(x, Z;),
where the R; are deteministic maps and the Z; are independent random variables with values in
some set Z. Assume that the investor is choosing the numbers of units u; he is investing in each
ressource ¢ in advance without knowing the values of the variables Z;.

What is the maximal expected total reward of the investor ?
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Assume now that the investor is choosing the amounts to be invested in the ressources sequen-
tially, that is using some given order o(i),7 = 1,..., N, where o is a permutation of {1,..., N},
and that when he decides to invest in ressource 7, he is able to obtain the information on its reward,
that is on Z;. Assume also that the set Z is finite. The investor wants to maximize his expected
total reward. Write this problem as a Markov decision problem with state variable (z,z) with
z€{0,...,R} and z € Z.

Show that this problem can be solved via the recursive equation with final value wy41 = 0.

wp(z) =E ueNr’noagquSz[rU(n)(u, Zam)) +wpy1(z —u)]|, n=1,...,N, xe€{0,...,R},
and that wi(R) gives the expected total reward of the investor. Show that if the maps r; are
concave with respect to the first variable, then the maps w,, are also concave (one can first consider
the relaxed problem where = and the u; can take real values).
Show that the solution depends on the permutation o.
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3.9 Problem: Airline Revenue Management

Consider an airline revenue manager who decide at each time of arrival of a demand of seats on a
given flight, if he accept or reject this demand.

We assume that the flight contains n > 1 classes of seats (a class may contain an information
of level of the seat, of position in the plane, and of date of booking as well), numbered from 1 to
n. The price of a seat of class k € {1,...,n} will be denoted by px, and we have p; < -+ < pj.
We assume also that demands of seats of class k arrive before demands of seats of class k + 1, this
means that demands arrive in nonoverlapping intervals in the order of increasing prices (this is
called the early bird hypotheses). If Dy denotes the total amount of demands of seats of class k,
we also assume that the Dy are independent random variables.

We consider a Markov decision problem with finite horizon (n stages), starting at stage 1,
modelizing the sale of the seats of one flight of a plane only. At each stage k = 1,...,n, all the
Dy, demands of seats of class k arrive, and the manager decides to accept only a certain number
of them Uy < Dy. We add a final stage n + 1, at which no demand of seats is done, so D, 1 = 0.
Moreover, for each k =1,...,n + 1, we denote by X} the remaining capacity of the plane at stage
k, that is the number of available seats. Thus, X7 is the total number of seats of the plane, and
Xpt1 is the number of unsold seats at the end of the sale.

The Markov decision problem will involve a Markov decision process such that at each stage
k=1,...,n+1,

(Xg, Dg) : is the state of the MDP at stage k. Since the plane has a finite number of seats M, one
can consider that the set of states &£ is of the form £ = [M] x N where [M] := {0,..., M},
or even £ = [M] x [M].

Uy : is the action of the MDP at stage k. Again, since Uy < Dy, one can consider that the set
of actions C is [M], and that at stage k, Uy, satisfies the constraint 0 < Uy < min(Xy, Dy),
so that Uy € C(Xy, Dy), with C(z,d) = [min(z, d)], for (z,d) € &.

Moreover, the dynamics of the MDP is such that:

Xk‘+1:Xk_Uk7 kzlu"'una

Dy, are independent random variables with given laws qx(d) =P (D =d), d€ N .
The payoff (criteria) of the MDP is the expected amount of money obtained after the end of the
sale, that the manager want to maximize. So the instantaneous reward at stage k, state (x,d) and

action u is given by
r(k;z, diu) = pru
and the final reward at state (z,d) is
b(x.d) =0 .

Q 9.1. We denote by v(k;x,d) the value function of the MDP, when the starting stage is k =
1,...,n+ 1 with starting state (z,d) € &:

v(k;z,d) = supE | Y (6 X¢, Dg; Up) + ¢(Xnt1, Dnga) | X =2, D =d|
=k

where the supremum is taken over all (feedback) strategies (7 )r>0 defining the admissible process
(Ug)k>1: Ug = mi(Xk, Di). Write the dynamic programming equation satisfied by v.
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Q 9.2. Denote wg(z) = E [v(k; x, Di)]. Write a recurrence equation satisfied by wy.

Q 9.3. Show by induction on k, that wy : [M] — R is concave, and that for each d € N, x € [M] —
v(k;z,d) € R is concave.

Q 9.4. Fork=2,...,n+ 1, choose

yr, € Argmax {—py_1y + wr(y)} .
y€[M]

Show that
7k (z,d) = max(min(z — yg+1,d),0) = min(max(x — yg+1,0),d)

is an optimal policy at time k for our problem.
Q 9.5. Explain the meaning of y; as a protection level for classes of levels > k.

Q 9.6. For all k =2,...,n+ 1, write y; as a function of the map Awy : [M] — RU {400}, where
Awg(z) = wi(z) — wr(x — 1) .

Q 9.7. To realize the previous policy, what should be the policy of acceptation of a single demand
of a seat of class k7

Q 9.8. Compute y, as a function of p,_1, p, and the law ¢, of D,,.
Q 9.9. Show that Awg1(y) < Awg(y) for all y € Nand k € {1,...,n}.

Q 9.10. Show that y1 > --- > y,.

Some references for this problem:

[RM1] K. Littlewood. Forecasting and control of passenger bookings. In Proc. 12th AGIFORS
Symposium. 1972. reprinted in Journal of Revenue and Pricing Management, Vol. 4 (2005).

[RM2] P.P. Belobaba. Air Travel Demand and Airline Seat Inventory Management. PhD thesis,
Flight Transportation Laboratory. Cambridge, MIT, 1987.

[RM3] S.L. Brumelle and J.I. McGill. Airline seat allocation with multiple nested fare classes.
Operations Research, (1):127-137, 1993.

[RM4] Kalyan T. Talluri and Garrett J. van Ryzin. The theory and practice of revenue management.
International Series in Operations Research & Management Science, 68. Kluwer Academic
Publishers, Boston, MA, 2004.

61



62



Chapter 4

Markov decision problems with
infinite horizon

4.1 Discounted infinite horizon problems

Assume given a stationary Markov decision process, that is
e a finite or discrete state space &;
e an action space C

e for all x € &, the subset C(x) C C of all possible actions at any time k, when the state is equal
to x;

o the set A:={(z,u) |z € &, ue C(x)} of all possibles couples (state, action) at any time k;

e an initial probability p(©¥ € Ag¢ on &, or an initial state zo € &, which is equivalent to the
case where p(¥) is the Dirac measure at zo;

with either

for all x € £ and u € C(z), a probability row vector Mé“) over &, the entries of which will be
denoted (MI(Z)) . that are the transition probabilities;
ye

or

a probability space (£2,2, P), a random variable Xy with values in £ and law p© and a
sequence of independent and identically distributed random variables (Wy)n>0 with values in

some discrete space W, independent from Xj;
e with the dynamics at any time k, which is a map f: A x W — €£.
Consider also the following (stationary) parameters:

e the instantaneous/running reward/payoff (at any time k), which is a map r : A — R, where,
for all x € £ and u € C(x), r(x,u) denotes the reward of the action u € C in state x € &;

e a (fixed) discount factor o € [0,1).
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o for all strategies o = (0})k>0 in ¥ or 2R, the discounted total additive payoff with infinite
horizon:

Z O[kT(Xk, Uk)

k=0

where (X, U) := (X, Ur) x>0 is the process induced by o as in Definition |3.2{ or Definition

JO) = J(X;U) :=E

«

, (4.1)

e and the discounted total additive payoff with infinite horizon starting at = at time 0:

JN(2) = Jau(X;U) :=E [i oFr( X, Uy) | Xo = x] ; (4.2)
k=0

Given the above parameters (in particular a stationary MDP, a stationary reward and a discount
factor), and a stationary feedback policy = € IIS (the set of stationary feedback policies), we
associate the (stationary) Markov transition matriz: M () given by

M) = MEE) Yy e .
We also associate the (stationary) reward vector (™ € RE with
r{ =r(z,7(z)), forzef .

Fact 4.1. The associated stochastic process (X, Uy)r>0 (that is satisfying Uy = m(X})) is such
that (X)r>0 is a stationary Markov chain with initial law p(®) and transition probability matrix
M ™ Moreover, (Xk, Ug)r>0 is also a Markov chain taking its values in £ x C.

Using Kolmogorov equation for dicounted criteria (Theorem [2.25)) and Fact we deduce the
following result.

J(ﬂ')

Lemma 4.2. When o = m is a stationary feedback policy, then the value function v := Jg ' satisfies

the Kolmogorov equation:
v=rm™ oM™y .

Definition 4.3. A Markov decision problem with complete observation and infinite horizon dis-
counted criteria consists in the following optimization problem:

max J(7)
g

where the optimization holds over either all relaxed strategies o € 3R, or all pure strategies, or all
Markov strategies, or all feedback policies, or all stationary feedback policies.

The optimum of above criteria is called the value of the problem.

An optimal solution o is called an optimal strategy, and the corresponding process Uy, or (X, Uy)
an optimal control process.

Moreover, maximization can be replaced by minimization.
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4.1.1 The stationary dynamic programming equation

Definition 4.4. For all x € &, let v, (x) or simply v(z) be the value of the Markov decision problem
with an initial state z:

max J\7) (z) .
g
The map v, : &€ = R,z — vy () is called the value function of the MDP.

Theorem 4.5 (Dynamic programming equation for Markov decision problems with discounted
infinite horizon criteria). Assume that the map r is bounded from above. Let v be the value function
of the Markov decision problem:

v(z) := max J)(z) ,

where the mazimum is taken over all relaxed strategies (starting at time 0). Then, v is the unique
solution of the following fixed point equation, called the stationary Bellman dynamic programming
equation:

v(z) = sup | r(x,u)+ aZMw(Z)v(y) Ve e €& . (4.3)

Moreover, the values v obtained by optimizing over the restricted sets of pure strategies, Markov
strategies, feedback policies, or stationary feedback policies coincide.

Assume in addition that the maximum of is attained for an action w € C(x) and let us
denote by m(x) this action, then the stationary feedback policy 7 (that is (7g)k>0 with T, = ™) is
an optimal strategy of the problem.

We also have w = p(@v for the value w of the Markov decision problem with infinite horizon
discounted criteria.
The right hand side of the Bellman equation ({4.3):

v(z) = sup | r(z,u —l—aZM(“) Ve e &
ueC(x) yee

can also be written as:

sup (r(z,u) + B [o(X1) | Xo =2,Up =u]) .
ueC(x)

Moreover, in the case of the definition of a MDP using a i.i.d. random sequence (W,,) and a
dynamics f such that X, 11 = f(X,,U,, W,,), the right hand side of the Bellman equation writes:

uzlé](i) <T(:U, u) + aE [v(f(x,u, Wy))] ) .

4.1.2 The Bellman operator
Definition 4.6. Let B, : R® — R be the map such that for all v € RE, and x € &, we have

[Ba(v)](x) = sup | r(x,u) +aZM(“)
ueC(x) yee
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The map B, is called the Bellman operator of the discounted infinite horizon Markov decision
problem.

The dynamic programming equation can be rewritten in functional form as the fixed point
equation of the Bellman operator B,:
v =Bu(v) .

Fact 4.7. The undiscounted Bellman operator B; is monotone and additively homogenous.

Recall the proof given in the finite horizon case:
B, is the supremum of Kolmogorov operators

By r(™ 4 oMMy

«

The operators BYT)

by “hand” on:

are monotone and additively homogeneous, so is B1. One can also do the proof

Bi(v)(@) = sup (r(e,u) +Epo(f(z,u.Wo))] ) -

ueC(x)

Expectation is monotone and it is additively homogenous because E [1] = 1.
So is the previous expression as a function of v.

Corollary 4.8. The discounted Bellman operator By, is Lipschitz continuous for the sup-norm with
Lipschitz constant «, thus it is a-contracting when o < 1.

Corollary 4.9. When & 1is finite and o < 1, the operator B, admits a unique fixed point v*.
Moreover, for any initial point vy € RE, the sequence vy, = B (vy,) converges towards v*:

[vn = v*[Jee < @"[Jvo — V"o -
Definition 4.10. The algorithm constructing the sequence v,,+1 = By (vy,) is called value iterations.

4.1.3 Proof of the Stationary Dynamic programming equation

1. v is solution of the Bellman equation. Assume that o < 1. Let v* be the unique solution
of the Bellman equation v = B, (v), (by Fact [1.9).
Let v™¥) be the value function of the finite horizon problem:

v™™)(z) = max J(SN’U)(:L') ,

with
N.o
T ) = JN(X;U)

<Zaer,Uk>+0]X0::c]

From Theorem oY) = U(()N) with v,(g ) solution of the dynamic programming equation:

vEVN)(a:) =0 Vexef,

U;EN)(SU)—SUP{aTxu +Z ka y)|luel(x)} Vee& k< N-1.
ye€
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This can be rewritten as ) . )
vy = Ba(vy /o .
Hence, v™) = BN(0) := B, o --- 0 B,(0) (where the composition is done N times). Therefore,
lmp oo v®™) = v* where the limit is uniform in &€ (limit for the sup-norm of Rg).
Let C be a bound of 7. Then, for all strategies o, the sum > po , a*r(Xy, Uy) exists a.s. since
|oaFr (X, Ug)| < CaF (the series is absolutely convergent). Hence the expectation g (x) also exists
and is bounded. Therefore

v(z) :=sup Jé")(x) =supE Zakr(Xk, Up) | Xo==z| €R

exists and satisfies

||U_U(N)”oo < ZakC:aN C ’

l—«o

50 limpy_y0o vY) = v, which implies that v = v*.

2. Optimality. Note that the bound ||v — v, < oV & holds for the maximization over all
nonstationary types of strategies: relaxed strategies, pure strategies, Markov strategies, or feedback
policies. Since the value v¥) is the same if we maximize over all these types of strategies, the same
property holds for v. To get the equality with stationary feedback strategies, and the optimality of
the feedback policy given by Bellman equation, one proceed as for the proof of the finite horizon
case.

If 7 is the stationary policy obtained as in the theorem, that is if u = TI'(CC is optimal in ,
then v satisfies the Kolmogorov equation associated to 7, and so (by Theorem , v(x) = I ()
which shows that 7 is optimal. If uw = 7(x) is only e-optimal for (4.3] , that is

v(z) —e < | r(z,u —I—aZM(“
ye€

Then, v —el < B(()Zr) (v). Iterating this inequality and using that Bgﬂ) is monotone and additively
homogenous, which, with B (v) = ng)(av), implies that B is monotone and satisfies B((f)(/\l +
v) = all + B (v), we get
1— an—f—l
v<et+BPW) <e(l+a)+ [BIP(v) <--- < eyt [BE" (v)
Using that B s contracting, we get that the limit of [B&W))]"H(v) is equal to the solution of

the stationary Kolmogorov equation, and is thus equal to Jf;‘). Passing to the limit when n — oo,
in the previous inequality, we deduce:
v< —— —|— Jm
1
This shows that 7 is then /(1 — «)-optimal for the Markov decision problem.

Since this holds for all € > 0 (with a different 7), we obtain that v is less or equal to the
supremum of Jo(fr) over all stationary feedback policies. Since v is the supremum of Jéo) over all
strategies, and is thus greater or equal to the one over all stationary feedback policies, we deduce
that both suprema are equal. O
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4.2

Algorithms

4.2.1 Value iteration algorithm

Recall that the value iteration is the algorithm constructing

Unt1 = Ba(vy) -

that is the fixed point iterations associated to the a-contracting operator B,.

It satisfies
[vn — v][oo < @™[[vo = V]loo -

Denote rmax a bound on 7 (on both sides). Using the definition of v (as a maximum of the
criterion (4.2)), we found
T'max
< .
T l-a

[]o
This can also be obtained from (4.3)).

To find a e-solution, starting from 0, one need n iterations with o™ 22 < ¢, so the complexity
is in
(1—a)e

O(IOg(rmax)

log(a) /"""

where m = card(A) and n = card(E) (O(nm) is the maximal complexity of the computation
of B, (v) for some v).

If « = 1—n with n = p/q a small rational, then the length (number of bit) of « is in the order
of log(q), whereas —1/log(«) is in the order of g so is exponential in the length of a, so in the
length of the input.

Hence value iteration is only pseudo-polynomial.

If « is fixed, and we consider that the entries ¢, r(z,u) and M;,EZ) are rational numbers, we
obtain that the complexity of value iteration is polynomial in the total length (number of bit)
of the entries, so is a polynomial algorithm. Since the number of iterations depends on 7y ax,
value iteration algorithm is not strongly polynomial.

In practice one uses rather a variant similar to Gauss-Seidel algorithm (wrt to Jacobi) for the
solution of linear systems, in order to avoid useless storage. The resulting algorithm is called
Ford-Bellman algorithm. It depends on some ordering on &.

It has a similar convergence rate and complexity.

When a < 1, or when @ = 1 and the MDP is not deterministic, none of them converge in
finite time.

This is already the case with no control: C = {1}.
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e For a < 1, take & = {1}, r = rmax, and vp = 0, then v, € R satisfies

1-a"
Un+1l = Tmax T QUp = Un = Tmax I—a

1 (1—a)e
In this case, the number of iterations is equal to %. So the upper bound was tight.

1/2 1/2

oForazl,takeé':{l,Q},M:{O 1

] and r = [(1)} . Then v,, € R? satisfies

Ung1(1) =1+ vn(1)/2 4+ vn(2)/2,  vp41(2) = va(2).

o If vp(2) =0, we get v,(1) =2(1 —27"), and so the number of iterations is equal to igggig;

4.2.2 Policy iteration algorithm

Recall that we want to solve
v() = sup [r(z,u)+ad MWy | vref .

and find an optimal strategy of the Markov decision problem.
Assume that the action space C are finite, then for all v € R, and z € £, the maximum in

sup | r(z,u +aZM“) (4.4)
ueC(x) yee

is attained by some action 7(z) € C(z).

Theorem shows that computing m with respect to the solution of the Bellman equation
yields a feedback policy which is optimal among all strategies.

The following algorithm has been introduced by Howard (1960) and is thus also called Howard
algorithm.

Definition 4.11. The policy iteration algorithm applied to the Bellman equation v = B, (v) consists
in the following successive steps k > 0, starting from a policy 7° € II:

1. w” is the unique solution of the Kolmogorov equation associated to the policy 7*:

v(z) = r(x, +az k(’” u(y) Vz ek .
ye&

2. wF*1 is an optimal policy for w*, that is an element 7 such that

7(z) € Argmax | r(x,u) + az Magz)wk(y) Vel .
ueC(x) yee
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The Bellman equation can be put in the form:
v =Bu(v) ,
where B,, is the supremum of the Kolmogorov operators:
B v (™ 4 aM™y

If 7 is optimal for v in (4.4)), then

which means that

Bo(v) = max B (v) -
Fact 4.12. The policy iteration algorithm applied to the Bellman equation v = B, (v) consists in
the following successive steps, starting from a policy 7 € II: for k > 0, do

1. w” is the value of problem when the policy is freezed to 7* that is the solution of the equation
_ ™)
w =By (w).

2. 7F*1 is an optimal policy for w*, that is an element 7 of II such that B (w*) = By (w").
Theorem 4.13. Assume that the optimization problems in Bellman equations can be solved, that
is, for all v € RE, there exists € T1 such that B (v) = Ba(v). Denote by v the value function of
the MDP with discounted criteria, that is the solution of v = B, (v).

Then, for all k > 0, we have
wh <whl <. <o

— — - 9

and

lim wF =v .
k—o0

Moreover,

which means that the policy iteration algorithm converges faster than the value iteration algorithm,
and we have

[ = vl < aflw® — vl -

The proofs of Policy iteration properties use the following properties that are of independent
interest.

Proposition 4.14 (Sub or supersolutions). Let B be a monotone operator from RE to itself, which
is contracting for the sup-norm. Let v be the unique fixed point of B. Then

w<Bw) = w<v (4.5)
w>Bw) = w>v. (4.6)

Proof. From w < B(w) and monotonicity of B, we get, for alln > 1, w < --- < B"(w).
Since B is contracting, B"(w) converges towards v, which implies w < v. O
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Definition 4.15. A solution of w < B(w) is called a subsolution of Bellman equation.
A solution of w > B(w) is called a supersolution of Bellman equation.

Proof of Theorem [{.13. We have

wh = B((fk)(wk) 4.7
a(wh) = B (wh) 4.8
S B&w’““)(wk—kl) ' (4.9)

Using the first and second equation together with the definition of B,, we get

wk = B(wk)(wk) < Ba(wk) _ B(WkJrl)(wk) )

o o

k- . . P Caany) .
Hence w” is a subsolution of the Kolmogorov equation w = B, (w). From (4.5) applied to the

k+1
operator B ), and (£.9), we deduce that w* < wk*1,
Since we also have w* < B, (wF), w* is a subsolution of the Bellman equation w = B, (w).

Applying ([.5)) to B, we deduce that w* < v, for all k > 0.
k+1 k+1
From the above inequalities, we also get that w* < B, (w*) = B ! )(wk), and so B " )(wk) <

k+1
B((f 1)y2 wk) < ... < wktl. This shows that w* < By (w*) < wkFt! < v, which is the second
(
assertion. With this we get that

0<ov—wtl< U—Ba(wk)

hence
[ = w* oo < [0 = Ba(w*)]loo = [|Ba(v) = Ba(w")]|os < allv — w¥|o -

This shows that the sequence w* converges towards v and that the convergence is faster than the

one of value iterations. O

Theorem 4.16. Assume that the action spaces C(x) are all finite. Then, the policy iteration
algorithm converges in a finite number of steps.

Proof. Since the sets C(z) are finite, the set of feedback policies, IT is finite. Therefore, there exists
k < ¢ such that 7* = ¢, From the uniqueness of the solution w to the equation Bgrk)(w) = w, we
get that w* = w’. Since the sequence w* is nondecreasing, w* < wF+! < ... < wf, and satisfies
wk = w’, we get the equality w*® = w**!. Then, using the definition of w**! and 7**!, and
wh = wktl we deduce w* = whtl = Bgﬂkﬂ)(wk“) = B((fkﬂ)(wk) = B, (w"). Hence, w* is a fixed
point solution of B, and since B, is contracting, the fixed point is unique, so w* = v. Moreover,

since ¢! satisfies By (v) = B (v), then it is optimal, and w® = v for all £ > 1. O

4.2.3 Additional properties of Policy iterations for discounted problems

In Theorem below, we prove that the policy iterations coincide with Newton algorithm applied
to the system of equations v — By (v) = 0.

Let us first remark that if the map B, is regular, then the latter Newton algorithm consists in
the iterations (w*)g>0 in which w**! is the solution of the tangent equation in point w*, that is

Dy (I — Bo) (W — wk) + (I — Ba)(w) = 0
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which can be rewritten as:
Wt = B (w") 4 Dy (Ba) (w1 — wh)

Moreover, one can weaken Newton algorithm by replacing the above differential by a subdif-
ferential of B,. Therefore, using the following result, one can see that policy iteration algorithm
belongs to the class of generalized Newton algorithms, since then the above equation is equivalent
v k+1 wh Wy ket Wkt

Wt =™ aM T )kt =Br (w"t) .
Lemma 4.17. For all x € £, the map ¢ : v € RE s [B,(v)](z) € R is conver, and for all v € R,
and u € Argmax,cc({r(z,u) + aMggu)v}, the row vector a M) is in the subdifferential of ¥ at
point v.

Proof. For all x € £, the map ¥ : v € R® + [B,(v)](z) € R is convex as a supremum of affine
maps: $(z) = [Ba(v)](2) = supyec(s) (@, u) + M. I u € Argmax,ce( {r(@,u) + aMv},
we get that

) (w) = (v) = [Ba(w)](@) = [Ba(v)](z) > (r(z, u) + oMM w) = (r(z, u) +aM{v) = aM{ (w—v) .
This shows that the row vector ongEu) is in the subdifferential of ¢ at point v. O

Theorem 4.18. Assume that & is finite, that the sets C(x) are compact spaces, that there exists a
continuous map v € RE +— ¥ € II such that, for all v € RE, ¥ is the unique element of II such
that B((f”)(v) = Bu(v), and that the map u € C(x) — MQEZ) is continuous for all z,y € €. Then,
Ba is of class C*, the policy iteration algorithm coincides with Newton algorithm associated to the
fized point equation v = B, (v), and its convergence is superlinear:

||wk+1 _

lim —————

fvoo [P — vlfa
Proof. Assume that a continuous map v € R® — 7% € II exists with the property that 7% is the
unique element of II such that B )(v) = Ba(v). This means that, for all v € RE, z € £, u = 7¥(x)
is the unique element of Argmax,c¢(,){r(z,u) + aMggu)v}. Then, by Lemma [4.17 aM ™ is in the
subdifferential of ¢ : v € RE + [B,(v)](x) € R at point v. Similarly, for all w € RE, aM @) g
in the subdifferential of ¢ at w. Let p be any element of the subdifferential of ¢/ at v, which means
that for all w € R, we have

P(w) —¥(v) = plw —v) .

Then, we also have
Y(w) = (v) < aMT D (w —v)
since aM,,S“w(“”)) is in the subdifferential of ¢ at w. Therefore
plw —v) < oM @) (1w —v) .

Consider the sequence w,, = v + %Z, we deduce



Using that w,, converges towards v, and that the maps w — 7% (z) € C(z) and u € C(x) — MHEZ)
are continuous, we deduce that aMgE”w” () converges towards aMx(Wv(x)). This implies that pz <
aMéwv(z))z. Since this holds for all z € R , we deduce that p = aMa(frv(gﬁ)). We have shown that the
subdifferential of 1) is reduced to a singleton. Then, the map is differentiable [6] and aMa(frv(x)) is the
differential of v — [B,(v)](x). Applying this property for all x € £, we get that B, si differentiable
at v with differential equal to aM (™). Since this differential is continuous with respect to v, this
shows also that B, is of class C!. Then, the above comments show that policy iteration algorithm
coincides with Newton algorithm.
Now let v be the value function. We have

(I —aMT N (W — o) =™ 4 aMT™ )y -y (4.10)
k

= Bo(w") — Bo(v) — aM ™ ) (wk —v) . (4.11)
We can show

1 ol
[0 = vllo < T [1Ba(w®) = Ba(v) = aM ™) (" — v)||so

Since we already proved that B, is of class C! and that its differential at v is equal to aM (™), we
get that the right hand side of the above inequality is in o(||w* — v« ), which gives the superlinear
convergenve of Policy Iterations.

Another proof is using directly the above subdifferential properties to show from (4.10)):

k k
a(M™) — M) (wh —v) < (I —aM™ )@ —v) <0 .

Then, we obtain
Q@

wk IR ViICa))
[+t — vl < I =M (k=)o

11—«

and since the map v — M) is continuous, the right hand side of the above inequality is in
o(||w* — v||s0), which gives the superlinear convergenve of Policy Iterations. O

Note that contrarilly to the general situation of the Newton algorithm, the policy iterations

always converge towards the solution of the fixed point equation. This comes from the convexity

of the maps v + [B(v)](x), which implies the monotonicity of the sequence of value functions w".

4.3 Optimal stopping time problems with infinite horizon
Consider

e a (fixed) stationary Markov chain (X),>0 over a probability space (2,2, P) with values in
a finite state space € and transition matrix M and initial probability law p(©).

e an instantaneous/running reward/payoff (at any time k), which is a map r : A — R;

e a (fixed) discount factor o € [0, 1).
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e for all stopping times 7 with respect to the Markov chain (X,)n>0, the discounted infinite
horizon payoff with stopping time T:

T—1
J( =K [(Z O/T‘(Xg)> —l—aT<p(XT)] ; (4.12)
(=0

e and the discounted infinite horizon payoff with stopping time T, starting in x at time O:
T—1
J =K [(Z o/r(X@) +a"o(X;) | Xo = x] . (4.13)
=0

Definition 4.19. An Optimal stopping time problem with complete observation and infinite horizon
discounted criteria consists in the following optimization problem:

max J(7)

where the optimization holds over all stopping times 7 with respect to the Markov chain (X,,)n>0.
The optimum of above criteria is called the value of the problem.
An optimal solution 7 is called an optimal stopping time.

Definition 4.20. For all z € &, let v, (z) or simply v(z) be the value of the optimal stopping time
problem with an initial state x:
max J{7 () .
T

The map v, : € = R,z — vy () is called the value function of the stopping time problem.

Theorem 4.21 (Dynamic programming equation for optimal stopping time problems with dis-
counted infinite horizon criteria). Assume that the map r is bounded from above. Let v be the value
function of the optimal stopping time problem:

v(z) == max J () |

where the mazimum is taken over all stopping times T with respect to the Markov chain (Xp)n>0-
Then, v is the unique solution of the following fixed point equation, called stationary Bellman
equation or variational inequality:

v(z) = max (7“(3:) + Z Mayv(y), @(x)) Ve e & . (4.14)
ye€

Let B be the set of states in which the mazimum in (4.14)) is attained in the first term, that is

B:={zec&|r(z)+ aZM;pr(y) > p(z)} .
ye€

Then an optimal stopping time T is obtained by choosing for T the exit time Tp from B of the
Markov chain.

Proof. Consider the MDP in which
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e the state space is &' = £ U {c} where ¢ & &;
e the control space C = {0,1} (0 for stop, and 1 for not stop);
e the control space C(x) is such that C(z) =C if v € £ and C(z) = {0} if z = ¢.

e the states of the MDP, Y,,, depend on the states of the Markov chain X,, and on the actions
as follows:

YnJrl = Q(Xn+1, Un)

where g(z,u) =z if u = 1 and g(z,u) = c otherwise.
Then, for all z; € &', w; € Ci(x;), i > 0, we have

P(Yii1 = xpqr | Y = 2, Up = up, Y1 = g1, ..., Yo = 20, Up = uo)
=life=zp1 andup =0
=0ifzpy; € £Eand uy =0

= ka»$k+1 if T, Tpy1 € Eandu, =1
This implies that

P(Yip1 = xpq1 | Yo = @, Uy = up, Y1 = -1, ..., Yo = 0, Up = uo)
= P(Yiq1 = zp1 | Vi =5, U = ug) -

which is the Markov property. The transition vectors of the MDP are: Mé? = My, for all z,y € &,
Mgggll):Oforally:c, and Még) =1fory=cand0 fory € €&.

Let us take the rewards: r/(z,1) = r(z), r'(x,0) = ¢(x) for x € £ and (¢, 0) = 0.

Then, the value of the discounted infinite horizon problem coincides with the value of the
stopping time problem. Indeed, take 7 = inf{t > 0 | U; = 0}, and conversely take U,, = 1 for all
n < 7 and U, =0 for n > 7. Then, 7 is a stopping time if and only if U, is given by a strategy.

The Bellman equation of the Markov decision problem is then:

o(z) = max (r(z) + 03 Muyo(y), 9l@) +0(c)) Vo€
ye€
v(c) =0 .
Here the action u = 1 corresponds to the left term in the above maximum, and u = 0 corresponds

to the right term. Therefore if 7 : &€ — {0,1} is an optimal policy given by the Bellman equation,
we recover again the optimal stopping time by taking:

7 =1inf{t > 0 | 7(X;) = 0}
or by taking 7 = 7 where B = {x € £ | n(z) = 1}. O
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4.4 Problems with variably discounted infinite horizon payoff
Assume given a stationary Markov decision process, and the following stationary parameters:

e the instantaneous/running reward/payoff (at any time k), which is a map r : 4 — R;

e a variable discount factor (at any time k), which is a map a: A — Ry;

e for all strategies o = (o})x>0 in X or YR the variably discounted total additive payoff with

infinite horizon:

JO) =J(X;U) , (4.15)

Z (H (X, Un) )T‘(Xg,Uz)

where (X, U) := (X, Uk) x>0 is the process induced by o as in Definition |3.2{ or Definition

e and the wvariably discounted total additive payoff with infinite horizon, starting x at time 0:

o)

E|>. (H (X, Um > r(Xe, Ue) | Xy, = x] 7 (4.16)

=0

Theorem 4.22 (Dynamic programming equation for Markov decision problems with variably dis-
counted infinite horizon criteria). Assume that the map r is bounded from above and that oz, u) < &
for all (x,u) € A, for some constant & < 1. Let v be the value function of the Markov decision
problem associated to the above parameters:

v(z) := max J)(z) |

where the mazimum is taken over all relaxed strategies (starting at time 0). Then, v is the unique
solution of the following fized point equation, called the stationary Bellman dynamic programming
equation:

v(z) = sup |[r(z,u)+ alz,u ZM(’” v(y) Ve e . (4.17)
ueC(x) yee

Moreover, the values v obtained by optimizing over the restricted sets of pure strategies, Markov
strategies, or feedback policies, or stationary feedback policies coincide.

Assume in addition that the mazimum of is attained for an action u € C(x) and let us
denote by m(x) this action, then the stationary feedback policy 7 (that is (7g)k>0 with T, = m) is
an optimal strategy of the problem. problem.

The arguments of the proof are the same as when « is constant. Let us consider the Bellman
operator of the variably discounted problem which is the map B : R® — R¢ such that, for all
veRE, and x € &, we have

[B()|(z) = sup | r(z,u)+ a(z,u) ZM“)
ueC(x) yee

The map B satisfies the following properties
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Lemma 4.23. Under the assumptions of Theorem [{.23, B is monotone and &-additively subho-
mogenous (Definition , meaning that for all v € RE and A > 0, we have

B(v+ A1) < B(v) + @il .

Therefore, it is Lipschitz continuous for the sup-norm with Lipschitz constant & < 1, thus it is
a-contracting.

Proof. The first assertion can be proved elementarily. Let us prove the second one using the first
one. Let v,v" € RE. Denote A = ||v—0]|oo. We have v(z) < A0/ (z) for all z € £, that is v < v/+\1.
Since B is monotone, we get B(v) < B(v'+A1). Since B is additively subhomogenous with constant
a, we deduce B(v' + A1) < B(v') + a\. Then, B(v) < B(v') + a\l, hence max,cg[B(v)](x) —

[B(v")](xz) < @). Exchanging v and v" we get the other inequality: max,eg[B(v')](z) — [B(v)](z) <
al. Hence ||B(v") = B(v)lloo = maxzee max([B(v')](z) — [B(v)](2), [B(v)](z) — [B()](z)) < aX =
a|[v" — v||oo- This shows the Lipschitz continuity. O

Proof of Theorem [{.23 We use the same technique as for the constant discount factor case: first
use of Bellman equation for finite horizon problems with mixed criterias, then take the limit us-
ing contraction, then use of the stationary Kolmogorov equation for infinite horizon criteria with
variable discount factor. O

Ezercise 4.4.1. Show that one can reduce the above problem to an infinite horizon problem with
constant discount factor equal to &, by adding a cemetery point to the state space £.

Corollary 4.24. Under the assumptions of Theorem the sequence v'T) of value functions
of finite horizon problems with mized criteria (given in Remark converges when T goes to
infinity to the unique solution of the stationary Bellman dynamic programming equation (4.17)).
4.5 Problems with exit time in infinite horizon

Assume given a stationary Markov decision process, and the following stationary parameters:

e a strict subset B of &;

e a final reward, which is a map ¢ : £ — R;

a (fixed) discount factor o € [0,1);

the instantaneous/running reward/payoff (at any time k), which is a map r : A — R;
e for all strategies o0 = (0%)k>0 in ¥ or IR, the payoff with ezit time in infinite horizon:

TB—1
JEBo) . —JB(X;U):=E Z o'r(Xp, Up) + P o(Xrp)lrpctoo| (4.18)
=0

where (X, U) := (X, Ug)g>o is the process induced by ¢ as in Definition [3.2) or Definition [3.3)
and 7p is the exit time of the process (Xy,)n>0 from B.
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e and the payoff with exit time and infinite horizon, starting in = at time 0:

TB—1
J(B’U) (.T) = JxB(X; U) =E Z aZT(Xfa UZ) + aTBQO(XTB)]-TB<+oo ‘ XO =T : (4‘19)
=0

Theorem 4.25 (Dynamic programming equation for Markov decision problems with exit time in
discounted infinite horizon). Assume that the maps p,r are bounded from above. Let v be the value
function of the Markov decision problem:
v(z) := max JB) (z) |
e
where the mazimum is taken over all relaxed strategies (starting at time 0). Then, v is the unique

solution of the following fixed point equation, called the stationary Bellman dynamic programming
equation:

v(z) = sup | r(z,u —i—aZMk“ v(y) Ve e B . (4.20a)
uel(x) e

with boundary condition
v(z) =p(z), VgD . (4.20b)

Moreover, the values v obtained by optimizing over the restricted sets of pure strategies, Markov
strategies, or feedback policies, coincide.

Assume in addition that the mazimum of is attained for an action u € C(x), for x € B,
and let us denote by 7(x) this action when x € B, and choose any action w(z) for x & B, then the
stationary feedback policy 7 (that is (my)k>0 with T, = m) is an optimal strategy of the problem.

As for finite horizon problems, Theorem (.25 can be deduced easily from Theorem using
the following property which is the same as Fact 2.34] and Fact [3.26

Fact 4.26. The functional J(Z?) of ([£.19) can rewritten as the infinite horizon mixed functional:

E> (H a(Xom, Up, ) ' (Xe, Up)

/=0 \m=0

JB)(z) = JB(X;U)

9

for the same Markov Decision process, with the instantaneous rewards r’ and variable discount
factors a given by:

r'(z,u) = r(z,u), forxz € B, uecC(r)
r'(z,u) = ¢(z), forz¢g B, uel(x)
alz,u) =a, forx e B, uel(z)
alz,u) =0, forx¢ B, uel(x) .
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4.6 Problem: Divorce of Birds

This problem is taken from the (ENSTA+M?2) exam of 2016/2017.

We consider the modelization of the decision of divorce of birds as a MDP. We assume that at
each breeding (reproduction) season, the bird female has a mate, and that at the end of the season,
she is taking the decision on whether to divorce her mate. Then, winter arrives and the female and
the male may die. If the female has no mate after winter (she divorced, or the male died, or it is
the first breeding season of the female), then she is choosing a mate among a “pool” of available
males. The decision of the female is based on the qualities of the male and female, and also on the
information on whether it is the first breeding season of the female, or the female divorced, or the
male died during winter.

We consider the following notations, parameters and assumptions:

e We consider one female during her life, and denote by Yy € V C R her quality at the begining
of the breeding season of year k (one can start to number years after the female is able to
breed). We shall assume that ) = [y] := {0,...,7y}, where y = 0 means that the female is
dead. We denote by Y* = Y\ {0}.

e We denote by X € X C R the quality of the male choosen by the female at the begining of
the breeding season of year k. Again, one may assume that X = [z].

e We denote by Z), € Z = {0,1, M} the information on whether it is the first breeding season
of the female or the female divorced (in which case Zj = 0), or the male died during winter
(in which case Z;, = M), or the female mated with the same male the previous year (in which
case Z = 1).

e We denote by Uy, € C = {0, 1} the decision of the female to divorce: Uy = 1 if she decides to
divorce and 0 otherwise.

e r(x,y,z) is the reproductive success, that is the expected number of children, during one
season, when the qualities of the male and female are z and y and the information on whether
it is the first breeding season of the female or the female divorced or the male died during
winter is z.

e We assume that the pools of males in which the female is choosing a partner each year when
needed are independent and that f(z) is the probability of finding a male with quality = in
a pool.

e sy and s, are respectively the survival probabilities of a female and a male after winter. They
are independent of age, constant and < 1.

e We assume that the quality of males and females do not vary with time until their death.

Q 6.1. Show that the sequence Y} is a Markov chain and compute its transition probability.

Q 6.2. Show that the sequences Xy, Yi, Zi, U define a MDP, precise what is the state and what
is the control, and compute the transition probabilities.

Q 6.3. We assume that the aim of the female is to maximize her reproductive success, that is the
expected total number of her children, during all her life. Write this as an infinite horizon criterion
for the MDP.

79



Q 6.4. Let v(z,y, z) be the value of the previous problem when the initial qualities of male and
female are z € X and y € Y* and the information on what happened before and during previous
winter is z € Z. What is the equation satisfied by the function v? How to find an optimal policy?

Q 6.5. Show that the equation of v is of the form v(z,y, z) = [F(v)](z,y, z) where F' is an operator
on the set of functions from X x Y* x Z to R of the form:

F(0)](@,y, 2) = r(w,y,2) + s max ([MDe](y), [MOv](z,y) )

where v is identified to a vector, for u = 0,1, M® is a Markov matrix, and [M(O)v]x,w does not
depend on z and [M™Mv),, . does not depend on z and 2.

Q 6.6. Deduce that the operator F' is contracting for the sup-norm |[v|| = max, , . [v(z,y, 2)|.
Q 6.7. Show that the fixed point v of F' is unique.
Q 6.8. Show that if r is nondecreasing with respect to x, then so does v.

Q 6.9. Show in that case that there exists z*(y) such that the optimal policy of the female y is to
divorce from the male x if and only if x < z*(y).

Some references for this problem:

[BI1] John M. McNamara and Par Forslund. Divorce rates in birds: Predictions from an optimiza-
tion model. The American Naturalist, 147(4):609-640, 1996.
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Chapter 5

Long run average payoff problems

5.1 Motivation

Consider a stationary Markov Decision Process (Xj)r>0, that is a MDP with a dynamics (transition
probabilities) independent of time. This means that the following parameters (independent of time)
are given:

e a state space &£, which is a finite or countable set;

e a set of actions C, and possibly for each state x € £, a nonempty subset C(x) of C, which is
the set of possible actions when the state is equal to x;

e an initial probability p© on &, or an initial state zo, which is equivalent to the case where
p© is the Dirac measure at z;

e for all z € £ and u € C(x), a probability vector Mé“) over &, the entries of which will be

denoted (MJEZ)) yee”

Recall, that given the above parameters, and a pure strategy o = (0j)r>0, there exists two
discrete time processes (X)r>0 and (Uk)r>o taking their values in € and C respectively, with

transition probabilities MI(Z):
M = P(Xpp1 =y | X = 2, Uy, = u)

satisfying
Uk: = Uk(X07 U07 cee 7Xk‘—17 Uk‘—17 Xk’) )

and the Markov property:

PXp1 =y | Xp=2,Up = u, X1 = 231, Up—1 = up—1, ..., Xo = 0, Up = uo)
= PXpm1=y|Xpe=2,U,=u), Vr,yx; €&, uel(x), u €C(x;), fori >0 .

Moreover, the same holds for a relaxed strategy, in which case:
P(Uk €B | Xo, Uo, ... ,Xk_l, Uk:—lan) = [Uk(Xo, Uo, ey Xk—h Uk_l,Xk)](B) .
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We are interested here in the optimization of infinite horizon undiscounted criteria or in long
run average criteria, for which we look for optimal strategies (among all strategies) that would be
stationary and in feedback form (Markov).

We assume given the stationary instantaneous/running reward/payoff (at any time k), which is
amapr: A— R.

For all strategies o = (o%)r>0 in X or YR the undiscounted total additive payoff with infinite
horizon (when it exists) is:

[e.9]

J0) .= J®(X;U) :=E [Z r(Xk, Uk)
k=0

: (5.1)

where (X, U) := (X, Ug)r>0 is the process induced by o as in Definition or Definition
This criteria is finite when for instance there exist a cemetery point ¢ in which the state process
arrives almost surely in a finite expected time and the reward there is zero. In that case, one can
often transform the problem in a discounted control problem, in which the discount factor « is
such that the probability to arrive in one step to the cemetery point is at least 1 — . So we can
generally apply the methods of the first part of the course. In particular, the value function

v™®(z) := max J©®>?)  when Xg =z ,

is equal to the limit of the value function v’ of the problem with finite horizon and (undiscounted)
additive criteria:

vT(z) = max J T (z) | (5.2)
with
T
JT) (g [Zr X, Up) | Xo = x] . (5.3)
k=0

The second type of criteria is the mean-payoff or long run time average payoff/reward, which is
one of the following ones, for all strategies 0 = (0%)x>0 in ¥ or X

T
J(+»‘7) = J+(X; U) :=lim sup ZT Xk;aUk‘ (5'43)
T—00 k=0
T
J(=0) = J(X;0) —hmlnf{ ZT Xy, Ug) } (5.4b)
k=0

where (X,U) := (X, Ug)r>0 is the process induced by o as in Definition or Definition
The corresponding value functions will be denoted:

¢F(z) = max J&7  when Xg =z .

One may try to understand in which situations both criteria are equal and independent of the
initial law of the MDP, and to compare the limit of (1 — «)JJ when a goes to 1 from below.
Moreover, we shall compare the optimum of the limit with the limit of the optimum.

We also look for an optimal strategy which is a feedback stationary policy.

We first study the uncontrolled case.
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5.2 Long term behavior of Markov chains

5.2.1 Ergodicity of Markov chains

In this section, we shall study the uncontrolled case.
We assume that (Xj)r>0 is a stationary Markov chain on the finite state space £ (for instance
€ = [n]) and we denote by M its transition probability matrix. Then, if Xy = x, we have

T T
ZT(Xk)] = [MFr], |

k=0 k=0

E

and when X is random with law p(®, we have

T

T
ZT(Xk)] = Zp(O)Mkr )
k=0

k=0

E

Hence, the value functions ¢* defined in the previous section reduce to

lim supp_, o {% ZgZO[Mkr]w} if e =+

€ ) = Je X > =
(@) (Xk)izo) liminfr_ o {% Z;{:O[Mkr]x} ife=— .

(5.5)

Moreover, if we consider the case of a Markov chain (X},) with initial law p(®) (not necessarily equal
to the Dirac measure in some state zg), then we are looking for

lim supy_, o {% Z;{:O(p(o)Mkr)} if e =+

Ce p(O) :Je X =
(') (Xk)r>0) lim infr {%Efzo(p(“)M’“ﬂ} ife=— .

(5.6)

Example 5.1. If (X,,)n>0 is a sequence of independent random variables with values in &, then
it is in particular a Markov chain with transition matrix M such that all rows are equal to the
probability vector of X, that is p(©). Then, (r(Xn))n>o0 is a sequence of i.i.d. random variables
with expectation equal to p(97 and the law of large numbers shows that

T

r(Xp) — pOr as.
o T—o0

Nl =

Taking the expectation, we get that Ci(p(o)) = pOp.

In order to generalize the law of large numbers, or at least the easier expectation version above,
to a Markov chain, one need the following notion.

Definition 5.2. We say that m € Ag is an invariant probability measure of the Markov chain
(Xn)n>0 on € with transition matrix M, or simply of the matrix M, if m satisfies mM = m.

As an example, if X, are i.i.d with laws p, then X, is a Markov chain with invariant probability
measure p.

Fact 5.3. If the initial law of a Markov chain is an invariant probability measure, p© = m, then
the law of X, is equal to m for all n > 0.
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In this case, it is easy to see that (*(p(®)) = mr. This motivates the following definition.

Definition 5.4. We say that the Markov chain with Markov transition matrix M is ergodic if M
has a unique invariant probability measure m.

To check the ergodicity of the chain or to find more generally the limit Ci(p(o)), we need to
study the spectral properties of the Markov matrix M. To do this, we can use general linear algebra
techniques in particular Jordan normal form and/or the Perron-Frobenius theorem which is the tool
for studying matrices with nonnegative entries. The latter result uses the properties of the graph
associated to M, defined in the following section.

5.2.2 Graph properties of a Markov matrix

Recall (see Definition [2.13)) that to a nonnegative matrix M over &, we associate a digraph denoted
G(M), with set of nodes equal to £ and set of arcs A the set of (z,y) € £ x £ such that M, > 0.

Definition 5.5. Given a directed graph G, with set of nodes £, we define the relations on £ such
that for z,y € &,

e x — y if there exists a path from z to y of any length > 0 in G (where a path of length 0
means that z = y).

e r~yifr—yandy— x.

Proposition 5.6. For any digraph G with set of nodes £, ~ is an equivalence relation and — a
preorder on £. This defines a partition of £ into equivalence classes for ~, that are called strongly
connected components of the graph G. If G = G(M), where M is a Markov matriz, they are also
called communication classes of M. Moreover, the relation — becomes a partial order on the set
&/ ~ of strongly connected components of G.

Proof. — is reflexive, x — = Va € &, because paths of length 0 are allowed. It is transitive :
(r wyandy = z = x — z) Vr,y,z € £, by concatenation of paths. So it is a preorder.

Therefore ~ is also reflexive and transitive. Moreover, it is symmetric by definition: (z ~ y <
y~x)Vr,yef.

Recall that the equivalence class of = for ~ is defined as z = {y € £,z ~ y}, and that we have
T =g if x ~y and TNy = () otherwise, so that equivalence classes define a partition of &.

Since z ~ y if x — y and y — z, we get that — can be defined on the quotient set £/ ~, that
is the set of equivalence classes for ~, and that on this quotient set, we have (z — y and § — Z) if
and only if z = gy, so that — becomes a (partial) order. O

Definition 5.7. o A subset F of £ is closed if (r € Fandz —y) =y € F.
e A closed set with a unique element is absorbant.

e A maximal element for — in £/ ~ is called a final class. This is a stongly connected component
of G which is also a closed set.

o A transient state is an element of £ which is not in a final class.

e The graph G is strongly connected if it has a unique strongly connected component, or equiv-
alently if £ is the only closed set.
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e The matrix M is irreducible if G(M) is strongly connected.
e The Markov chain (X,,),>0 is irreducible if its transition matrix is irreducible.
In a finite set £, final classes are equivalent to recurrence classes.

Example 5.8. The digraph G(M) of the following matrix M is shown on the right:

S O = OO
OkRlw O © O O
Ok O = O O
—_ o O o oo
SO O OO
OO OO O
SO W N =

We see 3 strongly connected components: {1,4,6}, {3} and {2,5}. The state 3 is absorbant.
The closed sets are £, {3}, {1,4,6} and {1,3,4,6}. The final classes are {3} and {1,4,6}.

Example 5.9 (Simple random walk). Given a directed graph G with set of nodes N and arcs
A, and at least one arc from each node, a simple random walk is a Markov chain with transition
probabilities: Mg, = 1/N, if (z,y) is an arc and N, > 1 is the number of arcs starting from z,
and Mg, = 0 otherwise. This means that the random walker is going with uniform probability in
outgoing arcs. The graph of M coincides with G.

Example 5.10 (PageRank). Denote by £ the set of Web pages. The graph of the Web is composed
of £ as set of nodes, and contains an arc (x,y) if there is a hyperlink from page x to page y.

Assume that there is at least one hyperlink starting from any page. Otherwise, if a page = has
no successor, then one add an arc from = to any page.

Let P € RE*€ be the Markov transition matrix of a simple random walk on the Web graph:
P, = 1/N, if there is a hyperlink from z to y where N, > 1 is the number of hyperlinks from z,
and P, = 0 otherwise. This matrix may not be irreducible.

Google constructs the following Markov matrix:

M =~P+(1—-7v)1z
where

e 0 < v < 1isthe damping factor: 1—- is the probability that a Web surfer is stopping clicking
on following pages and is returning to the Google site (or any search engine) for instance or
is going to any page randomly;

e z € Ag is a row probability vector with positive entries (z, > 0 for all z € £, and z1 = 1)
giving the probability for the Web surfer of going to any page when he is stopping clicking
on following pages. This is the preference vector.

The PageRank computed by Google [ECT] is the invariant measure p™ of M: that is a row
probability vector (pM € Ag) satisfying p™ = p™ M. Hence, the PageRank of a Web page =, PM,
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corresponds to the expected frequency of visit of this page by the state of the Markov chain. Then
the order on Web pages is defined as follows: a page x is better than page y if pM > pé\/[ .

In this context, a Website means a subset W of £. To “optimize” his Website, the owner of W
would like to maximize a certain positive linear combination of the PageRank of W:

M
max >, g(z)py (5.7)
zeW

where g € RY, and P is a set of possible Markov matrices. To solve this problem, we shall interpret
> gla)py
zeW

as the value of a mean-payoff criteria, and in some particular cases the optimization as a Markov
decision problem with mean-payoff criteria.

5.2.3 Perron-Frobenius theorem for irreducible matrices

The elements of this section can be found in [EC4].

Recall that we denote by < the partial order on R defined by entrywise inequalities: v < w if
vy < wy for all x € &; that 1 is the column vector of RE with all its entries equal to 1: 1, = 1 for all
x € &; and that we denote by || - ||« the sup-norm on vectors and the associated norm on matrices.
Then, any Markov Matrix M over a finite set & satisfies p(M) = || Moo = 1 (see Lemma [2.26)).

We also denote by < the relation on R® defined by entrywise strict inequalities: v < w if

vy < wy for all z € £.

Theorem 5.11 (Perron-Frobenius theorem). Let M be a matriz over £ with nonnegative entries.
Assume that M is irreducible. The following hold

1. p(M) is an eigenvalue associated to an eigenvector vo € R with positive entries (vy > 0).

2. The eigenvalue p(M) is (geomerically) simple, meaning that if Mv = p(M)v, with v € C¥,
then v = pvy for some scalar p € C.

3. Any eigenvector v > 0 is necessarily associated to the eigenvalue p(M), and thus proportional
to vg.

4. If Mv < pv and v > 0, then u > p(M). (Collatz-Wielandt property)
5. If po < Mo with p >0, v >0 and v # 0, then u < p(M).
6. If Mv < p(M)v with v € R® (or Mv > p(M)v), then Mv = p(M)wv.
Then, any eigenvector vy > 0 associated to the eigenvalue p(M) is called a Perron vector.
Before giving the proof of Perron-Frobenius theorem, let us give some remark. Denote

M, v
pt (M) =inf{u>0]3w >0 Mv<u}= iggmagzygyy ‘
v e ULL‘

(5.8)
Note that this scalar is finite < +o00 by the second equivalent formula. Point [4] of Perron-Frobenius
theorem says that p*(M) > p(M). Moreover, together with Point [1} it implies that the
minimum is attained in the formula of p* (M) and that p(M) = p*(M).
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Proof of Perron-Frobenius theorem. The proof consists in several steps that are not necessarily in
the same order as the points in the theorem. Let n be the cardinality of £ and assume that
E=A{1,...,n}.

(1) If Mv < pw, with v > 0 and v # 0, then v > 0 and u > 0.
Indeed, since M > 0 is irreducible, then (I + M)™ has positive entries. If Mv < pwv, with v > 0 and
v # 0, then > 0 (applying 0 < [Mv],; < pv, to x such that v, # 0), and so (I 4+ M)"v < (14 p)"v
(by using the monotonicity of M). Therefore, v > 0 and so u > 0.

(2) Point 4| or equivalently p* (M) > p(M).
Indeed, let v > 0 such that Mv < pv. Considering the diagonal matrix D such that D, = v, for
all z € £, we get that D1 = v, so MD1 < uD1. Since v > 0, D is invertible and nonnegative, so
D~'M D1 < p1. This implies that |[D~'MD| s < u, by the above formula for the sup-norm, and
so p(M) = p(D~'M D) < i, which shows Point

(3) The infinum in is a minimum.
By definition of p* (M), there exists u, > p™ (M) and v, > 0 such that lim, oo ptn, = p* (M) and
WnVn > Muv,. One can choose v, such that v, -1 = 1. Then, the sequence v,, is bounded and thus
admits a converging subsequence, that we also denote v,. Let v be the limit of this sequence. We
have v > 0 and v # 0 and Mv < p™(M)v. By Property (1) above, this implies that v > 0 and so
pT (M) is a minimum.

(4) If v is such that Mv < p™(M)v and v > 0 then Mv = p*(M)v.
Denote w = p™(M)v — Mv. We have w > 0. Assume by contradiction that w # 0. Then,
applying (I + M)" to w, we get that (I + M)"w > 0 and that (I + M)"w = p*(M)z — Mz, with
z=(I+ M) > 0. Then, Mz < p™(M)z and so there exists u < p™ (M) such that Mz < pz,
which contradicts the definition of p™ (M).

(5) Point
By (3), there exists v > 0 such that Mv < pt(M)v. By (4), this implies that Mv = p*(M)v.
Hence, p™ (M) < p(M) and since the reverse inequality holds by (2), we get that p* (M) = p(M)
and that there exists v > 0 such that Mv = p(M )v, which shows Point

(6) Point [6]
Let v € R such that Mv < p(M)v. Considering vy as in Point [I} There exists p € R such that
v > pvg. Take p as large as possible so that z = v — pvg > 0 and there exists an entry of z equal to
zero. We have Mz < p(M)z and z > 0 so by (1), if z # 0, this implies that z > 0 a contradiction.
So z =0, then v = pwy and Mv = p(M)v.

(7) Point
Let v € C¢\ {0} be such that Mv = p(M)v. Taking the absolute value of the entries, we get that
p(M)|v| = |Mv| < Mlv|. Then, using Point [6|, we deduce that p(M)[v| = M|v| and so |v| = pvy
for some constant g > 0. We also have (1 + p(M))"v = (I + M)™v and so (1 + p(M))"|v| =
(I +M)"| < (I 4+ M)"v| = (14 p(M))"|v|. Hence, |(I + M)"v| = (I + M)™|v|, in particular
denoting ay = (I + M)7,, we get | > 0| apvg] = Y 0| aglvg|. Since all the o, are > 0, this shows
that there exists 8 € C, such that v, = S|vz|. So v = Buwvy.

(8) Point
Let v > 0 such that yv < Mwv and v # 0. Then, by the monotonicity of M, we have p"v < M"v.
Taking the sup-norm, we obtain that p < || M ”Hclx/,n for all n > 1. Taking the limit when n goes to
infinity, we deduce that p < p(M).

(9) Point
If v >0, v # 0 is such that Mv = pv, then > 0 and v > 0, by (1). So by Points and we get
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that = p(M). Point [2| or |§| implies that v is proportional to vg.
O

Corollary 5.12. Let M be an irreducible Markov matriz. Then 1 is the unique eigenvector as-
sociated to the eigenvalue 1, up to a scalar factor, and there exists a unique invariant probability
measure, that is a row vector m over £ such that m >0, m1 = 1.

Proof. Since p(M) =1, M1 =1, and 1 > 0, Point orof Perron-Frobenius theoremimplies
that 1 is a Perron vector and any eigenvector associated to the eigenvalue 1 is proportional to 1.
Since the transpose matrix of M, denoted M7T, is also nonnegative and p(MT) = p(M), then by
Point |1| of Perron-Frobenius theorem there exists a column vector w > 0 such that M7 w = w.
Choosing w such that w -1 = 1, we get that m = w” is an invariant probability measure of M:
ml = 1and mM = m. Moreover, by Point[2|or [3|of Perron-Frobenius theorem [5.11}, if m and m/ are
both invariant probability measures, then since m' and (m’)" are eigenvectors of M7 associated
to the eigenvalue 1, they are proportional. Then using the condition m1 = m/1 = 1, we get that
they m = m’. So the invariant probability measure of M is unique. O

Definition 5.13. We say that a Markov matrix M is primitive or acyclic if there exists k > 1 such
that M¥ is positive, meaning that all its entries are positive.

Proposition 5.14. Let M be a primitive Markov matrix over £. Then 1 is the unique eigenvalue
with modulus 1.

Proof. Let A be an eigenvalue with modulus 1 and v be an eigenvector associated to the eigenvalue
A. For any vector w in R®, we denote by |w| the vector with entries |w,|, € £. Then, |v| =
|M| = |Mv| < M|v|. By Point [6] of Theorem this implies that |v| is proportional to the
vector 1 and that |\v| = M|v|. Hence, |M*v| = |Nv| = MF|v| for all k > 0. Let k be such
that M* is positive, and let € £. Then, taking the equality |M*v| = M¥|v| at =, we get that
1> yeelM Flayvy| = > yeelM Fzylvyl. This implies that all the entries v, have same “sign”, that v
is proportional to |v| and so to 1. Hence, A = 1. O

5.2.4 Linear algebra techniques and the multichain case

Proposition 5.15. Let M be a Markov matriz M over the state space £. Then all its eigenvalues
of modulus 1 are semi-simple, meaning that they have no nilpotent.

Proof. Let M = QJQ~! be the Jordan decomposition of M. Since ||M|s = 1, and J* = Q= M"Q,

we deduce that || J"||ec < C = [|Q HoollQlloo- If J' is a block of J of size k corresponding to an

eigenvalue A of modulus 1, then J" = AI + N where I is the identity matrix, and N is the nilpotent
01 0 -

matrix of order k (N* = 0) of the form N = [ 0 L } Then, (J')" = Zi':ol ("MATTENT (with
0 1

NO = 1) and [[J"[eo > [[(J)"lso > (")) — S5 (7). If & > 1, we get that ||J"|e tends to +oo

when n goes to infinity, a contradiction. So k = 1 and the eigenvalue A of M has no nilpotent. [

Corollary 5.16. Let M be an irreducible Markov matrixz. Then the eigenvalue 1 is algebraically
stmple.

Proof. By Corollary there is a unique eigenvector associated to the eigenvalue 1, so 1 is
geometrically simple. From Proposition 1 has no nilpotent, so 1 is algebraically simple.  [J
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Proposition 5.17. Given a Markov matriz M over the state space €, and a Markov chain (Xy,)n>0
with transition matriz M and initial state Xg = x, we have

(H(z) = [Prl, (5.9)
where P is the spectral projector of M for the eigenvalue 1, that is P is the unique matrix such that
P=P? TImP=ker(I-M), keeP=Im(I—- M), and P=PM=MP .

This implies in particular, in the uncontrolled case, that % converges towards ¢*.

Proof. Recall that ¢*(x) is the limsup or liminf of %ZZ:O [M*r], when T goes to infinity. Let
M = QJQ~ ! be the Jordan decomposition of M. Then, %Zg:o MF=Q (% Zg:o Jk> Q'. Let

J' be a block of J corresponding to an eigenvalue A. If |A| < 1, then (J')T tends to 0 when T goes
to infinity, so does the Cesaro mean % Zf:o J¥. If |\| = 1, then by Proposition J' is a block
of size 1 with entry A\. So = Z{ZO J* is a block of size 1 and entry %Z;‘::O Ne.If A # 1, then
this entry is equal to (1 — AT+1)/(1 — X\)/T which tends to 0 when T' goes to infinity. Otherwise,
the entry is equal to 1 + 1/7" which tends to 1 when 7" goes to infinity. All together, we get that
% Z;}on J* tends to the diagonal matrix D with ones at the places corresponding to the blocks
of J associated to the eigenvalue 1 and 0 elsewhere. This diagonal matrix is exactly the spectral
projector of J for the eigenvalue 1. Then, % ZZ:O MP* tends to QDQ~!, which is the spectral
projector P of M for the eigenvalue 1. Since 1 has no nilpotent, then P satisfies Im P = ker(I — M)
and ker P = Im(I — M). O

Corollary 5.18. Let M be an irreducible Markov matrixz over the state space &, let m be its unique
invariant probability measure and let (X,)n>0 be a Markov chain with transition matriz M and
mitial state Xog = x. We have

(F(x)=mr, Vze& . (5.10)

Proof. Let M = QJQ ™! be the Jordan decomposition of M. Since the eigenvalue 1 of M is simple,
the spectral projector P of M for the eigenvalue 1 is equal to QDQ ™!, where D is the diagonal
matrix with 1 in some position z and 0 elsewhere. So P is the product of the column z of Q) and of
the row x of @', which are respectively equal to a column and row eigenvector of M with respect
to the eigenvalue 1. These vectors are equal respectively to A1 and pum, for some A, p € C\ {0}.
Since Q7'Q = I, and m1 = 1, we get that A\u = 1. So P = 1m and the result follows. ]

Theorem 5.19 (Decomposition of the spectral projector using final classes). Let M be a Markov
matriz over the state space €. For each final class F C &, there exists a unique invariant probability
measure m*) of M with support equal to F, and a unique fized point vF) of M (that si satisfying
MoF) = o)) such that (v, =1 forz € F and [v)], =0 for z € F' and F' a final class # F.
Moreover, the spectral projector of M for the eigenvalue 1 is equal to:

P= Z o E) i (F)
F final class

Therefore, all invariant probability measures of M are convex combinations of the mY), and all
fized points of M are linear combinations of the v'). Given a Markov chain (Xn)n>0 with transition
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matriz M and initial state Xg = x, we have

GFay= > (mOnpd, . (5.11)

F final class

In particular
Ea)y=mBr vzeF .

Proof. Let T be the set of transient states of M, that is the complementary of the union of final

classes. Ordering the elements of £ as x1,...,z, such that x; — x; for ¢« < j, we get that the
matrix M can be written in the following block form, where Fi, ..., F,, are the final classes:
Mrr Mrp, -+ Mrp,
0 Mprp O 0
M = .

0 0 " 0

0 0 0 M FyFon,
For each final class F' € {F},..., F,,}, Mpr is an irreducible Markov matrix on the set of states F,
so that it has a unique invariant probability measure mpg on F'. For each final class, consider the
row vector mF) = [0 --- 00 mp 0 .- 0], where mp corresponds to the restriction of m®)

to the states in F'. It is easy to see that m) is an invariant probability measure of M with support

equal to F'. Conversely, if m is an invariant probability measure of M with support in F, then its
restriction to F' is an invariant probability measure of Mpg so it is equal to mp and m = m).
The set T is equal to the union of the classes T;, i = 1, ..., k, of M that are transient (that is not
final). Then, the eigenvalues of M7 are obtained by taking all the eigenvalues of the blocks M,
of Mrr corresponding to the classes T;. Since Tj is a transient class of M, we have that M7,7,1 <1
and M7, 1 # 1. Using the irreducibility of Mz1, and applying Point |§| of Perron-Frobenius
Theorem [5.11] we deduce that p(Mr,7,) < 1. Then, p(Mrr) = max;—1 . p(Mr,1,) < 1.
Consider now the vector vp on T¢ = F} U --- U F,, with entries [vg], equal to 1 for x € F
and to 0 otherwise. Then, vp is a fixed point of the restriction Mpepe of M to T€. Consider
I — M )71MT FUR
oF) — (IrT TT
UF
have that Mv¥) = v(¥) and that the entries [v(¥)], are equal to 1 for z € F and to 0 for z € F’
with F’ a final class # F. Conversely, if v satisfies these properties, then v = v*). This finish the
proof of the first assertion of the theorem.
In view of the block representation of M and of the properties that p(M7pr) < 1 and that
the matrices M, r; are irreducible and Markov, we get that 1 is an eigenvalue of (geometric and

, which exists and has nonnegative entries, since p(Mpr) < 1. We

algebraic) multiplicity m of M. We have already found m left eigenvectors of M, m(F), j =1,...,m
and m right eigenvectors of M, i) j=1,...,m. Moreover, mFi)ypFr) = djk, so that one can
construct a Jordan decomposition of M, M = QJQ ™!, such that the m first diagonal entries of J
are ones, the m first columns of () are the eigenvectors vFi) j=1,...,m, and the m first rows
of Q! are the invariant probability measures mFi), 7 =1,...,m. Then, the spectral projector is
equal to P = QDQ™!, where D contains the Jordan blocks corresponding to the eigenvalue 1 of
M, so is the diagonal matrix with its first m diagonal entries equal to 1 and remaining ones equal
to 0. This leads to P = ijl?m’m vF)m(F3) | that is the formula of P in the theorem. The last

assertions follow from this formula. O
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The following result gives a characterization of ergodicity of a Markov chain.

Corollary 5.20. Let M be a Markov matriz over the state space £. Then, M has a unique final
class F C & if and only if there exists a unique invariant probability measure m of M (that is
the associated Markov chain is ergodic). In that case, F is the support of m and 1 is the unique
fixed point of M. Moreover the spectral projector of M for the eigenvalue 1 is equal to P = 1m.
Therefore, given a Markov chain (Xy)n>0 with transition matriz M and initial state Xo = x, we

have
(Fx)=mr Vzef .

The previous results show that Cesaro means of M"™ converge. Using Proposition [5.14] one
shows that, in the primitive case, the following stronger property holds.

Proposition 5.21. Let M be a primitive Markov matriz, and let ps be the mazximum of the modulus
of the eigenvalues # 1, and let k be the mazimal size of the Jordan block of such an eigenvalue. We

have
M"™ = 1m + O(phnF~1) |

The previous results, in particular Corollary can be seen as a weak version of the ergodic
theorem, stating a convergence in law. The following “strong” ergodic theorem states almost sure
convergence. It can be proved using probabilistic techniques, and in particular using the law of
large numbers, whereas it generalizes the law of large numbers. We state it without proof.

Theorem 5.22 (See [|). Let M and m be as in Corollary|5.20. Given a Markov chain (X,)n>0
with transition matriz M, and any initial law pQ, we have

T
) 1
Tlgl;o {T kz_o T(Xk)} =mr, almost surely. (5.12)

5.2.5 The ergodic Kolmogorov equation

Consider first the case where M has a unique final (or recurrence) class. By Corollary M has

a unique invariant probability m, the support of m is the final class of M, and any right eigenvector

of M associated to the eigenvalue 1 is a constant vector (Mv = v = v = Al for some A € C).

This implies that (¥ () is independent of the initial state z € £, and equal to mr = Y .o mar(2).
We can also characterize the value function ¢* as follows.

Proposition 5.23 (The ergodic Kolmogorov equation). Let £ be a finite set, M be a Markov
transition matriz on £ and r € RE. The following assertions hold:

1. Assume that there exists p € R and v € R such that
pl+v=r+Mv . (5.13)
Then, (T(x) = p for allx € &.

2. Assume that M has a unique final class, then there exists p € R and v € R® satisfying .
Moreover, p € R satisfying 18 unique equal to mr, where m s the unique tnvariant
probability measure of M and v satisfying s unique up to an additive constant, meaning
that if v,v" satisfy (5.13), then v — v is a constant vector.
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Proof. 1) We already know that (*(z) = [Pr],, where P is the spectral projector of M for the
eigenvalue 1. Then, applying P to , we get that pP1 + Pv = Pr 4+ PMwv and since P = PM
and P1 =1 (1 is a right eigenvector of M), we obtain p1 = Pr, so (*(x) = p for all z € £.

2) If M has a unique final class, then P = 1m, where m is the unique invariant probability
measure of M, and so (¥(x) = [Pr], = mr, for all z € £. Let p = mr, we get that m(r — p1) =0
sor—pl € kerm = ker P = Im(I — M). Hence, there exists v € R® such that r — p1 = v — Mv that

is p and v satisfy (5.13)). Conversely, if p and v satisfy (5.13)), then by applying m to the equation,
we get that p = mr so p is unique. Also if v, v’ satisfy (5.13)), then (I — M)(v—v") =0so v —1'is
a constant vector. [

Example 5.24 (Pagerank (continued)). Let us come back to Example Recall that to “opti-
mize” his Website, the owner of W would like to maximize the criteria (5.7]).

Since M is irreducible (it has positive entries, since z > 0), we get that p™ is unique pM > 0,
and

> g@py =pMg=0p
zeW

where g is extended by zero on W¢, p = (*(z) for all € £ with:

limsupy o {%E [Z;{:O 9(Xk) | Xo = 33} } if e=+

C(z) = lim infro {%E [Z;}on g(Xz) | Xo = x}} ife=— .

and there exists v € R¢ satisfying the ergodic Kolmogorov equation:
pl+v=g+ Mo .
Moreover since M =P + (1 — )1z, we have v = g + yPv and p = (1 — 7)zv.

Proposition can be generalized as follows. The word “multichain” refers to the case of
Markov chains with multiple final/recurrence classes.

Proposition 5.25 (The multichain Kolmogorov equation). Let £ be a finite set, M be a Markov
transition matriz on € and v € RE, and let ¢ = (T € R¢ be defined as in (5.5) or (5.9). Then,
there exists v € RE such that (C,v) is solution to the following equations:

C+v=r+Mv (5.14a)
¢=M¢ (5.14b)

The solution ¢ of (5.14) is unique and thus equal to Pr, and v is unique up to the addition of any
element of ker(I — M) = ker(I — P). In particular, there ezists a unique ((,v) satisfying (5.14)
together with the following condition:

mv =0 for all invariant probability measures m of M. (5.15)

Note that ([5.15)) is equivalent to the condition that Pv = 0.
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5.3 The controlled case

Let us consider now the controlled problem. Our first aim is to show a result similar to Proposi-
tion [5.23]

We assume given a stationary Markov decision process and a stationary instantaneous/running
reward/payoff (at any time k), which is a map r : A — R. For all strategies o = (o})g>0 in X or
YR and initial state 2 € £, we consider the mean-payoff or long run time average payoff/reward :

T—o00

JH) (z) = JHX;U) _hmsup{

T
> r(Xk, Ur) | Xo = x] } (5.16a)

k=0

T
> (X, Ur) | Xo = x] } (5.16b)

JE) () .= J7 (X, 0) —hmlnf{
k=0

where (X,U) := (X}, Ug)r>0 is the process induced by o as in Definition or Definition
Let B : R® — R be the Bellman dynamic programming operator associated to undiscounted
Markov decision problem:

[B(v)](xz) = sup | r(z,u)+ ZM(u)
u€l(x) T

for v e RE, and z € €.

For any feedback policy 7 € Il := {7 : £ = C | n(x) € C(x), Yz € £}, we denote by (™, M)
and B(™ the reward vector, Markov transition matrix and Kolmogorov operator of the Markov
decision problem with fixed policy m:

)

i =r(en(@) . MO = (ME)ayee . BT (v) =rD + My

5.3.1 The ergodic dynamic programming equation

Let us first assume

(A5) There exists p € R and v € RE satisfying the ergodic dynamic programming equation equa-
tion:
pl+v=B(v) . (5.17)

Theorem 5.26 (The ergodic dynamic programming equation). Under|(A5)|, the value function of
the mean-payoff (long run time average payoff) Markov decision problem :

Ci(z‘) := max J(i’a)(x) ,

where the mazimum is taken over either all relaxed strategies (starting at time 0), or over the
restricted sets of pure strategies, Markov strategies, feedback policies, or stationary feedback policies,
satisfies

(Fx)=p Vrek& .
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Moreover, if, for all x € &,

m(x) € Argmax | r(z,u) + ZM(“) ,
ueC(z) yee

then 7 is an optimal stationary policy for the MDP with mean-payoff.

For the proof, we shall use the following result which computes the limit of the supremum instead
of the supremum of the limit. Let vT be the value of a finite horizon problem. From dynamic
programming equation for MDP with finite horizon (Theorem and the stationarity of the
MDP and instantaneous reward, this is equivalent to compute recursively (forward): v?' = B(v1~1)
with v° = ¢ € R,

Proposition 5.27. Assume that there exists p € R and v € RE satisfying the ergodic Bellman
equation (5.17). We have:

1. limp_ o %’UT =pl
2. vT — pT1 is bounded (w.r.t. T >0).

Proof. Let p and v satisfy pl +v = B(v), and vT satisfy v = B(vT~!) with v = ¢. Consider
also the finite horizon value w’ starting from w® = v. Since B is additively homogeneous, and
B(v) = p1 + v, we obtain

=BT(w)=Tpl+wv .

Since B is Lipschitz continuous with constant 1 (one also says nonexpansive), we deduce:

[ =0T loo < [0 =1%o = [0 = @lloo -
So
[v" = pT1 oo < 0" = 0" [loo + [0]lo0 < [l = @llo + [[0]loo -
This shows Point 2, which in turn implies Point 1. O

Proof of Theorem [5.26. Proof of ¢t < pl.
Let o be any strategy. For all finite horizon T, denote

T
JT) () =K [Z r(Xp, Up) | Xo = :c]

k=0
Then,

JH9) () = lim sup {;J(T"’) (x)}

T—o00

Let v™ be the value of the MDP with finite horizon and final reward ¢ = 0. Then,
J(T’U)(x) < UTJrl(]:) '

Using Proposition we get

JH) () = lim sup {;J(T’U) (x)} < lim {;UT_'_l(x)} =p.

T—o0 T—oo

Since this holds for all strategies, we get (T (z) < p, where the supremum is taken over all relaxed
strategies.
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Proofof (T > pl. Assume first that the maximum in the ergodic dynamic programming equation
is attained by some policy w € II. Then p and v satisfy the ergodic Kolmogorov equation

pl+v=r™ 4 My =B ()
Using Proposition [5.23] we deduce that
p=JEN () vzef .

Hence ¢~ (z) > J™) () = p for all z € £.
Assume now more generally that there exists m € Il which is e-optimal in the r.h.s of the ergodic
dynamic programming equation. Then,

—el+pl+v=—e1+ Bv) <r™ + My

Using the same technique as in the proof of Proposition that is multiplying by the spectral
projector P(™) of M(™) we obtain:

(p—e)1 + P™y < pyp(m) o plm) pp(m)y,

then
(p— o)1 < P
Since
T
[P, = Tlggo{ [Zr Xy, Ur) | Xo = x] } =JM (@) < ¢ (@)
k=0
we obtain
p—e<( (zr) Vxef.
Since this holds for all € > 0, we obtain (= > pl. O

Proposition [5.27| suggests the following algorithm.

Definition 5.28. Relative value iterations consists in computing the sequence v? — v (z0)1 for
some fixed state xg.

Example 5.29. In general, vI — vT(x)1 or v7 — pT'1 does not converge when T' goes to infinity.

Let us show an example in the uncontrolled deterministic case. Consider the Bellman operator:

1 0 1
B(v) = [_J + [1 O] v
The Markov chain is a deterministic process: 1 — 2 and 2 — 1, and the reward satisfies r(1) = 1

and r(2) = —1. The invariant measure is [1/2 1/2] and so p = 0. Starting from v* = ¢ = 0, we
obtain

So vT' — pT'1 does not converge, nor v’ — vT(1)1:
vl — 0T (1)1 = [g} for T'odd, =0 for T even.
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Remark 5.30. One way to improve the method is to apply relative value iteration combined with

Krasnoselskii-Mann iterations with respect to B, that is compute w’ — w” (2¢)1, where
1 1
wl Tt = in + EB(wT) .

Note that (p,v) satisfies ergodic equation if and only if

1 _BEM ) Ly L
2,01—1—11—8 (v) := 2v+28(v) :

Moreover, if M is irreducible, then (I + M)/2 is primitive and so ((I + M)/2)™ converges, see
Proposition [5.21]

5.3.2 Application to Pagerank optimization

Let us come back to Examples and The owner of a Web site W can choose any hyperlink
starting from any page belonging to W according to his own rules, but cannot change the hyperkinks
starting from the other Web pages.

Assume that the rules are such that any page in W can be changed independently from the other
pages, so that the set P of possible Markov matrices P is of the form:

P ={PecR¢| P, €C(x)}

where P,. denotes the row x of P, C(z) is a subset of C := Ag, and C(x) is a singleton when = ¢ W.
Considering the Markov decision process with state space &, action spaces C(z), = € &, and
transition probabilities:
Mggqyj) = YUy + (1 - 7)2y )

we obtain that if = € II is the policy such that w(x) = P,., then

M = MG = ln(@)ly + (1~ )z = 1Pay + (L~ 1)z = May |

Conversely, if P is the matrix such that P,. = 7(z), then M = M.
The optimization rewrites as the mean-payoff Markov decision problem:

max J & (2) |
mell

for any 2’ € £, with

T
J(+7”)(a:) = J(X;U) :=limsup {,}E [Z 9(Xk) | Xo = »’U] } ;

T—o0 k=0

T
Zg(Xk)\onx]}.

k=0

T—o0

J(*,ﬂ')(m-) = J, (X;U) :=liminf {;E

where g is extended by 0 on £\ W, Uy = 7(Xy) and P(Xp1 =y | Xp = 2,Up = u) = MQEZ)
An optimal stationary feedback policy for the MDP corresponds to an optimal matriz P for the
optimization problem.
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Consider the associated ergodic dynamic programming equation:

pl+v = B(v)
with
= (“
B(v)]z = urélcax Z M,
ye€
= max )+ Z (yuy + (1 —7v)zy)v(y)
uel(z yes

= g(x) + v max Zuy +(1—=7) Zzyv(y)

ueC(x) vy
It can be rewritten in the form:

p+ou(x) =g )+vurg&>;)(u v)+(1=7)z-v .

Note that since z - v is a constant, then one can solve first:

v(z) = g(z) +v max (u-v) ; (5.18)
ueC(z)
and then take
p=(1-7)zv .

is the dynamic programming equation of a discounted infinite horizon Markov decision prob-
lem with discount factor v, so it has a unique solution. This yields a solution to the ergodic
equation. can be solved, either by value iterations or by policy iterations.

Here are some examples or characteristics of the sets C(z):

e The owner of W cannot act on the pages not in W, so for x € £\ W, C(x) is a singleton of
Ag.

e Without any constraint on the Web pages, except that P is the transition probability matrix
of a simple random walk, C(z) is the set of uniform probabilities on nonempty subsets of &.
Note that the cardinality of C(x) is 2V where N is the cardinality of £, which lead to an
exponential complexity of the solution of the problem. To avoid this exponential complexity,
or to modelize some inequalities in hyperlinks due for instance to the order of the hyperlinks
in the web page, or to the text size and font of the hyperlinks, one may choose to relax the
problem by considering C(z) = Ag.

e Let F be a set of forbidden pages, M a set of mandatory pages, and R the complement. Then,
C(x) is the set of uniform probabilities on subsets A of £ such that M C A C £\ F. This
can be relaxed by considering C(x) as the set of p € Ag such that p, > p,, for y € M and
py = 0 for y € F, where py, is the uniform probability on & \ F.

o Skeleton constraints: one can consider the set of p such that p, > (1 — u)g, where ¢ € Ag.

97



e Conditionnal probability constraints P(Xp41 € Ju | Xk = x) < b is equivalent to

Cla)={pecAe| Y pj<b}.

Jj€Je

o Frequency constraints P(Xyy1 € J | X € I) < b cannot be put into a local constraint of the
form C(z).

The problem can be solved analytically in the following particular examples.

e Assume that there is no hyperlink from Web pages outside W to Web pages inside W. Since
g(x) =0 for x ¢ W, the solution of ([5.18]) satisfies

v(z) = max (u-v), VYreWe,
ueC(x)
where u € C(z) has a support in W¢. This equation depends only on v|ye, and it is a fixed
point equation of a contracting map. Since it has 0 has a solution, we get v|ye = 0.

The remaining equations reduce to equations for W states only:

VeeW .
v(@) = g(e) + v max Zuy v(y)) Vo

o If g(x) >0 on W, and W = {z¢} is a single page, this reduces to

v(wo) = g(x0) +7 max (ugv(zo)) -
ueC(xo)
So v(xg) > 0 and the optimal v need to maximize ug,, that is the self hyperlink among the
possible constraints.

o If g(x) >0 on W and C(z) = Ag, then

sov =g+ pul on W for some p € R. Moreover, the maximum in u is satisfied for u such
that there exists A € R and A, > 0 (the Lagrange multipliers for the constraints u1 = 1 and
uy > 0 respectively) with v(y) = A — Ay and A\yuy = 0 (complementary slackness). If g takes
only different values on W, then, u = é,, for ¢ € Argmax g(x).

The initial optimization problem can also be generalized as follows. Consider the optimization
problem
max gz, Pp)pM |

PepP
zeW

where now the criteria depends also on the rows of P. For instance if g(x, u) is linear with respect
to yu + (1 — )z, we obtain:



and Mxypi\/[ represents the probability to move from Web page = to Web page y, when the invariant
probability measure is applied, so in the long run.

This optimization problem rewrites as a mean-payoff Markov decision problem, with instanta-
neous reward g depending on u. It can be solved by computing p and v solutions of the ergodic
equation:

pl+v = B(v)

with

[B(v)]z = nax, g(x,u) + yze; Mv(y)

= max {g(z,u)+7 Y _uv(y) o+ (1=7) 1D 2 o
uel(@) ye€ ye&

which can be rewritten in the form:

p+v(r) = max (g(z,u) +yu-v)+ (1 —7)z-v .

ueC(x)
As above, one can solve first:
v(z) = max (g(z,u) +yu-v) ; (5.19)
ueC(x)
and then take
p=(1-7)z-v .

(5.19) is the dynamic programming equation of a discounted infinite horizon Markov decision prob-
lem with discount factor 7, so it has a unique solution. This yields a solution to the ergodic
equation. Moreover, ([5.19)) can be solved, either by value iterations or by policy iterations.

5.3.3 Vanishing discount approach

Another way to improve relative value iterations is to replace the uniform mean in time by a
discounted mean in time.

Let us first consider the uncontrolled case, that is consider a stationary Markov chain (Xj)k>0
on the finite state space &, and denote by M its transition probability matrix, and by r € R a
running reward vector.

The following criteria are similar to the mean-payoff criteria:

Zakr(Xk) | Xo = x] } ,
k=0
Zakr(Xk) | Xo = x] } ,

k=0

(H(z) == J"((Xk)k>0) =limsup {(1 —a)E

a—1~

a—1—

¢ (z) == J 7 ((Xk)r>0) =liminf {(1 —a)E

which can be rewritten as

() = {hmsupw (1 - a) T2, [(@M)Fr],) ife=+

liminf,_,{- {(1 —a) ZZOZO[(&M)kT]w} fe—— (5.20)
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Proposition 5.31. Given a Markov matriz M over the state space €, and a Markov chain (Xy)n>0
with transition matric M and initial state Xo = x, the criteria in (5.20)) satisfy

Ci(x) = [Pr]s,
where P is the spectral projector of M for the eigenvalue 1, that is P is the unique matriz such that
P=P? ImP=ker(I-M), kerP=Im(I—- M), and P=PM=MP .
Proof. Same proof as for Proposition for the time average criteria. O

Since (*(z) = limy_,1- (1—a)(I —aM)~!, which is related to the resolvent matrix of M, one can
even obtain the following more precise result, which implies that the map o + (1 —a)(I —aM)~!
is analytic, a property which will be used later.

Theorem 5.32. Given a Markov matrix M over the state space £. We have the following asymp-
totic expansion around o = 1:

1

I—aM)!t=
(I —aM)™ = ——

P — i(l —a)f(a”t9)F | (5.21)
=0

where P is the spectral projector of M for the eigenvalue 1, that is P is the unique matriz such that
P=P? ImP=ker(I—M), kerP=Im(I—- M), and P=PM=DMP

and S satisfies S(M — 1) = (M —1)=1— P.

Proof. See [EC3]. O

Let us consider now the controlled case. Denote by v, the value of the discounted infinite
horizon problem. From dynamic programming equation for MDP with infinite horizon discounted
criteria, Theorem , Vo is the unique solution of the stationary equation v, = B(awy).

Proposition 5.33. Under|(Ab), we have
1. limgy_y1- (1 — a)v, = p1.
2. Vo — 1251 is bounded (w.r.t. a € [0,1)).

3. For any converging subsequence of vo — 1251 when o goes to 1, the limit v satisfies the ergodic

Bellman equation (5.17]).

Proof. Proof of Point 2. Denote w, = v, — 7251. Since v, = B(awv,), we obtain, using the
additive homogeneity of B:

wo = Blawvy) — lfa
p p
- 1) — 1
B(awa—l-ozl_a ) T
p p
- 1- 1
B(awa)+a1_a T
= B(aw,) — pl



Substracting ergodic equation v = B(v) — pl, we obtain
wo — v = Blawy) — B(v) .
Using the nonexpansivity (1-Lipschitz continuity) of B, we deduce:
[wa = vloe = [[B(awa) = B(v)lloo
< Jlowa —vlloo
< llawa — awl|oo + [lov — v]l
< aflwa = oo + (1 = a)|Jvf|oo -
Then,
[wa = vlloo < [Vl

and so
[walloo < 2[v]loo

which shows Point 2.
Point 2. implies Point 1.

Proof of Point 3. Since closed bounded sets of RE are compact, any sequence Wq, With o, — 17
has a converging subsequence. Let us denote also by w,,, such a converging sequence, and let w be
its limit. We have

Wa,, = Blapway, ) —pl .

Passing to the limit when n goes to co in this equation, and using the continuity of B, we obtain
that is w is solution of the ergodic equation. O

In the uncontrolled case, the ergodicity of the Markov chain, which is equivalent to the property
that its matrix has a unique final class, implied a stronger property than |(A5), which can be
generalized as follows in the controlled case:

(A6) There exists p € R and v € R¢ satisfying the ergodic Bellman equation (5.17). Moreover,
p € R is unique and v is unique up to an additive constant, meaning that if v, v’ satisfy (5.17)),
then v — v’ is a constant vector.

Corollary 5.34. ]f holds, then vy, —vo(x0)1 has a limit v when o — 1~ and v satisfies (with
p) the ergodic Bellman equation (5.17)).

Definition 5.35. A solution v of the ergodic Bellman equation ([5.17)) is called a bias or a relative
value function of the MDP with mean-payoff criteria.

Proof of Corollary[5.34] By Proposition Wo = Vo — 7251 is bounded w.r.t. a € [0,1), and
any limit point of w, when o — 17 is solution of the ergodic Bellman equation . Hence, the
difference between two values of the vector w, is also bounded, so vy — v4(20)1 = wgq — wa(x0)1
is bounded. Moreover any limit point of a sequence v,, — v, (20)1, with a;, — 17, is equal
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to v — v(xp)1 for some solution v of the ergodic Bellman equation . Since B is additively
homogeneous, w = v — v(zg)1 is also a solution of the ergodic Bellman equation (5.17). Moreover
w satisfies w(zg) = 0. By such a solution w is unique, since if w,w’ satisfy and the
condition w(zg) = 0 = w'(xg), then w — w' is a constant vector and satisfies (w — w’)(zg) = 0, so
w = w'. So all limit points of v,, —va, (70)1 are equal to this unique solution w. This implies that
Vo — Vo (o)1 converges towards w when oo — 17 O

However, Assumption [(A6)|is not needed in the case of finite action spaces.

Proposition 5.36. Under |(Ab), if the sets C(x) are finite, then vo — 1251 has a limit v when
a — 17 and v satisfies (with p) the ergodic Bellman equation (5.17)). Moreover, the same property
holds for va — va(x0)1.

Proof. Let wo = vq — 1251, we have wo = B(aw,) — p1. By the continuity of B and the uniqueness
of the solution of the previous equation, the map « € [0,1) — w, is continuous. Since the sets C(z)
are finite, for any a < 1, there exist 7 € IT such that B(aw,) = B™ (aw,).

Therefore, w, is solution of wy = ™ + aM™w, — p1, and is thus given by:

we = wh = (I — on(”))_l(r(”) —pl) .

The map « € [0,1) — w? is rational and thus meromorphic (see Theorem . So, for any two
feedback policies 7 and 7/, and any x € &, the set of zeros of the map « € [0,1) — w7 (z) — wgl (x)
has no accumulation point, or the map is identically zero.

Hence, there exists ag < 1 such that for all z € £, and any two feedback policies 7 and 7/,
cither w7 (z) # wr (x), for all a € [ag, 1), or w7 (z) = w? (z), for all a € [ag, 1).

For all @ € [ap, 1), there exists m € II such that w, = wX. Moreover, wy(z) > w? for all
a € [0,1), z € £ and m € II. Pick one 7 such that wa, = wf . If there exists a; € (ap,1) such
that we, # w}],, then there exist 7/ € II and = € £ such that wa, = wg; and wq, () # w}, ().
Hence w” (z) # w’(z), for all a € [ag,1) by the previous property. Since wq(z) > w? for all
7 € II, we deduce that w7 (z) — w7 (z) is > 0 for & = oy and < 0 for & = . By the continuity of
o — w” (z) — wk(x), this implies that there is a zero, a contradiction. Therefore, wq = w7 for all
a € [ap, 1).

The asymptotics expansion of w], has the form:

- 1
wh = 1_av,1+v+0(1foz)

for some v_1,v € RE. Since w? = w, which is bounded, we get that the first term is zero, and so
wq converges towards v. Passing to the limit in the equation w, = B(aw,) — pl, we get that v is
solution of the ergodic equation.

Since vq — Vo (20)1l = wo — wa(xo)1, we get that v, — v4(x0)1 converges towards v — v(zg)1
which is also solution of the ergodic equation. O

5.3.4 An existence result

Definition 5.37 (Blackwell 62). We say that a policy 7 is Blackwell optimal for the MDP; if there
exists oy < 1 such that for all & € [, 1), 7 is optimal for the MDP with discounted infinite horizon
criteria with discount factor , that is if v, = B(awg) then v4 = B™ (avy,).
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In the proof of Proposition we have indeed shown the following result.

Theorem 5.38. If the sets C(x) are finite, then there exists a Blackwell optimal policy for the
MDP. O

Definition 5.39. Consider a MDP with state space &, action spaces C(z) and transition probabil-
ities My, . We define the digraph of the MDP as the set of nodes £ with an arc fromz € £ toy € £
if there exists u € C(z) such that My, > 0.

Theorem 5.40 (Bather, 73). Assume the graph of the MDP is strongly connected. Then, for all
reward functions r, there exists a solution (p,v) to the ergodic Bellman equation (5.17)).

One proof relies on metric techniques: a solution is a fixed point to an operator on a projective
space. We shall give another one which relies on Blackwell strategies and works when the sets C(x)
are finite.

Proof of Bather theorem, Theorem[5.]0} Assume that Blackwell strategies exist. Let ag € [0,1)
and 7 € II be such that for all a € [, 1), the value function v, solution of v, = B(av,) satisfies
Vg = B™ (avgy). Therefore, vy, = (™ + aM ™y, and is thus given by:

Vo = Vi = (I — aM(”))_lr(”) .

o

By Theorem [5.32] we have
1

l—«

v_1+v+ 01 —a),

Vo —

for some vectors v_j, vy € RE.

Since the graph of the MDP is strongly connected, one can construct a Markov strategy (that is
a relaxed policy) with an irreducible associated transition matrix. Indeed, for any arc (z,y) of the
graph of the MDP, there exist u € C(z) such that M;,SZ) > 0. Denote by G, a finite subset of C(x)
composed of the actions u associated to the arcs (z,y) of the MDP. Considering a policy 7 € II?
such that 7(x) is the uniform probability on G, we get that the transition matrix of the Markov

chain X, induced by this policy satisfies Még) = m > ueG, Mggz) > 0 for all arcs (z,y) of the

MDP. Then, the graph of M (7) coincides with the graph of the MDP, and thus M (7) is irreducible.
We have v, = B(av,) > B™ (av,). Using the asymptotic expansion of v,, we get:

1 ~ ~ 1
B —a) > r@® (%)
T 1+v+0(1—a)>r'™ +aM (l—a

v_1+v0+0(1—a)) .

Taking the dominant terms, we obtain:
v_1 > M (ﬁ)Ufl

which by Perron-Frobenius theorem applied to the irreducible Markov matrix M (™) implies that
v_1 is of the form p1 for some p € R (since 1 is the Perron vector of M (”)). Then, the asymptotic
expansion of v, has the form:

va:ﬁ1+vo+(9(l—a) .

Puting this in the equation v, = B(av,), and using that B is additively homogeneous, we get
pl4+v9+O(1 —a) =B(avg+ 01 —«)) .
Since B is Lipschitz continuous, we deduce that p1+wvy = B(vp) + O(1 — ) and so pl +vy = B(vp),

so vg is solution of the ergodic equation. O
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5.3.5 Policy iteration algorithm

Recall that the value v, of the discounted infinite horizon problem is the unique solution of the
stationary dynamic programming equation v, = B(awv,) and that the policy iteration (or Howard)
algorithm to solve this equation consists in the following successive steps k > 0, starting from a
policy 7% € II:

1. w” is the unique solution of the Kolmogorov equation associated to the policy 7*:

v(z) = r(x, —i—aZM“(” v(y) Yz el .
yee&

2. 7F*1 is an optimal policy for w*, that is an element 7 such that

7(z) € Argmax | r(x,u) + az Mygz)wk(y) Ve e & .
ueC(x) yee

which can also be rewritten in functional form :

1. w” is the solution of the equation w = B(”k)(aw).

2. 7F+1 is an element 7 of II such that B (aw*) = B(aw").

One may thus ask what is the limit of the algorithm when o« — 17. Let us first study the
behavior of the algorithm under the following assumption.

(A7) Assume that all the matrices M (™, with 7 € II, are ergodic (have a unique final class).
In that case, we have
o for all m € II, the ergodic equation
pl +v = B"(v)

has a solution (p™,v™) with p™ € R and v™ € RE. Moreover, one may force v to be unique by
imposing v(xg) = 0, for some fixed state z¢ € €.

e then the solution w?” of w = B(™ (aw) satisfies:

1
wg:mpﬂl—l—ﬂl—i—vﬂ—l—(?(l—a) ,

for some constant u € R.

e Then, in policy iterations for the discounted problem, we have:
1
wh = ——pF14+ 1+ 0P 001 -a)
-«

where



e Let m be an optimal policy for w, in B(aw,) where

1
wa:mpl—l—ul—l—v—i—(’)(l—a) .

o It satisfies B(™ (awy) = Blawy).
e Since B and B(™ are additively homogeneous,

B™ (v + 01 — ) = Blaw + O(1 — )

e Since B and B™ are Lipschitz continuous and v is fixed (independent of «),

B™(v) = B(v) + O(1 — a)

e Hence B (v) = B(v).

k+1

e Hence, in policy iterations for the discounted problem, we have: = is optimal for v* in

B(vb).
Let us consider first the stronger assumption:
(A8) Assume that all the matrices M(™), with € II, are irreducible.

Definition 5.41 (Policy Iteration alogirithm (PI) for irreducible matrices). Assume |[(A8)| holds,
and that the optimization problems in Bellman equations can be solved, that is, for all v e RE,
there exists 7 € II such that B (v) = B(v). The policy iteration algorithm applied to the ergodic
Bellman equation pl 4+ v = B(v) consists in the following successive steps k > 0, starting from a
policy 7 € II:

1. (p*,v*) € R x RE is the unique solution of the ergodic Kolmogorov equation associated to the
policy 7*:
p+uv(x)= ZM(”%” v(y) Yx el ,
ye&

satistying in addition the condition v(xg) = 0 for some fixed point zg € €.
2. wF*1 is an optimal policy for v*, that is an element 7 such that

m(x) € Argmax | r(z,u) + ZMéz)vk(y) Ve e & .
ueC(x) yee

Fact 5.42. The policy iteration algorithm applied to the ergodic Bellman equation pl + v = B(v)
consists in the following successive steps, starting from a policy 7° € II: for & > 0, do

1. pF is the value and v* is the biais of problem when the policy is freezed to 7" that is the
solution of the equation pl + v = B™)(v) (with v(zg) = 0).

2. w++1 is an optimal policy for v, that is an element 7 of II such that B (vF) = B(v").

105



Remark 5.43. Recall that for the PI for discounted problems, we proved that the sequence of values
satisfies
W<t <<y

— )

and
lim w® = .
k—o0
Since wk = A-p"1 + p*F1 4+ 0¥ + O(1 — a), we obtain:
<t <y

and if p* = p**1 then
R A R S

Theorem 5.44. Assume|(A8)| holds, and that the optimization problems in Bellman equations can
be solved, that is, for all v € RE, B(v) is finite and there exists = € II such that B (v) = B(v).
Let pk v* 7% be the sequence generated by PI algorithm. We have, for all k >0,

o< it
Moreover, if there exists a solution (p,v) € R x RE to the ergodic equation: pl 4+ v = B(v), we also

have, for all k >0,

Proposition 5.45 (Sub or supersolutions). Let B be a monotone additively homogeneous operator
from RE to itself, beeing the Bellman operator of a undiscounted MDP. Assume that there exists
(p,v) € R x RE solution of the ergodic equation pl +v = B(v). Then, for ({,w) € R x RE, we have

(l4+w<Bw) = ¢(<p (5.22)
(14+w>Bw) = (>p . (5.23)

Proof. From (1+w < B(w) and the monotonicity and additive homogeneity, we get that T'(14+w <
BT (w) for all t > 1.

Since BT (w) is the value function of the finite horizon problem, we obtain (from Proposi-
tion that limp_,o %BT(w) =p.

Passing to the limit into the previous inequality, we deduce that ¢ < p.

The same holds for the reverse inequality. O

Proof of Theorem [5.74 Since all the M(™ are ergodic, the associated ergodic equations have a
solution. We have

P14+ oF = BT (uF) (5.24)
B(w*) = BT (k) (5.25)
PP 4 F = BE (kL (5.26)

Using the first and second equations together with the definition of B, we get
P14 ok = B(”k)(vk) < B(w*) = B(”Hl)(vk) .
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Hence (p*,v*) is a subsolution of the ergodic Kolmogorov equation pl 4+ v = B(”Hl)(v).
From ([5.26)), (p**1,v**1) is a solution of this ergodic equation.

From (5.22), we deduce that p* < pF+1.

We also have p*1 + v* < B(v¥), so (p¥,v*) is a subsolution of the ergodic Bellman equation.

If there exists a solution (p,v) € R x RE to the ergodic equation: pl 4+ v = B(v), then apply-

ing (5.22)) to B,

we deduce that p* < p, for all k > 0. O

Theorem 5.46. If in the PI algorithm for irreducible matrices, we have p* = pF+1, then

Corollary 5.47. If the sets C(x) are finite, then the PI algorithm for irreducible matrices converges
after a finite number of iterations.

Proof of Corollary[5]7 If the sets C(x) are finite, the set of feedback policies, II is finite.
Therefore, there exists k < ¢ such that 7% = =*.
From the uniqueness of the solution (p, v) to the equation B™) (w) = w+ p1, with the additional
condition w(zg) = 0, we get that p¥ = pf and v* = v*.

Since the sequence p” is nondecreasing, p* < pF*t1 < ... < pf, and satisfies p* = p?, we get the

equality p* = pFtl = ... = pt.
This implies v* = v**1 by Theorem
Since 7F*t1 is optimal for v* = v**1 and (p*+1, vF*1) is a solution of the ergodic equation

k+1

associated to 77", we obtain

ﬂ.k+1)

pk+11 4Rt = B (,Uk+1) _ B(Trk+1)(,vk) _ B(’Uk) _ B(,UkJrl)

and so (p**1,v¥*1) is a solution to the ergodic Bellman equation.

Hence pFtl = p. O

Proof of Theorem [5.46. Assume that in the PI algorithm, we have p¥ = p*+1. Recall that we
proved during the proof of the first properties:

P10k = B(”k)(vk) < B(w*) = B(”Hl)(vk) .
Since pF*11 4 vFt! = B(”k+1)(vk+1), taking the difference, we obtain

k
oF — EHl < M +1)(Uk . ,Uk—H) )

By Perron-Frobenius theorem applied to the irreducible matrix M (”Hl), we obtain that v* —v*+1
is a constant vector.
Since in addition (vF — v¥*1)(z9) = 0, we obtain v¥ = v*+1,
O

Definition 5.48 (Policy Iteration algorithm (PI) for ergodic matrices). Assume |(A7)| holds. The
policy iteration algorithm applied to the ergodic Bellman equation pl + v = B(v) consists in the
following successive steps k > 0, starting from a policy 79 € II:
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1. (p*,v*) € R x RE is the unique solution of the ergodic Kolmogorov equation associated to the
policy 7
k
p+o(x) =riz,7 ) + Z Mg @y(y) Veef ,
ye&

satistying in addition the condition

muv = Qwhere m is the unique invariant probability measure of M),

2. wF*1 is an optimal policy for v*, that is an element 7 such that

7(x) € Argmax | r(z,u) + ZMQEZ)vk(y) Ve el ,
ueC(x) yee

such that w(z) = 7%(x) whenever possible (conservative policy improvement).

Theorem 5.49. Assume|(AT7)| holds, and that the optimization problems in Bellman equations can
be solved, that is, for all v € RE, B(v) is finite and there exists = € I such that B™ (v) = B(v).
Let pk v* 7% be the sequence generated by PI algorithm. We have, for all k > 0,

o< i
Moreover, if there exists a solution (p,v) € R x RE to the ergodic equation: pl +v = B(v), we also
have, for all k > 0,

ph<ptl<...<p.

Theorem 5.50. If in the PI algorithm for ergodic matrices, we have p* = pF*t1, then
ok < F L

Corollary 5.51. If the sets C(x) are finite, then the PI algorithm for ergodic matrices converges
after a finite number of iterations.

Proof. If the sets C(x) are finite, the set of feedback policies, II is finite.

Therefore, there exists k < ¢ such that 7% = 7¢.

From the uniqueness of the solution (p, v) to the equation B (w) = w+pl, with the additional
condition mw = 0, we get that pF = p¢ and v* = o.

Since the sequence p* is nondecreasing, pF < pF+1 < ... < pf, and satisfies p¥ = p’, we get the

equality p* = pFtl = ... = pl.

This implies vF < v*+1 < ... 9! by Theorem and so the equality vF = vFtl = ... =,
Since 7**! is optimal for v* = v**1 and (p**1,v**1) is a solution of the ergodic equation

k+1

associated to 77", we obtain

pk+11 + Uk+1 —_ B(Wk+1)(vk+l) — B(wk+1)(vk) — B(Uk) — B(’Uk+1)

and so (pF*t1,v**1) is a solution to the ergodic Bellman equation.
Hence p*+1 = p. O

The proof of Theorem is based on the following lemma.

108



Lemma 5.52. Let M be an ergodic Markov matriz with unique final class denoted F. Assume
v < Mv. Then, we have:

1. v=Mv andv =M\l on F, for some real \, that is v(x) = Mv(x) and v(z) = X for allz € F.
2. Ifv=0 on F, that is v(x) =0 for all x € F, then v < 0.

Proof. Denote v4 and M ap the restriction of v to the set A C £ and of M to the rows in A and
columns in B respectively.

Proof of Point 1. Since Mppe =0, v < Mv implies vp < Mpprvp. Applying Perron-Frobenius
theorem to the irreducible Markov matrix Mpp, we deduce vp = Mppvp and vp = Alp for some
scalar A € R. So vp = Mppevpe + Mppvp = [Mo]p.

Proof of Point 2. If vp =0, then vpe < Mpepevpe. By the nonnegativity of Mpepe, we deduce
that VEe < (]\4chc)n?)Fc7 for all n > 1.

Since F' is the unique final class of M, then F*° contains only transient states. So p(Mpepe) < 1
and limy, oo (Mpepe)™ = 0.

Passing to the limit in vpe < (Mpepe) vpe, we get vpe < 0, and since vy = 0, we have v < 0. [

Proof of Theorem[5.50. Assume that in the PI algorithm, we have p¥ = pfl. Recall that we
proved during the proof of the first properties:

P14 ok = B(”k)(vk) < B(w*) = B(”kﬂ)(vk) .
Since pFt11 + v* 1 = B (ukH1) | taking the difference, we obtain
oF k1 < M(wk“)@k _ vk+1) .

Let F be the unique final class of the ergodic matrix M ™). By Point 1 of Lemma we
obtain [v* — vFt1](z) = [MT) Wk — vFH1)](2) and (v* — 0¥ (z) = A for all z € F, for some
AeR.

This implies in particular that on F, we have B(v¥) = B (wk) = BE ) (ph+1) 4 Mp =
pk]_ + pFt1 +A\1p = pk:]_ + oF = B(ﬂ'k)(vk)

So 7 (z) was already optimal for v*, and since policy improvement is conservative, we have
7F(z) = 7F 1 (2) for all z € F.

Then, the restriction to rows in F' of M) and M™* are the same and since F is a final
class of M(”kH)7 it is also a final class of M (™).

Since the invariant measure of an ergodic matrix has a support equal to the final class, we get
that the invariant measures of M ™) and M) coincide. Let us denote it by m.

Then, the constraint “mwv = 0” implies that mv* = 0 and mv*+1 = 0. Since (v* — vF*1)(2) = A
for all z € F, we deduce that v¥ —v¥*1 =0 on F.

By Point 2 of Lemma we obtain that v* — vF+1 < 0. O

Aplying PI algorithm, we deduce:

Corollary 5.53. If|(A7)| holds and the sets C(z) are finite, then there exists a solution to the
ergodic Bellman equation.
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This includes the case of Kolmogorov equations, but also some cases in which the graph of the
MDP is not strongly connected.

Corollary 5.54. The same holds if the sets C(x) are finite, and if instead of assuming|(A7)|, we
assume that there exists a sequence of the PI algorithm for ergodic matrices which only meet ergodic
matrices.

Example 5.55 (A simple non strongly connected example). Consider

p+v(l) =max(1l +

p+u(2) =2+ 0(3)
p+v(3) = max(v(2), v(3))

o(1) + 30(2),0(2))

N | =

This is the ergodic dynamic programming equation of a MDP with 3 states, £ = {1,2,3}, a
maximum of 2 actions: C(1) =C(3) = {1,2}, C(2) = {1}, and the following transition probabilities:

MU=[5 b o
MP =10 1 0]
M =0 o 1]
MM =10 1 0]
MP =10 0 1]

Example 5.56 (An example in which conservative improvement is essential).
p+u(l)=v(2)+1

p+u(2) =v(3) -1
p+v(3) = max(v(1),v(3))

v
v

This is the ergodic dynamic programming equation of a MDP with 3 states, £ = {1,2,3}, a
maximum of 2 actions: C(1) = C(2) = {1}, C(3) = {1,2} = C, and the following transition
probabilities:

MM =10 1 0]
MM =10 0 1]
MY =1[1 0 0]
MP =10 0 1]

So there exist only 2 policies m; and ms. Indeed, these are applications from & to C such that
mi(1) =m(2) =1, for i = 1,2, and m(3) = 1 and m2(3) = 2. They thus satisfy:

1

010 010
MM =10 0 1|, M =10 0 1|, ™ =M=
100 00 1 0
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Their invariant measures are

e = [} 4

. m™ =0 0 1]

Consider policy iterations in which the condition mv = 0 is applied in value computation step,
but policy improvement may not be conservative in policy step. Starting from 7° = 71, we get
necessarily p0 = m™)r(@) = 0 and thus v° must satisfy v(1) = v(2) + 1, v(2) = v(3) — 1,
v(3) = v(1), and m™v = (v(1) + v(2) + v(3))/3 = 0, which leads to v* = [1/3 —2/3 1/3]".
Then, 7 and 79 are both optimal. If we choose 7! in a conservative way, then one must choose
nt = 7y, and the algorithm stops, since 7' = 79, p! = p° and v! = v°. However, if we choose
7! = 7, then p! = p® = 0, but v! must satisfy v(1) = v(2) + 1, v(2) = v(3) — 1, v(3) = v(3),
and m(™)y = v(3) = 0, which leads to v* = 0 -1 O]T = 0" — 11, and so to the same choice of
policies for 72. If we alternate this choice at each step of the algorithm, then the algorithm never
converge.

We were enable until now to show convergence of PI algorithm only in the case of finite action
spaces. The following one gives a result in the more general compact case, but only in the particular
case where the matrices are irreducible

Example 5.57 (Blackmailer). Consider a blackmailer who is blackmailing a victim each day, by
asking her a certain amount of money U; depending on time ¢ € N. At each time t € N, the
victim may be willing or not, but if she is not willing at some time, then she will neither be willing
anymore. We shall denote by

X, : the state of the victim at time ¢, where X; = 1 if she is willing, and X; = 0 otherwise;

U; : the amount of money asked by the blackmailer at time ¢, where we assume that U; < 1.

We then consider a MDP in which

the state space is & = {0, 1}.

the action spaces is C = [0, 1] = C(z) (note that C is infinite but compact).

the dynamics satisfies
MY =P (X1 =1 X, =0,U;=u) =0, My =P(Xp11=0| X, =0,U;=u)=1.
We shall assume that

MY =P(Xp =0 X =1LU=u)=1u?, MY =PXyp1=1|X=10U=u)=1-u?

the reward of the blackmailer at time ¢ is equal to

r(x;u) = zu .

Consider first the discounted infinite horizon criteria with discount factor 0 < a < 1, so that the
expected payoff of the blackmailer that he want to maximize is

E

Zatr(Xt, U)
=0
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Let v (z) be the value function at state x € £ of the above MDP. Then, the Dynamic programming
equation satisfied by v, is:

va(0) = vy (0)

Hence, v4(0) = 0 and wq, := v4(1) satisfies:

we = max {u+ a(l — u*)w,} .
u€e(0,1]

Therefore, the optimal control among all u > 0 is uq = 1/(20w,) which is < 1 if w, > 1/(2a). In

that case )

Wy = —F——— .
“ 2Vl —a)

So these formula hold when o > 1/2, and in that case an optimal stationary policy 74 (1) to be
applied at each time in which the state X; is equal to 1 is given by

l—«o

Ta(l) =uq =
o(1) = uq "
Therefore lim,_,;- wy = 400 and lim,_,;- ((1 — @)w,) = 0. This implies that the ergodic equa-
tion has no solution (otherwise, p = 0 and w, would have been bounded). Moreover, lim,_,;- 7, (1) =
0, and so the optimal stationary policy in the long run would be to ask nothing.
Similarly, if we consider the maximization of the mean-payoff criteria:

1 T—1
lim =E
T—oo 1

’I”(Xt; Ut) ’ X() = .’IJ] s

t=0

then the limit of the optimal policy (at time 0) is 0.
Note that the Markov matrix associated to the policy 7(1) = 0 has two final classes, so that
the policy iteration cannot be applied apriori.

FEzercise 5.3.1. Consider the blackmailer in which we restrict the action space C to be C = [g, 1].
Show that the matrices associated to all policies are ergodic ({0} is the unique final class), and
that policy iteration stops after a finite number of steps, although the action space is infinite.

5.4 Risk sensitive control

5.4.1 Motivation

In mathematical finance, one is interested in the optimization of the total wealth or rather of the
return factor or return rate of a “portfolio”, that is

Wro o e VT
Wo SWo

where W, is the total wealth at time k.
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The return in one time unit can generally be written in the form:

Wit
Wi

= R(Xk, Uk, Dyy1) where Xjy = f(Xi, Uk, D),

for some maps R, f, where X}, is the “state” of the portfolio, for instance the proportion in each
asset (stock) or any financial product, Uy, is the action of the investor, like purchasing orders, and
Dy, is the random disturbances in the parameters of the portfolio, like return rates.

When the Dy, are either independent random variables or a Markov chain, the process (Yj, Ug)
with Yy = (X, Dy) can be seen as a Markov Decision Process.

It is stationary if (Dg)k>0 is stationary.

Then, one may wish to maximize the expectation of any increasing function ¢ of the random
return rate in T' time units:

and to its limit when T" goes to infinity.
The choice of ¢ will depend on the risk one wish to take. Examples are:

o o(z)= %exp(yx), where 1 — v € R is called the risk aversion parameter.
e When v = 0, the optimization is the same as for ¢(z) = =.

e One can generalize the expectation by taking any risk measure of the random variable log ‘I//Vv—fg,
where a risk measure is a real valued map p on random variables, which is monotone and
additively homogeneous (p(X + \) = p(X) + X)), like expectation.

We will consider the case where ¢(x) = %exp(’yac), with v > 0 only, which reduces either to a
multiplicative payoff (v > 0) or an additive payoff (v = 0).
5.4.2 Risk sensitive control in finite horizon

Consider a stationary Markov chain (Dy),>0 with transition matrix M on the space D, and a MDP
on £ x D with action spaces C(x) C C and transitions given by

Xk+1 = f(ka UkaDk—i—l)a whereY, = (XkaDk)a Vk >0 .

Consider a nonnegative map R : & x C x D — R, and, for all strategies o = (01 )k>0 in ¥ or &,
the multiplicative payoff with finite horizon T > 1:

T—1
JTD (y) :=J"(YV;U) = E KH R(Xom, Um,Dm+1>) p(X7) | Yo=1y

m=0

: (5.27)

where (Y,U) := (Y, Uk)k>0 is the process induced by o.

Theorem 5.58. Assume that the map r is bounded from above. Let vT be the value function of
the Markov decision problem:

0" (y) ;== max JT(y) , Vyec ExD ,

o
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where the maximum is taken over all relaxed strategies starting at time 0. Then, v satisfies the
following forward recurrence:

vl (z,d) = sup <Z Mg, R(z,u, 2)vl L (f(x, u, z),z)) V(z,d) € EXD . (5.28)

uel(z) \ ep

with final condition vr(x,d) = ¢(x), for all (z,d) € € x D.

Assume in addition that the maximum of is attained for an action u € C(z) and let us
denote by mr(z,d) this action, then the feedback policy m = (mr_k)o<k<T—1 1S an optimal strategy
of the problem.

Sketch of proof. The proof is similar to the one of Theorem the differences beeing;:
e In Theorem there was an additive part which is 0 here.

e In Theorem the multiplicative reward R (which was denoted «j) depends only on the
current state Y and not on the following state Yjy1, so it was outside the expectation. Thus,
one need to adapt the proof.

e Here the process and reward are stationary, so we replaced the backward equation by a
forward one, by considering the value as a function of the time remaining until the end.

O

Remark 5.59. When the D;, are independent with law p, then v” does not depend on d, and we
get:

vl (x) = sup (Zsz(I,u7Z)UT_l(f(:E,u,Z))> Ve €& .
u€C(z) \ jep

One can rewrite (5.28) as

v (z,d) = sup | R(z,d,u) Z M(“x’d)y(m,’z)vT_l(x',z) V(z,d) € EXD ,
u€C(w) (z',2)€eEXD

with
R(z,d,u) = E[R(z,u, Dgs1) | Dy =d] = > (Mg R(z,u,2))
z€D
and
My a) 2 ) = MazR(2, 0, 2) 00 = f(2u,2)/ R(z, 0, d)

Hence, the above finite horizon problem with multiplicative payoff is equivalent to a finite
horizon problem with (usual) multiplicative payoff for a MDP on the same state space, and control
space but with transition probabilities M (1; ),(',2) and multiplicative reward R.

‘We have more.
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Theorem 5.60. The above finite horizon problem with multiplicative payoff is equivalent to the

finite horizon problem defined for a MDP on the same state space, the control space C(x) = C(x) X

)

Agcxp, and with transition probabilities M;Z,’e = 0, and the following additive payoff criteria

JT () :=JT(Y;U,0) :=E : (5.29)

T-1

m=0

where o = (0})k>0 is any strategy in X or X®, (Y,U,0) := (Yi, Uk, Ok )k>0 is the process induced
by o, the final reward is ¢ = log(y), and

7, d, u,0) = log R(x, d,u) — KL, M) ) (5.30)

¢ where ICL is the Kullback-Leibler distance (or entropy):

0y
KL@O.6)= 3 b.alog (9’@)
x,d

(z,d)eEXD

Proof. Take the logarithm of the dynamic programming equation rewritten with E, and denote
7 (x,d) =logvT (x,d). Then, ¢7 satisfies the forward equation (for (x,d) € £ x D)

" (z,d) = sup |log(R(z,d,u))+ log Z M&d%(x,’z)eﬁpl(””/’z)
u€C(z) (x',2)eEXD

We compare this equation with the dynamic programming equation of the value w” of the
additive criteria problem, which is (for (z,d) € £ x D)

wl (z,d) = sup 7(x,d,u,0) + Z M&?d),(a:’,z)wT_l($,7 2)
ueC(z),0€EAsxD (2/,2)EEXD
Both equations have the same initial condition 7° = logy = ¢ = w'.
So one only need to show, that for all (z,d) € £ x D and u € C(x), we have

=~ !

~T_1
log(R(z,d,u)) + log Z M gy a0y (@)
(2,2)EEXD

= sup |7(x,d,u,0)+ Z M(qg,gd)’(x“z)wT—l(m/’Z)
0eiexp (2',2)€EXD

when 971 = 71,

This follows from the following lemma. O
Lemma 5.61. For any finite set £, vector v € R, and probability v € Ag, we have
log (Z erev(x/)> = sup (—ICE(H, v)+ Z wa(;c/)>
z'e€ 0ens z'e&
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Proof. The map ¥ : v — log (Ex,eg l/x/e”(m/)> is convex. This follows from Holder inequality for
the “integral” with respect to v.
So

Y(v) = sup 0 -v —Y*(0)

0cRe

where

¢ (0) = sup 0 - v — 4 (v)

vERE

is the Legendre-Fenchel transform of ¢. Computing ¢* (by differentiating), we obtain that ¢*(0) =
KL(0,v) when 0 € Ag and 400 otherwise. O

Corollary 5.62. Consider the dynamic programming equation of the Kullback-Leibler additive
criteria:

wl (z,d) = sup 7(x,d,u,0) + Z M&,ﬁd) (o z)wT_l(a:’, 2) |,
uelC(x),0€AsxD (2/,2)EEXD AT

with initial condition w® = @. Then, if, for all (x,d) € € x D and k > 0, there exists

m'(z,d) € Argmax 7(z,d,u,0) + Z M(um’ed) (! z)wal(x’, a1 .
uEC(m),BGASXD ({E’,Z)GEXD AT

and if we denote by w1 (x,d) the u-coordinate of n* (x,d). Then, 71 is an optimal policy for the

itial MDP.

5.4.3 Risk sensitive control in infinite horizon

Consider now, for the same MDP and for all strategies 0 = (o%)x>0 in X or YR the long run time
average multiplicative payoffs:

T—-1
1
T (y) :=J T (Y;U) = limsup (TlogE [T R(Xm, U, Dins1) | Yo =y ) . (5:31)
T—o0 m—0
1 T—-1
J(_’U)(y) ::J_(Y; U) = 111{11)1()I<1)f (TIOgE 1__[0 R(va UmmeJrl) | Yo=y ) s (5.32)

where (Y,U) := (Yj, Uk)k>0 is the process induced by o.
Consider the Bellman operator associated to the Kullback-Leibler rewards (given in (5.30)).
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This is the operator B on REXP given, for all (z,d) € £ x D, by

BN (w))(z, d) == sup 7(z,d,u,0) + Z M&ii)’(m,’z)wal(x’, z)
UEC((JE),@GASXD (m’,z)eng
= sup log R(z, d,u) — KL(6, M((;L)d) )+ Z O yw(a', 2)
u€C(x),0€Asxp o (2',2)€EXD

= sup log [ R(z,d,u) M((;L’)d)’(xl’d)ew(x’@)

uel(z) (¢/,2)€EXD
= sup (Z Mgq.R(z,u, z)ew(f(%“vz)’z)>
ueC(x) ~eD

Theorem 5.63 (The ergodic risk-sensitive dynamic programming equation). Assume that there
exists p € R and w € RE satisfying the ergodic risk-sensitive dynamic programming equation:

pl 4w = B (w) | (5.33)

with B as above. Then, the value function of the long run time average multiplicative Markov
decision problem :
¢F(z) :== max JF) (z) |

(e

where the mazimum is taken over either all relazed strategies (starting at time 0), or over the
restricted sets of pure strategies, Markov strategies, feedback policies, or stationary feedback policies,
satisfies

(Fx)=p Vze& .

Moreover, if, for all (z,d) € € x D, there exists

m(x,d) € Argmax 7(z,d,u,0) + Z O Hw(a',z) |
UGC(I),HEASXD ((E’,Z)ESXD

and if we denote by w1 (xz,d) the u-coordinate of w(x,d). Then, w1 is an optimal policy for the long
run time average multiplicative MDP.

Note that ([5.33)) is equivalent to the following equation for v = e":
v = sup (Z Moo R, 2)o(f (2,1, 2), z>> ,
ueC(x) €D
and that 7 can be find directly by using:
m1(,d) € Argmax (Z My R(w,u, 2)o(f(2u, 2), z>>
ueC(x) €D
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Consider now the same MDP as above and for all strategies o = (04)x>0 in X or &, the long
run risk sentive payoffs for 0 < v < 1:

T-1
1
JE19) () :=J T (Y U) := lim sup (wlogE 1] B (X, Un, Diny1) | Yo =y > . (5.34)
T—o0 m—0
1 T—1
JEO) (y) == (Y U) = lim inf <7Tlog]E EORV(Xm,Um,DmH) | Yo=1y ) . (5.35)

where (Y,U) := (Y, Ug)k>0 is the process induced by o.
The associated Bellman operator is given, for all (x,d) € £ x D, by

B (w)|(x,d) := sup log ﬁ,y(x,d, u) — 1ICE(Q, M((ZZ;))) + Z Oz yw(z', 2)
weC(z),0€Asx v U (@ n)eExD

1
=—log sup Z My, R (z,u, Z)evw(f(r,u,Z),z)
v uel(z) \ep

where

2=

E7($,d,u) = (E [R’y(xau7Dk+1) ‘ Dy, = d])l/’y = (Z MdZR(x7uvz>> )
z€D

and

ML oz = Maz R (2,0, 2) 60— )/ (R (2,0, d))

Corollary 5.64. Assume that there exists p¥ € R and w? € RE satisfying the ergodic risk-sensitive
dynamic programming equation:
pP1+w =B"(w) , (5.36)

with BY as above. Then, the value function of the long run risk sentive Markov decision problem :

Ciﬁ(x) = max J (&) (x)

where the mazimum is taken over either all relaxed strategies (starting at time 0), or over the
restricted sets of pure strategies, Markov strategies, feedback policies, or stationary feedback policies,
satisfies

(@) =p" Vzek& .

Moreover, if, for all (x,d) € £ x D, there exists

m1(z,d) € Argmax <Z My, R (z,u, Z)ve”(f(fL“,u,Z),Z)>
ueC(x) €D

then, m is an optimal policy for the long run risk sentive MDP.
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5.5 Problem: Machine replacement

Consider a machine which has several levels of performance depending on its use and that can
eventually be repaired/replaced. Let £ = {1,...,n} be the set of its possible states, where i is a
better state than 7+ 1, meaning in particular that 1 corresponds to a machine in perfect state. For
any given state ¢ € S, we denote by g; the reward obtained from the use of the machine during an
interval of time of one unit (second, minute,...), when it is in state i at the begining of this interval
of time and it is not being repaired. We assume that g; > --- > g,. We denote by R the cost to
repair the machine and assume that after reparation during one unit interval of time, the machine
is in state 1 at the begining of the next interval. We also assume that, when the machine is in state
1 < n and is not repaired, then, after one unit of time, it stays in state ¢ with probability 1 — p;
and becomes in state ¢ + 1 with probability p;. Moreover, if ¢ = n then the machine stays in state
n as long as it is not repared. Here, p1,...,p, are elements of the real interval (0,1). We would
like to optimize the productivity of the machine in the long run.

To solve this problem, we consider a MDP with mean-payoff criterion with for each time ¢t € N,

X, : as the state of the machine at the begining of the time interval [¢,t + 1), where X; € £ the
state space;

U; : as the action of the MDP at stage ¢, equal to 1 if we decide to repare the machine during the
time interval [t, ¢+ 1), or 0 otherwise, so that the set of actions is C = {0, 1}, and we can take
also C(i) = C for all i (the set of actions is the same for all states of the machine).

The dynamics of the MDP is:

P(Xps1=j | Xo = 6,Up = u) = M

with
M) =1 vie€
MY =1—pi, MY,

17i+1:pi, VZG{I,,n—l}
M =1
K]

n

0
M{ L)

0
z; =0 for all other cases.
The reward (gain) at any time ¢, given the state = € £ and action u € C is

g(w;u) = gz(1 —u) — Ru .

The payoff of the MDP is the limit when the horizon tends to infinity of the expected productivity
in one unit of time, that we try to maximize. Then, the value of the problem is

T—1
1
¢(i) = sup limsup —E E 9(X;Up) | Xo=1|
T—o0 T —0

where the supremum is taken among all the feedback strategies defining the process (U;)¢>o: Ur =
Tt (Xt)

Q 5.1. Write the ergodic dynamic programming equation associated to this problem.
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Q 5.2. Compute the graph associated to this problem and show that the previous equation has a
solution.

Q 5.3. Can we use policy iterations to solve this equation?

Q 5.4. Let v be a bias solution of the ergodic equation, and let m be a stationary feedback control
associated to v. Show that my = 7w, t = 0,...,7T — 1 is an optimal strategy for the finite horizon
problem with reward g and final reward v. What is the interpretation of v and 77

Q 5.5. Consider the finite horizon problem with reward g, final reward ¢ = 0 and horizon T' = 10
and assume that 9(g1 —gn) < R+g,. Show that the optimal strategy is to never repair the machine.
Explain the difference with the strategy obtained in the previous case.

Q 5.6. Show that there exists a bias v solution of the ergodic equation, such that v is nonincreasing
(that is satisfying v(z) > v(z + 1) for z € {1,...,n — 1}).

Q 5.7. For u € C, denote by F( the Kolmogorov operator associated to the constant policy
(i) = u, for all i € &:

FO (), =9 T (1 = po)v(z) + pav(z + 1) %f:c <n
gn +v(n) fz=n

FO@W), =—R+0v(1) .

Given any nonincreasing bias vector v, show that the optimal policy is to repare the machine when
1 > i* only, where

i* =max{i € £ | FOv); > FO(v);} .
Q 5.8. Let p,v be a solution of the ergodic equation such that v(1) = R + p. Show that v(i) =0

for ¢ > 7* and

i—1
v(i) :R—i—p—|—z:m for i < min(n,i* 4+ 1) .

=1 Pi

Deduce that the bias is unique up to an additive constant.
Q 5.9. Using the nonincreasing property of v, show that p < g;+ and that g;«11 < p, when * < n.
Q 5.10. Let

i—1
w(i) :—g¢+2¥ .
J

j=1

Show that w is nondecreasing.
Q 5.11. Show that w(i*) < R and that R < w(i* + 1), when ¢* < n. Conclude.
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5.6 Problem: Portfolio selection with transaction cost

An investor has the choice to invest in a bank account with a fixed proportional return equal to
r for each unit of time, or a risky asset (stocks) with a random proportional return equal to a1
between time k and time k + 1. The oy take their values in a finite subset A of (0, +00), and are
independent and identically distributed. Transactions on the risky asset induce a proportional cost
(commission), which is the same when buying or selling and is denoted by ¢ € (0, 1).

Q 6.1. Denote by w}g the amount of money in the bank account and by wj the value in money
corresponding to what is already invested in the risky asset at the begining of the period of time
[k, k + 1]. Denote also by wy = w}g +wj, the total wealth, and by xj, = Z—E the proportion of wealth
already invested in the risky asset. At the begining of the period [k, k + 1], the investor chooses the
(new) amount of money wy, to be invested in the risky asset. Let us denote by uy > 0 the ratio

. . w’
between this amount and wy, that is u; = u’j:

. Show that the resulting amount of money in the

bank account, denoted w}ng, satisfies:

b
wy

=1—ug —clup — x| .
Wk

Give the conditions on wy so that w,, and wEJr remain nonnegative and write these conditions in
the form uy € C(xy), for some subsets C(x) of R to be defined.

Q 6.2. Show that, when uy € C(zy),

W41
Wk

= R(xp, up, ok1)  and  zpp1 = f(Tp, Uk, 1),

for some maps R, f : [0,1] x [0,1] x Ry. Deduce that (zy)r>0 can be seen as a MDP with values in
the state space £ := [0, 1], controlled by the sequence of actions (ug)r>0 with values in the action
space C := [0, 1], and such that C(z) C C is the possible action space when the state equals x.

Q 6.3. The aim of the investor is to maximize the expected return of the portfolio in the long

run. One possible measure of this return is to take the limit when 7" goes to infinity of % log (%)
Write this problem as an ergodic control problem.

Q 6.4. Write formally the ergodic dynamic programming equation associated to this problem,
although the state space is infinite (note that when the sets C(z) are replaced by finite subsets of
C(z), and zo takes its values in a finite subset & of £, the random (finite) sequence (xj)o<k<T
remains in a finite subset 7, so that the equation can be shown using the same techniques as in
the finite state space case).

Q 6.5. Solve the equation, in the case with no transaction costs, ¢ = 0.

~
Q 6.6. Assume now that the aim of the investor is to maximize the expectation of (%) during a

fixed period of time T, where 0 < v <1 is a parameter. Write formally the dynamic programming
equation satisfied by the value vz; of the resulting MDP with finite horizon.

Q 6.7. Write the equation satisfied by w’ = % log Ug; . Show that w” is the value function of a new

MDP with finite horizon and enlarged action space. Which equation computes limp_,o, w’ /T?

Q 6.8. Solve the equation, in the case with no transaction costs, ¢ = 0.

121



Additional references for this chapter

[EC1] Serguey Brin and Larry Page. The anatomy of a large-scale hypertextual web search engine.
Computer Networks and ISDN Systems, 30(1-7):107-117, 1998. Proc. 17th International
World Wide Web Conference.

[EC2] E. V. Denardo and B. L. Fox. Multichain Markov renewal programs. SIAM J. Appl. Math.,
16:468-487, 1968.

[EC3] Tosio Kato. Perturbation theory for linear operators. Classics in Mathematics. Springer-
Verlag, Berlin, 1995. Reprint of the 1980 edition.

[EC4] E. Seneta. Nonnegative matrices and Markov chains. Springer Series in Statistics. Springer-
Verlag, New York, second edition, 1981.

122



Chapter 6

Markov decision problems with
partial observation

6.1 Motivation

Until now, we assumed that at each time k, we (the person who decide) know the history of states
and actions until this time: Hy = (Xo,Up..., Xx—1,Ux—_1, Xx). Then, at each time a decision is
taken using the knowledge at that time. This decision consists in choosing an action Uy which is
either a deterministic function of the history, Uy = op(Hy) € Cr(Xk), or a random function of the
history, in which case Uy is a random variable with values in Ci(X}), and ok (Hy) is its law. A
strategy is then a rule which tells the decision to take at each time, that is a sequence (o)x>0. The
aim is to optimize the expectation of some criteria, or its conditional expectation given the current
knowledge, and this optimization is done over all possible strategies.

Now we shall assume that we only know (that is observe or measure) at time k& some of the
parameters Yy of the state Xj: Y; may be (seen as) a projection of the state X € £ and possibly the
control Ug_1 € Cr_1 on asubset )V of £ or £xC, moreover, this projection may be perturbed by noise.
We speak of partially observable Markov decision processes (POMDP), or incomplete information
1-players games. The information I available at time k, is now the history of observations and
actions, that is Iy = (Yo,Up..., Y 1,Uk_1,Y%). A strategy adapted to the observations now
only depend on [; at time k. For instance a decision associated to a pure strategy satisfies:
U = ok (1)) € Ck. Since we do not know X}, we cannot restrict the set of actions by the condition
Ui € Crp(Xk). One may however consider restrictions of the form Uy € Cp(Yy), or extend the
instantaneous rewards by —oo, when Uy, & Cr(Yi).

For instance, for the MDP:

Xn+1 = fn(Xny Una Wn+1)7 n >0

where X, € £, U,, € C,,(Xy,) and W,, € W, n > 1, are independent random variables, one may only
observe:

Yn+1 = On(Xn+17Xn7 Un7WT/L+1) € y ’

where W) € W', n > 1, are independent random variables, independent of the Wy, k > 1.

The sequence (W),),>1 is the noise on observations.

Then, one may first ask if we can recover after some time the sequence of states Xg,..., X,
using an appropriate sequence of controls (Uy)x>0. At least, we would like to compute and optimize,
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given the information at time k, the expectation of
T
(Sortt) et
n=k
Example 6.1. Consider £ =Z N [—a,al, C ={-1,0,1}, ¥ = {—1,0,1} and the dynamics

Xnt1 = max(min(X,, + Up,a), —a)
Y, =sgn(X,) with sgn(0)=0 .

Applying the actions:

Un = _Yn
we obtain
Xo=7:=inf{n >0,Y, =0}
and Xo,..., X, are recovered, but this does not allow one to optimize any criteria of the form:
T
(Zr(XmUn>> +o(X7)
n=0

Assume now that the dynamics of Y,, is perturbed as in

Xp+1 = max(min(X, + Uy, a), —a)
Y, =sgn(X, +W)) with sgn(0) =0 ,

with W), € W/ = {—1,0,1} a sequence of independent random variables. Then,
Xo=7+0, 1, or —1, where 7 :=inf{n >0,Y, =0o0r ¥,,)Y,,41 = —1}
and Xy is only recovered up to the addition of 0,1 or —1.

Example 6.2. Consider £ = & x &, with & C R, C = Ry, Y = & and X, is the couple
(position,speed) of a car on a line at time n, U, is the acceleration assumed to be constant on the
interval of time [n,n + 1), and Y}, is only the position at time n. Then

Xn+1 = f(Xna Un)
Yn = [Xn]l 5

with f((x1,22),u) = (u/2+x9+21,u+22)”. This is obtained by integration over the time interval
[n,n 4+ 1) of the time continuous system:

1:1:$2
ar:'g:u
Yy=x .
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Example 6.3. Consider a MDP for which one does not know the model, that is the transition
probabilities M;Z), nor the instantaneous rewards r(z, u) are not known. However, one can observe

the sequence of states X,, € £. Assuming that transition probabilities functions (z,y,u) — MQ(EZ)
and the reward functions r, belong to a finite set Z, one can consider the enlarged MDP with state
space £ x Z and state (X, Z,) at time n with Z,, = z, for all n > 0, in which z is the parameter
defining the transition probabilities functions 0(z) and rewards 7(z), and X, is the state process of
the MDP with transition probabilities MQEZ) = 6(2)(x,y,u). In that case, one need at the same time
to optimize the criterion and learn the model. This is what is done in Q-learning or reinforcement
learning.

Example 6.4. Assume that £ = {1,2,..., N} is the set of states of a machine in which larger
means worst (N corresponds to breakdown). Also, C = {0, 1,2} is the set of possible actions: u =0
means that one does not test the machine and thus does not repair it, © = 1 means that one test
it but does not repair it, and v = 2 that one test it and repair it. The set of observations is
Y ={0,1,..., N}, where y = 0 means that one does not test the machine and so does not know its
state, and y # 0 is the state of the machine when we test it. Then one can consider the following
dynamics:

1 it U, = 2,
Xnt+1 = .
X, +W, ifU,<1

v _ {min(max(Xn +W/),0),N) ifU, >1,

0 otherwise,

where W, are independent random variables, taking the values 0 and 1, and W), are independent
random variables, independent of the W}, taking the values —1,0, 1.

6.2 Partially observable Markov decision processes

Definition 6.5. A Partially Observable Markov Decision Process (POMDP) consists in the fol-
lowing parameters:

e 2 finite or discrete state space &;
e a finite or discrete observation space Y;

e an action space C

for all k£ € N, the subset C; C C of all possible actions at time k;

an initial probability p(® e Agxyon € x Y,

o for all k € N, z € £ and u € Cg, a probability row vector Mék’u) over £ X ), the entries of
which will be denoted (""" .
(z',y")eEXY

The POMDP is stationary if C;, and Mék’u) do not depend on time k. In this case, the index or
argument k is omitted. It is uncontrolled if the sets Cy, are singletons. In this case, the argument u
is omitted.
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Formally, a POMDP allows one to construct discrete time processes (Xj)r>0, (Yx)r>0 and

(Uk)k>0 taking their values in £, Y and C respectively, with transition probabilities Miﬁ}u’yl) :

MES) — p(X =2 Vi =y | Xe =2, Up =) | (6.1a)

rx

and such that (X, Y}) satisfies the following Markov property:

P (Xpq1 = opr1, Vi1 = U1 | Xe = 28, Y = Y, U = g,
Xp—1=g_1,..., X0 = 20, Yy = Yo, Up = up)
= P(Xpq1 = Tp1, Yir1 = Y1 | X = 24, Up = wg)
Ve, €&, y; €Y, u; € C;,withi >0 . (6.1b)

We thus can see (X, Yy )n>0 as the process of a MDP but with the additional property that
P(Xp1=2" Y1 =V | Xp = 2,Yr = y,Ux = u) does not depend on y.

Definition 6.6. Given a POMDP as above, denote Zj, = Ag X --- x Ag_1 X ), where (this time)
Ap, := Y x C. This is the set of informations at time k.

A pure strategy for the POMDP is a sequence o = (0y)>0 such that, for all £ > 0, oy, called
the strategy at time k, is a map from 7 to C satisfying

Uk(lk) S Ck, for all i, € T, .

We denote by X the set of all pure strategies. A pure strategy gives rise to the stochastic process
(Xk, Yk, Uk, I) >0 with transition probabilities as in (6.1]), satisfying in addition

Up = or(Iy), and I = (Yo,Uop,...,Ye—1,Up—1,Ys) €Iy ,

that is there exists a probability space (£2,2(, P) and a stochastic process (X, Yy, Uk, Ir)k>0 over
this space satisfying all the above properties.

Such a sequence (Xy, Yy, Uk)r>0 is also called an admissible sequence of states, observations,
and controls.

Definition 6.7. A random (or relazed) strategy is a sequence o = (0y)k>0 such that, for all & > 0,
o1, is a map from Zj, to the space of probabilities, denoted here C®, over a given probability space
(C,2¢) such that the support of oy (ix) is included in Cg, for all k£ > 0 and i, € Zj.

Such a strategy gives rise to a stochastic process (X, Yy, Uk, Ii)r>0 satisfying, for all B € ¢,

PUy € B | Ix) = [ox(Ix)](B), and Iy = (Yo,Uo, ..., Ys-1,Uk-1,Y) €Iy .
We denote by LR the set of all relaxed strategies.

We can also define the notions of Markovian strategies and feedback strategies.

However, since Yy, ..., Y; may all be useful to get some information on X, the maximum of
any criteria over all strategies will not coincide in general with the maximum over all Markovian
strategies.
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Fact 6.8. Given a POMDP as in Deﬁnition and a pure strategy o = (0j)r>0 € X, the associated
stochastic process (X, Yy, Uk, Ix)r>0 as in Definition is such that (Ix)g>o is a Markov chain

with initial law p(*-0):
Y,0) _ 0
pz(/ )= Zpﬂ(cy) )
z€eE
Indeed, since the information [ is contained in 11, and the transition probabilities are:

— M(kvak(zk))

P(lpy1 = ipy1 | Iy = ig) Uosthkt1

where, for u € Cy,

k) _ ) PYepr =y | Ip = i, Up = u) i deyr = (i, 1, Ykt
bkt 0 otherwise.

So (Ig,U) is the state-control process of a MDP with state space Zj, control space Cj, at time k,
and transition probabilities ME::Z )+

is a Markov chain.

|- Similarly, when o is only a random strategy, then ({x, Ux)r>0

As for MDP, one can consider the following model of POMDP, with a given probability space.

Definition 6.9. A Partially Observable Markov Decision Process (POMDP) consists in the fol-
lowing parameters:

e a finite or discrete state space &;

a finite or discrete observation space Y;

e an action space C;

e for all £ € N, the subset C; C C of all possible actions at time k;
e an initial probability p(® e Agxy on &€ x Y,

e a probability space (Q,2l, P), a random variable (X, Yy) with values in £ x ) and law p(®,
and two sequences of independent random variables (W;,)n>0, (W),)n>0 with values in some
discrete spaces W and W, independent from each other and independent from (X, Yp);

e for all k£ > 0, the dynamics of the state at time k, which is a map fi : € X Cp, x W — &, and
the dynamics of the observation, which is a map o : € x € x C, x W — Y.

The POMDP is stationary if Cy, f and oj do not depend on time k, and if the W}, and W}, are
identically distributed. In this case, the index or argument k is omitted. It is uncontrolled if the
sets Cp are singletons. In this case, the argument u is omitted.

Given a POMDP in the sense of Definition and a strategy of one of the above forms, one
can construct on a probability space (extending (£2,%2()), discrete time processes (Xj)r>0, (Yi)k>0
and (Ug)k>o taking their values in £, ) and C respectively, satisfying, for all n > 0:

Xn-‘rl = fn(Xn; Unv Wn+1)7
Yn+1 = 0n<Xn+17 Xna Una erl-t,-l)-

Moreover, one can keep the probability space (£2,2() when the strategy is pure.
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Fact 6.10. Given a POMDP in the sense of Definition [6.9] we can construct the following transition
probabilities which define a POMDP in the sense of Definition [6.5], with same behavior as the initial
POMDP:
k7 b} !
M( /u v) = P(fk(x7 u, Wk+1) = xla Ok(xla z,u, W]ngl) = y,) .

Tx

Associated to a Partially Observable Markov decision process, we can consider an optimization
problem which consists in maximizing (or minimizing) a criteria equal to the expected value of a
functional of the random processes (X)x>0 and (Uj)r>o induced by the above model among all
(relaxed) strategies depending on the information. As for fully observable processes, the criteria
can be of several types:

Finite horizon (time) additive or multiplicative or mixed criteria.

Infinite horizon discounted (additive) criteria.
e Additive criteria with stopping time, which may be fixed or to be optimized.
e Long run time average criteria.

We shall only discuss here the finite horizon additive criteria.

6.3 POMDP with additive criteria and finite horizon

Let be given a POMDP as in Definition [6.5 or Definition and consider or denote:

e for all k € N, the instantaneous/running reward/payoff at time k, which is a map 7y : €xC, —
R;

e a final reward, which is a map ¢ : £ — R;

e for all strategies 0 = (o%)x>0 in X or YR associated to the POMDP, the total additive payoff
with finite horizon T > 1:

1

T—
(Z k(X Uk)) + QO(XT)] : (6.2)

k=0

JTo) .= JT(X;U) :=E

where (X,U) := (X, Ug) x>0 is the process induced by o as in Deﬁnition or Deﬁnition

e and the additive payoff starting at time t with information i, € I;:

T-1

Jt(T,a)(Z.t) — Jgit(X; U):=E [(Z ri( Xk, Uk)) +o(X7) | I = it] . (6.3)

k=t

Definition 6.11. A Partially Observable Markov decision problem with the above data consists

in the following optimization problem:

max J(7>)

where the optimization holds over either all relaxed strategies o € LR, or all pure strategies
associated to the POMDP, that is strategies depending on the information only.
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The optimum of above criteria is called the value of the problem.
An optimal solution ¢ is called an optimal strategy, and the corresponding process Uy, an optimal
control process.

To compute the optimal strategy, we can rewrite the previous criteria as an additive criteria for
the process (I, Upn)n>0-
Denote (for any strategy o)

Fr(i,u) = E[re(Xe, Up) | Iy =4, Uy =u]  VieIy,uel
(i) =E[p(Xp) | Ir =i] VielIr .

Then,

E [ (Ig, Ug)] = E [r (X, Uy)]
E[¢(I1)] = E[p(X7)]

Similarly if we consider the filtration F; = 0®(Iy, Uy), then for all ¢ < k < T, we have

E [fk(fk, Uk) | fg] =E [Tk(Xk, Uk) ’ fg]
E(@(Ir) | Fo] = Elp(X7) | Fil

Fact 6.12. For all strategies ¢ = (01)k>0 in X or X associated to the POMDP, the functionals

JT:9) and Jt(T’U) () correspond to the additive payoff of the MDP (I, Uy)n>0, with instanteneous
reward 7 at time k, and final reward ¢.

Theorem 6.13 (Dynamic programming equation for POMDP with finite horizon as a function
of information). Assume that the maps p,ry, k > 0 are bounded from above. Let vy be the value
function of the information of the POMDAP:

v (i) 1= max JIET’U)(Z']C), Vir € Iy

where the mazximum is taken over all relaxed strategies starting at time k. Then, v satisfies the
following backward recurrence, called the Bellman dynamic programming equation:

. - k, . .
vr(in) = sup | Filinu)+ Y MEY wa(ing) | Vie €T (6.4)
u€Ck Tet1€L0+1

with final condition
vr = (/3 .
Moreover, the values v obtained by optimizing over the restricted set of pure strategies coincide with
the one over the set of relaxed strategies.
Assume in addition that the mazimum of (6.4) is attained for an action u € Ci and let us

denote by oy (ix) this action, then the pure strategy o = (0 )o<k<r—1 5 an optimal strategy of the
problem.
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The difficulty with this result is that Z; evolves with time k, and that the transition probabilities

MEI]:ZC )+1 and the rewards 7y and ¢ are not so easy to compute.

For instance, if i, = (yo, w0, - -, Yk—1,Uk—1, Yk ), and ix+1 = (ik, u, Yr+1), then
k, .
MEk,ZfH = P(Yer1 = Yp41 | Iy = ig, Uy = u)
_ P =i, Up = u, Yey1 = Yrt1)
P(Iy =i, Uy = u)

with fOI' Zk = (y07u07 e Yk—1, uk*layk)a

P(Ij; = ik, Ug = uk, Yir1 = Ykt+1)
:P(% :ZJO,UO:UO,u-,Uk: :ukayk‘-i-l :yk+1)

= > P(Yo=1y0,Xo=120,Uo =10, , Uk =, Yiy1 = Yks1, X1 = Tht1)

L0+ Th+1
— 0 — . 07“ 5 _ s (k7uk’yk+1)
- Z péo),yOP(UO =g | Io = ZO)Mﬂ(fo,w? w.. PUy = ug | Iy = k) May oy’
Z0y-+ 5 Th+1

6.4 A sufficient statistics
Consider the belief process By, € Ag¢ defined by
Bip(z)=P(Xp=xz|I) Yxe& .
By definition of By, it is a measurable function of Ij. Indeed By(z) = E[1x,=5 | I] and
By, = bi(I) with [bp(ig)](x) = P(Xg =2 | Iy = ix) = E[Bk(z) | Iy = ix] Vix € Zy, .

Therefore, the set of (pure or random) strategies o which depend only on By is smaller than the
set of all (pure or random) strategies (which depend on Ij).

We shall show that the optimum of the criteria are the same, or equivalently that the belief pro-
cess is sufficient to compute the optimal strategy. This is done by proving the following properties
for By.

Theorem 6.14 (Dynamic programming equation for a sufficient statistics of the POMDP). Let
cx be (measurable) maps from Ty, to some set E. Given a strateqy o € LR, we consider the process
Cr = cp(Iy). Assume that for all k > 0, ix € Iy and up € Cx, P(Cry1 = ' | I = g, Up = uy)
oy kouk)

A/Ck(ik)zc
Tk (ik, ug) depends only on cx(ix) and uy, Tx(ix, ux) = Ri(ck(ir), ur), and @r(ir) depends only on
cr(ir), ¢ir) = ®(cr(ir)). -

Then, the process (Cy,Uy) defines a MDP with state space € and action spaces Cy, and

depends only on ci (i) and ug, and let us denote by , its value. Assume in addition that

JTo) = |

T-1
(Z ﬁk(Ck, Uk)> + (AI;(CT)

k=0

Moreover, assume that the maps p,r, k > 0 are bounded from above. Then, the value of
the POMDP, that is the supremum of the previous functional over all (relaxed) strategies o of the
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POMDP, is equal to the supremum over all strategies of the form o), = o}, o ¢, that is depending
on Cy, only. More precisely, let wy, € RE satisfies, for all ¢ € <€~',

wy(c) = sup | Ri(c,u) + Z Mc(i’,u)wkﬂ(c') . (6.5)
ueCh ce€
with final condition
wp = .

Then, wy, is the value function of the MDP (Cy,Uy) with the above criteria, that is, for all ¢ € E~,

wi(c) = max J{"(c)

where, for all0 <t < T,

T-1
T () :=E KZ Ry (Cy, Uk)> +3(Cr) | Cy = c

k=t

and the mazimum is taken over all (relazed) strategies for the process (Ck,Uy), starting at time k.
If vy, is as in Theorem [6.13, then

vk(zk) = wk(ck(ik)) Vi € Iy .

In particular v = E[vg(lo)] = E [wo(Co)] and the values v obtained by optimizing over the set of
pure or relaxed strategies for the POMDP and the restricted set of pure strategies depending only
on the Cy, coincide.

If, in addition, the mazximum in (6.5)) is attained for an action u € Cp and if we denote by
o.(c) this action, then the pure strategy o = (0}, o ¢ )o<k<T—1, depending on the Cy, is an optimal
strategy of the problem.

When C}, is as above, we say that the process (C)r>0 is a sufficient statistics of the information
process (I)k>0-

Proof. Since the functionals to be maximized for the POMDP and the MDP (Cy, Uy) are the same,
it is sufficient to prove that the value functions obtained from the dynamic programming equations
are the same, that is to show that vy (ix) = wi(cx(ix)) for all iy, € Zy.

Let us show this by backward induction. We have vy (ir) = @(ir) = ®(cr(ir)) = wr(er(ir)).
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Assume now that vg41(ig4+1) = wrt1(ckr1(igs1)) for all ig 1 € Zyy1. Then, for all i, € Zj, we have

Uk(ik) = sup (fk(ik,u) + Z MEI]::ZC)+1U;C+1(Z']€+1)

ikr1€T, 11

= sup (Bi(ep(ip), ) + E [wp (i (1)) | T = in, Uy = u])

u€eCy,
= sup (Rk cr(ix), u) + Z W1 () P(Cy1 (Tpg1) = ¢ | I = ig, Up = u)
ueCe =
= sup (Rk ck(ig),u) + Z Ck(mc wi1(c)
u€Cy
=
= wk(ck(ix))
This shows the induction and finishes the proof. O

The following result shows that Bj satisfies at least the properties relative to the criteria in
Theorem [6.141

Lemma 6.15. Let 0 € X or =R be a strategy for the POMDP, and let (Xp, Yn, Un, In)n>0 be the
process induced by o. Let B, be the belief process

B(z)=P(X,=xz|1,) Vzxef& .

We have
Ik,Uk ZBk T‘k x, Uk) Rk(Bk,Uk) with Rk(b,u) :b'Tk(-,’LL)
el
= Br(x)e(x) = ®(Br) with®(b) =b-¢ .
ze€
Therefore
JT9) =K

T-1
(Z Ry(By, Uk)) + ®(Br)

k=0

Proof. We have for all i € Z;, and u € Cy,
= Z rk.(xk.,u)P(Xk = Tk ’ Ik = i,Uk = u)

zL€E

Then, using that Uy = o1 (I)) or has a law equal to o (I;) and is independent of X}, we get

Tk, Uk) = > ri(ar, Un) P(Xg = ax | )

N

- Z re(zx, Up) Bp(xy) = Ri(By, Up) .

zp€E
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Similarly

$(Ir) =Y Br(z)p(x) .

z€eE
]

To prove that (Bj)r>o is a sufficient statistics, and thus use the DP equation of wy, it remains
to show that P(Byxy1 = b | Iy = ik, Ux = ug) depends only on bg(ix) and ug, and thus can be

3 N(kvuk
written as Mbk ()b

6.5 The dynamics of the belief process

We first show a formula for the transition probabilities of the information process using the belief
process.

Lemma 6.16. Let 0 € X or X be a strategy for the POMDP, and let (X, Y, Upn, In)n>0 be
the process induced by o. Then, the belief process (By)n>0 satisfies By = by (1) with by(ix) =
E[By | I = ix) € Ag, for all k > 0, so it is adapted to the filtration (F,, = 0*(I1,,))n>0. Moreover,

fO?” all k > O; i = (y0>u0> s Ye—1, uk—lvyk)z and Z.k-‘rl = (Zk‘a ukayk-i-l): we have
M’Ek::gl — Z ([bk(lk)](wk)Mm(k,g',iferl)) = by, (i) M Fvrtm)q
Tp,T41EE

P?"OOf. Let k > 07 i = (y07u07 .. 'aykflaukfhyk)a and 7;kJrl = (ikyukayk+l)- We have
k :
Mgk;ﬁ)l = P(Yir1 = Y1 | In = in, Up = ug)
_ PUk =i, Up = upg, Yey1 = Yrt1)
P(Iy, = iy, Uy = uyg)

with
P(I, = ik, Up = up, Y1 = Yp+1)
= Y Pk =i, Up = g, Xi = @, Vi1 = Y1, Xeg1 = Tpp1)
LTl Ll+41
_ s _ _ oz (kyuk7yk+1)
= Y PUx =ik Xp = 1) P(Uy = wy | Iy = i) Mayy )]
Tk Tk+1
. . . k7 )
= Y Pk = it) P(X = g | I = ix) P(U = ug | Iy = i) Mo e )
Tk T+1
= > Pl =ik, Up = we) P(Xp = . | Iy = i) Miy s 20
Tk Ll+1
Hence
k? . k7 )
Mgkﬁ)ﬂ = Z P Xy =ap | I = zk)Mék,;iffH) ,
Tg,Tp41E€E
and since P(Xy = oy | Iy = i) = E [Br(zg) | I = ix] = [br(ir)](xr), we get the result. O
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Corollary 6.17. We have, for all iy, € I}, ug, € Ci, and V' € Ag,
Y+ 1€V, bk 1 (e, up,Yry1)=b
Proof. Use
P(Bjg1 =" | I, = ig, U, = ug) = P(bpg1 (1) = V' | Iy = i, U = uy,)
(ksug)
= Z Mim;::q ) =
Ih41€L041, b1 (py1)=b"

In view of previous formula, it is now sufficient to show that by (ix, ug, yx+1) only depends on
b (i) '
Let us first show the property in the case with no control. In this case, M%) is the matrix
with entries M i’;}y ), x,z’ € £. We shall use the notation
N() = b—lb €Ag, VbeRY .
This is a normalization: N (Ab) = N (b), for all A € Ry.

PI‘OpOSitiOl’l 6.18. If Ik = (Y(), . ,Yk), ik = (yo, . ,yk) and [bk(zk)](:c) = P(Xk =X | Ik = ik),

then
bt (i Y1) = N (g (i) MEV+))  and  bo(io) = N (p')
Proof. Let us fix i, and denote qg(ck) = P(X}, =z, I}, = i},), and similarly for i;4; and ¢**1). Since
[bp(ir)](z) = P(Xp = 2 | I, = ix), we get by(ix) = N(q™)).
We have
¢ =P(Xji1 = 2, YVirr = yi1, Iy = iy)
= P(Xp1 =2, Yis1 = 1, X = &, I = i)
z’'e€
=Y P(Xpp1 =2, Yiy1 = Yps1 | Xp = 2)P(Xp =2/, I = i)
z'e€
Z M(kvyqul _ [q(k)M(k’yk+l)]x
z'e€

Therefore ¢¥t1) = ¢®) p(kve+1) | hence
b1 (in1) = N (")) = N (g® k) |
and since by (i) = N(¢™®) is proportional to ¢¥), we deduce byy1(igs1) = N (bg (i) MFve1)). O
Generalizing the previous result to the controlled case, we obtain:

Corollary 6.19. Given a strategy o € %, with oy : Iy, — Ci, for all k > 0, we have for all k > 0,
ug € Cr, Yo, Yr+1 € YV and iy, € Iy,

it (it i Y1) = N (B (i) MES9) and bo(yo) = N (p'3)) -
Therefore the dynamics of the belief process is given by:

Bji1 = N(BkM(kak7Yk+1))
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Note first that the above dynamics is linear up to a normalization. Moreover, the future
observation Yi 11 plays the role of a random perturbation of the dynamics of the state process Bj.

Corollary 6.20. For allb € Ag, we have that

P(Byy1 =V [ Iy = iy, Uy = ug) = > by, (i) M Fuvit1) 1
yk+16y,N(bk(ik)M(k’uk’yk+1)):b’

depends only on by (ix) and ug, and thus can be written as M( o )b, with

by (i
7k by’
Mb(,b’ ) = Z (bM( y)1>

Yy €VN(bM kuy’))=p

This shows that the belief process By, is a sufficient statistics for the information process Ij,.
The Dynamic programming equation associated to the belief process By is

wg(b) = sup | Ri(b,u) Z M(b, wi1(0)

u€eCy VeAe
with final condition
wp =
in which
Ryi(b,u) =b-ri(-,u)
ob)=0b-¢p
N(k’,u) _ k;’u, 4
M = 3y (artheeann)

Y €VN(bM(kuy))=p

It can then be rewritten as:

wy(D) = sup | - ri(u) + 3 (kauy) )wkH(N’(bM(k’“*yl)))) . (6.6)
ueCy y'ey

So the sequence (Y)i>o is like a sequence of independent random variables, such that the law of
Yi+1 depends on By.

Theorem 6.21 (Dynamic programming equation for the POMDP as a function of belief). Assume
that the maps @, 1, k > 0 are bounded from above. Then, the value of the POMDP is equal to the
value of the MDP for the belief process:

Biia :N(BkM(k7Uk’Yk+1)) 7

starting at By = ./\/(p(y ). If wy is solution of (6.6) with the final condition wp(b) = b- ¢, then
v = E [wy(By)]-

Assume in addition that the mazimum in is attained for an action u € Cr and let us
denote by oy (b) this action, then the pure strategy o = (oy)o<k<7—1, depending on the By, is an
optimal strategy of the problem.
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o If £, YV and Cj, are finite, then the sets Z; are finite and so the set of possible values of By in
A¢ is also finite. To be in the case of a MDP with finite state space, we still need to consider
a variable state space: take Pj be the set of possible values of By.

e One can show that wy, is a convex function of b € Ag¢.

e One can show that wy, is Lipschitz continuous with a constant less than ZZT:_; Imelloo + ||| co-

6.6 Infinite horizon problems

One can generalize the above results to discounted infinite horizon criteria. In that case, the belief
MDP belongs to an infinite state space. However, the set of possible values of Bj can still be
restricted to a countable set, by taking the reachable set from By.
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6.7 Problem: Machine replacement with partial observation

Consider a machine which has two levels of performance: working (1) or breakdown (0). When it
is working, it can return R euros by time unit. When it is broken, it returns nothing. We do not
have access to the state of the machine, however we can choose to do some test which gives its
state. The test costs C; euros and repairing the machine (if it is broken) costs C,. euros. We denote

Xy : the state of the machine at time k (at the begining of the time period [k, k + 1)), X} = 0 if
the machine is broken, and X = 1 if it works;

Ui : the action taken at time k, Up = 1 means that we test the machine and we repair it it is
broken. and U, = 0 means that we do not test it;

Y. : the information we have on the state of the machine at time k£ — 1 in case we have tested it:
Y, = X,_1if Up,_1 =1 and Y, = —1 otherwise.

We assume that if the machine is working at time k, it will still work at time k + 1 with probability
p, and it will be broken at time k£ + 1 with probability 1 — p.

6.7.1 The corresponding POMDP

Q 7.1. Construct a MDP satisfying the above properties for X with Uy equal to the decision to
repair or not: give the transition probabilities.

Q 7.2. Construct a POMDP satisfying the above properties, with Y3 as the observation, and Uy
as the action. Show that (X, Y:) is the sequence of states of a MDP, the transition probabilities
of which do not depend on past of observations Y. Determine the transition probabilities:

MUY = P(Xp1 = 2 Y = /| X = 2. Y =y, Up = u) .

xrx

Q 7.3. The aim is to maximize the sum of the rewards during a period of T time units. Write this
problem as a POMDP with finite horizon. Precise the parameters of the problem.

Q 7.4. Write the dynamic programming equation satisfied by the value function vg for the criteria
with finite horizon starting at time k, as a function of the law ¢ = (go,q1) € Ag of X}, given the
past information.

Q 7.5. Show that v} = vOT_k, and that vl (q) = 21(q1), for some map 27 : [0, 1] — R which satisfies
the recurrence:

ZT+1 = B(ZT)

with initial condition zg = 0, where B : RI>1 — RO gatisfies:

[B(2)](a) = max([B(2)](q), BV (2)](0))

—~

with

BO(2)](q) = Rq + 2(qp)
BY(2)](q) = —(C + Cp) + (R+ Cr)g + (1 — q)2(1) + gz(p) -

Gives the optimal policy 7p(g) by using this equation.
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6.7.2 Solving the DP equation

Q 7.6. Show that B, B1) and thus B preserve the set C of convex function that are piecewise
affine. Deduce that z; € C for all £ > 0.

Q 7.7. Show that z; > 2y and deduce that zx11 > 2.

Q 7.8. Let a = max(R + C,,R/(1 — p)). Show that B preserves the set of functions v that are
piecewise differentiable with a derivative in [0, a]. Deduce that zj is a nondecreasing function, for
all k > 0.

Q 7.9. denote 11 = B(O)(zk) — B(l)(zk). Show that ¢g41(1) > 0 and that

Pr+1(0) < max(¢x(0),0)

Q 7.10. Let k* := min{k > 0 | ¢x(0) < 0}. Show that for all £ > k*, there exist 0 < s < 1 such
that ¢r(x) > 0 < x > s;. Deduce that an optimal policy can be obtained such that mx(x) = 0 for
x > s and mi(x) =1 for x < si.

Q 7.11. Show by induction that for all k¥ < k*, 2z, and g1 are affines, and that ¢y, is positive
on all [0, 1]. Deduce that the threshold s; = 0 is possible for k < k*.
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Chapter 7

Constrained Markov decision
processes and Linear programming
formulation of Dynamic programming

7.1 Motivation

Example 7.1 (Dam optimization). Consider the management of a hydroelectric dam subject to a
tourist constraint: one optimizes the revenue of the electrical production with the constraint that
the dam has a minimal level with a given tolerance level in probability. Such a problem is often
called a chance constrained control/optimization problem.

For instance, let b € (0, 1) be the probability level, T be a subset of {0, 1,...,7—1} representing
the tourist season, and ¥ (x) be the dam level. The dam optimization can be as follows:

T—1
(Z (X, Uk)) + ‘P(XT)]

k=0
under the constraint P(¢(Xg) > a, Vk € T) > b
and Xk+1 = fk(Xk, Uk, Wk) .

max K

with (Wy)r>0 a sequence of independent random variables.
Since P(X > a) = E[1x>,), we can rewrite the constraint as a constraint on a functional of
the same type as the one to be optimized (although it contains only a final reward):

P(¢(Xk) > a, Vk € T) =E [ZT]
where Zy = 1 and for all £ > 0,

Zy ifY(Xg) >aorkegT
Zkt1 = .
0 otherwise.

Then, taking (X, Z) as the new state at time k, we obtain a constrained MDP with finite horizon
additive crirerion and constraints.
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Example 7.2 (Pagerank Optimization). Consider the pagerank optimization:

M
max g(x)py
xeW

in which
e & is the set of Web pages;

o W C & is the web site to be optimized;

e P is aset of possible £ x £ Markov matrices, like Markov transition matrices of simple random
walks on the possible Web graphs;

o M =~P+(1—7)1z, where 0 < < 1 is the damping factor;
e gc ]RY is a vector of weights.
When P is local, meaning that
P={PecR* | P, eC(x)},

we can reduce this problem to a long run time average payoff problem for a MDP, see Section [5.3.2
However, frequency constraints such as

with b € (0,1) cannot be put into a local constraint of the form C(x).
We have

erL yeJ P(Xk: =, Xk‘-i-l = y) Za}EL yeryMwy
P(XkJrleJ’XkeI): P(X. — X — = M .
Zmel, ye€ (Xk =z, Xgy1=1Y) Zzel, ye& Pz May

The frequency constraint ([7.1]) is then equivalent to

M M
S oMMy <b Y pMM,, .
zel, yeJ z€l, ye&

and so can be put in the form:

> W@, y)py My, <0
€€, yek

with
1-b ifzel, yeld
h(z,y) =4 —b ifrel,ye&\J
0 otherwise (x € £\ I).

Since M = vP + (1 — )1z, and the row = of P, P,., is the action 7(x) choosen in state z, we
can consider

hz,u) =Y (h(w,y)(yuy + (1= 7)z,))

yee&
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Then, the constraint is equivalent to the following constraint on the policy m:
> (At m(@)p) <0
zel

which is equivalent to

T
GEM(z) = Nim {;E [Z h( Xy, Up) | Xo = :c]} <0.
—00

k=0

We then obtain a constrained MDP with long run time average payoff and constraints.

7.2 Constrained MDP with finite horizon

Let be given a Markov decision process as in Definition that is the following parameters:
e a finite or discrete state space &;
e an action space C

e for all k € N and x € &, the subset Ci(z) C C of all possible actions at time k, when the state
is equal to z;

o for all k € N, the set Ay := {(x,u) |z € £, u € Cx(x)} of all possibles couples (state, action)
at time k;

e an initial probability p(© € Ag¢ on &, or an initial state zo € &, which is equivalent to the
case where p(®) is the Dirac measure at zo;

o forall k € N, x € £ and u € Ci(x), a probability row vector M

which will be denoted ( x(l; u)) .
ye€

over £, the entries of

One can alternatively consider a MDP in the sense of Definition Consider several instantaneous
and final rewards: some will be used in the functional to be optimized, the other ones will be used
in the constraint functionals:

e for all k£ € N, the instantaneous rewards at time k, are maps rp and gﬁ, 1</¢<L, A — R;
e the final rewards are maps ¢, and ¢, 1 < ¢ < L, £ - R;

For all strategies o = (0))k>0 in ¥ or X® (or II or IIR?), consider the total additive payoffs with
finite horizon 7' > 1:

JI) = JT(X;

(Z_: (X, Uk ) (XT)] (7.2a)
k=

T-1
(Z 95 (X, U ) +¢€(XT)] ; (7.2b)

k=0

aTo) . gt T(X U)

where (X,U) := (Xj, Ug)r>0 is the process induced by o (as in Definition [3.2] or Definition [3.3)).
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Definition 7.3. A constrained Markov decision problem with complete observation, and finite
horizon consists in the following optimization problem:

max JT9) under the constraints GT7) < hy V1</<L ,
ag

where the optimization holds over either all relaxed strategies o € 3R, or all pure strategies, or all
Markov strategies, or all feedback policies, and where h; € R, 1 < £ < L, are some given thresholds.

The optimum of above criteria is called the value of the problem. An optimal solution o is
called an optimal strategy, and the corresponding process Uy, or (X, U) an optimal control process.

Contrarily to the unconstrained case we have

Fact 7.4. For a constrained MDP, the value over the set of random strategies may be different
from the value over the set of pure strategies.

Example 7.5 (A counter-example). Consider the simplest case: T =1, £ = {1}, C = {0,1},
¢ =1 (one constraint). Since T'= 1, we only need one reward function r¢, strategies coincide with
Markovian strategies and consist in one policy at time 0, so we shall ommit the index 0 in rg and
go and denote the policy at time 0 by 7. Since £ = {1}, we omit the parameter x, and policies are
probabilities on C, or equivalently probability row vectors m = (mg, 71). Pure strategies correspond
to the Dirac probabilities in 0 or 1. Then

YR = {(mg,m) €R? | mo+m =1, mp € [0,1]}, X =1{(0,1),(1,0)}.

Denote by h = h; the threshold of the constraint, and by v(h) the value over the set of pure
strategies and v™(h) the value over the set of random strategies.

‘We have
vR(h) =max{r(0)mo +r()m +¢ | 7€ »R, g(0)mo + g(1)m1 + ¢ < h}

and
v(h) = max{r(0)mo + ()71 + ¢ | 7 € X, g(0)mo + g(1)m1 + < h} .

The first problem is the maximization of an affine function over the convex subset of R satis-
fying the linear inequality constraint. The optimum is attained on extremal points of this subset.

With no constraints, the set of extremal points is 3. In general it is not.

Choose

Then

vR(h) = max{my | mp € [0,1], m < h}
and

v(h) = max{my | mp € {0,1}, mo < h} .

We then obtain
—o0 ifh<O no solution
Ry =<{h f0<h<l m=h
1 ifth>1 mo=1 .
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and
—o0 ifh<O no solution
v(h) =140 ifo<h<1 m =0
1 ifh>1 mo=1.

Hence
v(h) < v®(h) for h € (0,1) .

We already saw in this simple example that the optimization over random strategies is a Linear
Program, that is the optimization of an affine functional over a subset K of vectors satisfying linear
inequality constraints. Moreover, the optimization over pure strategies corresponds to the same
criteria but on a subset of K. Then, the optimization over random strategies consists in a relaxation
or convexification of the optimization over pure strategies.

Some attempts (see works of Chen and Blankenship [CS2]) have been done to solve a constrained
MDP over the set of pure feedback strategies, by using a dynamic programming approach, but this
is to the prize of increasing the state space with the threshold parameters hy, and the control space
with set of functions.

To solve a constrained MDP, over the set of random feedback or Markovian strategies, we shall
rewrite the optimization as a Linear Program on an appropriate set of vectors. Instead of a random
policy 7 € TI®, which gives for all k and z, the probability law of U}, given X}, = z, we shall consider
the occupation measure which is the induced probability law of (X, Ug).

Let 7 = (m)k>0 € II® be a random Markovian strategy, and denote 7y (- | ) the probability
measure m,(x). For all k& > 0, the associated Markov matriz and reward vectors at time k will be
denoted M) pkm) - g(kL7) for 1 < ¢ < L, and are given, for z € &, by

Tg(ck,ﬂ) = /rk(x7u)7rk(du | )
C

)= [ a2

Még’”) = /Mé’;’“)ﬂ'k(du | z) .
C

If (X,U) := (X, Ug)r>0 is the process induced by 7, we get

r{Fm = B [, (X, Uk) | X = 2]
gkbm) — | {gﬁ(Xk, Uk) | Xk = x]
ME™ = P(Xpp1 =y | X =12) .

The final rewards cp(”) and (™ are defined similarly. In the sequel, we shall assume that the sets
C(x) are finite, so that the above integrals are replaced by sums.

Definition 7.6. Let 0 = (0%)x>0 € % be any random strategy, and (X, U) := (X, Uy )k>0 be the
process induced by o. The probability law of (X, Ug) on € x C is the occupation measure of the
process at time k. When the sets C(x) are finite, it is simply written as a map f (k:9) on € x C, such
that

FE) (g u)=P(Xy=2,Uy=u), €& uel .
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The occupation measure f* at time k associated to a Markovian strategy m satisfies, for all
re&, uel,
FED (@, u) = m(u | 1) P(Xp = ) (7.3)

Then, in that case, we can recover the law of the process X and the strategy mp at time k from
f* by:

P(Xp =) = p¥ () 1= 3 16Dz, u) (7.4a)
ueC
&) (2, u
m(u | x) = fp(k)((g;)) . (7.4Db)

Proposition 7.7. For all policies m € IIR, the occupation measure satisfies the constraints:

ST ) =3 MEVFED (g ), vy e € k>0 .

u’'eC ze€ uel
Moreover, it satisfies the recurrence:
FEID () =33 (Tr,m )M ) o) (m,u)) , Wye& uec, (7.5a)
rze€ uel

with the constraint on the initial condition

FO (@'Y = mo(u' | x) Zf(o’”)(:c,u) . (7.5b)

ueC

Proof. Given 7 € TIR®, X}, is a Markov chain with transition probability matrix M*™) at time k.
So the law of X can be computed using Fokker-Plank equation:

P(Xp1=y) =)  P(X; M
ze€
:Z:P(X;€ <2Mk“7rku\x)>
ze€ ueC

Then, using ((7.4a)) and ([7.3]), we obtain
S FE g, 0) = (X =) = 3030 MG )

ueC ze€ uel

We also obtain:

FERD () = 303 (mea (| y) MG 5D (,0)

ze€ uelC

which can also be obtained as the Fokker-Plank equation for the Markov chain (X, Uy)k>0, since

Tt (U | ) MED = P(Uy = o/, X1 =y | Uy = u, Xp, = 2)

144



Proposition 7.8. Let f*) : £ xC — Ry be functions satisfying the constraints in Proposition

that is:
Z FOEFD (g o) = ZZMéIZM)f(k) (z,u), Vye€&, (7.6)

u'eC ze€ uelC

together with the constraints

Z FO>, ) = pO(x), and f%(z,u) =0 YudChlz) . (7.7)

u'eC

Let 7, be defined as in (7.4)), that is:

F®) (2, ) (k
=" ith E
7 (u | ) . with q\* Y9 (x,u)

ueC

Then, ™ = (m)k>0 € IR and the process (Xi, Uy )k>0 associated to the policy 7, and the initial law
pO) | satisfies
f(k)(a:,u) =P Xy =2,Uy=u) .

Proof. By definition, 7 (- | z) is a probability on C. Moreover, by the constraints on f*) the
support of (- | z) is included in Ci(x).

Let (X, Ug)r>0 be the process associated to the policy , and f(k ) be defined as above that
is f5™) (2, u) = P(Xy, = x,Up = u). We need to prove that f*) = fkm),

Using the constraints on the functions f*), we deduce that they satisfy the recurrence:

FED () =55 (m+1 M “)f(k)(x,u)> Cwet dec,

ze€ uel

which is the same as the one of f*7) see (7.5)).
Moreover fO(z,u) = ¢© (x)mo(u | z), and by the constraints on f(©), we get that ¢(© = p(©).
Hence f(© = fOm) and by induction f*) = &™) for all k > 0. O

Remark 7.9. In Proposition we did not add the constraint that f(*) are probabilities, since this
is deduced from the constraints and the properties of p(®) and M.

Corollary 7.10. Let f#) : € xC — Ry, and 7y be as in Proposition . We have

J(Tﬂr) o j(T) (f)’ and G(ZvTﬂr) p— é(f,T)(f)

with
N -1
T =) ri(a,u) fP (@) |+ Y (@) f (@) (7.8a)
k=0 ze&ueC rze€uel
N T-1
GET(f) = g (2, u) f®) (z,u) | + Z O (@) T (2, u) . (7.8b)
k=0 ze&ueC ze€ ueC



Theorem 7.11. The value of the constrained Markov decision problem with finite horizon over
the set of Markovian strategies is equal to the value of the following Linear Program:

m?x JD(f) under the constraints G (f) <hy V1<{<L ,

where the mazimization is done over the set of sequences f = (f(k))kzo of functions f*) : £ x C —
R, satisfying the linear constraints (7.6) and (7.7), and J) and GT) are as in (7.5).

Proof. Let ¥ be the value of the Linear Program and v be the value of the constrained Markov
decision problem with finite horizon over the set of random feedback strategies.

For any 7 € IIR, the sequence f = (f (k’“)) k>0 of occupation measures satisfies all the properties
of an argument f of the Linear Program, that is the linear constraints and , and since
JDO(f) = JTm) and GED(f) = GET™) | we get that v < .

Conversely, for any f satisfying the constraints ([7.6) and , Proposition constructs
7 € II® such that f*) = f=™) for all k > 0. Then, ¢ < v. O

Theorem 7.12. The value of the constrained Markov decision problem with finite horizon over
the set of all random strategies is equal to the value of the same problem over random Markov
strategies and thus to the value of the Linear Program:

m}z}x JDV(f) under the constraints GO (f) <h, V1<0<L ,

where the mazximization is done over the set of sequences f = (f(k))kzo of functions f*) : € xC —
Ry satisfying the linear constraints (7.6) and (7.7), and J 1) and GET) are as in (7.8).

This result follows from the following one.

Proposition 7.13. For all strategies 0 € XX, the occupation measure f*) = f(*:9) satisfies the
linear constraints ((7.6) and (7.7)), and
JT = JO(p), and GET0) = GED(f) |
Hence, there exists m € II® such that
JTo) — J(Tm)’ and G&To) — q&Tm)

Proof. The proof in Proposition was based on Fokker-Plank equation for X}, but the constraint
may be derived from the Fokker-Plank equation for (X, Uy), as follows. Moreover, Fokker-Plank
equation holds even if (X, U) is not a Markov chain, so for the process (X, Uy) induced by a

general random strategy o € XR.
Denote f¥) = f(59)  The Fokker-Plank equation writes

FED @)y =3 PUppr =/, X1 =y | Up = u, Xp = 2) f P (2, )
ze€ uel
Taking the sum over ', we obtain

S E ) = 303 Pt =y | Uy = u, Xe = 2)f O, 0)

u'eC €€ uel

and since P(Xy11 =y | Uy =u, X =2) = ng’u), we get ([7.6]).
The first constraint in (7.7) follows from the fact that £ (z,y) = P(Xy = z,Up = u) and the
second constraint in ((7.7)) is by definition of the supports of strategies. O
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7.3 Constrained MDP with infinite horizon

Assume given a stationary Markov decision process as in Definition that is the following
parameters:

e 2 finite or discrete state space &;
e an action space C;

e for all x € &, the subset C(x) C C of all possible actions at any time k, when the state is equal
to x;

o theset A:={(z,u) |z €&, ue C(zx)} of all possibles couples (state, action) (at any time k);
e an initial probability p© € Ag on &, or an initial state zg € &;

e for all x € £ and u € C(x), a probability row vector M over € , the entries of which will be
denoted (Méz))yeg.

Consider the following (stationary) parameters:
e the instantaneous rewards (at any time k), are maps r and ¢, 1 </ < L, A = R;
e a (fixed) discount factor a € [0,1).

For all strategies 0 = (0%)k>0 in YR consider the discounted total additive payoffs with infinite
horizon:

I = T(X;U) =B > ar(Xg, Uy) (7.9a)
k=0

GUo) = JU(X;U) ==E [Z o' (Xi, Ur)| (7.9b)
k=0

where (X,U) := (X, Ug)r>0 is the process induced by o (as in Definition [3.2| or Definition [3.3)).

Proposition 7.14. For all strategies o € ¥R}, and all o € [0,1), denote, for x € £ and u € C(x),
oo
fO ) =3 ot fE
k=0

This function satisfies the constraints:

Z FO ) = pO(y) + QZZMﬂgZ)f(U)(m’u)’ VyeE .

u’'eC €€ uel
Moreover, if o = 7 is a stationary Markovian strategy, we have:
FP () =a | y) (Z F(y, u)) , We& decC. (7.10)
ueC
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Proof. Multiplying the constraint in Proposition (which is also true for any strategy o € LR)
by of*1, and summing all the equations for k > 0, we obtain

D) = O ) =ad D My (@), Vyel, k0.

u'eC ze€ uelC

Using ([7.4a)), we deduce the constraint of the proposition. The last equation is also obtained by
summing all the equations in (7.3)) after multiplication by o*. ]

Proposition 7.15. Let f: £ x C — Ry satisfies the constraint of Proposition that is

Y tw) =) +ad Y MW f(zu), VyeE, (7.11)

u'eC xze€ uel

together with the constraints

flz,u)=0 Yu¢gC(x) . (7.12)
Let 7 be defined by:
_ faw ._
m(u|x)= @) with q(x) = Zf(x,u) .

Then,  is a stationary Markovian strategy and the process (Xj, Uy)k>0 associated to the policy ™
and the initial law p© satisfies

flx,u) = ZakP(Xk =z, Uy =u) .
k=0
Corollary 7.16. Let f : € x C — Ry and 7 be as in Proposition|[7.15. We have
I = J(f). and GED =GO())

with

T =) (r(a,u)f(z,u) (7.13a)

rze€uel

GO =3 (gf(m,u)f(x,u)) . (7.13b)

re€uel

Theorem 7.17. The value of the constrained Markov decision problem with discounted infinite
horizon criteria over the set of all random strategies is equal to the value of the same problem over
random stationary Markov strategies and to the value of the Linear Program:

m}gx ef(f) under the constraints é(e)(f) <h V1I<{(<ZL,

where the maximization is done over the set of functions f : € x C — Ry satisfying the linear

constraints (711)) and (7.12), and J and GO are as in (7.13).
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7.4 Constrained MDP with long run time average payoff

Similarly, passing to the limit when o« — 17, we can obtain, assuming some ergodicity:

Theorem 7.18. The value of the constrained Markov decision problem with long run time average
payoff over the set of all random strategies is equal to the value of the same problem over random
stationary Markov strategies and to the value of the Linear Program:

m]gx J(f) under the constraints GO(f) <hy V1<{<L

where the maximization is done over the set of functions f : € x C — Ry satisfying the linear

constraints (7.12) and
Mo fw) =Y MW f(zu), Vye& (7.14)

u'eC re€ uel
and J and GO are as in ([7.13).

(7.14) means that f is an invariant occupation measure.

7.5 Complexity

For solving an unconstrainted discounted infinite horizon MDP with finite state and action spaces,
with m = maxy, card(Ay) and n = card(€), the complexity of value iterations was:

I

O(lOg((l l_og(f)/RmaX))n

where Rpax is a bound on the rewards. It is only pseudo-polynomial because log(«) is exponential
in the number of bit of a. If « is fixed, it is polynomial but not strongly polynomial, since it
depends on the number of bit of the rewards.

For a constrained infinite horizon MDP, the size of the variable f of the corresponding Linear
Program is in O(m) with L linear inquality constraints and n linear equality constraints.

One can use the simplex or interior point algorithms.

Ye [CS3] proved that simplex for unconstrained MDP is strongly polynomial when « is fixed.

Interior point is polynomial but not strongly polynomial.

Additional references for this chapter

[CS1] Eitan Altman Constrained Markov Decision Processes. CRC Press, 1999. See also
https://www-sop.inria.fr/members/Eitan.Altman/TEMP /h.pdf

[CS2] Richard C. Chen and Gilmer L. Blankenship. Dynamic programming equations for discounted
constrained stochastic control. IEEE Trans. Autom. Control, 49(5):699-709, 2004.

[CS3] Y. Ye. The simplex and policy-iteration methods are strongly polynomial for the Markov
decision problem with a fixed discount rate. Math. Oper. Res., 36(4):593-603, 2011.
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