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ABSTRACT. — This paper investigates the existence of minimizers for the
so-called Kohn-Strang functional with affine boundary conditions. Such a
functional, which arises in optimal shape design problems in electrostatics,
is not quasi-convex, and therefore existence of minimizers is, in general,
guaranteed only for its quasi-convex envelope. Such a quasi-convexification
has been computed in two space dimensions in [11]. Recently, necessary
and sufficient conditions on the affine boundary conditions for existence
of minimizers for the Kohn-Strang functional have been derived in two
space dimensions in [7]. We generalize these previous results for arbitrary
space dimensions. Our method relies on the homogenization approach for
relaxing optimal design problems. We also generalize our results to some
variants of the Kohn-Strang functional. © Elsevier, Paris

Key words: homogenization, quasiconvexity, rank-one convexity, calculus of variations,
relaxation, optimal design.

RESUME. — Dans cet article nous étudions I’existence de minima pour la
fonctionnelle dite de Kohn-Strang avec des conditions aux limites affines.
Une telle fonctionnelle, issue de problémes d’optimisation de formes
en électrostatique, n’est pas quasiconvexe, et de ce fait 1’existence de
minima n’est en général garantie que pour son enveloppe quasiconvexe. Sa
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302 G. ALLAIRE AND G. FRANCFORT

quasiconvexification a été calculée en dimension deux d’espace par Kohn et
Strang. Récemment, une condition nécessaire et suffisante sur la condition
aux limites affine pour I’existence d’un minimum de la fonctionnelle de
Kohn et Strang a été trouvée par Dacorogna et Marcellini. Nous généralisons
ces résultats en toute dimension d’espace. Notre méthode repose sur la
méthode d’homogénéisation pour relaxer des problémes d’optimisation de
formes. Nous donnons aussi quelques généralisations a des variantes de la
fonctionnelle de Kohn et Strang. © Elsevier, Paris

1. INTRODUCTION

Let Q be a bounded domain of R™. Let u(z) be a vector-valued function
from Q into RY with derivatives denoted by Du = (du;/dz;) € R™V.
Let ¢ be a constant matrix in R™Y, i.e., ¢ has N lines and n columns.
Let D¢ denote the space

De = {&- x4+ Hy(;RY)}.

This paper is devoted to the question of existence of minimizers in [
for the following functional

Fu) = [ f(Du)da. 1)
Q
where the integrand f is a function from R™" into R*, defined by
Ataln?,  n#0,
= ’ ’ 2
ron={7 Nl @

whith 0 < o, A < +oo. In the case n = 2, the function f under
consideration was introduced by Kohn and Strang in [11] as a model
problem in the field of optimal design. Specifically, the associated
minimization problem is equivalent to a shape optimization problem in
electrostatics.

It is by now well-known that the functional F' is not (sequentially) weakly
lower semi-continuous on D¢. Therefore, the direct method of the calculus
of variations does not yield the existence of minimizers for (1) in D;.
Rather, one needs to introduce the relaxed functional (see [6])

Flu) = / Qf(Du)dz, 3)
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where Qf is the quasiconvex envelope of f defined by

Qftn)= inf /Y f(n+ Do)dy,

PEHL(YIRN)
where Y = (0, 1)™ is the unit cube of R™. Then, up(z) = £-x is a minimizer

of the relaxed functional ' on Dy, and

QF(6) = inf = /Q f(Du)da.

u€ De |Q|

When n = 2, the quasiconvexification @Jf has been computed in [11].
The result is

Qf(n) = { A+ aln? if [n]? + 2ladjan| > 2,
2VaA(|n)? + 2|adj217|)1/2 — 2aladjsn|  otherwise,

where adjyn is the w vector of the 2 x 2 minors of n € RZV,

In a recent paper [7] Dacorogna and Marcellini addressed the question
of finding conditions for existence or non-existence of minimizers in D, of
functionals of the type (1) for a general non-quasiconvex integrand f. As
an example, they considered the Kohn-Strang energy, defined in (2), when
n = 2, and derived the following

THEOREM 1.1. — Let £ belong to R*N . A necessary and sufficient condition
for (1) to have a minimizer over Dy is that, either f(€) = Qf(£), or rank
& =2

The main results of the present paper are, generalizations of the
computation of the quasi-convexification Qf and of the above theorem
to the case n > 2. For arbitrary n, denoting by 7, ..., ,, the square roots
of the eigenvalues of n'n, we prove that (see Theorem 2.2)

a|77|2 + A if Z?:I i 2

Qf(n) =
aln? — a3, m)2 + 2\/%2?___1 o if Y m<

PEN=

Furthermore, for arbitrary n, we also prove (see Theorem 2.3)

THEOREM 1.2. — Let & belong to R™. A sufficient condition for (1) to
have a minimizer over D¢ is that, either f(£) = Qf(£), or rank { = n.
While a sufficient condition for (1) to have no minimizer over Dy is that
£(6) > QF(€) and rank ¢ = 1.

Remark that our theorem does not furnish a necessary and sufficient
condition for existence of minimizers, since it does not cover the case
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f(&) > Qf(¢) and 2 < rank £ < n — 1. However, in such a case we
conjecture there are no minimizers for (1) over D,. To support our claim,
we prove that in such a case there are no smooth-type minimizers of (1)
in D¢ (see Proposition 2.5).

The existence of possible minimizers for (1) is not merely a question of
purely theoretical interest. It also has important consequences in the context
of optimal shape design. Let us briefly explore the connection between the
Kohn-Strang energy, defined in (2), and optimal shape design (see Section
4 in [11] for more details). For each measurable subset w of §2, define

E(w.&) = inf {A(ale(w)l2+A)dx},

vE€ED¢

where D¢, is the space defined by
D¢, = {v € D¢ st. Dv(z) =0 ae.in Q\ w}.

Of course, any function v € D¢, satisfies

/Q F(Dv)ds < / (alDo(@)|? + A)dz,
but it is also true that
B@.9 < [ HDue
where the measurable set 2, C () is given by
Q, = {z € Qs.t. Dv(z) # 0}.

Therefore, we deduce

1nf FEw,§) = inf / f(Du)dz. (4)
u€ De
Whenever the right hand side of (4) admits a minimizer w, the corresponding
set 2, minimizes the left hand side of (4). The minimization in the left hand
side of (4) is a shape optimization problem in electrostatics : find the best
arrangement of conductor & and holes so as to minimize the stored electrical
energy. Since the seminal counter-examples of Murat {14] and Tartar [16],
the generic non-existence of such optimal shapes is well-known. Rather,
the problem is relaxed through the introduction, as admissible designs, of
composite materials that mimic the behavior of minimizing sequences of
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shapes. Nevertheless, there could exist boundary conditions, corresponding
to a special choice of £, for which an optimal shape is feasible. Our results
provide conditions on £ that permit to assert or to rule out the existence
of such an optimal shape.

As a final remark, we emphasize that our method is very specific to
the type of functionals considered here, i.e., to the so-called Kohn-Strang
energy and its various generalizations. Indeed, our key argument is the link
between these functionals and the homogenization theory for two-phase
composite materials. Of course, there are many other non-quasiconvex
functionals for which existence of minimizers has been investigated : we
refer to the recent article of Dacorogna and Marcellini [7] and references
therein.

The outline of this paper is as follows. Section 2 is dedicated to
the computation of @f(n) and to the proof of Theorem 1.2. Section 3
investigates the “dual” problem to (1)-(2), i.e., a functional acting on
divergence-free fields. Our motivation in the analysis of this dual problem
is twofold : firstly, the conditions for existence of minimizers are quite
different, and secondly, it is this type of dual problem, and not (1)-(2)
which arises in the context of optimal shape design (see [11] or [1] for
details). Finally, section 4 deals with a partial generalization of Theorem
1.2 to the case of non-quadratic Kohn-Strang type functionals.

2. EXISTENCE OF MINIMIZERS FOR
THE KOHN-STRANG FUNCTIONAL

This section is devoted to an analysis of possible minimizers for the
functional

[;ﬂDqu (5)

where (2 is a bounded domain of R", and « is affine on the boundary
of Q, i.e.,

uw€ Dy ={¢-z+ Hy(GRY)},  £eRY (6)

The specific function f under consideration was introduced by Kohn and
Strang in [11] as a model problem in the field of optimal design ; specifically,
for n € R™N,

R ™

where 0 < a, A < +o0.
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Only the case n = 2 is investigated in [11]. In the two-dimensional
setting it is shown in Section 4 of [11] that the minimization problem stems
from a shape optimization problem in electrostatics.

In any case the functional defined in (5) is not (sequentially) weakly
lower semi-continuous over H'(Q; RY) so that minimizers for (5) over Dy
defined in (6) need not exist. It was shown in [11], Theorem 1.1, that, when
n = 2, the quasiconvexification of f is

A + aln|?if [n1? + 2|adjan| > 2,
= — @ 8
Q7 m) {2\/a)\(|n|2 + 2|aalj2n|)1/2 — 2aladjan|  otherwise, ®
where adjan is the N(%l—) vector of the 2 x 2 minors of n € R?V.
Accordingly the functional
[ erDuds (9)
Q

admits (a) minimizer(s) over D, and the minimum value of (9) coincides
with the infimum of (5) over D, (see [11], Theorem 1.1).

As mentioned in the introduction, the following result about the existence

of a minimizer for (5) (and not only for (9)) over D; is derived in [7],
Theorem 6.1 :

THEOREM 2.1. — (n = 2): A necessary and sufficient condition for (5) to
have a minimizer over D¢ is that at least one of the following hold

@& =0,
(ii) [€]* + 2|adjat| > 2,
(iii) rank ¢ = 2.
The proof of Theorem 2.1 hinges on the knowledge of the
quasiconvexification Qf of f.

We prove below a generalization of Theorem 2.1 to arbitrary n. Our
method is closely related to the homogenization approach for the relaxation
of functional (5) because it uses decisively the characterization of Q f(n) in
terms of a finite dimensional minimization problem over the set of effective
tensors associated to arbitrary mixtures of a material —with isotropic
conductivity a— with voids of arbitrary shapes and sizes.

Let us begin with an explicit formula for the quasi-convexification Q f(n)
of the original function f(n) for arbitrary n.
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THEOREM 2.2. — Let 0 < ny < ... < ny, be the singular values of 1 (i.e.,
the square roots of the eigenvalues of n'n). Then

alnf? + A it S > /2,
n 2 n . n
aln? =X m) +2VAa )y o m if Yo mi < \/g
(10)

Qf(n) =

Furthermore, the quasi-convexification Qf(n) coincides with the rank-one
convex envelope of the original function f(n).

Of course, in space dimension n = 2 the definitions (8) and (10) of
Qf(n) are equivalent.

THEOREM 2.3. — Let 0 < & < ... < &, be the singular values of €. A
sufficient condition for (5), (7) to have a minimizer over D¢ is that at least
one of the following hold

HE=0
(i) Yi& >/
(iii) rank £ = n,
while (5) has no minimizers over D; when
(iv) rank € = 1 and [¢2 < 2.

Remark 2.4. — Note that sufficient conditions (i), (iv), and (ii) when
rank £ = 1, were previously derived in Corollary 5.3 of [7]. Thus the new
results are sufficient conditions (ii), when 2 < rank £ < n, and (iii) for the
existence of a minimizer. We however present a complete proof of Theorem
2.3 because our proof of (iv) as a sufficient condition for non existence
does not use in an essential manner the rotational invariance of the original
functional, in contrast with that given in [7].

Theorem 2.3 says nothing about the matrices £, with intermediate ranks

between 2 and n — 1, when ) ._ & < \/g (in contrast to the setting
of Section 3 below). In such a case we conjecture that, for a bounded
domain {2, there are no minimizers of (5), (7). To support our claim, we
now state a partial result which rules out the existence of ”smooth-type”
minimizers in such a case.

PROPOSITION 2.5. — Let §) be a bounded domain with |05} = 0. Let
0 <& < ... L&, be the singular values of £&. Assume that

n A
2<rank§ <n—1, and E :éi V&
a

=1
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For each function u € Dy, extended by £ - x outside €0, define the set
Z, = {x € R™ such that Du(z) = 0}.

Then, (5) admits no minimizer w € D¢ such that Z,, is a closed set in (1.

Remark 2.6. — We must however confess our dissatisfaction with the
condition on the closed character of Z,,. Indeed, it is doubtful whether this
condition will be satisfied in general by a minimizer in Dy (see, for example,
the “confocal ellipsoids” construction, when rank £ = n, in the proof of
Theorem 2.3). Nevertheless, we believe the idea of the proof of Proposition
2.5 interesting enough to be included here. We also refer to Remark 2.12
below for a discussion of this conjecture from a different perspective.

Proof of Theorem. 2 .2. — The proof is divided into three steps. The first
step provides a convenient characterization of the quasiconvexification of
f using homogenization theory. In the second step an explicit expression
for Q f is obtained. Finally the third step addresses the computation of the
rank-one convex envelope of f with the help of the Kohn-Strang algorithm
(see section 5C in [11]).

Step 1. — The starting idea in our proof is familiar in the context
of homogenization whenever the microstructure exhibits voids. A poor
conductor is allowed to fill those, which cures the degeneracy of the
conductivity tensor -and permits direct application of the theory of
homogenization. Of course it still remains to show that the algebraic limit,
as the conductivity of the poor conductor tends to 0, of the obtained result
is indeed the sought result (cf. for example [11], Section 6, or [1], Section
3, for similar considerations).

We introduce, in lieu of (7),

fa(n) = inf (A + alnl*, Bjnl’) (11)

where 1 < 3 < +o00. The sequential lower semicontinuous envelope of

/Q f(Du)dz

over D¢ is obtained by consideration of the new functional

] Qfs(Du)da
Q
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where Q fs is the quasiconvexification of fg, i.e.,

ansm=_ it [ s+ Doy (12)
In (12) Y is a unit cube in R* (Y = (0,1)") and HL(Y;RY) denotes
the subspace of H(Y;RY) of periodic functions. Note that the usual
definition of the quasiconvexification of a functional over R™" involves
Dirichlet rather than periodic boundary data for the trial fields (see e.g. [6],
Theorem 1.1, p. 201) but that both definitions are equivalent, at least when
the functional is non negative, continuous and grows at most quadratically,
which is precisely the case here ([5], Conjecture 3.7 and Theorem 3.1).

A simple switch in the minimizations leads to

Qfs(m) = inf {Axnt'n+/\ / xdy}, (13)

x€L=(Y;{0,1})

where, denoting by (e;)1<i<n the canonical basis of R*, A, isanxn
symmetric matrix defined by its entries

ey = __int | (vt (1= x)8)(e: + Do) - (e + Doy

The matrix A, is the limit in the sense of homogenization —the
H-limit— of the sequence

AL = (x(nz)a + (1 = x(nz))B) 12, (14)

where I is the identity matrix on R™. See [15], Section 5.
For a given 6 € L=((;[0,1]), the set G5 of all possible H-limits of
sequences of the form

(X"(@)a + (1 - x"(z))B) [

with
x" — 6 weak-x in L*(;[0,1])

is known ([17], Theorem 1). It is of the form
Gl = {A € L=(RY) | A(z) € G, a.e.}

where Gf is, for any 0 < # < 1, a fixed set of matrices which is nothing
else than the closure of the set of all H-limits of periodic sequences of
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the form (14) with fY x dy = 8 (see [17], Proposition 3 for a constructive
proof or [8] for a more general argument). Further, as proved in Theorem
1 of [17], G’g is the set of all symmetric n X n matrices with eigenvalues
Aty .y Ay satisfying

a?(8) := + ﬂ)) 1§/\j§6ﬂ(9):=6a+(1—9)ﬂ, 1<j<m,
YA = )T < (@ (0) — )T+ (n = 1)(@(6) - )7,
P 1(ﬁ X)TH<(B-d?(9) + (n—1)(B-T(9) " (15)
Then (13) reads as
Qfs(n) = Oggl{f};((%n) + A0}, (16)
with
f30,m) = infﬁ {An' - n}. (17)
A€GE

Elementary order preserving properties of H convergence immediately
imply that f3(#,n) is monotonically increasing with 3. Furthermore, the
function f3 can be checked to be continuous in both its arguments (cf.
e.g. [9], Lemma 3.9 for a proof in a more general setting). Thus Q) fs is a
continuous function. Let us pause a moment in the proof of Theorem 2.2
in order to link (Qfs to the quasiconvexification of f ; this is the object
of the next lemma.

Lemma 2.7. — The sequence Q fz monotonically increases to Qf as (3
goes to +oc, where Q f is the quasiconvexification of f defined in (7).

Proof. - Since f monotonicity increases to f as 3 /+°,

Qfs <Qf.

The functional @ f is quasiconvex and has at most quadratic growth. It is
thus rank-1 convex (cf. [6], p. 105), hence continuous (cf. [6], Theorem
2.3, p. 29). Set

gs(n) = min {fs(n),@f(n)}, ne€R™N.

The sequence gs is monotone in 3 and continuous in 7; it converges to Q f
as 3 tends to +oo. Dini’s theorem implies that

93 /g +o Q[ uniformly on compact subsets of R™Y, (18)
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Note that
Qgs < Qfs < Qf. (19)
We prove that
< 1
Qf < lim Qgs, (20)

which establishes the desired result. Indeed take ¢ in H}(Y;RY) such that

1
Qgs(n) 2 /Y gs(n+ Dp)dy — 5

1
=/ Qf(n+D<P)dy—E—/ lgs — QfI(n + Dp)dy.
Y Y
Since gg(n) = Qf(n) as soon as |n| is large enough (say |n| > M,

M independent of ), (18) implies that, denoting by Y, the set
{y €Y ||Dp(y)] £ M +|n|}, for any € > 0,

/Ylgﬁ—Qfl(n+D<p)dy=/ lgs — Qf|(n+ Dyp)dy < e,

M

as soon as (3 is large enough.
Thus, for § large enough

Qgﬂ(n).>_/YQf(’l?-FDsD)dy-—%—EZQf(n)‘%—f

because () f is quasiconvex. Letting ¢ tend to 0 and § to +oo proves (20),
which concludes the proof of Lemma 2.7.

Let us resume the proof of Theorem 2.2. Upon setting
*(8,m) = lm f3(6,n),
f*(0,m) plm f5(0,m)
we conclude, by virtue of Lemma 2.7, that

Qf(m) = _inf {f*(6,n)+ Ad}. (21)

0<6<

Since fj is continuous in 6, there exists, for a fixed 3, a value 65 of
¢ such that

Qfs(n) = f*(0s,m) + A5. (22)
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Extract a converging subsequence of 05 (0 <€ 5 < 1), still indexed by
B, and call 6 the limit. If # < (', the monotone character of f} implies

Qf() 2 Qfs(n) = f5(0s,m) + Ms 2 f3(6p,m) + Ay

We let 3’ tend to +oo and obtain, by virtue of the continuous character
Of f E ('7 77),

Qf(n) 2 f5(8,m) + 26.

Thus, letting § tend to +oo,

Qf(n) = 1*(6,m) + A4,

1.€.,

Qf(n)=f*(6,m) + A0
and we conclude from (21), (22) that

Qf(n) = gmin, (£ 6.0+ 70} = tim (s (530,04 26) ). 23)
A much more explicit expression for f*(6,n) may be derived with the help
of (17) which defines f5(6,7) as the infimum of a linear functional over
the set Gg . In view of equation (15), let us define Gg° as the algebraic
limit, as 8 /7, of Gg , t.e., the set of symmetric n X n matrices with
{(possibly infinite) eigenvalues Aq, ..., A, satisfying

Aiz g, 1<i<n,
n - )
Y —a)7t < 1-0)a

This yields

f*(0,m) = inf {An'-n},

AEGE

which completes the first step in the proof.

Step 2. — To compute f*(6,7), we first remark that
£r0.m) = inf_w(AH),

where H = 7'n is a n X n symmetric matrix. Let us denote by
0 <m < ..< mn, the singular values of 7, i.e., the square roots of
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the eigenvalues of H. A well-known result of von Neumann (see e.g.
[13]) yields

F0,m) = {Z A1 } (25)

where (A1, ..., A,) are the ordered eigenvalues of A, and the infimum is
taken on the convex set defined in (24). Therefore, the infimum in (25) is
a minimum if infinite values of \; are allowed. If the minimizer in (25)
is such that, for some index i,

(43

Aio = —9"

then, the constraints in (25) implies that all the others eigenvalues A; are
infinite for i # 4¢. This can happen only if n; =0 fori £ n+ 1 — 4, i.e.,
if n has rank one. Let us assume for the moment that the rank of the tensor
7) is strictly greater than one. Then, when writing the optimality conditions
for minimizers in (25), the constraints A; > %, which are not saturated, do
not play any part. Therefore, the optimality conditions read

02

AC > 0 such that 7]721+1_i = m 1 < 1 <. (26)

Taking into account that, at the minimum, ). (A, —a)”! =
straightforward calculation yields

(1 — Zm,

i—pa &

and )
N = 1-0)a [
f(9777):az77i2+(—7)—<2m) - (27)
i=1 i=1
Formula (27) is immediately seen to hold true also if 7 has rank one. Then,
a simple minimization over ¢ in (23) leads to the desired formula (10).

Step 3. — According to Kohn and Strang [11], section 5C, the rank-one
convex envelope Rf of f, i.e., the largest rank-one convex function below
[, is the limit as p goes to infinity of the sequence of functions f? defined by

)= fm), frimy=__  inf (0F7(m) + (1 = 6)f7(n2))-

8m1+(1-0)nz, 0<0L1
rank, —np)<1
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The precise computation of lim,_, . fP is cumbersome. Rather, we
construct a sequence f > ¢ > fP such that ¢ = Qf. Since Qf is
a rank-one convex function and fP monotonically decreases to Rf, this
proves that g" = f* = Qf = Rf. Let us define the sequence (g7 )o<p<n by

n 2 n
0‘|77|2 - a(zi=1 7:)" + 3/ A Zi=1 i
g°(n) = if >, m <\/§ and rank(n) < p,
aln? + X otherwise.

Obviously g? is a decreasing sequence such that ¢° = f and ¢" = Qf. It
remains to prove that g? > f? for 0 > p > n. We proceed by induction on
p. It is true for p = 0 ; let us assume it is also true up to order p. Then
g**t1(n) = g¢*(n) whenever the rank of 7 is different from p + 1. Thus
g?ti(n) > fP*i(n) if rank(n) # p + 1. When rank(n) = p + 1, the polar
decomposition of n allows us to write

pt+1

n= Z'rliei ® h;,
im1

where (7;) are the singular values of n and (e;), (h;) are orthonormal
families of vectors in RY and R™ respectively. Then,

) < nt (657 () + (1= )f ()

0

< 0%10121 (6gP(m) + (1 = 0)g"(n2)),

where

—f
m=n+ —g i€t ® hpi1, and Ty =1~ Tps1€ps1 @ Apy1.

Since the rank of 7, is p+ 1, gP(m1) = f(m ), and a tedious minimization
over @ yields

g (o) = ot (0g°(m) + (1= O)g”(ma)),

which proves that fP*! < gP*! for any p. This completes the proof of
Theorem 2.2.

Remark 2 .8. — In [11], section 5C, Kohn and Strang already proved, in
the case n = 2, that @ f coincides with the rank-one convex envelope of f.
Our proof that it is also true in higher dimensions n > 2 is a generalization
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of their two-dimensional proof, once the quasiconvexification Q f of f has
been computed.

Remark 2.9. — Our computation of the quasiconvex envelope () f does
not use in an essential manner the knowledge of the entire G-closure, i.e.,
the set G§° (see (15)). It is enough to be able to minimize {An’ - n} over
all A’s in G° (see the second step in the proof of Theorem 2.2). At the
price of tedious computations, this latter task can be performed without
the explicit knowledge of G3° by using the so-called Hashin-Shtrikman
variational principle (see [3] or [2]).

Proof of Theorem. 2.3. - If £ =0ory ., & > \/g then f(&) = Qf(§)

which proves that £ - z is a minimizer for (5) over D. The rest of the
proof is divided into two steps. The first step addresses the case where rank
¢ = 1 while the second one examines the case where rank £ = n.

SteP 1. — If rank £ = 1, we deduce from Theorem 2.2 (or more precisely
from (23)) that

Qf(§) = min {Fle” + 29}. (28)

0<6<1
Either |£|? > A, in which case the minimum is obtained for § = 1 and

QF(E) = alg* + A = £(6),

which proves sufficient condition ii) for the existence of a minimizer. Or
alé)? < X in which case the minimum is obtained for

Ormin = (%)UQKL

and
Qf (&) = 2(aX)?¢|.

In such a case assume that v is a minimizer for (5) over D;. Since, by the
very definition of the quasiconvexification Q f of f, £. x is a minimizer for

/Q Qf (Du)ds

over D,

1
1O = g / f(Du)dz.
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Define the set

Q. = {z € Q| Du(z) # 0}.

Then IQ ]
Qs = /Q 1Du(w) s + Mgl (29)
Note that
1 2. 1 ‘
S Dudx = ¢ = — .
|ﬂ|/g widr = 6= ol ol /QuD“dx (30)

Jensen’s inequality implies, in view of (29), (30), that

ol oY
Q€)= Tq (IQI/ Dl ”"”) )

RPN

= a6+ Mg

which, together with (28), implies that

|24 ]

Gmin - 3
1€

and

lg—, / |Du(z)|2dz = ﬂé’jl;siz,

or, equivalently,

A ua:zx-—@—? 2
| 1ue)rds = g e (31)

If v is a fixed element of RV, (31) leads to

2

QP 10|
Du(x —1/2da:-—-l E—v——r|,
J,, Vputo) = vz = 5 e =g
and a choice of v = ||—(%|—|§ yields
L/
Du(z) — ¢l dz = 0.
[, |Puto) =gy
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Consequently,

ﬂf a.e. on ()
D — 0.]5? L. wy
() { 0, a.e. on Q\Q,.

But a vector valued function cannot have a gradient that only takes two
values on € unless €2, and 2\ Q, are made of parallel strips normal to
their difference (cf. Proposition 1 of [4]). These layers necessarily meet the
boundary of €2 and the boundary value of u cannot be affine all along that
boundary. There are thus no minimizers u for (5) over D¢. The proof of
sufficient condition iv) for the non existence of minimizers is complete.

Step 2. — If rank £ = n, then H = £*¢ is a positive definite n X n matrix.
Denote by 0 < €2 < ... < €2 < +o00 the eigenvalues of H.
By virtue of (23)

Qf(€) = *(6,6) + A0
for some # € [0,1]. Further # # 0 otherwise

QFE)=11(0,§) = lim f5(0,) = Tlim BIEI? = +o0

because £ # 0.
If # = 1 then
(1,8 = al¢f,

and
Qf () = alé]* + X,

from which it is immediately concluded that £ - x is a minimizer for (5)
over Dg.

Assume from now onward that § ¢ {0, 1} and recall from (25) that
n—1
* . . . 2 .
6.6 = il tr(AH) = nf {;fn_,-xm}, (32)
where the eigenvalues A; belong to the convex set defined in (24).

The infimum in (32) is attained and this at a point (A?,..., %) such that

{/\2>%, 1<j5<n,
n — 8
a1 (A - )7 = g

since rank ¢ is strictly greater than one (cf. step 2 in the proof of Theorem
2.2).
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We now revisit the explicit construction proposed in Proposition 6 of
[17] with the help of the so-called coated ellipsoid. Consider two ellipsoids
B,- and B,+ with equations

n 2
5 .
Z i——{—]_n_l; =1, p~ <p*t, m=(my,..,m,) ER", p~ +1I]1f(m]-) > 0.
J=1

(33)
In (33) z; denotes the jth component of z in the orthonormal basis
{ei}i=1....n generated by the eigendirections of H.

. For each vector { € R", the real-valued solution u((, B,+) of

—div(A(z)Du(¢(,B,+)) =0 onR"\ B,-

u((,B,+) =0 on dB,-, (34)
’LL(C,BP+):C':E on R"\BP+
with
Alz) = aIn on B,+ \ B,-,
Zi:l Aie; ®e; on R" \ Bp+, % <A <. <A, < oo,

is of the form (see Proposition 6 of [17])

u(C, p+)(x ZC1$1fz (35)

with

+

-1
’ dt e dt )
filp) = [/p_ m] /p_m, 1<i<n. (36)
In (36)

gm(p) = [T (o +mi)"/?
k=1

is the volume of the ellipsoid B, with equation

3 j] =1 (37)
7j=1 p mJ

Further

Y- (265

Annales de ’Institur Henri Poincaré - Analyse non linéaire



EXISTENCE OF MINIMIZERS 319

so that, if we choose p_/p, in a manner such that

gm(p—) = (1 - 9)gm(p+), (38)

we get

7 o
— <..< .
ZA_Q = 5 <M <. S < oo (39)

Finally when m spans R%, all points (Ay, ..., A,) satisfying (39) can be
obtained as can be shown through a degree argument (see Proposition 6 of
[17]). Before completing the proof of Theorem 2.3, we make a few useful
comments on the above construction. '

Remark 2.10. — The ellipsoids B,+ corresponding to a given point
(A1,..., Ay) satisfying (38) can always be rescaled through multiplication
of p*, p~ and the m;’s by a small number so that B,+ lies inside the
unit cube (). Then

o / \Du(C, B, ) dx
B+
=a/ ugﬁdH" 1
BBP+ 0??,

:—/ wuADu- 7 dH" !
8(R"-B, ;)

:/ uADu-WdH"_l—/ ADu-Dudx
9Q Q/B,+

where, in the last two equalities, 7 represents the outward normal to the
hypersurface over which integration is performed. But, according to the
third equality in (34), u = ¢ - z on @ \ B,+ so that

fBQ uADu- 7 dH"! =Z;=1 A,

Jovs, ADu-Duds = (52, ¢2)(1 = By ).

a/B | Du(¢, B,,+)|2dx— (Z)\ 42)|BP+|

et j=1
REMARK 2.11. — Everywhere inside B,+ \ B,- one has

Du(C, B,+)(z) # 0.
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Indeed, by virtue of the form (35) of u((, B,+),
ou = ;.\ Op
a— = CJfJ(p) + ;Czwzfi(p)'éc_ﬂ;'

But, from (37),

; p+ml)2 8:1;1 p+m;’

i=1

thus
ou 2
— =Gl + Z Gzifi(p) :
ox; (lem)zl (p+my) +m)
If
f{)ﬁ =0, 7=1,..,n,
81']'

it implies that
ch p+m;)fi(p Z<2p+m, (p)f3(p)

. 2(21.:1 gx;{i(p)f —0,
(21‘:1 W)

which is impossible since f;(p) and f}(p) are positive for p~ < p < p*.

Coming back to the proof of Theorem 2.3, we consider the point
(A,...,A%) satisfying (38) such that the infimum in (32) is attained.
According to Remark 2.10, there exists, say for a given p~ (hence a given
pt determined by (38)), rescaled versions of B,- and B,+ lying inside
the unit cube and corresponding to (A, ..., A2). Vitali’s covering theorem
implies the existence of a countable family G of disjoint homothetics, of
ratio less than or equal to 1, of B,+ such that

Bteg
Define, for £ € €,
_ Ju(¢,BY)(z) if z€Bt, Bteg,
u(¢)(z) = {C - otherwise. )
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Then, according to Remark 2.10, for B* in G,

a/m |Du(C)|*dz = (Z /\ij>|3+|-

Jj=1

Thus, by virtue of (40),

o [ IDuOFds = (Z Mf)lﬂl- (42
j=1
Choose ( to be successively &1, ..., €y (the lines of the matrix £), and define

vg = (u(€r), - ulén))-

Then, in view of Remark 2.11, and upon denoting by B~ the homothetics
of B,-, ug, an element of Dy, satisfies

ue(z)=00n B~ (B~ C B*, BT €G),
Dug(z) #0 on Bt Bt €g,

hence
/Qf(DUE(a:))da: = (21:; jz:‘;xjgf.i> 1 + AB%:Q |B*\ B~ |
= (tr(AH) + A\9)|Q] (43)
= (72:5121—]')‘2+1 + A9> 12 = Qf ()i
But B

it { [ f(Du(@)ds|ue e} = Qrcof0. (44)

which in view of (43) permits us to conclude that u, is a minimizer for
(5) over D¢ and proves (iii) in Theorem 2.3. The proof of that theorem
is complete.

Remark 2.12. — Let us examine briefly the confocal -ellipsoids
construction adapted to a matrix £ of rank p with 2 < p < n — 1. Let
us denote by 0 = & = .. = &, < & 41 < .. <& < +oo the

eigenvalues of the matrix H = £'¢, and by ey, ...,e, the comresponding
eigendirections. In the computation of f*(6,£), the optimality condition
(26) in the minimization over the eigenvalues (\;)1<:<» of the homogenized
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tensor implies that the (n — p) largest eigenvalues ), are equal to +oo.
According to Proposition 6 in {17] the corresponding values of the ellipsoids
parameters m; are also equal to +oo, implying that the domain B,- and
B,+ defined by equation (33) are cylinders obtained by translation in
the directions ey, ..., e, _, of p-dimensional ellipsoids with axes given by
€n—p+t1, - €n. It can easily be checked that a solution u((, B,+) of (34)
can still be defined, which does not depend on the variables z;,....Zn_p.
Therefore, Step 2 of the proof of Theorem 2.3 can be generalized if we
assume that {2 is a cylindric (unbounded) domain defined by translation
in the ey,...,e,-, directions of a p-dimensional domain in the subspace
generated by €,_p41,...,€,. In other words, this proves the existence of
a minimizer for (5) when 2 < rank £ < n — 1 and Z?:l & < % if the
domain 2 is an unbounded cylindrical domain, aligned with some of the
eigendirections of H = £*¢&.

However, when () has no such special properties (in particular if it is
a bounded domain), we conjecture that there exists no minimizer for (5)
over D, when 2 < rank £ < n -1 and Z?zl & < % We make such a
claim because we believe that the optimality condition (26), which forces the
(n—rank &) largest eigenvalues \; of the homogenized tensor to be equal to
+00, implies that possible minimizers do not depend on the corresponding
(n —rank ) variables x;, a fact that would violate the boundary condition.

Proof of Proposition 2.5. — Let u € D, be a minimizer for (5) such
that Z,, is closed in Q. Let d = d(Z,,9%?) denote the Euclidean distance
between Z, and 0. Since Du(x) = £ # 0 for all points x of the closed
set R™ \ , the distance d is strictly positive. This implies the existence, for
any boundary condition on Jf2, of a test function, satisfying the boundary
condition, and such that its gradient vanishes on Z,. In other words, for
any uy € H(Q),

inf /a|D¢(x)|2d:v < +o00. (45)
)

de{up+HJ (D)}
Déa:o in Zu

Let Y = (0,1)" be the unit cube in R™. By Vitali’s covering theorem,
there exists a countable family (£2;);>; of disjoint homothetics, of ratio less
than or equal to 1, of  such that

Y - %o

i>1

= 0.
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Let (Z,); be the associated family of homothetics of Z,. Denote by Z

the set
z=J.)

i>1

Let x(z) be the characteristic function of the set Y \ Z. Define the
homogenized tensor A, associated to the characteristic function x(z) by

At ¢= inf / al¢ + Dyl*dy, (46)
Y

1,y
saeH#(‘z)

(+Dyp=0 in z

where ¢ is any vector in R™. Let us prove that A, is a bounded matrix in
R™ . Let ¢ be an admissible test function for (45) with boundary condition
up(xz) = ¢ - z. In each Q; we define a test function ¢ to be the sum of
the homothetics of ¢ and of —( - . Since ¢ is equal to 0 on the boundary
of each ;, pasting these contributions together we obtain a function of
H(Y). Therefore,

At ¢ < 400 VY( ER™. (47)
If (is a line &; of £, for 1 < ¢ < N, we can obtain a better bound for

A&l - &. Using o(x) = —& -« + ui(x) as a test function in (46), where
u; is the homothetic of the i*" line of u, yields

¢ 1 2
A< @/QOLlD’U,(ﬂ?)' dz.

If w is a minimizer for (5), it satisfies

Du(x)? 192\ Za] _ .
a1 [ elDu@)Pae + X < 0fe)
Therefore,
Q\ Z. .
At g+ I\QI ls@f(£)=0rsrggl{ArgggoA€ £+A0} (48)

Since [, x(z)dz = %, we deduce that § = EA(‘ZZ—"I and A = A,
realize the minimum in the right hand side of (48). On the other hand,
the optimality condition on A in the computation of Q f(£) (see (23), (25),
and (26)) shows that at least one eigenvalue of A is equal to 400 because
rank £ < m. This is a contradiction with (47). Thus, there is no minimizer

u € D¢ such that Z, is closed.
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3. EXISTENCE OF MINIMIZERS FOR A KOHN-STRANG TYPE
FUNCTIONAL DEFINED ON DIVERGENCE FREE FIELDS

This section, which parallels Section 2, is devoted to an analysis of
possible minimizers for the functional

| stoys (49)

where 2 is a bounded domain of R", and o is a divergence free field
“which is affine” on the boundary of €, i.e.,

o€ X ={oe L*(4GR™) | dive =0inQand o - 7 = £ - fion 9Q},
(50)
where 77 denotes the outward unit normal to € at a point of 9 and div o

. R n 60‘,']‘ .
is the N-vector whose components are {Z i=1 Bz, }15i5N' The specific
function f under consideration is similar to that introduced in Section 2.

It is taken to be, for n € R™V,

f(n) = inf{X + 5~ |n|?, 0} (51)

with 0 < 8 < 400 and A < +o0.
As in Section 2, the function f(7) is in truth the limit of the function

Faln) = mf{A + 874 nf2, & Y nl?} (52)

when o > 0 tends to zero. In contrast to the setting of Section 2 we shall
also prove a partial result for the non-degenerate function f,,.

Once again the functional defined in (49) is not (sequentially) weakly
lower semicontinuous over L?(2;R™") so that minimizers for (49) over
Y¢ defined in (50) need not exist. It is widespread belief that the lower
semicontinuous envelope of a functional defined on divergence free fields
has for integrand the quasi-convexification of the original integrand. In
other words, if

arn = it { [ s+ sway
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with
Ty = {s € LA(Y;R™)| divs =0inY,

s - il antiperiodic on JY, /

sdy = 0},
Y

then the functional
| asos (53)

admits (a) minimizer(s) over X, and the minimum value of (53) coincides
with the infimum of (49). The equivalence between sequential weak lower
semicontinuity and quasiconvexity in the context of divergence free fields
has recently been established in {10]. We will not concern ourselves in
this section with a complete proof of the proposed form for the lower
semicontinuous envelope.

Let us begin with an explicit formula for the quasi-convexification Q f(n)
of the original function f(n).

THEOREM 3.1. — Let 0 < my < ... < 1, be the singular values of 1 (i.e.,
the square roots of the eigenvalues of 1'n). Define the function p(n) by

2
n 1 p 1 p
— 2 R ; - A
pm) =4[ D m+1"1(;=17h> tfnp+1>p_1§ m 2 (54)

i=p+1 i=1

(there exists a unique p € {2,...,n} such that ny, > Iﬁ S m >
with the notation 1,1 = +00). Then

il + A if p(n) > VB,

Qf(n) = .
Linf? = So(m? +2y/30(n) if p(n) < VAB.
Remark 3.2. - In space dimension 2, formula (54) simplifies in
p(n) = m + n2 and the function Qf introduced in Section 2 is recovered
upon setting o = 3.
In space dimension 3, there are two regimes in formula (54)

A if 73 <m+m
p(n)={ 2 -

Vim+m)2+n3 if ns >+ .
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Let us also remark that, in any space dimension, when rank (n) < n — 1,
i.e., when 11 = 0, one has p(n) = |n|. In this case, we deduce that

Linl2+ A if |n] > VA8

<)
Qf<ﬂ>=0f<">={z Al i | < VB

if rank (n) < n — 1. This last remark is at the root of the next theorem.

THEOREM 3.3. — A sufficient condition for (49), (51) to have a minimizer
over ¥ is that at least one of the following conditions holds

H&=0
(i) p(§) = VAB
(iii) rank € = nand &, < 5 Y016
while (49) has no minimizers over Y; when

(v) 1 < rank £ < n—1and |¢] < /AP

Remark 3.4, — Theorem 3.3 leaves open the case rank ¢ = n,
p(€) < VAB, and & > L5377 €. We conjecture that in such a
case there are no minimizers of (49). As in Proposition 2.5 we could have
stated a result ruling out “smooth-type” minimizers in this case. In the spirit
of Remark 2.12 we point out that in such a case some of the eigenvalues
of the homogenized tensor A, entering the computation of Q f (see (3.14)
below), are zero. We believe it implies that possible minimizers do not
depend on the variables of the corresponding eigendirections, a fact that
would violate the affine boundary condition.

THEOREM 3.5. — Consider the minimization of the functional

/; fulo)da (56)

over L, defined in (50), with f, defined in (52). If rank £ < n, then (56)
has a minimizer over X, if and only if

(B—a)

Proof of Theorem 3.1. — An argument identical to that which led to (16)
would demonstrate that, for the function f, defined in (52),

Qfa(m) = gt {£:(6,m)+ X1~ 6)} (57)
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with
* o -1t
fa(ff,n)—Aléngz {A~"nt - n}, (58)

and where GY is identical to the set G} defined by (15). Note that the
superscript has changed since « is now the varying parameter.

Since f, monotonically increases to f as « goes to 0, an argument
identical to that of Lemma 2.7 yields the monotone convergence of Qf,
to Qf as o goes to 0 and,

Qf(m) = it {f*@n)+A1-6)}, (59)
with
f*(8.m) = inf {A7'"-n}, (60)

and where G is the algebraic limit of G§ as o goes to 0, ie., the set of
symmetric n X n matrices with eigenvalues Aq, ..., A, satisfying

0<A<(1-6)p
{ S (B A)Th < o (61)

Since A~'n'-n = tr(A~!n'n) where n'n is a n x n matrix, denoting by
0 < £... <1, the singular values of  and by 0 < X < ... < ), the
eigenvalues of A, a well-known result of von Neumann (see e.g. [mirsky])
states that

n 2
. 75
f{a! = inf L 62
(A7) =il ) 3 (62)

where the infimum in the right hand side of (62) has to be taken over all
values (A;)1<;<n satisfying

A < <A,
0<X\<(1-0)p
Y (B=X) < 9_01%
To compute this infimum, let us assume for the moment that none of

the constraints 0 < A; < (1 — 4)0 is active and that the only saturated
constraint is

1+n
Z(ﬁ N =
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In this case, a possible minimizer must satisfy the following Euler-Lagrange
equation :

n; C?

—- = ——7, 1<i<n, 63
T EET )
where C > 0 is a Lagrange multiplier.
An easy calculation yields
;= L 1<i<n. (64)

771+19n121177’

Note that the ();)’s are ordered. One must check that 0 < X; < (1 —6)3,
for all 1 < 7 < n, which is equivalent to

1 "
. < . 66
7’—n—1;n (66)

Note that 0 < A\; < (1 — 6)3, for all 1 < i < n, is equivalent to the strict
inequality in (65). If (65) is satisfied, the value of the minimum in (62) is

[ (8,m) |"7|2 W—_{) (;m) . (66)

If (65) is not satisfied, then one of the constraint 0 < A; < (1 — )03 is
saturated. Since A; = 0 can achieve the minimum in (62) only if #; = 0,
we consider the case when one of the eigenvalue JA; is equal to (1 — 6)5.
Let us assume that A, = (1 — 6)( and that all the other eigenvalues satisfy
0< X < (1-6)8,1<i<n-—1. The minimization in the right hand
side of (62) becomes a {n — 1)-dimensional problem with the single active
constraint

n—1
6—2+n
3 Ai) s ——.
;« ) i
A computation similar to the previous one yields
.= ﬁm . 1<i<n-—1

771"’1 0n2 i=1 h

One must check again that 0 < X\; < (1 —-6)8, forall 1 << n-—1,
which is equivalent to

n—1
1
< — S 67
7 1_n_2;n (67)
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If (67) is satisfied.(but not (65)), the value of the infimum in (62) is

* 1 2 b
f1O.m) = gl + T gygma + (1—9>ﬂ"— (an)

An easy induction argument shows that the minimum in (62) is

2
(0.7 = Linl? + . Zp '
f*(0,m) = 5|77| )ﬂ _2;1 (1-60Bp-1 (i:l m)

if n satisfies the following condition, denoted by (H),),

1 P
<=3 m
np—p—lizln

and does not satisfy all previous conditions (H,) for p+1 < g < n. It
is easily seen that, if (H,) is not satisfied, all previous conditions (H,)
for p+1 < g < n are not satisfied either, and that (H;) is always
true. Therefore, with the notation 7,41 = 400, then exists a unique
p € {2,3,...,n} such that

1 p
L Z M < Tpt1- (68)
i=1

Introducing the function

p(n) = Z n? +—(Z:; -)2

_p+l
with p defined by (68), we finally obtain

0
(1-06)8

An easy optimization in 6 leads to the announced formula for Q@ f(7).

f0,n) = %Inl2 + p(n)?.

Remark 3.6. — In the spirit of Remark 2.9, we emphasize that our
computation of the quasiconvex envelope (@ f does not use in an essential
manner the knowledge of the entire G-closure, i.e., the set GYy. Indeed,
the minimum of {A~!n' - n} over all A’s in GJ can be computed without
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the explicit knowledge of GY by using the so-called Hashin-Shtrikman
variational principle (see [3] or [2]).

Proof of Theorem 3.3. — For any matrix &, if p(¢) > /AB, then
f(&) = Qf(£), and o(x) = £ is a minimizer of (49) over ¥.. Now,
let £ be a matrix of rank n such that

l n
£"<n—1 ;ﬂi-

Then, the homogenized matrix A which achieves the minimum in the left
hand side of (62) has eigenvalues (\;)i<;<, satisfying

O<h<(1=0)8 1<i<n.

Since the (;)’s do not reach the values 0 and (1 — )3, one can repeat
the argument of Section 2 concerning the confocal ellipsoids construction
(the parameters (m;)1<;<n of the ellipsoids are finite and non zero, see
(33)). In the present case, the boundary condition on 9B, is a Neumann
one, and the matrix A(z) is

_ GBI in B, \pr,
A(.Z') - { Z?:l A ® €; in R" \ Bp+,

where (A;) is the minimizer in the right hand side of (62). Apart from
this, the second step of the proof of Theorem 2.3 can be repeated mutatis
mutandis to yield the existence of a minimizer of (49) over Y.

Finally, consider a matrix £ of rank less than or equal to n—1 and such that

p(€) = |€] < VAB. As noticed in Remark 3.2, Qf(€) = Cf(€) = 2\/§ €]
for such matrices £. In such a case, assume that o(z) is a minimizer for
(49) over X¢. Then

1
Q1) = 7 [ o).
Define the set
Qs = {z € Q|o(x) # 0}

Then ) ) 19|
= — Zlo(z)|? Lk L
Q1) = gy [ Gl AT (69)
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Note that

/Uijdx = Z/ Dk(UikZEj)dI = Z/ fikmjnde"‘l
Jo e — Jon
= 2/ Di(€ij)dz = |Q/&:;,
k=1 2

so that gy [oodz = &
The mapping ¢ defined on R+ \ {0} x R" by

H2

o(t,z) =
is convex, and Jensen’s inequality 1mp11es, in view of (69) that

[l 26|

2 Tar 5 dr | + X 5=+

QIO 2 (o (ﬁ 3] Jo, 7@ x) o

e 4 (el

= . 70
= 59, ]ISI Al (70)

Hence, recalling that, since rank { < n,

01© = s | sl + 30 -0}
we deduce that
12s] _
s 9mim
)

and that equality holds in (70), ie.,

1
|QB| [ #0.otanis = <5’|?2;T /Q Bo(x)dm). (71)

But, for tg > 0, zp € R™ and any (t,2) € (0,+00) X R™,
1 t
$(t,2) = $(to, 20) + Dep(to, 20) - (2 = Z0,t = to) + 72 = t—zo\z
0

so that, upon setting

{Z':O'(il') » ZO‘_‘g?
t=/8 s to‘—:ﬂ(l“gmin)7
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(71) implies that

o(z) = ¢ forae. z €.

1- emin
Then 6(z) = o(z) — £ is a divergence-free field that satisfies

g(z) n= O on O£},

Joo(z)de =
0
- —M—f on {1z,
= 1 mm
o(z) 0 on 2\ Q.

But there are no such fields other than 0. Thus, for £ # 0 and rank £ < n,
there are no minimizers for (49).

Proof of Theorem 3.5. — The proof is very similar to that of Theorem
3.3. We start from the formula (57) for Qf.(n),

Qfa(n) = min {f3(6,17) + A1 -0)}

0<6<1

where, denoting by 0 < n; < ... < 5, the singular values of the matrix 7,

n 2
fa@m = nf L (72)

A< <Ay 4
=1

In (72) the infimum has to be taken on the following set :

1

af) = (2+52) <A <ba+(1-0)5=a()
IO - )7 € (alh) — ) + (0~ 1)(E(0) ~ o)
S (8= 207 < (B-a(0) 7 + (n—1)(B—a(®)"!

If rank 1 < m, then n; = 0 and it is easily seen that the minimum in
(72) is attained for

9 1-6\"" .
)\1: -—+T and )\1:00+(1—0)ﬁ, 2§z§n
&

(In this case the constraint 3, (3—X;) 7! < (8—a(0)" ' +(n-1)(B -
@(0))~! is exactly satisfied.) Therefore, for rank n < n,
£20m) = g =gl
fo+ (1 - ’

and a simple minimization in 6 yields Qfs(n) = Cf.(n), the
convexification of f,. From here on, the end of the proof follows that
of Theorem 3.3.
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4. A GENERALIZATION OF THE KOHN-STRANG
FUNCTIONAL; PARTIAL RESULTS ON THE
POSSIBLE EXISTENCE OF MINIMIZERS

In this short section the setting is that of Section 2, but a more general
(non quadratic) functional is considered. Specifically, for n a matrix with
lines (7ny,...,nn) in R®,

N N
fm) = inf{A+ S Wilm), szm)} (73)

i=1 =1

where W; and W, are convex C'-function on R™, positively homogeneous
of degree p (1 < p < 400) (i.e., W;(ha) = ¥W;(a), A >0, 1 = 1,2);
it is also assumed that

Wi(a) #0, a#0, i=1,2,
and that, for every b in R™, there exists a constant y(b) > 0 such that
Wi(a) > W;i(b) + DW;(b) - (a — b) + y(b)|a — b|*. (74)

We are unable, in this latter setting, to prove the exact analogue of
Theorem 2.3 (or rather of the generalization of Theorem 2.3 to the non-
degenerate case) because we lack an explicit construction of the type
performed in the proof of Theorem 2.3 whenever rank £ = n. Our result
is the following

THEOREM 4.1. — If rank £ = 1, (5), (73) has a minimizer over Dy if
and only if

0€(0,1)

1=

> min KZ uf>w1<a> 2, (Z uf)w2<a>], (75)

N
min KZ uf) (OW; + (1 — O)W5)*(a) + )\0]
i=1

i=1

where £ = p®a, p € RY, a € R*, and x denotes the Legendre
transformation.

Remark 4.2. — The seemingly non explicit character of Theorem 4.1 can
be cured whenever a more explicit form is available for W, and W5. For
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example if Wi(a) = (a/p)la
satisfied if and only if

P, Wy(a) = (B/p)|al?, a < B, then (75) is

11
PEX|— — |
1" & pJﬁpil o [

Proof of Theorem 4.1. — The functional (5) fails, once again, to be
(sequentially) weakly lower semicontinuous over H(£2,RV). Its lower
semicontinuous envelope is given by

Qf(n)dz,
Q

where @) f, the quasiconvexification of f, is given by

Qf(n)= _ inf f(n+ Do)dy. (76)
PEW,P(YRN) Jy
In (76) Y is the unit cube in R™ and W;;’” (Y; RY) denotes the subspace of

WLp(Y;RYN) of periodic functions. An argument identical to that developed
at the onset of Section 2 would lead to

Qf(n) = Osilg;{f(&n) + A8}, (77)
with
N
f(67n) - XELwi(I}}f:(O,I)) {;WX(m)} (78)

fy x(y)dy=0

In (78), W, is the homogenized energy associated to x, ¢.e.,

Wa) = int [ (Wit (1= X)) Walla+ Dolu))dy (79
wEW#‘p(Y;R) Y
see e.g. [12]).
If rank ¢ = 1, then £ = p ®a, a € R?, u € RY, and because of the
homogeneous character of W, ¢ = 1,2, (78) becomes

N
£(6,8) = (Z uﬁ’) g9(8,a), (80)

with

9(6,a) = {Wy(a)}- (81)

m
XEL®(Y ;{0,1})

fy x(y)dy=6
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A lower bound for g(6,a) is easily obtained upon introduction of the
dual problem for W,. Specifically, it is a classical result of the theory
of homogenization —and a straightforward consequence of von Neumann’s
min-max theorem— that

Wi(a) = sup{b-a— Wi}, (52)
beER™
where
w0 = inf { [ W+ 0 xWHo+ s (69

In (83), WX, ¢ = 1,2, are the Legendre transforms of W; and W,, and

2

Y4 is defined by
Yy = {s € L*(Y;RY)| divs=0inY,
s - i antiperiodic on dY, / sdy = O},
Y

Taking s = O as test function in (83) implies, in view of (82), that

9(6,a) 2 sup {b-a — (W (b) + (1 - )W (b))} (84)

beR"

Actually the inequality in (84) is an equality. This latter result is well
known in the field of homogenization although we were enable to locate
a complete proof in the available literature. A proof is given in Remark
4.3 below for the sake of completeness ; as such it can be safely skipped
by a trusting reader.

Remark 4.3. — Inequality (84) is actually an equality. Indeed, consider
the case of the homogenized energy associated to a characteristic function
x(y), defined on Y as

) e 1 if0<t<é,
x(y) = X(y1), with %(t) = {0 if0<t<1.

Let s € R and e; be the unit vector in the y;-direction. Remark that if ¢, and
¢ are any two vectors of R, with 8¢ + (1 — 6)¢2 = 0, then the function

(P(y): ¢1y1 lfOSZhS@,
! Goyr + (1 — p2)8  if O <y <1,
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is an admissible test function in (79) specialized to the case at hand. Thus

Wx(sel) S I = . i¢Ill£Rﬂ {9W1(sel + ¢1) + (1 - 0)W2(861 + ¢2)}
061 +(126)05=0
(85)
The infimum [ is computed as follows :
I= d>in‘f {Hsup[ql (se1 + ¢1) — Wi (q1)]
12 q1

061+(1—0)p3=0
(1= 6)supla - (se1 + 80) ~ Wi el
q2
and, upon application of a finite dimensional min-max theorem,

I'= sup {se; - (g1 + (1 — 0)g2) — (OW(q1) + (1 — )W3(g2))

91,92

b {86k (-0 ). (36)
9d>1+(11;92)d>2:0

But the infimum in (1, ¢2) is —oo unless ¢; = go. Thus

Wx(ser) S = sup {se1-q = (IWi(g) + (1 - )W (a))}-

But, according to (81), (84),
WX(Sel) Z I.

Thus
W, (se;) = 1.

Since we could always choose the y,-direction to be in the direction of a
given vector a, the choice of a = se; is not restrictive and

9(8,a) = sup {b-a — (OWT(b) + (1 — O)W3 (b))}, (87)

beRn

Let us resume the proof of Theorem 4.1. In view of (80), (87), if rank
£E=1,¢=pu®a and

(Z uz) W + (1 - 0)W3)"(a), (88)

where ( )* stands once again for the Legendre transform. Assume that
(75) does not hold, or equivalently, that the infimum in (77) is attained for
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Omin # 0, 1. (Note that g(8, a) is a continuous function of §; see [9], (3.21),
(3.22) and Lemma 3.9). Then, if « is a minimizer for (5), (73) in D, let

0, = {:r € Q| > Wi(Dui(z)) + A < ZWz(Duz-(:v))},

=1 =1

and
QQ = Q\Ql

Then,

/ F(Du(z))dz = / ZWl(Du, z))dz+ / ZW2 Du;(z))dz+A|Q .

Q ;7 Q2 ;=1
(89)
Further, by virtue of Jensen’s inequality,
1
Q) = g / F(Du(z))de
S 1 ( / )
4% Du;
= ]l Z ] Ja, 2
9] 1 [
2 1
+ — 4% (— Dz dx) + A=, 90
) 2 "oy Jo, D@ TR
Set
'Q1| 1 1
— & = Du(x)dzx, & = — Du(z)dz,
S Ty, P 2 T g fo, P

and remark that 6£; + (1 —0)¢; = £ = p ® a. Then (90) becomes

>6’ZSUp{b (&) — Wi (b)}

zlbe

+(1-6 Zsup{b (E2)i — WE(5)} + A0

N
> " sup{b-& — (BW] + (1 - 0)Wy)(b)} + M0

7 beRn

— Z,ﬁ) sup {b-a = (OW} + (1= O)W5)(B)} + 6. (91)
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The homogeneous character of degree p—f—l of W} (i« = 1,2) has been used

in deriving the last equality of (91). In view of (77), (88), the equality holds
in (90) or (91), i.e., upon recalling (89),

0 = emim
Iﬂ%l | Wi(Dui(a))dz = Wa(():),
1

oAl N Wo(Du,(z))dx = Wa((&2):)-

Invoking (74) for the first (and last) time we conclude that

_f& a.e. on 2,
Du(z) = {52 , a.e.on {1y,

which is impossible unless £; = &; by an argument identical to that used at
the end of Step 1 of the proof of Theorem 2.3 in Section 2. But & =, = €
is not possible because u = £ - x is not a minimizer since @,,;, # 0,1. The
proof of Theorem 2.3 is complete.

Note added in proof. — In a very recent preprint of Allaire and Lods
it is demonstrated that Proposition 2.5 holds true even without the
assumed technical condition on the set Z,. This confirms our conjecture
of Remark 2.12, namely that for a bounded open set {2 there exists no
minimizer for (5) over Dy when 2 < ranké <n —1and 3, & < 2.

(84

Note also that the existence of a minimizer for (5) when rank £ = n has
also been observed by Grabovsky (Bounds and extremal microstructures
for two-component composites: a unified treatment based on the translation
method, Proc. Roy. Soc. London Series A 452, pp. 919-944, 1996) in the
case of periodic boundary conditions.
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