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Abstra
t. In the Eulerian approa
h for simulating interfa
es in two-phase 
ows, the main diÆ-


ulties arise from the �xed 
hara
ter of the mesh whi
h does not follow the interfa
e. Therefore,

near the interfa
e there are 
omputational 
ells 
ontaining both 
uids whi
h require a suitable

modelling of the mixture. Furthermore, most numeri
al algorithms, su
h as the volume of 
uid

or the level set method, involve the transport of a fun
tion indi
ating the lo
alization of ea
h

phase. Due to unavoidable numeri
al di�usion, they have the tenden
y to thi
ken this mixture

layer around the interfa
e. It is thus ne
essary to model 
orre
tly the two-phase mixture. In the


ontext of 
ompressible gas dynami
s we propose su
h a model, valid for any type of state laws,

whi
h satis�es an important property of pressure stability through the interfa
e.

Un mod�ele �a 
inq �equations pour la simulation num�erique des interfa
es dans les

�e
oulements diphasiques

R�esum�e. Dans l'appro
he eul�erienne de la simulation d'interfa
es en �e
oulements diphasiques,

les diÆ
ult�es prin
ipales viennent du fait que l'interfa
e ne suit pas le maillage qui reste �xe.

Par 
ons�equent, de part et d'autre de l'interfa
e se trouvent des mailles de 
al
ul qui 
ontiennent

les deux 
uides et pour lesquelles une mod�elisation appropri�ee du m�elange est requise. De plus,

la plupart des algorithmes num�eriques, 
omme la m�ethode du volume de 
uide ou des lignes de

niveaux, sont bas�ees sur une �equation de transport pour une fon
tion indiquant o�u se trouve


haque phase. A 
ause de l'in�evitable di�usion num�erique, 
es m�ethodes ont tendan
e �a �epaissir

la 
ou
he de m�elange autour de l'interfa
e. Il est don
 n�e
essaire de mod�eliser 
orre
tement 
e

m�elange diphasique. Dans le 
ontexte de la dynamique des gaz 
ompressibles nous proposons un

tel mod�ele, valable pour toute loi d'�etat et qui v�eri�e une propri�et�e importante de stabilit�e de la

pression �a travers l'interfa
e.

Version fran�
aise abr�eg�ee. Dans 
ette Note nous proposons un mod�ele de m�elange pour

deux 
uides 
ompressibles, dont les lois d'�etat sont quel
onques, et nous �etudions une propri�et�e

de stabilit�e des dis
ontinuit�es de 
onta
t dans 
e mod�ele. La motivation de 
e travail est la

simulation num�erique d'�e
oulements diphasiques en pr�esen
e d'interfa
es. En e�et, lorsqu'on

utilise une m�ethode num�erique eul�erienne, il y a in�evitablement des mailles du domaine de 
al
ul

qui 
ontiennent un m�elange des deux phases qu'il faut don
 savoit mod�eliser.

Le mod�ele bi
uide, sans terme sour
e, est 
ompos�e des �equations d'Euler pour 
ha
une des

phases pures i = 1; 2 s�epar�ees par une interfa
e
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sont respe
tivement la densit�e, la vitesse, la pression, l'energie interne et l'energie

interne sp�e
i�que totale d�e�nie par e

i

= �

i

+ ju

i

j

2

=2. L'�equation d'�etat (EOS) est p

i

= p

i

(�
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; �

i
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Le syst�eme (1) est a

ompagn�e de 
onditions de saut �a l'interfa
e de normale unit�e orient�ee n et

de vitesse normale �

[�℄� = [�u℄ � n; [�u℄� = [�u
 u+ pI ℄n; [�e℄� = [(�e+ p)u℄ � n; (2)

ave
 [f ℄ = f

1

� f

2

le saut d'une quantit�e f �a travers l'interfa
e. A l'aide des variables de m�elange

(3), on peut r�e�e
rire (1-2) 
omme un syst�eme global (4-5) de quatre �equations: les trois �equations

(4) de 
onservation de la masse, de la quantit�e de mouvement et de l'�energie, auxquelles on ajoute

une �equation (5) de transport de la fra
tion volumique.

Lorsque les deux 
uides sont des gaz parfaits, un mod�ele tr�es simple, dit �a quatre �equations,

a �et�e �etudi�e par Abgrall [1℄ et Karni [6℄. Il 
onsiste �a fermer le syst�eme (4-5) en supposant les

temp�eratures et pressions des deux 
uides �egales. D'un point de vue num�erique, 
e syst�eme �e
rit

sous forme 
onservative a le d�efaut d'engendrer des os
illations num�eriques (mais non physiques)

de la pression �a travers une interfa
e. Pour rem�edier �a 
et in
onv�enient, il est essentiel d'�e
rire

l'�equation de transport (5) sous une forme non 
onservative 
onvenable (voir [1℄, [6℄). Cette

appro
he a �et�e g�en�eralis�ee �a d'autres types de lois d'�etat, 
omme les gaz raides ou les gaz de van

der Waals (voir [13℄, [14℄, [16℄). Tous 
es travaux utilisent en
ore une forme alg�ebrique parti
uli�ere

des lois d'�etat.

Pour pouvoir traiter des lois d'�etat quel
onques (
e qui est 
ourant dans les appli
ations pra-

tiques), nous proposons un nouveau mod�ele �a 
inq �equations qui s'obtient en ajoutant aux quatre

�equations du mod�ele pr�e
�edent une �equation de 
onservation d'une des deux masses phasiques.

On obtient ainsi le syst�eme (7) qui ne n�e
essite plus qu'une seule relation de fermeture alg�ebrique.

Parmi diverses possiblit�es analys�ees dans [2℄, nous sele
tionnons l'hypoth�ese d'isobarie du m�elange

(�egalit�e des pressions) qui permet d'obtenir un r�esultat de stabilit�e num�erique �a l'interfa
e entre

les deux phases.

Nous montrons tout d'abord que 
e syst�eme �a 
inq �equations ave
 fermeture isobarique est

bien pos�e au sens suivant. A partir des quantit�ees 
onserv�ees on peut 
al
uler toutes les variables

thermodynamiques de 
haque phase, et en parti
ulier la pression 
ommune. De plus le syst�eme

est hyperbolique ave
 une expression expli
ite des valeurs et ve
teurs propres de la ja
obienne.

Le r�esultat prin
ipal de stabilit�e s'�enon
e 
omme suit (voir la Proposition 5.1). On 
onsid�ere

une dis
ontinuit�e de 
onta
t v�eri�ant (9) (
'est-�a-dire que seule la fra
tion volumique est dis
on-

tinue). On utilise une m�ethode num�erique de type Godunov bas�ee sur un solveur appro
h�e de

Riemann qui pr�eserve exa
tement les dis
ontinuit�es de 
onta
t (par exemple, le s
h�ema de Roe,


elui d'Osher ou AUSM). Alors, la solution num�erique est en
ore une dis
ontinuit�e de 
onta
t

(malgr�e l'�etape de moyennisation sur 
haque maille �a la �n d'un pas de temps), et en parti
ulier

la vitesse et la pression restent uniformes �a travers l'interfa
e. Ce r�esultat justi�e l'utilisation

pratique de notre mod�ele �a 
inq �equations.

1 Introdu
tion

We 
onsider the motion of two 
ompressible 
uids separated by a sharp interfa
e. For simpli
ity

we assume both 
uids are immis
ible, i.e. there is no phase 
hange and mass transfert at the

interfa
e, and we negle
t all sour
e terms and di�usive terms (see [7℄ for a generalization). The

resulting system of �rst order hyperboli
 
onservation laws is (1) for ea
h phase i = 1; 2, separated

by an interfa
e where the jump 
onditions (2) hold true. System (1-2) 
an be rewritten as a

global model for the bulk 
uid made by the juxtaposition of its two phases. Introdu
ing a "
olor

fun
tion" z(x) whi
h is the 
hara
teristi
 fun
tion of phase 1 (z(x) = 1 in phase 1 and z(x) = 0

in phase 2), we de�ne global variables

� = z�

1

+ (1� z)�

2

; �e = z�

1

e

1

+ (1� z)�

2

e

2

; p = zp

1

+ (1� z)p

2

; u = zu

1

+ (1� z)u

2

; (3)
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whi
h satisfy
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�+ div (�u) = 0

�

t

(�u) + div (�u
 u+ pI) = 0

�

t

(�e) + div ((�e+ p)u) = 0

(4)

together with the adve
tion of the 
olor fun
tion

�

t

z + u � rz = 0: (5)

System (4-5), in its weak form or variational formulation, in
ludes the jump 
onditions at the

interfa
e. Of 
ourse, both systems (1-2) and (4-5) are provided with an entropy 
ondition that we

do not spe
ify.

From a numeri
al point of view, Lagrangian methods su
h as front-tra
king 
an solve very

a

urately system (1-2) sin
e the mesh follows adaptively the interfa
e, but they are very 
ostly

and diÆ
ult to implement in three dimensions. Eulerian methods, being mu
h 
heaper, are more

popular (e.g. the volume of 
uid method [5℄, [8℄, the level set method [10℄, [11℄, [15℄, or the ghost


uid method [3℄). They 
apture the interfa
e, rather than tra
k it on a �xed mesh. However,

their main drawba
k, as for any front-
apturing method, is that they smear out the interfa
e.

In other words, instead of 
omputing a sharp interfa
e, we obtain a small layer of 
ells around

the true interfa
e in whi
h we have a mixture of both 
uids. Although this transition layer has

no spe
ial physi
al meaning and is a purely numeri
al artefa
t, we have to model it in order to

globally 
ompute the hydrodynami
s of the two phases in the whole domain. It is not diÆ
ult

to de�ne global averaged 
onservative variables, but the main point is to 
ompute the resulting

pressure in a two-phase zone, i.e. to de�ne a suitable \mixture law" or generalized EOS that will

ni
ely degenerate to the pure phase EOS in the pure 
uid areas. In the 
ase of perfe
t gases

Abgrall [1℄ (see also [6℄) gave su
h a mixture law whi
h 
orresponds to the well-known Dalton law

for mixture of di�erent spe
ies. Saurel and Abgrall [13℄, [14℄ extended this approa
h to so-
alled

sti�ened gas, while Shyue [16℄ treated the 
ase of van der Waals or Mie-Gr�uneisen type gas. In

all 
ases a 
ommon numeri
al diÆ
ulty is the o

uren
e of pressure os
illations though material

interfa
es. As a remedy to this problem the previous authors provide various �xes of the numeri
al

s
hemes used for solving (4-5). Here, we generalize these previous works to the 
ase of real gas

with arbitrary EOS. The main idea is to use a new �ve-equation model for the mixture, i.e. we

add one more equation to system (4-5) whi
h a phase mass balan
e. Furthermore, this model

enjoys a stability property for the pressure at material interfa
es whi
h implies that no numeri
al

�x is required for a large 
lass of numeri
al s
heme based on approximate Riemann solvers.

2 Mixture law for perfe
t gas

The purpose of this se
tion is to des
ribe a very simple and 
lassi
al model used for the isothermal

mixing of perfe
t gases (see e.g. [1℄). We re
all this four-equation model just for the sake of


omparison. We keep the notations of the introdu
tion and the four equations of the model are

still (4-5), but now z(x) be
omes the volume fra
tion of 
uid 1 at point x, whi
h takes its values

in the range [0; 1℄. For simpli
ity we shall often use the notation z

1

= z and z

2

= 1 � z. In the

sequel we assume that, in the mixture, the two 
uids have the same velo
ity, i.e. u

1

= u

2

= u.

This implies that we 
an de�ne a mixture internal energy � whi
h satis�es

�� = z

1

�

1

�

1

+ z

2

�

2

�

2

; e = �+ juj

2

=2: (6)

Let us denote by 


vi

, 


pi

, respe
tively the spe
i�
 heat at 
onstant volume and pressure of the i

th


uid. If we denote by T

i

its temperature, we have �

i

= 


vi

T

i

, p

i

= (


i

� 1)�

i

�

i

, and 


i

= 


pi

=


vi

.

During the 
omputation, there will be 
ells 
ontaining both 
uids near the interfa
e, and a new

3



EOS for this mixture is required if one want to treat it as a single equivalent 
uid. The four-

equation model is 
losed thanks to two physi
al assumptions. First, the two spe
ies are assumed

to be in thermal equilibrum in the mixture, i.e. they share the same temperature T . Se
ond,

Dalton's law applies whi
h, in our notations, means pressure equilibrium, i.e. p

1

= p

2

= p.

Introdu
ing thermodynami
 parameters for the mixture

�


p

= z

1

�

1




p1

+ z

2

�

2




p2

; �


v

= z

1

�

1




v1

+ z

2

�

2




v2

; 
 = 


p

=


v

;

the mixture EOS is found to be � = 


v

T , and p = (
 � 1)��. It is similar to that of a perfe
t

gas, ex
ept that the 
 parameter depends on the mass fra
tions. One 
an also 
he
k that the

volume average of the entropies is indeed an entropy for the mixture. This mixing pro
ess has

been generalized to wider 
lasses of gas, e.g. sti�ened gas [13℄ or van der Waals gas [16℄. There are

also other possible mixing laws whi
h allow to de�ne an EOS for the mixture: in [9℄ the isothermal

assumption is repla
ed by the assumption T

1

ds

1

= T

2

ds

2

where s

i

is the entropy of 
uid i. In any


ase, the purpose of this type of modelization is to view the mixture zone (as well as the entire

domain) as o

upied by a single equivalent 
uid.

3 The �ve-equation model

We still assume that in the mixture both 
uids have the same velo
ity u, and that the average

mixture variables are de�ned by (3) and (6). Our �ve-equation model is obtained by adding to

the four previous equations (4-5) a phase mass 
onservation. It is thus equivalent to
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t

(z

1

�

1

) + div (z

1

�

1

u) = 0

�

t

(z

2

�

2

) + div (z

2

�

2

u) = 0

�

t

(�u) + div (�u
 u+ pI) = 0

�

t

(�e) + div ((�e+ p)u) = 0

�

t

z + u � rz = 0:

(7)

Remark that, if initially at time t = 0 we have z 2 f0; 1g, then at later times the exa
t solution

will still satisfy z 2 f0; 1g, and system (7) is equivalent to the original system (4-5). Of 
ourse, the

interest of (7) is that it 
an handle mixture zones where z 2℄0; 1[. This system of �ve equations (in

1-D, or seven equations in 3-D) des
ribes the motion of the two 
uids in terms of the following six

variables (in 1-D, or eight variables in 3-D): z; �

1

; �

2

; u; �

1

; �

2

. The above system is thus not 
losed

and we need another algebrai
 relation to 
lose it. One way of understanding this missing 
losure

relation is to see that it is not possible to 
ompute the pressure p with the sole knowledge of the


onserved quantities in (7). Indeed, these 
onserved quantities yield the values of z; �

1

; �

2

; u but

not that of �

1

; �

2

(merely a linear 
ombination of them is known). Therefore, this extra 
onstitutive

hypothesis 
an be thought of as a de�nition of a \generalized EOS" for the mixture. Of 
ourse,

there are many possible 
losure relations that allows to re
over the pressure p, but among them

we sele
t those that allows to re
over all the thermodynami
 variables of ea
h 
uid (it is easy to

see that not all of them have this property). We 
all this sele
tion prin
iple a 
onsisten
y property

sin
e it is physi
ally, as well as numeri
ally, sound to be able to 
hara
terize 
ompletely ea
h 
uid

in a mixture model as above.

We suggest three di�erent 
onsistent 
losure laws based on reasonnable physi
al assumptions

that we analyse from a mathemati
al and numeri
al point of view: the isobari
 
losure, the

isothermal 
losure, and the iso-heat-deposition 
losure. For ea
h of them we study in [2℄ the


onsisten
y and the hyperboli
ity of the system, as well as some qualitative properties of interfa
e

adve
tion. Here we fo
us on the isobari
 
losure whi
h is the most interesting one from a numeri
al

point of view.
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4 Isobari
 
losure

To 
lose system (7) we assume equality of the phase pressures, i.e. p

1

= p

2

. Denoting by p

i

(�

i

; �

i

�

i

)

the EOS of 
uid i, we introdu
e the derivatives Æ

i

= �(�

i

�

i

)=��

i

and �

i

= �(�

i

�

i

)=�p

i

. Denoting

by h

i

the spe
i�
 enthalpy, de�ned as �

i

h

i

= �

i

�

i

+ p

i

, the speed of sound is 


2

i

= (h

i

� Æ

i

)=�

i

. We

�rst show that under a mild assumption on ea
h phase EOS, all phase variables z; �

1

; �

2

; u; �

1

; �

2


an be re
overed from the knowledge of the global 
onserved quantities z

1

�

1

; z

2

�

2

; �u; �e; z. It is

enough to 
he
k that one 
an 
ompute the pressure from the 
onserved variables.

Proposition 4.1. Under the hypothesis �

i

> 0 on ea
h phase EOS, the isobari
 
losure p

1

= p

2

=

p allows to de�ne the pressure p as a single-valued fun
tion of z; �

1

; �

2

; ��.

Proof. We need to prove that for given values ��; �

1

; �

2

> 0 and z 2 [0; 1℄ the algebrai
 system

p

1

(�

1

; �

1

�

1

) = p

2

(�

2

; �

2

�

2

); z�

1

�

1

+ (1� z)�

2

�

2

= ��;

has always one and only one solution (�

1

�

1

; �

2

�

2

). Introdu
ing x = (�

1

�

1

)=(��) this is equivalent

to show that

�(x) = p

1

(�

1

; ��x)� p

2

�

�

2

;

1� zx

1� z

��

�

has a single zero in [0; 1℄. Thanks to the hypothesis �

i

> 0, its derivative is easily shown to be

positive on [0; 1℄. Sin
e �(1) = p

1

(�

1

; ��) � 0 and �(0) = �p

2

(�

2

; ��) � 0, there exists a unique

x

0

2 [0; 1℄ su
h that �(x

0

) = 0.

To show that system (7) is well-posed, i.e. is hyperboli
, we rewrite it in terms of the following

primitive variables W = (z�

1

; (1� z)�

2

; u; p; z). After some 
al
ulation, in 1-D we obtain

�W

�t

+

0

B

B

B

B

�

u 0 z�

1

0 0

0 u (1� z)�

2

0 0

0 0 u

1

�

0

0 0 �


2

u 0

0 0 0 0 u

1

C

C

C

C

A

�W

�x

= 0: (8)

with the mixture speed of sound 
 de�ned by �


2

= (z

1

�

1

�

1




2

1

+ z

2

�

2

�

2




2

2

)=(z

1

�

1

+ z

2

�

2

). Then, it

is easy to diagonalize this Ja
obian matrix.

Proposition 4.2. The �ve-equation system (7) with isobari
 
losure is hyperboli
. The eigenval-

ues of the Ja
obian matrix are �

1

= u� 
, �

2

= �

3

= �

4

= u, and �

5

= u+ 
. The 
orresponding

right eigenve
tors are

r

1

=

�

z�

1

; (1� z)�

2

; 
; �


2

; 0

�

r

2

= (1; 0; 0; 0; 0)

r

3

= (0; 1; 0; 0; 0)

r

4

= (0; 0; 0; 0; 1)

r

5

=

�

�z�

1

;�(1� z)�

2

;�
; �


2

; 0

�

5 Pressure stability through a material interfa
e

We now show that the above �ve-equation model enjoys a stability property for the pressure at

material interfa
es for a large 
lass of numeri
al s
heme based on approximate Riemann solvers,

in
luding Roe, Osher, and AUSM s
heme (see e.g. [4℄, [17℄). To simplify, we work in one spa
e

dimension. We 
onsider a material interfa
e, i.e. a dis
ontinuity separating 
onstant right and left

states (indexed by R and L) satisfying

u

L

= u

R

= u; p

L

= p

R

= p; �

L

i

= �

R

i

= �

i

; for i = 1; 2: (9)
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By using the EOS, this implies that the phase internal energies are equal through the interfa
e, i.e.

�

L

i

= �

R

i

, but of 
ourse, sin
e the 
olor fun
tion z is dis
ontinuous, the mixture density and energy

is also dis
ontinuous, i.e. �

L

6= �

R

, �

L

6= �

R

. Clearly, the exa
t solution of this Riemann problem is

a 
onta
t dis
ontinuity propagating at velo
ity u and separating the above 
onstant right and left

states. Numeri
ally we solve this problem by Godunov method based on an approximate Riemann

solver whi
h preserves exa
tly su
h 
onta
t dis
ontinuities. There are many solvers with su
h a

property, in
luding Roe, Osher, and AUSM s
hemes.

Proposition 5.1. The dis
rete solution of the Riemann problem with data satisfying (9), obtained

with su
h a numeri
al method, has 
onstant pressure p, velo
ity u, and phase densities �

i

for all

times.

Proof. Let � = uÆt=Æx be the Courant number. The downstream state (indexed by �) after a time

step Æt, and after 
ell averaging, is given by

z

�

= �z

L

+ (1� �)z

R

;

�

�

i

z

�

i

= ��

L

i

z

L

i

+ (1� �)�

R

i

z

R

i

;

�

�

u

�

= ��

L

u

L

+ (1� �)�

R

u

R

;

�

�

(�

�

+ (u

�

)

2

=2) = ��

L

(�

L

+ (u

L

)

2

=2) + (1� �)�

R

(�

R

+ (u

R

)

2

=2):

(10)

Combining (9) and the de�nition �

�

= z

�

1

�

�

1

+ z

�

2

�

�

2

, the three �rst lines of (10) yield �

�

i

= �

i

and

u

�

= u. The last line of (10) gives

�

�

�

�

= ��

L

�

L

+ (1� �)�

R

�

R

=

X

i=1;2

(�z

L

i

+ (1� �)z

R

i

)�

i

�

i

=

X

i=1;2

z

�

i

�

i

�

i

: (11)

By Proposition 4.1, equation (11) together with p

1

(�

�

1

; �

1

�

1

) = p

2

(�

�

2

; �

2

�

2

) has a unique solution

(�

1

�

1

; �

2

�

2

). Sin
e p

�

1

(�

�

1

; �

�

1

�

�

1

) = p

�

2

(�

�

2

; �

�

2

�

�

2

) and �

�

�

�

=

P

i=1;2

z

�

i

�

�

i

�

�

i

, by uniqueness we have

�

�

i

�

�

i

= �

i

�

i

. Finally, �

�

i

= �

i

implies that �

�

i

= �

i

and thus p

�

= p.

6 Con
lusion

The �ve-equation model with isobari
 
losure is a hyperboli
 model suitable for two-phase 
ows

with interfa
es. Although the model is not written in 
onservation form, the mass of both 
uids

is 
onserved as well as the total momentum and energy. Unlike other models, it allows a 
orre
t

simulation of interfa
e motion with a standard 
onservative Godunov-type s
heme (at �rst and

se
ond order). Numeri
al experiments are 
onsistent with this analysis (see [2℄). In the 
ase of two

perfe
t gases, our model is equivalent to that of Shyue [16℄. However, it 
an be used for arbitrary

equations of state.
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