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The goal of this lecture is to show that homogenization is a very efficient tool in
the modeling of complex phenomena in heterogeneous media. In the first lecture we
considered a model problem of diffusion for which the homogenized operator was of the
same type (still a diffusion equation). In this context, homogenization is really a matter
of defining and computing effective diffusion tensors. On the contrary, this second lecture
will focus on models which have different homogenized limits (in the sense that the partial
differential equations are of a different mathematical nature). For example, we shall see
that the Stokes equations for a viscous fluid in a porous medium yield the Darcy’s law as an
homogenized model. Therefore, in this context, homogenization is a modeling tool which

can justify new models arising as homogenized limits of complex microscopic equations.



Chapter 1

Homogenization of Stokes

equations

1.1 Derivation of Darcy’s Law

1.1.1 Setting and Results

This section is devoted to the derivation of Darcy’s law for an incompressible viscous fluid
flowing in a porous medium. Starting from the steady Stokes equations in a periodic porous
medium, with a no-slip (Dirichlet) boundary condition on the solid pores, Darcy’s law is
rigorously obtained by periodic homogenization using the two-scale convergence method.
The assumption on the periodicity of the porous medium is by no means realistic, but it
allows to cast this problem in a very simple framework and to prove theorems without too
much effort. We denote by € the ratio of the period to the overall size of the porous medium:
it is the small parameter of our asymptotic analysis since the pore size is usually much
smaller than the characteristic length of the reservoir. The porous medium is contained in
a domain €2, and its fluid part is denoted by .. From a mathematical point of view, €2
is a periodically perforated domain, i.e., it has many small holes of size ¢ which represent
solid obstacles that the fluid cannot penetrate.

The motion of the fluid in €2, is governed by the steady Stokes equations, comple-
mented with a Dirichlet boundary condition. We denote by wu. and p. the velocity and
pressure of the fluid, and f the density of forces acting on the fluid (u. and f are vector-
valued functions, while p. is scalar). The fluid viscosity is a positive constant p that we

scale by a factor €2 (where € is the period). The Stokes equations are

Vpe — EpuAue = f in Q.
divue =0 in Q. (1.1)
ue =0 on 0f),.



The above scaling for the viscosity is such that the velocity u. has a non-trivial limit as €
goes to zero. Physically speaking, the very small viscosity, of order €2, balances exactly the
friction of the fluid on the solid pore boundaries due to the no-slip boundary condition.
Remark that this scaling is perfectly legitimate since by linearity of the equations one
can always replace u. by €?u.. To obtain an existence and uniqueness result for (1.1),
the forcing term is assumed to have the usual regularity: f(z) € L?(Q)". Then, as is

well-known (see e.g. [24]), the Stokes equations (1.1) admits a unique solution
uc € HY ()N, pe € L* () /R, (1.2)

the pressure being uniquely defined up to an additive constant. The homogenization
problem for (1.1) is to find the effective equation satisfied by the limits of ., pe. From the
point of view of homogenization, the mathematical originality of system (1.1) is that the
periodic oscillations are not in the coefficients of the operator but in the geometry of the

porous medium €.

Figure 1.1: Unit cell of a porous medium.

Before stating the main result, let us describe more precisely the assumptions on the
porous domain §2.. As usual in periodic homogenization, a periodic structure is defined
by a domain 2 and an associated microstructure, or periodic cell Y = (0,1)", which is
made of two complementary parts : the fluid part Y; and the solid part Y;, satisfying
Y;UY, =Y and Yy NY;, = 0 (see Figure 1.1). We assume that § is a smooth, bounded,
connected set in RV, and that Yy is a smooth and connected open subset of Y, identified
with the unit torus (i.e. Y%, repeated by Y-periodicity in R is a smooth and connected
open set of RYV). The domain (2 is covered by a regular mesh of size e: each cell Y is of
the type (0,¢)"V, and is divided in a fluid part Yy, and a solid part Y,, i.e. is similar to

the unit cell Y rescaled to size e. The fluid part €. of a porous medium is defined by

N(e) N(e)
Qo =0\ Jvs=an Y} (1.3)
i=1 =1
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where the number of cells is N(e) = |Q|e™V (14 o(1)).

A final word of caution is in order : the sequence of solutions (ue, p.) is not defined
in a fixed domain independent of € but rather in a varying set, .. To state the homog-
enization theorem, convergences in fixed Sobolev spaces (defined on 2) are used which
requires first that (ue, pe) be extended to the whole domain 2. Recall that, by definition,

an extension (&, pe) of (ue, pe) is defined on € and coincides with (ue, pe) on ..

Theorem 1.1.1 There exists an extension (e, pe) of the solution (ue,pe) of (1.1) such
that the velocity @i converges weakly in L?(Q)N to u, and the pressure p. converges strongly

in L2(Q) /R to p, where (u,p) is the unique solution of the homogenized problem, a Darcy’s

law,
u(@) = y A(f(2) = Vp(z)) inQ
divu(z) =0 in 2 (1.4)
u(z) - n=0 on 02,

where A is a symmetric, positive definite, tensor (the so-called permeability tensor) defined

by its entries

Ay = | Vwi(y) - Vw;(y)dy (1.5)
Yy

where, (ei)lgigN being the canonical basis of R, w;(y) denotes the unique solution in
H#(Yf)N of the local, or unit cell, Stokes problem

ti — sz = €; m Yf

divw; =0 nY.

v " (1.6)
w; =0 inY,
Y = qi, w; Y -periodic.

The weak convergence of the velocity can be further improved by the following

corrector result.

Proposition 1.1.2 With the same notations as in Theorem 1.1.1, the velocity satisfies

N
(ﬂe(az) - Zw&%)udw)) — 0 strongly in L*(Q)Y, (1.7)
i=1

where (w;)1<i<n are the local, unit cell, velocities and (u;)1<i<n are the components of

the homogenized velocity u(x).

Remark 1.1.3 The homogenized problem (1.4) is a Darcy’s law, i.e., the flow rate u
is proportional to the balance of forces including the pressure. The permeability tensor A
depends only on the microstructure, Yy of the porous media (and not on the exterior forces,

nor on the physical properties of the fluid). Quite early, many papers have been devoted to



the derivation of Darcy’s law by homogenization, using formal asymptotic expansions (see
for example [12], [14], [21]). The first rigorous proof (including the difficult construction
of a pressure extension) appeared in [23]. Further extensions are to be found in [1], [15],
and [18]. A good reference for physical aspects of this problem, as well as mathematical
ones, is the book [11]. Of course, more complicated models than the incompressible Stokes
equations can be homogenized to derive various variants of Darcy’s law. The next sections
investigate such more general microscopic models. Of course there are other methods,
apart from periodic homogenization, which permit to derive Darcy’s law. It can also be

established by stochastic homogenization, representative volume averaging, and so on.

1.1.2 Two-scale asymptotic expansions

We apply the method of two-scale asymptotic expansions to the previous Stokes equations.
We start from the following two-scale asymptotic expansion (or ansatz) of the velocity wu,

and pressure p.

ue(z) = ioeiui <:U, %) . Pe(x) = feipi <:U, %) , (1.8)
=0 =0

where each term w;(z,y) or p;(x,y) is a function of both variables z and y, periodic in y
with period Y = (0,1)". These series are plugged into equation (1.1), and the following

derivation rule is used:

\Y% (ul <x, %)) = (e 'Vyu; + Vyu;) (967 %) ’

where V, and V,, denote the partial derivative with respect to the first and second variable

of u;(x,y). Equation (1.1) becomes a series in €

_ x x
Vyp0 (2.2) + € [Vapo + Vyp1 = iByyua] (%) +0() = f(a)
(1.9)
e tdivyug <x, Z) + €% [divyug + divyus] <x, ;) +O(e) = 0.

Identifying each coefficient of (1.9) as an individual equation yields a cascade of equations
(a series of the variable € is zero for all values of € if each coefficient is zero). Here, only

the two first equations are enough for our purpose. The e ! equation for the pressure is

Vyp(](x’ y) = 0’

which is nothing else than an equation in the unit cell Y with periodic boundary condition.

This implies that py does not depend on y, i.e. there exists a function p(z) such that

po(z,y) = p(x).



The e~ ! equation from the incompressibility condition and the €® equation from the mo-

mentum equation are

vypl - ,UAyyUO = f(x) - Vl«p(ﬁﬂ)
(1.10)

diVyUQ =0

which is a Stokes equation for the velocity ug and pressure p; in the periodic unit cell Y.
It is a well-posed problem, which admits a unique solution, as soon as the right hand side
is known. Equation (1.10) allows one to compute ug in terms of f and V,p which do not

depend on y. By linearity we find

N

o) =+ Y i) (£ - 72 ) @) i) = gqu) (7= 22) @

i=1

where w; is the cell velocity and ¢; is the cell pressure, solutions of the cell Stokes problem
(1.6).

Finally, the € equation from the incompressibility condition yields
divyug(x,y) + divyui (z,y) = 0. (1.11)

We average equation (1.11) in the unit cell Y. Taking into account the periodicity condition

and the no-slip condition on the solid part Y; leads, by application of Stokes theorem, to

/divyul(:c,y)dy:/ ul-nds—i—/ uy -nds = 0.
Yy oy oY,

This implies that the first term of (1.11) must have zero average over Y, i.e.,

] i, [ﬁ wily) (f - g—p) <m>] dy =0,

which simplifies to
—divg A (Vep(x) — f(z)) =0 in Q, (1.12)

which is a second-order elliptic equation for the pressure p. The constant tensor A is

defined by its columns
Ae; = / wi(y) dy,
Y

which is equivalent to the previous definition (1.5) by a simple integration by parts (mul-
tiply the Stokes cell problem (1.6) by w;).

Of course, p is the homogenized pressure, and the homogenized velocity u is defined
by

1
u(z) = /Y we.9)dy = ~A(f = V) (0)



1.1.3 Proof of the Homogenization Theorem

This subsection is devoted to the proof of Theorem 1.1.1 by the method of two-scale
convergence. We assume the existence of bounded extensions of the velocity and pressure

of the fluid in the porous medium (see [1], [11], [23] for a proof).

Lemma 1.1.4 There exists an extension (Ue,pe) of the solution (ue,pe) satisfying the a
priori estimates

HﬂeuLQ(Q)N + EHV’ljeuLQ(Q)NxN < C (113)

and
[Pellz2()/m < C, (1.14)

where the constant C' does not depend on €.

We also take for granted the following generalization of Theorem 1.3.7 in the first
lecture, the proof of which may be found in [4].

Proposition 1.1.5 Let uc be a bounded sequence in L*(Q) such that eVu, is also bounded
in L2(Q)N. Then, there exists a two-scale limit ug(z,y) € L*(Q; H#(Y)/R) such that, up
to a subsequence, ue two-scale converges to ug(z,y), and eVu, to Vyugp(x,y).

Let ue be a bounded sequence of vector valued functions in L*(Q)N such that its
divergence divu, is also bounded in L*(Q). Then, there exists a two-scale limit ug(z,y) €
L2(Q x Y)N which is divergence-free with respect to y, i.e. divyug = 0, has a divergence
with respect to x, diveug, in L?(Q x YY), and such that, up to a subsequence, u. two-scale

converges to ug(x,y), and divu, to divyug(z,y).
By application of the two-scale convergence method, we firstly prove

Theorem 1.1.6 The extension (., pe) of the solution of (1.1) two-scale converges to the

unique solution (ug(x,y),p(x)) of the two-scale homogenized problem

Vyp1(2,y) + Vap(z) — pAyyuo(z,y) = f(z) in Q@ x Yy
divyuo(z,y) =0 in XYy
divy ( [y wo(z,y)dy) =0 m 9) 1.15)
uo(z,y) =0 in QxY
(fy uo(x,y)dy) n=20 on 0f)
L Y= uo(z,y),p1(x,y) Y -periodic.

Remark 1.1.7 The two-scale homogenized problem is also called a two-pressure Stokes
system. It is a combination of the usual homogenized and cell problems (see chapter 1).

By elimination of the y variable, the homogenized Darcy’s law will be recovered in the end.



Proof of Theorem 1.1.6. Applying Proposition 1.1.5 there exists a two-scale limit
ug(x,y) € L? (Q; H#(Y)N) such that, up to a subsequence, the sequences i, and eV

two-scale converge to ug and V,ug respectively. Furthermore, ug satisfies

divyug(z,y) =0 in 2 xY
divy (fy uo(z,y)dy) =0 in €} (1.16)
UO(CC,y):O IDQXY;)

(fy uo(z,y)dy) -n=0 on Q.
By the compactness theorem of two-scale convergence, there exists a two-scale limit
po(z,y) € L*(Q x Y) such that, up to a subsequence, p. two-scale converges to po.
Multiplying the momentum equation in (1.1) by e (ac, %), where 9(x,y) is a smooth,
vector-valued, Y-periodic function, and integrating by parts, leads to

lim [ pedivyy) (x, f) dr = / / po(x,y)divyy(z, y)dxdy = 0. (1.17)
e—=0 Jo € QJy

Another integration by parts in (1.17) shows that Vypo(z,y) is 0. Thus, there exists
p(z) € L*(Q)/R such that po(z,y) = p(z).

The next step in the two-scale convergence method is to multiply system (1.1) by a
test function having the form of the two-scale limit ug, and to read off a variational formu-
lation for the limit. Therefore, we choose a test function i (x,y) € D <Q; Cy (V)N ) with
Y(z,y) = 0in QX Y, (thus, ¢ (z,Z) € Hi(Q)"). Furthermore, we assume that ¢ satisfies
the incompressibility conditions (1.16), i.e. divyy(z,y) = 0 and divy (fY ¢(m,y)dy) = 0.
Multiplying equation (1.1) by (3:, %), and integrating by parts yields

- [ porive (2. ) dotn [ Fula) Ty (0. D) do= [ 10 (.5) do ol
Qe € Qe € Qe €

(1.18)

where O(e) stands for the the remaining terms of order e. In (1.18) the domain of inte-

gration . can be replaced by Q since the test function is zero in Q \ .. Then, passing

to the two-scale limit, the first term in (1.18) contributes nothing because the two-scale

limit of p. does not depend on y and ¢ satisfies divy ( fy P(x, y)dy) = 0, while the other

terms give
,u/ Vyuo(z,y) - Vy(z,y)drdy = / f(x) - (z,y)dzdy. (1.19)
aJy; aJy;

By density (1.19) holds for any function ¢ in the Hilbert space V' defined by
divyt(z,y) =0in Q x Y
divy (fy ¢ (2, y)dy) =0in Q ’

P(z,y) =0in Q x Y} }
(fy ¥(z,y)dy) -n=00n0Q |

V= {w(x,y) e L? (2 H#(Y)N) such that

and (1.20)
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It is not difficult to check that the hypothesis of the Lax-Milgram lemma holds for the
variational formulation (1.19) in the Hilbert space V', which, by consequence, admits a

unique solution wg in V. Furthermore, by Lemma 1.1.8 below, the orthogonal of V', a
subset of L? <Q; H#l(Y)N), is made of gradients of the form V,q(x) + Vyqi(x,y) with

q(r) € HY(Q)/R and q¢(x,y) € L? (Q;Li(Y})/R). Thus, by integration by parts, the
variational formulation (1.19) is equivalent to the two-scale homogenized system (1.15).
(There is a subtle point here; one must check that the pressure p(z) arising as a Lagrange
multiplier of the incompressibility constraint divy ( fY uo(z, y)dy) = 0 is the same as the
two-scale limit of the pressure p.. This can easily be done by multiplying equation (1.1)
by a test function ¢ which is divergence free only in y, and identifying limits.) Since (1.15)
admits a unique solution, then the entire sequence (., p.) converges to its unique solution
(uo(z,y),p(x)). This completes the proof of Theorem 1.1.6. [

We now arrive at the last step of the two-scale convergence method which amounts
to eliminate, if possible, the microscopic variable y in the homogenized system. This allows
to deduce Theorem 1.1.1 from Theorem 1.1.6.

Proof of Theorem 1.1.1. The derivation of the homogenized Darcy’s law (1.4) from the
two-scale homogenized problem (1.15) is just a matter of algebra. From the first equation
of (1.15), the velocity ug(z,y) is computed in terms of the macroscopic forces and the local

velocities
N

_1 (= 9P
o) = 32 (60~ 52 @) ) wit) (121)

Averaging (1.21) on Y, and denoting by u the average of ug, i.e. u(x) = fo uo(z,y)dy,
yields the Darcy relationship

1
u(z) = ;A<f(w) - Vp(:v)), (1.22)
since the matrix A satisfies
Ay = | Vuwily) - Vw;(y)dy = / wi(y) - ejdy. (1.23)

Equation (1.23) is obtained by multiplying the i’ local problem (1.6) by w; and integrating
by parts (the boundary integrals cancel out, thanks to the periodic boundary condition).
Combining (1.22) with the divergence-free condition on u yields the homogenized Darcy’s
law. Note that it is a well-posed problem since it is just a second order elliptic equation
for the pressure p, complemented by a Neumann boundary condition. To complete the
proof of Theorem 1.1.1 it remains to show that the convergence of the pressure p. to p is

not only weak, but also strong, in L?(2)/R: this will be done in the next subsection. (]



Lemma 1.1.8 Let V be the subspace of L*($; H#(Y)N) defined by (1.20). Its orthogonal
VL (with respect to the usual scalar product in L*(Q x Y')) has the following characteri-

zation
= {Vup(z) + Vypi(z,y) with o € H'(Q) and ¢1 € L* (Q; Li(Yf)/]R)} . (1.24)
Proof. Remark that V = V; NV, with

Vi = {v(z,y) € LQ(Q;H#(Y)N) st. divyo=0in QxY,0=01in Q x 3.}

Vo = {v(az,y) € L%Q;H#(Y)N) s.t. divy </ vdy) =01in Q, </ vdy) -ny =0 on 89}
Yy Yy

It is a well-known result (see, e.g., [24]) that
== {Vyei(z,y) with ¢ € L (Q; LL(Yy)/R) }

Vit = {V.p(z) with p € H'(Q)}.

The lemma is proved if one can check that (Vi N Va)* = V- + Vit Since V; and V5 are
two closed subspaces, this equality is equivalent to V; + Vo = Vi + V5. This is indeed
true because we are going to prove that V; + V3 is equal to L?(€; H# (Y7)N). Introducing
the divergence-free solutions (w;(y)),<;<y of the cell Stokes problem (1.6), for any given
v(z,y) € L3 H#(Yf)N), we define a anique solution ¢(z) in H'(Q)/R of the Neumann
problem

—divy (AVq fY v(x,y) dy> =0 inQ

(1.25)
<AVq fY x,y dy) -n=10 on 0f),

where A is the matrix A defined by (1.5). This allows us to decompose v as

Zw’ &rl ( Z“’Z (933@ >

where the first term belongs to Vi, while the second one belongs to V. U

1.2 Inertia Effects

This section is devoted to a generalization of the previous model when inertial effects
are added to the Stokes equations which then become the Navier-Stokes equations. To
simplify the exposition we shall consider successively and separately the different inertial
terms arising in the equations. A first subsection is concerned with the linear, evolutionary
Stokes equations. A second one focuses on non-linear, steady Navier-Stokes equations. Of
course, these two cases could be combined together with no special difficulties, but at the

price of unnecessary and lengthy technical details.
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The geometrical situation is the same as that of section 1.1. Namely, a periodic
porous domain €2 and its fluid part ). are considered, with period € and unit cell Y. For

a precise description of ), the reader is referred to definition (1.3) above.

1.2.1 Darcy’s Law with Memory

We consider the unsteady Stokes equations in the fluid domain 2, with a no-slip (Dirichlet)
boundary condition. We denote by u. and p. the velocity and pressure of the fluid, f the
density of forces acting on the fluid, and u? an initial condition for the velocity. We assume
that the density of the fluid is equal to 1, while its viscosity is very small, and indeed is

exactly pe? (where € is the pore size). The system of equations is

% + Vpe — EplAue = f in (0,T) x Q.

divue =0 in (0,7) x Q (1.26)
ue =0 on (0,7) x 09
uc(t =0,2) = ud(z) in Q¢ at time ¢t = 0.

The scaling €2 of the viscosity is the same as that in section 1.1. However, here it
is not a simple change of variable since the density in front of the inertial term has been
scaled to 1. The scalings in system (1.26) are precisely those which give a non-zero limit
for the velocity u. and a limit problem depending on time. In particular, (1.26) is not
equivalent to the following system (which gives rise to a different homogenized system

with no inertial term in the limit)

Qe | Vpe — pAue = f in (0,T) x Qe
divue =0 in (0,7) x Q

ue =0 on (0,T) x 09
uc(t =0,2) = ud(z) in Q¢ at time t = 0.

(1.27)

In some sense, the scaling of the viscosity in (1.26) can also be interpreted as a choice of
the time scale of the order of the pore size squared. System (1.26) has been first studied
by J.-L. Lions [14], using formal asymptotic expansions. Rigorous homogenization results
have been proved later in [5]. A study of the different system (1.27) may be found in [18].

To obtain an existence result and convenient a priori estimates for the solution of
(1.26), the force f(t,x) is assumed to belong to L2 ((0,T) x Q)" and the initial condition
ud(z) to HE(Q)YN. Furthermore, denoting by @ the extension by zero in the solid part

0\ Q¢ of the initial condition, we assume that it satisfies

@]l L2 () + €l V] L2y < C
diviil = 0 in Q (1.28)
0

@2 (x) two-scale converges to a unique limit v%(z,y).

Then, standard theory (see e.g. [24]) yields the following
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Proposition 1.2.1 Under assumption (1.28) on the initial condition, the Stokes equa-
tions (1.26) admits a unique solution u. € L? ((0,T); H} (Qe))N, and pe € L* ((0,T); L*(2) /R).
Furthermore, the extension by zero in the solid part Q\ Q¢ of the velocity U, satisfies the

a priori estimates

el Loo((0.1):22(02)) + €l Vel Lo ((0,7):22(02)) < C and H HL2 (omxe) <C, (1.29)
where the constant C does not depend on €.

The following homogenization theorem states that the limit problem is a Darcy’s
law with memory (due to the convolution in time) which generalizes the usual Darcy’s

law.

Theorem 1.2.2 There exists an extension (te,pe) of the solution (ue,pc) of (1.26) which
converges weakly in L? ((0,T); L2(Q)N) x L2 ((0,T); L*(2) /R) to the unique solution (u,p)

of the homogenized problem

u(t,z) = o(t, ) + £ [ A(t =) (f = Vp) (s,2)ds in (0,T) x Q
divu(t,z) =0 in (0,T) x (1.30)
u(t,z) - n=0 on (0,T) x 09,

where v(t,z) is an initial condition which depends only on the sequence uQ and on the
microstructure Yy, and A(t) is a symmetric, positive definite, time-dependent, permeability
tensor which depends only on the microstructure Yy (their precise form is to be found in

the proof of the present theorem,).

The complicated form of the homogenized problem (1.30), which is not a parabolic
p.d.e. but an integro-differential equation, is due to the elimination of a hidden microscopic
variable. Actually, to prove Theorem 1.2.2 we first prove a result on the corresponding
two-scale homogenized system which includes this hidden variable and has a much nicer

form.

Theorem 1.2.3 Under assumption (1.28) on the initial condition, there exists an ex-
tension (te,pe) of the solution of (1.26) which two-scale converges to the unique solution

(up(z,y),p(x)) of the two-scale homogenized problem

%0 (2,y) + Vyp1(2,y) + Vap(z) — pAyyuo(z,y) = f(z) in (0,T) x Q@ x Y}
dlvyuO(:c,y) =0 in (0,T) x Q x Yy

divy ( [y uo(z, y)dy) =0 in (0,T) x Q

uop(z,y) =0 in (0,T) x AxY, (1.31)
(Jy uo(z,y)dy) -n =0 on (0,T) x 99

Y — Uo,P1 Y -periodic

uo(0, 2, y) = v°(z,y) at time t = 0.
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Remark 1.2.4 The two-scale homogenized problem (1.31) is also called a two-pressures
Stokes system (see [14]). Eliminating y in (1.31) yields the Darcy’s law with memory
(1.80). It is not difficult to check that both v(t,z) and A(t,x) decay exponentially in time.
Thus, the permeability keeps track mainly of the recent history. If the force f is steady
(i.e. does not depend on t), asymptotically, for large time t, the usual steady Darcy’s law
for w and p is recovered. As we shall see, the two-scale homogenized problem (1.31) is
equivalent to (1.30) complemented with the cell problems (1.32)-(1.533).

Proof of theorem 1.2.3. The proof is completely parallel to that of Theorem 1.1.6
in section 1.1 (see [5]). The form of the two-scale homogenized problem (1.31) can also
be obtained by using two-scale asymptotic expansions as in Subsection 1.1.2. The only
difference is that the time derivative % has to be added in the € equation (1.10) which

yields (1.31). O

Proof of theorem 1.2.2. The only thing to prove is that eliminating the microscopic
variable y in (1.31) leads to the Darcy’s law with memory (1.30). The solution wug is
decomposed in two parts uj +ug where wu; is just the evolution (without any forcing term)

0

of the initial condition v”. Thus, at each point x € €2, u; is the unique solution of an

equation posed solely in Y}

B (@, y) + Vyalw,y) — pdyyui(w,y) =0 in (0,T) x Yy

divyui(z,y) =0 in (0,7) x Yy

ui(z,y) =0 in (0,7) x Y, (1.32)
Y — Ui, q Y -periodic

u1(0,z,y) = v°(z,y) at time ¢ = 0.

The average of uy in y is just v(t,z) (the initial condition in the homogenized system
(1.30)). On the other hand, us is given by

'S 0 dw;
7152(157'%'7y):\/O ;(fl_a—f,> (37'%') ;;Z(t—,S,y)dS

where, for 1 <7 < N, w; is the unique solution of the cell problem, which does not depend

on the macroscopic variable z. The cell problem is defined by

(%) + Vyaily) — pyywi(y) = e; i (0,T) x Yy
divyw;(y) =0 in (0,7) x Yy
wi(y) =0 in (0,7) x Y, (1.33)
Y — Wi, ¢ Y -periodic
w;(0,y) =0 at time t = 0.

Introducing the matrix A defined by

8?1}2‘
Ai(t) =p | 5 (ty)ejdy, (1.34)
Yy

13



the Darcy’s law with memory is easily deduced from the two-scale homogenized problem by
averaging uq and us with respect to y. Eventually, using semi-group theory and integrating
by parts in the cell problem (1.34), one can prove that A is symmetric, positive definite,

and decays exponentially in time. [

1.2.2 Non-linear Darcy’s Law

We consider the steady Navier-Stokes equations

e - Ve + Vpe — E€pAue = f in Q.
divue =0 in Q¢ (1.35)
u. =0 on 0f)..

As before, the fluid viscosity u has been scaled by a factor €2, which implies precisely
that the velocity u. has a non-zero limit. The non-linear convective term has also been
scaled by a factor €7, where ~ is a positive constant such that v > 1. The limit case
v = 1 corresponds exactly to the scaling which yields a non-linear homogenized problem.
The case v = 4 allows to replace €?u. by a new velocity v. which satisfies the usual
unscaled Navier-Stokes equations. Intermediate values of v are analyzed below. For larger
values, the convective terms are much smaller than the viscous ones, and the Navier-Stokes
equations are just a small perturbation of the Stokes ones. For values smaller than 1, the
opposite situation arises: convective terms dominate viscous ones. Unfortunately, in this
last case, the homogenized limit is unclear.

We begin with a result of Mikeli¢ [18] which states that, for v > 1, the convective
term of the Navier-Stokes equations disappears in the limit and the homogenized system
is the usual Darcy’s law (as in section 1.1). The only price to pay is a weaker convergence

of the pressure: the closer v to 1, the weaker the estimate on the pressure.

Theorem 1.2.5 Let vy > 1. Define a constant 5 > 1 by

B = min 2, -2 N (1.36)
T A N T N2 ) '

There exists an extension (Ue,pe) of the solution (ue,pe) of (1.85) such that the velocity
G converges weakly in L2(Q)N to u, and the pressure p. converges strongly in L7 () /R
to p, for any 1 < ¢’ < 3, where (u,p) is the unique solution of the homogenized problem,

a linear Darcy’s law,

u(e) = LA (@) - Vple) n®
divu(z) =0 in §) (1.37)

u(z) - n=0 on Of.

In (1.87), the permeability tensor A is the usual homogenized matriz for Darcy’s law,
defined by (1.5) in Theorem 1.1.1.
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We consider the limit case 4y = 1 which yields a non-linear Darcy-type law (some-
time called a Dupuit-Forchheimer-Ergun law). The non-linear convective term does not
disappear in the homogenized problem which indicates a non-linear behavior of Darcy’s

law.

Theorem 1.2.6 Let v = 1. Let f be a smooth function such that its norm in CH*(Q),
with 0 < o < 1, is sufficiently small. Then, there exists an extension (., pe) of the solution

(ue,pe) of (1.85) and a unique solution (ug,p1,p) of the homogenized system

Vyp1 + uo - Vyug — pAyyuo = f(x) — Vp(x) in Yy x Q
divyug = 0 in Yy x €
divy (fY uody) =0 m Q (1.38)
ug =10 mn Yy x Q,
(fy uody) -n=0 on 09,
y — (uo,p1) Y -periodic,
such that pe converges strongly in L1(Q)/R to p, for any 1 < g < 2, and
e () — uo <x f) li2p < Ceb with 0 <1< 1/6. (1.39)
€

The homogenized system (1.38), called a two-pressure Navier-Stokes system, is very
similar to the two-scale homogenized system (1.15). It is not possible to eliminate the y
variable to obtain an explicit macroscopic effective law. Therefore, the non-linear Darcy’s
law is not a local, explicit, partial differential equation. Such a homogenized problem has
formally been derived in [21] and [14]. A rigorous proof of convergence has recently been
given in [17] (see also [19] in the two-dimensional case). The proof of Theorem 1.2.6 is
very technical and is not reproduced here (the key argument is to prove an existence and

uniqueness result for the homogenized system (1.38) by using a monotonicity argument).

1.3 Derivation of Brinkman’s Law

1.3.1 Setting of the Problem

This section is devoted to the derivation of Brinkman’s law for an incompressible vis-
cous fluid flowing in a porous medium. As in the previous sections, we start from the
steady Stokes equations in a periodic porous medium, with a no-slip (Dirichlet) bound-
ary condition on the solid pores. We assume that the solid part of the porous medium
is a collection of periodically distributed obstacles. We denote by e the period, or the
inter-obstacles distance. The major difference with the previous sections is that the solid
obstacles are assumed to be much smaller than the period e. Their size is denoted by

a. < €. There are now two small parameters in our asymptotic analysis which means that
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two-scale asymptotic expansions cannot be used in the sequel. The assumption on the
periodicity of the porous medium allows to simplify greatly the results, although it is not
strictly necessary (and not very realistic). As before, the porous medium is denoted by €2,
and its fluid part by €Q..

Figure 1.2: Scaling of the periodicity cell of a porous medium.

The motion of the fluid in €2 is governed by the steady Stokes equations, comple-
mented with a Dirichlet boundary condition. We denote by u. and p. the velocity and
pressure of the fluid, p its viscosity (a positive constant), and f the density of forces acting
on the fluid (u. and f are vector-valued functions, while p. is scalar). The microscopic

model is
Vpe — pAu. = f in €
divue =0 in Q. (1.40)
ue =0 on €,

which admits a unique solution (ue,pe) in H} (Qe)N x L2(Q.)/R if f(z) € L2(Q)N (see e.g.
[24]).

Let us describe more precisely the assumptions on the porous domain. It is contained
in a bounded domain Q C R¥, and its fluid part is denoted by Q.. The set Q is covered by
a regular periodic mesh of period e. At the center of each cell Y (equal to (0, )N, up to
a translation), a solid obstacle T is placed which is obtained by rescaling a unit obstacle
T to the size a. (i.e. Tf = acT, up to a translation, see Figure 1.2). The unit obstacle 1" is
a non-empty, smooth, closed set included in the unit cell and such that Y \ 7" is a smooth

connected open set. The fluid part 2. of the porous medium is defined by

N(e)

Qe = Q\ U 777 (141)
1=1

where the number of obstacles is N(e) = [2]e ™™ (1 + o(1)). A fundamental assumption is

that the obstacles are much smaller than the period,

lim = = 0. (1.42)



1.3.2 Main Results

According to the various scaling of the obstacle size a. in terms of the inter-obstacle
distance ¢, different limit problems arise. To sort these different regimes, we introduce a

ratio o, defined by

( fvl\iQ)l/Q for N > 3,
€ ‘log (“—:) 2 for N =2.

As usual in perforated domains like €2, the sequence of solutions (u., p.), being not

(1.43)

defined in a fixed Sobolev space, independent of €, needs to be extended to the whole
domain Q. We denote by (@, pe) such an extension, which coincides, by definition, with

(te, pe) on Q.

Theorem 1.3.1 According to the scaling of the obstacle size, there are three different flow

regimes.

1. If the obstacles are too small, i.e. lim¢_,o o = 400, then the extended solution (T, Pe)
of (1.40) converges strongly in HE(Q)N x L2(Q)/R to (u,p), the unique solution of the

homogenized Stokes equations

Vp—pAu=f in
dive =0 in (1.44)
u=0 on Of).

2. If the obstacles have a critical size, i.e. lim. g0 = 0 > 0, then the extended solution
(tie, Pe) of (1.40) converges weakly in HE(Q)N x L2(Q)/R to (u,p), the unique solution

of the Brinkman law

Vp —pAu+LEMu=f inQ
divu =0 in 2 (1.45)
u=20 on 0.

3. If the obstacles are too big, i.e. lime oo, = 0, then the rescaled solution (g—g,ﬁe) of
(1.40) converges strongly in L*(Q)N x L2(Q) /R to (u,p), the unique solution of Darcy’s

law

u-ﬁMfl(f—Vp) in
divu =0 in (1.46)
u-n= on 0S.

In all regimes, M is the same N x N symmetric matriz, which depends only on the model

obstacle T (its inverse, M~", plays the role of a permeability tensor).
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The following proposition gives the precise definition of M in terms of local problems
around the unit obstacle T. Mathematically speaking, M can be interpreted in terms of
the hydrodynamic capacity of the set T. From a physical point of view, the i** column of
M is the drag force of the local Stokes flow around T in the i** direction. Thus, M may

be interpreted as the slowing effect of the obstacles in the homogenized limit.

Proposition 1.3.2 According to the space dimension N, the local Stokes problem and the

matric M are defined as follows.
1. If N >3, for 1 <i < N, the cell problems are

Vg — Aw; =0 inRV\T

divw; =0 m RN\ T (1.47)
w; =0 m T
W; —> €; at 0.
The matriz M is defined by its entries
M;; = Vuw; - Vw;dz, (1.48)

RN\T

or equivalently by its columns, equal to the drag forces applied on T by the local Stokes

ow;
Me; :/ < ’ —qm). 1.49
ar \ On ( )

2. If N =2, for 1 < <2, the cell problems are

flows

Vg, — Aw; =0 in R2\ T
divw; =0 in R2\ T
w; =0 m T

wi(x) ~ e;log(|z]) as |z| — co.

(1.50)

The matriz M is defined by its columns, equal to the drag forces applied on T by the

local Stokes flows
ow;
Mel-:/ < Z—qm). 1.51
or \ On ( )

Furthermore, whatever the shape or the size of the obstacle T, in two space dimension

the matriz M is always the same

M = 4r1d. (1.52)

In the super-critical case, the homogenized problem is a Darcy’s law with a perme-
ability tensor M ~! (see (1.46)). This tensor has nothing to do with that, denoted by A,
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obtained in a two-scale periodic setting (see Theorem 1.1.1 in section 1.1). Recall that here
the obstacles are much smaller than the period (see assumption (1.42)). The two matrices
are not computed with the same local problems which are posed in a single periodicity
cell in section 1.1 and in the whole space RN here. However, it has been proved in [3] that
M~ is the rescaled limit of A, when the obstacle size goes to zero in the unit periodic
cell Y.

Remark 1.3.3 The surprising result in 2-D, that M is always equal to 4wld, is actually
a consequence of the well-known Stokes paradox. This paradox asserts that there exist no
solution of the local problem (1.47) in 2-D (it explains why the growth condition at infinity
in (1.50) is different from the higher dimensional cases). Notice also that the critical size
yielding Brinkman’s law changes drastically from 2-D, a. = e/ 62, to 3-D, a. = o2€>.
The proof of Theorem 1.3.1 relies on the oscillating test function method of Tartar
as adapted to the present framework by Cioranescu and Murat [10]. Let us sketch the
main idea of this method. It consists in multiplying the Stokes equation (1.40) by a test
function, integrating by parts, and passing to the limit, as € — 0, in order to obtain the
variational formulation of the homogenized problem. The key difficulty here is that the
test function must belong to H{ ()", namely it has to vanish on the obstacles for any
value of €. Of course it is not the case for a non-zero fixed test function . Therefore,
boundary layers (w§), -, 5 have to be constructed such that, ¢ being a smooth vector-field,
Z@]\L 1 piws belongs to }IE(QG)N and converges to ¢ as € goes to zero. These boundary layers
(w§); ;< are built with the help of the solutions (w;),;<y of the local Stokes problems
from IDr_oposition 1.3.2 by rescaling them to the size a. around each obstacle and pasting

each contribution at the cell boundary 9Y*. Loosely speaking, w

is a divergence-free
vector field which vanishes on the obstacles and is almost equal to the unit vector e; far
from the obstacles. Using this oscillating test function, Z@]\L 1 piws yields the desired result
(see [2] for details). Another interest of the boundary layers (wf), .. is that they permit
to obtain corrector results. For example, in the critical case and under a mild smoothness
assumption on the Brinkman velocity u, the weak convergence in H&(Q)N of @, can be

improved in
N
<&e — Z v,w?) — 0 strongly in Hi(Q)V.
i=1

Finally, as in section 1.1 on the derivation of Darcy’s law, a technical difficulty is the
construction of a bounded extension of the pressure p.. As usual, extending the velocity

is easier: it suffices to take it equal to 0 inside the obstacles,
e = Ue In e,
e =0 inQ\ Q.
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Remark 1.3.4 In space dimension N = 2,3, Theorem 1.3.1 can be generalized easily
to the non-linear Navier-Stokes equations (see Remark 1.1.10 in [2]). The microscopic

equations in the porous medium are

Vpe + te - Vue — pAue = f in Qe
divue =0 in Qe (1.53)
ue = 0 on 0.

Then, there are still three limit flow regimes, corresponding to the same obstacle sizes, and
the definitions of the local problems and of the matriz M are still given by Proposition

1.8.2. In the critical case, the homogenized problem is a non-linear Brinkman’s law

Vp+u-Vu—pAu+Mu=f inQ
divu =0 in (1.54)
u =0 on 0f,

while in the super-critical case it is still the same linear Darcy’s law (1.46).

The rigorous derivation of Brinkman’s law by homogenization of Stokes equations in
a periodic porous medium has first been established by Marchenko and Khruslov [16]. The
description of all limit regimes and the two-dimensional paradoxical result of Proposition
1.3.2 are due to Allaire [2]. Brinkman’s law has also been obtained formally by three-scale

asymptotic expansion by Lévy [13] and Sanchez-Palencia [22].
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Chapter 2

Homogenization of diffusion

equations

2.1 Double Permeability

2.1.1 Setting and results

This section is devoted to the derivation of the so-called double porosity model for de-
scribing single-phase flows in fractured porous media. This model is well known in the
engineering literature [11]. It has rigorously been derived by means of homogenization
techniques [9]. A fractured porous medium possesses two porous structures, one asso-
ciated with the system of cracks or fractures, and the other with the matrix of porous
rocks. In each of these structures, the fluid flow is assumed to be governed by Darcy’s
law. On the contrary of the previous sections where the starting model was a microscopic
model (Stokes equations at the pore level), here the original model is already an averaged
model (Darcy’s law in both the matrix and the fractures). Therefore, we shall obtain a
macroscopic model starting from a mesoscopic one. More precisely, we shall prove, un-
der suitable assumptions, that the homogenization of Darcy’s law in a periodic fractured
porous medium yields a double porosity model.

As before, we denote by € the periodic porous medium with its period e. The
rescaled unit cell is Y = (0,1)", which is made of two complementary parts: the matrix
block Y3, and the fracture set Yy (Y, UY; =Y and Yy NY;, = (). The matrix block Y} is
assumed to be completely surrounded by the fracture set Yy, i.e. Y} is strictly included in

Y. We define the matrix and fracture parts of {2 by

N N ()
vy=an )Y, Yi=anl]Yf, (2.1)
i=1 =1

where Y;®, and Yfei are the e-size copies of Y}, and Yy covering ().

21



Figure 2.1: Unit cell of a fractured porous medium.

The reservoir €2 is periodic since its porosity ¢. and permeability k. are periodic

functions defined by

{ ke(z) = Eky,, ¢c(x) = Py, in Yy (2.2)

ke(z) = ky;, ¢e(x) =¢y, inYf

where ¢y, , ¢y, are positive constants, and ky,, ky, are positive definite tensors (they could
also depend on z and y). The fluid is assumed to be compressible, and the state law giving
the relationship between its density p. and its pressure p. is linearized. Combining Darcy’s
law and the conservation of mass, and neglecting gravity effects, yields the following

equation

¢ % — div (k.Vpe) = f in (0,T) x Q
(keVpe) - n=0 on (0,T) x 09 (2.3)
pe(0, ) = p™it(x) at time ¢ = 0.

Remark 2.1.1 We emphasize the particular scaling of the permeability defined in (2.2):
the matriz is much less permeable than the fractures. Equivalently, the time scale of
filtration inside the matrix is much smaller than that inside the fractures. On the other
hand, the porosities have the same order of magnitude in both regions. Such scalings
have been found to yield a homogenized double porosity model by Arbogast, Douglas, and
Hornung in [9]. If the permeabilities of both phases (matriz and fractures) were of the
same order, the homogenized system would easily be seen to be a single Darcy’s law with

effective coefficients computed with the usual rules of homogenization.

To obtain an existence result and convenient a priori estimates for the solution of
(1.40), the source term f(t,x) is assumed to belong to L?((0,T) x ), and the initial
condition p(z) to H(2) (the initial condition could vary with € as soon as it converges

sufficiently smoothly). Then, standard theory yields the following
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Proposition 2.1.2 There ezists a unique density p € L* ((0,T); H'()) solution of sys-

tem (1.26). Furthermore, it satisfies the a priori estimates

”/;EHLOO((O,T);L2(Q)) + ”VPsHLoo((o,T);p(y;)) + GHVPe”Loo((QT);p(ybe)) <, (2.4)
155 122 0,1y x ) < C,

where the constant C does not depend on e.

The following homogenization theorem states that the homogenized problem is a

double permeability model.

Theorem 2.1.3 Under assumptions (2.2), the density p., solution of (2.3), two-scale
converges to po(w,y) € L?((0,T) x Q x Y) such that

{ po(z,y) = py;(x)  if (x,y) €A x Yy
po(x,y) = py,(2,y) if (z,9) € Ax Y
where (py, (), py, (z,y)) € L* ((0,T); H' () x L* ((0,T) x Q; H(Y}))) is the unique so-

lution of the coupled homogenized problem

09y, g:f divy (k*Vapy,) = f = oy, Jy, g;” (z,y)dy in (0,T) x Q2

(k*Vpy;) -n =0 on (0,T) x 0

PYf(O z) = p"(z) at time t = 0 25
by, 2k — divy (ky, Vypy,) = f(t,2) in (0,T) x Y,

pYb(l’,y) = py; () on (0,T) x Y,

[ v, (0,2,y) = p™" () at time t = 0,
Y|

where 0 = W is the volume fraction of fractures, and k™ is the homogenized permeability

tensor defined by its entries

kij = /Y ky, (ei + Vyxi) - (ej + Vyx;) dy,
i

where x;(y) are the unique solutions in H#(Yf)/R of the cell problems

—divyky, (ei +Vyxi(y)) =0 in Yy
ky; (ei + Vyxi(y)) -n=0 on 0Y,
y — xi(y) Y -periodic,

with (e;)1<i<n the canonical basis of RY.

The homogenized problem (2.5) is called a double porosity model since it couples a
macroscopic equation for py, (the first line of (2.5)) and a microscopic equation for py,
(the fourth line of (2.5)). Remark that the (weak) limit of p. is not py,, but rather a

combination of py, and py,
pe = Opy, + (1 =0)py, ase—0.

Therefore, one can not eliminate the microscopic equation in the homogenized problem.
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2.1.2 Asymptotic expansions

We apply the method of two-scale asymptotic expansions to (2.3). We start from the

following two-scale asymptotic expansion (or ansatz)

+o0

pe(t,x) = Z € pi <t,x, %) ) (2.6)

1=0

where each term p;(t,x,y) is a Y-periodic function. Plugging (2.6) into (2.3) yields a
cascade of equations. One must be careful because there is a difference of order in € in the
matrix block Y, and in the fracture set Y;.

The €2 equation holds true only in Yy

—divy (ky, Vypo(t,z,y)) =0 in Yy,

which implies that pg is a function that does not depend on y in Yy, i.e., there exists a

function py, (¢, z) such that
po(t,,y) = py,(t,r) foranyy €Y.
The ¢! equation in Yy is
—divy (ky, Vypi(t, z,y)) = divy (kybvxpyf (t,ac)) in Yy,

with a Neumann boundary condition on 0Y};, which allows one to compute p; in terms of

v$pr .
Finally, the € equation is
v, 2 — divy (ky, Vypo) = f(t, ) in Y @7
(be% - divy (kavyPQ(x7 y)) = g(t7 T, y) in Yf7
with
g(ta z, y) = diVy (ka prl) + divy (kavypl) + divy (ka Va:pO) + f(.%')
The first line of (2.7) is a parabolic equation for pg in the block Y} with Dirichlet boundary
condition on 9Y;. Writing pg = py, in Y, it is precisely the fourth line of the homogenized
problem (2.5). The second line of (2.7) is an elliptic equation for the unknown ps in the
fracture Yy with Neumann boundary conditions on 9Y;. The compatibility condition of

this equation (in order that it admits a solution) is

9po
t — — | dy=0
/Y |:g( 71.7:[/) ¢Yf ot Y >
which is exactly the first line of the homogenized problem (2.5).
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2.2 Long time behavior of a diffusion equation

2.2.1 Setting and main results

In this section we discuss the homogenized limit of a time-evolution diffusion equation.
This is a parabolic equation for which we are interested in the long time behavior. As
we shall see, the homogenized limit is quite different in this setting from the usual one as
described in the first lecture. For an initial data a € L?(Q2), the equation is

x\ Oue o .. x x . +

c(—> —edlv(A(—)VuE):a(—)uE in QxR

e/ Ot € €
ue =0 on 9 x RT (2.8)
uc(0) =a in Q.

where A is a symmetric matrix satisfying the coercivity assumption

N
alé? < Y Ay(y)&é < BlEP, with 0<a <,

ij=1

and c is a bounded positive Y-periodic function
0<c <c(y) <ct <400 Vyev.

Equation (2.8) models a reaction-diffusion problem (there is no sign restriction on the
reaction coefficient o). It is frequently used also in nuclear physics or neutronics [7], [8]
(see also the lecture notes [6] where additional references and physical motivation are
given).

Remark the €? scaling in front of the diffusion term. One possible justification of
this scaling is that, upon the change of variables y = x/e, the € factor disappears in
front of the diffusion, the periodicity cell (0,1)" is independent of ¢ while the domain size
is of order 1/e. Another interpretation of the € scaling is concerned with the long time
behavior of this reaction-diffusion equation. Indeed, if we change the time scale by the
change of variable 7 = €%t, we can divide all terms of the equation by € and suppress
this scaling (except in front of the reaction term). Clearly, if the new time variable 7 is of

2 i.e. we investigate the asymptotic

order 1, then the original time variable ¢ is of order ¢~
of (2.8) for very long times.

In order to state the main convergence result for (2.8) we need to introduce an
auxiliary problem which is a cell spectral problem. Let A € R and w(y) € Li(Y) be the

first eigenvalue and the first eigenfunction of the cell spectral problem

{ —Ae(y)w — divy (A(y)Vyw) = o(y)w inY, (2.9)

y — w(y) Y — periodic.
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The existence of (A, w) is standard, and the Krein-Rutman theorem implies furthermore
that the first eigenvalue is simple and the first eigenvector is the only one that can be chosen
positive, w(y) > 0 in Y. Physically, the first eigencouple models the local equilibrium

between the diffusion and reaction terms.

Theorem 2.2.1 Let ue be the unique solution of (2.8). Define a new unknown

ve(€t, ) = Me”. (2.10)

w (%)
Then, for any time T > 0, ve(T,z) converges weakly in L* ((0,T); H'(Q)) to u(r,x) which

1s the unique solution of the homogenized problem

E% —div (AVu) =0 in Q% (0,T)

T

u=0 on 9 x (0,T) (2.11)
u(0) = g in Q,

with

5:/ c(y)w(y)>dy,
Y

and A the homogenized diffusion tensor defined by its entries

Ay = /YUJQA (ei + Vyxi) - (€ + Vyx;) dy,
where x;(y) are the unique solutions in H#(Y)/R of the cell problems

—divy (w?A(e; + Vyxi(y))) =0 inY
y— xi(y) Y -periodic,

with (e;)1<i<n the canonical basis of RN,

In other words, Theorem 2.2.1 gives the following asymptotic expansion for the
solution of (2.8)
T
(tx) e <_> 2 7).
uc(t,x) ~ e weu(e )
Proof. Applying the change of unknown (2.10) and using the cell spectral equation (2.9),

we find a simplified equation for v,

(cw?) (%) ‘?: — div ((wQA) (%) we) —0 inQx(0,7)
ve =10 on 09 x (0,T) (2.12)

ve(0) = v in Q

with v§ = a(z)/w(xz/e). Remark that all scalings have disappear from (2.12) and we can
therefore apply the standard homogenization theory to (2.12) (see subsection 1.2.4 in the
first lecture). This easily yields (2.11). O
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Remark 2.2.2 [t is possible to consider a source term in the reaction-diffusion equation
(2.8) of the form
Ef(et,x)e .

It yields a source term in the homogenized equation (2.11) of the type

( /W dy) F(r ).

2.2.2 Asymptotic expansions

In order to understand how we guessed the clever change of unknowns (2.10) in the previous
subsection, we apply now the method of two-scale asymptotic expansions to the reaction-
diffusion equation (2.8) (without any a priori knowledge of the result). Since there are two
time scales, the fast one t and the slow one 7 = €2t, we start from the following two-scale

asymptotic expansion (or ansatz)

“+oo
< x
ue(t,z) = Z €'u; <t, et, x, Z) , (2.13)
=0
where each term w;(¢,7,x,y) is a Y-periodic function. Remark however that there is no
periodicity with respect to the time variables. This series is plugged into equation (2.8)

and we get the usual cascade of equations. The €’ equation is

{ c(y) %0 — divy (A(y)Vyuo) = o(y)up Y,

o (2.14)
y — uo(t,7,2,y) Y — periodic.

Since we are interested in the long time asymptotic of the problem, and because t is the
fast time variable (compared to 7), we ignore the initial condition in (2.14) and we decide
to retain only the behavior of ug for very large time ¢. (The initial condition will be applied
to the Cauchy problem with respect to the slow time variable 7.) It is well-known that
any solution of (2.14) has the same asymptotic profile, as time ¢ goes to infinity, whatever

the initial condition. This limit profile is precisely
Ce Mu(y),

where C' is a constant depending on the initial condition, and (A, w) is the first eigencouple

of the underlying operator (2.9). Therefore, we deduce that, for large ¢,

At

uo(t, 7, z,y) = u(r,z)e” Y w(y).

The € equation is

{ c(y) % — divy (A(y)Vyu1) = o(y)ur + g1 inY, (2.15)

Y — Ul (t, T, T, y) Y - periodic,
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with the source term
g1 = divy (A(y)Vyuo) + divy (A(y)Vauo) -

If we want the series (2.13) to converge for large time ¢, its second term u; should not
grow faster in t than its first term ug. To avoid any resonance effect in (2.15), the right

hand side g; must be orthogonal to the first eigenfunction w(y), namely

/ g1 (y)w(y) dy = 0. (2.16)
Y

This condition is always satisfied since

/ a(p)wly) dy = N / (AW)Vyw(y) - Vau@uw(y) — AW)w(y) Vau(z) - Vyw(y)) dy =0
Y Y

because A is a symmetric matrix. Thus, for large time ¢, the solution wu; is

At

ur(t, 7, z,y) = e “x(1,7,y),

where x solves

—Ac(y)x — divy (A(y)Vyx) =o(y)x + g1 inY,
Y — X(ta T, T, y) Y — periodic.

The €% equation is

{ c(y) %2 — divy (A(y)Vyu2) = o(y)us +go inY, (2.17)

Yy — u2(t, T, T, y) Y - periodic,
with the source term
. . 8u0 .
g2 = divyx (AVyuq) + divy (AV,up) — CE + divyg (AVug) .

Once again, if we want the series (2.13) to converge, its third term ug should not grow
faster in ¢ than wug. To avoid any resonance effect in (2.17), the right hand side go must

be orthogonal to the first eigenfunction w(y), namely

| ey ~o. (215)
After some algebra, the compatibility condition (2.18) yield a macroscopic equation
0 _
o5 — dive (AV,u) = 0

to which we add the initial condition in order to recover the homogenized problem (2.11).
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