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@BAC@EDGFBHJILKNMNOQPRHLSTKUF"VUW&FXW�IZY\[T]�A^A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @
@BA � _`F$]>aN]�bdcX[T]�MN]^bdKNMNW�[TSfeLY\HLSTKUFgA4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �
@BA � h7OX]�[fijOX]&e�bdKNMNk�[T]&elP>[fYUeJemSfijOX]&e"A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A n

@UA �XAT@ o1ijOpYqHJSCKBF"MX]^[TYdPZrpYU[C]&OXI�A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A n
@UA �XA � o1ijOpYqHJSCKBF"MX]&esKBFpMN]&e7A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @ut
@UA �XA � v=]^v3YUcX[fYUP>ST]�FwA^A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @S�
@UA �XA x o1ijOpYqHJSCKBF"MX]9yNPZrXIJz{MXSCFXVB]�I0A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @S�
@UA �XA}| y{~Ne�HJk�bd]�MN]^v3YUbdW�A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @ �

@UA �XA � y{~Ne�HJk�bd]�MN]�yjHJKU�U]ue(A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @&x
@UA �XA�� o1ijOpYqHJSCKBFpesMN]uescX[fYUijOX]&e8A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @&x

@BA x ��Y\[fP>OX[=F{OXbdW&ILSfijOX]4cpY\IsMNSC��W&IL]&FpP>]ue��pFXST]&e�A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @�|
@UA xpAT@ ��IJSCFpP�SCc�]&elMN]4[TYdbdW>HJrXKNMN]�A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A @�|
@UA xpA � �sW&eLOX[CHJY\HJe�F{OXbdW�IJSTijOX]ue�cQKBOXIs[�� WuiBOQYqHLSTKUF$MN]^[fYdPZrpY\[T]�OXI�A^A4A^A4A^A^A @u�
@UA xpA � �sW&eLOX[CHJY\HJe�F{OXbdW�IJSTijOX]ue�cQKBOXIs[�� WuiBOQYqHLSTKUF$M�� YUMN�B]&P>HLSTKUF�A0A^A4A^A4A^A^Ai�	�

@BA | �s]�b Y\IZijOX]&eseLOXIs[T]&e�bdKNMNk�[T]&e�b Y\HLrXW&bdY\HLSfijOX]&e�A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^Ai�U�
@UA}|NAT@ �`KUHLSTKUF$MN]^cXIJKU�X[Tk�bd]4�XST]�F$cQKjemW�A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^Ai�j�
@UA}|NA � �+[TYBeLeLSC�QP�Y\HLSTKUF/MX]&esWuiBOQYqHLSTKUFQe�YUONa/MNW&ILST�UW&]&e�cpYUImHJSC]&[C[T]&e�A^A4A^A4A^A^Ai�Un

�E,8.7��6����/;��";42��"�>�s�s.0��;0��#%;42��s�>���>;^2 �=�
�XAC@EDGFBHJILKNMNOQPRHLSTKUF A4A^A0A^A4A^A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �p@
�XA � ¡lSC��W&IL]&FpP>]ue��pFXST]&e�c�KUOpI`[¢� W&ijOpY\HLSTKUF$MN]4[TY PZrQY\[T]�OXI4A^A4A^A^A4A^A0A^A4A^A4A^A^A �0�

�NA �NAT@ ¡lST�U]&IJe�]�aN]�bdcX[T]&esMN]�eJPZrXW�b YBe$A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �0�
�NA �NA � �+KUFpeLSfe�HZY\FpP�]7]�H`cXILWuP>SfemSTKUF£A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �j|
�NA �NA � yjHJYU�XST[CSCHLW^]�HlY\FpYU[C~NeL]0MN]�¤pKUOXIJST]�IlA^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �{�
�NA �NA x �+KUF{�U]&ILVB]�FpP�]7MN]ueseLPZrpW�b YUe<A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�x��
�NA �NA}| yNPZrXW&bdYBe�b9OX[CHLSTFXST�U]uY\ONa�A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�xBx
�NA �NA � v=]^P�YBe�b9OX[CHLSfMNSTbd]�FpeLSCKBFXFX]&[(A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�xj�

�XA � ¥`ONHJIL]uesbdK{MXk�[T]&e�A0A^A4A^A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A¦|X@
�NA �XAT@ o1ijOpYqHJSCKBF"M=� YBMN�U]uPRHLSTKUF"A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A¦|X@
�NA �XA � o1ijOpYqHJSCKBF"MX]&esKBFpMN]&e7A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A¦|Un
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� ��� ��,8!/)+'0�9�&� ���l'/���>'4���&������;7)+)1;-�/;^2��^����� )��0,5;^2�;7)+)1���! 
���u: !";42 "$#
�pAC@&%0W&FXW�IZY\[TSCHLW&e A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�B|

�pAC@BAC@ DGFBHJILKNMNOQPRHLSTKUF A^A4A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�B|
�pAC@BA � ¤XKUIJb9Op[TY\HLSTKUF/P�[TYBeLeLSfiBOp] A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�U�
�pAC@BA � v=]^P�YBesMN]^[TYdMNSTbd]�FpeLSTKUF"OXF�M�� ]uemcQYUP>]�A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�j�

�pA � ¥lcXcXIJKNPZrX]4��YUILSfYqHJSCKBFXFX]&[C[T] A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�U�
�pA �XAC@ ¤XKUIJb9Op[C]uesMN]'%0IL]&]�F�A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�U�
�pA �XA � ¤XKUIJb9Op[TY\HLSTKUF��qYUILSfYqHJSCKBFXFX]�[T[T]"A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A �{@

�pA � (�rpW�KUIJST]4MX]�v3Yqa*)�+�ST[CVBIJYUb A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A ��x
�pA �pAC@ ��YUMNIJ]^Y\�pemHLIZY\SCH A4A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A ��x
�pA �pA � ¥`cXcX[TSfP�YqHJSCKBF�Y\O$v3Y\cp[TYBP>ST]�F A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A �U�

,w;^2-�+'�#9;^2��";*2 �.�d��)1;/� 03�
xQAC@�DGFjHJILKNMNOpP>HLSTKUF"]>HlY��B]�ILHLSfeLeL]�bd]�FjH A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�X@
xQA � ¤pKUFpP>HLSTKUFpesMX]�P�Y\IJIJW0eLKUbdb Y\�X[T]4]>HlMNW&ILST�qYqHJSCKBF21 YUSC�X[T] A^A0A^A^A4A^A4A^A4A^A^AE�	�

xQA �XAC@ h7OX]�[fijOX]&e�IZY\cXc�]�[fesM�� SCFjHJW�VUIZYqHJSCKBFEA^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�	�
xQA �XA � ¡lW&ILST�qYqHLSTKUF31 Y\ST�X[T] A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE� �

xQA � ¡7W>�QFXS HJSCKBF�]>HscXIJSCFQP>STcpY\[T]&e�cXIJKUcpILSTW>HJW&e A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AE�U�
xQA �pAC@ 41emcQYUP>]

H1(Ω)
A^A4A^A^A0A^A4A^A4A^A^A4A^A4A^A0A^A4A^A^A4A^A4A^A4A^A^AE�U�

xQA �pA � 41emcQYUP>]
H1

0 (Ω)
A^A4A^A^A0A^A4A^A4A^A^A4A^A4A^A0A^A4A^A^A4A^A4A^A4A^A^AEnUt

xQA �pA � (3IZYUP�]&e�]>H�1 KBILb%OX[C]uesMN]'%0IL]&]�F A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AEn	�
xQA �pA x _`F$ILWuemOp[ HZYqH`MN]�P>KBbdcpYUP�S HJW A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^AEnj�
xQA �pA | 41emcQYUP>]ue

Hm(Ω)
A4A^A^A0A^A4A^A4A^A^A4A^A4A^A0A^A4A^A^A4A^A4A^A4A^A^AEnU�

xQA x h7Op]�[fiBOp]&esP>KBbdcX[CW&bd]�FjHJe�ONHJSC[T]&e A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@&tX@
xQA xQAC@ ¡lW&b KBFpemHLIZYqHLSTKUF$MNO5(�rXW&KUIJk�bd]7xQA �pA |%MN]�MN]&FpeLS HJW A^A^A4A^A4A^A4A^A^A�@&tX@
xQA xQA � 41emcQYUP>]

H(div)
A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A4A^A4A^A0A^A^A�@ut �

xQA xQA � 41emcQYUP>]ue
Wm,p(Ω)

A^A^A0A^A4A^A4A^A^A4A^A4A^A0A^A4A^A^A4A^A4A^A4A^A^A�@utB|
xQA xQA x ¡lOpYU[CSCHLW A4A^A4A^A4A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@&tU�

xQA | v3SC]&F�Y��U]&P7[T]&esMNSfe�HJILST�XONHJSCKBFpe A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@&tj�
#¦.0��!"�/; ,8'0�96�.7,5'4���u: !"; �";^26�^� �.�%)��7,8;42�;0)1)1�7�^���&: !";^2 ���Q�
|XAC@�DGFjHJILKNMNOpP>HLSTKUF A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@U@U@
|XA �wo�HLOpMN]%MNO�v3Y\cp[TYBP>ST]�F A4A^A4A^A^A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@U@��

|XA �XAC@ �+KUFpMNSCHLSTKUFQesY\ONa�[TSTb SCHL]ue`MN]�¡7SCIJSfPZrX[C]�H�A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@U@��
|XA �XA � �+KUFpMNSCHLSTKUFQesY\ONa�[TSTb SCHL]ue`MN]��l]�OXb Y\FpFEA4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@U@&�
|XA �XA � �+Kj]78�P>ST]�FjHJe��qY\IJSfY\�X[T]&e/A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@��U|
|XA �XA x ��ILKBcXIJSCW�HLW&esijOpYU[CSCHJY\HLST�U]ue A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@��\n

|XA � �`W&eLKU[TONHLSTKUF$M�� Y\ONHJIL]ue�b KNMNk&[C]ue A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@ �Un
|XA �pAC@ y{~Ne�HJk�bd]^MN]^[¢� W�[fYUemHLSfP>SCHLW^[TSTFXW&YUILSfemW&]lA^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@ �Un
|XA �pA � o1ijOpYqHJSCKBFpesMN]9yjHJKU�U]ue�A4A^A0A^A4A^A^A4A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A�@�x{�
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"¦,8.7��6����/;��";42�.0)1.0,5;0���%2��s�>���&2 � #��
�pAC@¦¥`cXcXIJK�aNSCb Y\HLSTKUF"��YUILSfYqHJSCKBFXFX]&[C[T] A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@u|X@

�XAT@UAT@ DGFjHLIJK{MXOpPRHJSCKBF A^A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@u|X@
�XAT@UA � ¥`cXcpILK�aNSTbdY\HLSTKUF/SCFjHL]&ILFp]^VUW�FpW�IZY\[T]"A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@u|	�
�XAT@UA � +�W>HJrXKNMN]�MN]'%4Y\[T]�IJ�{SCF�A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@u|B|
�XAT@UA x +�W>HJrXKNMN]�MN]ue�W�[TW�bd]�FjHJes�pFXSfe � cXIJSCFQP>STcQ]uesVUW&FXW�IZY\ONa�� A0A^A4A^A4A^A^A�@u|B|

�pA � o�[CW&bd]�FjHJe��QFXSTe`]�F�MNSTb ]&FpeLSCKBF
N = 1

A4A^A^A4A^A4A^A4A^A^A0A^A4A^A4A^A4A^A^A�@u|\�
�XA �NAT@ o�[TW�bd]�FjHJes�pFXSfe

P1
A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@u|U�

�XA �NA � �+KUF{�U]&ILVB]�FpP�]l]�H`]&emHLSTbdY\HLSTKUF$M�� ]�IJIL]&OXI�A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@&�p@
�XA �NA � o�[TW�bd]�FjHJes�pFXSfe

P2
A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@&�B�

�XA �NA x ��IJKUcXIJSCW�HLWuesiBOQY\[TS HZYqHLST�U]ue A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@&�B�
�XA �NA}| o�[TW�bd]�FjHJes�pFXSfe`M�� �`]�IJbdS HJ] A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@����

�pA � o�[CW&bd]�FjHJe��QFXSTe`]�F�MNSTb ]&FpeLSCKBF
N ≥ 2

A4A^A^A4A^A4A^A4A^A^A0A^A4A^A4A^A4A^A^A�@���x
�XA �XAT@ o�[TW�bd]�FjHJes�pFXSfe�HLIJSTYUFXVUOp[TYUSCIJ]&e A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@��qx
�XA �XA � �+KUF{�U]&ILVB]�FpP�]l]�H`]&emHLSTbdY\HLSTKUF$M�� ]�IJIL]&OXI�A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@&�B�
�XA �XA � o�[TW�bd]�FjHJes�pFXSfesIL]uPRHZY\FXVBOX[TYUSCIJ]&e A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@&nUx
�XA �XA x o�[TW�bd]�FjHJes�pFXSfescQKBOXIlyjHJKU�U]ue0A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A�@&nBn
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@U@UA xpA �-��IJKU�X[Tk�bd]4]�F$rXKBILS/.�KBF��pFXS7A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �j�B�
@U@UA xpA � ��IJKU�X[Tk�bd]^MNO�PZrX]�bdSTF�MN]^P>K10XH`b STFXSTb9OXb �XKBO"M=� YUILI32>HsKUcXHLSTbdYU[=A^A^A �U�Bt

@B@UA}|�¥`[TVUKUIJSCHLrXbd]&e�VB[CKBONHLKBFpe^A^A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �U�j|
@U@UA}|NAT@ %0W�FXW&IJYU[CSCHLWuesemOpIs[C]ue�b W�HLrXKNMN]uesVU[TKUOXHLKUFpFX]&e A4A^A^A4A^A0A^A4A^A4A^A^A �U�j|
@U@UA}|NA � ¥`[TVUKBILSCHLrXbd]lMX] 	4IJOpeL��YU[Xc�KUOXI�[C]7cXIJKU�X[Tk�bd]7MX]l[�� YUIL�XIJ]lP�KUOX�{IZY\FjH1MN]

P>K�0NHsb STFXSTb9OXb A4A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �U�B�
@B@UA �gy{W�cpYUIJY\HLSTKUF"]>HsIJ]�[fYqaXYqHJSCKBF<A^A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A �U�B�

@U@UA �XAT@5y{W�cQY\IZYqHLSTKUF/]>H`W&��YU[COQYqHLSTKUF � �pIJYUFpPZr"YUFpM/�QKBOXFpM��*A4A^A0A^A4A^A4A^A^A �U�B�
@U@UA �XA � �s]�[fYqaXY\HLSTKUF/MX]^cXILKB�X[Tk�bd]&esP�KUb9�pSCFpY\HLKBSCIJ]&e A4A^A^A4A^A0A^A4A^A4A^A^A �Un �

'�����; ��;54 ;^2��1'�#%;42��"; 6��>)�� ;0�0� , 	Q�
'�����; ��;54 '/��'�)�6$23; ��!",5.7�/�&: !";�,5'4�����u#9��;7)+)1; , 	
�
@ �XAT@��sW&eLKU[TONHLSTKUF$MN]ue`em~NemHLk&b ]ue�[CSTFXWuY\STIL]ue�A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xBtBn

@ �XAT@UAT@ �`Y\cpcQ]&[TeseLOXIs[T]&esFXKBILbd]ue+b Y\HLIJSTP�SC]&[C[T]&e$A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xp@ut
@ �XAT@UA � �+KUFpMXS HJSCKBFXFX]�bd]&FBHs]�Hle�HZY\�XST[CSCHLW A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xp@ �

@ �XAT@UA � +�W>HJrXKNMN]&elMNSCIJ]&P>HL]ue A^A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xp@�|
@ �XAT@UA x +�W>HJrXKNMN]&e`S HJW�IZYqHLST�U]ue A4A^A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A x0�U�
@ �XAT@UA}| +�W>HJrXKNMN]�MNO$VUIZYUMXSC]&FBHsP>KBF�7�OXVBOXW A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A x �0�

@ �XA �g��Y\[fP>OX[3MX]0�qYU[C]&OXIJe�]�H`�U]uPRHL]&OXIZe+cpILKBcXIL]ue A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xUxjt
@ �XA �NAT@ +�W>HJrXKNMN]�MN]4[fYdcXOXSfeLeJY\FpP�]�A4A^A0A^A^A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xUxjt
@ �XA �NA � +�W>HJrXKNMN]�MN]'%0ST�U]�FQe ) �`KBOpem]&rXKU[fMN]&I?A4A^A4A^A4A^A^A4A^A0A^A4A^A4A^A^A xUx �
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�+] P>KUOpIJe�HJIJYUS HJ]9MN] MN]�ONa�eLO�7�]>HZel]ueLeL]�FjHLST]�[fe��pb Y\Sfe`cpYUILbdS3HJY\FjH7M=� YUONHLIJ]&e��p]&F b YqHLrpW�b Y )
HJSTijOX]ue9YUcXcX[TSTijOXW&]&e�% [¢� Y\FpYU[C~NeL] F{OXbdW�IJSTijOX] ]�H%[�� KBcNHLSTbdSTeJYqHJSCKBF=A3¥ ��YUFjH9b 2�bd]�MN]�cpILWuem]&FBHJ]�I
P�]&e`MX]�ONa�MNSfeLP�SCcX[TSTFX]&e��QMNSfeLKUFpe�HJKUONH0MN]9eLOXS HJ]9ijO=� � HLIZY��U]�IZe�[C]&OXIl]&FpeL]�STVUFX]&b ]&FjH`[¢� KU��7�]uPRHJS 1�MN]
P�]7P�KUOXIZe ]&emH�M=� STFjHLIJK{MXOXSCIJ]`[T]l[T]&P>HL]�OpI�YUO b KBFpMN]0MN]l[fY$& � �����
��'���� �
��� & ����"�� & ������( '$� ]>H
MX]l[fY '�� & '��
�%���
��� � ' & ������( '$� iBOpSQKBFBH+cXILSfe+OXFX]lSTbdcQKBImHZY\FpP�]lP>KBFpeLSTMNW&IJYU�X[T]`P>]&e+MN]�IJFXSTk�IJ]&e
MXW&P>]&FXFXST]&e%MXY\Fpe^HLKUOQe�[T]&e9MXKUb Y\STFX]&e9MN]�[fY eLP�SC]&FpP>]�]>H%MN]ue9YUcXcX[TSTP&YqHLSTKUFQe^SCFQMNOpemHLIJSC]&[C[T]&e � KUO
eJP>ST]�FQP>]&esMX]^[¢� SCFpVUW�FpSC]&OXI �>Apv3YdbdKNMNW&[CSfeLY\HLSTKUF"b YqHLrpW�b YqHJSTijOX]^]ue�H`[�� YUImH � KUO$[TY eJP>ST]�FQP>] �XeL]�[TKUF
[T] cQKBSCFjH0MX]%�{OX] �lMN] IJ]�cXIJW&eL]�FjHL]&I � KBO MN]%HLIZY\FQe 1 KBILbd]�I ��OXFp]9IJW&Y\[TSCHLW9cprj~NeLSTijOX]%]�F�MN]&e7bdK )
MXk�[T]&e`YU�pe�HJIJYUS HZe�YUP�P�]&eJemST�X[T]&e � [�� YUFpY\[T~Nem]4]>HlYUO"P&Y\[fP>OX[�Apv Y eLSTb9OX[fYqHJSCKBF/F{OXbdW�IJSfiBOp]^]&emH��X�XST]�F
e 0XI �Q[T] cXILKNP�]&eJemOpe0ijOXS cQ]&ILbd]�H4MN]dP�YU[TP�OX[T]�I4emOXI4KBIJMNSTFpY\HL]�OpIl[T]&e4emKB[COXHLSTKUFpe0MN]dP>]&e0bdKNMNk�[T]&e��
]�HlMNKUFQP0MX]�emSTb9OX[T]�Is[fY ILWuY\[TS HJW4cXr{~{eLSfiBOp]UA
+ YUSTe��XHJKUONH0M�� YU�QKBIJM �QijOX]9eLKUFjH`[T]&e`b Y\HLrXW&bdY\HLSfijOX]&e`YUcXcX[TSTijOXW&]&e�)9¡7SCIJ]9ijO=� SC[ e�� Y\VBS HlMX]&e

b Y\HLrXW&bdY\HLSfijOX]&elHLKBOXILFpW�]&e7�U]&IJel[C]ue7YUcXcX[TSTP&YqHJSCKBFpe7eL]�IZY\SCHlOXFp]9HZY\ONHJKU[TKUVUST]�]�H0OXFp] 1 YUOpeLeL]%P&Y )
IZYUP>HLW&ILSfeLY\HLSTKUF=A 41F ]>� ]>H �+MN]�HJKUONH/HL]&b cQe�[T]&e�b Y\HLrXW&bdY\HLSfP>ST]�Fpe�KUFjH�W>HJW STFpemcpSCIJW&e�cpYUe�MX]&e
cpILKB�X[Ck&bd]&escXIZYqHJSTijOX]ue`ijO=� SC[fe`KBFBH`]ueLeJY�~UW^MN]9ILWuemKBOpMNIJ] �N]>H0P>]�c�]�FQMXY\FjHl[�� W&bd]�IJVU]�FQP>]�MN]uesb Y )
HJrXW�b Y\HLSfiBOp]&e0Y\cXcX[TSfiBOpW�]&e0P>KBbdb ]dMNSfeLP�SCcp[CSTFX]9STFpMNW&cQ]&FpMXYUFBHJ]%]ue�H4IJ]�[fYqHLST�U]&bd]�FjHlIJW&P>]&FjHL]UA 4�F
1 YUS H ��HJKUONH$Y�PZrpY\FXVBW Y��U]uP$[¢� Y\cXcQY\IJS HJSCKBF�MX]&e�cpIL]&b ST]�IZe KBIJMNSTFpY\HL]�OpIJe YUOg[C]&FpMN]�b YUSCF MN]�[TY
eL]&P�KUFpMX]%VBOX]�IJIL]%bdKUFpMNSfY\[T]UA��1[COpe^ijOX]dc�KUOXI0HJKUONH�Y\OXHLIJ]dMXSTeJP>STcX[TSCFX]d[�� KBIJMXSCFpY\HL]&OXI0Y"W�HLWdOXFX]
IJW��BKU[TONHLSTKUF�c�KUOXI [T]&e b Y\HLrXW&bdY\HLSfijOX]&e*%1SC[lY ]&F�]>� ]>H�KBOX�U]&ImH OXFgPZrpYUb c�FXKBOX�U]uY\O ��P�]�[TOXS
MX]/[fY�bdKNMNW&[CSfeLY\HLSTKUF ]�H�MN]/[fY�emSTb9OX[fYqHJSCKBF=A v�� KUIZMNSCFQYqHL]&OXIdY�1 YUS H MN]&e b YqHJrXW�b Y\HLSfiBOp]&e OXFX]
eJP>ST]�FQP>]0]>aNcQW&ILSTbd]�FjHJYU[C] � KUF31 Y\SCHsMX]&e +m]>aNcQW&ILST]�FQP>]&e+F{OXbdW�IJSTijOX]ue�,4P>KUbdbd]^M�� Y\ONHJIL]ue�1 KBFjHsMX]&e
]�aNcQW&ILST]�FpP�]&e^cprj~NeLSTijOX]ue � �3]�H%[fY P>KBFpP>]&cNHLSTKUF YUSCFpeLS+ijOX]�[¢� Y\FpYU[C~NeL]�MN]&e9bdW>HLrpK{MX]&e MN]�P�YU[TP�OX[
eLOXI�KBIJMXSCFpY\HL]&OXI�emKBFjH9MN]��B]�F{OX]&e4OpFX]�FXKBOX�U]&[C[T]d�XIJYUFpPZrX] MN]ue�b YqHJrXW�b YqHJSTijOX]ue-% PU� ]ue�H�[fY�emS )
b%OX[fYqHLSTKUF$F{OXbdW�IJSfiBOp]UA �+]ue`cXIJKUVBILkue�KUFjH7Y\OQeLeLS=c�]�IJb SfelYUONa$bdY\HLrXW&b YqHLSfijOX]&elMN]9e&� Y\HmHJYBijOX]�I
��MN]ue%cpILKB�X[Ck&bd]&e �Q]uY\OpP�KUOXc�cX[TOpe P>KBb cp[C]�a{]ue ]>H�P>KBFpP>IJ]>HZe � STeJeLOpedMN]$b KUHLST�qYqHLSTKUFQe%STbdbdW�)
MXSTY\HL]&elSCFQMNOpemHLIJSC]&[C[T]&esKBO eLP�SC]&FjHLSC�QijOX]&e��QYUONaXiBOp]�[fesKUF$c�]�ONH4Y\cXc�KUILHL]&IlMN]&elILW&cQKBFpeL]&e �d[fY 1 KUSfe
ijOpYU[CSCHJY\HLST�U]ue+b YUSTe`YUOpeJemS�ijOpY\FjHJS HZYqHLST�U]ue.%pP\� ]&emHs[TY bdKNMNW�[TSfeLY\HLSTKUF"bdY\HLrXW&b YqHLSfijOX]UA
�7Fgc�]�ONH�MNKBFpP�P�YUIJYBPRHLW&ILSfeL]�I [T]&e�b Y\HLrXW&bdY\HLSfijOX]&e/Y\cXcX[TSfiBOpW�]&e/P>KBb bd]�[T]&e/b YqHLrpW�b Y )

HJSTijOX]ue`MN]�[fYdbdKNMNW�[TSTeJYqHJSCKBF$]>HlMN]�[fY eLSCb%OX[TY\HLSTKUF$F{OXbdW�IJSTijOX]BAp¡7]�P>]�c�KUSTFjHlMN]��{OX] �p[C]uesb Y )
HJrXW�b Y\HLSfiBOp]&e Y\cXcX[TSfiBOpW�]&e em]�emSCHLOp]�FjH �`[¢� SCFjHJ]�IZem]uPRHLSTKUF%MN]1cX[TOpeLSC]&OXIZe3MNSfeLP�SCcp[CSTFX]&e eJP>ST]�FjHLSC�QijOX]&e/%
b Y\HLrXW&bdY\HLSfijOX]&e��pP�YU[TP�OX[�STF 1 KUIJb YqHLSfijOX] �QeLP�SC]&FpP>]ue�cXr{~{eLSfiBOp]&e��XPZrXSCbdSfijOX]&e��XbdW&P&Y\FXSfijOX]&e��N�XSTK )
[TKUVBSTijOX]ue �BW&P�KUFXKBb SfijOX]&e��j]>H�eJP>ST]�FQP>]&e�MN]0[¢� STFXVUW&FXSC]&OXI � eLKUOpe�P>]0MN]�IJFXST]�I��UKNP�YU�X[C]lKUF�IJ]�VBILKBOXcQ]
OQemOX]&[C[T]�bd]&FBH0[C]ue7MXS � W�IJ]�FjHJe0MNKBbdYUSCFp]&e0M�� YUcXcX[TSTP&YqHJSCKBFpe`STFpMNOpemHLIJST]�[fe7P�KUbdbd]9[�� YUW�IJKUFpYUONHLSfijOX] �
[fY�cpILKNMNOpP>HLSTKUF�M=� W&FX]�IJVUST] �Q[TY��pFpY\FQP>] ��]>HZP\A �RA v=]%bdY\HLrXW&b YqHLSfP>ST]�F�Y\bdW�IJSfP�Y\STF10BKBeL]�cXr 	4]&[C[T]�I
Y 8 ILb Y\SCH%eLKUOpe 1 KUIJbd]�MN]"�QKBONHJYBMN]/ijOX]/[C]ue9b Y\HLrXW&bdY\HLSfijOX]&e Y\cXcp[CSfijOXW�]ue9eLKUFjH.+m[TY�eLP�SC]&FpP>]
MXKUFjH1[T]&e b YqHJrXW�b Y\HLSfiBOp]&e�cpOXIL]ue�eLKUFjH 7�OpemHL]lOpFX]`�XIZY\FpPZrp]�,RA\DG[p�BKUOX[fY\SCH�bd]>HmHJIL]7Y\STFpemSp]�F IJ]�[TSC]71
[T]dP�Y\IZYUP>HLk&IL]�cp[COXIJSfMNSTeJP>STcX[TSCFQY\STIL] MN]&e0b YqHJrXW�b YqHJSTijOX]ue4Y\cXcX[TSfiBOpW�]&e � b YUSTe0ST[ F3� ]ue�H^cpYBel]�aNP�[CO
ijO=� ST[�YUS H��UKUOp[CO�YUOpeJemSQIL]&FpMNIJ]l[fY^bdKUFXFpYUSC]0MN]l[T]�OpI+cXSTk&P�] �%P>]�ILHJYUSCFQe�b YqHJrXW�b YqHJSTP�SC]&Fpe2+�cXOpIJe3,
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iBOpS3Yq� ]&P>HL]�FjH`MN]^bdW�cpILSfem]&I�[C]uesb YqHLrpW�b YqHJSTijOX]uesY\cXcX[TSfiBOpW�]&e �RA
41F9cpYUIJYUcXrXIZYUeJY\FjH�[C]1HLSCHLIJ]+M�� OXF��Q[Cb P>W&[Ck&�XIJ] �ub KBF�P>KB[C[Tk�VBOX]���ST]�IJIL]7) v3KUOXSfe3v3SCKBFpe=cpILW�HL]�FQM

iBOp]0[T]&e`bdY\HLrXW&b YqHLSfijOX]&esYUcXcX[TSTijOXW&]&e�eLKUFjH`P�Y\IZYUP>HLW&ILSfemW&]&e+cpY\I�HJILKBSTe�PZrXKjem]ue.% + ��� �  �H��� � ��G �� �H�2��	�D ��� ��� A=v=]&e0P�YBeLeL]>HLHL]ue`�{STMXW�K/eLKUFjHl�pSC]&F e 0XI7[T]%eL~{b9��KU[T]%MN]%[TY/emSTb9Op[TY\HLSTKUF�F{OXbdW�IJSTijOX]
� ]>H"MN]&e+7�KB[CSfed�p[Tb e�ijO=� ]�[T[C]�cXIJKNMNOXSCH � �1[T]&e bd]�FQemKBFXVU]ue P>KUIJIJ]&eLcQKBFpMN]�FjH Y\ONa�bdK{MXk�[T]&e � cpYUe
HLKUO 7�KUOXIZe���MNk�[T]&e ��[TY�ILWuY\[TS HJW � ��]�H"[T] em]�a{] P\� ]&emH$W��{STMX]�bdbd]�FjH"[�� Y\FpYU[C~NeL]�b YqHJrXW�b YqHJSTijOX]
� bdK\HJ]�OXIsSTFXW�cpOXSTeJY\�p[C]�MN]ue�cpYUeJeLSCKBFpe�rjOpbdYUSCFp]&e�]>HleLKUOpIJP�]0MN]4HZY\FjHlMN]4cX[fY\SfemSTIZe �>ACATA
¥lcXIJk&e�P�] � [TKUFpV � MNW�HLKBOXI�FXKBOpe�c�KUOp�UKUFQe b Y\STFBHJ]�FpYUFjH�IL]&�U]&FXSCI�YUO�HLSCHLIJ] MN] P>]�P�KUOXIZe�A

v�� Y\FpYU[C~NeL]/F{OXbdW�IJSfiBOp]/]ue�H�MNKBFpP"[TY�MNSfeLP�SCcp[CSTFX] ijOXS`P>KBF��>KBS H ]�H YUFpY\[T~Nem]"[T]&edbdW>HJrXKNMN]&edKBO
Y\[TVUKUIJSCHLrXbd]&e MN]�P�YU[TP�OX[sF{OXbdW�IJSTijOX]BA � Y\I Y\ST[C[T]�OpIJe [�� KBcNHLSTbdSTeJYqHJSCKBF ]&emH [TY HJrXW�KBILST]"MX]&edbdW�)
HLrXKNMN]ue�ijOXS`c�]�IJb ]�HmHJ]�FjH�M�� Y\bdW�[TSCKBIL]&I [C] 1 KBFpPRHJSCKBFXFX]&b ]&FjH���[T]�IL]&FpMN]&b ]&FjH���KBO�[fY ILW&cQKBFpeL]
M�� OpF�eL~Ne�HJk�bd]/]&F b YqaNSTbdSTeJY\FjHdKUO bdSTFXSTb SfeJY\FjHdMX]&e 1 KUFpP>HLSTKUFpedYBeLeLKNP>STW�]&e&A��7� ]ue�H�MNKBFpP�OpF
KUONHJSC[=]ueLeL]�FjHJSC]&[�cQKBOXIs[TY bdKNMNW�[TSfeLY\HLSTKUF=A
v3]&e ���	� ��� � ��
 ' �$� �1�����'$� ' emKBFjH�MN]!1 Y\bdST[CSfY\IJSfem]&I+[T]7[T]&P>HL]&OXIsY��U]&Pl[C]ue�cXIJSCFpP�SCcQY\ONa bdK )

MNk�[T]&e � ijOXS emKBFBH�emKBOX�U]&FBH1MX]&e�WuijOpYqHJSCKBFpe1YUONadMXW�IJSC�BW�]&e�cpY\ILHLST]�[T[C]ue � �U[T]�OXIZe�bdW�HLrXKNMN]ue1MN]7ILWuemK )
[CONHJSCKBF/F{OXbdW&ILSfijOX]7]�H`[C]&OXI�KUcNHJSCbdSfeLY\HLSTKUF=A�,�ST]�F$e 0XI �N[�� YUb9�XSCHLSTKUF"MN]^P>]^P>KBOXIJe�]ue�H`MN]^MNKBFXFX]�I
[C]ue4�pYUeL]&e4ijOXS c�]�IJb ]�HmHJILKBFBH^Y\OXa�1 ONHLOpIJe4STFXVUW&FXST]�OXIZe4MN]d�XOXIJ]&Y\O M�� W>HJOpMN]&e4KBO�MX] IJ]&PZrp]�IZPZrX]
]>H MXW��U]&[CKBcXc�]�bd]�FjH%MN]"P>IJW�]&I9MN] ����' ����� '� & � ������� ' ]�H MN] �$��' �����%'� �%�
	����(�
��" & � '
� ' & ������( '�� ' c�KUOXI1MX]&e+cXILKB�X[Tk�bd]&e cp[COpe+P>KBb cp[CSfijOXW&e1FXKUF�MNSfeJP>ONHJW&e�SfP>S�A{�+]&cQ]&FpMXYUFBH �Bb 2&b ]
P>]�OXa�ijOXS�FX]"em]"MN]&emHLSTFX]�FjHdcpYUe � OXFp]�HJ]�[T[C]"P�Y\IJIJSCk&IL] KBFBH SCFjHJW�I32>H ���XST]�F P�KUbdcXIJ]�FpMNIJ]�[T]&e
]�F�7�]&ONa�MN]0[TY emSTb9Op[TY\HLSTKUF�F{OXbdW&ILSfijOX]UA 4�F"]>� ]>H��NMN]4FXKBb9�XIJ]�OQem]ue1MNWuP>SfemSTKUFpe+STFpMNOpemHLIJSC]&[C[T]&e�KBO
cQKB[CSCHLSfijOX]&e+em]`cpIL]&FXFX]�FjH+MXW&eLKUIJbdYUSTe1emOXI+[TY 1 KUSQMX]7P�YU[TP�OX[fe KUO�MN]0emSTb9Op[TY\HLSTKUFpe F{OXbdW&ILSfijOX]&e&AUDG[
SCbdc�KUILHL]`MNKBFpPsijOX]s[C]ue�MNWuP>SfMN]�OXIZe ]&emH1[fY4P�Y\cQYUP>SCHLW`MX]#7�OXVU]&I1MN]s[fY ( '$�%��� � � ]>H1MX]s[TY�� ���#�
�
�
���MN]&esP&Y\[fP>OX[fe�iBOpS�[T]�OpI`emKBFBH�cXIJW&eL]�FjHLWue�Ap�+]^P>KBOXIZe1[T]�OXIsc�]�IJbd]>HLHLIZY%MN]^P�KUFXFpY��THJIL]7[C]ue�cXIJ]�bdSC]&IJe
P>IJS HJk�IJ]&e�ijOXS=VBYUIJYUFjHLSfeLeL]�FjH+[fYd�qY\[TSTMXS HJW0]�H`[TY c�]�ILHLSTFX]�FQP>]�MN]ue`emSTb9Op[TY\HLSTKUFpe�F{OXbdW�IJSTijOX]ue�A
v3] cX[fY\F MN] P�] P>KUOpIJe�]ue�H [T] eLOXSC�qYUFBHuA7¥lcXILkue$OXF cXIJ]�bdST]�I�PZrpYUcXSCHLIJ] M=� STFjHLIJK{MXOpPRHJSCKBF

Y\ONa�cXILSTFpP�SCcpYUONa�bdKNMNk&[C]ue�+LP>[fYUeJemSfijOX]&e3,"]�H�� [C]&OXI�IJW&eLKU[TONHLSTKUF�F{OXbdW�IJSfiBOp] ��[T]��+rpYUcXS HJIL] �
]&emH P�KUFpeJYUP�ILW�� [�� W>HLOQMN]�MN]$[TY bdW>HLrpK{MX]"F{OXbdW&ILSfijOX]"MX]&e �������������$��� ' � �$��� ' A1�+]&edMN]&ONa
cXIL]&bdSC]&IJe4PZrpYUcXS HJIL]uelc�]�IJbd]>HLHL]�FjH9M�� Y\[T[T]�I0HLIJk&e0�{S HJ]d�U]�IZe0MN]&e^ijOX]ue�HJSCKBFpe0FjOpb W&ILSfijOX]&e0]ueLeL]�F )
HLST]�[T[C]ue�ijOXS bdK\HLST�U]&FjH4[T]&e9MNW��B]�[TKUcXc�]�bd]�FjHZelHJrXW�KBILSfijOX]&e^ijOXS+emOXST�{ILKBFjH&A�v=]ue9�+rpY\cXSCHLIJ]&e � ��x �
]>H7| emKBFjHsP�KUFpeJYUP�ILWue �d[fY ILWuemKB[COXHLSTKUF�HJrXW�KBILSfijOX]4cpY\I � � ��!�!��(� � "�� �%�����
�%���
�����$���
��� MN]4bdK )
MNk�[T]&e+e�HZYqHLSTKUFpFpY\STIL]ue � STFpMNW&cQ]&FpMXY\FjHZe+MNOdHJ]�bdcpe �RAjDG[Te1cQKjem]&FjH+Y\OpeJeLSX[C]ue��pYBem]ue�M�� OXFX]7b W�HLrXKNMN]
FjOpb W&ILSfijOX] HLIJk&e^STbdcQKBImHZY\FjHL]��=MNSCHL]�MN]ue ���
� & ��� �' � ����' �3ijOXS�]ue�H^cXIJW&eL]�FjHJW�]d]�F�MNW�HJY\ST[1YUO
�+rpY\cXSCHLIJ] �XA�v Y bdW>HLrpK{MX] MN]&e W&[CW&bd]�FjHJed�QFXSTe�]&emH ��[TY �pYBem] MX]�FXKUb%�XIL]&ONa [TKUVBSTP�SC]&[Te MN]
P�Y\[fP>Op[TelSCFpMXOpe�HJILST]�[fe`KBO YUP&YUMNW&b SfijOX]&e&Apv3]&e0�+rQY\cXSCHLIJ]&e4� ]>H7��cQKBImHJ]�FjH0eLOXIl[fY IJW&eLKU[TONHLSTKUF�MN]
!$��������� & � ' ���"'����%���
�����$�%�
��� ' � KUO M�� W&�UKB[CONHJSCKBF�]�F�HJ]�bdcpe � �QHJYUFBH4MNO c�KUSTFjH0MN]%�jOp]^HLrXW&K )
ILSfijOX] iBOp] FjOpb W&ILSfijOX]UA3yNS�[C]ue��"cXIJ]�bdSC]&IJe^PZrQY\cXSCHLIJ]&e^eLKUFjH�MNW&MXSCWue��$[¢� Y\FpYU[C~NeL]%F{OXbdW&ILSfijOX] �
[C]ue ��MN]&ILFpSC]&IJe�HJIJYUS HJ]�FjH � � ��!$� � & ��'���� �
��� ANv3] �+rpY\cpS HJIL]9ndcpILWuem]&FBHJ]�OXFX]%emW&ILST]�M�� ]>aN]�bdcX[T]&eP>KUFQP>IJ]>HJe�MN]^cpILKB�X[Ck&bd]&e�M�� KUcNHJSCbdSfeLY\HLSTKUF"]>HlMNKBFXFX]4OXFX]4HJrXW�KBILST]^M�� ]�aNSTemHL]&FpP>]^MN]�eLKU[TONHLSTKUFQe��
P>]&e�cXILKB�X[Tk�bd]&e&A\v=]0�+rQY\cXSCHLIJ]^@&t4MNW&ILST�U]s[T]&e�P�KUFpMXS HJSCKBFpe � FpW&P>]ueLeJY\STIJ]&e KUO eLO 8�eLYUFBHJ]&e � M�� KUcNHJS )
bdYU[CSCHLW^MN]uesemKB[COXHLSTKUFpe&Ap�+]&e�P>KBFpMNSCHLSTKUFpeseLKUFjH�SCbdc�KUILHJY\FjHJ]&e+HJYUFBH`MNO"c�KUSTFBH`MN]4�{OX]0HLrpW�KUIJSfiBOp]
iBOp]/F{OXbdW�IJSfiBOp]UA�4�[C[T]&e c�]�IJbd]>HmHJ]�FjH MN]"P&Y\IZYUP>HLW�IJSfem]&I�[C]ue9KBcNHLSTb Y � ]>H ]�[T[C]uedemKBFBH � [fY��QYUeL]
MN]&e4Y\[TVUKBILSCHLrpb ]uelF{OXbdW&ILSfijOX]&e4ijOX] FXKUOpe4MNWuP>IJSC�BKUFpe&A ¤ STFpYU[C]&b ]&FjH���[T]��+rQY\cXSCHLIJ]/@B@9]ue�H^OXFX]
SCFjHLIJKNMNOpP>HLSTKUF � [fY �����("$�����("$� ��!����������������������
� Ap¥lcXILkuelY��BKUSTI`W>HJOpMNSTW%[fY cXIJKUVBIJYUb b Y\HLSTKUF
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[TSTFXW&YUSCIJ] �BFXKUOpe�MNKBFXFXKUFQe�OXF"Y\c�]�I��>O�MN]ue1bdW>HJrXKNMN]&e�MN]7[¢� KUcXHLSTb SfeJYqHLSTKUF/P>KUb%�XSTFpYqHJKUSTIL] � P\� ]&emH )
� ) MXSCIJ]7MN]0[�� KBcNHLSTbdSTeJYqHJSCKBF�]�F/��YUILSfY\�p[C]ue+MNSfeJP>IJk>HL]ue �1ijOXS ]&emH�]ueLeL]�FjHLST]�[T[T]lc�KUOXI�[fY9cX[fY\FpS �QP&YqHJSCKBF
KBcNHLSTb Y\[T] MN]&e�IL]ueLeLKUOpIJP�]&ed]>H"MN]&e�H��UPZrp]&e�MXYUFpedHJKUONHJ]&e�[T]&e�VUIZY\FpMX]&ed]�FjHJIL]&cXILSfeL]&e&A+�+rpYUijOX]
PZrQY\cXSCHLIJ]lP>KBbdb ]&FpP>]7cpY\I�OXFX]7SCFjHJILKNMNOpP>HLSTKUF�ijOXS�]�F"MNKUFpFX]l[T]lcX[fY\F�]>H�[C]ue1SfMNW�]ue1cpILSTFpP>STcpYU[C]ue�A
v1� W&cpY\SfeLeL]�OpI MN]�P>]+P�KUOXIZe=Fp]+MNKBS H cpYUe SCFQiBOpSCW�HL]�I [T]1[T]&PRHJ]�OXI/%�]�F�cX[TOpe MN]&e c�KUSTFBHZe3]ueLeL]�FjHJSC]&[Te

ijOXS eL]�IJKUFjH`HJIJYUS HJW&e0MXY\Fpe7[T] P�KUOXIZe`KBIJYU[ ��[C] P>KBOXIJe7W&P�ILSCH0P�KUFjHLST]�FjH4MN]%FpKUb9�pIL]&ONa MNW��B]�[TKUcXc�]�)
bd]&FBHZe�P>KBbdcX[CW&bd]�FjHJYUSCIJ]&e ijOXSXc�]�IJbd]>HLHL]�FjH1YUO [T]&P>HL]&OXI1P>OpILST]�ONa +mM=� YU[C[T]�I OXFdc�]�O cX[TOpe [TKUSTF ,s]>H
MX]/1 YUSCIJ]0[C]4[TSC]&F"Y��B]&P0M�� YUONHLIJ]&e�KBOX�{IJYUVU]&e+KUO"M�� Y\ONHJIL]uesMNSTeJP>STcX[TSCFp]&e&AjDG[ e�� Y\VBS HsMNKUFQPlcX[TOpesM�� OXF
KBOX�{IJYUVU]`MN]0IJW�1 W�IJ]�FQP>]7ijOX]0MN]0[TY�HLIZY\FpeJP>IJSCcXHLSTKUF ]>aXYBPRHL]0MNO/P�KUFjHL]&F{O�MN]&e�P>KBOXIZe1b Y\VBSTemHLIZY\OXa A
� KUOpI4HL]�IJbdSCFp]�I�P>]�HmHJ] STFjHLIJKNMNOpPRHJSCKBF FpKUOpe4MNKBFXFXKUFQe^iBOp]�[fiBOp]&e0IL]&FpeL]�STVUFX]&b ]&FjHJe4M�� KUIZMNIL]

cpIJY\HLSfiBOp]UA&¡0Y\FQe3[fYsbd]&eLOXIJ]1MNO�c�KBeJemST�X[T]1P>]�P>KBOXIJe3e�� ]&emH �BKUOX[TO +mYUONHLK ) P�KUFjHL]&F{O , c�KUOXI W��{SCHL]&I MN]
HJILKBc�1 IJW&ijOX]�FjHZe�IJ]�F{�UKBSTe ��M�� Y\ONHJIL]ue1KBOX�{IJYUVU]&e&Aj�+]&[TY9]&emH+cpYUImHJSTP�OX[CSTk�IJ]�bd]&FBH�em]&FpemST�X[T]lc�KUOXI�MN]
FpKUb9�pIL]&ONa%IJW&eLOX[CHJYqHZe�M�� Y\FpYU[C~NeL]`ijOXSpFX]7emKBFBH�SfP>S�ijOX]lMN]ue�KUOXHLST[Te�HL]&PZrpFXSTijOX]ue�ONHJSC[T]&e��Ub YUSTe cQYUe
]ueLeL]�FjHJSC]&[Te&AUv=]ue W�FpKUFpP�]�I�eJY\Fpe�MXW�bdKUFpemHLIZYqHJSCKBFdIL]&�jST]�FQMNIJYUS H �4[T]&e OXHLST[CSfem]&I1]&F +m��KUSCHL]`FXKBSCIJ]�,sP>]
ijOXSB[C]&OXI MNKUFXFp]�OXF9YBemc�]&P>H�+�IJ]&P�]>HLHL]1MN]+P>OXSfemSTFX] , HJILKBc�Y\ILHLSC�QP>ST]�[�A&¡0Y\FQe=[fY`bd]&eLOXIJ]�MNO�c�KBeJemST�X[T] �
FpKUOpe�Y��BKUFpe MXKUFpP�STFpP>[TOpe [T]�OpI+MNW&b KBFpemHLIZYqHLSTKUF �qbdYUSTe�cX[COQe �0HLSCHLIJ]`M�� SCF 1 KUIJbdY\HLSTKUFd]>H+cQKBOXI�[T]&e
+LMNW&b9~Ne�HJS �Q]�I , ijOX]dcQKBOXI^[¢� STFBHJW�I32>H^HJrXW�KBILSfijOX] MN]&e^YUILVBOXbd]�FjHJe0b YqHJrXW�b YqHJSTijOX]ue�A������	��
��
��
����������������
�����������
�� �����"!#�������$�%���&���%���('�
�����)%�*��)+��
������-, '�����
���./���0�21 ���3��4���5���'��%� ����4�� 
��3�6)%�-��
�.#��
��
'7)+�6)+'���8���
��9�������:�$
����-���:'���� � 
;'�
���</=>'��@?Nv=]0[C]uPRHL]&OXIsc�KUOXIJIJY%MNKUFQP0P�KUFpeLSfMNW�IJ]�I�P>]ue+cQYUeJeLYUVU]&e+]�F
c�]>HJS HZe+P&Y\IZYUP>HLk�IJ]&e1P>KUbdbd]/+mrXKUIZe cXIJKUVBIJYUbdb ] ,ZA  ��� ��G 	(G �F��� ���,������#� D ��DH� 	�� �2� ���>A G���D �H	(G��
��	�G�D ��G.�F����2��D*B�����
��D ���C�H�������<�F	������<����� �2�>���>C�D3E%FGE"H#EJILK#M K"E+FF6NPO%QREJOSK+TJILT3K"Q�U/ILE+FFVT�O#FGFVW/I>M X
K+N2YZYGERK"E/[%H#\�K#M^] v3Y0�pF�M=� OXFp]lMNW�bdKBFpe�HJIJY\HLSTKUF ]&emH1STFpMNSfiBOpW�]scpYUI�[C]7P�Y\IZYUP>HLk&IL]

�
�\HJYUFpMNSfe�ijOX]

[fY �QF�M�� OXFX]9IJ]�b YUIJijOX]�KBO�M�� OXF ]�a{]&bdcX[C]%]&emH7STFpMNSfijOXW�]%cpY\I0[C] P�YUIJYBPRHLk&IL] • AQ_lF�STFpMN]>a�]ue�HMXSTeLcQKBFXST�X[C]
� [fY%�pF�MN]^[¢� KUOp�jIZY\VB]UA
v3]&e P>KBILIJSCVBW&e MN]&e ]>aN]�IZP>SfP>]ue eL]�IJKUFjH�cXILKNPZrpYUSCFp]�bd]�FjH cpOX�X[TSCWue�A^v3Y�cX[TOXcpY\ILH�MN]&e�cXIJK )

VBIJYUbdb ]ue`STF 1 KUIJb YqHJSTijOX]uelijOXS b ]�HmHJ]�FjH0]&F K{]�OX�{IJ]9[T]&e7bdW>HLrpK{MX]&e7FjOpb W&ILSfijOX]&elW>HJOpMNSTW�]&e�� ]>H
ijOXS3KUFjHscQ]&ILbdSfesMN]^ILWuY\[TSTeL]�I�[T]&e��pVBOXIJ]&esMN]^P>]�H`KUOX�{IZY\VB] �NemKBFjHsMXSTeLcQKBFXST�X[C]uesemOpIs[C]�eLS HJ] � ]&�
_$`�` �baVc�c3d�d�dd��e@�����d�������/f ` �2e _ ���#g�h�����iJjPcPkh���0�0���#j���c$e �Jh�j���l/m2l	���	�~����n�� _$` ���K�o�[T]4[C]uPRHL]&OXIsc�KUOXIJIJY9[C]ue�HLW&[CWuPZrpY\IJVU]&I+[TSC�pIL]&b ]&FjH&ANv=]ueseLPZrXW&b YUe+FjOpb W&ILSfijOX]&e�]&F"MNSC� W�IJ]�FpP�]&e
�QFXSC]ue � Y\STFpeLS ijOX]%[TY bdW�HLrXKNMN] MN]&e7W�[TW�bd]�FjHZes�pFXSfe7]�F�MNSTbd]�FpeLSTKUF OXF �QKBFBH7W>HLW%cXIJKUVUIZY\bdbdW&e
MpY\Fpe7[C]%[TYUFXVBYUVU]�MNO�[CKBVUSfP>ST]�[ yXP>ST[TYU��MNW��B]�[TKUcXc�W9cQY\Il[�� D��l�sD�¥-]>H0[¢� 41�`��� � MXSTeLcQKBFXST�X[C] VUIZY )
HJOXSCHL]�bd]&FBHleLOXIs[T]�emSCHL] � ]��
_$`�` �baVc�c3d�d�dd� ��e����0��� ���Jj�
HZY\FpMXSTe4ijOX]d[C]ue0ILWuemOX[CHJY\HJe0MN]d[TY/bdW>HJrXKNMN] MN]&e0W�[TW�bd]&FBHZe7�pFXSfe4]�F MXSCbd]�FQemSTKUF�MN]�ONa KUFjH0W�HLW
KB�NHL]&F{Ope���[�� Y\SfMN] MNO [TKUVBSTP�SC]&[�¤XIJ]�]u¤X]�bqp p�MXW��U]&[CKBcXc�W%cpYUI�¤�A �`]&PZrjH^]>H �%A���STIJKUFXFX]uY\O�]>H
YUOpeJemS=MNSfeLcQKBFXSC�p[C]4VUIZYqHJOXSCHL]�bd]&FBH`eLOXIs[T]�emSCHL] � ]��
_$`�` �baVc�c3d�d�dd��i�j�����i����\� ��j0
� YUI YUSC[T[T]�OXIZe �u[fYlcX[TOXcpYUImH�MN]ue �pVUOXIJ]&e �XSfMNSTbd]�FpeLSCKBFXFX]&[C[T]&e ]>H [fY`HJK\HZY\[TS HJW�MN]ue �pVUOXIJ]&e HJILSfMNSTb ]&F )
eLSTKUFXFX]&[C[T]&elKUFjH7W�HLW%HLIZYUP�W�]&e ��[�� YUSTMX]%MNO [CKBVUSfP>ST]�[3VBIJYUcXrXSfijOX]^aXM �UM�MNW��B]�[TKUcXc�W9cpYUI7¤pIJYUF��>KBSTe
0BKUOp�U] �%[�� o1P>KB[C]^� KU[T~jHL]uPZrXFXSfiBOp]0]�HlY\OpeJeLS=MNSTeLc�KUFXST�X[T]0VBIJY\HLOXSCHL]&bd]�FjH`emOXIs[T]�eLS HJ] � ]&�
_$`�` �baVc�c3d�d�dd��e@�����d�������/f ` �2e _ ���#g�h�����iJjPcPk3r0�/h$s��$cJt�u�v�uDGFQMNSTijOXKBFpe�OpFX]7YUONHLIJ]lYUMXIL]ueLeL] � ]&��c�KUOXI+[C]7[C]uPRHL]&OXI+P�OXIJSC]&ONadM=� ]&F�eLY��BKUSTI�cX[TOpe1eLOXI�[¢� rXSfe�HJKUSTIL]MX]&e�b YqHJrXW�b YqHJSTijOX]uesKUO"[fY%�{ST]^MN]�P>]&ImHZY\STFpe�b YqHLrpW�b YqHJSTP�SC]&FpesP>SCHLWue`MXY\FQesP>]^P>KBOXIJe
_$`�` �baVc�c3d�d�d� _ �0� ` ��j�f � �(e0�c� � ` h���$u����$eD��h�w2c _ ��� ` �Jj�f
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v=]0[C]uPRHL]&OXI�iBOpS��BKUOpMXIJYUS H�em]lHL]�FpSCIsY\O"P>KBOXIJYUFjH+MN]&e�cXIJKUVBILkue�]�H�MN]ue+Y��qYUFpP>W&]&e�MN]&e�b YqHJrXW�b Y )
HLSfiBOp]&e�Y\cXcp[CSfijOXW�]ue+c�]�OXHsP�KUFpeLOX[CHL]&I�Y��B]&P`��W�FpW>�QP�]7[T]^emSCHL]4MN]0[TYdy{KNP>STW>HJW0MN] + Y\HLrXW&bdY\HLSfijOX]&e
¥`cXcX[TSfiBOpW�]&e`]>HsDGFpMNOpemHLIJST]�[T[C]ue
_�`�` �baVc�c��@�����c������� `�_ �*i�jKUO/P�]�[TOXS�MN]4eLY P>KBFpemK{]&OXI�YUbdW�IJSTP&Y\STFX] �BHLrX]^y{KNP>ST]>H�~ 1 KBI�DGFpMNOpemHLIJSTYU[�Y\FpM/¥`cXcX[TST]&M�+ YqHJrX]�b Y )
HLSfP�e
_�`�` �baVc�c/d�d�dd� ���h�S�\����j0

v3]/FpSC�B]&Y\O�MN]/P�]"P�KUOXIZe�]ue�HdSCFjHJILKNMNOpP>HLS 1`]>HdSC[�F=� ]>aNSTVU]"Y\OpP�OXF Y\OXHLIJ]�cXIJW�IJ]&ijOXSfe9ijOX]"[C]
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emO�7�]�H�MNW 7 �^�XST]�F�P�[TYBeLeLSTijOX]`MpY\Fpe [fY^[TS HLHLW&IJY\HLOXIJ]UA 4�F�cpYUImHJSTP�OX[CST]�I �\FXKUHLIJ]`P>KBOXIJe1MNKUSCH1��]&Y\OQP>KUOpc
� P�]&e�cXIJW&MNWuP>]ueLeL]�OXIZe+]>H`FXKUHJY\bdbd]�FjH`Y\OXa�P>KUOpIJe�MN]-,0AXv3YUILIJKUONHJOXIJKUO �j� A )Gv�AXv3SCKBFpe �N]�Hs� A )G¥�A
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FjOQeLP�ILSCH7Y��U]uP4�Q]uY\OpP�KUOXc M=� Y\HmHL]&FjHLSTKUF�]>H4ijOXS Y��UW�IJSC�pW^[C]ue`]�a{]&IJP�STP�]&el]>HlIJW&MNSTVUW9[C]&OXI7P�KUIJILSTVUWBA
v�� Y\ONHJ]�OXI0IL]&bd]�IZP>ST] �/[¢� Y��qY\FpP�]�HLKBOpe4P>]&ONa�ijOXS �UKUOQMNILKBFjHl�XST]�F�[COXS eLSCVBFpY\[T]�I7[C]ue0SCFXW&�{S HZY\�X[T]&e
]�IJIL]&OXIJedKBO�SCbdc�]�I 1 ]&PRHJSCKBFpe�MX] P>]>HLHL] WuMNSCHLSTKUF �+cpY\I�]�aN]�bdcX[T]�cpY\I�P�KUOXIJIJSC]&I W�[T]&PRHJILKBFXSfiBOp] �
[¢� YUMNIJ]&eJeL]
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HLrXW&bdY\HLSfijOX]&edY\cpcX[CSfijOXW�]ue�% [TY & � �����
��' ��� �
��� & ��� "$� & �%����( '�� ]>H [TY ' � & '$����������� � '- 
& ���(��( '$� A�_`F�bdKNMNk&[C] bdY\HLrXW&b YqHLSfijOX]�]&emH/OXFX]�IJ]�cXIJW&eL]�FjHJY\HLSTKUF�KUO�OXFX]�SCFjHL]&ILcpILW�HJYqHJSCKBF
Y\�pemHLIZY\SCHL]�MN]9[TYdIJW&YU[CSCHLW^cXr{~NeLSTijOX]9ijOXS ]&emHlYUP&P>]&eJeLSC�X[T]
� [�� YUFpY\[T~Nem]4]�H7Y\O P&Y\[fP>OX[�Apv3Y�emSTb9OX[fY )
HLSTKUF FjOpb W&ILSfijOX]�cQ]&ILbd]�H1MN]sP�Y\[fP>Op[C]&I eLOXI KBIJMNSTFpY\HL]�OpI [T]&e eLKU[TONHJSCKBFpe MN]`P>]ue b KNMNk&[C]ue �q]�H�MNKUFpP
MN]^emSTb9OX[T]�Is[fY ILWuY\[TS HJW4cXr{~{eLSfiBOp]UAX¡0Y\FpesP�]4P�KUOXIZe��N[C]ue�b KNMNk&[C]uesijOX]4FXKUOpe�W�HLOpMXSC]&ILKBFpesem]&ILKBFjH
MN]&esWuijOpYqHJSCKBFpe`Y\OXa"MNW&ILST�UW&]&escpYUImHJSC]&[C[T]&e � KUO�]BA M�A c=AQ]�F Y\�pILW&VUW � �XP\� ]&emH ) � )GMNSTIL]^MN]ue`W&ijOpY\HLSTKUFpe
MNS � W�IJ]�FjHJSC]&[C[T]&e � cX[TOpeLSC]&OXIJe��qYUILSfY\�X[T]&e � [C]4HJ]�bdcpe�]�H`[¢� ]&eLcpYUP�] �NcpYUIs]>aN]�bdcX[T] �>A
� KBOXI4[¢� SCFQe�HZY\FjH7FXKBOpe7[TYUSTeJemKBFpelMX] P�K\HLW OXF�HJILKBSTeLSTk�bd]%YBemc�]&P>H/1 KBFpMXY\bd]&FBHZY\[ MN]&e7b YqHJrXW�)

bdY\HLSfijOX]&e%Y\cXcX[TSfiBOpW�]&e�� � eLY��BKUSTI^[¢� Y\FQY\[T~{eL]�b YqHJrXW�b Y\HLSfiBOp]�MN]&e%bdKNMNk�[T]&e�� eLOXI%[C]uiBOp]�[1FpKUOpe
IL]&�jST]�FQMNILKBFpe�OpF c�]�O�cX[COQe%[TKUFpVUOX]&b ]&FjH MXYUFpe9[T]&edPZrpYUcXSCHLIJ]&e emOXST�qY\FjHJe&A�4�F�cpIJY\HLSfiBOQY\FjH MN]
[TY eLKUILHL]��jFpKUOpes�BKUOX[TKUFQe+]&F�iBOp]�[fiBOp]�emKBImHJ] �NbdK\HJSC�B]�Is]>H 7�OQe�HJS �p]&IlP>]�HmHJ]^FXW&P�]&eJeLYUSCIJ]4SCFjHLIJOpeLSCKBF
MN]/[�� Y\FpYU[C~NeL]�b YqHJrXW�b YqHJSTijOX]BA �`KUOQe YU[C[TKUFQe9�BKUSTI�� ]�F ]���]�H���ijOX]"[C]$P�YU[TP�OX[�F{OXbdW�IJSTijOX]"MN]&e
emKB[CONHJSCKBFpe�MN]4P>]&e�bdKNMNk�[T]&e�cXr{~NeLSTijOX]ue+IJW&eL]�IJ�U]lcpY\I 1 KUSfe�MN]&e�eLOXILcpILSfem]ue � MNW&eJY\VBILWuY\�X[T]&e � ijOXS�FX]
cQ]&OX�U]&FBH0e�� ]>aNcX[TSTijOX]&I`]>H4e�� W��{SCHL]&IlijOX]�cpYUI`OXFX]%�QKBFXFX]9P�KUbdcXIJW�rX]&FpemSTKUF�MN]9[C]&OXIJe`cXILKBcXIJSCW�HLW&e
bdY\HLrXW&b YqHLSfijOX]&e&A=�`YUcXcQ]&[CKBFpe4]�FQP>KUIJ]dOXFX] 1 KUSfe^[T] P�Y\IZYUP>HLk&IL] 1 KUFpMpY\bd]�FjHJYU[C]&bd]�FjH^b9OX[CHLSfMNSfe )
P>STcX[CSTFpYUSCIJ]�MN]ue�b YqHJrXW�b YqHJSTijOX]ue�YUcXcX[TSTijOXW&]&e���]>H$MNKUFpP�MN] [fY emSTb9Op[TY\HLSTKUFgF{OXbdW�IJSTijOX]��+ijOXS
b 2&[C]&FjH`bdY\HLrXW&b YqHLSfijOX]&e��XP�YU[TP�OX[�STF 1 KUIJb YqHLSfijOX] �N]�HleLP�SC]&FpP>]uesMN]^[�� STFXVUW&FXST]�OXIuA

,�ST]�F�ijOX]$[TY cX[TOXcpY\ILH�MN]&edcpILKB�X[Ck&bd]&e ]>H�MN]ue YUcXcX[TSTP&YqHJSCKBFpediBOpSsb KUHLST�U]&FBH [T]&e b YqHJrXW�)
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b Y\HLSfiBOp]&e Y\cXcX[TSfiBOpW�]&edeLKUFjH 1 KBFpMXYUb ]&FjHJY\[T]�bd]&FBH �$���� 3�
���$���%�
��� ' � �BKUSTI%cpYUI%]�aN]�bdcX[T]��T@ ��� �
� �\n�� � �=FXKUOQe7FpKUOpe4IJ]&emHLIJ]�STVUFXKBFpe0MXY\Fpe^P�]>H^KUOp�jIZY\VB]%YUONa�cXIJKU�X[Tk�bd]ue7[TSTFXW&YUSCIJ]&e0cpYUI4eLKUOQP>S�MN]
eLSTb cp[CSfP>SCHLWBA ¡7]�[fY�b 2�bd]�1 Y ��KUF � FXKUOQe�F=� ]�F{�{STeJY\VB]�KBFpe^ijOX]�MN]ue�cXIJKU�X[Tk�bd]ue�MNW>HJ]�IJbdSCFXSfemHL]&e��
PU� ]ue�H ) � ) MXSCIJ]+eJY\Fpe STFjHLIJKNMNOpPRHJSCKBF%M�� Y\[TW&Y\HLKBSCIJ]+KBO MX]�emHLKNPZrpYBe�HJSTijOX]BA 4�FN�pF �BP>]sPZrpY\cpS HJIL]�em]��BKUO )
[fY\FjH4SCFjHJILKNMNOpP>HLS 11]>H^YqHLHLIZYUP>HLS 1 ��FpKUOpe0IJ]&emHL]�IJKUFQeleLKUOX�B]�FjH7OXF cQ]&O *QKUO�MXYUFpe0[¢� Y\IJVUOpb ]&FjHJY\STIJ]
b Y\HLrXW&bdY\HLSfijOX]^cQKBOXIsFX]^cpYBe`Y\[TKUOpIJMNSTI�SCF{ONHJSC[T]�bd]&FBH`[�� ]>aNcQKjemWBA�h7OX]^[T]4[C]uPRHL]&OXI`IJSCVBKUOXIJ]�OXa�em]
IZYUeJeLOXIL] % FXKUOpe%IJ]�cXIJ]�FpMXILKBFpe�HJKUOpe [T]&edP>KBFpP>]&cNHJe STFjHLIJK{MXOXS HZedMN]/b YUFXSCk&IL]/cX[TOpedcXIJW&P>SfeL]/Y\O
cpILKNPZrpYUSCF"PZrpY\cXSCHLIJ]UA
v3] cp[TYUF MN] P>]dPZrpYUcXS HJIL] ]&emH^[C]deLOXSC�qYUFBHuA=v3Y$y{]&P>HLSTKUF�@UA ��]ue�H^P>KBFpeLYBP>IJW�] ��OXF�]>aN]&b cp[C]

W&[CW&bd]�FjHJYUSCIJ]7MN]7bdK{MXW�[TSTeJYqHJSCKBF/ijOXS P>KUFQMNOXSCH � � �/� ( '���� �
��� �$� ���� "��%����'$� AXv3Y y{]&P>HLSTKUF�@BA �
]ue�H OXFX]/IL]&�jOp]�IJYUcXSfMN]�MN]ue9cXIJSTFpP>STcpY\[T]&e9W&ijOpY\HLSTKUFpe%Y\ONa�MNW�IJST�UW�]ue�cpYUImHJSC]&[C[T]&e%ijOX]�[�� KBF IJ]�F )
P�KUFjHLIJ]/MpY\Fpe [T]&e bdK{MXk�[T]&edOpeLOX]�[fe ]�F�b WuP�YUFXSTijOX]�� cXr{~{eLSfiBOp] � KUO�eLP�SC]&FpP>]ue MX]/[�� STFXVBW�FXST]�OXIuA
v Y�y{]uPRHLSTKUF�@BA x ]ue�H7OXFX]�STFjHLIJK{MXOpPRHJSCKBF YUeJem]�.^SCF 1 KBILbd]&[C[T]9Y\O P&Y\[fP>OX[ F{OXbdW�IJSTijOX]^]�H �d[fY bdW�)
HJrXKNMN] MN]&e �������������$��� ' � �$��� ' A$4�FN�QF ��FXKUOQe0MXKUFXFXKBFpe4MXY\FQe7[fY$y{]&P>HLSTKUF�@UA}| [fY"MXW>�pFXSCHLSTKUF
M=� OXF !���� �#��� & �&�#�
����!���'�� Y\STFpeLS3ijO=� OpFX]�P>[fYUeJemSC�QP&YqHLSTKUF � eLKUbdb Y\STIJ] ��MN]uesW&ijOpY\HLSTKUFpesYUONaMXW�IJSC�BW�]&e�cpYUImHJSC]&[C[T]&e&A

�  �� � � *�� *����&) * �&*�� ��� % ) !� '.�"!#�$�
v Y�bdK{MXW�[TSTeJYqHJSCKBF�IJ]�cpILWuem]&FBHJ]�OXFX] cQY\ILH�P>KUFQemSfMNW�IZY\�p[C] MNO�HJIJY��qYUSC[lMXOgbdY\HLrXW&b YqHLSfP>ST]�F

YUcXcX[TSTijOXW+]>H FXW&P�]&eJemSCHL]�OpFX]�P�KUFXFQY\SfeLeJY\FpP�]�Y\cXcpILK 1 KUFpMNST] �&FXKUF%em]&OX[C]&bd]�FjH MN]ue3b YqHJrXW�b Y\HLSfiBOp]&e
YUcXcX[TSTijOXW&]&e�� b Y\Sfe YUOpeJemS`MN]$[fY MNSTeJP>STcX[TSCFp]$eJP>ST]�FjHJS �QijOX] ��[fYUijOX]�[T[T]/]&[C[T]&e e&� YUcXcX[TSTijOX]&FjH&A 4�F
]���]�H��XMXYUFpesMN]4FXKBb9�XIJ]�ONa�P&YUe�[T]0bdKNMNk&[C]0b YqHLrpW�b YqHJSTijOX]4F=� ]&emHscpYUe�]�FQP>KUIJ]0W>HJYU�X[TS �NKBO/�XST]�F
ST[/1 Y\ONH$]�F�eLW�[T]&P>HLSTKUFXFp]�I�OpF�c�]�ILHLSTFX]�FjH/cQY\IJb S0cX[TOpeLSC]&OXIJe/MNSfemc�KUFXST�X[T]&e��+KBO ]�FQP>KUIJ] ST[!1 Y\ONH
eLSTb cp[CSC�p]�I MN]ue b KNMNk&[C]uedP>KUFpFjOQe%b YUSTe%HLIJKUc�P>KBb cp[C]�a{]ue�A �`WuY\FXbdKBSCFpe�� SC[sFp]/FXKBOpe ]&emH cQYUe
c�KBeJeLSC�X[T]`MXYUFpe OXFX]scpIL]&b STk�IJ]scXIJW&eL]�FjHJY\HLSTKUFdMN]`[fY^MNSfeLP�SCcX[TSTFX]`MN]`IJ]�FpMXIL]sP>KBbdcNHL]lY��B]&P 7�OpemHLSfP>]
MX] [�� STbdcQKBImHZY\FpP�]�MX]�P�]>HmHJ]�MNW�b Y\IZPZrX]�MN] b KNMNW&[CSfeJYqHLSTKUF %sSC[!1 Y\OXH$�pSC]&F�P>KBbdb ]&FpP>]&I$cpY\I
YUcXcXIJ]�FpMXIL]�[T]&e�FpK\HLSTKUFQe�MN]`�pYBem]scpILKBcXIL]ue Y\ONa b YqHLrpW�b YqHJSTijOX]ue�Y\cXcp[CSfijOXW�]ue"!j�7� ]&emH1c�KUOXIZijOXKUS
FpKUOpe FpKUOpe [TSTb SCHLKBFpe ��MNWuP>IJSCIJ]�OXFg]�a{]&bdcX[C] MX] MNW�IJSC�qY\HLSTKUFgM�� OXFgbdK{MXk�[T] cXr{~NemSfijOX]"HLIJk&e
P�[TYBeLeLSfiBOp] � ]>H%FpKUOpe IJ]�F{�UKq~BKUFpe4[T]/[T]&P>HL]&OXI MXW&eLSCIJ]�ONa M�� ]�F�eLY��BKUSTI�cX[TOpe ��MN]ue KUOX�{IZY\VU]ue^KUO
P�KUOXIZe�cX[TOpe`eLcQWuP>SfY\[TSTeLW&e&A
v3]0bdKNMNk&[C]^ijOX]4FXKUOQesY\[T[CKBFpe�MNW&P�ILSTIL]0]&emH`P>KBFXF{O/eLKUOpe�[T]0FpKUb � � � ( '���������������
� �("��* 

����' � �NKUO�M�� W&ijOpY\HLSTKUF$MN]^MNSC��OpeLSTKUF=A
�+KBFpemSfMNW&ILKBFpe1OpF"MNKBb Y\STFX]

Ω
MN]4[¢� ]&eLcpYUP�] �

N
MXSCbd]�FQemSTKUFpe � FXK\HJW

RN �XY��U]uP`]�F/VUW&FXW�IZY\[
N = 1, 2

� KBO � �dijOX]$[¢� KUFgeLOXcXc�KBeL]"KNP&P>OXc�W�cpY\I OpF�b Y\HLW�IJSfY\O rpKUbdKUVBk�FX]�� STeLK\HJILKBcQ]�� ]>H
P�KUFpMXOpPRHJ]�OXIlMX]�[TY�PZrpY\[T]�OXIuA �7F�FXKUHL]

x
[TY �qYUILSfY\�X[T]�M�� ]&eLcpYUP�] �pPU� ]ue�H ) � ) MXSCIJ]4OXF c�KUSTFBH0MN]

Ω
�

]�H
t
[TY7�qY\IJSTYU�X[T]�MN]+HL]&bdcpe�A\¡0Y\FQe

Ω
[C]ue eLKUOpIJP�]&e MN]�PZrQY\[T]�OXI � W&�U]&FBHJOX]�[T[T]�bd]�FjH FXKUF%OXFXS 1 KUIJb ]ue

]&F�]&eLcpYBP>]�]�H �qY\IJSTYU�X[T]&e3MpY\Fpe3[C]1HL]�bdcpe � emKBFBH IL]&cXILWuem]&FjHLW�]ue�cpYUI OXFp] 1 KUFQPRHLSTKUF%MNKUFXFpW�]
f(x, t)

�
HZY\FpMXSTe^ijOX]d[fY�HJ]�bdc�W�IZYqHLOpIL]d]&emH^OXFX] 1 KUFQPRHLSTKUF STFpP>KBFXF{OX]

θ(x, t)
A v3Y$ijOpY\FjHLSCHLW MN] PZrpYU[C]&OXI

]ue�HdcXIJKUc�KUILHLSTKUFXFp]�[T[C] � [fY�HL]&bdcQW&IJY\HLOXIJ]
θ
]>Hd�qY\ONH

cθ
K�o

c
]ue�HdOXFX]$P>KBFpemHJY\FjHJ]�cXr{~NemSfijOX]

� ijOXS0MXW�c�]�FpM�MNOgH�~{cQ]�MN]�b Y\HLW�IJSfY\O
� YUcXc�]�[TW�] PZrQY\[T]�OXI"emc�W&P�S �QijOX]BA+� KBOXI/MNW�HL]&ILbdSTFX]�I/[TY
HJ]�bdc�W�IZYqHLOpIL]

θ
�jFpKUOpe1W&P>IJST�UKUFQe [TY �
���#�$� �1���"' ��� �%�%���
��� ����� � ��������	��
� KUO�MN]7[TY9iBOQY\FjHLSCHLW

MX]4PZrQY\[T]�OXIuAj¡0Y\FQe+OpF/�BKU[TOXbd]7W&[CW&b ]&FjHJY\STIJ]
V
SCFQP>[TOpesMXY\FQe

Ω
�N[fY%��YUILSfYqHJSCKBF�]�F/HL]&bdcpesMN]0[TY
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iBOQY\FjHLSCHLW^MN]�PZrpYU[C]&OXI�]&emHs[C]4�XST[TYUF�MN]^P>]^ijOXS=]&emHscXIJK{MXOXS H`cQY\I�[C]uesemKBOXIZP>]&e�]�HlMN]^P>]^ijOXS3eLKUILH
KUO"IL]&FBHJIL]��%HLIZY��U]&IJe+[T]&escpYUILKBSTe&AN¥`ONHJIL]&bd]�FjHlMNSCH��

d

dt

(∫

V

cθ dx

)

=

∫

V

f dx−
∫

∂V

q · n ds � @UAT@ �
KJo

∂V
]ue�H+[C]`��KUIZMdMN]

V
� M�� W&[CW&bd]�FjH+MN]leLOXI 1 YUP�]

ds
� �
n
]ue�H1[fY4FXKBILb Y\[T]�]>a{HLW&ILST]�OpIL]sOXFpS HJWlMN]

V
�j]>H

q
]ue�H�[C]7�U]&P>HL]&OXI *pONa�MN]0PZrpY\[T]�OpI&A{y{SpKBF�Y\cXcp[CSfijOX]`[T]`HLrpW�KUIJk�bd]lMX]!%4Y\OQeLe��UKBF KU�NHJSC]&FBH

∫

∂V

q · n ds =

∫

V

divq dx.

�s]�VBILKBOXcpY\FjH�[T]&e+MNS � W�IJ]�FjHZe�HJ]�IJb ]ue1MN] � @BAC@ � ]>H�ONHLST[CSfeJY\FjH1[T]�1 Y\SCH�ijOX]l[C]7�UKU[TOXbd]`W&[CW&b ]&FjHJY\STIJ]
V
]ue�H`ijOX]&[TP�KUFpijOX]��jSTFpMNW&cQ]&FpMXYUFBH`MNO/HL]&bdcpe �NKBF/]&F"MXW&MNOXSCHs[¢� W&ijOpY\HLSTKUF$MN]^P>KBFpem]&IL�qY\HLSTKUF�MN]

[¢� W�FX]&ILVBSC]
c
∂θ

∂t
+ divq = f

� @UA � �
iBOpSpY0[CST]�Od]�F HJKUONH�c�KUSTFjH

x ∈ Ω
]>H �0HJKUONH HJ]�bdcpe

t
AU�lY\cXc�]�[TKUFpe ijOX]s[�� KUc�W�IZYqHL]&OXI MNST�U]�IJVU]&FpP>]

]&emHlMNW>�pFpS�cpY\I
divq =

N
∑

i=1

∂qi
∂xi

Y��U]uP
q = (q1, ..., qN )t.

DG[�1 YUONHdbdYUSCFjHJ]�FpYUFBH IL]&[CST]�I [T] *pONa MX]"PZrpYU[C]&OXI � [fY�HL]&bdcQW&IJY\HLOXIJ] � ]>HdKUF 1 Y\SCHdYUcXcQ]&[ ��P>]
iBO3� KBF"YUcXcQ]&[C[T]4OXFX] ����� �1���"'����
��'$��� ��� AX¡7YUFpe�[C]^P&YUe�cXIJW&eL]�FjH��{ST[3e&� YUVUSCH�MN]^[fY [CKBS=MN]^¤XKBOXILST]�I
iBOpS=IL]&[CST]4[C] *pOXa"MN]�PZrpYU[C]&OXIsMN]^b Y\FXSTk�IJ]4cXIJKUc�KUILHLSTKUFXFX]&[C[T]4Y\O"VUIZYUMNST]�FjHsMN]4HL]&b c�W�IZYqHJOXIJ]

q = −k∇θ, � @UA � �

KJo
k
]&emH OXFp]�P�KUFpemHJYUFBHJ]1c�KBeLS HJSC�B] � ijOXSNMNW�c�]�FpM MNO9H�~jc�]�MN]+b Y\HLW�IJSfY\O
�3Y\cXc�]�[TW�]�P>KUFQMNOpPRHJSC�{SCHLW

HLrX]&ILbdSfiBOp]UAX�`YUcXcQ]&[CKBFpe`ijOX]4[�� KBcQW&IJY\HL]�OpI�VBIJYBMNST]�FjHs]&emHsMXW>�pFXS3cpY\I

∇θ =

(

∂θ

∂x1
, ...,

∂θ

∂xN

)t

.

4�F P�KUb9�pSCFpYUFjHl[TY�[CKBS MN] P>KBFpem]&IL�qY\HLSTKUF � @BA � �s]�H7[fY�[TKUS P�KUFpemHLSCHLOXHLST�U] � @UA � � �QKBF KU�NHJSC]&FjH7OXFX]
W&ijOpYqHJSCKBF/c�KUOpIs[TY%HL]&bdcQW&IJY\HLOXIJ]

θ

c
∂θ

∂t
− k∆θ = f,

KJo
∆ = div∇ ]&emH`[¢� KUc�W�IZYqHJ]�OXI�[fY\cX[fYUP�SC]&F"MNKBFXFXW4cpYUI

∆θ =
N
∑

i=1

∂2θ

∂x2
i

.

DG[ 1 Y\ONH0Y�7�KUOXHL]�I �dP�]>HmHJ]�W&ijOpY\HLSTKUF$ijOXS=]&emH`�qY\[fY\�X[T]�MXYUFpe�HLKBONHl[T]�MNKUb Y\STFX]
Ω
�pOpFX]^IL]&[TY\HLSTKUF �

Y\cXc�]�[TW�] �������$�
������� �%'� ��� & �
��� ' � ijOXSlSCFpMXSTijOX]�P�] ijOXS7eL]�cpYUeJeL] � [TY 1 IJKUFjHLSTk�IJ]�KUOgYUO
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x ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

n

Ω

∂Ω

������� @UAT@�� � ]&PRHJ]�OXIsFpKUIJbdYU[�OXFXSCHLW^KBILST]�FjHLW0�U]&IJe�[�� ]>a{HLW&ILST]�OXIuA

��KUIZM
∂Ω

MNO�MXKUb Y\STFX] � ]>HdOXFX]"Y\ONHJIL]/IL]&[TY\HLSTKUF ijOXS�SCFQMNSTijOX]"ijOX]�[�]&emH%[�� W>HJY\H%STFXSCHLSfY\[sMN]�[fY
HJ]�bdc�W�IZYqHLOpIL]BAQ� Y\I0P>KBFj�B]�FjHLSTKUF �pKUF PZrXKUSfemSCH7[�� SCFpemHJYUFjH

t = 0
c�KUOXI 2>HJIL]%[C]9HL]&b cQe7STFXSCHLSfY\[ � ]>H

KBF/STbdcQKjem]^OpFX] �1���$��� � �
��� ���$�
�����%�
�

θ(t = 0, x) = θ0(x),
� @UA x �

K�o
θ0
]&emH^[TY31 KUFQPRHLSTKUF�MN] MNSfe�HJILST�XONHJSCKBF STFXSCHLSfY\[T]dMX]%HJ]�bdc�W�IZYqHLOpIL]dMXY\FQe7[T] MNKUb YUSCFX]

Ω
A 4�F

P�]�ijOXS7P�KUFpP�]�IJFX]�[fY P>KBFpMNSCHLSTKUF Y\OXa�[TSCbdSCHL]ue ��P>]�[fY MNW&cQ]&FpM MNO P�KUFjHL]�a{HL] cXr{~NeLSTijOX]BA+y{S0[C]
MXKUb Y\STFX]�]ue�H�eLOXcXc�KBeLW��pYUSCVBFX]�I$MXY\FQe�OXF�HLrX]&ILbdKje�HZYqH � HL]&b c�W�IZYqHJOXIJ]�P�KUFpemHJYUFBHJ] ��Y\[TKUIZe �
ijOXSCHmHJ] �"b KNMNSC�p]&I^[¢� W&PZrX]&[C[T] MN]&e0HJ]�bdc�W�IZYqHLOpIL]ue ��[fY/HL]�bdc�W�IZYqHJOXIL]d�BW�IJS �p] [fY"P�KUFpMXS HJSCKBF�YUONa
[TSTb SCHL]ue`MN]�¡7SCIJSfPZrX[C]�H

θ(t, x) = 0
cQKBOXI�HLKBONH

x ∈ ∂Ω
]>H
t > 0.

� @UA}| �
yNS�[T]/MXKUb Y\STFX]�]ue�HdemOpcXcQKjemW"YUMNSfY\�QYqHLSfijOX]�KBO�HLrp]�IJb SfijOX]�bd]&FBHdSfemKB[CW�MX]/[�� ]�a{HLW�IJST]�OXI � YU[CKBIJe
[T] *pONa�MN] PZrpYU[C]&OXI4emKBImHZY\FjH4YUO���KUIZM ]ue�H^F{OX[ ]>H^[fY�HJ]�bdcQW&IJY\HLOXIJ] �UW�IJSC�p]%[fY"P>KUFQMNS HJSCKBF YUONa
[TSTb SCHL]ue`MN]��l]�OXb Y\FpF

∂θ

∂n
(t, x) ≡ n(x) · ∇θ(t, x) = 0

c�KUOXI�HJKUONH
x ∈ ∂Ω

]�H
t > 0,

� @UA � �
KJo

n
]&emH0[fY�FpKUIJbdYU[C]%]>a{HLW&ILST]�OpIL]%OXFXSCHLW MN]

Ω
� �BKUSTI7[fY/¤ STVUOXIJ]/@BAC@ �RA _`FX] eLS HJOpYqHJSCKBF�STFjHL]�I )

bdWuMNSTYUSCIJ] cQ]&ONH9Y\OpeJeLS Y��BKUSTIl[TSC]&O %�[T] *pONa MX]dPZrQY\[T]�OXI4emKBImHZY\FjH^Y\O���KUIZM ]ue�H^cXIJKUc�KUILHLSTKUFpFX]�[
YUO�eJY\OXH MX]/HJ]�bdc�W�IZYqHLOpIL]"]�FjHLIJ]$[¢� ]>a{HJW�IJSC]&OXId]>H�[�� STFjHLW�IJST]�OXI � ]>H�[fY HJ]�bdcQW&IJY\HLOXIJ]$�UW&ILSC�p]"[TY
P�KUFpMXS HJSCKBF"YUONa�[TSCbdSCHL]&elMN]�¤XKBOXILST]�I

∂θ

∂n
(t, x) + αθ(t, x) = 0

c�KUOpI�HLKUOXH
x ∈ ∂Ω,

]>H
t > 0

� @UA�� �
K�o

α
]ue�H�OXFX]^P�KUFpemHJYUFBHJ]7c�KBeLSCHLST�U]UA{��OpSTeJijO=� ST[ 1 YUONH`PZrXKUSfemSTI � P\� ]&emHsOXFX]^MN]ue�W>HJYUcQ]ue�MN]4[TY%bdK )

MXW�[TSTeJYqHJSCKBF
� � FXKBOpe7YU[C[TKUFQe7eLW�[T]&P>HLSTKUFXFX]&I7[fY"P>KUFQMNS HJSCKBF YUONa�[CSTbdS HJ]&e^MN]d¡lSTIJSTPZrX[T]>H � @BA | �RA��`YBe )
eL]�b%�X[fY\FjH`]�FN�QF [¢� W&ijOpY\HLSTKUF �Q[TY�P>KUFQMNS HJSCKBF�SCFpS HJSTYU[C]��p]>H0[TY P�KUFpMXS HJSCKBF Y\ONa$[CSTbdS HJ]&e0eLY\HLSfe 1 YUS HJ]&e
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cpY\Is[fY%HL]�bdc�W�IZYqHJOXIL]��NKUF"KU�NHJSC]&FjH`[¢� W&ijOpY\HLSTKUF$MN]^[TYdPZrpYU[C]&OXI














c
∂θ

∂t
− k∆θ = f

cQKBOXI
(x, t) ∈ Ω× R+

∗

θ(t, x) = 0
cQKBOXI

(x, t) ∈ ∂Ω× R+
∗

θ(t = 0, x) = θ0(x)
c�KUOXI

x ∈ Ω

� @UA � �

v=]0cXILKB�X[Tk�bd] � @UA � �+]&emH`MNKUFQP7P�KUFpemHLSCHLOXW^M�� OXFX]4WuiBOQYqHLSTKUF"Y\ONa�MXW�IJSC�BW�]&e+cpYUImHJSC]&[C[T]&e�b9OpFXSC]^MN]
P>KUFQMNS HJSCKBFpe Y\OXa9[CSTbdS HJ]&e ]�H1M�� OpFX]`P>KBFpMNSCHLSTKUF SCFXSCHLSfY\[T]UAB¥�P&Y\OpeL]sMN]�[TY0cXIJW&eL]�FQP>]sMN]sP>KBFpMNSCHLSTKUFpe
Y\ONa�[TSTb SCHL]ue �3KUF MNS H9ijOX] � @UA � �7]&emH�OXF !��(���#��� & � �%'�� ��� & �
��� ' ��b Y\Sfe4KUF MNSCH9Y\OpeJemS�ijOX]
P\� ]&emH�OpF !���� �#��� & � ����# �%'$�("�� �dP�YUOpeL]4MX]^[TYdMNKBFXFXW�]4STFXSCHLSfY\[T]^]�F/HL]�bdcpe&A
��� & ��� ( '�� ��� ���¢� ¡0Y\Fpe�P>]7b KNMNk&[C]0MN]lcpILKBcpY\VjYqHLSTKUF MN]7[TY%PZrpY\[T]�OpI��BSC[�FXKUOQe 1 YUONH+cXIJW&P�STeL]�I
[C]ue9OXFpS HJW&e%KUO MNSTbd]�FpeLSTKUFpe%cXr{~NemSfijOX]&e % [fY�HJ]�bdc�W�IZYqHLOpIL]

θ
e�� ]>aNcXIJSTb ]/]�F 	4]&[C�{STF �

K
� � [TY

PZrpY\[T]�OXI�eLc�W&P>SC�QijOX]
c
]�F�0BKUOX[T]�cpY\I �{ST[CKBVUIZY\bdbd]+cpYUI 	4]�[T�jSTF �

J/(kg×K)
� ��[TY^P�KUFpMNOQPRHLST�{S HJW

HLrX]&ILbdSfiBOp] � cpYUI�OXFXSCHLW�MN]�bdYBeLeL] �
k
]�F 0BKUOX[T] bdk>HJIL]�P&Y\IJILW cpY\I9�jST[TKUVUIZY\bdbd]%cQY\I
	4]�[T�{SCF

cpY\I`eL]&P�KUFpMN] �
Jm2/(kg ×K × s) �RAQ¡%� OXF$cQKBSCFjHlMN]^�{OX]^b YqHJrXW�b Y\HLSfiBOp] �XFXKBOpesY\[T[TKUFpe�HJILkueemKBOX�U]&FBHsKBOX�X[TSC]&IlP>]uesOXFXSCHLWue �Q]>Hlb 2�bd]�P�]&e`P�KUFpemHJYUFBHJ]&e��X]�F�eLOXcXc�KBeJY\FjHlijOX]

c
]>H
k
�qY\[T]�FjH�@

� P>]&[TY IJ]��{ST]�FjH � YBMNSTb ]&FpeLSCKBFXFX]�Is[T]&e�VBIJYUFpMN]&OXIJe�cXr{~NeLSTijOX]ue �>A •
��� & ��� ( '�� ��� ��� � �`KBOpesY��UKBFpe+b ]&FjHLSTKUFXFXW0HJILKBSTe+H�~{cQ]uesMN]^P>KBFpMNSCHLSTKUFpe�Y\OXa�[CSTbdS HJ]&e��X¡lSTIJS )
PZrX[C]�H��{�`]&OXb Y\FXF �N¤pKUOXIJSC]&I � bdYUSTe+ST[�]&F�]>aNSfe�HJ]7M�� Y\OXHLIJ]&e ��ijOXS�KUFjH+[TSC]&O/eLOXI�[¢� SCFjHJW�VUIZY\[TSCHLWlMN]7[TY
1 ILKBFBHJSCk&IL]

∂Ω
A1,�SC]&F�e 0pI��\KBFdcQ]&ONH+Y\SfeLW�bd]�FjH�STbdYUVUSTFX]�I�MX]&e�eLS HJOpYqHJSCKBFpe K�o [T]&e+P>KBFpMNSCHLSTKUFpe YUONa

[CSTbdS HJ]&e0emKBFBH0bdW�[fY\FXVBW�]&e %�¡7STILSfPZrX[T]>H0eLOXI
∂ΩD

���l]�OXb Y\FpF�emOpI
∂ΩN

�Q]�H0¤XKBOXIJSC]&I7eLOXI
∂ΩF

�
Y��U]&P

∂ΩD, ∂ΩN , ∂ΩF
1 KBILb Y\FjHsOXFX]4cpYUImHJS HJSCKBF�MN]4[TY 1 IJKUFjHLSTk�IJ]

∂Ω
A •

��� & ��� ( '�� ��� ���f� v�� W&ijOpY\HLSTKUF�MN]�[fY PZrpYU[C]&OXI � @BA � ��]&emH �
���$���%�
��� Y\O eL]�Fpe`KJo�eLY eLKU[TONHJSCKBF
θ
MNW�c�]�FpM [CSTFXW&YUSCIJ]�bd]&FBH9MX]&e9MXKUFXFXW&]&e

(f, θ0)
A�4�F�cXr{~NemSfijOX]�P>]�HmHJ]�cXIJKUcXIJSCW�HLW�MN]�[CSTFXW&YUILSCHLW

]&emH0eLKUOX�B]�FjH`HLIZYUMXOXS HJ]9eLKUOpel[TY.1 KUIJb ]%M�� OpF�cXIJSCFQP>STcQ] MN]%eLOXc�]�IJcQKjemSCHLSTKUF %�OXFX] P>KUb%�XSTFpY\SfemKBF
[CSTFXW&YUSCIJ]$MN]&edMNKBFXFXW�]ue

(f, θ0)
P�KUFpMXOXS H � OXFX]�eLKU[TONHLSTKUF

θ
ijOXSs]&emH [TY b 2�bd]"P�KUb%�XSCFQY\SfemKBF

[CSTFXW&YUSCIJ]lMN]ue1eLKU[TONHLSTKUFQe1P>KBILIJ]&eLc�KUFpMXYUFjH �9PZrpYUijOX]�HJ]�IJb ]0MN]`[fY�MNWuP>KUbdc�KBeLS HJSCKBF�MN]&e+MNKUFpFXW�]ue�A
¡9� OXF cQKBSCFjH9MN]d�{OX]dcXr{~NemSfijOX] ��[fY"[CSTFXWuY\IJS HJW F3� ]ue�H�ijO=� OXFX] r{~{cQKUHLrXkuem]dcpYUILbdS�M�� Y\ONHJIL]ue�A$4�F
]>� ]>H��jc�KUOXI�[C]ue1cpILKB�X[Ck&bd]&e � 1 KUILHL]l�qYUILSfYqHJSCKBFdMX]`HL]&bdcQW&IJY\HLOXIJ] �j[TY�[CKBS�MN]0¤XKBOXILST]�I+]&emH 1 Y\OQeLeL] �
]>HdSC[ 1 Y\OXHd[fY�P�KUIJILSTVU]&I9]&F�eLOXcXc�KBeJY\FjH ijOX]"[TY�P>KBFpMNOpP>HLST�{S HJW�HJrX]�IJbdSTijOX]

k
MNW&cQ]&FpM ]&F 1 YUS H

MN]/[fY�HJ]�bdc�W�IZYqHLOpIL]
θ
]�HdMN]$eLKUF VBIJYBMNSC]&FjH ∇θ � P�]"ijOXS�IJ]�FpM [C]"cXIJKU�X[Tk�bd]/FXKUF ) [TSCFXWuY\STIL] �RA4�FpP>KBIL]dcXSTIJ] ��c�KUOXI�MN]ue4cXrXW&FXKUbdk�Fp]&e4]>a{HJI 2&b ]&bd]�FjH^IJYUcXSTMX]&e � ]�aNcX[CKjemSTKUF ��cQY\I^]>aN]&b cp[C] �0SC[

]&emH�FXW&P�]&eJeLYUSCIJ] M�� Y\�pYUFpMNKBFXFX]�I�[C] cXILSTFpP�SCc�] b 2�bd] MX]�[fY�[CKBS7MN] ¤XKUOpILST]�I"iBOpS7eLOXcXc�KBeL] [TY
cXILKBcQKBImHJSCKBFXFpYU[CSCHLWlMXO *pONa�MN]0PZrpY\[T]�OpI

q
Y��B]&Ps[T]l[T]7VBIJYBMNST]�FjH+MN]lHL]�bdc�W�IZYqHJOXIL] ∇θ A 41F�]>� ]>H �P>]>HLHL]�r{~{c�K\HLrpk&eL] � +mFpYqHJOXIJ]�[T[C] , ��cpIL]&b STk�IJ] �{OX] �^]�FjHLIZY � FX] OXFX]/cXIJKUcXIJSCW�HLW cpYUIJYBMNK�aXY\[T] % [TY

PZrpY\[T]�OXI%em]�cpILKBcpY\VB] ��OXFX]��{SCHL]ueLeL]�STFN�pFXST]/MXYUFpe�[T]�MNKBb Y\STFX]
Ω
A �lKUOpe9�U]&ILIJKUFpe�cX[COQe�[TKUSTF

� �UKBSCI0[fY"�`]�b Y\IZijOX]�@BA �XA n �lP�KUbdbd]�FjH0W�HJYU�X[CSTI^P>]dcpYUIJYBMNK�aN]UAQ�`]>HL]&FXKUFQe7c�KUOpI0[�� SCFpemHJYUFjH^ijOX]
b KNMNW&[CSfeL]�I`P\� ]&emH�1 Y\STIL]^MN]uesr{~{cQKUHLrXkuem]ue�]>HscXIJW&P>SfeL]�Is[T]�OXI`MNKBb Y\STFX]^MN]^�qY\[TSTMNSCHLWBACATA •
��� & ��� ( '�� ��� ��� , v=]%cXIJKU�X[Tk�bd] � @UA � ��F=� ]&emH7cQYUeleL]�Op[C]&b ]&FjH7OXF bdKNMNk&[C]9MX]9cXIJKUcpYUVBY\HLSTKUF
MN]$[TY�PZrpY\[T]�OpI&A DG[sY�]�F 1 YUS H OXF�P�YUIJYBPRHJk�IJ]�OXFXST�U]&IJeL]�[ � ]>H KUF�[C]$IJ]>HJILKBOX�U]"P>KUbdbd]"b KNMNk&[C]
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� ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

MX]"FpKUb9�pIL]&ONa�cXrXW�FpKUbdk�FX]uedeLYUFpedY\OpP�OXF IZY\cXc�KUILHd]�FjHLIJ]/]&ONa � ST[�1 Y\OXH eLSTb cp[C]&b ]&FjH PZrQY\F )
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MXY\Fpe

Ω

� @UAT@&t �

v Y`MNSC��W&IL]&FpP>]+]�FjHLIJ] � @UA � � ]�H � @BAC@ut � ]ue�H [¢� Y\cpcpY\IJS HJSCKBF^M�� OpF^HL]&ILbd]+MX]+P>KBF{�U]&P>HLSTKUF=A �7F^b ]uemOpIL]
[fYs�pYU[TYUFpP>]1]�FjHLIJ]+P�]�FXKUOp�U]&YUO4HL]&ILbd]1MN]�P>KBFj�B]&P>HLSTKUF4]>H [C]�HL]�IJbd]+MN]�MNSC��OpeLSTKUF�cpYUI3OXF9FXKUb%�XIL]
eJY\FQesMNSCbd]&FpemSTKUF �XY\cXc�]�[TW �$� & �$��� �$� � ���1����� �pMNW��pFXS=cpYUI

Pe =
cV L

k
,

� @UAT@U@ �



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

� � � ���  ������ ���-� 	��  	�	 ���-� � ������	� �

KJo
L
]&emH0OXFp]9[TKUFXVBOX]�OXI4P�YUIJYBPRHJW�IJSTemHLSfijOX]�MNO�cpILKB�X[Ck&bd] � cQY\I0]>aN]�bdcX[T]9[T] MXSTYUb k�HLIJ]%MNO�MNK )

bdYUSCFp]
Ω
�RA�yNS`[C]�FpKUb9�pIL] MN]�� WuP>[T]>H�]ue�H HJILkue cQ]�HLSCH���Y\[TKUIZe%[T]&e�]>� ]>HJe/MNSC��OpeLS 1 e�MNKBb STFX]&FBH

[C]uel]���]�HJe4P>KBFj�B]&P>HLS 1 e ��]>H4[C]%bdK{MXk�[T] � @UA � �s]ue�H^eLO 8�eLYUFBH0cQKBOXI4MNW&P�ILSTIL]%[C]%cXrXW&FXKUbdk�Fp]UA=y{S [C]
FXKUb%�XIL]/MN]�� W&P�[C]�H%F=� ]&emH%FXS�c�]>HLSCH�� FXS�VUIZY\FpM � KUF MNSCH ijO=� ST[+]ue�HdMN]�[�� KBIJMNIJ]�MN]�[¢� OXFXSCHLW � � [C]
b KNMNk&[C] � @BAC@ut �l]&emH^cX[COQe7IJW&YU[CSfemHL]diBOp] � @UA � �RA � Y\I^P�KUFjHLIJ] � emS [T] FXKUb%�XIL]dMN] � W&P>[T]>H^]ue�H0HLIJk&e
VUIZY\FpM �BKUF�c�]�OXH�eLSCbdcX[TSC�p]�I � @BAC@ut � ]&F/eLOXcXcXIJSCb YUFBH+[C]7HL]&ILbd]7MX]7MNSC��OQemSTKUF=A �7F�KB�NHLST]�FjHsY\[TKUIZe
[¢� W&ijOpY\HLSTKUF$MNS HJ] � �/�%�$����� � �
���















c
∂θ

∂t
+ cV · ∇θ = f

MXYUFpe
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∗

θ(t, x) = 0
c�KUOXI
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θ(t = 0, x) = θ0(x)
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∂t
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∂θ

∂x
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2θ

∂x2
= 0

c�KUOpI
(x, t) ∈ R× R+

∗

θ(t = 0, x) = θ0(x)
cQKUOpI

x ∈ R
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ν = k/c
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θ(t, x) =
1√

4πνt

∫ +∞

−∞
θ0(y) exp

(

− (x− V t− y)2
4νt

)

dy.
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∗

θ(t = 0, x) = θ0(x)
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V = 0
MNW&P�ILK �TH�]&F�HL]�bdcpe%P>]�ijOXS�STFpMNSfijOX]�[fY + *Qk&PZrX] ,

MXO�HJ]�bdcpe&A��7F�MNS H�ijOX]�[�� W&ijOpYqHJSCKBF�M=� YBMN�U]uPRHLSTKUF�]&emH ����������' � �#�
� ]�F�HL]&b cQe � HZY\FpMXSTe ijOX]
[�� W&ijOpYqHJSCKBF�MN]^[TY PZrQY\[T]�OXIs]ue�H �
� ��������� ' � �#�
� ]&F/HJ]�bdcpe&A �+]�HmHL]^KB�peL]�IJ��Y\HLSTKUF"b YqHLrpW�b YqHJSTijOX]
]ue�H4P>KBF 1 KUIJbd] ��[�� STFjHLOXSCHLSTKUF�cXr{~{eLSfiBOp] % P>]�ILHJYUSCFQe`cXrXW&FXKUbdk&FX]&e0emKBFjHlILW&�U]&IJeLSC�p[C]ues]�F�HL]�bdcpe��
M=� YUONHLIJ]&e�FXKBF � P>KBb bd]^[fYdMNS � OpeLSCKBF�M�� OpFX]^VUKBONHmHJ]4MX]^[TYUS H`MXYUFpe�OXFX]4HZYUeJem]^MN]4HJrXW �>A •
� � & ��� ( '$��� �f� � 0 _`FX]�Y\ONHJIL] MXS � W�IJ]�FpP�] 1 KUFQMXY\bd]�FjHZY\[T]�]�FjHLIJ]�[C]ue WuiBOQYqHLSTKUFQe � @BA � �$]>H
� @UAT@�� �=c�KUILHL]seLOXI [C]ue cXILKBcXIJSCW�HLW&e � � ��� �%�����
�%���1� !#��� �("$� �$	�� & ��� � � � ���("$���
��� A�y{OpcXcQKjemKBFpe
ijOX]9[C]^HJ]�IJbd]9emKBOXIZP>]^]&emHlF{OX[ �

f = 0
AXDG[ ]&emH�1 YUP�SC[T]9MN]��BKUSTIlijOX]9eLS

θ(x, t)
]&emHlOXFp]9emKB[COXHLSTKUF

MX]l[�� WuiBOQYqHLSTKUF�MX]l[fY�PZrpY\[T]�OpI � @BA � � �{Y\[TKUIZe �UcQKBOXI�HJKUONH
λ > 0

�
θ(x

λ ,
t

λ2 )
]ue�H+YUOpeJemS emKB[COXHLSTKUF�MN]

[fYdb 2�bd]9WuijOpYqHJSCKBF � cQKBOXIlOpFX]9MNKBFXFXW�]^STFXSCHLSfY\[T]9MNSC��W&IL]&FjHL] �>AQ¡7]9b 2�bd]��p]�F eLOXcXc�KBeJY\FjHlijOX]
[fY%�jSCHL]ueLeL]

V
]ue�H`P�KUFpemHJYUFBHJ] �NeLS

θ(x, t)
]&emH�OpFX]^emKB[CONHJSCKBF/MN]4[�� WuijOpYqHJSCKBF/M�� YUMN�B]&P>HLSTKUF � @UAT@�� � �

YU[CKBIJe
θ(x

λ ,
t
λ )
]ue�HlYUOpeJemS3eLKU[TONHJSCKBF=A �7F$�UKBS H`�XST]�F ijOX]^[fYdbdSTeL] �d[�� WuPZrX]�[T[T]�MN]^[TYd�qYUILSfY\�X[T]�MN]

HJ]�bdcpe+F=� ]&emH+cpYBe1[fY^b 2�bd]7MpY\Fpe+[C]ue+MX]�ONa�P�YBe�Aj�s]�b YUIJijOXKBFpe�Y\OQeLeLS�ijOX]��BMXYUFpe+[C]ue+MN]&ONa�P�YBe �
[�� W&ijOpYqHJSCKBF/]ue�H`STF{�qY\IJSTYUFBHJ]7cQY\I�HLIZY\FQem[fYqHJSCKBF�]�F$]uemcpYBP>]0]>H`]&F/HJ]�bdcpe&A •
� � & ��� ( '$��� �f� � � _`FX]�cpILKBcXILSTW>HJW/eLOXIJcXIL]&FpY\FjHJ] � MNO�c�KUSTFjH�MN]$�{OX]"MX]�[TY cXr{~NemSfijOX] � MN]
[�� W&ijOpYqHJSCKBF�MN]7[TY%PZrpY\[T]�OXI � @BA � � ]ue�H�iBOp]7[fY9eLKU[TONHLSTKUF�]�F

(x, t)
MNW&cQ]&FpM�MN]lHLKBONHL]ue+[T]&e+�qY\[T]�OXIZe

MX] [fY"MNKUFXFpW�] SCFXSCHLSfY\[T] MXY\FQe
R
� �BKUSTI�� [fY.1 KBILb%OX[C] � @BAC@&x � �RA$4�F�cpY\ILHLSfP>OX[TST]�I � MpY\Fpe0[T]dP&YUe4MN]

� @UAT@ � � � emS�[fY MXKUFXFXW&]/STFXSCHLSfY\[T]/]ue�H c�KBeLS HJSC�B]���emOpcXcQKBImH P>KBbdcpYUP>H�� Y\[TKUIZe9c�KUOpI%HJKUONHdHJ]�bdcpe
t > 0

� YUOpeJemS cQ]�HLSCH�emKBS H )�ST[ �l[fY�eLKU[TONHLSTKUF ]ue�H^emHLIJSTP>HL]�bd]&FBH4c�KBeLS HJSC�B]%eLOXIlHJKUONH
R
%�Y\OXHLIJ]�bd]�FjH
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� ��� ��� � ����� � ���� 	�	/���-��� � � �/� � ��� ����� n

MNS H �q[¢� ]>� ]>H1MX]+[fY4PZrpY\[T]�OXI eL]�1 YUSCIJ]�em]&FBHJSCI +mSCFQe�HZY\FjHJYUFXW�bd]�FjH ,��l[�� SCFN�QFXS¢A��7FdMNSCH�iBOp]�[fY0PZrpY\[T]�OXI
em] !���� !#�%	�� �1������'$��� � � � � ' ' � ��� � ���
� � P>]lijOXSX]ue�H��pSC]&Fde 0XI�OpFX]s[CSTbdS HZYqHJSCKBFdMXO b KNMNk&[C] �RA
¥`O P>KBFjHLIZY\STIL]��XMXY\Fpel[¢� W&ijOpY\HLSTKUF�M�� YUMN�B]&P>HLSTKUF � @BAC@�| ��[fY MNKUFpFXW�]�STFXSCHLSfY\[T]�]&emH7P�KUF{�U]uPRHLW&]
�d[TY
�jSCHL]ueLeL]

V
� �BKUSTI�[fY 1 KUIJb9OX[T] � @BAC@u� � � %XST[=~�YdMNKBFpP !��(��!#�%	��%���
����� � � ��� ' '�� � �$��� A •

��� & ��� ( '�� ��� ���¢� 	 %0I��BP>]sY\ONa 1 KUIJb9OX[T]&e ]>aNcX[TSfP>SCHL]&e � @UAT@�x � ]>H � @BAC@u� � �qKUF �UW�IJSC�p]�YUSTeLW�bd]&FBH
iBOp]l[T]&e1eLKU[TONHJSCKBFpe1MN]7[¢� W&ijOpY\HLSTKUF�MN]7P>KUF{�B]&PRHJSCKBF )GMNS � OpeLSCKBF � @UAT@ � � ]>H�MN]l[�� W&ijOpYqHJSCKBF�M�� YUMN�B]&P )
HLSTKUF � @BAC@�| �1�UW�IJSC�p]�FjHs[TY cXIJKUcpILSTW>HJW

min
x∈R

θ0(x) ≤ θ(x, t) ≤ max
x∈R

θ0(x)
cQKBOXI�HLKBONH

(x, t) ∈ R× R+,

Y\cXc�]�[TW�] !��(���$��� !�� �$' & � � � & ' &gA �+]>HLHL]$cXIJKUcXIJSCW�HLW � HJILkuedSCbdc�KUILHJY\FjHJ] � Y\OpeJeLS��pSC]&F�MXO
cQKBSCFjH�MN]��{OX]$b YqHLrpW�b YqHJSTijOX]�ijOX]$cXr{~NemSfijOX] � eL]"VBW�FXW&IJYU[CSfeL]"YUONa 1 KUIJbd]&e cX[TOpe VBW�FXW&IJYU[C]ue
MN]^[¢� W&ijOpY\HLSTKUF$MN]�P>KBF{�U]&P>HLSTKUF )GMNSC��OQemSTKUF � @UAT@&t �+]>HlMN]4[�� WuiBOQYqHLSTKUF$M�� YUMN�B]&P>HLSTKUF � @UAT@�� �RAX�lKUOpe
[¢� W>HJOpMNST]�IJKUFpe�cXIJW&P�STeLW�bd]&FBH`MXYUFpe�[fY eLOXSCHL]BA •

�! 	� 
 �&* )��-� *  � ���� ) *  � ) '   �!��-�&*  
¡0Y\FQe^P>]>HLHL] eL]&PRHJSCKBF�FXKBOpe^MNKBFXFXKUFQe7IZY\cpSTMN]&bd]�FjH0[fY21 KUIJb ]dMN] ijOX]�[fijOX]&e0bdKNMNk�[T]&e^P�[TYBe )

emSfijOX]&e&A v=]$�XONH�MN]�P>]�HmHJ]"W&F{OXbdW�IZYqHLSTKUF�]&emH�MN]�MNW�VjY\VU]&I%MNkuedb Y\STFBHJ]�FpYUFjH [T]&edcXIJSTFpP>STcpY\[T]&e
P>[fYUeJem]ue�M�� W&ijOpYqHJSCKBFpe�YUONagMNW�IJSC�BW�]ue�cpYUImHJSC]&[C[T]&e�ijOX] FXKUOQe�W>HJOpMNST]�IJKUFpe�cpY\I/[TY emOXSCHL]��+]�H"MN]
b KBFjHLIJ]�I7ijOX] P>]uelWuiBOQYqHLSTKUFQe 7�KBOX]�FjH7OpF�I�
U[T]�SCbdc�KUILHJYUFBH4MXY\FQe7MN]ue7MXKUb Y\STFX]&e7eLP�SC]&FjHLSC�QijOX]&e
HLIJk&edMNST�U]�IZe&A ¡7W&eLKUIJb Y\Sfe FXKUOpe YBMNSTb ]&FpeLSCKBFXFXKUFQe�HJKUONHJ]&ed[T]&ed�qY\IJSTYU�X[T]&e�� P�]�iBOpSscQ]&ILbd]>H�MN]
�XaN]�I�HLKBONHL]ue�[C]ue`P>KBFpemHJY\FjHJ]&e�MN]&e`b KNMNk&[C]ue�W�VjY\[T]&e �"@UA
�������	� ����������� �"!$#�%'&	�)(+*,�-&	%.��/
�+KBbdb ]^FpKUOpe��B]�FXKBFpe�MN]^[C]4�BKUSTI��{[�� WuiBOQYqHLSTKUF$MN]^[fYdPZrpY\[T]�OXI�STFjHL]�IJ�{SC]&FjHsP�KUbdbd]4b KNMNk&[C]

MXY\FpesMX]^FXKUb%�XIL]&ONa�cXIJKU�X[Tk�bd]uesMN]&eseJP>ST]�FpP�]&esMN]^[�� SCFXVBW�FXST]�OpI&A 4�[T[T]�e�� W&P�ILSCH














∂u

∂t
−∆u = f

MpY\Fpe
Ω× R+

∗

u = 0
eLOXI

∂Ω× R+
∗

u(t = 0) = u0
MXY\Fpe

Ω

� @UAT@�� �

DG[1e�� Y\VBS H�M�� OXFX] WuijOpYqHJSCKBF M=� KBIJMNIJ]"@ ]�F�HL]&b cQe^]>H9M�� KUIZMNIJ]V��]&F ]&eLcpYUP�] � [¢� KUIZMNIJ]d]&emH9P>]�[TOXS
MN]&e%MNW�IJSC�BW�]ue4cpY\ILHLST]�[T[C]ue^[T]&e^cX[TOpe9W�[T]��UW&]&e �RA �7F MXSCIZY�ijOX]�P>]�HmHL]/W&ijOpY\HLSTKUF ]&emH�cpY\IZY\��KU[TSfiBOp]
� �UKBSCI"cX[TOpe$[TKUSTF�[fY�y{KBOpe ) eL]&P>HLSTKUF5@BA |XA � �RAs�`KBOpe$Y��UKUFQe/MNW 7 � �{O P>]�ILHJYUSCFp]&e"cXIJKUcXIJSCW�HLWue/MN]
P>]>HLHL] W&ijOpYqHJSCKBF %�SCIJILW&�U]&IJeLSC�pSC[TS HJW�]�FgHJ]�bdcpe���cXILKBcpY\VjYqHJSCKBF � �jSCHL]ueLeL]�STFN�pFpSC]��+]�H"cXIJSTFpP>STcQ]
MNO$bdY\aNSCb%OXb$A
; � �����1���1��� �T� � ��� O F6E �/ILN��/N�F6E�	�E I^E+Q7I^NP[ � E/I:[�O#E �JI^N �/I M W+Q�W�	�E 	JW�K3ILN�M F6F�T�O#K+E E"H��/NPO�EJO%Q�M E � � E
E/O Q�E/Y��#F � � N�M�I � T X N�I YZ[�� E ����]�� � ����	JE � TSFVN��-[�Q�M N2O�	JE �10 W �2[3T�Q�M N2O�	�E � TqK323T�� E/[�I ����]��54�� 	�T�O�F
[�O 	JNPYGTJM�O�E �/N�I O#W�]76 O [�O#E 	$M�Y E/O#F�M NPO 	80 E+F �#T3K+E:9 NPO �/NJFVE

Ω = (0, 1)
E"Q N2OqF+[����/NJFVE �2[#E
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@ut ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

f = 0
]���N�M Q

u(t, x)
[�O#EF6N��-[�Q�M N2O ILW��2[�� M U/ILE 	JE ����]�� 4��+] 6 O YZ[�� Q�M���� M T�O%Q �10 W��P[#T�Q�M NPO �#TJI

u
E+Q;EJO

M�O�Q�W��PILT�O�Q �3TJI:ILT����/N�I Q��
x
92W+Q6T���� M�I �10 W���T�� M Q�W

1

2

d

dt

(∫ 1

0

u2(t, x) dx

)

= −
∫ 1

0

∣

∣

∣

∣

∂u

∂x
(t, x)

∣

∣

∣

∣

2

dx

� N2O�Q7ILE/I �2[#E	Q�N2[�Q�EqX NPO#K"Q�M N2O
v(x)

K"N2O�Q�M�O���Y EJO%Q 	�W/I>M � T���� E F"[�I [0, 1]
9(Q�E � � E �2[#E

v(0) = 0
9

� W/I>M $E �10 M�O#W���T�� M Q�W 	�E	�2N$M�O#K%T/ILW
∫ 1

0

v2(x) dx ≤
∫ 1

0

∣

∣

∣

∣

dv

dx
(x)

∣

∣

∣

∣

2

dx.

6 O 	�W�	P[JM�I^E � T 	JW�K3ILN�M F6F�T�O#K+EGE"H��/NPO�EJO%Q�M E � � EGEJOZQ�E/Y ��F 	�E ∫ 1

0 u
2(t, x) dx

]

�7������
 ��� �,��� �	�"!$#�%� �"!,#,%�

x

u(x)

f(x)

Ω

� ��� � @BA � ��¡lW&cX[fYUP>]&bd]�FjH`M�� OpFX]�P>KBIJMN]4W&[TYBe�HJSTijOX]BA
v1� WuiBOQYqHLSTKUF MN]&e"KBFpMN]&e"bdKNMNW�[TSfem]�MN]ue/cprXW�FXKBbdk�FX]ue"MX] cXIJKUcQY\VBY\HLSTKUF�M=� KBFpMN]&e"KBO�MN]

�{ST�XIZYqHLSTKUF3Aj� YUIs]>aN]�bdcX[T] �N]&F"MN]&ONa"MXSCbd]�FQemSTKUFpe�M�� ]&eLcpYBP>]4]�[T[C]4]ue�HsOXF$bdKNMNk�[T]4cQKBOXIsW>HJOpMNST]�I
[T]&el�{SC�XIZYqHJSCKBFpelM=� OXFp]9bd]�b%�XIJYUFX]�W&[TYBe�HJSTijOX]^HJ]�FpMXOX] � P>KBb bd]�[fY�c�]&YUO�M�� OXF�HZY\b9��KUOpI �>A 4�F
OpFX]�MXSCbd]�FQemSTKUF M�� ]uemcQYUP>]��&]&[C[T]�]&emH YUOpeLeLSNY\cXc�]�[TW�]+W&ijOpY\HLSTKUF%MX]&e P>KBIJMN]ue=�{ST�XIJYUFjHL]&e&A�¥`O IL]&cQKje �
[fY%b ]&b9�XIZY\Fp]7KNP�P�OXc�]0OpF"MNKBb Y\STFX]4cX[TYUF

Ω
Apy{KBOpe�[�� YBPRHLSTKUF"M�� OXFX]!1 KUIZP>]0FXKUIJb Y\[T] � P>]4cX[fY\F

M=� STFjHL]�FQemSCHLW
f
� ]�[T[C]/em]�MNW71 KUIJbd]�]>H%eLKUF�MNW&cX[fYUP>]&bd]�FjH�FXKUIJb Y\[�]ue�H%FXK\HJW

u
� �BKUSTI�[TY�¤ STVUOpIL]

@BA � �RA �7F eLOXcXc�KBeL]`ijO=� ]&[C[T]s]&emH��XaNW&]`emOXI�eLKUFd��KUIZM �UP�]`iBOpSQMNKBFXFX]sOXFX]7P>KUFQMNS HJSCKBF Y\ONa [CSTbdS HJ]&e
MX]�¡lSTILSfPZrX[T]>HuAXv�� W&ijOpYqHJSCKBF"MX]&esKBFpMN]&esMXKUFjH

u
]&emHlemKB[CONHJSCKBF/]ue�H`MNKBFXFXW&]^cpY\I































∂2u

∂t2
−∆u = f

MpY\Fpe
Ω× R+

∗

u = 0
eLOXI

∂Ω× R+
∗

u(t = 0) = u0
MXY\Fpe

Ω

∂u

∂t
(t = 0) = u1

MXY\Fpe
Ω

� @UAT@&� �

�`]�b Y\IZijOXKUFpe ijO=� SC[Xe&� Y\VUSCH�M�� OXFX]sW&ijOpY\HLSTKUF MNO MN]�ONaNSTk�bd]�KUIZMNIJ]+]&F%HJ]�bdcpe ]�H1iBO3� ST[*1 Y\ONH1MXKUFpP
MX]�ONa P>KUFQMNS HJSCKBFpe^STFXSCHLSfY\[T]&e^c�KUOXI

u
A �7F�MNSTIZY"ijOX]�P�]>HLHL]�WuiBOQYqHLSTKUF�]&emH�r{~{cQ]&IL��KU[TSTijOX] � �UKBSCI

cp[COpe`[CKBSCF"[TY y{KBOpe ) eL]&P>HLSTKUF�@BA |XA � �RA
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� ��� ��� � ����� � ���� 	�	/���-��� � � �/� � ��� ����� @B@

; � �����1���1��� �T� �f� � OGFVE���� T3K"EREJO 	$M�Y E/O#F�M NPO
N = 1

	 0 E+F �3T3K"E�] � OF"[����/N�F6E �P[#E � E+F 	�N2O�O#W+E+F
M�O/M Q�M T�� E%F

u0
E"Q
u1
F6N2O�Q 	�E+FGX N2O3K7Q�M NPO�F ILW��2[�� M U/ILE+F 9 E"Q �2[#E

f = 0
T � E%K Ω = R

] � O O�NJQ�E
U1[�O#E �/I M�Y M Q�M � E 	�E u1

]��9W/I>M �EJI �P[�E

u(t, x) =
1

2
(u0(x+ t) + u0(x− t)) +

1

2
(U1(x+ t)− U1(x − t)) ,

� @UAT@&n �
E+F�Q�� T0FVN��-[�Q�M N2O [�O/M �P[�E 	�E�����]������ 	�T�O#F � T0K � T#FVF6E 	�E+F X N2O3K7Q�M NPO�FILW��2[�� M U/ILE+F�]

v1� WuijOpYqHJSCKBF MN]ue4KUFpMN]ue0cpY\ILHJYUVU]%Y��B]&P9[¢� W&ijOpY\HLSTKUF M=� YBMN�U]uPRHLSTKUF � @BAC@S� �l[TY/cXIJKUcXIJSCW�HLW SCb )
cQKBImHZY\FjHL]dMN] !$����!�� 	���� �
���'� � � ��� ' '�� � ���
� A$4�F ]>� ]>H��3[¢� 4 aN]�IZP>SfP>]"@UA �XA ��bdKBFBHJIL] ijOX] eJY
emKB[CONHJSCKBF�]&F OXF�c�KUSTFBH

(x, t)
FX] MNW&cQ]&FpM�cQYUe4MN] HLKBONHL]ue7[T]&e4�qYU[C]&OXIJe4MN]ue4MNKUFXFpW�]&e0STFXSCHLSfY\[T]&e

bdYUSTelem]&OX[C]&bd]�FjH7MN]ues�qY\[T]�OXIZe`MXYUFpesOXF�STFjHL]�IJ�qY\[T[C]^IJ]&emHLIJ]�STFjH`Y\cXc�]�[TW ��� & � �
����$� �$��!����� 
�$�%���1� � KUO�P 
UFX]9MX]9[TOXbdSCk&IL]��Q�UKBSCI`[fY�¤ STVUOXIJ] @UA � �>A��lY\cXc�]�[TKUFpe7ijOX]9P>]�HmHJ]9cXIJKUcXIJSTW>HLW9F=� ]ue�H
cpYUe cpYUImHZY\VUW&]1cpYUI [¢� W&ijOpY\HLSTKUF%MX]�[fY0PZrpY\[T]�OXI cXOpSTeJijO=� ST[N]&emH�P>[fY\STI�� �7HLIZY��U]&IJe3[TY/1 KUIJb9Op[C] � @BAC@&x � �
iBOp]0[fY eLKU[TONHLSTKUF"]�F

(x, t)
MNW&cQ]&FpM$MN]4HLKBONHL]ue�[C]ues�qY\[T]�OXIZe�MN]^[TYdMNKBFXFXW&]0STFXSCHLSfY\[T]UA

_lFX]7YUONHLIJ]`cXIJKUcpILSTW>HJWlMN]l[�� W&ijOpYqHJSCKBF�MN]&e1KUFpMX]&e�]ue�H�emKBF SCF{�qY\IJSfY\FpP�]scpY\I�PZrpY\FXVB]�bd]�FjH+MXO
em]&FpelMNO$HJ]�bdcpe&A yNS3KUF PZrQY\FXVB]

t
]&F −t �p[fY 1 KUIJbd]9MN]�[�� WuijOpYqHJSCKBF�FX]9PZrpYUFXVU]^cpYBe�A �7F�cQ]&ONHMNKUFpP�+�STFjHLW�VBIL]&I3, [¢� W&ijOpY\HLSTKUF MN]ue�KUFQMN]&e^�B]�IZe^[T]&e4HJ]�bdcpe%cQKjemSCHLS 1 e�KBO�FXW�VjYqHLS 1 e�MN]�[TY�b 2&b ]

bdYUFXSTk�IJ]UA �7F$MNS HlijOX]^[�� W&ijOpYqHJSCKBF"MX]&e�KUFQMN]&e�]ue�H ��������� '��
�������� � � & !�' A
; � �����1���1��� �T� �T� �9W/I>M $E/I �2[#E � T F6N �-[%Q�M NPO ����]������ T�[��/N�M�O�Q

(x, t)
O#E 	JW �/E/O 	 	�E+F 	�N2O�O#W+E+F

M�O/M Q�M T�� E%F
u0
E"Q
u1

�2[ 0 � Q7ILT � E/ILF � EJ[�ILF � T�� E/[�ILF;F+[�I�� E FVE��PY E/O�Q [x− t, x+ t]
] �9WJI M $EJI(T�[�FVF�M��P[�E

u(−t, x) E%F�Q:F6N �-[%Q�M NPO 	JE ����]������ 	�T�O�F Ω×R−
∗
�P[/M Q*Q�E � K 2#T�O �JEJI � ERF�M �PO�E 	�E � T � M Q�E+F6FVEM�OJM Q�M T�� E

u1(x)
]

t

x−t x+t x

(x,t)

� ����� @UA � ��¡7KUb Y\STFX]4KUO�P 
UFX]^MN]^MNW&cQ]&FpMXY\FQP>]�MN]^[�� WuijOpYqHJSCKBF"MN]ue�KUFpMX]&e&A

; � �����1���1��� �T� � , � O	FVE �/ILN��/N�F6E 	�E 	�W/Y NPO%Q7ILE/IG[�O �/I>M�O#K#M��/E 	JE	K"N2O#F6EJI � T�Q�M N2O 	JE �10 WJO�EJI �$M E
�/N2[�I �10 W �2[3T�Q�M N2O 	JE%F�N2O 	JE%F ����]������(FVT�O#F�[�Q�M�� M F6EJI � T X N�I YZ[�� E E"H���� M K�M Q�E ����]������"] 6 O [�O�E 	�M�YGE/O#F�M N2O
	80 E+F �#T3K+E:9$NPO �/NJFVE

Ω = (0, 1)
E"Q NPO0F"[����/N�F6E

f = 0
] �$N�M Q

u(t, x)
[�O#EZFVN��-[�Q�M N2O ILW��2[�� M U/ILE�	�E
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@S� ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

����]������"] 6 O	YZ[�� Q�M���� M T�O�Q �10 W��P[#T�Q�M NPO �#TJI ∂u
∂t

E"Q E/O M�O%Q�W �2I@T�O%Q �3T/I9I@T����/N�I Q �
x
9PW"Q6T���� M�I �10 W���T�� M Q�W

	 0 W/O#E/I ��M E
d

dt

(

∫ 1

0

∣

∣

∣

∣

∂u

∂t
(t, x)

∣

∣

∣

∣

2

dx+

∫ 1

0

∣

∣

∣

∣

∂u

∂x
(t, x)

∣

∣

∣

∣

2

dx

)

= 0.

��N2O3K �-[�ILEE+Q K+N2Y��3T/ILE/I� K"E �P[/M2F6E �3T#F6FVE �/NP[�I �10 W �2[3T�Q�M N2O�	�E � T K323T�� E/[�I*]

�7������� � %�� ��� & ��( � %.!
� KUOpI P�]�ILHJY\STFpe PZrXKUSCa�MNO�HJ]�IJbd]+eLKUOXIZP>]

f
�&[fYleLKU[TONHLSTKUF%MN]+[�� W&ijOpYqHJSCKBF9MN]�[TY7PZrpY\[T]�OpI � @UAT@�� �

Y\HmHJ]�STFBH`OpF"W�HJY\H ' � �������������%� ��� �XP\� ]&emH ) � )GMNSTIL]^ijOX]
u(t, x)

YUMNbd]>H`OpFX]�[TSCbdSCHL]
u∞(x)

iBOQY\FpM
[T]/HL]�bdcpe

t
HJ]�FpM �U]�IZe%[¢� SCFX�pFXS�A yNKUOX�B]�FjH�� SC[�]ue�HdSCFjHJW�IJ]&eJeLYUFBH MN]"P&Y\[fP>OX[T]�I MNSTIL]uPRHL]&bd]�FjHdP�]>H

W�HJY\Hle�HZYqHLSTKUFpFpY\STIL]BAN¡7YUFpesP>]�P&YUe��jc�KUOpI`OXF"HL]&ILbd]^emKBOXIZP>]
f(x)

STFpMNW&cQ]&FpMXY\FjHlMNO"HJ]�bdcpe��XKUF
IJW&eLKUOXH�OpFX]4W&ijOpYqHJSCKBF"MXO$MX]�ONaNSTk�bd]^KUIZMNIJ]7]&F"]uemcQYUP>]

{

−∆u = f
MXY\Fpe

Ω
u = 0

emOXI
∂Ω,

� @UA �\t �
ijOX]/[¢� KUF�Y\cXc�]�[T[C]"v3YUcX[TYBP>ST]�F�KBO�W&ijOpYqHJSCKBF MN]"v3Y\cp[TYBP>]UA �7F MNSTIJY ijOX]"P>]�HmHL]"W&ijOpY\HLSTKUF�]ue�H
]&[C[TSTcNHLSfijOX] � �BKUSTI�cX[TOpe�[TKUSTFd[TY%y{KUOpe )Gem]uPRHLSTKUF"@UA}|NA � �>AU�s]&bdYUIJijOXKBFpe ijOX]`[T]lv3YUcX[fYUP>ST]�Fd]ue�H+YUOpeJemS
[fY$�U]&IJeLSTKUF e�HZYqHLSTKUFpFpY\STIL] MN] [�� W&ijOpYqHJSCKBF�MN]&e^KBFpMN]ue � @BAC@un �RA=v3]�v3YUcX[TYBP>ST]�F STFBHJ]�IJ�{SC]&FBH9YUOpeJemS
MpY\Fpe�MN]0HLIJk&e+FXKUb%�XIJ]�ONa�MNKBbdYUSCFp]&e�MN]&e�eJP>ST]�FpP�]&e�MN]7[�� SCFXVBW�FXST]�OpI&A{� Y\I�]>aN]�bdcX[T] � � @UA �\t ��bdK )
MXW�[TSTeL]7[T]4MNW�cX[fYUP�]�bd]�FjH��U]&ImHJSTP&Y\[QM=� OXFp]0bd]&b9�XIZY\FX]7W�[fYUemHLSfijOX]0eLKUOpb SfeL] �%OXFX]/1 KUIZP>]lFpKUIJbdYU[C]
f
]>Hs�XaNW&]4eLOXI`eLKUF$P>KBFBHJKUOXIuA

�7������� ��� �,��� �	�"!$#�%���(8*�/
	 # �	!��"% /
v1� WuiBOQYqHLSTKUF�MX]�yNPZrXIJzNMNSTFXVU]&I3MNW&P�ILSCH [�� W��UKB[COXHLSTKUF�MN]+[TY�1 KBFpPRHJSCKBF�M�� KUFpMN]

u
M�� OXFX]+cpY\ILHLSfP>Op[C]

eLKUOpb SfeL]��7OXF9c�K\HJ]�FjHLST]�[
V
Aq�`Y\cXc�]�[TKUFQe ijOX]

u(t, x)
]&emH OXFp]�1 KBFpPRHJSCKBF%MN]

R+×RN �l�qY\[T]�OpIJe
MpY\Fpe

C
]�H7ijOX]9eLKUF$bdKNMNOX[T]%Y\O�P&Y\IJILW |u|2 e&� STFjHL]&ILcXIJk>HJ]�P>KBb bd]�[fY MN]&FpemSCHLW%MN]9cXIJKU�QY\�XST[CSCHLWc�KUOpIdMXW>HL]uPRHJ]�IdiBOp]/[fY�cQY\ILHLSfP>OX[T]"eL]�HJILKBOX�U]"Y\O�cQKBSCFjH

(t, x)
A�v=]"c�K\HL]&FjHLST]�[

V (x)
]&emHdOXFX]

1 KBFpPRHJSCKBF �d�qYU[C]&OXIJe�IJW�]&[C[T]&e&AXv3Y 1 KUFQPRHLSTKUF�M�� KUFQMN]
u
]&emHlemKB[CONHJSCKBF"MX]







i
∂u

∂t
+ ∆u− V u = 0

MXYUFpe
RN × R+

∗

u(t = 0) = u0
MXY\Fpe

RN

� @UA �N@ �

DG[7F=� ~�Y�cQYUe�MN]�P>KBFpMNSCHLSTKUFgY\ONa�[TSCbdSCHL]&e/Y\cXcQY\IJ]�FjHL]ue�MXY\FQe � @BA �X@ �dcXOpSTeJijOX] [�� WuiBOQYqHLSTKUFgY
[TST]�O MXY\Fpe7HJKUONH�[�� ]uemcQYUP>] � ijOXS F3� Y"cpYBe0MX] ��KUIZM��>A=�`W&YUFXbdKUSTFpe���FpKUOpe4�B]�IJILKBFpe7ijO=� OXF PZrXKUSCa
+mIZY\SfemKBFXFpY\�p[C] ,%M�� ]uemcQYUP>] 1 KUFQPRHLSTKUFpFX]�[�MXYUFpe4[T]&ijOX]�[ FpKUOpe^PZrX]&IJPZrp]�IJKUFpe7[TY$eLKU[TONHLSTKUF�]�FjHJIJY��fFX]
MX]�1 YUP>HLK OXFp]�P>KBFpMNSCHLSTKUF MN]�MXW&P>IJKUSfeJeLYUFpP>] �$[�� STFN�pFXS�MN]

u
ijOXS1c�]�ONHde�� STFBHJ]�IJcXIJW>HL]&I�P>KBb bd]

OpFX]�emKBImHJ]0MX]�P>KUFQMNS HJSCKBF"YUONa�[TSCbdSCHL]ue � [¢� SCFX�pFXS�A
; � �����1�
����� �T� � # � O0F6E �/I^N �/NJFVE�	JE�	�W/Y NPO%Q7ILE/I�	JE%F �/I>M�O#K#M��/E+F 	�E0K"NPO�FVE/I � T�Q�M NPO 	JE��10 W/O#E/I ��M E
�/NP[�I �10 W �2[3T�Q�M N2O 	�E �$K 2�I� 	�M�O �JEJI ����] � � �"] �$N�M Q

u(t, x)
[�O#E F6N��-[�Q�M N2O ILW��P[�� M UJI^E 	�E ����] � � �&EJOZ[�O#E
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� ��� ��� � ����� � ���� 	�	/���-��� � � �/� � ��� ����� @ �

	�M�Y EJO�F7M N2O�	 0 E%F �3T3K"E��P[/M�	JW�K3ILN��LQ � E/ILF �"WJI^N � TJM�O�F7M �P[�E ∂u
∂x

��� N�ILF��P[�E |x| → +∞ ] � N2O�Q7ILE/I �P[�E�/N2[�I�Q�N2[�Q�E X NPO#K"Q�M N2O 	�W/I>M � T���� E v(t) N2O0T

R
(

∂v

∂t
v

)

=
1

2

∂|v|2
∂t

,

N�� R 	�W+F7M �2O#E � T �#TJI^Q�M E	ILW+E � � E E"Q
v
� E K+N2Y���� E7H3E K+N2O��V[ �2[#W 	�E

v
]�6 O Y0[�� Q�M���� M T�O%Q �10 W �2[3T�Q�M N2O

�#TJI
u
E"Q E/O M�O�Q�W��PILT�O�Q �3T/I�ILT����/N�I Q �

x
9$W"Q6T���� M�I �10 W���T�� M Q�W 	 0 WJO�EJI �$M E

∫

R

|u(t, x)|2 dx =

∫

R

|u0(x)|2 dx.

6 O YZ[�� Q�M���� M T�O�Q �10 W �2[3T�Q�M N2O��3TJI ∂u
∂t

9 YGN2O�Q7I^EJI �2[#E
∫

R

(

∣

∣

∣

∣

∂u

∂x
(t, x)

∣

∣

∣

∣

2

+ V (x) |u(t, x)|2
)

dx =

∫

R

(

∣

∣

∣

∣

∂u0

∂x
(x)

∣

∣

∣

∣

2

+ V (x) |u0(x)|2
)

dx.

��������� �	� �:��
� % #,%�� �����

v3]9eL~{emHLk&bd]�MN]9v3YUbdW^]&emH`OXF P�YBescpY\ILHLSfP>Op[CST]�I`MN]uesW&ijOpY\HLSTKUFpele�HZYqHLSTKUFpFpY\STIL]uesMN]�[�� W&[TYBe�HJS )
P>SCHLW4[CSTFXWuY\IJSTeLW�]0iBOpS�b KNMNW&[CSfeL]�FjHs[C]ue�MXW�1 KUIJb YqHJSCKBFpe�M�� OpF"eLKU[TSTMX]0eLKUOpe�[�� r{~{c�K\HLrpk&eL]0MN]4c�]>HJS HJ]&e
MNW�1 KBILb YqHJSCKBFpe ]>H1MX]scQ]�HLSCHJe1MXW�cX[fYUP�]�bd]�FjHJe � �UKBSCI [fY�y{KUOQe )Gem]uPRHJSCKBFd|XA �pAC@�cQKBOXI�cX[TOpe�MX]`MNW>HZY\ST[Te
emOXI0[fY�bdKNMNW�[TSfeLY\HLSTKUF
�>AQ� KUOpI0KB�NHL]&FXSTI7[T] eL~Ne�HJk�bd]%MX] v Y\bdW � KUF emOXcpcQKjem]dijOX]%[T]demKB[CSfMN]9]ue�H
rXKUbdKUVBk�FX]7STeLK\HJILKBcQ]7]>HsijO=� ST[ ]&emH+�pa{W4eLOXI�eLKUF��QKBIJM�ANv Y�cXIJSCFQP>STcpY\[T]0MXS � W�IJ]�FpP�]7Y��B]&P`[T]&e+bdK )
MNk�[T]&e cXIJW&P�W&MN]&FjHJe ]&emH1ijO=� SC[Xe&� YUVUSCH STP�SpM�� OXF ' � '�� � & � M�� W&ijOpY\HLSTKUFpe��\P\� ]&emH ) � )GMNSTIL]�MN]�cX[TOpemST]�OpIJe
W&ijOpYqHJSCKBFpe^P>KBOXcX[TW�]ue4]�FjHLIJ] ]�[T[C]ue�A v=]�eLKU[TSTMN] YUO�IJ]�c�KBe4KNP&P>OXc�]�OXF�MNKBbdYUSCFp]

Ω
MN] [�� ]&eLcpYUP�]

RN AUy{KBOpe [�� YBPRHLSTKUFdM�� OXFX]�1 KBIJP�] f SC[XeL]sMNW�1 KBILbd] �q]�H1PZrpYUijOX]�c�KUSTFBH x eL]�MXW�cX[fYUP�]�]&F x+u(x)
A

v3Y 1 KBIJP�]
f(x)

]ue�H�OXFX]�1 KBFpPRHJSCKBF��U]uPRHJKUIJSC]&[C[T]lMN]
Ω
MXY\Fpe

RN �jP�KUbdbd]l[T]7MNW&cX[fYUP>]&bd]�FjH u(x) A�+]4MX]�IJFXSC]&Is]&emHlemKB[COXHLSTKUF$MN]
{

−µ∆u− (µ+ λ)∇(divu) = f
MXYUFpe

Ω
u = 0

emOXI
∂Ω

� @UA ��� �
KJo

λ
]>H
µ
eLKUFjH4MX]�ONa P�KUFpemHJYUFjHL]&e���MNSCHL]&e^MX] v Y\bdW �=P&Y\IZYUPRHJW�IJSTemHLSfijOX]&e7MNO�bdY\HLW&ILSfY\O rXKUbdK )

VUk�Fp]lSfemKUHLIJKUc�]lMNKUFjH�]&emH�P>KBFpemHLSCHLOXW7[C]4emKB[CSfMN]BAU� KUOXI�MN]ue1IZY\SfemKBFpe�bdWuP�Y\FpSTijOX]ue1P>]ue+P�KUFpemHJYUFjHL]&e
�UW�IJSC�p]�FjH

µ > 0
]�H

2µ+Nλ > 0
Apv3Y P�KUFpMXS HJSCKBF$YUONa�[TSCbdSCHL]uelMN]�¡7SCIJSfPZrX[C]�H`cQKBOXI

u
HJIJYBMNOXSCH

[C] 1 YUS H`ijOX]^[T]�emKB[CSfMN]4]&emH`emOXcpcQKjemW0�XaNW^]>H`STbdbdKU�XST[CSfeLW4eLOXI`eLKUF"�QKBIJM
∂Ω
A

v3] em~NemHLk&b ] � @BA �	� � Y W>HLW�WuP>IJS H ]&F�FXKUHJY\HLSTKUF��U]&P>HLKBILST]�[T[C]BA yNS`KUF�FXK\HJ]
fi
]>H
ui
� c�KUOXI

1 ≤ i ≤ N
� [C]ue P>KUbdc�KBeJY\FjHL]uedMN]

f
]�H
u
MpY\Fped[fY��pYUeL]"P&Y\FXKBFXSfiBOp]$MX]

RN � � @UA ��� �9]ue�HW&ijOXST��YU[C]&FjH �
{

−µ∆ui − (µ+ λ)∂(divu)
∂xi

= fi
MXYUFpe

Ω

ui = 0
emOpI

∂ΩcQKBOXI
1 ≤ i ≤ N

A3�s]&b Y\IZiBOpKUFpe4ijOX] � emS
(µ + λ) 6= 0

�=YU[CKBIJe4[T]&e4WuijOpYqHJSCKBFpe4cQKBOXI9PZrpYBijOX]
P>KUbdc�KBeJY\FjHL]

ui
eLKUFjHlP>KBOXcX[TW�]ue`cpYUI`[C]�HL]�IJbd]9MN]9MXSC�B]�IJVU]�FQP>]UANo1�jSfMN]&b bd]&FBH �Q]&F MNSTb ]&FpeLSCKBF

N = 1
�X[T]^em~NemHLk�bd]^MN]�v Y\bdW4F=� Y ijO=� OXFX]^eL]�OX[T]^W&ijOpY\HLSTKUF"]>H`eL]^ILWuMNOXSCHsYUO�v3Y\cp[TYBP>ST]�F=A



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

@&x ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

�7������� �	� �:��
� % #,% � � ���7%�
v3]�em~NemHLk�bd] MN]�yjHJKU�B]&e4bdKNMNW�[TSTeL]d[¢� W&P�KUOX[T]�bd]&FBH9M=� OXF *pOpSTMN] �{SfeLijOX]&ONa�STFpP>KBbdcXIL]ueLeLST�X[C]

�/c�]>HLSCHL] �{S HJ]&eJem]BA �7F eLOXcXc�KBeL] ijOX]%[C] *pOXSfMN] KNP�P>OpcQ] OXF MXKUb Y\STFX]
Ω
]>H^ijO=� ST[ YUMNrpk�IJ] ��[TY

cQY\IJKUSpMN]0P>]&[COXS )GP>S �BP\� ]&emH ) � )GMNSTIL]`ijOX]7eLY^�{SCHL]ueLeL]`]&emH1F{OX[T[C]0emOpI1[fY^cpY\IJKUS � P>]0ijOXSQP�KUFpMNOpS H �^OXFX]
P�KUFpMXS HJSCKBF/Y\OXa�[CSTbdS HJ]&esMN]4¡lSTIJSTPZrX[T]>H �RApy{KBOpe�[¢� YUP>HLSTKUF"M�� OpFX]!1 KUIZP>]

f(x)
� OpFX]!1 KUFpP>HLSTKUF/MX]

ΩMpY\Fpe
RN � �N[fY9�{SCHL]&eJeL] u(x) � OpF/�B]&PRHJ]�OXI �1]>Hs[TY%cXIJ]&eJemSTKUF p(x) � OXF$eLP&Y\[fY\STIL] ��eLKUFjH�eLKU[TONHJSCKBFpeMX]







∇p− µ∆u = f
MXYUFpe

Ω
divu = 0

MXYUFpe
Ω

u = 0
eLOXI

∂Ω

� @UA � � �

K�o
µ > 0

]ue�H%[TY��{SfeLP�KBeLS HJW�MNO *pOpSTMN]BA �s]&b Y\IZiBOpKUFpe�ijO=� ]�F�cp[COpe MN]ue
N
W&ijOpY\HLSTKUFpe ∇p −

µ∆u = f
� P>KBILIJ]&eLcQKBFpMXYUFBH ��[fY ������'����(�%��� �
��� ��� �
� ( '��%� � � ��� ��� & ��' ��� & ��� � � �

ST[`~ Y�OXFp] Y\ONHJIL]"W&ijOpY\HLSTKUF
divu = 0

Y\cpcQ]&[CW&] �1���$��� � �
��� � �/�
���1� & !$��� ' '��
�����
� � � � iBOpS
P�KUIJIL]uemc�KUFQM � [TY �1����'����(�%��������� ����
� & �	' '�� �>ANyNS=[TY MNSTbd]�FpeLSCKBF�M�� ]uemcQYUP>]0]&emH

N = 1
�N[T]

eL~Ne�HJk�bd]`MN]lyjHJKU�B]&e ]&emH+eJY\Fpe STFjHLW&I 2�H1P�Y\I KBFd�UKUSCH 1 YUP�SC[T]�bd]&FBH1ijOX]s[fY4�{S HJ]&eJem]s]ue�H�F{OX[T[T]s]>H+ijOX]
[fY0cXIJ]&eJemSTKUF%]&emH OpFX]�cXILSTbdS HJSC�B]sMN]�[TY/1 KUIZP>]BAq� Y\I P>KBFBHJIL]�]�F MNSTbd]�FpeLSTKUF

N ≥ 2
�q[T]�eL~Ne�HJk�bd]sMN]

y{HLKU�B]&e+Y��XST]�F�OpF�em]&Fpe %B]&F�cpY\ILHLSfP>Op[CST]�I �UST[Q]�aNSTemHL]0MN]&e�PZrpY\bdcpe+MN]l�{SCHL]ueLeL]&e1SCFpP�KUbdcXIJ]&eJemST�X[T]&e
FpKUF/HLIJSC�{SfY\ONa � cXIJ]�FpMNIJ] �NcQY\Is]>aN]&b cp[C]��XOXF"ILKUHJYqHJSCKBFXFX]&[ �>A

�7������� ��� �,��� �	�"! � #�%� � & ������% �
�7F�P>KUFQemSfMNk�IJ]�[fY�MNW71 KUIJb YqHLSTKUF�W�[fYUemHLSfiBOp]%M�� OXFX] cX[fYUijOX]9cp[TYUFX]%M�� W�cQY\SfeLeL]�OXI7cQ]�HLSCHL] � FpW�)

VB[CSTVU]uY\�X[T]sMN]��qYUFBH1eL]&e1Y\ONHJIL]ue MNSCbd]&FpemSTKUFQe �>ABy{SpKBF%FpK\HL]
Ω
[fY^emOpI 1 YBP>]�bdKq~U]�FpFX]sMN]s[TY4cp[TYBiBOp] �

]�H
f(x)

� OXFX]'1 KUFpP>HLSTKUF�MN]
Ω
MXY\FQe

R
��[TYdIJW&eLOX[CHJY\FjHJ]^FXKUIJb Y\[T]4MX]&e�1 KBIJP�]&e��XY\[TKUIZe�[TY P�KUbdcQK )

eJY\FjHJ]1FXKBILb Y\[T]+MXO%MNW&cX[TYBP>]&b ]&FjH
u(x)

� OpF eJP�YU[TYUSCIJ] � ]ue�H eLKU[TONHLSTKUF9MX]+[�� WuijOpYqHJSCKBF%MN]ue cp[TYBiBOp]&e
� MNSCHL]&e`]�F&*p]>aNSTKUF
�







∆ (∆u) = f
MXY\Fpe

Ω
u = 0

emOpI
∂Ω

∂u
∂n = 0

emOpI
∂Ω

� @UA �qx �

K�o^KUF4FXKUHL] ∂u
∂n = ∇u·n Y��B]&P n [C]1�U]&P>HL]&OXI=FXKBILb Y\[UOXFXSCHLW�]�ajHJW�IJSC]&OXI � ∂Ω

A��s]&b Y\IZiBOpKUFpe=ijO=� ST[
e&� Y\VUSCH�M�� OXFX] W&ijOpY\HLSTKUF Y\ONa�MNW�IJSC�BW�]ue4cpY\ILHLST]�[T[C]ue^MNO�ijOpYqHJILSTk�bd]dKUIZMNIJ]%]&F�]uemcQYUP>] � Y\cXc�]�[TW�]
YUOpeJemSj�XS )�[fY\cX[fYUP�SC]&F
�RA\�7� ]&emH c�KUOXIZijOXKUSBSC[{]ue�H FXW&P�]&eJeLYUSCIJ]1M�� Y��UKBSCI MN]�OXa^P�KUFpMXS HJSCKBFpe YUONa^[CSTbdS HJ]&e&A
�+]ue P>KUFQMNS HJSCKBFpe Y\ONa�[TSTb SCHL]ue HLIZYUMNOpSTeL]�FjH [¢� ]�FpP&YUemHLIJ]�bd]�FjH MN]�[TY7cX[fYUijOX] � cpYBe MN]�MNW�cX[fYUP�]�bd]�FjH
FpS3MN]4ILKUHJY\HLSTKUF$MNO$�QKBIJM"MN]^[fY%cp[TYBiBOp] �RA
�s]&b Y\IZiBOpKUFpe ijO=� SC[7]&emH�cQKjeLeLST�X[C] MX] 7�OpemHLSC�p]�I�[�� W&ijOpYqHJSCKBFgMN]&e�cX[TYBijOX]&e � @UA �qx � cQY\I�OXF

IZY\SfeLKUFXFX]&bd]�FjH4YBem~{bdcNHJK\HLSfijOX] �"cpY\ILHLSTI�MNO�em~NemHLk&b ] MN]�v Y\bdW � @BA �	� �0MXY\FQe4[C]uiBOp]�[ KUF 1 YUS H
HJ]�FpMXIL]/[¢� W�cpYUSTeJeL]�OXI MN]�[fY cX[fYUijOX]��U]�IZe .&W�IJKpA DG[�e&� Y\VUSCH9[ ��M�� OXF ]�aN]�bdcX[T]/MN]"bdK{MXW�[TSTeJYqHJSCKBF
b Y\HLrXW&bdY\HLSfijOX]UA
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b W&ILSfijOX]$MN]&edWuiBOQYqHLSTKUFQe YUONa MNW&ILST�UW&]&e%cpY\ILHLST]�[T[C]ue ]&emH M=� KB�NHL]&FXSCI MN]ued�qY\[T]�OXIZe FjOpb W&ILSfijOX]&e
MNSTeJP>IJk>HJ]&e � P\� ]&emH ) � )GMNSTIL] ]&F FXKBb9�XIJ] �pFXS ��ijOXS�� ��!�!$��� �("���� �� � ]�F OXF eL]�Fpe%P>KUF{�B]�FpYU�X[C] �
cXILWuP>Sfem]&I � [fY^eLKU[TONHLSTKUFd]>aXYBPRHL]BAU¡0Y\Fpe�P�]`cXIJKNP>W&MXWsSC[ 1 Y\ONH1�pSC]&F 2>HLIJ]`P>KBFpeJP>ST]�FjH1MN]`MN]&ONa c�KUSTFjHJe
1 KUFpMXYUbd]�FjHJYUONa % cXIJ]�bdSTk�IJ]�bd]�FjH��3KUF FX]/P�Y\[fP>Op[C]�cQYUe9MX]&e emKB[CONHJSCKBFpe�]�aXYUPRHJ]&e^b YUSTe%Y\cXcXIJK )
PZrXW�]ue �3MN]&ONaNSCk&bd]�bd]�FjH�� KUF ����' � ��������'�� [C]�cXILKB�X[Tk�bd] ]�F�IJ]�cXIJW&eL]�FjHZY\FjH9MN]&e'1 KUFpP>HLSTKUFpe9cpY\I
OXF$FXKUb%�XIL]7�pFXS MN]^�qY\[T]�OXIZe �XPU� ]ue�H ) � ) MXSCIJ]0ijOX] � � ��� !#�	' '����' � �1��� ����� '� �%' � ����' � ������ �
DG[B]>aNSfe�HJ]1MN] FXKBb9�XIJ]�OpeL]&e=b W�HLrXKNMN]ue=M�� Y\cXcpILK�aNSTbdY\HLSTKUF0F{OXbdW�IJSTijOX]�MN]ue3eLKU[TONHLSTKUFQe=M�� W&ijOpY )

HLSTKUFpe4Y\OXa�MXW�IJSC�BW�]&e7cpYUImHJSC]&[C[T]&e&A��`KUOQelcXIJW&eL]�FjHJKUFpe7b Y\STFBHJ]�FpYUFjH0OXFp] MN]ue0cX[COQe0YUFpP>ST]�FpFX]&e0]>H
MN]&e4cX[TOpe�eLSTb cp[C]ue �=YUcXcQ]&[CW&]db W�HLrXKNMN]�MX]&e^MNSC��W&IL]&FpP>]ue0�pFXST]&e � FXKUOpe4�B]�IJILKBFpe7cX[COQe^[CKBSCF�OXFX]
Y\ONHJIL]"bdW>HLrpK{MX] ��MNSCHL]�MN]uedW�[TW�bd]�FjHJe%�pFpSTe �RA�� KBOXI emSTbdcX[CSC�p]&I [fY�cXIJW&eL]�FjHJY\HLSTKUF � FXKUOQe%FpKUOpe
[CSTbdS HJKUFpe �$[TY MXSCbd]�FQemSTKUF�OXF M=� ]uemcpYBP>] � �UKUSTI�[fY�y{KBOpe )GeL]&PRHJSCKBF �XA �XA �$c�KUOpI9[T]&e�MNSTbd]�FpeLSTKUFpe
emOXc�W�IJST]�OXIJ]&e �RAN�`KBOpe+F=� YU�QKBIJMXKUFpe+cQKBOXI�[¢� STFpe�HZY\FjHsiBOp]0[T]&e�cXIJSTFpP>STcQ]ue�cXIJY\HLSfijOX]&e�MN]^P>]�HmHL]0bdW�)
HLrXKNMN]�� PU� ]ue�H ) � ) MXSCIJ]�[fY�P�KUFpemHLIJOpPRHJSCKBF MN]$P>]$ijO=� KBF�YUcXcQ]&[C[T]/MX]&e '��("�� & �	' � ' & ������( '�� ' A
�`KUOQelIJW&eL]�IJ�UKBFpe`c�KUOXI0[T] �+rpYUcXSCHLIJ]$��[TY 7�Ope�HJS ��P�YqHJSCKBF HJrXW�KBILSfijOX]%MN]dP>]ue7eJPZrXW&bdYBe � P\� ]&emH ) � )
MNSCIJ]�[�� W�HLOpMX]%MN]�[T]�OpI7P>KBF{�U]�IJVU]&FpP>] � ]&F�ijOX]�[ em]&Fpe`[T]&e7emKB[COXHLSTKUFpe`YUcXcXIJKNPZrXW�]ue`MNSfeLP�ILk�HL]&elemKBFBH
cXILKNPZrX]ue�MN]&e`eLKU[TONHJSCKBFpe�]>aXYUP>HL]ue�P�KUFjHLSTF{OX]&e �RA

x

t

(t , x )n j

∆ xj

n ∆ t

������� @UA x �.+�Y\ST[C[fY\VB]7]&F$MXS � W�IJ]�FpP�]&e��pFpSC]ue�A
� KBOXI MNSfeLP�ILW�HLSfem]&I"[T] P>KBFjHLSTFjOpOXb eLcpYqHJSCK )¢HJ]�bdcQKBIL]&[ ��KBF�STFjHLIJK{MXOXS H OpF !#�	' � � � '�!�� �1�

∆x > 0
]�HlOXF !���' �$� ��� & !2'

∆t > 0
ijOXS3eL]�IJKUFjHs[C]uescX[TOpesc�]>HLSCHL]ue`WuPZrX]�[T[C]uesIJ]�cXIJW&eL]�FjHLW&]&e

cpY\I�[fY$bdW>HJrXKNMN]�F{OXbdW�IJSTijOX]BA �7F�MNW>�QFXS H%OXF�b Y\ST[C[fY\VB] KBO�MN]&e%P>K{KUIZMNKUFpFXW�]ue0MXSTeJP>IJk>HJ]&e�MN]
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[�� ]&eLcpYUP�]0]�HlMNO/HL]�bdcpe � �UKBSCIs[fYd¤ SCVBOXIL]d@BA x �
(tn, xj) = (n∆t, j∆x)

c�KUOXI
n ≥ 0, j ∈ Z.

�7F�FpK\HL]
un

j

[fY��qY\[T]�OXI9M=� OXFp]/eLKU[TONHLSTKUF MNSfeJP>IJk>HL]�YUcXcXIJKNPZrXW�]�YUO�cQKBSCFjH
(tn, xj)

� ]>H
u(t, x)[fY�eLKU[TONHLSTKUF$]�aNYBPRHJ] � STFpP>KBFXF{OX] �>AQv3]�cXIJSCFpP�SCc�]%MX]�[TY�b W�HLrXKNMN] MN]&e7MNSC��W&IL]&FpP>]ue��pFXST]&e7]&emH7MN]

IJ]�bdcX[fYUP�]�I%[C]ue9MNW&ILST�UW&]&e�cQY\I%MX]&e MNS � W�IJ]�FQP>]&e9�pFXST]&e%]�F ONHLST[CSfeJY\FjH MN]ue 1 KBILb%OX[C]ue%MX]3( Y�~j[TKUI
MpY\Fpes[T]&eJijOX]�[T[T]&esKBF�FXW�VB[CSTVU]^[T]&esIJ]&emHL]ue�Ap� YUI`]>aN]&b cp[C]��pKUF�YUcXcXIJK{PZrp]^[TY MNW&ILST�UW&]�em]uP>KBFpMN]^]�F
]uemcQYUP>] � [C]�v Y\cX[fYUP�SC]&F�]�F�MNSTbd]�FpeLSTKUF"OXF
��cpYUI

−∂
2u

∂x2
(tn, xj) ≈

−un
j−1 + 2un

j − un
j+1

(∆x)2
� @UA �U| �

K�o/[�� KUF$IL]uP>KBFXFpY �fH�[TY 1 KUIJb9Op[C]^MN]'( Y�~{[CKBI

−u(t, x−∆x) + 2u(t, x)− u(t, x+ ∆x) = −(∆x)2
∂2u

∂x2
(t, x)

− (∆x)4

12

∂4u

∂x4
(t, x) +O

(

(∆x)6
)

� @UA �\� �

yNS
∆x

]&emH +mcQ]�HLSCH3, �X[fY 1 KUIJb9OX[T] � @BA �B| �+]&emHlOXFp] +���KUFpFX]�,�Y\cXcpILK�aNSTbdY\HLSTKUF � ]�[T[T]�]&emH`FpYqHJOXIJ]�[T[C]
b YUSTe�cpYBe�OXFXSfijOX] �>Apv3Y 1 KUIJb9Op[C] � @BA �B| �+]&emHlMNSCHL] ����� ������� P�YUI�]&[C[T]^]&emH`em~{bdW>HJILSfijOX]4]�F

j
A

� KUOpI`MNSTeJP>IJW>HJSTeL]�Is[�� W&ijOpYqHJSCKBF"MX]4P�KUF{�U]uPRHJSCKBF ) MXS � OpeLSCKBF
∂u

∂t
+ V

∂u

∂x
− ν ∂

2u

∂x2
= 0

� @BA �j� �
ST[ 1 YUONHlY\OpeJeLS MXSTeJP>IJW>HJSTeL]�Is[T]0HL]�IJbd]�MN]^P>KBFj�B]&P>HLSTKUF=AX_lFX] 1 KUIJb9OX[T]4P>]�FjHJILW&]4MXKUFXFX]

V
∂u

∂x
(tn, xj) ≈ V

un
j+1 − un

j−1

2∆xDG[+FX]�IJ]&emHL]�cp[COpe%ijO=� ��1 YUSCIJ]�[fY$b 2�bd]/PZrXKjem] c�KUOpI�[TY�MNW�IJSC�BW�] ]&F HL]�bdcpe&A �7F Y ]�FpP�KUIJ] [C]
PZrpKUSCa�MXYUFpe�[fY�1 KUIJb9OX[T]�MN]/MNS � W�IJ]�FQP>]&e��pFXST]&e % eLKUSCH%P>]&FBHJILW&] �3eLKUSCH%MNWuP>]&FBHJILW&]UA-4�aNYUbdSCFXKBFpe
HJILKBSTe 1 KBILb%OX[T]&e +�FQYqHLOpIL]&[C[T]&e3,ZA
@UA�4�F�cXIJ]�bdST]�Is[TSC]&O �N[TY MXS � W�IJ]�FpP�]0�pFXST]�P>]�FjHJILW&]

∂u

∂t
(tn, xj) ≈

un+1
j − un−1

j

2∆tP>KBFpMNOXSCH Y\O5eJPZrXW&bdY�P�KUbdcX[Tk>HL]&bd]�FjH eL~jbdW�HLIJSTijOX]�cpYUI IZY\cXc�KUILH �
n
]�H

j
� Y\cpcQ]&[CW

eLPZrpW�b YdP>]�FjHJILW4KUO ' � "�� & � ��� � �
�("$�%�(��' ��� �
un+1

j − un−1
j

2∆t
+ V

un
j+1 − un

j−1

2∆x
+ ν
−un

j−1 + 2un
j − un

j+1

(∆x)2
= 0.

� @BA �U� �
¥`OpeJeLS +mFpYqHJOXIL]&[ ,�]>H�W��{SfMN]�FjH eLKUSCH ) SC[ � ��� '��("�� & � � ' � �
���1��!#���#�
� ��� ���%�
��'$�����
�$� ' '����
'$��������'��!�!$��� �("���� ' MX]�[¢� W&ijOpY\HLSTKUF�MN]�P�KUF{�U]uPRHJSCKBF ) MXS � OpeLSCKBF � @UA �B� � � �UKBSCI
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�NA`_lF�MX]�ONaNSTk�bd] PZrXKUSCa�]ue�H�[fY [fY�MNS � W�IJ]�FQP>]$�pFXST] MNWuP>]�FjHJILW&] Y\bdKUFjH � KBFgIL]&b KBFjHL]$[C]
HJ]�bdcpe �NKBF$cpY\IJ[C]4Y\OQeLeLS=MN] ' � "�� & � � �C; '��
��� �(�����(��	��(� �$� �

∂u

∂t
(tn, xj) ≈

un
j − un−1

j

∆t

ijOXS=P�KUFpMNOpS HlYUO"eJPZrXW�b Y

un
j − un−1

j

∆t
+ V

un
j+1 − un

j−1

2∆x
+ ν
−un

j−1 + 2un
j − un

j+1

(∆x)2
= 0.
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Y��qY\[ � KBF�Y��qY\FpP�]7MXYUFpe1[T]`HJ]�bdcpe �jKBF�cpYUIL[T]7YUOpeLeLSQMX] ' �("$� & � � �C; '$����� !��(��	��(� ' '���
 �

∂u

∂t
(tn, xj) ≈

un+1
j − un

j

∆t

P�KUFpMNOpS H`Y\O�eJPZrXW�b Y
un+1

j − un
j

∆t
+ V

un
j+1 − un

j−1

2∆x
+ ν
−un

j−1 + 2un
j − un

j+1

(∆x)2
= 0.

� @UA �Ut �

v Y9MNSC� W�IJ]�FpP�]lcXIJSCFQP>STcpY\[T]l]&FBHJIL]0P>]ue+MN]&ONa�MN]�IJFXST]�IZe1eJPZrXW�b YBe�]&emH�ijOX] � @BA �Un � ]ue�H�MNSCH � &  
!����
�1�
��� P&Y\IsST[ 1 Y\ONH`IJW&eLKUOQMNIL]0OXF$em~NemHLk&b ]�M=� WuiBOQYqHLSTKUFQe+[TSTFXW&YUSCIJ]&e�c�KUOXI`P&Y\[fP>OX[T]�I�[T]&es�qYU[C]&OXIJe
(un

j )j∈Z

]&F21 KBFpPRHJSCKBFpesMN]&e��qYU[C]&OXIJe�cXIJW&P�W&MN]&FjHL]&e
(un−1

j )j∈Z

�XHJY\FQMNSTesijOX] � @UA �Ut �1]&emH`MNSCH � �$ 
!����
�1�
��� cpOXSTeJijO=� SC[�MNKUFXFp]sSCbdbdW&MNSfYqHJ]�bd]�FjH1[T]&e1�qY\[T]�OXIZe

(un+1
j )j∈Z

]�F 1 KUFpP>HLSTKUF�MN]ue
(un

j )j∈Z

A
v=]�MNWuP�Y\[fY\VB] MX]�@�emOXI^[�� SCFpMXSTP�]

n
]&FBHJIL] [T]&e^eJPZrXW&bdYBe � @BA �Un �7]>H � @UA �Ut �0F3� ]ue�H�W&�jSfMN]&b bd]&FBH

iBO3� YUcXcpY\IJ]�FjH�cXOXSfeLijO=� KUF$c�]�ONH`IJW�WuP>IJSCIJ]4MN]4bdYUFXSTk�IJ]0WuijOXSC�qYU[C]&FBHJ] � @UA �Ut ��emKBOpe�[TY 1 KBILbd]

un
j − un−1

j

∆t
+ V

un−1
j+1 − un−1

j−1

2∆x
+ ν
−un−1

j−1 + 2un−1
j − un−1

j+1

(∆x)2
= 0.

¡0Y\FQe [C]ue HLIJKUSfedeLPZrXW&b YUedijOX]�FXKUOQed�U]�FpKUFpedMN]�MNW��pFXSTI���ST[s~ Y��XST]�Fge 0XI OXFX]�MNKBFXFXW�]
SCFXSCHLSfY\[T] cQKBOXI0MXW�b Y\IJIL]&Il[T]&e7S HJW�IZYqHJSCKBFpel]&F

n
% [T]&e7��YU[C]&OXIZelSTFXSCHLSfY\[T]&e

(u0
j )j∈Z

eLKUFjH4MNW>�pFpSC]ue �
cpY\I=]�aN]�bdcX[T] �>cpYUI

u0
j = u0(j∆x)

KJo
u0
]&emH3[TYsMXKUFXFXW&] SCFpS HJSTYU[C]1MX] [¢� W&ijOpY\HLSTKUF^MN]1P�KUF{�U]uPRHLSTKUF )

MNS � OpeLSCKBF � @UA �B� �RA��s]�b YUIJijOXKBFpe7ijOX]dc�KUOXI4[T]$+�b Y\Op��YUSTe3,%eJPZrXW�b Y"P>]�FjHJILW � @BA �U� �lSC[ ~ Y"OXFX]
MNS 8�P�OX[ HJW emOXcpcX[CW&bd]�FjHJYUSCIJ] YUO�MXW�b Y\IJIJYUVU] %�c�KUOpI

n = 1
KUF�Y/YUOpeJemS ��]&eLKUSTF MN] P�KUFXFpY��THJIL]

[C]ue7�qYU[C]&OXIJe
(u1

j )j∈Z

ijO=� SC[�1 Y\OXH^MXKUFpP P�YU[TP�OX[C]&I0YUONHLIJ]�bd]&FBH � cQY\I4]>aN]�bdcX[T] � cpYUI^Y\cXcX[TSfP�YqHJSCKBF
M�� OpF$MX]&esMN]&ONa"YUONHLIJ]&eseJPZrXW�b YBe �>A
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@u� ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

�Z��� ` ���~�0���������

������� @UA}| ��yXPZrXW�b Y P>]&FjHLIJW7STFpemHJY\�p[C]�Y��B]&P
ν∆t = 0.1(∆x)2

A

�7������
 � �� �,& � ����� !�� ��� /+� ����%� � ����/ &�� �.���,� ���	�"!$#�%'& �)(8*���& % ��/
�+KBb bd]&F��>KBFpe cpY\I 1 Y\STIL]�ijOX]�[fijOX]&e HJ]&emHJe F{OXbdW�IJSTijOX]ue3HJILkue emSTbdcX[C]ue MXY\Fpe [T]�P&YUe KJo

V = 0]�H
ν = 1

�NP\� ]&emH ) � )GMNSTIL]lijOX] � �/��� ��� ' ��' � � ' & ������( '�� & ��� � � � � ( '���������� �$� ���� "��%����'$� �
�7F$PZrXKBSTeLS H`P�KUbdbd]�P>KUbdbd]^P>KBFpMNSCHLSTKUF"SCFXSCHLSfY\[T]^[fY 1 KBFpPRHJSCKBF

u0(x) = max(1− x2, 0).

� KBOXI^cQKBOX�UKBSCI�P�KUbdcpYUIL]&I0[T]&e9emKB[CONHJSCKBFpe4F{OXbdW�IJSTijOX]ue^Y\cXcpILKNPZrXW&]&e^Y��U]uP9[fY�eLKU[TONHLSTKUF ]>aXYBPRHL]
� @UAT@�x � � FXKUOpe%�UKBOpMNIJSCKBFpe^HJIJY��qYUSC[T[C]&I%eLOXI [C]"MNKUb Y\STFX]"SCFX�pFXS

Ω = R
� P\� ]&emH ) � )GMNSTIL]�P&Y\[fP>OX[T]�I �

c�KUOpI4PZrQYUijOX]
n ≥ 0

� OXFX] STFN�pFXSCHLW MN]d�qY\[T]�OXIZe
(un

j )j∈Z

� b Y\Sfe7[�� KUIZMNSCFQYqHL]&OXI0FX]d[C] cQ]&ILbd]�HJe
cQYUe^P�YUI�eLY"bdW�bdKBSCIJ] ]&emH^�pFXST] !-4�F cXIJ]�bdSTk�IJ] Y\cXcXIJK�aNSCb Y\HLSTKUF � FXKBOpe^IJ]�bdcX[fY �>KBFpe4MNKUFQP

RcQY\I`[T] +mVUIZY\FpM ,^MNKUb YUSCFX]
Ω = (−10,+10)

b9OXFXS MN]9P�KUFpMNSCHLSTKUFQe`Y\ONa$[TSCbdSCHL]&e7MN]9¡7SCIJSfPZrX[C]�H&A
�lKUOpe4YBMNbd]>HmHJILKBFpe0[TY"�qY\[TSfMNS HJW MN] P>]>HLHL] Y\cpcXILK�aNSTb YqHLSTKUF � ijOXS ]&emH�P>KUFX�pILbdW&]%cpYUI4[C]ue^P>KUb )
cQY\IZY\SfemKBFpe4F{OXbdW�IJSTijOX]ue�P>S ) MX]&eJemKBOpe �>A3�`KBOpe^�pa{KBFpe^[T]�cpYBe9M�� ]&eLcpYUP�] �

∆x = 0.05
%3ST[1~ Y

MXKUFpP�xjtX@��qY\[T]�OXIZe
(un

j )−200≤j≤+200
�^P�YU[TP�OX[T]�IuAU�`Y\cpcQ]&[CKBFpe c�KUOXI�bdW&b KBSCIJ]sijOX]`[T]&e �qY\[T]�OpIJe

un
j

P&Y\[fP>OX[TW�]ue7cQY\I4[¢� KUIZMNSTFpYqHJ]�OXI^eLKUFjH4]�FjHJYBPZrXW�]ue0M=� ]&ILIJ]�OXIZe0M�� YUILIJKUFQMNS ]�H^FX] emKBFBH^MNKBFpP9cQYUe
[T]&e9�qY\[T]�OXIZe�]�aNYBPRHJ]&e9MX]&e9eJPZrXW&bdYBe9MNSfeJP>IJ]>HJe % FpW&Y\Fpb KBSCFQe � MXY\Fpe9[C]ue9P&Y\[fP>OX[fe�cXIJW&eL]�FjHJW&e�SfP>S �
P�]&e%]�IJIL]&OXIZe�M�� Y\IJILKBFpMNS+eLKUFjH�HJK\HZY\[T]�bd]�FjH%FpW�VU[TSTVU]&YU�X[T]&e�]�H%FX]"emKBFjH%]�F�Y\OpP�OXFX]�b YUFXSCk&IL]�[TY
P&Y\OpeL]9MN]uelMNSC� W�IJ]�FjH7cXrpW�FXKBb k&FX]&e7ijOX]�FXKBOpe7YU[C[TKUFQesKU�peL]�IJ�U]&I&A�y{OXI`HJKUONHJ]&el[C]ue`�pVBOXIJ]&esFXKBOpe
IJ]�cpILWuem]&FBHJKUFpe [fY^eLKU[TONHLSTKUF ]�aNYBPRHJ] �UP&Y\[fP>OX[TW�]`Y��B]&P�[fY!1 KUIJb9OX[T]`]>aNcX[TSfP>SCHL] � @UAT@�x � �\]>H+[TY^eLKU[TONHLSTKUF
YUcXcXIJKNPZrXW�]0F{OXbdW�IJSTijOX]^P>KBFpeLSTMNW&ILW&]UA
�sW&VU[TKUFpe7HJKUONH�MN]demOpS HJ] [T] emKBImH4MNO eLPZrXW&b Y/P�]�FjHLIJW � @UA �\� � %=P>KBbdb ] FXKBOpe0[¢� Y��{SCKBFpe4Y\F )

FpKUFpP�W �pP�]9eLPZrpW�b Yd]&emHlSTFpP�YUcpY\�X[T]�MN]9P&Y\[fP>OX[T]�I7MN]&e`eLKU[TONHJSCKBFpe`Y\cpcXILKNPZrXW&]&e`MX]�[¢� W&ijOpY\HLSTKUF�MN]
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� � � � � �/� � ���  �  ������� ��� � �/� 	/����� �����  ��������� ������ @un

[TYdPZrpYU[C]&OXI&Aph7OX]&[=ijOX]^emKBS Hs[T]�PZrXKUSCa�MNO$cpYUe�MN]4HJ]�bdcpe
∆t
�pP�]4eJPZrXW&bdY ]ue�H �
��'������#�
� �NP\� ]&emH )

� )GMNSCIJ]/ijOX]"[fY�eLKU[TONHJSCKBF F{OXbdW�IJSTijOX]"KBeJP>ST[C[T]$MN]/b YUFXSCk&IL]"FXKBF ��KUIJFXW�]$emS�[�� KBF�MNSTbdSCF{OX]$[T]&e
��YU[C]&OXIZe%MN]ue9cQYUe

∆x
]�H

∆t
A1�+]/cprXW�FXKBbdk�FX]�HLIJk&edP�YUIJYBPRHLW&ILSfemHLSfiBOp] � ]>H�M�� Y\cpcpY\IJS HJSCKBF HLIJk&e

IJYUcXSTMX] � ]ue�H�SC[T[TOpe�HJILWlcpY\I�[TY9¤ STVUOpIL]%@UA}|NAUDGFQemSfe�HJKUFpe�eLOXI1[T]�1 YUS HsijOX] ( '���� ( '$��'���� � �����("������
MN]&e+cpYUe

∆t
]>H

∆x
�NKBF�KU�peL]�IJ�U]7P>]&e+KBeJP>ST[T[TY\HLSTKUFpe � FXKBF�cXr{~NemSfijOX]&e��j�XSC]&F�e 0XI �>A �7F�MNSCH�ijOX]0[C]

eLPZrXW&b Y^]&emH+STFpP>KBFpMNSCHLSTKUFXFp]�[T[C]&b ]&FjH+STFpe�HZY\�X[T]UA{_`Fp]�7�OpemHLSC�QP&YqHLSTKUF�ILSTVUKBOXIL]&OpeL]s]�F�eL]�IZY�MNKBFXFXW�]
Y\O$PZrpY\cXSCHLIJ]^emOpSC�qY\FjH � �BKUSTIs[C]^v3]�bdbd]N�NA �NA � � �>A

�@�����~��e�� ` ���������

� ��� � @UA � �/yNPZrXW�b Y STb cp[CSfP>SCHL]9Y��B]&P
ν∆t = 2(∆x)2

A
¥*[¢� KUcpcQKjemW�MXO�cXILWuP>WuMN]�FjH%eJPZrXW�b Y �3[T]�eLPZrpW�b Y$SCbdcX[TSfP>SCHL] � @UA �\n �^P�YU[TP�OX[C]�MX] +m�QKBFXFX]&e3,

emKB[CONHJSCKBFpe=YUcXcXIJK{PZrpW�]&e�MX] [¢� W&ijOpY\HLSTKUF^MN]�[fYsPZrpY\[T]�OpI ( '$����( '$� ' ��� � [T]�cpYUe3MN] HL]&b cQe
∆t

� �UKBSCI
[TYd¤ SCVBOXIJ]%@BA � �RA 4�F"cpY\ILHLSfP>Op[CST]�I �{KUF"F=� KB�peL]�IJ�U] 7mY\b Y\Sfe�M�� KjeLP�SC[T[fYqHLSTKUFQe+F{OXbdW&ILSfijOX]&e�ijOX]�[=ijOX]
emKBS H [C]�PZrXKBS a�MN]ue cQYUe

∆t
]>H

∆x
A��7F MNS H ijOX]�[C]seJPZrXW�b Y`STbdcX[TSTP�S HJ]�]ue�H STFpP>KBFpMNSCHLSTKUFXFX]&[C[T]�bd]&FBH

e�HZY\�X[T]UA
�+KBFpeLSTMNW&ILKBFpe4b Y\STFjHL]�FQY\FjH�[C]�eJPZrXW&bdY$]�aNcX[CSfP>SCHL] � @UA �Ut � %3MN]&e�]>aNcQW&ILST]�FQP>]&e�FjOpb W&ILSfijOX]&e

b KBFjHLIJ]�FjH 1 YBP>ST[C]&bd]�FjHdijOX]�eL]�[TKUF [T]&ed�qYU[C]&OXIJe MNO�cpYUedMN]/HL]&bdcpe
∆t
MN]ue%KjeLP�SC[T[fYqHLSTKUFQe9F{O )

b W&ILSfijOX]&e4YUcXcpY\IZY\SfeJem]&FBH7KUO�FpKUF � �UKBSCI4[fY/¤ STVUOXIJ]/@BA}� �RA�v3Y�[CSTbdS HJ]�MN]de�HZY\�XST[CSCHLWd]ue�H!1 YUP�SC[T] �
HLIJKUOX�B]�I�]>aNcQW&ILSTbd]�FjHJYU[C]&bd]�FjH %XijOX]&[=ijOX]0eLKUSCHs[C]4PZrXKBS a�MN]ue�cpYUe

∆t
]�H

∆x
ijOXS ������� � ��� � [TY

P>KUFQMNS HJSCKBF
2ν∆t ≤ (∆x)2

� @UA �X@ �
[C]$eLPZrpW�b Y�]&emH e�HZY\�X[T] � HJYUFpMNSfe%ijOX]$eLS � @UA �X@ ��F=� ]&emH cpYBe9�BW�IJS �QW�] � Y\[TKUIZe�[T]$eLPZrXW&b Y�]&emH STF )
e�HZY\�X[T]UA �7F�MNSCHlijOX]^[T]�eLPZrXW&b Y%]�aNcX[CSfP>SCHL]9]&emHlP>KUFQMNS HJSCKBFXFX]&[C[T]�bd]�FjHlemHJYU�X[C]BAXv3Y P�KUFpMNSCHLSTKUF�MN]
e�HZY\�XST[CSCHLW � @BA �p@ ��]ue�H '$��� �$� ' ��� & ��� ( '�� '��
� ' !#�
'�' ' � & !���� ' ��� ��� ' !#�
'�' !$��� 
 �����$� '
�$� � � �%���%� � '�� � ' & ������( '�� A 41[C[T] 1 ONH9MNWuP>KUOp�U]�ILHL] ]�F�@un	�\� � Y��qY\FjH^[�� YUcXcpY\IJSCHLSTKUF MX]&e^cXIJ]�)
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�Ut ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

bdST]�IZe KUIZMNSCFQYqHL]&OXIZe"! �^cpYUI �+KBOXIJYUFjH�� ¤XIJSC]uMNILSfPZrpe�� ]>H v=] � ~BA 4�[T[C]$c�KUILHL]$MN]�cXOpSTe [T]"FpKUb MN]
��������� ������� #%�s) ��' ��������� ������������# ��'$���%� ��� � �������$���
�("�'�� ��� ) ��� � A

��t0���~��e�� ` ��� �������

��t0���~��e�� ` ��n��������

������� @UA�� ��yXPZrXW�b Y ]>aNcX[TSTP�S HJ]�Y��U]uP
ν∆t = 0.4(∆x)2

� rpYUONH �s]>H
ν∆t = 0.51(∆x)2

� �pYBe �>A
�lKUOpe Y\[T[CKBFpe 7�Ope�HJS �Q]�I �XILSTk��B]�bd]�FjH P>]>HLHL]�P>KUFQMNS HJSCKBF9MN]�e�HZY\�XST[TS HJW � OpFX]�YUFpY\[T~Nem]1cX[COQe3c�KUOpe )

eLW�]4eL]�IZY9]���]uPRHLOpW�]^Y\O"cXIJK{PZrQY\STF/PZrpYUcXS HJIL] �RAN�sW&W&P>IJST�UKUFQe+[T]^eLPZrpW�b Y9]�aNcX[CSfP>SCHL]^eLKUOpe�[fY'1 KBILbd]

un+1
j =

ν∆t

(∆x)2
un

j−1 +

(

1− 2
ν∆t

(∆x)2

)

un
j +

ν∆t

(∆x)2
un

j+1.
� @UA �	� �

yNS1[fY�P>KUFQMNS HJSCKBF ��¤ v�]ue�H%�UW�IJSC�pW�]��=Y\[TKUIZe � @UA �	� �0bdKUFjHLIJ]�ijOX]
un+1

j

]&emH9OXFX]�P�KUb%�XSCFQY\SfemKBF
P�KUF{�U]�aN]dMX]&e��qYU[C]&OXIJe^YUO HL]&b cQe�cXIJW&P�W&MN]&FBH

un
j−1, u

n
j , u

n
j+1

� HLKUOQe�[T]&e�P�Kj]78�P>ST]�FjHJe%MXY\Fpe�[C]
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� � � � � �/� � ���  �  ������� ��� � �/� 	/����� �����  ��������� ������ �X@

b ]&b9�XIJ]9MN] MNIJKUSCHL]%MX] � @BA �0� �seLKUFjHlc�KBeLSCHLS 1 el]�H7[T]�OXI4emKBbdb ]9��YUONH%@ �RA 4�F�cQY\ILHLSfP>OX[TSC]&I���emS [TY
MNKUFXFpW�]4SCFpS HJSTYU[C]

u0
]&emH`�QKBILFXW&]4cpY\I`MN]&ONa/P�KUFpemHJYUFBHJ]&e

m
]�H
M
HL]&[C[T]&eliBOp]

m ≤ u0
j ≤M

cQKBOXI�HLKBONH
j ∈ Z,

Y\[TKUIZe`OXFX]dIJW&P�OXILIJ]�FQP>] 1 YBP>ST[C] bdKUFjHLIJ]%ijOX] [C]uelb 2&b ]ue0SCFXW&VBYU[CSCHLWue7IJ]&emHL]&FjH7�{IJYUSC]uelc�KUOpIlHJKUOpe
[C]ue�HL]�bdcpe`OX[ HJW�IJSC]&OXIZe

m ≤ un
j ≤M

c�KUOXI�HJKUONH
j ∈ Z

]>H`c�KUOXI�HJKUONH
n ≥ 0.

� @BA � � �

v3YdcXIJKUcXIJSTW>HLW � @UA � � �1]&bdc�2uPZrX]�[T]9eLPZrpW�b YdM�� KjeLP�SC[T[T]�IlMN]9bdYUFXSTk�IJ]^FXKUF$��KUIJFXW�]�%QSC[ ]&emHlMNKUFpP
e�HZY\�X[T]%eLKUOpel[TY/P>KBFpMNSCHLSTKUF���¤ v�A�v Y�cXIJKUcXIJSTW>HLW � @UA � � �s]ue�H4Y\cXc�]�[TW�]%cXILSTFpP�SCc�] MXO b YqaNSCb%OXb
MNSTeJP>IJ]>H�%QST[ e&� Y\VUSCHlMN]%[¢� W&ijOXST�qY\[T]�FjH ����' � ����� MNO cpILSTFpP>STc�]9MNO b YqaNSTb9OXb ����� � �
� ' cQKBOXIl[T]&e
emKB[CONHJSCKBFpe�]>aXYBPRHL]ue�iBOp]^FXKUOpesY��BKUFpe��{O �%[fY �s]&bdYUIJijOX] @UA �NAT@&tpA
yNOXcXc�KBeLKUFpesYUO"P�KUFjHLIZY\STIL]4ijOX]4[TYdP�KUFpMNSCHLSTKUF ��¤ v�FX]^emKBS HscpYBe��UW�IJSC�pW�]��{PU� ]ue�H ) � ) MXSCIJ]0ijOX]

2ν∆t > (∆x)2.

¥`[TKUIZe �jcQKBOXI�P>]�ILHJYUSCFp]&e�MNKUFXFpW�]&e+STFXS HJSTYU[C]ue1[T]4eLPZrXW&b Y^]&emH�STFpemHJYU�X[C] � ST[ cQ]&ONH 2>HLIJ]7emHJYU�X[T]lc�KUOXI
P>]�ILHJYUSCFp]&e9MXKUFXFXW&]&e%SCFpS HJSTYU[C]ue +m]>aXP>]&cNHLSTKUFpFX]�[T[C]ue�,1% cpY\I%]>aN]�bdcX[T] � eLS

u0 ≡ 0
! �>A ��IJ]�FpKUFpe9[TY

MNKUFXFpW�]4SCFpS HJSTYU[C]�MNW��pFXST]^cpY\I
u0

j = (−1)j

iBOpS=]&emHs�XSC]&F$OXFXS 1 KUIJb W&bd]�FjH`�QKBILFpW�]UAX_lF�P�Y\[fP>Op[=emSTbdcX[C]4bdKUFjHJIL]^ijOX]

un
j = (−1)j

(

1− 4
ν∆t

(∆x)2

)n

iBOpS P�ILKBS H0]�F bdKNMNOX[T]%�B]�IZe`[�� STFN�pFpS [TKUIZeJiBOp]
n
HL]&FpM��U]&IJel[¢� STFN�pFXS P�YUI

1− 4 ν∆t
(∆x)2 < −1

A�v=]
eLPZrXW&b Y%]�aNcX[CSfP>SCHL]4]ue�HlMNKBFpP0SCFQe�HZY\�X[T]�emS�[fYdP>KBFpMNSCHLSTKUF���¤ v F3� ]ue�H`cpYBeseLY\HLSfe 1 YUS HJ]UA
; � �����1���1��� � , � � D3E ��[�Q�	�E K+E"QE7H3E/I@K�M K"E E%F�Q 	�E Y N2O�Q7ILE/I �P[�E � E FVK32#W/YT M�Y���� M K�M Q�E ����] � ����9
T � E�K V = 0

9 � W/I>M $E0T�[#F6F�M � E��/I>M�O3K�M��/E�	P[SYGT%H�M�YZ[�Y 	$M FVK/I^E+Q+] � OSM�Y��/NJFVE�	JE%FRK"N2O 	$M Q�M N2O#F T�[%H
� M�Y M Q�E+F 	�E���M�I M K 2�� E+Q�9 K:0 E%F�Q*\ ��\ 	$M�I^E �2[#E � T X N�I YZ[�� E ����] � ��� E%F�Q � T�� T���� E �/N2[�I 1 ≤ j ≤ J

E"QRNPO
�H3E

un
0 = un

J+1 = 0
�/NP[�I Q�N2[�Q

n ∈ N
] �$N�M Q 	�E/[%H K+N2O#F�Q6T�O�Q�E+F

m ≤ 0 ≤ M
Q�E � � E+F �2[#E

m ≤ u0
j ≤ M

�/NP[�I
1 ≤ j ≤ J

] �9WJI M $EJI �P[�E �10 N2O �/EJ[%Q �/M EJOqK+T�� K3[�� E/I 	JE YGT�OJM U/ILE [�OJM �P[�E
� E+F

un+1
j

E/OqX NPO#K"Q�M N2O 	JE%F
un

j

] �0NPO%Q7ILE/I �P[�E �/NP[�I Q�N2[#F � E+F0Q�E/Y��#F
n ≥ 0

N2O T E/O3K"N�ILE � E+F
M�O�W ��T�� M Q�W+F

m ≤ un
j ≤M

�/N2[�I
1 ≤ j ≤ J � E"Q K"E%K#M�F�T�O�F K"NPO 	$M Q�M N2O F+[�I

∆t
E"Q

∆x
�"]

yNS�FXKUOQe^Y��UKUFQe �"c�]�O cXIJk&e4W&[COpP�STMXW [fY$ijOX]&emHLSTKUF MN] [fY"emHJYU�XST[CSCHLW MNO�eJPZrXW�b Y"]>aNcX[TSTP�S HJ] �
FXKUOpe+F=� Y��UKBFpe�IJSC]&F/MNSCHsemOXI�eJY9P>KBF{�U]�IJVU]&FpP>]��BPU� ]ue�H ) � ) MNSTIJ]lemOpI�eJY9P&Y\cpYBP>SCHLW �%Y\cXcpILKNPZrX]&I+P>KBI )
IL]uPRHL]&bd]�FjH [fY�emKB[CONHJSCKBF ]�aNYBPRHJ]UA �`KBOpe ILW&cQKBFpMNIJKUFpe%ILSTVUKBOXIJ]�OpeL]�bd]�FjH ��P>]�HmHJ]$ijOX]ue�HJSCKBF�YUO
cXILKNPZrpYUSCF�PZrQY\cXSCHLIJ]UAj�s]�b Y\IZijOXKUFQe�ijOX]l[fY�emHJY\�pSC[TS HJWl]ue�H �B�XST]�F/e 0XI �UOpFX]7P�KUFpMNSCHLSTKUF�FXW&P�]&eJeLYUSCIJ]
MN]9P>KBF{�U]�IJVU]&FpP>]��{bdYUSTelcpYUelemO 8�eJY\FjHL]BA��+KUFjHJ]�FjHLKBFpesFXKBOpesc�KUOXI7[¢� SCFQe�HZY\FjH7MN]��BW�IJS �Q]�Is]>aNc�W�)
ILSTbd]�FjHJYU[C]&b ]&FjH`[TY P�KUF{�U]&ILVB]�FpP�]0MNO eJPZrXW&bdY �XP\� ]&emH ) � )GMNSTIL]^ijOX]�[TKUIZeLijOX]4[T]&escQYUe`M�� ]&eLcpYBP>]^]>H
MN]4HL]&b cQe`MN]��{ST]�FXFp]�FjH`MN]^cX[TOpes]�F$cX[TOpesc�]>HJS HZes[T]&e`eLKU[TONHLSTKUFQe�FjOpb W&ILSfijOX]&e�P�KUIJIL]uemc�KUFpMpY\FjHL]ue
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j���i�i������S����� ` �������

� ����� @BA � �/yNPZrXW&b Y%]�aNcX[CSfP>SCHL]�Y��B]&P
ν∆t = 0.4(∆x)2

cQKBOXI`MNST�U]�IZeL]&e��qY\[T]�OXIZesMN]
∆x
A

P�KUF{�U]&ILVB]�FjH ]>H�iBOp]`[C]&OXI�[CSTbdS HJ]l]&emH1�XST]�F�[TY�eLKU[TONHJSCKBF ]>aXYUP>HL] � FXKUOpe+c�KUOX�BKUFpe �BW�IJS �Q]�I1P�]7MN]&I )
FpSC]&I�cQKBSCFjH�cXOpSTeJijO=� SfP>Sp[TY4eLKU[TONHLSTKUFd]>aXYBPRHL]�]ue�H1MNSfeLcQKBFXSC�p[C] �RABy{OpI�[TY^¤ STVUOXIJ]4@UA �0FXKUOpe �BW�IJS �QKUFpe
F{OXbdW&ILSfijOX]�bd]�FjH�iBOp] �NemS�[�� KBF�IJY 8 FX]l[T]7cQYUe�M�� ]uemcQYUP>]

∆x
� iBOpS�cpIL]&FpMXe+[C]ue1�qY\[T]�OpIJe

0.5
�
0.1
�

]�H
0.05

�sY\STFpeLS ijOX]�[T]9cQYUelMX]�HL]&bdcpe
∆t
]�F�VBY\IZMXYUFBHlP�KUFpemHJYUFjHl[C]%IJYUcXc�KUILH

ν∆t/(∆x)2
� [C]

FpKUb9�pIL] ��¤ v � �=YU[CKBIJe7[TY"eLKU[TONHLSTKUF FjOpb W&ILSfijOX] ]&emH4MN]dcX[TOpe0]�F�cX[TOpe0cXIJK{PZrp] MN] [fY/eLKU[TONHLSTKUF
]�aXYUPRHJ]UA � v Y�P>KBb cQY\IZY\SfemKBFde&� ]>� ]&PRHJOX]4Y\O�b 2�bd]lHL]�bdcpe1�pFpYU[

t = 1
�jMXKUFpPl[C]7FXKUb%�XIL]7MN]lcpYBe

MX]%HJ]�bdcpe�YUOXVUbd]&FBHJ]%[TKUIZeJiBOp]%[T]dcpYUe4MN]dHJ]�bdcpe
∆t
MNSTbdSCF{OX]BA ���+]dcXIJKNP>WuMNW MN] � �����(� � ���* 

� �
��� � ' & ������( '�� �$� ��� ����� ������	����$���  ]ue�H4HLIJk&e4eLSCbdcX[T] ]>H^KUF FX] MNKUSCH 7mYUb Y\Sfe7rpW&eLS HJ]�I
��[¢� ONHJSC[TSTeL]�I 1 YUONHL]$MN]"b ST]�OXa � PU� ]ue�H ) � ) MNSTIJ]�emS�[�� YUFpY\[T~Nem]�HLrXW&KUIJSTijOX]"MN]"[TY P>KUF{�B]�IJVU]�FQP>]�]ue�H
STbdcQKjeLeLST�X[C]4KBO/HJILKBc"MXS 8�P>ST[T] �RA

�7������� � �� �,& � ����� !�� ��� /+� ����%� � ����/ &�� �.���,� ���	�"!$# � ��#���%.( ��� �"!
4 � ]&P>HLOXKBFpesOXFp]4MX]�ONaNSTk�bd]�emW&ILST]4M�� ]�aNcQW&ILST]�FpP�]&e�F{OXbdW�IJSTijOX]uesemOpI � � � ( '���������������1���- 

����� �������� 3����� '"' �
��� � @UA �B� �"Y��U]&P OXFX]��{SCHL]ueLeL]
V = 1

FXKUF�F{OX[T[C]BAl�`KBOpe$IJ]�cXIJ]�FXKBFpe"[C]ue
b 2&b ]ue MNKBFXFXW&]&e ijOX] cpILWuP>W&MX]�bdbd]�FjH ]>H FpKUOpe�PZrXKUSfemSfeJemKBFpe [C] eJPZrXW&bdY�]�aNcX[CSfP>SCHL]�Y��U]&P
ν∆t = 0.4(∆x)2

A��`KUOQedIL]&VBY\IZMNKBFpe�[�� STF�*pOp]�FpP�]$MX]"[fY ��YU[C]&OXI MN]$[TY P�KUFpemHJYUFBHJ]"MX]"MNSC� O )
eLSTKUF

ν
� KBO SCF{�B]�IZem]"MNO FXKBb9�XIJ]/MX]/� W&P�[C]�H �%emOpI [fY�emHJYU�XST[CSCHLW$MNO�eJPZrXW&bdYpA v Y ¤ STVUOXIJ]�@BA n

bdKBFBHJIL] ijOX]%[T]deLPZrXW&b Y�]&emH^e�HZY\�X[T]9c�KUOXI
ν = 1

��SCFpemHJYU�X[T]%c�KUOXI
ν = 0.01

�Q]�H4ijOX] c�KUOXI0[TY
�qYU[C]&OXIlSTFjHL]�IJbdW&MNSfY\STIJ]

ν = 0.1
�X[T]%eJPZrXW�b Y eL]�b%�X[C]%e�HZY\�X[T]�b Y\Sfe`[fY emKB[COXHLSTKUF Y\cpcXILKNPZrXW&]^]&emH

[TW�VBk�IJ]�bd]�FjH4MNS � W�IJ]�FjHJ]dMX] [fY"emKB[CONHJSCKBF�]�aNYBPRHJ]UA �7F P�KUbdcXIJ]�FpM��XSC]&F�ijOX]dcX[TOpe0[�� STF{�U]�IZeL] MNO
FpKUb9�pIL]�MN]�� WuP>[T]>H

ν
]&emH%c�]>HLSCH�� cX[TOpe�[T] HJ]�IJb ]/P>KUF{�B]&PRHJS 1s]ue�H9cpILWuMNKUbdSTFpY\FjH9eLOXI9[T] HL]&ILbd]

MXS � OpeLS 1�A�� YUI P�KUFpeLW&ijOX]&FBH � [TY P>KBFpMNSCHLSTKUFg��¤ v � @UA �X@ � � KB�NHL]&F{OX]$[CKBIJeJijOX]�[fY��{SCHL]ueLeL]
V
]ue�H
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e����$s��Pe ` � � � �F�������

e����$s��Pe ` � � �Pn��������

e����$s��Pe ` � � �Pv��������

������� @BA n � yNPZrXW�b Y�]�a{cp[CSfP>SCHL]�cQKBOXI [�� WuiBOQYqHLSTKUF5MX]�P>KBF{�U]&P>HLSTKUF )GMNSC��OQemSTKUF�Y��U]uP
ν∆t =

0.4(∆x)2
]>H
V = 1

A 4�F$rpYUONH��
ν = 1

�XYUO/bdST[CST]�O
ν = 0.1

�N]�H`]�F$�pYBe
ν = 0.01

A
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�\x ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

F{OX[T[T] �X]ue�H`MN]^bdKUSTFpe�bdKUSTFpe�]&F"�qYU[TYU�X[C]^YUO21 OXIl]>H � bd]&eLOXIL]^ijOX]
ν
MNSTb STF{OX]UA

� KUOpIdP�KUbdcXIJ]�FpMXIL]�P�]/cprXW�FXKBbdk�FX]�� ]�aNYUbdSCFXKBFpe � � � ( '���������� � � �%�$����� � �
��� iBOpS�e&� KU� )
HJSC]&FjH ��[fY [TSCbdSCHL]

ν = 0
A �`]�b Y\IZijOXKUFpe�HLKBONH M�� Y\��KUIZM�ijOX]�[fY�P�KUFpMNSCHLSTKUF���¤ v � @UA �X@ �4]&emH

YUONHLKBb YqHLSfijOX]�bd]&FBH0eLY\HLSfe 1 YUS HJ]9emS
ν = 0

� ijOX]&[ ijOX] emKBSCI
∆t
]>H

∆x
� ��P�]%ijOXS eL]�b%�X[T]%P>KBFjHLIZY )

MXSTP>HLKUSTIJ]4Y��B]&P7[C]^IJW&eLOX[CHJY\H�]�aNcQW&ILSTbd]�FjHJYU[=MNO$�pYUesMN]4[fYd¤ STVUOpIL]d@UA nXA

` j������S����j ` �F� �����

� ����� @BAC@ut � yNPZrXW&bdY ]>aNcX[TSTP�S HJ]/P>]&FjHLIJW�cQKBOXI9[�� W&ijOpYqHJSCKBF M�� YUMN�B]&P>HLSTKUF�Y��U]uP
∆t = 0.9∆x

�
V = 1

�
ν = 0

A
� KUOpI9[�� WuiBOQYqHLSTKUF�M�� YUMX�U]&P>HLSTKUF � PU� ]ue�H ) � ) MXSCIJ] � @BA �j� �4Y��U]uP

ν = 0
� �3[T]�eJPZrXW�b Y$]>aNcX[TSfP>SCHL]

� @UA �Ut �1c�]�OXHlem]4IJW�W&P�ILSTIJ]
un+1

j =
V∆t

2∆x
un

j−1 + un
j −

V∆t

2∆x
un

j+1.
� @UA �\x �

�+]deJPZrXW�b Y�P�KUFpMNOpS H^Y\ONa KjeLP�SC[T[fYqHLSTKUFQelMN] [TY/¤ SCVBOXIL]/@UAT@&t/MXY\Fpe7[T]&e0b 2�bd]&e0P>KBFpMNSCHLSTKUFpe7]>a*)
c�W�IJSTb ]&FjHJY\[T]&e9iBOp] [C]��QYUe�MN] [fY ¤ STVUOXIJ]$@UA nXA �7F �UKBS H��pSC]&F iBOp]

un+1
j

F=� ]&emH 7mY\b Y\Sfe � iBOp]�[
ijOX] emKBS H

∆t
�`OXFp] P�KUb9�pSCFpYUSTeLKUF P�KUF{�U]�aN]�MN]

un
j−1

�
un

j

� ]>H
un

j+1

A DG[ Fp]%c�]�ONH^MNKBFpP�~�Y��UKBSCI
MX]�cXIJSCFpP�SCc�]�MNO�b Y\a{STb9Opb£MNSfeLP�IL]�H9c�KUOXI9P�]�eJPZrXW�b Y �=P�]�ijOXS1]ue�H%OXFX]�STFpMNSfP�Y\HLSTKUF�emOpcXcX[TW�)
bd]&FBHZY\STIL]%MN]%eLKUF STFpemHJYU�XSC[TSCHLW � OXFX] cXIJ]�OX�B]�ILSTVUKBOXIJ]�OpeL]^]�F�eL]�IZY�MNKBFXFXW&]%Y\O v=]�bdbd]$�XA �pAC@ �RA
v1� KBILSTVUSTFX]�MN]sP>]�HmHL]�STFpemHJY\�pSC[TS HJW�]&emH1iBOp] �\MXYUFpe [C]seJPZrXW�b Y7]>aNcX[TSTP�S HJ] � @UA �\x � ��FXKBOpe Y��UKBFpe PZrpKUSfemS
MX]`HLIZY\SCHL]&I1[T]`HJ]�IJb ]0P>KBFj�B]&P>HLS 1�MX]7b Y\FpSCk&IL]lP�]�FjHLIJWUAj�`KBOpe1c�KUOp�UKUFQe1P>]&cQ]&FpMXYUFBH�MNW&P�]�FjHLIJ]�I�P>]
HJ]�IJbd]�P>KUbdbd]^FXKBOpe�[¢� Y��UKBFpe�1 Y\SCHlc�KUOXIs[fY MNW�IJST�UW�]4]&F/HJ]�bdcpe&Ap¡7]�ONa�PZrXKUSCa/eLKUFjHscQKjeLeLST�X[C]ue %
MXW&P>]&FjHLIJ]�I �U]&IJe [fY7MNIJKUSCHL]�KBO%�B]�IZe [fY7VBY\OQPZrX]UAqv=]seLSCVBFX]sMN]�[TY0�{SCHL]&eJeL]

V
]&emH��XST]�Fde 0pI�P>IJOpP>SfY\[�%

SfP>S FXKBOpe7eLOXcXc�KBeLKUFQe7ijOX]
V > 0

� OXF YUILVBOXbd]�FjH7eL~jbdW�HLIJSTijOX]%]&emH7�qY\[fY\�X[T]%eLS
V < 0

�>AQ� KUOpI
V > 0

�N[T]^MNW&P�]�FjHLIJ]�bd]�FjH � MNIJKUSCHL]4]&emH`MNSCH �$���1��� ���(� & ��� � �1�%� � %XKUF"KU�XHLST]�FjH

V
∂u

∂x
(tn, xj) ≈ V

un
j+1 − un

j

∆x
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� � � � � �/� � ���  �  ������� ��� � �/� 	/����� �����  ��������� ������ �B|

]�F Y\[T[TYUFjH PZrp]�IZPZrX]�I�+m[¢� STF 1 KUIJb YqHLSTKUF ,+]�F eLOXSC�qYUFBH�[T]`P>KBOXIZY\FjH&AB�+]`PZrXKBS a P>KUFQMNOXSCH �4OXF eLPZrXW&b Y
MNW&P�]�FjHLIJW^Y���YU[�+mMXW&eJYUemHLIJ]�ONa ,

un+1
j − un

j

∆t
+ V

un
j+1 − un

j

∆x
= 0

� @UA �B| �
iBOpS^]&emH"HJKUONH YUOpeLeLS4SCFQe�HZY\�X[T]�ijOX] [T]�eLPZrXW&b Y P>]&FjHLIJWUA`¥`O�P>KBFjHLIZY\STIL] [C] ��������� � ��� & ��� �
� & ��� � � PU� ]ue�H ) � ) MXSCIJ] ��VjY\OpPZrp]lemS

V > 0
� �{ijOXS ��Y%PZrX]�IZPZrX]&I�+m[¢� SCF 1 KUIJbdY\HLSTKUF ,`]&F�IL]&bdKUFjHJYUFBH

[C]�P�KUOXIZY\FjH
V
∂u

∂x
(tn, xj) ≈ V

un
j − un

j−1

∆xP>KUFQMNOXSCHlY\O$eLPZrXW&b Y%]�aNcX[CSfP>SCHL]^MNWuP>]&FBHJILW^YUb KBFjH
un+1

j − un
j

∆t
+ V

un
j − un

j−1

∆x
= 0

� @UA �U� �
iBOpS�MNKBFXFX]7[C]ue1IJW&eLOX[CHJYqHZe+MX]l[fY9¤ SCVBOXIJ]9@UAT@U@BA �7F��BW�IJS �Q]lY\SfemW&bd]�FjH�ijOX]7[C]0eLPZrXW&b Y � @BA �B� � ]ue�H

` j������S�~�Jj ` v���� ���

������� @BAC@B@ �$yNPZrXW&b Y ]>aNcX[TSTP�S HJ]9MNWuP>]�FjHJILW9YUbdKUFjHlc�KUOXI7[¢� W&ijOpY\HLSTKUF M�� YUMN�B]&P>HLSTKUF Y��U]uP
∆t =

0.9∆x
�
V = 1

A
e�HZY\�X[T]�eLKUOpe^OpFX]�FXKBOX�U]&[C[T]�P>KBFpMNSCHLSTKUF ��¤ v � MNSC� W�IJ]�FjHL]�MX]�[TY cXILWuP>WuMN]�FjHL]�P�KUFpMXS HJSCKBF���¤ v
� @UA �X@ � �

|V |∆t ≤ ∆x.
� @UA �j� �

4�F$]>� ]>H��pKUF$cQ]&ONH`IJW�W&P�ILSTIJ] � @UA �U� ��eLKUOpe�[fY 1 KUIJbd]

un+1
j =

V∆t

∆x
un

j−1 +

(

1− V∆t

∆x

)

un
j ,



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�U� ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

ijOXSpb KBFjHLIJ]�ijOX]��BeLSX[fY0P�KUFpMXS HJSCKBF � @UA �j� � ]&emH1eLY\HLSfe 1 YUS HJ] �
un+1

j

]&emH1OXFp]`P>KUb%�XSTFpY\SfemKBF P�KUF{�U]�aN]
MX]

un
j−1

]�H
un

j

A�� YUI�P>KUFQemWuiBOp]�FjH�� [T]deJPZrXW&bdY$MNWuP>]&FBHJILW YUb KBFjH � @UA �U� �7�BW�IJS �p] OXF cXIJSCFQP>STcQ]
MXO�b YqaNSTb9OXb MNSfeJP>IJ]>H��NP�]0ijOXS�]&FBHJIJY��fFp]7eJY%emHJYU�XSC[TSCHLW4P>KUFQMNS HJSCKBFXFX]&[C[T]UANv�� SfMNW�]4MNO �����1��� � ���  
& ��� � � & ��� � � '�� '���� �%' ����� �
����� & � � ��' ��� ��� � � � �$�%� � '���� ' & ������( '�� A�4�[T[C]$]ue�H
cQY\ILHLSfP>OX[TSCk&IL]&bd]�FjH+P>IJOpP�STYU[C]lMpY\Fpe1HLKBOpe1[T]&e+cXIJKU�X[Tk�bd]ue1MN]7b WuP�YUFXSTijOX]0MN]&e�*pOXSfMN]ue1K�o�]�[T[C]�1 ONH
M=� YU�QKBIJM MNWuP>KUOp�U]�ILHL] � ]�F�Y\FXVB[TYUSTe4KBF cpY\IJ[C]�MX] ' ! � �
�����
��	 �3PU� ]ue�H ) � ) MXSCIJ] MX]�IL]&bdKUFjHL]&I^[C]
�B]�FjHsKUO"[C]�P�KUOXIZY\FjH � �Nb Y\Sfe�]�[T[C]^YUcXcpY\IZY �fHsMXY\Fpe`�XSC]&F"M=� YUONHLIJ]&e�bdKNMNk�[T]&e&A
v Y%P�KUFpP�[COpeLSTKUF/MX]0P�]>HmHJ]7W�HLOpMX]4eLOXI�[�� WuiBOQYqHLSTKUF"M�� YUMN�B]&PRHJSCKBF�]&emHsiBOp]7c�KUOXI�[T]4b KNMNk&[C]4MN]

P�KUF{�U]uPRHJSCKBF ) MXS � OpeLSCKBF0Y��B]&P�1 Y\ST�X[T]��qY\[T]�OXI MN]�[fY`P>KBFpemHJY\FjHJ]�MN]1MNSC��OQemSTKUF
ν
�uST[ 1 Y\OXH Y\�QemKB[COXbd]&FBH

MXW&P>]&FjHLIJ]�I��B]�IZe�[�� YUb KBFjH1[C]`HL]�IJbd]7P�KUF{�U]uPRHLS 1 ]>H�eLOXST�{IL]`[fY�P�KUFpMNSCHLSTKUF$��¤ v � @UA �j� � cX[TONH 
UH�ijOX]
P�]�[T[C] � @UA �X@ �>AX¥ P>]^cXIJSCa�KUF"cQ]&ONHlY\bdW&[CSTKUIJ]�I�[T]&e�IJW&eLOX[ HZYqHZesMN]^[TYd¤ STVUOXIJ]d@UA nXA

; � �����1�
����� � , �f� �0NPO%Q7ILE/I �P[#E:92F7M � T K+N2O 	�M Q�M NPO ��� D ����] � 4��GO 0 E+F6Q �3T#FRF�T�Q�M F�X>TJM Q�E:9 � E FVK32#W/YT
	�W%K+E/O�Q7I^W T�Y NPO%Q ����] � ��� �/N2[�I �10 W��P[#T�Q�M NPO 	 0 T 	 � E%K7Q�M NPO E%F�Q M�O#F�Q6T���� E��/N2[�I � T 	JNPO�O#W+E M�O/M Q�M T�� E
u0

j = (−1)j
]

; � �����1�
����� � , �T��� K3I>M�I^Eq[�O FVK 2�WJYGT E7H ��� M K�M Q�E K+E/O�Q7I^W E/O E+F �#T3K+E �/NP[�I �10 W �2[3T�Q�M N2O�	�E+F NPO 	�E+F
����]������REJO [�O#E 	$M�Y EJO�F7M N2O�	80 E+F �#T3K+E E+QGFVT�O#FGQ�E/I Y E F6N2[�I@K"E�] ��I^W�K�M FVE/I�K"NPYZY EJO%Q�	�W/YT/I I^EJI � E+F
M Q�WJILT�Q�M NPO�F;E/O Q�E/Y ��F�] �9WJI M $EJI �10 E"HJM F6Q�E/O3K"E 	80�[�O K��PO�E 	�E 	�W �/EJO 	�T�O#K+E�	$M FVK/I^E+Q;T�O#T�� N �2[#E �ZK+E �-[JM
K+N2O�Q�M�O�[ M�� �-[�F6Q7I^W �3T/I � T���M �2[�ILE���] �P]�6 O 	JW 	2[JM�I^E��2[#E:9JF�M�K"ERF�K32#W/YGTK"NPO � E/I �JE 9 � E+F �#T#F 	�E Q�E/Y ��F
E+Q 	 0 E%F �3T3K"E 	�N�M � E/O�Q O#W%K"E%F6F�TJM�I^EJY E/O�Q;F�T�Q�M F�X>TJM�ILE � T K"NPO 	$M Q�M N2O�� 	�E Q����/E �	�PD � ∆t ≤ ∆x

]

v3]&e�P�KUFpP�[COQemSTKUFpe MX]�P>]�HmHL] em]uPRHLSTKUFgeLKUFjH�FXKBb9�XIJ]�OpeL]&e�]>H��BKUFjH�FXKUOpILIJSCI [T]&e�ILW *p]>aNSTKUFpe
MXO�cXILKNPZrpYUSCF PZrpYUcXS HJIL]BA-(3KBONH%M�� Y\��KUIZM � HJKUOpe^[T]&e%eLPZrpW�b YUe4F{OXbdW�IJSfiBOp]&e +mIJYUSTeLKUFXFQY\�X[T]&e3,%FX]
1 KBFpPRHJSCKBFXFX]&FBHscpYBe �p[CKBSCF$e�� ]�F31 Y\OXH&A �7F$IJ]�FpP�KUFjHLIJ]0MX]&e�cXIJKU�X[Tk�bd]uesMN]�e�HZY\�XST[TS HJW � eLYUFpe�cpYUIL[T]�I
MX]+P>KBF{�U]�IJVU]&FpP>] � ijOXSBFpW&P>]ueLeLSCHL]�FjH M=� YUFpY\[T~Nem]&I=]�F9MXW>HJYUSC[fe P>]&e eLPZrpW�b YUe %uPU� ]ue�H [TYlIJYUSTeLKUF^M�� 2>HJIL]
MX]l[�� YUFpY\[T~Nem]sF{OXbdW�IJSfiBOp]lijOXS�P�KUFpP�SC[TST]`KU��7�]uPRHJS 1 e1cXIJY\HLSfijOX]&e1]>H+W�HLOpMX]&e1HLrXW&KUIJSTijOX]ue�A 4�FN�pF �j[T]&e
+m��KUFpe3,1eLPZrXW&b YUe=F{OXbdW&ILSfijOX]&e MNKUST�U]&FjH3IL]uemc�]&P>HL]&I3OXF P>]�ILHJYUSCF^FpKUb9�pIL]�MN]1cXIJKUcpILSTW>HJW&e � P>KBb bd]
cQY\I�]�aN]�bdcX[T] ��[C] cpILSTFpP>STc�] MNO b Y\a{STb9Opb MXSTeJP>IJ]>H �1KUO�[C]�MXW&P>]&FjHLIJ]�bd]�FjH"YUbdKUFjH � ijOXS0FX]
eLKUFjHsijOX]7[fY9HLIZYUMNOpP>HLSTKUF � Y\O/FXST�U]&YUO/MNSfeJP>IJ]>H �+MN]4cXIJKUcXIJSTW>HLWue1cprj~NeLSTijOX]ue1KBO�b YqHJrXW�b Y\HLSfiBOp]&e
MX] [�� WuijOpYqHJSCKBF�Y\OXa�MNW�IJSC�BW�]ue�cpYUImHJSC]&[C[T]&e&A � � ��� !���'$� �$����� !��	' 
 �%�
��� � �/���1���$� & �
�
� � '������������$�&�1� & !��(��"����"' �
��� �$� ��� & � �����
��' ��� �
��� !#"�� ' ��( '��&��� ��� ' !���� !����
����� '
& ����"�� & ������( '$� ' ��� ' & � �����
� ' ' ��� � ��� ����'$� �����%����' ������� ��������� ' '�� & '��
�%���
����'
� ' & ������( '�� ' �

�  �
 � *�� ' �-� �&*   �� � ) *  � ���  ) *  � '.��&%�� '.�"!��-�&*  
�lKUOpe�HJ]�IJb STFXKBFpe�P>]^PZrpY\cpS HJIL]0cpY\I�OXF$P>]&ImHZY\STF/FpKUb9�pIL]0MN]^MNW>�pFpS HJSCKBFpesijOXS�cQ]&ILbd]�HmHLIJKUFjH

YUO�[C]uPRHJ]�OXIlMX]%e&� ~/IL]�HLIJKUOX�B]�I`MXYUFpe`[T]��UKNP&Y\�XOX[fY\STIJ]0]&bdcX[CKq~BW^STP�S P�KUbdbd]9MXY\FQes[C]ue`KBOX�{IJYUVU]&e
P�[TYBeLeLSfiBOp]&e�emOpIs[¢� Y\FpYU[C~NeL]4FjOpb W&ILSfijOX]UA
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� ��� � �������� � � ��� ��� � ������ 	�	����-��������������������� ��� � �j�

�������	� ������� �"! #�% �,/+��� & 
� %�� �	%.! � � � �
� � � �$�
���
��� ��� #��¢� ' G ��� �������A� !$��������� & � � '� �
� & � ��� ' �#G � ��������D!�H	�G ��� �
�2������ ����� � ����
D!�H��������� ���#G �H���2����	(G �(��D �H	(G����(� � �C������D5��� ���# �A�JD5	(D5�(� ��D ��������� :��	(G D!�>B�����(� �2	(���(��G �����#
����������� �������
����D ��	 ������C
� YUI�]>aN]�bdcX[T] �{[T]4v Y\cX[fYUP�SC]&F � @BA �Ut �1]&emH�OpF/cXIJKU�p[Ck&b ]4Y\OXa�[CSTbdS HJ]&e&AX¥�P�KUFjHLIZY\IJSCK �U[�� WuijOpYqHJSCKBF
MNS � W�IJ]�FjHJSC]&[C[T]^KUIZMNSTFpY\STIL]

{

dy
dt = f(t, y)

c�KUOXI
0 < t < T

y(t = 0) = y0

� @UA �U� �
F=� ]ue�H/cpYUedOXFgcpILKB�X[Ck&bd] Y\ONa�[CSTbdS HJ]&e cXOpSTeJijO=� W�HJYUFBH/cQKjemW&]$eLOXI�OpF em]&VUbd]�FjH

(0, T )
��Y��U]&P

0 < T ≤ +∞ �N]&[C[T]^F=� YdMN]�P>KBFpMNSCHLSTKUFpe +LY\O"�QKBIJM ,4ijO=� ]�F t = 0
� ]>H`cpYBe�]�F

t = T
�>A

� � � �$�
���
��� ��� #�� � ' G ��� � ������� !$��������� & � �$��# �%'�� "�� �#G � ��������D!�H	�G ��� �J��������(����� � ����
D!�H����������		� � ��	(�#��(� ��	(��G ���#G �
�(�(��H�����A� -�7��G ����������
��G�D%�A��D5��� � �

t
8 � ��������	�G �(��D �H	(G����!����F	�����,��	�G�D �������F	�G ����D!�H	�G �
��G���D �H�(����� -0� = ����D �>;(�>�������G � � 	��D ��G�D ���������#��#G��F	���

t = 0 �
��D

� �(� ��G
t = T

8JC
� YUI ]�aN]�bdcX[T] ��[¢� W&ijOpY\HLSTKUF9MXS � W�IJ]�FjHLST]�[T[T]+KBIJMNSTFpYUSCIJ] � @BA �B� �=]&emH OXF%cXIJKU�X[Tk�bd]+MX]s��YUOpPZr{~ ��b YUSTe
cpYUe [T]`v3YUcX[TYBP>ST]�F � @UA �\t � � ijOX]�[QiBOp]�eLKUSCH�[T]�PZrpKUSCa%MN]s[fY0P�KUbdc�KBeJY\FjHL]�MN]s[fY7�qYUILSfY\�X[T]sM�� ]&eLcpYUP�]
x
� ijOXS3KUF31 ]�IZY\SCH�7�KBOX]�Is[T]^I�
U[T]4MXO/HJ]�bdcpe �RA
¡7]lFpKUb9�pIL]&ONa9bdKNMNk�[T]&e+emKBFBH �4[fY 1 KBSTe�MX]&e�cpILKB�X[Ck&bd]&e Y\OXa%[TSCbdSCHL]&e+]>H�MN]&e cpILKB�X[Ck&bd]&e�MN]

��Y\OpPZr{~UAX¥lSCFQemS �X[�� WuiBOQYqHLSTKUF�MN]^[fYdPZrpY\[T]�OpI � @UA � ��]ue�H`OpF"cpILKB�X[Ck&bd]4MX]%��Y\OpPZr{~�cpYUIsIJYUcXc�KUILH
�^[TY9�qY\IJSTYU�X[C]7MN]`HJ]�bdcpe

t
]>H+OpF�cXIJKU�X[Tk�bd]lYUONad[CSTbdS HJ]&e�cpY\I+IJYUcXc�KUILH �^[fY��qY\IJSTYU�X[T]lM�� ]&eLcpYUP�]

x
A�( KUOpe0[T]&e4bdKNMNk�[T]&e^ijOX] FpKUOpe4Y\[T[TKUFpe4W�HLOpMNST]�I�MpY\Fpe4P>]�P�KUOXIZe0IL]&FjHLIJ]�FjH4MpY\Fpe4OXFp]dMX]dP�]&e
MN]�ONa$P�Y\HLW�VBKUIJSC]ue+MX]^cXILKB�X[Tk�bd]UA
v3] 1 Y\SCH7ijO=� OXF$b KNMNk&[C]^b Y\HLrXW&bdY\HLSfijOX]�emKBS HsOXF$cXIJKU�p[Ck&b ]�MX]%��Y\OpPZr{~�KBO/OXF�cpILKB�X[Ck&bd]

Y\ONa [TSCbdSCHL]ue4F=� STbdcX[TSTijOX]dcpYBe0YUONHLKBb YqHLSfijOX]�bd]&FBH^ijO=� SC[�e&� YUVUSfeLeL]%M=� OXF*+m�QKBF ,%bdKNMNk�[T]UA=v1� ]�a )
cXIL]ueLeLSTKUF ����� & � � ���
� F3� ]ue�H9cQYUe�]&bdcX[CKq~BW�] SfP>S�Y\O eL]�Fpe%MN]�[fY�c�]�ILHLSTFX]�FpP�]�cXr{~NeLSTijOX]�MXO
b KNMNk&[C]7]>HsMN]4em]ue1IJW&eLOX[CHJYqHZe �Bb Y\Sfe+YUO�em]&Fpe�MN]0eJY9P�KUrXW&IL]&FpP>]lbdY\HLrXW&b YqHLSfijOX]UAX�+KUbdbd]lFpKUOpe
Y\[T[CKBFped[C]��BKUSTI P>]>HLHL] P�KUrXW&IL]&FpP>]$b YqHJrXW�b YqHJSTijOX]$]ue�H�OXFp] P>KUFQMNS HJSCKBF�FXW&P�]&eJeLYUSCIJ]"Y��qYUFBH�MN]
cQKBOX�UKBSCI+b 2&bd]l]�F{�{SfeLYUVU]�I�MX]&e�emSTb9OX[fYqHJSCKBFpe�F{OXbdW&ILSfijOX]&e1]>H�MX]&e+SCFjHL]&ILcpILW�HJYqHJSCKBFpe�cprj~NeLSTijOX]ue�A
v=] b YqHJrXW�b YqHJSTP�SC]&F 0jYUP&ijOX]&e �7YUMXYUbdYUIJM�Y$MNKUFpFXW OXFX]�MNW��pFXSCHLSTKUF�MN]�P�]�iBO3� ]ue�H^OXF +m�QKBF ,
b KNMNk&[C]��p]&F�cpY\IJ[TYUFjHsMX] !$��������� & � ������� !���'�� � OXF�cXIJKU�p[Ck&b ]^b YU[3c�KBeLW^]&emHl[C]%P>KUFjHJIJYUSCIJ]
M�� OpF�cXIJKU�X[Tk�bd] �XST]�F�c�KBeLW �>A �7F MNWuP>SfMN] MX]%FXKUHL]&I

f
[T]&e4MNKBFXFXW&]&e � [T] eL]&P�KUFpM�bd]�b9�pIL]��Q[T]&e

MNKUFXFpW�]&e�SCFXSCHLSfY\[T]&e��3[T]�MNKBb Y\STFX] �=]�HJPUA � �
u
[fY�eLKU[TONHLSTKUF�IJ]&PZrX]&IJPZrpW�] ��]�H A +�[�� KUc�W�IZYqHL]&OXI ,dijOXS

Y\VUSCH�emOpI
u
A3DG[1e�� Y\VBS H^SfP>S�MN] FXK\HZYqHJSCKBFpe^Y\�pemHLIZY\SCHL]ue � A MNWuemSTVUFpYUFjH �/[fY�1 KUSfe^[�� WuijOpYqHJSCKBF�YUONaMNW�IJSC�BW�]ue4cpY\ILHLST]�[T[C]ue4]>H�[T]dH�~{cQ]�MN]�P�KUFpMXS HJSCKBFpe4SCFpS HJSTYU[C]ue^KUO Y\ONa�[CSTbdS HJ]&e&A3v=] cpILKB�X[Ck&bd] ]ue�H

MNKUFpP4MN]4HJILKBOX�U]&I
u
emKB[CONHJSCKBF"MX]

A(u) = f
� @BA �Bn �

� � � �$�
���
��� ��� #��f� ' G ����D ����� ��� � �	����^B����<-0/�C��21�8K����D �#�
��� !�� ' � ��� ��	(�#,D 	��#D ���2	�G�G ���

f
���%�2���
��D �#G � ��	(�C�#D �H	(G �#G �H�����

u �
��D ��� ����D D � ��	��C�#D �H	(G

u
��� ����G � ��	(G D!��G��#�
��G�D �2� ���

�2	(G G ���
f
C
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�U� ������� �7� ��������
	�	������ � ������	� �/�6�*� �����������	�

4 aXYUb STFXKBFpe�]&F�MNW�HJY\ST[4P>]>HLHL]�MNW>�pFpS HJSCKBF�MN]�7YUMXYUb Y\IZM %�]�[T[T] P>KBFjHLST]�FjH/]&F 1 Y\SCH�HJILKBSTe
P�KUFpMXS HJSCKBFpe`c�KUOXI0ijO=� OpF cXIJKU�X[Tk�bd]%eLKUSCHl�XST]�F�cQKjemWBAp��IJ]�bdSTk�IJ]�bd]�FjH���ST[�1 YUONH0ijO=� SC[ ]>aNSfe�HJ]9Y\O
bdKBSCFpe`OXFX]9eLKU[TONHLSTKUF %�P\� ]&emH`�XST]�F [fYdbdKUSTFpMNIJ]�MN]&e7PZrXKBeL]&e ��MX]�b Y\FpMX]�I �dOXF�b KNMNk&[C]�eL]�FQemW
IJ]�cpILWuem]&FBHJ]�I%[TY�ILWuY\[TS HJW ! ¡7]�OXa{STk�bd]&b ]&FjH�� SC[ 1 YUONH ijOX]"[TY emKB[COXHLSTKUF eLKUSCH OpFXSTijOX] % P\� ]&emH OXF
c�KUSTFjH0cp[COpe4MNW&[CSfP�Y\H4P&Y\I ��e&� SC[ ]&emH^P>[fY\STI0ijOX]���[TKUIZeJiBOp]�]�F b W�HLW&KUIJKU[TKUVUST]�KBF�cXIJW��BKUSCH7[T]9HJ]�bdcpe
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�� 
��3� ��
�a�)"��� )/c���
���? � �%�-�

(x, y) → (X, Y )
��� ��
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�� ���%�	�*������������
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 ��
��\/��
�*�%��#)+'��^c���
��
J = XxYy − XyYx

��
G��1 )%���/����

��)%�BV@�%�	���%��


Zz

��) ��4V���,a�4�
 �J

Z
��)+� �6)+���$�+�*�8b

z
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 ��)%��� ��
��������'����$
 �Z)+���
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A
∂2u

∂X2
+ B

∂2u

∂X∂Y
+ C

∂2u

∂Y 2
+ D

∂u

∂X
+ E

∂u

∂Y
+ Fu = G,

)1a�
�' ���%�6)%� � 
��/�
A = aX2

x + bXxXy + cX2
y

.
B = 2aXxYx + b(XxYy + XyYx) + 2cXyYy

.
C = aY 2

x + bYxYy + cY 2
y
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V� ��� a#4����-��
|\3��

B2 − 4AC = J2(b2 − 4ac)

?P��� ��)+�*����'�������
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∂x2 = 1
)�a#
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a = 1

��

b = c = d = e = f = 0
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 ��
��	� � � ��% / � %s� %� � & %� #,% � (8* �� � �
�lKUOpe FpKUOpe [TSTb SCHLKBFpe �4[fY^MNSTb ]&FpeLSCKBF OpFdM=� ]uemcpYBP>]s]�H�FXKUOpe�IL]&Fj�BKq~UKBFpe �0[fY�y{KUOQe )Gem]uPRHJSCKBF

�XA �XA �%c�KUOXI`[T]^P�YBesMN]^cX[TOpemST]�OpIJesMNSTbd]�FpeLSTKUFpe`M=� ]uemcpYBP>]BAX�`KUOQesP>KUFQemSfMNW�IJKUFQe+[�� W&ijOpYqHJSCKBF"MX]^[TY
PZrQY\[T]�OXIsMXYUFpe�[C]�MXKUb Y\STFX]4�QKBILFpW

(0, 1)







∂u

∂t
− ν ∂

2u

∂x2
= 0

cQKBOXI
(x, t) ∈ (0, 1)× R+

∗
u(0, x) = u0(x)

cQKBOXI
x ∈ (0, 1).

� �NAT@ �

� KBOXI MNSfeJP>IJW>HLSfeL]�I3[T]+MXKUb Y\STFX]
(0, 1)×R+ �uKUF�STFjHLIJKNMNOXSCH OXF�cQYUe3M=� ]uemcpYBP>] ∆x = 1/(N+1) >

0
� Y��B]&P

N
OXF"]�FjHJSC]&I�c�KBeLSCHLS 1 ��]>HsOXF"cpYUe�MN]0HJ]�bdcpe

∆t > 0
�{]>HsKUF"MNW>�QFXS Hs[T]&e�FXK{]&OpMXe�M�� OXF

b YUSC[T[TYUVU]0ILW&VUOX[TST]�I

(tn, xj) = (n∆t, j∆x)
c�KUOXI

n ≥ 0, j ∈ {0, 1, ..., N + 1}.
�7F"FXKUHL]

un
j

[TY �qY\[T]�OpI�M=� OXFp]�emKB[CONHJSCKBF/MNSfeJP>IJk>HL]^YUcXcXIJK{PZrpW�]4Y\O�c�KUSTFjH
(tn, xj)

�N]>H
u(t, x)

[fY
eLKU[TONHJSCKBF/]�aNYBPRHJ]4MX] � �NAT@ �>AXv3YdMNKBFXFXW�]4STFXSCHLSfY\[T]^]&emHsMXSTeJP>IJW>HJSTeLW�]4cpYUI

u0
j = u0(xj)

cQKBOXI
j ∈ {0, 1, ..., N + 1}.

v3]&e�P�KUFpMNSCHLSTKUFQe Y\ONa9[TSTb SCHL]ue�MN] � �XAC@ � cQ]&OX�U]&FBH 2�HLIJ]sMN]scX[TOpemST]�OpIJe H�~{c�]&e��qbdYUSTe�[C]&OXI�PZrXKUSCa
F3� STFjHL]�IJ�{SC]&FjH�cQYUesMXYUFpe�[TYdMNW��pFXSCHLSTKUF�MN]ue`eLPZrpW�b YUe&A{D�P>S �XFXKUOQe�ONHLST[CSfeLKUFpesMN]uesP>KBFpMNSCHLSTKUFpesYUONa
[TSTb SCHL]ue`MN]�¡7SCIJSfPZrX[C]�H

u(t, 0) = u(t, 1) = 0
cQKBOXI�HLKBONH

t ∈ R+
∗

ijOXS em]0HLIZYUMXOXSTeL]�FjHs]�F
un

0 = un
N+1 = 0

c�KUOXI�HJKUONH
n > 0.

� YUI7P>KBFpeLW&ijOX]�FjH � ��PZrQYUijOX]9cQYUelMX]�HL]&bdcpe0FXKUOpe0Y��UKBFpe �/P�Y\[fP>Op[C]&Il[T]&e7��YU[C]&OXIZe
(un

j )1≤j≤NijOXS 1 KUIJbd]�FjH1OXF��B]&P>HL]�OpI1MN]
RN AB�lKUOpe+MNKUFpFXKUFpe1b Y\STFBHJ]�FpYUFjH1cX[TOpemST]�OpIJe�eJPZrXW&bdYBe�c�KBeJemST�X[T]&ec�KUOpI9[�� WuiBOQYqHLSTKUF MX]�[TY�PZrpY\[T]�OXI � �NAT@ �>A�( KUOQe9P>]ue9eJPZrXW�b YBe�emKBFjH9MNW>�pFpSTe%cpY\I

N
W&ijOpY\HLSTKUFpe

� ]�F PZrQYUijOX] c�KUSTFBH
xj
�
1 ≤ j ≤ N

��iBOpS+c�]�IJbd]>HmHJ]�FjH MX]/P�YU[TP�OX[T]�I�[T]&e%� �qY\[T]�OXIZe
un

j

A ¥`O
�+rQY\cXSCHLIJ]d@0FpKUOpesY��BKUFpe�MNW 7 �dcpY\IJ[CW4MNO ' � "�� & � � � !#�
���1� � �

un+1
j − un

j

∆t
+ ν
−un

j−1 + 2un
j − un

j+1

(∆x)2
= 0

� �NA�� �
c�KUOpI

n ≥ 0
]�H
j ∈ {1, ..., N} �NYUSCFpeLS=ijOX]�MNO ' � "�� & � � & !#�
�
��� � �

un+1
j − un

j

∆t
+ ν
−un+1

j−1 + 2un+1
j − un+1

j+1

(∆x)2
= 0.
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DG[X]&emH 1 YUP�SC[T]`MN]s�UW&ILSC�p]&I�iBOp]s[C]`eJPZrXW�b Y4STbdcX[CSfP>SCHL] � �NA � � ]ue�H�]���]uPRHLST�U]&bd]�FjH��XST]�F�MNW��pFXS �UP\� ]&emH )
� )GMNSCIJ]�iBO3� KBF%c�]�ONH�P�Y\[fP>Op[C]&I [T]&e �qYU[C]&OXIJe

un+1
j

]&F 1 KBFpPRHJSCKBF MX]&e
un

j

%\]&F%]���]�H��\ST[ 1 YUONH�SCF{�B]�IZem]&I
[TY b YqHJILSfP>]0HLIJSfMNSTYUVUKBFpY\[T]0P&Y\IJILW&]0MX]7HZY\ST[C[T]

N















1 + 2c −c 0
−c 1 + 2c −cA A A A A A A A A

−c 1 + 2c −c
0 −c 1 + 2c















Y��U]uP
c =

ν∆t

(∆x)2
,

� �NA x �

MNKUFjH^SC[ ]ue�H�YUSTeLW MN]d�UW�IJSC�p]�I4[T]dP&Y\IZYUP>HLk�IJ]%MXW>�pFXS1cQKjemSCHLS 1 �3MNKBFpP9STF{�U]&IJeLSC�p[C]BA 41F 1 YUSTeJY\FjH^OXFX]
P>KUb%�XSTFpY\SfemKBF/P�KUF{�U]�a{]4MN] � �NA�� �+]>H � �NA � � �Nc�KUOpI

0 ≤ θ ≤ 1
�NKUF"KU�NHJSC]&FBH`[T]

θ
 ' �("$� & �

un+1
j − un

j

∆t
+ θν

−un+1
j−1 + 2un+1

j − un+1
j+1

(∆x)2
+ (1− θ)ν

−un
j−1 + 2un

j − un
j+1

(∆x)2
= 0.

� �NA}| �
,+ST]�F�e 0pI���KUF IL]�HLIJKUOX�B]�[C]deJPZrXW�b Y ]�a{cp[CSfP>SCHL] � �XA � �leLS

θ = 0
� ]>H4[T] eJPZrXW�b Y�SCbdcX[TSTP�S HJ] � �NA � �

emS
θ = 1

A�v=]
θ
)GeLPZrpW�b Y � �NA}| �%]&emH SCbdcX[TSfP>SCHL]�MNk&e ijOX]

θ 6= 0
A � KUOXI [fY ��YU[C]&OXI

θ = 1/2
�

KUF KU�NHJSC]&FjH9[C] ' �("$� & ������# ���%� �  J��
�("�����'���� A _`F�YUONHLIJ]�eLPZrpW�b Y$SCbdcX[TSfP>SCHL] � MNSCH ��emSCa
cQKBSCFjHJe��N]&emHlMNKBFXFXW4cpY\I

un+1
j+1 − un

j+1

12∆t
+

5(un+1
j − un

j )

6∆t
+
un+1

j−1 − un
j−1

12∆t

+ν
−un+1

j−1 + 2un+1
j − un+1

j+1

2(∆x)2
+ ν
−un

j−1 + 2un
j − un

j+1

2(∆x)2
= 0.

� �NA � �

; � �����1���1� � �f� � � �0NPO%Q7ILE/I �2[#E � ESF�K32#W/YGT�� � ] ��� O 0 E+F6Q I>M E/O 	80 T�[�Q7I^E �P[#E � E
θ
\�FVK 2�WJYGT	T � E%K

θ = 1/2− (∆x)2/12ν∆t
]

( KUOQe [T]&e eJPZrXW&bdYBe ijOXSNcpILWuP>k&MX]�FjH eLKUFjH MNSCHJe ������'� ��� ����� '� P�Y\I ST[Te FX] 1 KBFBH STFBHJ]�IJ�U]&FXSCI
iBOp] MN]&ONa�SCFQMNSTP�]&e4MN]%HL]&b cQe�A �7F�c�]�OXH0�XST]�F e 0XI0P�KUFpemHLIJOXSTIL]%MN]&e4eJPZrXW�b YUe7b9Op[ HJSCFXST�U]uY\ONa %
[C]uescX[TOpesc�KUcXOX[fY\STIJ]&eseLKUFjH �9HJILKBSTe�FpSC�B]&Y\OXa A 41F�cX[COQe`MNO�eLPZrpW�b Y � STFpe�HZY\�X[T] �`MN]^�sSTPZrQY\IZMXemKBF
�jO�YUO��+rpYUcXSCHLIJ] @��NKUF$P>SCHL]^[T] '��("�� & � ����� ' � ���(�� Z� ���%� � ���

un+1
j − un−1

j

2∆t
+ ν
−un

j−1 + un+1
j + un−1

j − un
j+1

(∆x)2
= 0,

� �NA�� �
[C] ' �("$� & � �$� �&�����

3un+1
j − 4un

j + un−1
j

2∆t
+ ν
−un+1

j−1 + 2un+1
j − un+1

j+1

(∆x)2
= 0.

� �NA � �
�lKUOpe9�UKBSC[ �"]�F 1 YUP�]�MN]���]&Y\OQP>KUOpc HJILKBc�MN]�eLPZrpW�b YUe !-4 H9[fY$[CSfemHL]�P>S )GMN]&eJemOQe^F=� ]&emH�cpYUe

]>aNrpY\OQe�HJSC�B] !u_lF MN]&e �XONHZe MN]�[¢� Y\FQY\[T~{eL]1F{OXbdW&ILSfijOX]+�qY 2>HJIL]�MN]sP>KBbdcpY\IJ]�I ]>H�MN]semW&[C]uPRHJSCKBFXFX]�I
[C]ue�b ]&SC[T[T]�OXIZeseLPZrpW�b YUeseLOXST��YUFjHsMX]&e`P�ILSCHLk&IL]ue�MX]^cXILWuP>SfemSTKUF �{MX]�P>K10XH��NKUO�MN]4IJKU�XOQe�HJ]&eJem]BA
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� � & ��� ( '$� � �f� � � y � SC[�~�Y�OpF em]uP>KBFpM�bd]�b%�XIL]
f(t, x)

MpY\Fpe%[¢� W&ijOpY\HLSTKUF MX]/[fY�PZrpYU[C]&OXI
� �NAT@ � � YU[CKBIJe7[T]&e4eLPZrpW�b YUe0em] bdKNMNS �Q]�FjH^]�F�IJ]�bdcX[fY �&Y\FjH .&W�IJK"YUO eL]&P�KUFpM�bd]&b9�XIJ]%cQY\I4OXFX]
YUcXcXIJK�aNSCb YqHJSCKBF P>KBFpemSfemHJY\FjHJ] MN]

f(t, x)
Y\O�c�KUSTFjH

(tn, xj)
As� YUI/]�a{]&bdcX[C]��`emS4KBF�PZrXKUSfeLS H

[�� Y\cXcXIJK�aNSCb Y\HLSTKUF
f(tn, xj)

�X[T]�eLPZrpW�b Y9]�aNcX[CSfP>SCHL] � �NA�� ��MN]&�jST]�FjH
un+1

j − un
j

∆t
+ ν
−un

j−1 + 2un
j − un

j+1

(∆x)2
= f(tn, xj).

•
� � & ��� ( '$� � �f� �f� v=]ue9eJPZrXW�b YUe9P>S ) MN]ueLeLOpe^KBFjH�OXFX]�WuP>IJS HJOXIJ] cX[COQe�KUO�bdKBSCFpe%P>KBb cQYUPRHJ] �
PU� ]ue�H ) � ) MXSCIJ]�ijO=� ST[ 1 KUFjH�STFBHJ]�IJ�U]&FXSCI OXFdFXKBb9�XIJ]��pFXS �UcX[TOpe KBO bdKBSCFpe IJ]&emHLIJ]�STFjH��\MN]s�qYU[C]&OXIJe

un
j

A
v Y/P�KU[T[C]uPRHJSCKBF�MN]ue4P>KUOpcX[C]ue

(n′, j′)
ijOXS STFjHL]&IL�{ST]�FXFX]&FjH^MpY\Fpe0[�� WuiBOQYqHLSTKUF MNSfeLP�ILk�HL]dY\O�cQKBSCFjH

(n, j)
]ue�H�Y\cXc�]�[TW '��������1�
� MNO�eJPZrXW�b Y � HL]�IJbd]7YUFXVU[fY\Sfe1ijO=� KUF c�]�ONH�]&eJeJY�~U]�I+MN]`HJIJYBMNOXSTIL]`cQY\I

' '$!$!����(� �>A 4�F�VUW&FXW�IZY\[ �{cX[COQe�[C]�emHL]&FpP>ST[=]&emHs[TYUILVB] �{cX[TOpes[T]^eLPZrXW&b Y%]ue�HlP�K10NHJ]�ONa/]>HlMNS 8�P>ST[C]
�dcpILKBVUIZY\bdbd]�I � ]�F�cQY\ILHLST]
� P&Y\OpeL]�MN]ue +�]���]�HJe`MX]^�QKBIJM , �pPU� ]ue�H ) � ) MNSTIJ]0MN]ue`P�YBesKJo�P�]�ILHJY\STFpe
MX]&esP>KBOXcX[T]&e

(n′, j′)
eLKUILHL]&FBHsMNO�MNKBbdYUSCFp]4MX]�P�Y\[fP>Op[ �>A •

� � & ��� ( '$� � �f� �T� �7F�cQ]&ONH�IJ]�bdcX[fYUP>]&I [C]ue�P>KBFpMNSCHLSTKUFpe�Y\ONa�[CSTbdS HJ]&e�MX] ¡lSTILSfPZrX[T]>H�MXYUFpe
� �NAT@ ��cpYUIlMN]ue`P>KBFpMNSCHLSTKUFpe`YUONa/[TSTb SCHL]uelMN]%�`]�OpbdYUFXF �QKUO$�XST]�F MN]ue`P>KBFpMNSCHLSTKUFpe`YUONa$[CSTbdS HJ]&e
MX]�cQW&ILSTKNMNSfP>SCHLW � ]�FjHLIJ]&e7Y\ONHJIL]ue �>A��+KUbdbd]�F���KUFpe`cpY\IlMXW&P>IJSTIL]�MN]&ONa$bdYUFXSTk�IJ]&e`MNSC� W�IJ]�FjHL]uelMN]
MXSTeJP>IJW>HJSTeL]�I�[T]&e`P�KUFpMNSCHLSTKUFQesMN]^�`]�OpbdYUFXF

∂u

∂x
(t, 0) = 0

]>H ∂u
∂x

(t, 1) = 0.

( KUOXHlM�� YU�QKBIJM �jKBF$cQ]&ONH`W&P�ILSTIL]
un

1 − un
0

∆x
= 0

]�H un
N+1 − un

N

∆x
= 0

ijOXS7cQ]&ILbd]�H/M�� W�[TSCbdSTFX]�I�[T]&e��qY\[T]�OXIZe
un

0

]�H
un

N+1

]�H/MN] Fp]�P�YU[TP�OX[C]&I�ijOX] [T]&e
N
�qY\[T]�OpIJe

(un
j )1≤j≤N

A1�+]>HLHL]�MNSfeLP�ILW�HLSfeLY\HLSTKUF MN]"[fY P�KUFpMNSCHLSTKUF�MN]��`]�OpbdYUFXF F3� ]ue�H ijOX]"MXO�cXIJ]�bdST]�I
KBIJMXIL]BApy{S=[T]�eLPZrXW&b Y%]ue�H0MNO�MN]�ONaNSTk�bd]^KUIZMNIJ] �XP�]�[fY%]&FXVU]&FpMNIJ]^OXFX]^c�]�ILHL]�MN]^cpILWuP>SfemSTKUF$cXIJk&e
MXO"��KUIZM�AQ�7� ]&emH`cQKBOXIZiBOpKUS KUF$cXIJKUc�KBeL]7OpFX]�Y\ONHJIL]^MNSfeJP>IJW>HLSfeJYqHLSTKUF � MNO�MN]&ONaNSCk&bd]^KUIZMNIL] �

un
1 − un

−1

2∆x
= 0

]>H un
N+2 − un

N

2∆x
= 0

ijOXSN]ue�H cX[TOpe cXIJW&P�STeL] �ub Y\Sfe FXW&P�]&eJemSCHL]�[¢� Y�7�KBONH MN] � +mcQKBSCFjHJe �QP>HLS 1 e�,
x−1

]�H
xN+2

A �7F W�[TSTb STFX]
[T]&e �qYU[C]&OXIJe

un
−1

]>H
un

N+2

�\P>KBILIJ]&eLc�KUFpMXYUFjH �0P>]&e c�KUSTFjHJe �QP>HLS 1 e �\]�H SC[NIJ]&emHL]�b Y\STFBHJ]�FpYUFjH
N+2�qYU[C]&OXIJe �dP&Y\[fP>OX[T]�I � � eLY��BKUSTI

(un
j )0≤j≤N+1

A
¡%� YUONHLIJ]^cpYUImH �N[C]uesP>KUFQMNS HJSCKBFpesY\OXa�[CSTbdS HJ]&e`MX]^cQW&ILSTKNMNSTP�S HJW�e�� W&P�ILST�U]&FjH

u(t, x+ 1) = u(t, x)
c�KUOXI�HJKUONH

x ∈ [0, 1], t ≥ 0.

41[C[T]&e�em]0MNSfeLP�ILW�HLSfem]&FBH+cpY\I+[C]ue1W&VBY\[TSCHLW&e
un

0 = un
N+1

c�KUOpI1HJKUONH
n ≥ 0

�B]�H+cX[TOpe+VUW&FXW�IZY\[T]�bd]�FjH
un

j = un
N+1+j

A •



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

� � � � 	/����� �����  ��������� ������ � 	 � � ��� � � � ������	� 	/� ��� ���/���-� � � �j|


���
���
 � �"! � � �:� �-! ( % % � �,/ �.( � � � ��!
,�ST]�F e 0XI �N[C]ue�1 KUIJb9OX[T]&elMN]&e`eJPZrXW&bdYBesP>S ) MX]&eJemOpe�Fp]9emKBFjH�cQYUe`PZrXKBSTeLST]&esY\O$rpYBeLYUIJM %X]&[C[T]&e

ILWuemOX[CHL]&FjH M�� OXFX]+YUcXcXIJK�aNSCb YqHJSCKBF0MX]�[¢� W&ijOpY\HLSTKUF^cpYUI MNW&�U]&[CKBcXcQ]&bd]�FjH3MN]�( Y�~{[CKBI=P>KBb bd]�FpKUOpe
[¢� Y��UKBFpe ]>aNcX[TSTijOXWsY\O��+rpYUcXS HJIL]4@BAq� KBOXI 1 KUIJb Y\[TSTeL]�I P�]>HmHJ]`Y\cXcpILK�aNSTbdY\HLSTKUF9MX]s[¢� W&ijOpY\HLSTKUF%YUONa
MNW�IJSC�BW�]ue�cpYUImHJSC]&[C[T]&e+cpY\I�MN]ue�MXS � W�IJ]�FpP�]&e1�pFXST]&e��{KUF�STFjHLIJKNMNOXSCH+[fY9FXKUHLSTKUF�MX] ������'���' � �%���1� ]>H
MN] !������1��' �
��� A(,�ST]�F iBOp]+c�KUOXI [�� STFpemHJYUFBH FXKBOpe FX]�P>KUFQemSfMNW�IJKUFQe ijOX]�[¢� W&ijOpY\HLSTKUF MN]+[fY0PZrpY\[T]�OXI
� �NAT@ � �&FpKUOpe Y\[T[CKBFpe MNKUFXFp]�I3OpFX]�MXW>�pFXSCHLSTKUF MN]1[fYlP�KUFpeLSfe�HZY\FpP�]1�qY\[fY\�X[T]�c�KUOXI F=� STb c�KUILHL]�ijOX]�[T[C]
W&ijOpYqHJSCKBF�Y\ONa MNW&ILST�UW&]&e cpYUImHJSC]&[C[T]&e+ijOX]`FXKBOpe�FXKUHLKBFpe

F (u) = 0
AB�s]&b Y\IZiBOpKUFpe�ijOX]

F (u)
]&emH

OXFX]^FXKUHJYqHJSCKBF$cQKBOXIsOXFX] 1 KBFpPRHJSCKBF$MX]
u
]>HlMN]�eL]&elMNW�IJSC�BW�]ue+cQY\ILHLST]�[T[C]ue�]�F"HLKBONHlc�KUSTFBH

(t, x)
A

¡l] b Y\FXSTk�IJ]�VUW&FXW�IZY\[T]�OXF eLPZrXW&b Y�Y\ONa MNSC� W�IJ]�FpP�]��pFXST]&e7]&emH^MNW>�pFpS ��cQKBOXI7HLKUOQel[T]&e7SCFQMNSTP�]&e
cQKjeLeLSC�p[C]ue

n, j
�NcpY\Is[fY 1 KUIJb9OX[T]

F∆t,∆x

(

{un+m
j+k }m−≤m≤m+, k−≤k≤k+

)

= 0
� �NA n �

KJog[T]&e�]&FjHLST]�IZe
m−,m+, k−, k+ MNW��pFXSfeLeL]�FjH�[fY [fY\IJVU]&OXI�MNO�emHL]&FpP>ST[0MXO eLPZrXW&b Y � �BKUSTI�[TY

�s]�b Y\IZijOX] �NA��NA�� �>A
� � � �$�
���
��� ��� ��� ,  � ����E ��������� ����� � �����G ����A*G��H��� - 3�C$1�8
����D �(��D*��	(G ���$��D5�(G�D � �(��� �>= ���������
D!�H	�G �(� � �2������ ����� � ���D!�H���������

F (u) = 0 �
��� � � 	��# D5	(�#D5� ��	��C�#D!�H	�G

u(t, x)
�����.����������G�D

�� ��#�C�>B�����2������D D ����������D!�H	�G � � � ���(�(��'$� �$� � �������1�%��'$�(� ��� ����E ����� � ���>A G��H� � ��

F∆t,∆x

(

{u(t+m∆t, x+ k∆x)}m−≤m≤m+, k−≤k≤k+

)

,
� �NAT@&t �

D ��G � �(������ ���	 � �#G�� :�	���
������G D � �� ���� ��	(�D ; (t, x) �
�A	(��������

∆t
��D

∆x
D5��G �2��G�D �(������ ���	

��G �2� ����G �2��������G D�C
� � � �C��� � 	(GJ�(��D �����%��� ����E ���
� ����D � ������$� ; �>= 	���(��

p
��GK��� ���2��� ��D ;,��= 	(�����

q
��GJD ��� � �

��� �>= ���F���#�����D!F	(G ����D!�#��<- 3�C�/26�8JD5��G � �(������ ���	 �F	������ O
(

(∆x)p + (∆t)q
) ��	���������

∆t��D
∆x

D5��G �2��G�D �(������ ���	JC

��� & ��� ( '������ ��� # DG[ 1 Y\ONH�cXIJ]�FpMXIL]7VBY\IZMN]lMpY\Fpe+[TY 1 KUIJb9Op[C] � �NA n � ��OXFp]7c�]>HJS HJ]4YUb9�XSTVUO
	 HJW
iBOQY\FjH �7[fY4MNW>�QFXS HJSCKBF MNO eLPZrXW&b YXA 4�Fd]>� ]>H �\KUFdc�]�ONH HJKUO�7�KBOXIZe b9OX[CHLSTcX[TSC]&I F=� STbdcQKBImHJ]`ijOX]�[T[C]
1 KUIJb9OX[T] cpY\I3OXFX] cXOXSfeJeLYUFpP>]�eLO 8�eLYUbdb ]&FjH=W�[T]��UW&]�MN]

∆t
]>H

∆x
MN]1bdYUFXSTk�IJ] �lP>]�ijOX] [�� ]&ILIJ]�OXI

MN]4HLIJKUFpP&YqHJOXIL]7HL]&FpMN]^�B]�IZe .�W�IJKpAp�+]&[TYdIJ]�FpMXIJYUS H`P>KBFpeLSTemHJYUFBH�F=� SCbdc�KUILHL]�ijOX]&[3eLPZrpW�b Y !N� KUOXI
W��{S HJ]�I9P�]>H9STFpP�KUF{�UW&FXSC]&FjH��=KBF eLOXcXc�KBeL]�IZY"HLKBO�7�KUOpIJe�ijOX] [fY 1 KBILb%OX[C]

F∆t,∆x({un+m
j+k }) = 0Y W�HLW$W&P�ILSCHL]�MN]"HJ]�[T[C]�b Y\FpSCk&IL]$ijOX] ��c�KUOpI OXFX]�1 KUFpP>HLSTKUF�ILW&VUOX[TSTk�IJ]

u(t, x)
ijOXSsF=� ]&emHdcQYUe

emKB[CONHJSCKBF�MN]l[�� W&ijOpYqHJSCKBF�MN]`[fY9PZrpYU[C]&OXI �\[TY�[CSTbdS HJ]7MN]7[¢� ]�IJIL]&OXI1MN]lHLIJKUFpP&YqHJOXIL]sF3� ]ue�H�cpYUe1FjOp[C[T]UA
•
�+KUFpP�ILk�HL]�bd]&FBH KUF P�Y\[fP>Op[C]+[¢� ]�IJIL]&OXI MX]1HJILKBFpP�Y\HLOXIJ]+M�� OXF eLPZrXW&b Y`]�F%IL]&bdcX[TY ��YUFBH

un+m
j+k

MpY\Fpe
[TY 1 KUIJb9Op[C] � �XA n ��cpY\I

u(t+m∆t, x+ k∆x)
A��+KUbdbd]�Y\cXcp[CSfP�Y\HLSTKUF$MN]4[TY ¡7W>�pFpS HJSCKBF �XA �XA x �

FXKUOpesYU[C[TKUFQe�b KBFjHLIJ]�I�[C]^[T]�bdbd]^emOpSC�qY\FjHuA
)�� & & ����� ��� "  �
����E ���
� � � � � �H����D5� - 3�CA3�8 ����D �F	�G ���$��D ��G�D � � ������$�<; �>= 	(����� / ��G D ��� � �
��D 3J��G ��� ���2���%C � � � �C��� � ��� 	(G ��E 	��$����D �2� 7�(F�2��,��	(G���D ��G�D ���,F��� ��	(�D

ν∆t/(∆x)2 = 1/6 ��(��	�����F� ���FE������K����D � ������$� ;<�>= 	(������3 ��G D5��� � � ��D�� ��G ��� � �����%C
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�B� ������� �7� ��� � �  �/��� 	�	��
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� � & ��� ( '$� � �f� � � ¡7YUFpe�[TY%MN]�OXa{STk�bd]0cXrXIZYUeL]7MN]0[�� W&FXKUFpP�W0MXO/v=]&bdb ] �NA��NA �^KBF/Y�[TW�VBk�IJ]�)
bd]&FBH4bdKNMNS �QW [fY�MXW>�pFXSCHLSTKUF MN] [TY"P>KBFpeLSTemHJYUFpP>]%]�F eLc�W&P>SC�QYUFBH4[T]%IZY\cXc�KUILH7]&FjHLIJ]

∆t
]�H

∆x[TKUIZeJiBO3� ST[Te HL]�FQMN]�FjH1�B]�IZe .�W&ILKQAj�+]&P�Spc�]�IJb ]�H�MN]`HL]�FpSCI�P>KUbdcNHJ]lM�� W��B]�FjHLOX]&[C[T]&e+P>KBb c�]�FQeLY\HLSTKUFpe
]&FjHLIJ]7HJ]�IJbd]&e`YUcXcpY\IZY\SfeJeLYUFBH�MXY\FQe�[¢� ]�IJIL]&OXI`MN]4HJILKBFpP�Y\HLOXIJ]UA 4�F$cXIZYqHJSTijOX]��NKUF$KU�Qem]&IL�B]7]���]uP )
HJSC�B]�bd]�FjH7MX]4HL]�[T[T]&elYUbdW�[TSCKBIJY\HLSTKUFpe�MN]�[fYdcXIJW&P�STeLSCKBF�emS KUF�YUMNKBcNHL]^[T]���KUF$IZY\cXc�KUILH`]�FjHLIJ]^[T]&e
cQYUe

∆t
]�H

∆x
A •

�&� & ���"'�� ����� �
��� � yNKUSCH
v(t, x)

OpFX]�1 KUFpP>HLSTKUF MN]`P�[TYBeLeL] C6 A\� Y\I�MNW&�U]&[CKBcXcQ]&bd]�FjH1MN]�( Y�~j[TKUIYUONHLKBOXI`MNO"cQKBSCFjH
(t, x)

�pKUF$P�YU[TP�OX[T]0[�� ]�IJIL]&OXIsMN]4HLIJKUFpP&YqHJOXIL]4MNO�eJPZrXW�b Y � �XA � �

v(t+ ∆t, x) − v(t, x)
∆t

+ν
−v(t, x−∆x) + 2v(t, x)− v(t, x+ ∆x)

(∆x)2

=
(

vt − νvxx

)

+
∆t

2
vtt −

ν(∆x)2

12
vxxxx +O

(

(∆t)2 + (∆x)4
)

,

K�o
vt, vx

MNWuemSTVUFp]�FjH�[C]ue�MNW&ILST�UW&]&e cpYUImHJSC]&[C[T]&e1MN]
v
ANy{S

v
]&emH�OXFX]leLKU[TONHJSCKBFdMX]`[¢� W&ijOpY\HLSTKUF MN]`[fY

PZrQY\[T]�OXI � �NAT@ � �UKUF KU�NHJSC]&FBH1YUSCFQemSpYUSTeLW�bd]&FBH [fY^P>KBFpemSfemHJY\FQP>]sY\STFpeLSXiBOp]s[TY4cXIJW&P�STeLSTKUF �4[¢� KUIZMNIJ]7@
]&FdHL]&b cQe�]>H �^]�Fd]&eLcpYUP�]UAByNSpKUF eLOXcXc�KBeL]`]�FdcX[TOpe+iBOp]

ν∆t/(∆x)2 = 1/6
�\Y\[TKUIZe [C]ue HL]&ILbd]ue

]&F
∆t
]>H`]&F

(∆x)2
em]^eLSCbdcX[TS �Q]�FjHlP�YUI

vtt = νvtxx = ν2vxxxx
A

�

yNPZrXW�b Y 41ILIJ]�OXI`MX]7HJILKBFpP�Y\HLOXIJ] yjHZY\�XST[CSCHLW
4 aNcX[TSTP�S HJ] � �XA � � O

(

∆t+ (∆x)2
) emHJY\�p[C]

L2 ]�H L∞ emS
P>KBFpMNSCHLSTKUF���¤ v

2ν∆t ≤ (∆x)2DGbdcX[TSTP�S HJ] � �XA � � O
(

∆t+ (∆x)2
) emHJY\�p[C]

L2 ]�H L∞

�+IZY\FX� )G�`SfPZrXKU[femKBF � �XA | � O
(

(∆t)2 + (∆x)2
) emHJY\�p[C]

L2

� Y��B]&P
θ = 1/2

�

θ
)GeJPZrXW�b Y � �XA | � O

(

∆t+ (∆x)2
) emHJY\�p[C]

L2 eLS3P�KUFpMNSCHLSTKUF
� Y��B]&P

θ 6= 1/2
� ��¤ v

2(1− 2θ)ν∆t ≤ (∆x)2yNPZrXW&b Y �d�dc�KUSTFjHJe � �XA � � O
(

(∆t)2 + (∆x)4
) emHJY\�p[C]

L2

¡7Op¤pKUILH )G¤XIZY\FX�B]�[ � �XA}� � O
(

( ∆t
∆x)2 + (∆x)2

) emHJY\�p[C]
L2

%0]&Y\I � �NA � � O
(

(∆t)2 + (∆x)2
) emHJY\�p[C]

L2

����� � �NAT@��.4�IJIJ]�OXIZe�MN]0HLIJKUFpP&YqHLOpIL]0]>HlemHJYU�XSC[TSCHLW�MN]^MNST�U]&IJeseJPZrXW�b YBe+c�KUOpIs[¢� W&ijOpY\HLSTKUF$MN]4[TY
PZrQY\[T]�OXI

; � �����1�
��� � �f� �f� �2N2[�I�K323T3K3[�O 	�E+F FVK 2�WJYGT#F 	�E � T ��NP[�F6\ FVE%K"Q�M N2O �P] �P]��:9 � W/I>M $E/I �P[#E �10 EJI ILE/[�I
	�E Q7ILN2O3K+T�Q7[�I^E E%F�Q �JM E/O 	P[ Q����/E T�O�O#N2O3K"W 	�T�O�F � E�� T���� E�T�[ �P]���]�� � O I^EJYGT/I �P[�EJILT �P[�E Q�NP[�F9K+E+F
F�K32#W/YGT#F FVN2O�Q K"NPO�F7M F�Q6T�O�Q�F;F�T�[%X�K"E �-[/M�	JE � [ �3N�I Q*\ ��I@T�O��7E ��] �
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���
���� ��� � � � &	� � � % � ��!���& � � %'#�%�� �"�,/+� %./
¡0Y\FQe1[T]0�+rpYUcXS HJIL]9@`FXKUOQe�Y��UKBFpe W��BKNiBOpWs[TY�emHJYU�XST[CSCHLWlMX]&e�eLPZrXW&b YUe�MN]7MNS � W�IJ]�FQP>]&e��pFXST]&e

eLYUFpel]&F�MNKBFXFX]�I0OXFX]dMNW��pFXSCHLSTKUF�cpILWuP>Sfem]BA�( KUONH^Y\O cp[COpe4Y��BKUFpesFpKUOpe7]>aNcX[TSTijOXWdijOX] ��F{OXbdW�)
ILSfijOX]�bd]�FjH � [�� STFpemHJYU�XSC[TSCHLW/eL]�b YUFXS 1 ]ue�HJ]�cpYUI MX]&e%KBeJP>ST[C[fYqHJSCKBFpe^FXKBF �QKBILFpW�]&e%MN]"[TY eLKU[TONHJSCKBF
FjOpb W&ILSfijOX]UA DG[l]&emH�MNKUFpP/HJ]�bdcpe�MN] MXKUFXFX]&I OXFX] MNW��pFXSCHLSTKUFgb YqHJrXW�b Y\HLSfiBOp]$MX]�[TY emHJY\�pS )
[CSCHLWBA � KUOpI P�]�[fY�FXKUOQe%Y��BKUFpe^��]&eLKUSTF MN]"MNW>�QFXSCI OXFX]/FXKUIJbd]�c�KUOXI%[TY emKB[COXHLSTKUF�F{OXbdW�IJSTijOX]
un = (un

j )1≤j≤N
A �`KBOpe�IJ]�cpIL]&FXKUFpe�[C]ue�FXKBILbd]&e9P>[fYUeJemSfijOX]&e�eLOXI

RN ijOX]�FpKBe�c�KUFQMNW�IJKUFpe
emSTbdcX[C]&bd]�FjH`cpY\Is[T]4cpYUesM=� ]uemcpYBP>]

∆x
%

‖un‖p =





N
∑

j=1

∆x|un
j |p




1/p c�KUOXI
1 ≤ p ≤ +∞, � �XAC@B@ �

KJo [T]"P&YUe%[CSTbdS HJ]
p = +∞ MNKUSCH 2�HLIJ]"P�KUbdcXIJSTe MXYUFpe9[T]$em]&Fpe ‖un‖∞ = max1≤j≤N |un

j |
A

�s]�b Y\IZijOXKUFQe`ijOX]�[fY FXKUIJbd]9Y\STFpeLS MNW��pFXST]%MNW&cQ]&FpM MN]
∆x

�dHJIJY��B]�IZe�[TY c�KUFQMNW�IZYqHJSCKBF"b YUSTe
Y\OpeJemS ��HLIZY��U]&IJe=[¢� ]�FjHLST]�I

N
P�YUI

∆x = 1/(N+1)
A %0I��UP�] �s[fYsc�KUFpMNW&IJY\HLSTKUF^cpYUI

∆x
�u[fY`FXKBILbd]

‖un‖p
]&emH0SfMN]&FBHJSTijOX] �/[TY/FXKBILbd]

Lp(0, 1)
cQKBOXI4[C]ue�1 KBFpPRHJSCKBFpe4P>KBFpe�HZY\FjHL]ue0cpY\I0bdKUIZP>]&YUONa

emOXI9[C]ue9eLKUOpe )�STFjHL]&IL�qY\[T[T]&e
[xj , xj+1[

MN]
[0, 1]

A y{KUOp�U]�FjH �=KUF [�� YUcXcQ]&[C[T]�IZY�MNKBFpP +mFXKUIJbd]
Lp ,ZA

4�F$cXIJY\HLSfijOX]4KUF"ONHLST[CSfeL]�emOXILHLKBONHs[C]uesFXKBILbd]&e�P�KUIJIL]uemc�KUFpMpY\FjH�YUONa��qY\[T]�OpIJe
p = 2,+∞ A

� � � �$�
���
��� ��� ��� 0�� G ���FE������K��� �J��� � ��F��G �F� A G��H��� ����D �(��D '������#�
� � 	��#,����G 	(���� ‖ ‖ ��2� A*G��H� ���(�- 3�C�/2/�8 � � = ��� � ���$��D5� �#G �,�F	�G ��D5�(G�D5� K > 0
��G �2� ����G �2�(G D � ���

∆t
��D

∆x
- ��	(��������

�F��� � �������#��,D5��G �2��G�D � ���� � ���	�8�D �������������

‖un‖ ≤ K‖u0‖ ��	(�# D5	(�#D n ≥ 0,
� �XAC@ � �

����������������� ��	(��D ���J��	(G�G ��� ��G ��D!�H�����
u0
C

+ � - 3�C�/(3�8 G = � �C�H��� ����� ��	(�#<�2��� � �(�
∆t

��D
∆x

� ��D �����G�D!��; �����D ����G ������G � ����C��D ��� � 	(G�(��D@����� ��� ����E �����K����D �1�����$�
���
�����$���
��� & ��� �$' � ������� C

��� & ��� ( '������ ��� � ��OXSfeJiBOp]�HLKBONHL]ue�[T]&e%FXKUIJbd]&e�eLKUFjH9WuijOXSC�qYU[C]&FBHJ]&e%MXY\Fpe
RN � [T]�[C]uPRHJ]�OXIHLIJKUcdIJYUcXSfMN]`c�KUOXIJIJYUS H1P�ILKBSCIJ]sijOX]`[fY�e�HZY\�XST[TS HJW`cpY\I1IJYUcXcQKBImH ��OXFX]`FXKBILbd]sSTbdcX[CSfijOX]l[fY^emHJY\�pS )

[CSCHLW^cpYUI�IJYUcXcQKBImH �%HLKBONHL]ue�[C]ue�FXKUIJbd]&e&A + Y\[TrX]�OpIL]&Opem]&bd]�FjH�ST[�F=� ]�F$]&emHsILST]�F"]>H`ST[�]>aNSfe�HJ]^MN]&e
eLPZrXW&b YUe`ijOXS emKBFBHlemHJYU�X[T]&escpYUI`IZY\cXc�KUILH � OXFX]9FXKUIJbd]^bdYUSTelcpYUe`cpY\I`IZY\cpcQKBImH �dOXFp]%Y\OXHLIJ]
� �UKBSCI cp[COpe�[CKBSCFd[�� ]�a{]&bdcX[C]`MXOdeJPZrXW&bdY4MN]`v Yqa*)�� ]&FpMNIJK\��Y��U]uP1[T]&e 4 aN]�IZP>SfP>]&e �XA �pA �7]�H �NA �XA � �RA
4�F�]���]�H�� [C]%cQKBSCFjH^P>IJOpP>SfY\[ MXY\FQel[fY�¡7W>�pFpS HJSCKBF �NA��NA � ]ue�H^ijOX]9[fY�b Y�7�KBIJY\HLSTKUF�]ue�H0OXFXS 1 KUIJb ]
cpY\I�IJYUcXc�KUILH��

∆x
YU[CKBIJe1b 2&bd]0ijOX]0[C]ue�FXKUIJbd]&e�MNW>�pFpSC]ue+cQY\I � �NAT@U@ �1MXW�c�]�FpMN]&FjH�MN]

∆x
A •

� � � �$�
���
��� ��� ���¢� 	�� G ���FE������ �(� �.�(� � �����G ����� A*G �H��� ����D �(��D �
�
�����%� ��� ��� ���
:�	(����#���

F∆t,∆x({un+m
j+k }) = 0

���#� �����2� A*G ��D ����D �C��G �F������ � �� ���� � 	��D%;
����� �� ��#����G�D!�
un+m

j+k

C
v Y/emHJYU�XST[CSCHLWdM�� OXF�eJPZrXW&bdY�[CSTFXWuY\STIL] �/MX]�ONa FXST�U]uY\ONa�]ue�H0HLIJk&e/1 YUP�SC[T] ��STFjHL]�IJcXIJW>HJ]�IuA�4�F

]>� ]>H�� cpYUI%[TSTFXW&YUILSCHLW/HLKBONHdeJPZrXW&bdY�[CSTFXWuY\STIL] ��MN]&ONa FXST�U]&YUONa�cQ]&ONH e�� W&P�ILSTIL]"emKBOpe%[TY�1 KUIJb ]
P>KUFQMN]�FpeLW�]

un+1 = Aun,
� �NAT@ � �
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�B� ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

K�o
A
]&emH�OXF KUc�W�IZYqHL]&OXI^[TSCFXWuY\STIL] � OXFX] b YqHJILSfP>]��3MNSCHL]�M�� S HJW�IZYqHJSCKBF
�4MN]

RN MXYUFpe
RN A3� Y\I]�aN]�bdcX[T] �Nc�KUOXI`[T]^eLPZrpW�b Y ]>aNcX[TSTP�S HJ] � �NA�� �+[fY bdY\HLIJSTP�]

A
��YUONH















1− 2c c 0
c 1− 2c cA A A A A A A A A

c 1− 2c c
0 c 1− 2c















Y��B]&P
c =

ν∆t

(∆x)2
,

� �NAT@�x �

HZY\FpMXSTe�ijOX]�c�KUOpI�[C] eJPZrXW&bdY�STbdcX[CSfP>SCHL] � �NA � �%[fY b YqHLIJSfP>]
A
]&emH�[�� STF{�U]�IZeL]$MX]�[TY b YqHJILSfP>]

� �NA x �>A=¥�[¢� Y\SfMN]�MN]�P�]>HmHJ] b YqHLIJSfP>] M�� S HJW�IZYqHLSTKUF ��KUF Y
un = Anu0

� YqHLHL]&FBHJSCKBF �=[fY"FXK\HZYqHLSTKUF
An MNWuemSTVUFp]lSfP>S [TY%cXOXSfeJeLYUFpP>] n )�k&b ]4MN] A � �N]�H�cQY\I�P>KUFQemWuiBOp]�FjH�[fY9emHJYU�XST[CSCHLW4MNO$eLPZrXW&b Y�]&emHWuijOXSC�qYU[C]&FBHJ]��

‖Anu0‖ ≤ K‖u0‖ ∀n ≥ 0, ∀u0 ∈ RN .DGFjHJILKNMNOXSfeJY\FjHs[TY FXKBILbd]4b YqHLIJSfP>ST]�[T[C]^eLOX�QKBIJMXKUFXFXW&] � �UKBSCIs[fYd¡lW��pFXSCHLSTKUF @ �pAC@BAC@ �

‖M‖ = sup
u∈RN ,u6=0

‖Mu‖
‖u‖ ,

[fYde�HZY\�XST[TS HJW�MNO�eLPZrXW&b Y9]ue�H`WuiBOpSC�qY\[T]�FjHJ] �
‖An‖ ≤ K ∀n ≥ 0,

� �XAC@�| �
ijOXS3�U]�OXHsMXSCIJ]^iBOp]^[TYdeLOXS HJ]�MN]&e�cpOXSTeJeJY\FpP�]&esMN]

A
]&emH`��KUIJFXW�]BA

2 ���%�����
� � ���� ����� & �
L∞ �v Y/emHJYU�XSC[TSCHLWd]�F�FXKUIJbd]

L∞ ]&emH4HLIJk&e0[TSCW&] Y��B]&P�[T]dcXIJSCFpP�SCc�] MNO�bdY\aNSCb%OXb MNSfeLP�IL]�H4ijOX]
FpKUOpesY��BKUFpe�MNW 7 �%�{O�Y\O �+rpYUcXS HJIL]d@BAX�`Y\cXc�]�[TKUFQes[TYdMNW��pFXSCHLSTKUF�MN]^P>]^cpILSTFpP>STc�]UA
�&� � ��� � �
��� ��� ���¢�Q� � G ���FE������ ��� � ��� � �����G ����� A*G �H���
� ���� A �<��� !$���
���1�
!�� ��' & � � �  
& ' & �$��'��1�(��� ��� ��	(�# D5	(�#D

n ≥ 0
��D D5	(�#D

1 ≤ j ≤ N 	�G �

min

(

0, min
0≤j≤N+1

u0
j

)

≤ un
j ≤ max

(

0, max
0≤j≤N+1

u0
j

)

����������������� ��	���D �A�J�2	�G�G �F� ��G���D �H�(�A�
u0
C

� � & ��� ( '$� � �f� � �X� ¡0Y\FQe3[fY`¡7W>�pFXSCHLSTKUF �NA��NAT@U@ [T]&e3SCFXW&VBYU[CSCHLWue=HJSC]&FXFX]�FjH P>KUbdcNHJ]1FXKBF�em]&OX[T]�)
bd]&FBH�MNO�bdSTFXSTb9OXb�]>HsMNO�b Y\a{STb9Opb�MX]

u0 b Y\Sfe+YUOpeJemS�MN] .&W�IJK9ijOXS�]&emH+[fY��qY\[T]�OXI+SCbdc�KBeLW�]YUO���KUIZM�cQY\I4[C]ue4P>KUFQMNS HJSCKBFpe^Y\OXa [CSTbdS HJ]&e^MN] ¡7SCIJSTPZrp[C]�H&A �+]�[fY/]&emH4FpW&P>]ueLeJY\STIJ]%eLS [TY"MNKUFpFXW�]
STFXSCHLSfY\[T]

u0 FX]��BW�IJS �p]�cpYBe [C]ue�P>KBFpMNSCHLSTKUFpe Y\OXa9[CSTbdS HJ]&e�MX]`¡lSTILSfPZrX[T]>H � P�]siBOpSXF=� ]&emH cQYUe ]>aNSTVUW � �]�H`SCF{ONHJSC[T]�MXYUFpe�[C]^P&YUesP>KBFjHLIZY\STIL]BA •
�+KBb bd]0FXKUOQe+[�� Y��UKUFQe��{O/YUO$�+rpYUcXS HJIL] @ � �UKBSCI � @BA � � �1]>H�[¢� 4 aN]�IZP>SfP>] @UA xpAT@ � �B[fY9�BW�IJS ��P�Y )

HJSCKBF�MNO/cpILSTFpP>STc�]�MNO$bdY\aNSCb%OXb*MNSfeLP�IL]�H`cQ]&ILbd]�HsMX]�MNW�bdKUFjHJIL]&I�[T]^[T]�bdbd]�emOXST�qY\FjH&A
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)�� & & ����� ���¢�{�  "� ���FE������<��� � �C�H����D �J- 3�CA3�8J����D ��D ����������G G 	(����
L∞ ���*��D �����#��������G D ���

���
�F	�G ����D!�H	�G ���  
2ν∆t ≤ (∆x)2

����D ���(D �$��:�����D ��C  "� ����E ���
����� � �C�H����D5��- 3�C���8�����D ��D5� ����� ��G
G 	(����

L∞ ������������� ��	(��D ����� ��� � ��� D5��� � �
∆t

��D@� = �������2���
∆x

-0	�G ����D ���*= ��� ����D ��G �F	�G �����
D!�H	�G�G ���������
��G�D ��D �����A�58JC

; � �����1���1� � �f� �T� �0NPO%Q7ILE/I �2[#E � E FVK 2�WJYGT 	JE �:I@T�O��"\��9M K32#N�� FVN2O � � ] ��� � T � E%K θ = 1/2
�E+F�Q

F�Q6T���� E EJOZO#N�I Y E
L∞ F7M

ν∆t ≤ (∆x)2
9/E"Q �2[#E � E FVK 2�WJYGT 	�E � [ �3N�I^Q*\ ��ILT�O �7E ��� �P] 4��&E%F�Q�F�Q6T���� E

E/O O#N�I Y E
L∞ F7M

2ν∆t ≤ (∆x)2

2 � �������
�
��������$��� & �
L2 �¡7]�FXKBb9�XIJ]�OXa�eLPZrXW&b YUe�FX]^�BW�IJS �p]&FjH�cQYUe�[T]^cXILSTFpP�SCc�]^MNO$bdY\aNSCb%OXb MNSfeJP>IJ]>Hsb Y\SfesemKBFBH

FXW&YUFXbdKUSTFpe1MN] +���KUFQe�,leJPZrXW�b YUe&A\� KUOpI+P>]&ONa*)�[ � �BSC[�1 Y\OXH+�UW&ILSC�p]&I�[TY%e�HZY\�XST[TS HJWlMXY\FQe1OXFp]7Y\OXHLIJ]
FXKUIJbd]`iBOp]`[TY�FXKUIJbd]

L∞ ABv Y4FXKUIJbd] L2 em]scXI32>HJ]sHLIJk&e��XSC]&F �4[�� W�HLOpMN]0MN]`[fY^e�HZY\�XST[TS HJWlVUI��UP�]
��[�� KBONHLST[3HJILkuelcpOXSTeJeJY\FjH0MN]%[¢� Y\FQY\[T~{eL]9MN]d¤XKBOXIJSC]&I7ijOX]9FpKUOpe7cXIJW&eL]�FjHLKBFpe`b Y\STFjHL]&FpY\FjH&A�� KUOXI
P>] 1 Y\STIL]��qFXKUOQe emOXcpcQKjemKBFpe MNW&eLKUIJb Y\Sfe ijOX]�[T]&e P>KBFpMNSCHLSTKUFpe YUONa9[TSCbdSCHL]ue cQKBOXI [¢� W&ijOpY\HLSTKUFdMN]�[TY
PZrpY\[T]�OXI eLKUFjH�MN]&e ��������� ��������' �%'� �
� & � ��� ' ��� !������
� ���
��� � � ��ijOXSXe&� WuP>IJSC�B]�FjH

u(t, x+1) =
u(t, x)

cQKBOXI HLKUOXH
x ∈ [0, 1]

]�H HJKUONH
t ≥ 0

Au� KUOXI [C]ue eLPZrXW&b YUe=F{OXbdW&ILSfijOX]&e��&]&[C[T]&e P>KBFpMNOXSfeL]�FjH
Y\ONa�W&VBYU[CSCHLWue

un
0 = un

N+1

cQKBOXI�HLKBONH
n ≥ 0

�N]�H`cX[TOpesVUW&FXW�IZY\[T]�bd]&FBH
un

j = un
N+1+j

AXDG[3IL]ue�HJ]
MNKUFpP �dP�YU[TP�OX[T]�I

N + 1
�qY\[T]�OXIZe

un
j

A
¥ PZrQYUijOX]9�B]&P>HL]�OpI

un = (un
j )0≤j≤N

KUF�YUeJemKNP>ST] OXFX] 1 KUFpP>HLSTKUF
un(x)

�3P�KUFpemHJYUFjHL] cpY\I
b KBIJP�]&YUONa �jc�W�IJSTK{MXSTijOX]^MN]^c�W�IJSCKNMN]d@��pMNW>�QFXSC]^eLOXI

[0, 1]
cpY\I

un(x) = un
j

eLS
xj−1/2 < x < xj+1/2Y��U]&P

xj+1/2 = (j + 1/2)∆x
c�KUOXI

0 ≤ j ≤ N
�
x−1/2 = 0

� ]�H
xN+1+1/2 = 1

A ¥lSCFpeLS
MNW>�pFpSC]��U[fY!1 KUFpP>HLSTKUF

un(x)
Y\cXcpYUImHJSC]&FjH �

L2(0, 1)
A �7I��UM=� YUcXILkue [�� YUFpY\[T~Nem]sMN]l¤pKUOXIJST]�I �qHLKBONHL]

1 KUFpP>HLSTKUF�MN]
L2(0, 1)

c�]�OXH4eL]%MNWuP>KBb c�KBeL]�I7]�F OpFX]%eLKUbdbd]%MN] ¤XKBOXILST]�I � �BKUSTIl[T]9HJrXW�KBILk&b ]
xpA}|NAT@ � MN] � � � �>AX��[TOpescXIJW&P�STeLW�bd]�FjHsKUF$Y

un(x) =
∑

k∈Z

ûn(k) exp(2iπkx),
� �XAC@u� �

Y��U]&P
ûn(k) =

∫ 1

0
un(x) exp(−2iπkx) dx

]�H`[TY 1 KBILb%OX[C]^MN]4��[fY\FQPZrX]�IJ]�[
∫ 1

0

|un(x)|2 dx =
∑

k∈Z

|ûn(k)|2. � �NAT@�� �

�s]�b Y\IZijOXKUFQesiBOp]^b 2&bd]9emS
un ]&emH`OXFX] 1 KBFpPRHJSCKBF$ILW&]�[T[C]��X[C]ue`P>K{]78 P�SC]&FjHJe ûn(k)

MN]9[TY eLW�IJSC]
MN]�¤XKBOXILST]�IseLKUFjHlP>KBbdcX[C]�aN]&e&AX_`FX]^cXIJKUcpILSTW>HJW7STbdcQKBImHZY\FjHL]^c�KUOXIs[fYdemOpS HJ]�MN]^[TY%HJIJYUFpe 1 KBILbdW&]
MN]�¤XKBOXILST]�IsMN]ue 1 KUFpP>HLSTKUFpe`cQW&ILSTKNMNSTijOX]ue�]&emHs[TYdeLOXSC�qYUFBHJ]-%pemS�KBF$FXK\HJ]

vn(x) = un(x+ ∆x)
�

Y\[TKUIZe
v̂n(k) = ûn(k) exp(2iπk∆x)

A
4�a{cp[CSfijOXKUFpelb Y\STFBHJ]�FpYUFjHl[TYdbdW�HLrXKNMN]9eLOXI7[¢� ]>aN]�bdcX[T]9MNO eJPZrXW&bdYd]�aNcX[CSfP>SCHL] � �NA�� �>AQ¥ �U]uP

FXKBe�FXKUHJY\HLSTKUFpe��NKUF"cQ]&ONH`IJW�W&P�ILSTIJ]0P�]�eLPZrXW&b Y �{cQKBOXI
0 ≤ x ≤ 1

�

un+1(x) − un(x)

∆t
+ ν
−un(x−∆x) + 2un(x) − un(x+ ∆x)

(∆x)2
= 0.
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xjt ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

� YUI`Y\cXcX[TSfP�YqHJSCKBF"MX]0[fY HLIZY\FQe 1 KBILbdW�]4MN]^¤XKBOXIJSC]&I��NST[=�{SC]&FjH

ûn+1(k) =

(

1− ν∆t

(∆x)2
(− exp(−2iπk∆x) + 2− exp(2iπk∆x))

)

ûn(k).

¥lONHLIJ]�bd]&FBHlMXS H

ûn+1(k) = A(k)ûn(k) = A(k)n+1û0(k)
Y��U]uP

A(k) = 1− 4ν∆t

(∆x)2
(sin(πk∆x))2.

� KBOXI
k ∈ Z

�p[T]�P>K{]�8�P�SC]&FBH0MN]�¤XKBOXILST]�I
ûn(k)

]&emHl��KUIJFXW^[CKBIJeJijOX]
n
HJ]�FpM$�B]�IZe�[¢� STFN�pFXS emS ]>H

eL]�Op[C]&b ]&FjHseLS=[T] 1 YUP>HL]�OpI`M�� YUbdcX[CSC�QP&YqHLSTKUF"�UW&ILSC�p] |A(k)| ≤ 1
�XP\� ]&emH ) � )GMNSTIL]

2ν∆t(sin(πk∆x))2 ≤ (∆x)2.
� �NAT@&� �

yNS�[TY$P�KUFpMNSCHLSTKUF ��¤ v � @UA �X@ � ��S�A ]BA
2ν∆t ≤ (∆x)2

��]ue�H9eJYqHJSTe 1 Y\SCHL]��=Y\[TKUIZe0[¢� SCFpW�VBYU[CSCHLW � �NAT@&� �
]ue�H��{IJYUSC]lijOX]&[TijOX]0emKBS H�[C]7bdK{MX]7MN]0¤XKUOpILST]�I

k ∈ Z
�j]>H�cpY\I+[TY'1 KUIJb9OX[T]lMN]0��[fY\FpPZrX]&IL]&[pKBF�]�F

MXW&MNOXSCH

‖un‖22 =

∫ 1

0

|un(x)|2dx =
∑

k∈Z

|ûn(k)|2 ≤
∑

k∈Z

|û0(k)|2 =

∫ 1

0

|u0(x)|2dx = ‖u0‖22,

P�]�ijOXS=F=� ]&emHlIJSC]&F$M=� YUONHLIJ]�ijOX]^[TY emHJYU�XST[CSCHLW
L2 MNO eLPZrpW�b Y ]>aNcX[TSTP�S HJ]UAQy{S [TY P�KUFpMXS HJSCKBF ��¤ vF3� ]ue�HlcQYUeleJYqHJSTe 1 Y\SCHL]��p[T]9eJPZrXW�b Yd]&emHlSTFpemHJY\�p[C]BA�4�F�]���]�H���SC[ eLO 8dH7MN]%PZrpKUSfemSTI

∆x
� W&�U]&FBHJOX]�[ )

[T]�bd]&FBH�eLO 8�eLYUbdb ]&FjH4c�]>HJS H �4]>H
k0

� eLO 8�eLYUbdb ]&FjH4VBIJYUFpM��l]>H�OXFp]dMXKUFXFXW&]dSCFXSCHLSfY\[T]�Y�~BYUFjH
OpFX]7eL]�OX[T]4P>KUbdc�KBeJY\FjHL]7MN]7¤pKUOXIJSC]&I1FXKBF�F{OX[T[C]

û0(k0) 6= 0
Y��U]uP

πk0∆x ≈ π/2
� b KNMNOp[CK

π
�

MX]4HL]�[T[T]0b YUFXSCk&IL]^ijOX] |A(k0)| > 1
A �7F$Y MNKUFQP0MXW�bdKUFjHLIJW4[C]4[T]�bdbd]�emOpSC�qY\FjHuA

) � & & ����� ���¢� ,  "������E ���
� ��� � �C�H����D � - 3�CA3�8 ����D ��D5� ��������G G 	(����
L2

��� ��D �����#��������G�D ���
�A�J��	(G �(��D �H	(G ���  

2ν∆t ≤ (∆x)2
����D ���(D �$��:�����D ��C

¡7]^[TYdb 2&b ]!1 Y �>KUF"KUF$�qYdMNW�bdKBFBHJIL]&I�[TY emHJYU�XSC[TSCHLW^MNO�eLPZrpW�b Y SCbdcX[TSTP�S HJ]UA
) � & & ����� ���¢� #  "� ���FE������<��� � � �H����D5�K- 3�C���8K����D*��D �����A����G G 	(����

L2
C

� � & ��� ( '$� � �f� � � " � KBOXI+[T]&e�eJPZrXW�b YUe1]>aNcX[TSTP�S HJ] � �NA�� ��]>H+STbdcX[TSTP�S HJ] � �NA � ��[TY%P>KUFQMNS HJSCKBF�MN]
emHJYU�XST[CSCHLW

L2 ]&emH+[fY�b 2�bd]4iBOp]0P�]�[T[C]0MN]0emHJYU�XST[CSCHLW L∞ Ap�+]�[fY�F=� ]&emH+cQYUe1HLKUO 7�KUOXIZe1[T]4P�YUe1cQKBOXIM=� YUONHLIJ]&eseJPZrXW�b YBe�A •
�&� & ���"'�� ����� �
��� � _`F IZY\SfeLKUFXFX]&bd]�FjHlY\FpYU[CKBVUOX]���P�]�[TOXS3OXHLST[CSfemW%cQKBOXI`[T]%eJPZrXW�b Yd]�a{cp[CSfP>SCHL]
P�KUFpMXOXS H �Xc�KUOXI

0 ≤ x ≤ 1
� �

un+1(x) − un(x)

∆t
+ ν
−un+1(x−∆x) + 2un+1(x) − un+1(x+ ∆x)

(∆x)2
= 0,

]�H`cpY\I`YUcXcX[TSTP&YqHJSCKBF/MN]^[fY%HLIZY\Fpe 1 KUIJbdW�]4MN]�¤XKBOXILST]�I

ûn+1(k)

(

1 +
ν∆t

(∆x)2
(− exp(−2iπk∆x) + 2− exp(2iπk∆x))

)

= ûn(k).
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� � � � 	/����� �����  ��������� ������ � 	 � � ��� � � � ������	� 	/� ��� ���/���-� � � xQ@

¥`ONHJIL]&b ]&FjHlMNS H

ûn+1(k) = A(k)ûn(k) = A(k)n+1û0(k)
Y��U]uP

A(k) =

(

1 +
4ν∆t

(∆x)2
(sin(πk∆x))2

)−1

.

�+KUbdbd] |A(k)| ≤ 1
cQKBOXI�HLKBONH`bdKNMN]^MN]�¤XKBOXILST]�I

k
�X[fY 1 KUIJb9OX[T]^MN]4��[fY\FpPZrX]&IL]&[�cQ]&ILbd]�HlMN]

P>KUFQP>[TOXIL]�� [fY emHJYU�XST[CSCHLW
L2 MXO$eJPZrXW&bdYpA

�

��� & ��� ( '������ ���¢� � v�� Y\FpYU[C~NeL]�MN]+¤pKUOXIJSC]&I=IJ]�c�KBeL]1emOpI3[T]1PZrXKUSCa^MN]&e P>KBFpMNSCHLSTKUFpe Y\ONa4[CSTbdS HJ]&eMN]7c�W�IJSTK{MXSTP�S HJWUA �7F�c�]�ONH`Y\OQeLeLSQ[�� ]>� ]&PRHJOX]�IseLS [¢� W&ijOpY\HLSTKUF�YUONa�MNW�IJSC�BW�]ue1cpYUImHJSC]&[C[T]&e�Y�[TST]�O/eLOXI
HLKUOXH

R
Y\O�[TST]�O�MN]

[0, 1]
� KBF Y�Y\[TKUIZe`Y\� YUSCIJ]
��OXFp]9STFBHJW�VBIJYU[C]�MN] ¤XKBOXILST]�IlcX[COXH 
\H4ijO=� ��OXFX]

emW&ILST]7MN]4¤XKBOXIJSC]&I �>A{�lW&YUFXbdKUSTFpe �jST[�F3� ]ue�H�cpYUe+HJILkue1IJW&YU[CSfe�HJ]7MN]4cpYUIL[T]�I�MN]4eLPZrXW&b Y�F{OXbdW�IJSTijOX]
emOXI HJKUONH

R
cpOXSTeJijOX]�P>]&[TY�STb cp[CSfijOX]$OXF�FpKUb9�pIL]"SCFX�pFXS`MN]$�qY\[T]�OXIZe

un
j

� PZrQYUijOX]"cpYUe MN]
HL]�bdcpe

n
Y\[TKUIZe�ijO=� OpF"KBIJMXSCFpY\HL]&OXI�FX]^cQ]&ONHlijOX]4HLIZY\SCHL]&IsOXF"FXKUb%�XIL]0�pFpS3MN]^�qY\[T]�OXIZe&A

v Y/emHJYU�XST[CSCHLW
L2 c�]�ONH9YUOpeLeLS em] MNW&b KBFjHLIJ]�I4MXY\Fpe0[T] P�YUe0MN] P>KBFpMNSCHLSTKUFpe4YUONa [CSTbdS HJ]&e^MN]¡lSTILSfPZrX[T]>HuAQDG[�1 Y\OXH4YU[CKBIJe`YBMXY\cXHL]�I0[T]&e7STMNW&]&e0MN] [¢� Y\FpYU[C~NeL]9MN] ¤XKUOpILST]�IuAQ� YUIl]>aN]&b cp[C]�� P�]%ijOXS

IL]&b cp[TYBP>]4[TY HJIJYUFpe 1 KUIJb W&]^MN]�¤XKBOXILST]�I`MpY\Fpe`P�]�P�YBe�]&emH`[TY MNWuP>KBb c�KBeLSCHLSTKUF$emOXIlOXFX]^�pYBem]�MN]
�U]&P>HL]&OXIJe`cXILKBcXIJ]&esMN]^[fY b YqHJILSfP>]�M�� SCHLW�IZYqHJSCKBF � �NAT@ � ��ijOXS=c�]�IJb ]�H7MN]�cQYUeJem]&I`MNO��U]uPRHL]&OXI

unY\O"�U]&P>HL]&OXI
un+1 A •

��� & ��� ( '������ ���¢�*0 � ; '' ��� ���
�����
� � �/'$� !����
� � ���� '$� !$����� ��( '���) ( IJYBMNOXSfemKBFpe�emKBOpe
1 KUIJb ]"MN]�+�IJ]&P�]>HmHJ]�,�[fY�bdW�HLrXKNMN]$MN]"[¢� Y\FpYU[C~NeL]�MN]$¤XKBOXILST]�I c�KUOXIdcXIJKUOX�B]�I%[TY e�HZY\�XST[CSCHLW

L2M�� OpF$eJPZrXW&bdYpA �7F/STF�7�]uPRHL]�MpY\Fpe�[T]�eLPZrpW�b Y OXF$b KNMN]^MN]�¤pKUOXIJST]�I
un

j = A(k)n exp(2iπkxj)
Y��U]&P

xj = j∆x,

]>H`KUF$]&F$MXW&MNOXSCHl[fYd�qY\[T]�OXI`MNO 1 YBPRHJ]�OXI`M�� Y\bdcX[TSC�QP�Y\HLSTKUF
A(k)

AQ�lY\cXc�]�[TKUFpesijOX]��Xc�KUOXI`[�� SCFpe )
HJY\FjH �=FXKUOQe4FXKUOpe^eLKUbdbd]&e4[TSTb SCHLW�YUO�P&YUe^eJP�YU[TYUSCIJ] ��P\� ]&emH ) � )GMNSTIL]dijOX]

A(k)
]&emH�OXF FXKUb%�XIL]

P>KUbdcX[T]>aN]lMpY\Fpe
C
A �7F�Y\cpcQ]&[C[T] �1�����$�
���
��� ��� '������#�
��� �����$�2�+��� ���' & �%��� [¢� SCFpW�VBYU[CSCHLW

|A(k)| ≤ 1
cQKBOXI�HLKBONH`bdK{MX]

k ∈ Z.
� �XAC@un �

y{S [TY$P�KUFpMNSCHLSTKUF MN] emHJY\�pSC[TS HJW�MN] � KUF �`]&OXb Y\FXF�]&emH9eLY\HLSfe 1 YUS HJ] � Y��U]uP9W&�U]�FjHJOX]�[T[C]&bd]�FjH�MN]&e
IL]ue�HJILSfPRHJSCKBFpe`eLOXI

∆t
]>H

∆x
� � Y\[TKUIZes[C]%eLPZrXW&b Yd]&emH7e�HZY\�X[T]�c�KUOXI7[TYdFpKUIJb ]

L2 � emS FXKUF�ST[3]ue�HSCFpemHJYU�X[T]UA
41F�VUW&FXW�IZY\[ �pOpF�eLPZrpW�b Y�emHJY\�p[C] � ]>H^P>KBFpeLSTemHJYUFBH ��]&emH0P�KUF{�U]&ILVB]�FjH � �BKUSTIl[fY�y{KBOpe )GeL]&PRHJSCKBF

�NA��NA x �RA 4�F�cXIZYqHJSTijOX]��XOXF�eJPZrXW&bdY�SCFpemHJYU�X[T]�]&emHlHJK\HJYU[C]&bd]�FjH +mSCF{ONHJSC[TSTeJY\�p[C] ,ZA 41F�]>� ]>H �Qb 2&b ]
emS=KBF�cpY\ILHlM�� OXFX]9MXKUFXFXW&]^SCFpS HJSTYU[C]9eLc�W&P>SfY\[T]�bd]&FBH`cpILW&cpY\IJW�]^MN]�b YUFXSCk&IL]
� P�]9ijO=� Y\OpP�OXF�MN]&e
b KNMN]uedMN]�¤XKUOpILST]�I SCFQe�HZY\�X[T]&e FX]�eLKUSCH ]�aNP�S HJW/cQY\Id]�[T[C]�� [C]uedSCFXW&�{S HZY\�X[T]&e ]�IJIJ]�OXIZe9M�� Y\IJIJKUFpMNS
�UKUFjH^P>IJW�]&I4MX]&e^P>KBbdcQKjeLYUFBHJ]&e0FXKBF F{OX[T[C]ue � �XST]�F ijOX] HLIJk&e4c�]>HJS HJ]&e �4MN]d[TY$eLKU[TONHLSTKUF emOpI4P�]&e
b KNMN]ue SCFpemHJYU�X[T]&e&A v Y�P>IJKUSfeJeLYUFpP>]�]�aNcQKBFX]�FjHLST]�[T[T]"MN]ue9bdKNMN]ue%STFpemHJYU�X[C]ue9]&FjHLIZY � FX]/ijO=� Y\cXIJk&e
em]&OX[C]&bd]�FjH+ijOX]�[fijOX]&e�cpYUe1]�FdHL]&bdcpe1P�]&e"+mc�]>HLSCHJe3,`bdK{MX]&e1MX]��{SC]&FXFX]&FBH2+�W&FXKUIJbd]&e3,�]>H�cQKB[C[TOX]&FBH
P>KUbdcX[Tk>HJ]�bd]�FjH`[T]4IL]ue�HJ]4MX]^[TYdeLKU[TONHLSTKUF"F{OXbdW�IJSTijOX]BA •
; � �����1���1� � �f� � , �0NPO%Q7ILE/I��2[#E � E

θ
\�FVK32#W/YT � �P] ��� E+F�QRF6Q6T���� E0E/O O�N�I Y E

L2
M�O3K"NPO 	$M Q�M N2O�O�E � \

� E/Y EJO%Q F�M
1/2 ≤ θ ≤ 1

9�E"Q F6N2[#F � T0K+N2O 	�M Q�M NPO �	�PD
2(1− 2θ)ν∆t ≤ (∆x)2

F7M
0 ≤ θ < 1/2

]
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x � ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

; � �����1�
��� � �f� � # �0NPO%Q7ILE/I �2[#E � EGF�K32#W/YGT � � �/N�M�O�Q�F � �P] ����E+F�Q M�O#K+N2O 	�M Q�M NPO�O#E � � EJY E/O�Q&F6Q6T���� E
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u(t, x)
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∀T > 0, lim
∆t,∆x→0

(

sup
tn≤T

‖en‖
)

= 0,
� �XA �Ut �

�	� ���
en
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q
��G D5��� � � � �(��	���� 	��# D 	��#D D5��� � �

T > 0
��� �����$��D � �#G � ��	�G ��D ��G�D5�

CT > 0
D5�������������

sup
tn≤T

‖en‖ ≤ CT

(

(∆x)p + (∆t)q
)

.
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ũn = (ũn
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ũn

j = u(tn, xj)
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εn
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ũn+1 = Aũn + ∆tεn
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lim
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‖εn‖ = 0,
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A
4�F$cQKjeLYUFBH

en
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j − u(tn, xj)
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en+1 = Aen −∆tεn
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k=1

An−kεk−1.
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K
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n
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‖en‖ ≤ ∆t
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∑

k=1

‖An−k‖‖εk−1‖ ≤ ∆tnKC
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(∆x)p + (∆t)q
)
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(
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un−1

)

,
� �NA��qx �
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N
�
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]�H
A2
�{HL]�[T[T]&e`ijOX]

Un+1 = AUn =

(

A1 A2

Id 0

)

Un,
� �NA��U| �

K�o%[fY4b YqHJILSfP>]sM�� S HJW�IZYqHJSCKBF
A
]ue�H1MNKBFpPsMN]�HZY\ST[C[T]

2N
Aj�+KBb bd]�cXIJW&P�W&MN]&b bd]&FBH �

Un = AnU1]�H`[TYdemHJYU�XSC[TSCHLW^]&emHsW&ijOXST�qY\[T]�FjHL]��

‖An‖ = sup
U1∈R2N ,U1 6=0

‖AnU1‖
‖U1‖ ≤ K ∀n ≥ 1.
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FpSC�B]&Y\OXa"VBI��BP>] ��[TY�FXK\HZYqHLSTKUF��U]&P>HLKBILST]�[T[C] � �NA��qx �RA 4�F�VBOXSfem] M�� ]�aN]�bdcX[T] ��FXKUOpe0MNW&b KBFjHLIJKUFpe
OpF"IJW&eLOX[CHJY\H�cpIL]ueLeL]�FjHLS=YUO��+rQY\cXSCHLIJ]d@UA
) � & & ����� ��� �p�  "� ���FE������K����G�D ���-0/�CA3�4�8K����D ��G���D5� �����
��G G 	���
�

L2
C

�&� & ���"'�� ����� �
��� � ¥ �U]uP`[T]&e�FXK\HZYqHJSCKBFpe�OpemOp]�[T[C]ue1[T]^eLPZrXW&b Y � @BA �U� �1e�� W&P�ILSCH��{c�KUOXI
x ∈ [0, 1]

�

un+1(x)− un−1(x)

2∆t
+ ν
−un(x−∆x) + 2un(x)− un(x+ ∆x)

(∆x)2
= 0,



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

� � � � 	/����� �����  ��������� ������ � 	 � � ��� � � � ������	� 	/� ��� ���/���-� � � x{|

]>H`cpYUI`Y\cXcX[TSfP�YqHJSCKBF/MN]^[fY%HLIZY\Fpe 1 KUIJbdW�]4MN]�¤XKBOXIJSC]&I

ûn+1(k) +
8ν∆t

(∆x)2
(sin(πk∆x))2ûn(k)− ûn−1(k) = 0.

¥`ONHJIL]&b ]&FjHlMNS H �

Ûn+1(k) =

(

ûn+1(k)
ûn(k)

)

=

( − 8ν∆t
(∆x)2 (sin(πk∆x))2 1

1 0

)

Ûn(k) = A(k)Ûn(k),

]>H
Ûn+1(k) = A(k)nÛ1(k)

A�D�P>S �
A(k)

]&emH OXFX]�b YqHJILSfP>]�M�� KUIZMNIJ] ��Y\[TKUIZedijOX]$cQKBOXI [C]ue
eLPZrXW&b YUe � MN]&ONa$FXSC�B]&YUONa/P\� W>HZY\SCHlOXF eJP�YU[TYUSCIJ]UAN� KUOpI

k ∈ Z
�Q[T]^�U]uPRHJ]�OXI

Ûn(k)
�p]>H0MNKUFpP�[C]

P>K{]�8�P>ST]�FjHsMN]4¤XKUOpILST]�I
ûn(k)

�N]&emH+��KUIJFXW0[CKBIJeJijOX]
n
HJ]�FpM/�U]&IJe1[¢� STFN�pFXS=eLS ]>Hsem]&OX[C]&bd]�FjH�eLS [TY

bdY\HLIJSTP�]^M�� YUbdcX[CSC�QP&YqHLSTKUF"�UW&ILSC�p]

‖A(k)n‖2 = sup
U∈R2,U 6=0

‖A(k)nU‖2
‖U‖2

≤ K ∀n ≥ 1,
� �XA �U� �

KJo ‖U‖2 ]ue�H9[fY�FXKBILbd]�]&OpP>[TSfMNSC]&FXFX]�MpY\Fpe R2 A � YUI%P�KUFpeLW&ijOX]&FBH �3eLS1[�� STFXW�VjY\[TS HJW � �XA �U� �4]ue�H�jIZY\ST]sijOX]�[fijOX]semKBS H�[T]sbdK{MX]`MN]`¤XKBOXILST]�I
k ∈ Z

�\cpY\I [fY/1 KUIJb9OX[T]`MN]s��[fY\FQPZrX]�IJ]�[NKBF%]&FdMXW&MNOXSCH
‖un‖22 =

∑

k∈Z

|ûn(k)|2 ≤ K
∑

k∈Z

(

|û0(k)|2 + |û1(k)|2
)

= ‖u0‖22 + ‖u1‖22,

P\� ]&emH ) � )GMNSCIJ]`[fY9emHJYU�XSC[TSCHLW
L2 MNO"eLPZrpW�b YXAj¥�[�� STF{�U]&IJeL] �je�� SC[�]>aNSfe�HJ] k0

HJ]�[�ijOX] ‖A(k0)
n‖ F=� ]ue�HcpYUes��KUIJFXW�[TKUIZeJiBOp]

n
HJ]�FpM$�B]�IZes[¢� STFN�pFXS �QYU[CKBIJe�]&F PZrXKUSfemSfeJeLYUFBH`P�KUF{�U]&FpY\�X[T]�bd]&FBH`[fY MNKBFXFXW�]

SCFXSCHLSfY\[T]$Y��U]&P�OXF�eL]�OX[�bdKNMN]
û0(k0)

� Y\STFpeLS�ijOX]
û1(k0)

� � KUF�KU�NHJSC]&FjH%[�� STFpemHJY\�pSC[TS HJW
L2 MXOeLPZrXW&b YXA

�+KBbdb ]/[TY�b YqHLIJSfP>]/M=� YUb cp[CSC�QP�Y\HLSTKUF
A(k)

]&emHdeL~{b W�HLIJSTijOX]�ILW&]�[T[C]�� KBF Y [fY cXIJKUcXIJSTW>HLW
‖A(k)‖2 = ρ(A(k))

]>H ‖A(k)n‖2 = ‖A(k)‖n2
��KJo

ρ(M)
MNWuemSTVUFX]9[C]�IZY�~UKBF"eLc�]&PRHJIJYU[ MN]9[TY

bdY\HLIJSTP�]
M
� �UKUSTI3[T]�v=]�bdbd]l@ �XAT@UA � �>A&¡7KUFpP �u[�� SCFXW&VBYU[CSCHLW � �NA��\� ��]ue�H eLY\HLSfe 1 YUS HJ]+eLSB]�H eL]�OX[T]�bd]&FBH

emS
ρ(A(k)) ≤ 1

AUv3]&e �qY\[T]�OpIJe cXIJKUcpIL]ue MX]
A(k)

eLKUFjH [T]&e IZYUP>STFX]ue MNOdcQKB[C~{F 
Bb ]sMNO MN]&ONaNSCk&bd]
MN]�VBILW

λ2 +
8ν∆t

(∆x)2
(sin(πk∆x))2λ− 1 = 0

iBOpSQYUMXb ]�H�HLKBO�7�KUOpIJe+MN]�ONadIZYUP>STFX]ue ILW&]�[T[C]ue�MNSfe�HJSCFQPRHL]ue1MNKBFjH1[C]7cXIJK{MXOXS H+��YUONH −1
AB� Y\I1P�KUFpeLW�)

iBOp]�FjH��B[¢� OXFX]lMX]&e�MN]&ONadIJYBP>STFX]&e ]ue�H1cp[COpe1VUIZY\FpMX]�ijOX]9@ � emHLIJSTP>HL]�bd]&FBH � ]�F �qYU[C]&OXI1Y\�QemKB[COX]��\]>H
MNKUFpP

ρ(A(k)) > 1
AU� Y\I1P�KUFpeLW&ijOX]&FjH��U[T]leJPZrXW�b Y^P�]�FjHLIJW`]&emH1STFpP>KBFpMNSCHLSTKUFXFp]�[T[C]&b ]&FjH1SCFQe�HZY\�X[T]

]�F$FXKUIJbd]
L2 A

�

��� & ��� ( '������ ��� � , v3Y b W�HLrXKNMN]$MN]"[¢� Y\FQY\[T~{eL]$MN]"¤pKUOXIJST]�IdiBOp]/FXKBOpe �U]&FXKUFpe M�� ONHLST[TSTeL]�I
MXY\Fpel[TY/MNW�bdKBFpe�HJIJY\HLSTKUF MNO v=]�bdbd] �XA �XA � �d]&emH7OXF�cQ]&O cX[TOpe7P�KUbdcX[TSTijOXW&]%MXYUFpe`[T]%P&YUe7MN]&e
eLPZrXW&b YUe�b%OX[CHLSTFXSC�B]&YUONa�ijOX] MXY\Fpe/[T] P�YBe � MX]�ONagFXST�U]uY\ONa � �UKBSCI/[TY��s]�b YUIJijOX] �XA �XAC@u� �RA
v=KUIZeJiBO3� KBF�STF�7�]&P>HL]�MXYUFpe�[C]�eJPZrXW&bdY%OXF$bdKNMN]�MN]�¤XKBOXIJSC]&I��{KUF"KU�XHLST]�FjH

(

un+1
j

un
j

)

= A(k)n

(

u1
j

u0
j

)

exp(2iπkxj)
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xj� ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

K�o
A(k)

]&emH`MNW&eLKUIJb Y\Sfe�OXFX] & �%� ���
��� M�� YUbdcX[CSC�QP&YqHLSTKUF � ]�H�FpKUF�cp[COpe�OXF31 YUP>HL]&OXIseLP&Y\[fY\STIL] �RA
�7F$Y\cpcQ]&[C[T] �1���$��� � �
�����$�*'������#�
��� � ��$� �-���g���' & �%��� [TY P�KUFpMXS HJSCKBF

ρ(A(k)) ≤ 1
c�KUOpI�HLKUOXH`b KNMN]

k ∈ Z,
� �NA��B� �

K�o
ρ(A(k))

]ue�H0[C]%IJY�~BKUF$emc�]&P>HLIZY\[ MN]9[fY b YqHJILSfP>]
A(k)

A3�+KBb bd]�c�KUOpIlOXFX]%b YqHLIJSfP>]9ijOX]&[ )
P�KUFpijOX]

B
KBF"Y

‖B‖ ≥ ρ(B)
]>H ‖Bn‖ ≥ ρ(B)n,ST[`]ue�H/P�[TYUSCI�ijOX]�[fY�P>KBFpMNSCHLSTKUFgMN]�emHJYU�XST[CSCHLW MN] � KBF �`]&OXb Y\FXF�]&emH�OXFX] �1���$��� � �
��� �$�  

��� '' �%� ��� MN] e�HZY\�XST[CSCHLW
L2 MNO�eJPZrXW�b Y � MNKBFpP9MN] P>KBFj�B]�IJVU]&FpP>] �RAQv3KUIZeLijOX]^[fY�b Y\HLIJSTP�] A(k)]ue�H^FXKBILb YU[C]���]&[C[T]d�UW&ILSC�p] ‖A(k)‖2 = ρ(A(k))

]�H ‖A(k)n‖2 = ‖A(k)‖n2
� �BKUSTI0[T] v=]&b bd]

@ �XAT@UA � � ��MNKBFpP [TY$P�KUFpMNSCHLSTKUF�MN] � KUF �`]&OXb Y\FXF � �XA �j� �l]&emH4FpW&P>]ueLeJY\STIJ]%]�H^eLO 8�eJY\FjHL] � FXKBOpe
Y��BKUFpe0]&O�[TY +LPZrpY\FQP>]�,d[CKBIJe^MX]�[TY�MXW�bdKUFpemHLIZYqHJSCKBF�MXO v=]�bdbd] �NA��NA����$MN]dHJKUb%�Q]&I9MXY\FQe�P>]
P&YUe�1 Y��UKBIJYU�X[C] �RAj�+]&cQ]&FpMXYUFBH �jeLS

A(k)
F=� ]&emH+cQYUe+FXKUIJb Y\[T] �BYU[CKBIJe1]�F/VUW�FpW�IZY\[p[fY9P�KUFpMXS HJSCKBF�MN]

emHJYU�XST[CSCHLW^MN] � KUF$�`]&OXb Y\FXF"F=� ]&emH !��	'-' ' � ' �%� � � ]>HsSC[$1 YUONH�1 Y\STIL]4OXFp]4YUFpY\[T~Nem]7�Q]uY\OpP�KUOXc
cp[COpelMNW�[TSTP&YqHJ]4MX]

A(k)
� ]>H`FXKUHJYUb bd]&FBH`MN]�eJYdMNSfY\VUKBFpY\[TSfeLY\HLSTKUF�KBO"FpKUF
�>A •

� � & ��� ( '$� � �f� �f� # v3]/(�rXW&KUIJk�bd]`MN]0v3Yqa �NA��NA��\t^eL]`VBW�FXW&IJYU[CSfem]`eJY\FQe1MNS 8�P>OX[CHLW4Y\ONa eJPZrXW�)
b YBe b9OX[CHLSTFXST�U]&YUONa%eLSXKUFdPZrXKBSTeLS H [fY4FXKUIJbd]

L2 AUv Y4bdW>HLrpK{MX]`MN]sMNW�bdKUFQe�HJIJY\HLSTKUF ]&emH�SCFpPZrQY\F )VBW�]-%X]&[C[T]4ONHLST[CSfeL]^[¢� Y\FpYU[C~NeL]0MX]�¤XKUOpILST]�Is]�H�[fYdFXKUHJYqHJSCKBF/�B]&P>HLKUIJST]�[T[C] � �XA �\x �RA •
� � & ��� ( '$� � �f� �f��" ( KUOXH+P>]lijOX]sFpKUOpe1�U]�FpKUFpe�MX]lMNSTIL]`eLOXI�[fY�emHJY\�pSC[TS HJW`]>H+[TY^P�KUF{�U]&ILVB]�FpP�]
MX]&edeLPZrpW�b YUe%b9OX[CHLSTFXST�U]uY\ONa eL]/VBW�FXW&IJYU[CSfeL]�SCbdbdW&MXSTY\HL]�bd]&FBH�YUONa eLPZrpW�b YUe%cQKBOXI MN]&edeL~Ne )
HJk�bd]&e�M�� W&ijOpY\HLSTKUFpe&Aj¡0Y\FQe+P�]0MN]&ILFpSC]&I+P�YBe �jKUF/Y9Y\OQeLeLSQY\� YUSCIJ] �9OXFX]lWuP>IJS HJOXIJ]l�U]uPRHJKUIJSC]&[C[T]lMN]
[fY%IL]&[TY\HLSTKUF/MX]7IJW&P�OXILIJ]�FQP>] � �NA��U| ��]�H �%OXFX]4b YqHJILSfP>]4M�� Y\bdcX[TS ��P�YqHJSCKBF � Y\O�[TST]�O$M�� OpF21 YBPRHL]&OXI
eJP�YU[TYUSCIJ] �>A •
; � �����1�
��� � �f� � " �0NPO%Q7ILE/I �2[#E � E F�K32#W/YGT 	�E���E�T/I � �P] ���9E+F6Q�M�O3K"NPO 	$M Q�M N2O�O#E � � E/YGE/O�Q�F�Q6T���� ERE+Q
	�N2O3K K"NPO � E/I �JEJO%Q�EJOSO#N�I Y E L2

]

; � �����1�
��� � �f� � � �0NPO%Q7ILE/I��P[#E � E9FVK 2�WJYGT 	�E � [ �3N�I Q*\ ��ILT�O �7E � � �P] 4�� E%F�Q�M�O3K"N2O 	$M Q�M N2O�O�E � � E/Y EJO%Q
F6Q6T���� EE/O O#N�I Y E

L2
] � N2O�Q7ILE/I �2[#E:9�F7M�NPOX>TJM Q Q�E/O 	PI^E

∆t
E+Q

∆x � EJI^F�� 	�EGQ�E � � E0YT�O/M UJI^E �P[�E
� E I@T����/N�I^Q

∆t/(∆x)2
ILE+F�Q�E �/N�I O�W 9�T�� N�ILF � EFVK 2�WJYGT 	�E � [ �3N�I Q*\ ��I@T�O��7E �3E%F�Q;K+N2O � EJI ��E/O�Q+] � � O

	$M Q �P[ 0 M���E+F�Q��*K"N2O 	$M Q�M N2O�O�E � � E/Y EJO%Q��RK"NPO � E/I �JEJO%Q+] �


 ��
���� � %'( � � � � & ���	# � � %.! � �	�"!,!,%.&
v Y b W�HLrXKNMN] MN]&e�MXS � W�IJ]�FpP�]&ed�QFXSC]ue�e&� W�HL]�FQM�eJY\FQe�MNS 8 P�OX[CHLW�YUONa cXIJKU�X[Tk�bd]ue ]�F�cX[TO )

eLST]�OXIZe1MNSTbd]�FpeLSTKUFpe+M�� ]uemcQYUP>]BA{�+KBFpemSfMNW&ILKBFpe cpYUI1]>aN]&b cp[C]`[�� W&ijOpYqHJSCKBF�MN]`[fY9PZrQY\[T]�OXI�]&F�MN]&ONa
MXSCbd]�FQemSTKUFpelM�� ]uemcQYUP>] � [T]9P�YBe`MN]^HJILKBSTesKBO�cX[TOpelMNSTbd]�FpeLSTKUFpe`M=� ]uemcpYBP>]^F=� ]&emHlcpYBe`cX[TOpe7P>KUb )
cp[CSfijOXW �3MXO bdKUSTFpe4]&F HJrXW�KBILST] �0MXYUFpe4[T]dMXKUb Y\STFX]dIL]uPRHZY\FXVBOX[TYUSCIJ]

Ω = (0, 1) × (0, L)
Y��U]uP

MX]&esP>KBFpMNSCHLSTKUFpesYUONa�[TSCbdSCHL]ue`MN]�¡7SCIJSTPZrp[C]�H














∂u

∂t
− ν ∂

2u

∂x2
− ν ∂

2u

∂y2
= 0

c�KUOXI
(x, y, t) ∈ Ω× R+

∗

u(t = 0, x, y) = u0(x, y)
c�KUOpI

(x, y) ∈ Ω
u(t, x, y) = 0

cQKBOXI
t ∈ R+

∗ , (x, y) ∈ ∂Ω.

� �NA��\� �
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� � � � 	/����� �����  ��������� ������ � 	 � � ��� � � � ������	� 	/� ��� ���/���-� � � xN�

� KBOXIlMNSfeJP>IJW>HLSfeL]�I`[T]9MNKBbdYUSCFp]
Ω
�pKUF�STFjHLIJKNMNOXSCH7MN]�OXa"cpYBe`M�� ]&eLcpYUP�]

∆x = 1/(Nx + 1) > 0]>H
∆y = L/(Ny + 1) > 0

� Y��U]uP
Nx
]�H
Ny
MN]�ONa"]�FjHLST]�IZe�c�KBeLS HJS 1 e �RA�¥3�B]&P0[C]^cQYUe`MN]4HJ]�bdcpe

∆t > 0
�NKUF$MNW>�QFXS H0Y\STFpemS�[T]&e�FpKj]&OpMXesM�� OXF�b Y\ST[T[TYUVU]0ILW&VUOX[TSC]&I � �UKBSCIs[fYd¤ SCVBOXIL] �XAC@ �

(tn, xj , yk) = (n∆t, j∆x, k∆y)
c�KUOXI

n ≥ 0, 0 ≤ j ≤ Nx + 1, 0 ≤ k ≤ Ny + 1.
�7F�FXKUHL]

un
j,k

[TY��qY\[T]�OpI M�� OpFX] emKB[COXHLSTKUF�MXSTeJP>IJk>HJ] YUcXcXIJKNPZrXW�]�Y\O c�KUSTFBH
(tn, xj , yk)

�`]>H
u(t, x, y)

[fYdemKB[COXHLSTKUF"]>aXYUP>HL]^MN] � �XA �U� �RA

∆ xj
x

y

∆ j k(x , y )
yk

� ��� � �XAC@ �2+ YUSC[T[TYUVU]4M�� OXF$IL]uPRHJYUFXVU[T]4]�F$MNSC��W&IL]&FpP>]ue��pFXST]&e&A
v3]&e`P�KUFpMXS HJSCKBFpesY\ONa/[CSTbdS HJ]&e`MN]^¡7SCIJSfPZrX[C]�Hlem]0HJIJYBMNOXSfem]&FBH �NcQKBOXI

n > 0
�N]&F

un
0,k = un

Nx+1,k = 0, ∀ k, ]>H un
j,0 = un

j,Ny+1 = 0, ∀ j.
v3YdMNKUFpFXW�]4STFXS HJSTYU[C]^]ue�HlMXSTeJP>IJW>HJSTeLW�]0cpY\I

u0
j,k = u0(xj , yk) ∀ j, k.

v3Y VUW&FXW�IZY\[TSTeJYqHJSCKBF�Y\O�P&YUe��XSfMNSCbd]&FpemSTKUFpFX]�[3MXO ' �("$� & � � � !����
�1�
��� ]ue�HsW&�jSfMN]&FBHJ]
un+1

j,k − un
j,k

∆t
+ ν
−un

j−1,k + 2un
j,k − un

j+1,k

(∆x)2
+ ν
−un

j,k−1 + 2un
j,k − un

j,k+1

(∆y)2
= 0

� �NA��\n �
cQKBOXI

n ≥ 0
�
j ∈ {1, ..., Nx}

]>H
k ∈ {1, ..., Ny}

AQv Y�em]&OX[T]9MNSC��W&IL]&FpP>]%FXK\HZY\�X[T]�Y��U]uP4[C] P�YUe
OXFXSfMNSCbd]&FpemSTKUFpFX]�[=]ue�Hs[T]�P�YUIJYBPRHLk&IL]0MN]�OXa21 KUSfe�cX[TOpe`eLW��Bk�IJ]0MN]^[fYdP>KBFpMNSCHLSTKUF ��¤ v1A
; � �����1���1� � �f� � 0 �0NPO%Q7ILE/I �2[#E � E FVK 2�WJYGT E"H���� M K�M Q�E
� �P] � ���0E%F�Q F�Q6T���� E E/O O�N�I Y E

L∞ �>E+Q
Y��/Y E �P[ 0-M�� � W/I>M $E�� E �/I>M�O#K#M��/E 	P[SYGT%H�M�YZ[�Y �;F6NP[�F � T0K+N2O 	�M Q�M NPO ��� D

ν∆t

(∆x)2
+

ν∆t

(∆y)2
≤ 1

2
.
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�lKUOpe$ST[C[TOpemHLIJKUFpe$[T]�eLPZrpW�b Y ]�aNcX[CSfP>SCHL] � �NA��\n � � Y\OpijOX]&[^FXKUOpe$Y 7�KUONHJKUFpe"OXF HL]&ILbd]�MN]
P�KUF{�U]uPRHJSCKBF
��cpY\I7[TY/¤ SCVBOXIL] �NA�� ijOXS3IJ]�cXIJW&eL]�FjHJ]�[TY�P>KUF{�B]&PRHJSCKBF )GMNS � OpeLSCKBF�M�� OpFX] +m�QKjeLeL]�, � [C]
P�K{]�8�P>ST]�FjH`MN]�MNSC��OQemSTKUF$�qY\ONH

0.01
]�H`[TY �{S HJ]&eJem]

(1., 0.)
�RA

e����$s2n�u������ `��
	���

e����$s2n�u �
	���

� ����� �NA�� � yNPZrXW&b Y/]�aNcX[CSfP>SCHL]dc�KUOXI4[�� WuijOpYqHJSCKBF�MN] P�KUF{�U]uPRHLSTKUF ) MNSC� OpemSTKUF ]�F MN]�OXa MNSTb ]&F )
eLSTKUFpe.%XMNKBFXFXW&]^SCFXSCHLSfY\[T] � rpYUONH �s]>H`emKB[COXHLSTKUF � �pYBe �>A
¡7]^b 2�bd] �XKBF�Y%[T] '��("�� & � � & !����
��� ���

un+1
j,k − un

j,k

∆t
+ν
−un+1

j−1,k + 2un+1
j,k − un+1

j+1,k

(∆x)2
+ν
−un+1

j,k−1 + 2un+1
j,k − un+1

j,k+1

(∆y)2
= 0.

� �XA �Bt �
�`]�b Y\IZijOXKUFpe�ijOX]4[C]^eJPZrXW�b Y%SCbdcX[TSfP>SCHL]^FXWuP>]&eJeLS HJ] �{cQKBOXI`P�YU[TP�OX[T]�I

un+1 ]&F21 KBFpPRHJSCKBF"MX] un �[fY ILWuemKB[COXHLSTKUF$M�� OpF$eL~Ne�HJk�bd]4[CSTFXWuY\STIL]^eL]�FpeLSC�p[C]&b ]&FjH�cp[COpelP>KUbdcX[TSfiBOpW4ijO=� ]�F$OXFp]�MNSCbd]&FpemSTKUF
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M�� ]uemcQYUP>] � [TY9emSCHLOpY\HLSTKUF�eL]�IZY\SCH1]�FQP>KUIJ]scXSTIL]s]&F HLIJKUSfe�MNSTbd]�FpeLSTKUFpe �RAj�`Y\cXc�]�[TKUFQe1ijO=� ]�F�MNSTbd]�F )
emSTKUF OXF �BST[QeLO 8dH�M�� STFj�B]�IZem]&I OXFX]7bdY\HLIJSTP�]sHLIJSfMNSTYUVUKBFpY\[T]UA\�lKUOpe+Y\[T[CKBFpe��BKUSTI1ijO=� ]&F�MNSTb ]&FpeLSCKBF
MN]�ONad[fY^b YqHLIJSfP>]lY^OpFX]lemHLIJOpPRHJOXIL]lb KBSCFQe1eLSCbdcX[T]UAjv�� SCFpP�KUFXF{OX]7MNSTeJP>IJk>HJ]

un
j,k

]&emH1STFpMNSfP>W�]7cpY\I
MN]�ONa�]&FjHLST]�IZe

j
]�H
k
�jb YUSTe�]�F"cXIZYqHJSTijOX]7KUF"ONHLST[CSfeL]7OXF$eL]�OX[ STFpMNSfP>]4cQKBOXIse�HJKNPZ�U]�I

un eLKUOpe+[TY
1 KUIJb ]7M�� OpF �U]&P>HL]&OXI+MXYUFpe�[�� KUIZMNSCFQYqHL]&OXIuAU_`FX]lbdYUFXSTk�IJ] � eLSCbdcX[T]`]�H+]�8�P&YUP>] � MN]`IZY\FpVU]�I�MpY\Fpe
OXF�em]&OX[��U]uPRHL]&OXIs[T]&e�STFpP>KBFXF{OX]&e

un
j,k

]&emHlM�� W&P>IJSTIL]
un = (un

1,1, ..., u
n
1,Ny

, un
2,1, ..., u

n
2,Ny

, ..., un
Nx,1, ..., u

n
Nx,Ny

).

�s]�b Y\IZijOXKUFQe%ijO=� KUF�Y�IZY\FpVUW"[C]ue%STFpP�KUFXF{OX]ue.+LP>KB[CKBFXFX]"cpY\I P�KU[TKUFXFX] , � b Y\SfedijO=� KBF�YUOXIZY\SCH
Y\OpeJemS �XST]�F cXO�[C] 1 Y\STIL] +m[TSCVBFX]�cpYUIl[TSCVBFX]�,�]�F�+mMNW&ILKBOX[fY\FjH3,�M�� Y\��KUIZM$[¢� SCFQMNSTP�]

j
cX[TONH 
UH0ijOX]

k�
Nx
]ue�H+[C]sFXKBb9�XIJ]sMN]lP�KU[TKUFXFX]ue ]>H

Ny
P�]�[TOXSpMN]l[CSTVUFX]ue �>AU¥ �U]&PsP�]>HLHL]lP�KUF{�U]&FBHJSCKBF ��[C]7eLPZrXW&b Y

SCbdcX[TSTP�S HJ] � �XA �Bt �+IL]uijOXSC]&ImHs[�� STF{�U]&IJeLSCKBF/MN]4[fYdb YqHLIJSfP>]4em~{bdW>HJILSfijOX]0HLIJSTMNSfY\VBKUFpYU[C] +mcpY\Is�X[TKNP�e3,

M =















D1 E1 0
E1 D2 E2A A A A A A A A A

ENx−2 DNx−1 ENx−1

0 ENx−1 DNx















KJo"[C]ues�X[TK{P&esMNSfY\VUKBFpY\OXa
Dj
emKBFjHsMX]&esb YqHJILSfP>]ue�P�Y\IJIJW�]&e�MN]0HZY\ST[C[T]

Ny

Dj =















1 + 2(cy + cx) −cy 0
−cy 1 + 2(cy + cx) −cyA A A A A A A A A

−cy 1 + 2(cy + cx) −cy
0 −cy 1 + 2(cy + cx)















Y��U]&P
cx = ν∆t

(∆x)2
]>H
cy = ν∆t

(∆y)2
��]�H [C]ued�X[CKNP&e%]�a{HLIZY )GMNSTYUVUKBFpY\ONa

Ej = (Ej)
t eLKUFjH MN]&ebdY\HLIJSTP�]&esP&Y\IJILW&]&e�MN]4HJYUSC[T[C]

Ny

Ej =















−cx 0 0
0 −cx 0A A A A A A A A A

0 −cx 0
0 0 −cx















.

¥`O4HLKUHJYU[\[TY�b Y\HLIJSTP�]
M
]ue�H=c�]�FjHJYBMNSfY\VUKBFpY\[T] ]>H3eL~{b W�HLIJSTijOX]BAu�+]�c�]�FQMXY\FjH=[T]&e3P�SCFQilMNSfY\VBKUFpYU[C]ue

FX] emKBFBH4cpYBe0P�KUFjHLSTVUO��&e�� P�] iBOpS ]�FjHLIZY � FX] OXFX] Y\OXVBbd]�FjHJY\HLSTKUF�P�KUFpeLSTMXW�IZY\�X[T] MXO�P�K10NH^MN]d[TY
ILWuemKB[CONHJSCKBF M�� OXF�eL~{emHLk&bd] [TSTFXW&YUSCIJ] YUeJemKNP>STW �

M
� �BKUSTI0[�� Y\FXFX]�aN]deLOXI^[�� YUFpY\[T~Nem] F{OXbdW�IJSTijOX]

bdY\HLIJSTP�SC]&[C[T]�]>H�FXKUHJY\bdbd]�FjH [T]&e �s]�b YUIJijOX]ue+@ �XAT@UA��N@+]>Hs@��pAC@BA xQ@ �RAqv Y7eLS HJOpYqHJSCKBF eL]�IZY\SCH ]�FpP�KUIJ]
cXSCIJ]4]�F"HLIJKUSfesMNSTbd]�FpeLSCKBFpe&A
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|Ut ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

; � �����1�
��� � �f� � � �0NPO%Q7ILE/I �P[�E � E F�K32#W/YGT 	JE �2E�T3K"E/YT�O%\�� T3K32�X N�I 	

u
n+1/2
j,k − un

j,k

∆t
+ ν
−un+1/2

j−1,k + 2u
n+1/2
j,k − un+1/2

j+1,k

2(∆x)2
+ ν
−un

j,k−1 + 2un
j,k − un

j,k+1

2(∆y)2
= 0

un+1
j,k − u

n+1/2
j,k

∆t
+ ν
−un+1/2

j−1,k + 2u
n+1/2
j,k − un+1/2

j+1,k

2(∆x)2
+ ν
−un+1

j,k−1 + 2un+1
j,k − un+1

j,k+1

2(∆y)2
= 0.

E%F�Q �/ILW%K#M F 	 0 N�I 	PI^E �ZE/O E+F �#T3K+E E+Q9Q�E/Y��#F�E+Q M�O#K+N2O 	�M Q�M NPO�O#E � � EJY E/O�Q�F6Q6T���� EGE/O O#N�I Y E
L2

� �/N2[�I
	�E+F K+N2O 	�M Q�M NPO�F T�[+H � M�Y M Q�E+F 	JE �/WJI M N 	$M K�M Q�W 	�T�O�F K323T �P[�E 	$M�I^E�K7Q�M N2O �"]
¥5P&Y\OpeL]�MN]9eLKUF�P�K10NHlMN]%P�Y\[fP>Op[=W�[T]��BW �XKBF"IJ]�bdcX[fYUP�]�emKBOX�U]&FjH�[T]9eJPZrXW�b Y STb cp[CSfP>SCHL]%cpY\I

OpFX]1VBW�FXW&IJYU[CSfeLY\HLSTKUF��`cp[COpeLST]�OXIZe3MNSTbd]�FpeLSTKUFpe M�� ]&eLcpYUP�]1MN]+eJPZrXW&bdYBe=OXFpSTMNSTbd]�FpeLSTKUFXFX]&[Te��uKU�NHJ]�)
F{OX]1cpY\I=OpFX] HL]uPZrXFXSfijOX]�MN] ��� ����� � �
���"' �%�
�������$��� ' � MXS HJ]1Y\OpeJeLSUMN]1eLW�cpYUIJY\HLSTKUF4M�� KUc�W�IZYqHL]&OXIZe �
KBO '�!���� �����
��	 ]�FdY\FXVB[TYUSTe �RAqv�� SfMNW�]�]&emH MN]�ILWuemKBOpMNIJ] ��Y\O [CST]�OdMN]�[¢� W&ijOpY\HLSTKUF%�XSTMXSCbd]�FQemSTKUFXFp]�[T[C]
� �NA��\� � �XY\[CHL]&ILFQYqHLST�U]&bd]�FjH�[T]&elMN]�ONa/W&ijOpYqHJSCKBFpe�OXFXSfMNSTbd]�FpeLSCKBFXFX]&[C[T]&e

∂u

∂t
− 2ν

∂2u

∂x2
= 0

]�H ∂u

∂t
− 2ν

∂2u

∂y2
= 0

MXKUFjH1[fY +�bdKq~B]�FXFX] ,�IJ]&MNKBFXFX] � �NA��\� �RA\� Y\I+]>aN]�bdcX[T] �B]�F ONHJSC[TSfeLYUFBH�MXY\FQe�PZrpYUijOX]7MNSCIJ]&P>HLSTKUF OXF
eJPZrXW&bdY MN]%�+IZY\FX� )G�`SfPZrXKU[feLKUF�c�KUOXIsOpF"MN]&bdS=cpYUesMX]7HJ]�bdcpe

∆/2
�NKUF"KU�NHJSC]&FjH�OpF ' �("$� & �

��� ��� ����� � �
���"' �%� � ���(����� '

u
n+1/2
j,k − un

j,k

∆t
+ ν
−un+1/2

j−1,k + 2u
n+1/2
j,k − un+1/2

j+1,k

2(∆x)2
+ ν
−un

j−1,k + 2un
j,k − un

j+1,k

2(∆x)2
= 0

un+1
j,k − u

n+1/2
j,k

∆t
+ ν
−un+1

j,k−1 + 2un+1
j,k − un+1

j,k+1

2(∆y)2
+ ν
−un+1/2

j,k−1 + 2u
n+1/2
j,k − un+1/2

j,k+1

2(∆y)2
= 0
� �NA �X@ �

v1� Y��qYUFBHZY\VB]�MN]1P>]1H�~{cQ]�MN]+eJPZrXW�b Ys]ue�H iBO3� ST[jeLO 8dH�� �lPZrQYUijOX]1MN]&bdSBcpYBe3MN]1HL]&b cQe ��M�� SCF{�U]&IJeL]�I
OpFX]7b Y\HLIJSTP�]`HLIJSfMNSTYUVUKBFpY\[T]`MN]7H�~jc�]0OXFXSfMNSCbd]&FpemSTKUFpFX]�[ � PU� ]ue�HsMNKBFpP`OXF"P�YU[TP�OX[Qc�]�O"PZrX]�I �RA 4�F
HJILKBSTe�MNSTbd]�FpeLSTKUFpe��{SC[=eLO 8dH`MN]!1 Y\STIL]7HLIJKUSfe+HLST]�IZe ) cpYUe�MN]0HJ]�bdcpe�]>Hs[T]&e�cXIJKUcXIJSTW>HLWue�MNO"eJPZrXW&bdY
eLKUFjHsSTFpPZrpY\FpVUW�]ue�AQ�+]^eJPZrXW�b Y ]&emH`FXKBF$eL]�Op[C]&b ]&FjHsemHJYU�X[T]^bdYUSTesP�KUFpeLSfe�HZY\FjH`Y��U]&P7[�� WuiBOQYqHLSTKUF
�pSTMNSTbd]�FpeLSTKUFXFX]&[C[T] � �XA �U� �>A
; � �����1�
��� � �f� � � 	 � N2O�Q7I^EJI �2[#E � E FVK 2�WJYGT 	�E 	�M�ILE%K"Q�M N2O#F�T�� Q�EJI O#W+E%F � �P] ��� ��E+F�Q �/ILW%K�M F 	 0 N�I 	PI^E
� EJOSE+F �#T3K+E E"QQ�E/Y��#F E"Q0M�O#K+N2O 	�M Q�M NPO�O#E � � EJY E/O�QRF�Q6T���� E E/O O#N�I Y E

L2
� �/NP[�I 	JE%FZK"N2O 	$M Q�M N2O#F

T�[%H � M�Y M Q�E%F 	�E �/W/I>M N 	�M K#M Q�W 	�T�O#F K323T �2[#E 	�M�ILE%K"Q�M N2O �"]
�+KBFpP>[TOXKUFQesP>]>HLHL]�eL]&P>HLSTKUF"cpY\I`ijOX]&[TijOX]uesP>KUFQemSfMNW�IZYqHJSCKBFpe�cXIZYqHLSfijOX]&e �dcXIJKUc�KBe�MN]^[fY bdW�)

HJrXKNMN]`MN]ue�MNSC��W&IL]&FpP>]ue �pFXST]&e&ABy{KUF Y��qY\FjHZY\VU]+cXIJSCFpP�SCcQY\[X]ue�H�eJY0eLSTb cp[CSfP>SCHLWlYUOpeJemSN�XST]�F P�KUFpP�]�c )
HJOX]�[T[T]`iBOp]`MN]sbdSTeL]s]�FdK{]�OX�{IJ]�SCF 1 KBILb Y\HLSfiBOp]UA 4�[T[C]scpILWuem]&FBHJ]`P>]&cQ]&FpMXY\FjH OXF�P�]�ILHJY\STF FXKUb%�XIL]
MX]lMNW�1 YUONHJe1iBOpS �BcQKBOXI1MN]`FpKUb9�pIL]&ONa%cXIJKU�p[Ck&b ]ue P>KBb cp[C]�a{]ue �U[COXS 1 KUFjH1cXIJW�1 W&IL]&I�M�� Y\ONHJIL]ue bdW�)
HJrXKNMN]&esP�KUbdbd]0P�]�[T[C]^MN]ue�W�[TW�bd]�FjHJe��QFXSTe � �UKBSCI�[T]&e`�+rpY\cpS HJIL]ue��%]>H`� �RAX_`Fp]4MX]&e�cXIJSCFQP>STcpY\[T]&e
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������� �NA � ���`Y 8 FX]&b ]&FjH�MN]0b Y\ST[C[fY\VB]l]&F"MNSC� W�IJ]�FpP�]&e1�pFXST]&e %N[TY .�KBFX]7]&FjHLKUOpILW&]l]&emHsP>]�[T[T]7K�o
[¢� KUF"�U]&ONH`cX[TOpesMN]^cXIJW&P�STeLSCKBF=A

[CSTbdS HZYqHLSTKUFQe7MN]%[TY�b W�HLrXKNMN]%]&emH0ijO=� ]�[T[C]%FX]'1 KBFpPRHJSCKBFXFX]9ijOX]%cQKBOXI7MX]&e7bdYUSC[T[fY\VU]ue`IJW�VBOX[CST]�IZe��
MNS HZe ����� � �%�$	�'��
�%�
�(� ' AXDG[3F3� ]ue�H`cpYBe�HLKBO�7�KUOpIJe 1 YBP>ST[C]9MX]^cpY��U]&IsOXF�MNKUb Y\STFX]�ijOX]&[TP�KUFpijOX]�MN]
[¢� ]&eLcpYUP�]dcpY\I�MN]ue4b Y\ST[C[T]&e^IJ]&P>HJYUFXVUOX[fY\STIJ]&e"!�� Y\I�YUSC[T[C]&OXIZe ��ST[�F=� ]&emH�cpYUe4c�KBeJeLSC�X[T] MN] IZY 8 FX]�I
[CKNP�YU[C]&bd]�FjH�[C]�bdYUSC[T[fY\VU]�c�KUOpI�Y��UKBSCI OXFp] bd]�ST[C[T]�OXIJ] cXIJW&P�STeLSTKUF�]�FgOXFg]&FpMNIJKUSCH�cXIJW&P>Sfe�MXO
MNKUb Y\STFX]�MX]/P�YU[TP�OX[�A3DG[1]ue�H cQKjeLeLST�X[C]/MN].1 YUSCIJ]��qY\IJSC]&I9MXYUFpe9PZrpYBijOX]�MNSTIL]uPRHJSCKBF�[C]�cQYUe9M=� ]ue )
cpYUP�]`b Y\Sfe�P>]�HmHL]7�qY\IJSTY\HLSTKUFd]&emH1OXFXS 1 KUIJbd]lMXYUFpe�[T]&e+MNSCIJ]&P>HLSTKUFpe1cQ]&ILc�]�FQMNSTP�OX[fY\STIL]ue �

∆x
]�H

∆ycQ]&OX�U]&FBHsPZrpYUFXVU]&I+[T]7[TKUFpV MN]ue�YqaN]&e
x
]>H
y
�{IJ]&eLcQ]uPRHLST�U]&bd]�FjH��{b Y\Sfe�P>]>HLHL]4�qY\IJSTY\HLSTKUF�]ue�H�OXFXS )

1 KUIJb ]�MXYUFpe [C]ue MNSCIJ]&P>HLSTKUFpe KBImHJrXKUVBKUFpYU[C]ue ���BKUSTI [TY0¤ SCVBOXIL] �NA � �>A\_`F IJY 8 FX]�bd]�FjH MN]�b Y\ST[C[fY\VB]
]�F�MNSC��W&IL]&FpP>]ue0�pFXST]&e^cXIJKNMNOXSCH9MNKUFQP MN]&e^b YUSC[T[C]ue4W�[fY\FpP�W�]ue4[CKBSCF�MN] [fY&.�KUFp]�M�� STFjHLW&I 2�H&A=� Y\I
Y\ST[C[T]�OXIZe��j[fY9HLrXW&KUIJSC]4P>KBb bd]4[fY9cXIZYqHJSTijOX]4MN]uesMNS � W�IJ]�FQP>]&e+�pFpSC]uesem]^P>KBbdcX[CSfijOX]�FjHsemSTFXVBOX[CSTk�IJ]�)
b ]&FjH7[TKUIZeLijOX]�[T]&e0P>K{]78 P�SC]&FjHJelMpY\Fpe7[C]ue`WuiBOQYqHLSTKUFQe7YUONa$MXW�IJSC�BW�]&elcpY\ILHLST]�[T[T]&eleLKUFjHl�qYUILSfY\�X[T]&e
]>H`[TKUIZeLijOX]0[C]ue�cXIJKU�X[Tk�bd]&eseLKUFjHsFXKBF )�[TSTFXW&YUSCIJ]&e&A

�  	� � � ��� *  � ���  ) *  

������	� ����������� �"!$# � �-# �"%.( ��� ��!
�lKUOpedP�KUFpeLSTMXW�IJKUFpe9[¢� W&ijOpY\HLSTKUF M�� YUMX�U]&P>HLSTKUF�]&F OXFX]$MNSTbd]�FpeLSCKBF M�� ]&eLcpYUP�]/MXYUFpe%[C]$MNK )

bdYUSCFp]^�QKBILFXW
(0, 1)

Y��U]uPlOXFp]��{S HJ]&eJem]^P>KBFpemHJY\FjHJ]
V > 0

]�H7MN]&elP>KUFQMNS HJSCKBFpe`YUONa�[TSCbdSCHL]&e7MN]
cQW&ILSTKNMNSTP�S HJW











∂u

∂t
+ V

∂u

∂x
= 0

cQKBOXI
(x, t) ∈ (0, 1)× R+

∗
u(t, x+ 1) = u(t, x)

c�KUOXI
(x, t) ∈ (0, 1)× R+

∗
u(0, x) = u0(x)

cQKUOpI
x ∈ (0, 1).

� �NA � � �

�7F%MNSfeLP�ILW�HLSfem]+HLKBO�7�KUOpIJe [¢� ]&eLcpYBP>]+Y��B]&P1OXF%cQYUe
∆x = 1/(N+1) > 0

�
N
]&FBHJSC]&I cQKjemSCHLS 1 � ]>H [T]

HL]�bdcpe�Y��B]&P
∆t > 0

�{]�H�KBF�FXK\HJ]
(tn, xj) = (n∆t, j∆x)

cQKBOXI
n ≥ 0, j ∈ {0, 1, ..., N + 1} �
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| � ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

un
j

[TY �qY\[T]�OXI`M=� OXFp]�emKB[CONHJSCKBF�MNSTeJP>IJk>HJ]^Y\cXcXIJKNPZrXW�]4Y\O$c�KUSTFjH
(tn, xj)

�Q]>H
u(t, x)

[TYdeLKU[TONHLSTKUF
]�aXYUPRHJ]�MN] � �NA � � �RA�v3]&edP>KBFpMNSCHLSTKUFpe YUONa [TSCbdSCHL]&e�MN]$cQW&ILSTKNMNSTP�S HJW�P>KUFQMNOXSfem]&FBH�YUONa W�VjY\[TS HJW&e
un

0 = un
N+1

cQKBOXI HJKUONH
n ≥ 0

�\]>H+cX[COQe�VUW&FXW�IZY\[T]�bd]&FBH
un

j = un
N+1+j

AB� Y\I1P�KUFpeLW&ijOX]&FBH �\[�� STF )
P�KUFXF{OX]7MNSTeJP>IJk>HJ] ��PZrpYBiBOp]`cpYUe1MN]`HJ]�bdcpe�]ue�H�OXF �U]uPRHJ]�OXI

un = (un
j )0≤j≤N ∈ RN+1 AB�`KBOpeMXKUFXFXKBFpe iBOp]�[fiBOp]&e eLPZrXW&b YUe=c�KBeJeLSC�X[T]&e c�KUOXI [¢� W&ijOpY\HLSTKUF9M=� YBMN�U]uPRHLSTKUF � �NA � � �RAu¥`Od�+rQY\cXSCHLIJ]l@

FpKUOpe�Y��UKBFpe�MNW 7 �%P�KUFpemHJY\HLW`[T]7b YUOX�qY\Sfe1P>KBbdcQKBImHJ]�bd]�FjH+F{OXbdW&ILSfijOX]7MNO '��("�� & �� � !#�
���1�
���
����� � ���

un+1
j − un

j

∆t
+ V

un
j+1 − un

j−1

2∆x
= 0

� �XA � � �
c�KUOpI

n ≥ 0
]�H
j ∈ {0, ..., N} AQv3] P&Y\IZYUP>HLk�IJ]^STFpe�HZY\�X[T]%MX] P�]%eJPZrXW�b Y�]ue�H4P>KBFN�pIJb W%cpY\I0[T][T]�bdbd]�eLOXSC�qYUFBHuA

) � & & �����f� �¢�  � ����E ���
� ��� � �C�H����D ������G�D ��<- 3�C�� ��8 ����D@�F	�G ���$��D ��G�D@� �(��� ��= �F�����(D �H	(G � = ���(�
�(����D �H	(G - 3�C���3�8 � � F�F���$��;���= 	(�����
/K��G D5��� � � ��D 3 ��G ��� ���2��� � �
���$� ��G ��	(G �(��D �H	(G�G �����A������G D��G���D ����������G G 	���
�

L2
C

�&� & ���"'�� ����� �
��� � ¥ [�� YUSTMX]�M�� OXF MNW��B]�[TKUcXc�]�bd]&FBH MN]2( Y�~j[TKUI�YUONHLKBOXI9MNO cQKBSCFjH
(tn, xj)

�
KBF��UW&ILSC�p]�1 YBP>ST[C]&b ]&FjH ijOX]�[T]/eJPZrXW&bdY ]&emH P>KBFpeLSTemHJYUFBH �3cXIJW&P�STe ��[�� KBIJMNIJ] @�]&F�HL]&bdcpe9]�H �
]&F ]&eLcpYBP>]UAQ� Y\I7YUFpY\[T~Nem]�MX]%¤XKBOXIJSC]&I��QKUF�W>HJOpMNST]9[fY�emHJYU�XSC[TSCHLW

L2 A ¥3�B]&P^[T]&e7FXK\HZYqHJSCKBFpe`MN]%[TYyNKUOpe ) eL]&P>HLSTKUF �NA��NA � �N[T]&esP>KBbdcQKjeLYUFBHJ]&e�MN]�¤pKUOXIJSC]&I
ûn(k)

MN]
un �UW&ILSC�p]&FBH

ûn+1(k) =

(

1− iV∆t

∆x
sin(2πk∆x)

)

ûn(k) = A(k)ûn(k).

�7F"�UW&ILSC�p]^ijOX]4[C]^bdKNMNOX[T]�MNO�1 YUP>HL]&OXI`M�� Y\bdcX[TS �QP&YqHJSCKBF/]ue�HsHJKUO�7�KBOXIJe�cX[TOpesVBIJYUFpM"iBOp] @��

|A(k)|2 = 1 +

(

V∆t

∆x
sin(2πk∆x)

)2

≥ 1,

Y��B]&P7SCFpW�VBYU[CSCHLW^emHLIJSTP>HL]^MNkue`ijOX]
2k∆x

F=� ]&emH`cpYUe�]&FBHJSC]&I&AX¡7KUFQP7[T]�eJPZrXW�b Y ]&emHsSCFpemHJYU�X[T]UA
�

�7Fdc�]�ONH1WuP>IJSCIJ]�OXFX]s�B]�IZemSTKUF SCbdcX[TSfP>SCHL]lMNOdcXIJW&P�W&MN]&FjH1eLPZrXW&b Y0ijOXSQMN]��{ST]�FjH1e�HZY\�X[T] %UPU� ]ue�H
[T] ' � "�� & � � & !#�
�
��� � ���1��� ���(�

un+1
j − un

j

∆t
+ V

un+1
j+1 − un+1

j−1

2∆x
= 0.

� �XA �Ux �
; � �����1�
��� � �T� � � �0NPO%Q7ILE/I��P[#E � E:FVK 2�WJYGT M�Y ��� M K#M Q�E9K"E/O�Q7ILW � � ] � ��� E+F6Q�K"N2O#F�M F6Q6T�O%Q T � E�K �10 W��P[#T�\
Q�M NPO 	 0 T 	 � E�K7Q�M NPO � � ] � ����9 �/I^W�K�M F � �10 N�I 	PI^E��0E/OZQ�EJY���F E"Q�� E/O E+F �3T3K"E 9 M�O3K"N2O 	$M Q�M N2O�O�E � � E/Y EJO%Q
F6Q6T���� E EJO O�N�I Y E

L2
9�	JNPO#K K+N2O � EJI ��E/O�Q+]

yNS=[¢� KUF/HLST]�FjHlYU�pemKB[COpb ]&FjH � IJ]&emHL]&I`P>]�FjHJILW4]>Hs]�a{cp[CSfP>SCHL]��X[C] ' �("$� & � �$��) � �$ J� ���
��� ����� "�'
2un+1

j − un
j+1 − un

j−1

2∆t
+ V

un
j+1 − un

j−1

2∆x
= 0

� �XA �j| �
]ue�H`OpF"eJPZrXW�b YdeLSCbdcX[T] �XIJKU�pOpe�HJ] �Nb Y\Sfe�cpYBe�HLIJk&e�cXIJW&P�STe&A
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� ��� � � ��� ������ 	�	/���-� � | �

)�� & & �����f� � �  �K���FE������ �2�< � ��� � ��H������H�FE�� - 3�C�����8 ����D ��D5� ����� ��G G 	(����
L2

��	(���<���
�F	�G ����D!�H	�G � �  

|V |∆t ≤ ∆x.
+ � ��� ���� ��	(�D

∆t/∆x
����D �����2� ��	�G ��D ��G�D ��	���������

∆t
��D

∆x
D5��G �2��G�D �(���� � ��F	 � ���%����D�F	�G ���$��D ��G�D � �(�F���>= �������(D �H	(G � = �2�	� ����D!�H	�G - 3�C���3�8 ��D � ������$� ;<�>= 	���(F��/K��G ��� ���2���
��D D ��� � �+C

9 �( ��	(G����F������G�D � ��� ����D �F	�G ����D!�H	�G�G ���������
��G�D%��	(G�� �� 7��G D�C
� � & ���"'�� ����� �
��� � � YUI`Y\FpYU[C~NeL]^MN]^¤XKUOpILST]�IsKBF"Y

ûn+1(k) =

(

cos(2πk∆x)− iV∆t

∆x
sin(2πk∆x)

)

ûn(k) = A(k)ûn(k).

v=]4bdK{MXOX[C]�MXO31 YBPRHJ]�OXI`M�� Y\bdcX[TSC�QP�Y\HLSTKUF"]&emHlMNKUFXFpW0cQY\I

|A(k)|2 = cos2(2πk∆x) +

(

V∆t

∆x

)2

sin2(2πk∆x).

�7F"�BW�IJS �Q]4MXKUFpP4ijOX] |A(k)| ≤ 1
cQKBOXI�HLKBONH

k
eLS=[fYdP>KUFQMNS HJSCKBF |V |∆t ≤ ∆x

]&emHleJYqHLSfe 1 Y\SCHL] �
HJY\FQMNSTe ijO=� SC[N]�aNSTemHL]�MN]&e bdKNMN]&e STFpemHJY\�p[C]ue

k
HL]&[Te ijOX] |A(k)| > 1

emS{FXKBF=Aqv=]�eLPZrpW�b Yl]ue�H MNKBFpP
P>KUFQMNS HJSCKBFXFX]&[C[T]�bd]�FjHse�HZY\�X[T]UAj� KUOXI�W�HLOpMNST]�I�[fY9P�KUFpeLSTemHJYUFpP>]��BKBF�]���]uPRHLOp]7OXF"MNW��B]�[TKUcXc�]�bd]&FBH
MN]'( Y�~{[TKUI�Y\ONHJKUOXI`MX]

(tn, xj)
cQKBOXI`[fYdemKB[CONHJSCKBF

u
%

2u(tn+1, xj)− u(tn, xj+1)− u(tn, xj−1)

2∆t
+ V

u(tn, xj+1)− u(tn, xj−1)

2∆x
=

(ut + V ux) (tn, xj)−
(∆x)2

2∆t

(

1− (V∆t)2

(∆x)2

)

uxx(tn, xj)+O
(

(∆x)2 +
(∆x)4

∆t

)

.
� �NA �U� �

�+KUbdbd] [�� ]�IJIL]&OXI0MX]dHLIJKUFpP&YqHLOpIL] P>KUFjHJSC]&FBH^OXF HL]&ILbd]d]�F O((∆x)2/∆t) ��[T]�eJPZrXW�b Y/F=� ]ue�HcpYUe7P>KUFQemSfe�HZY\FjHleLS
∆t
HL]&FpM��U]&IJe .�W�IJK cX[TOpe`�{SCHL] iBOp]

(∆x)2
Ap� Y\I0P>KUFjHJIL]��XSC[ ]&emH7P�KUFpeLSTemHJYUFjH

]>H cXIJW&P>Sfe M�� KUIZMNIJ] @�eLSs[C]$IZY\cXc�KUILH
∆t/∆x

]ue�H�P>KBFpemHJY\FjHuA � KBOXI KU�NHJ]�FXSTI [fY P�KUF{�U]&ILVB]�FpP�]
KUF IJ]�cpIL]&FpM�[fY MNW&bdKUFpemHLIZYqHJSCKBF MNO (�rXW�KBILk&b ]"MN]�v3Y\a �XA �XA �UtXA v�� ]�IJIL]&OXI

en ]ue�HdHJKUO�7�KBOXIJebdY 7�KUIJW�]0cpY\Is[�� ]�IJIL]&OXIsMN]4HLIJKUFpP&YqHJOXIL]��{]>HlMNKBFpP0STP�S

‖en‖ ≤ ∆tnKC
((∆x)2

∆t
+ ∆t

)

.

y{S KUF�VjY\IZMN]`�pa{]0[T]7IZY\cXc�KUILH
∆x/∆t

[�� ]&ILIJ]�OXI�]&emHsMNKUFpP7b Y�7�KBILW7cpY\I�OXFX]4P>KBFpe�HZY\FjHL]/1 KUSfe
∆tiBOpS�HL]&FpM"�XSC]&F/�B]�IZe .�W&ILK �{M=� K�o"[fYdP>KBFj�B]�IJVU]&FpP>]BA
�

��� & ��� ( '������f� �f� v=] eLPZrXW&b Y�MX]�v3Y\a )G¤XIJST]&MNIJSTPZrQe%F3� ]ue�H�cQYUe�P�KUFpeLSTemHJYUFjH � e�HJILSfPRHJK em]&FpeLO
emOXST�qY\FjH�[fY^¡lW��pFXSCHLSTKUF �NA��NA x �>AU�`WuY\FXbdKBSCFpe�SC[Q]&emH1P>KUFQMNS HJSCKBFXFX]&[C[T]�bd]�FjH+P�KUFpeLSfe�HZY\FjH ]>H+P�KUFX�B]�I )
VU]�FjHuApDG[-1 YUONH7P�]�c�]�FpMXYUFjH�1 Y\STIL]�Y\HmHJ]�FjHLSTKUF ijOX]9eLS3KBF�cXIJ]�FpM"[T]�cpYUe7MN]^HJ]�bdcpe

∆t
��]&Y\OQP>KUOpc

cX[COQe�c�]>HLSCHsiBOp]lP>]0iBOpSp]&emH1c�]�IJbdSTe+cpY\I1[TY�P�KUFpMXS HJSCKBF"��¤ v MN]7emHJYU�XST[CSCHLW��U[fY�P>KBFj�B]�IJVU]&FpP>]seL]�IZY
HLIJk&e�[T]�FjHL]BA 4�F$cXIZYqHLSfijOX]4[C]^eJPZrXW�b YdMN]�v Yqa*) ¤pILST]&MXILSfPZrpe+F=� ]ue�H`cQYUe�IJ]&P>KBbdbdYUFpMNWBA •
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|\x ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

_lF$eJPZrXW&bdYdP�]�FjHLIJW �N]�a{cp[CSfP>SCHL]��XcX[TOpescXIJW&P�STe�]&emH`[T] '��("�� & � ����)�� �$ �� ���$�$�����

un+1
j − un

j

∆t
+ V

un
j+1 − un

j−1

2∆x
−
(

V 2∆t

2

)

un
j−1 − 2un

j + un
j+1

(∆x)2
= 0.

� �XA �{� �
yXY MNW�IJSC�qY\HLSTKUF�F=� ]&emH`cpYUelSCbdbdW&MXSTY\HL] ��Y\OpeJeLS=FXKUOQes[TY�cXILWuem]&FjHLKUFQe�]�F MNW�HJY\ST[�A �7F�P>KBb bd]&FpP>]
cQY\IsW&P�ILSTIJ]7OXF�MNW&�U]&[CKBcXcQ]&bd]�FjH �%[�� KUIZMNIL] �%]�F"HJ]�bdcpesMN]^[fYdemKB[CONHJSCKBF/]�aXYUPRHJ]

u(tn+1, xj) = u(tn, xj) + (∆t)ut(tn, xj) +
(∆t)2

2
utt(tn, xj) +O

(

(∆t)3
)

.

41F ONHLST[CSfeJY\FjH1[�� WuiBOQYqHLSTKUF M�� YUMX�U]&P>HLSTKUFdKUFdIJ]�bdcX[fYUP�]s[C]ue1MNW&ILST�UW&]&e ]�FdHJ]�bdcpe1cpY\I1MX]&e�MNW&ILST�UW&]&e
]&F$]&eLcpYUP�]

u(tn+1, xj) = u(tn, xj)− (V∆t)ux(tn, xj) +
(V∆t)2

2
uxx(tn, xj) +O

(

(∆t)3
)

.

41FN�pF �XKBF$IL]&b cp[TYBP>]0[C]ue`MNW�IJST�UW�]ue�]�F$]&eLcpYUP�]7cQY\I`MN]ue�1 KUIJb9OX[T]&e�P�]�FjHLIJW�]uesM�� KBIJMXIL] �

u(tn+1, xj) = u(tn, xj)− V∆t
u(tn, xj+1)− u(tn, xj−1)

2∆x

+
(V∆t)2

2

u(tn, xj+1)− 2u(tn, xj) + u(tn, xj−1)

(∆x)2
+O

(

(∆t)3 + ∆t(∆x)2
)

.

�7F IJ]>HJILKBOX�U]d�XST]�F�[T]�eJPZrXW�b Y�MN]�v Yqa*)�� ]&FpMNIJK\� ]&F�FpW�VU[TSTVU]&YUFjH�[C]ue4HL]&ILbd]&e%MNO HLIJKUSfeLSCk&b ]
KBIJMXIL]0]>Hs]�F"IJ]�bdcX[fY ��YUFjH

u(tn, xj)
cpY\I

un
j

AX�s]�b YUIJijOX]&I�ijOX]��NcpY\I�IZY\cXc�KUILHsY\ONa�cpILWuP>W&MX]�FjHJe
eJPZrXW&bdYBe �UKUF Y�MNSfeLP�ILW�HLSfemW +LeLSCb%OX[ HZY\FXW&bd]�FjH3,s[C]ue�MNW&ILST�UW&]&e ]&F ]&eLcpYUP�]s]>H1]&FdHL]�bdcpe+MN]`[�� WuijOpY )
HJSCKBF�M�� YUMN�B]&P>HLSTKUF=AQ� YUI0P�KUFpemHLIJOpP>HLSTKUF �Q[C] eLPZrXW&b Y�MN] v3Yqa*)�� ]&FpMNIJK\��]&emH7cXIJW&P�STe � [�� KBIJMNIJ] �
]&F"HL]�bdcpe`]>H`]�F$]uemcpYBP>]BA �7F$c�]�ONH`bdKBFBHJIL]&I`ijO=� ST[=FX]^�BW�IJS �Q]7cpYBe�[C]^cpILSTFpP>STc�]�MNO$bdY\aNSCb%OXb
MXSTeJP>IJ]>H � �BKUSTI [¢� 4 aN]�IZP>SfP>] �XA �pA � �RAq� Y\I�P�KUFjHLIJ] ��ST[X]&emH1e�HZY\�X[T]�]�FdFXKBILbd]

L2 ]>H1MXKUFpP�P>KBF{�U]�IJVU]&FjHeLKUOQe�[TYdP>KBFpMNSCHLSTKUF ��¤ v |V |∆t ≤ ∆x
A

; � �����1�
��� � �T� �f� �0NPO%Q7ILE/I �P[�E�� E	F�K32#W/YGT 	JE D/T%H#\�� EJO 	PILN�� E+F6Q0F�Q6T���� E	E+Q K"NPO � E/I �JEJO%Q E/O
O#N�I Y E

L2
F�M |V |∆t ≤ ∆x

]

; � �����1�
��� � �T� �T� �0NPO%Q7ILE/I �P[#E�� EZFVK 2�WJYGT 	JESD/T%H#\ ��I M E 	2I>M K32#F �/ILW+F6EJI � E�� E��JI M�O3K�M��/E�	P[qYGT%H�M \
Y0[�Y 	�M F�K3ILE"Q F7M � T K+N2O 	�M Q�M NPO �	�PD |V |∆t ≤ ∆x

E+F6Q0FVT�Q�M F6X>TJM Q�E:9�Q6T�O 	$M F �2[#E � E	F�K32#W/YGT 	�E
D/T%H#\�� E/O 	2ILN�� O#E � E �/ILW+F6EJI � E �3T#F F�T�[%X�F�M V∆t/∆x � T�[%Q −1, 0,

N2[
1
]

; � �����1�
��� � �T� � , �0NPO%Q7ILE/I��P[�E � E FVK32#W/YT 	JE D/T%H#\�� E/O 	2ILN�� � �P] � 4��(E+F6Q � E F6EJ[��+F�K32#W/YGT �/I^W�K�M F
� �10 N�I 	PI^E � E/OZE%F �3T3K"E E"Q Q�E/Y ��F �P[/M$F6N�M Q 	2[ Q����/E

un+1
j = αun

j−1 + βun
j + γun

j+1,

N �
α, β, γ

	�W �/EJO 	�E/O�Q;FVE/[�� E/Y EJO%Q 	JE
V∆t/∆x

]
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�+KBbdb ]9FXKUOpel[¢� Y��UKBFpe`MNW 7 ��MNSCH7Y\O �+rQY\cXSCHLIJ]�@ �QOXFX]�SfMNW&] 1 KUFpMpY\bd]�FjHJYU[C]9cQKBOXI`KU�XHL]�FpSCI
MN] +m�QKBFpe�,9eJPZrXW�b YBescQKBOXIl[�� W&ijOpYqHJSCKBF M�� YUMN�B]&PRHJSCKBF � �XA � � ��]&emH7[T] �����1��� � ��� & ��� ��� & ��� � A
�`KUOQesMNKUFXFpKUFpe�[fY 1 KUIJb ]4VBW�FXW&IJYU[C]4MNO '��("�� & � �����1��� � ��� � & ��� �

un+1
j − un

j

∆t
+ V

un
j − un

j−1

∆x
= 0

eLS
V > 0

un+1
j − un

j

∆t
+ V

un
j+1 − un

j

∆x
= 0

eLS
V < 0.

� �NA �U� �

�7F Y"MNW 7 �/�{O�YUO �+rpYUcXS HJIL]/@ ijOX]d[T] eJPZrXW&bdY/MNW&P�]�FjHLIJWdY\bdKUFjH4]&emH4emHJYU�X[C] ]�F FXKUIJbd]
L∞emS�[TY P>KBFpMNSCHLSTKUF���¤ v � |V |∆t ≤ ∆x

� ]&emH eJYqHJSTe 1 Y\SCHL]BA �+KBb bd]/SC[�]&emHdP�KUFpeLSfe�HZY\FjH9]>HdcXIJW&P�STe
M�� KBIJMXIL]�@%]�F ]&eLcpYUP�]9]>H7HL]&b cQe � ST[ P�KUF{�U]&ILVB]^]�F FXKUIJbd]

L∞ M=� YUcXILkuel[T]�HJrXW�KBILk&bd]%MN]dv3Y\a A
v=]4b 2�bd]^ILWuemOp[ HZYqHs]&emH`�{IJYUS�]&F$FXKUIJbd]

L2 Y��U]&P7[fYdb 2&bd]4P�KUFpMXS HJSCKBF ��¤ v1A
; � �����1���1� � �T� � # �0NPO%Q7ILE/I �P[�E � E FVK 2�WJYGT E7H ��� M K#M Q�E 	�W%K+E/O�Q7I^W T�Y NPO%Q�� �P] � ���RE%F�QGK+N2O#F�M F�Q6T�O�Q
T � E�K �10 W��P[#T�Q�M NPO 	80 T 	 � E�K7Q�M N2O � � ] � ����9��/ILW%K�M F � �10 N�I 	PI^E�� E/O E+F �3T3K"E E"Q Q�E/Y ��F 9 F6Q6T���� E E+Q
K"N2O � E/I �JE/O�Q;EJO O�N�I Y E L2

F7M � T K"N2O 	$M Q�M N2O ��� D |V |∆t ≤ ∆x
E+F�Q FVT�Q�M F6X>TJM Q�E�]

��� & ��� ( '������f� � , � KUOXI$MN]ue�cXIJKU�p[Ck&b ]ue�FXKBF ) [CSTFXW&YUSCIJ]&e � K�o [TY �{S HJ]&eJem]
V
MNW&cQ]&FpM ]&[C[T]�)

b 2&bd]$MX]"[�� SCFpP�KUFXF{OX]
u
� � ]�H�FXK\HZY\bdbd]�FjH c�KUOpI�MN]&edbdKNMNk�[T]&e M=� WuP>KUOp[C]&b ]&FjHJe MN]&*pOXSfMN]ue �

[C]$eLPZrpW�b Y MXW&P>]&FjHLIJW"YUb KBFjH ]ue�Hd�{IJYUSCbd]�FjH emOpcQW&ILST]�OXI YUONa Y\ONHJIL]ue�A DG[s]&emH ��[fY emKBOXIJP�]/MN]
FXKUb%�XIL]&OpeL]&e4VUW&FXW�IZY\[TSfeLY\HLSTKUFpe�� �Q]uY\OpP�KUOXc cX[TOpe�P�KUbdcX[T]>aN]&e�ijOX] [�� KUIJSCVBSCFpYU[ � �BKUSTI
��P>]�eLO�7�]>H
[C]9P�KUOXIZe �T@&��� �RA 4�F�cpYUImHJSTP�OX[TSC]&I��X�pSC]&F�ijOX]�[T]9eLPZrpW�b YdKUIJSCVBSCFQY\[=eLKUSCH7em]&OX[T]�bd]�FjH7M�� KUIZMNIJ] @ �QSC[
YUMNbd]>HlMX]&e��qY\IJSTYUFjHL]&e�M�� KUIZMNIJ] �XA •

yNPZrXW�b Y yjHJYU�XST[CSCHLW 4�IJIJ]�OXIsMN]4HJILKBFpP�Y\HLOXIJ]
4 aNcX[TSfP>SCHL]�P>]&FjHLIJW � �NA � � � SCFQe�HZY\�X[T] O

(

∆t+ (∆x)2
)

DGbdcX[TSTP�S HJ]�P>]�FjHJILW � �NA �\x � e�HZY\�X[T]
L2 O

(

∆t+ (∆x)2
)

v3Y\a*) ¤pILST]&MNIJSfPZrpe � �NA �B| � e�HZY\�X[T]
L2 ]>H L∞ eLS O

(

∆t+ (∆x)2

∆t

)

P>KBFpMNSCHLSTKUF ��¤ v |V |∆t ≤ ∆xv Yqa*)�� ]&FpMNIJK\� � �XA �{� � e�HZY\�X[T]
L2 eLS O

(

(∆t)2 + (∆x)2
)

P>KBFpMNSCHLSTKUF ��¤ v |V |∆t ≤ ∆x¡7W&P�]�FjHLIJW^Y\bdKUFjH � �XA �B� � e�HZY\�X[T]
L2 ]>H L∞ eLS O

(

∆t+ ∆x
)

P>KBFpMNSCHLSTKUF ��¤ v |V |∆t ≤ ∆x

����� � �XA � ���sWuemOXbdW^MN]uescXIJKUcXIJSCW�HLWue�MX]�MNSC�B]�IZe�eLPZrXW&b YUe�c�KUOXIs[�� WuijOpYqHJSCKBF"M�� YUMX�U]&P>HLSTKUF
� KBOXI P�KUbdcpY\IJ]�I P>]&e MNST�U]�IZe3eJPZrXW&bdYBe=M�� OXF�c�KUSTFjH MN]��{OX]+cXIZYqHLSfijOX] ��OXF9P>KBFpP>]&cNH c�]�ILHLSTFX]&FBH

� ijOXKUSfijOX]!1 KUIJbd]�[ ��]&emHsP�]�[TOXS3M�� W&ijOpY\HLSTKUF"W&ijOXST�qY\[T]�FjHL]BA
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�&� � ��� � �
��� ���f� � # ' G ��� �������A� � ( '$�%���
��� � ( '�� �%� �
��� ��� �"= �#G ����E ����� ��= �F�����(D �H	(G 	���D5���
G ���K��G ����	(�#D5�(G D �(� ��	 ��B��A� ��D ���(�H� ��� � ���D!�H� � ���G ��� � ����� -0� = ����D �>;(�>�(��F� ���KD ����
� � = 	���(F�
��	(����G ��G�D�8<��� ��= �������# �2��D �	(G ���(D �#�� �(� ����E ���
��C

e���� ��� j���i �
	 ��

e���� ��� j$u � �
	 ��

� ����� �NA x �^DGF�*pOX]&FpP>]sMN]�[fY4��¤ v$emOpI [fY0MNS � OpeLSCKBF%F{OXbdW&ILSfijOX]�MXO eJPZrXW�b Y7MN]sv3Yqa*)G¤XIJSC]uMNIJSTPZrpe
� rpY\OXH ��]>HlMXO$eJPZrXW&bdYdMNWuP>]&FBHJILW4Y\bdKBFBH � �pYUe �RA
( KUOpe"[T]&e�eJPZrXW�b YBe/ijOX] FXKBOpe"�U]�FpKUFpe"MN] �UKBSCI$emKBFjH$P�KUFpeLSTemHJYUFjHJe&As�+]&cQ]&FpMXY\FjH �`emS4KUF

Y 7�KUONHJ] �^[�� WuiBOQYqHLSTKUFd[fY^cpYUImHJSC]scXIJSTFpP>STcpY\[T]lMN]l[¢� ]�IJIL]&OXI�MN]sHJILKBFpP�Y\HLOXIJ]`M�� OXF�eJPZrXW�b Y �UY\[TKUIZe P>]
eJPZrXW&bdY`]&emH FXKBF9eL]�OX[T]�bd]�FjH ]�FpP�KUIJ]+P>KBFpeLSTemHJYUFBH Y��U]&P1P>]>HLHL]�FXKUOp�U]�[T[T]�W&ijOpY\HLSTKUF +mW&ijOXST�qY\[T]�FjHL] , �
b YUSTe0]&emH^b 2�bd] e�HJILSfPRHJ]�bd]�FjH4cX[COQe4cXILWuP>Sfe0cQKBOXI�P>]�HmHL]dWuiBOQYqHLSTKUF W&ijOXST�qY\[T]�FjHL]BA 41F M=� YUONHLIJ]&e
HJ]�IJbd]&e���[C] eLPZrXW&b Y ]ue�H-+�cX[TOpe�P�KUFpeLSfe�HZY\FjH3,�Y��U]&P"[�� WuijOpYqHJSCKBF�WuijOXSC�qYU[C]&FBHJ]�ijO=� Y��U]&P"[�� WuijOpY )



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

� ��� � � ��� ������ 	�	/���-� � |j�

HLSTKUFgM�� KUIJSCVBSCFX]BA ��IJ]�FXKBFped[¢� ]>aN]&b cp[C]�MXO�eJPZrXW&bdY MN] v Yqa*)G¤XIJSC]uMNILSfPZrpe � �XA �j| �%c�KUOXI�[�� W&ijOpY )
HLSTKUF M�� YUMN�B]&P>HLSTKUF %�M=� YUcXILkue � �XA �B� � �X[TY�cpY\ILHLST]^cXIJSCFpP�SCcQY\[T]9MN]9eLKUF$]�IJIJ]�OXIlMX]^HLIJKUFpP&YqHJOXIL]^]ue�H
− (∆x)2

2∆t

(

1− (V ∆t)2

(∆x)2

)

uxx
AQ� Y\I4P>KBFpeLW&ijOX]�FjH �p[�� WuiBOQYqHLSTKUF�W&ijOXST��YU[C]&FjHL]%MXO�eLPZrpW�b Y�MN] v3Y\a )

¤XIJSC]uMNILSfPZrpe�]&emH
∂u

∂t
+ V

∂u

∂x
− ν ∂

2u

∂x2
= 0

Y��U]&P
ν =

(∆x)2

2∆t

(

1− (V∆t)2

(∆x)2

)

.
� �NA �Un �

�+]>HmHJ]dW&ijOpYqHJSCKBF�WuiBOpSC�qY\[T]�FjHJ]%�qY"FXKUOQe0MXKUFXFX]&I^MN]&e0IJ]�FpeL]�STVUFX]&bd]�FjHJe0cXIJW&P�SC]&ONa�emOpI0[T] P>KBb )
cQKBImHJ]�bd]�FjH1F{OXbdW�IJSfiBOp]`MNO�eLPZrpW�b YXA 4�F ]>� ]>H �B[T]leJPZrXW�b Y^MN]lv Yqa*)G¤XIJSC]uMNILSfPZrpe ]ue�H1OpFX]`��KUFXFX]
Y\cXcXIJK�aNSCb Y\HLSTKUF � ��[�� KBIJMXIL] � �0MN]d[¢� W&ijOpY\HLSTKUF�MN] P>KUF{�B]&PRHJSCKBF )GMNS � OpeLSCKBF � �XA �Bn �`KJo�[C]dP>K{]�8 )
P>ST]�FjH`MN]�MNSC��OpeLSTKUF

ν
]&emH�c�]>HJS H � �UKBSCIJ]0FjOp[3emS�[fYdP>KBFpMNSCHLSTKUF ��¤ v ]ue�Hs]�aNYBPRHJ]�bd]�FjH`eLY\HLSfe 1 YUS HJ] �

S¢A ]UA
∆x = |V |∆t �>A �`]�b Y\IZijOXKUFpe^ijOX]/emS+[C]�cQYUe�MN]�HL]�bdcpe9]&emH9cXIJSTe^HLIJKUc�c�]>HLSCH�� [T]�P>K{]�8 )P>ST]�FjHdMX]/MNSC��OQemSTKUF

ν
c�]�ONH 2>HJIL]�HLIJk&e VUIZY\FQM ]>Hd[C]$eLPZrpW�b Y b Y\Op��YUSTe P�YUI�HJILKBc c�KUILHLW���[TY

MNS � OpeLSCKBF � �BKUSTI^[TY�¤ STVUOXIJ] �NA x �>A3v=]�P�K{]�8�P>ST]�FjH9MN]�MXS � OpeLSCKBF
ν
MN] [¢� W&ijOpY\HLSTKUF W&ijOXST�qY\[T]�FjHL]

]&emH%Y\cXc�]�[TW ������'�' �
��� � ' & ������( '$� A y � ST[+]ue�H9VBIJYUFpM �=KBF MNSCH ijOX]�[T]/eJPZrXW�b Y$]ue�H ����� '"' ��

� KUO MNSfeJemSTcpYqHJS 1 �RAUv3]`P>KUbdc�KUILHL]&b ]&FjH H�~{cXSfijOX]sM�� OXF eLPZrXW&b Y0MXS � OpeLS 1 ]&emH1eLY7HJ]�FpMXYUFpP>] �4W�HJY\[T]�I
Y\ILHLSC�QP>ST]�[T[C]&bd]�FjH [C]ue MNKUFXFpW�]&e STFXSCHLSfY\[T]&e Y\OdP>KBOXIZe MXO%HJ]�bdcpe&A\v=]ue eLPZrXW&b YUe HLIJKUcdMNSC��OpeLS 1 e emKBFBH
MNKUFpP4MN] +mb Y\OX�qYUSTe3,0eJPZrXW�b YUe&A
; � �����1���1� � �T� � " �0NPO%Q7ILE/I �P[�E �10 W��P[#T�Q�M NPO W��P[/M � T�� E/O�Q�E 	P[SFVK 2�WJYGT 	�W%K+E/O�Q7I^W T�Y NPO%Q � �P] � ���
E+F�Q

∂u

∂t
+ V

∂u

∂x
− |V |

2
(∆x − |V |∆t) ∂

2u

∂x2
= 0.

v3]%eJPZrXW�b Y MNWuP>]&FBHJILW%Y\bdKUFjHl]ue�H4Y\OpeJemS MNS � OpeLS 1 � eJY\O 1�eLS [fY�P>KBFpMNSCHLSTKUF ��¤ v�]ue�H0]>aXYUP>HL]�)
b ]&FjH�eJYqHLSfe 1 Y\SCHL] �jS�A ]BA

∆x = |V |∆t �RA*4�F�HLKBONH�P&YUe��B[T]7P�Kj]78�P>ST]�FjH�MN]4MNSC��OQemSTKUF�MX]l[�� WuiBOQYqHLSTKUFW&ijOXST��YU[C]&FjHL]�Fp]�HL]&FpM cQYUe%�U]�IZe�[�� SCFN�QFXSsemS�[C]"cpYBe9MN]/HL]&b cQe�HJ]�FpM �U]�IZe .&W�IJK � �
∆x

�pa{W � �
P>]�ijOXS1]ue�H�OpFX]�FX]�HmHL]�YUbdW�[TSCKBIJY\HLSTKUF�cpY\I�IZY\cpcQKBImH�Y\O�eJPZrXW�b Y$MN]�v Yqa*)G¤XIJSC]uMNILSfPZrpe � �BKUSTI^[TY
¤ STVUOpIL] �NA x �>A+�+]>H ]>� ]>H�MX] MNS � OpeLSCKBF�F{OXbdW&ILSfijOX]$]&emH�SC[T[COQe�HJILW$cpYUI [TY ¤ SCVBOXIJ] �XA x KJo�[�� KBF
ILWuemKBONHs[¢� W&ijOpY\HLSTKUF$M�� YBMN�U]uPRHJSCKBF/eLOXIsOXF$SCFjHJ]�IJ��YU[C[T]^MN]4[CKBFXVUOp]�OXI^@^Y��U]uP7MX]&esP>KBFpMNSCHLSTKUFpesYUONa
[CSTbdS HJ]&e�MN]sc�W�IJSTK{MXSTP�S HJW �\OXFp]`MNKUFXFpW�]�SCFpS HJSTYU[C]`eLSCF{OpeLK 	 MXYU[C]��uOpF cpYUe M�� ]&eLcpYBP>]

∆x = 0.01
�qOXFX]

�jSCHL]ueLeL]
V = 1

]�H�OXF�HL]�bdcpe^�pFpY\[
T = 5

A �7F P>KBb cQY\IJ] MN]&ONa �qYU[C]&OXIJe4MNO cpYBe^MN]dHL]&bdcpe
∆t = 0.9∆x

]�H
∆t = 0.45∆x

A
; � �����1���1� � �T� � � �0NPO%Q7ILE/I �P[#E �10 W��P[3T�Q�M N2O W��P[/M � T�� E/O�Q�E 	2[ZF�K32#W/YGT 	JE D/T%H#\�� E/O 	2ILN�� � �P] � 4��
E+F�Q

∂u

∂t
+ V

∂u

∂x
+
V (∆x)2

6

(

1− (V∆t)2

(∆x)2

)

∂3u

∂x3
= 0.

�+KBbdb ]4[T]^eLPZrXW&b Y9MN]^v3Y\a*) ��]�FpMXILKU�"]ue�HscXIJW&P�STe�M�� KUIZMNIJ] � �N[�� W&ijOpYqHJSCKBF�WuiBOpSC�qY\[T]�FjHJ]7FX]
P>KUFjHJSC]&FBH4cpYBe7MN] HJ]�IJb ] MN] MNSC��OpeLSTKUF�b YUSTe0OXF�HL]�IJbd] MXO�HJILKBSTeLSCk&bd]9KUIZMNIJ] � MNSCH ����'�!���� '���
 A
�s]�b Y\IZijOXKUFQe0ijOX]d[T] P>K{]�8�P>ST]�FjH�MN]&��YUFjH^P�] HL]�IJbd] MNSTeLc�]�IZemS 1+]ue�H^OXF KUIZMNIJ]%cp[COpe4c�]>HJS H9ijOX]
[C]0P>K{]�8�P>ST]�FjH+MX]7MNSC��OQemSTKUF�MX]&e+W&ijOpYqHJSCKBFpe�WuijOXSC�qYU[C]&FBHJ]&e+MN]&e�eLPZrpW�b YUe�MXS � OpeLS 1 e&Ap�7� ]ue�H�cQKBOXI )
iBOpKUS�P>]�H�]���]�HlMNSfemc�]�IZemS 1 Fp]7c�]�ONHleL]4�UKBSCI �B]&F/VBW�FXW&IJYU[ �NijOX]4emOpIsOXF"eJPZrXW&bdY%FXKBF/MNSC��OQemS 1�Apv=]
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P�KUbdc�KUILHL]�bd]&FBH+H�~{cXSTijOX]0M�� OXF/eJPZrXW�b Y%MNSTeLc�]�IZemS 1=]&emH�ijO=� ST[QcXIJKNMNOXSCH�MX]&e+KBeJP>ST[C[fYqHJSCKBFpe�[TKUIZeLijOX]
[fY eLKU[TONHLSTKUF$]&emH7MNSfeJP>KUFjHJSCF{OX] � �UKUSTI`[fY ¤ SCVBOXIL] �XA | �RA 41F�]>� ]>H���[T]4HL]�IJbd]9MNSfemc�]�IZeLS 1 bdK{MXS �p]9[TY
�{SCHL]ueLeL]�MX]+cXIJKUcQY\VBY\HLSTKUF�MN]ue KUFpMN]ue3cp[TYUFX]&e KUO%bdK{MX]&e MN]�¤XKUOpILST]�I MN]�[TY0emKB[COXHLSTKUF � cpY\ILHLSfP>OX[TSTk�)
IJ]�bd]&FBH`MN]uesbdKNMN]&esMN] 1 IJW&ijOX]&FpP>]4W&[C]&�UW�] � �pYU[CKBIJe�ijO=� OXF"HL]&ILbd]^MNSC��OpeLS 1 Fp] 1 Y\SCHliBO3� Y\HmHLW&F{OX]�I
eLKUF$Y\bdcX[TSCHLOpMN] � �UKBSCI�[�� 4 aN]&IJP�STP�] �NA �XA � �RA

e���� ��� j � u�s � 	���

e���� ��� j � u�s2n �
	���

� ����� �XA | ���+KUbdcpYUIJYUSTeLKUF MN]ue1eJPZrXW�b YUe+MN]7v Yqa*)G¤XIJSC]uMNILSfPZrpe��UMN]0v3Yqa*)�� ]&FpMNIJK\� �U]�H�MNWuP>]&FBHJILW
YUbdKUFjHscQKBOXIsOXFX]�MNKBFXFXW&]0STFXSCHLSfY\[T]�emSTF{OpeLK 	 MXY\[T] � rpY\OXH ��KUO"]�F�P�ILW&FX]&YUO � �QYUe �RA
¥`�pF�M�� SC[T[TOpe�HJIL]&I�FXKUHLIJ]scXILKBcQKje FXKUOQe�cXIJW&eL]�FjHLKBFpe MN]ue1P�YU[TP�OX[fe ]>� ]&P>HLOXWue�emOpI1OXF STFjHL]�IJ�qY\[T[C]

MX]%[TKUFXVBOX]�OpI @dY��U]uP9MN]ue4P>KUFQMNS HJSCKBFpe4Y\ONa�[TSCbdSCHL]ue^MN]dcQW&ILSTKNMNSTP�S HJW � OXF�cpYUe4M�� ]&eLcpYBP>]
∆x =

0.01
�qOXFdcpYBe�MN]�HL]&bdcpe

∆t = 0.9∗∆x �\OXFp]s�jSCHL]ueLeL] V = 1
]�H�OXFdHL]&b cQe �pFpYU[

T = 5
AU¡7]�OXa

H�~{c�]&e MN] P�KUFpMXS HJSCKBFpedSCFpS HJSTYU[C]ue emKBFBHdHJ]&emHLW�]ue % HLKBONH�M�� Y\��KUIZM OXFp] P>KUFQMNS HJSCKBF�STFXSCHLSfY\[T]"HLIJk&e
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� ��� � � ��� ������ 	�	/���-� � |Un

ILW&VUOX[TSCk&IL]��BOpF/eLSCF{Ope��{cXOXSfe+OpFX]0P�KUFpMXS HJSCKBF�STFXS HJSTYU[C]4MNSfeLP�KUFjHLSTF{OX] �jOXF$P>IJW�FX]uY\O � �UKBSCI�[TY ¤ SCVBOXIJ]
�NA}| �RAXv3]&e`eJPZrXW&bdYBe�cXIJW&P>Sfe �d[�� KBIJMNIJ]d@^emKBFBHlP�[TYUSCIJ]�bd]&FBH`MNSC� OpemS 1 e$%pSC[fesW&P�IJYBem]&FjH�[fYdemKB[COXHLSTKUF=A
v=]7eJPZrXW&bdY9MN]7v Yqa*) ��]�FQMNILKU�/cXIJW&P�STe ��[�� KBIJMXIL] ��]&emH1HLIJk&e1�QKBF�c�KUOXI�OXFX]0emKB[CONHJSCKBF ILW&VUOX[TSTk�IJ]
bdYUSTedKjeLP�SC[T[T]"c�KUOpI [C]�P>IJW�Fp]&Y\O�P�YUI SC[s]ue�H�MNSfeLcQ]&IJeLS 1�A�v3]�P>KUFQP>]�cXH M=� WuiBOQYqHLSTKUF�W&ijOXST�qY\[T]�FjHL]
cQ]&ILbd]>HlMX]4P�KUbdcXIJ]�FpMXIL]^P>]ue�cXrXW&FXKUbdk�Fp]&e�F{OXbdW�IJSTijOX]ue�A
; � �����1���1� � �T� � 0 ��N�M Q��10 W �2[3T�Q�M N2O







∂u

∂t
+ V

∂u

∂x
− ν ∂

2u

∂x2
− µ∂

3u

∂x3
= 0

�/NP[�I
(x, t) ∈ R× R+

∗

u(t = 0, x) = sin(ωx+ φ)
�/N2[�I

x ∈ R,

T � E�K V, ν, µ, ω, φ ∈ R
] �0NPO%Q7ILE/I �P[#E FVTZFVN��-[�Q�M N2O E+F6Q

u(t, x) = exp(−νω2t) sin
(

ω(x− (V + µω2)t) + φ
)

�>N2OZT 	PY E"Q*Q7I@TZFVN2O [�O/M K#M Q�W �"] 6 O�	�W�	P[/M�ILE �2[#E � T 	�M �&[#F�M N2OZT�Q*Q�WJO�[#E �10 T�Y���� M Q7[ 	�E�	�E � TZFVN��-[�Q�M N2O 9
Q6T�O 	$M F �2[#E � T 	$M F �/EJI^F7M N2O Y N 	�M $E � T � M Q�E%F6F6E 	�E �/ILN��3T ��T�Q�M N2O$]

; � �����1���1� � �T� � � � O 	�W  O/M Q � E FVK 2�WJYGT ��FVT�[�Q�E"\�Y N2[�Q�N2O ��� � E�T��%X*ILN � 9�E/O T�O ��� TJM F �

un+1
j − un−1

j

2∆t
+ V

un
j+1 − un

j−1

2∆x
= 0.

� Q7[ 	$M E/I � T K+N2O#F�M F�Q6T�O3K"EqE"Q �10 E/I I^EJ[�I 	�E	Q7I^NPO#K%T�Q7[�ILE 	�E K"E FVK32#W/YT$] � N2O�Q7I^EJI �#TJIRT�O#T�� �#F6E 	JE
�3N2[�I M EJI �2[ 0 M���E+F6Q;F6Q6T���� E F6NP[�F � T K"N2O 	$M Q�M N2O ��� D |V |∆t ≤M∆x

T � E%K M < 1
]

; � �����1���1� � �T� � � 	 � O 	JW  OJM Q � EF�K32#W/YGT 	JE �:I@T�O��"\��9M K32#N�� FVN2O

un+1
j − un

j

∆t
+ V

un+1
j+1 − un+1

j−1

4∆x
+ V

un
j+1 − un

j−1

4∆x
= 0.

� Q7[ 	$M E/I � T K+N2O#F�M F�Q6T�O3K"EqE"Q �10 E/I I^EJ[�I 	�E	Q7I^NPO#K%T�Q7[�ILE 	�E K"E FVK32#W/YT$] � N2O�Q7I^EJI �#TJIRT�O#T�� �#F6E 	JE
�3N2[�I M EJI �2[ 0 M���E+F6Q M�O3K"NPO 	$M Q�M N2O�O�E � � E/Y EJO%Q:F6Q6T���� E�]


�������
 ����������� �"!$#�% � �"! #�%�
�lKUOpe P�KUFpeLSTMXW�IJKUFpe�[�� W&ijOpYqHJSCKBF9MN]ue KBFpMN]ue MXYUFpe [C]�MNKUb Y\STFX]+�QKBILFXW

(0, 1)
Y��U]&P1P>KUFQMNS HJSCKBFpe

Y\ONa�[TSTb SCHL]ue`MN]^c�W�IJSCKNMNSfP>SCHLW






































∂2u

∂t2
− ∂2u

∂x2
= 0

c�KUOpI
(x, t) ∈ (0, 1)× R+

∗

u(t, x+ 1) = u(t, x)
c�KUOXI

(x, t) ∈ (0, 1)× R+
∗

u(t = 0, x) = u0(x)
cQKUOpI

x ∈ (0, 1)

∂u

∂t
(t = 0, x) = u1(x)

c�KUOXI
x ∈ (0, 1).

� �NA xBt �
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�Bt ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

¥ �U]uP"[C]ue b 2�bd]&edFXKUHJY\HLSTKUFpe ijOX]�cXIJW&P�W&MN]&bdb ]&FjH���[�� STFpP�KUFXF{OX]�MNSfeLP�ILk�HL] ��PZrpYBiBOp]"cQYUe MN]
HJ]�bdcpe ]&emHdOXF �B]&PRHJ]�OXI

un = (un
j )0≤j≤N ∈ RN+1 A v=]ue P�KUFpMXS HJSCKBFpe%YUONa [TSCbdSCHL]&edMN]"c�W�)IJSTK{MXSTP�S HJWdP�KUFpMXOXSTeL]�FjH^Y\ONa W�VBYU[CSCHLWue
un

0 = un
N+1

c�KUOpI4HLKUOXH
n ≥ 0

��]>H^cX[TOpe4VUW&FXW�IZY\[T]�bd]�FjH
un

j = un
N+1+j

AU�+KBb bd]�[C]ue P�KUFpMXS HJSCKBFpe Y\ONa^[TSCbdSCHL]&e Fp]1�XaN]&FBH cpYBe3[fYl�qYU[C]&OXI MX]
u
Y\OXa�]>a{HLIJW�)

bdSCHLWuelMN]%[¢� SCFjHJ]�IJ��YU[C[T]
(0, 1)

� c�]�FpeL] . � [¢� STFBHJ]�IJcXIJW>HJY\HLSTKUF$]�F$HJ]�IJbd]&elMX]9P>KBIJMN]9�jST�XIZY\FjHL] � �X[fY
eLKU[TONHJSCKBF

u
cQ]&ONH+Fp]lcpYBe IL]ue�HJ]�I���KUIJFXW&]`]�FdHJ]�bdcpe��jP�]lijOXSQP�KUbdcX[TSTijOX]`[�� W>HLOQMN]7MN]l[TY�emHJYU�XST[CSCHLW

MX]&eseJPZrXW�b YUe�F{OXbdW�IJSfiBOp]&e&Aj� YUI�]�aN]�bdcX[T] �XeLS
u0 ≡ 0

]�H
u1 ≡ C

MXYUFpe
(0, 1)

�N[TY emKB[COXHLSTKUF$MN]
� �NA xBt � ]&emH

u(t, x) = Ct
A{� KUOpI+W&[CSTbdSCFX]&IsP>]>H�]>� ]>H �{KUF�1 YUS HsMNKUFQP`[�� r{~{cQKUHLrXkuem]4ijOX]l[fY��{SCHL]ueLeL]

STFXSCHLSfY\[T]^]&emH`MN]^bdKq~U]�FpFX]7F{OX[T[T]
∫ 1

0

u1(x) dx = 0.
� �XA xQ@ �

� KBOXI7[�� W&ijOpYqHJSCKBF MN]ue0KUFpMN]ue � �NA xBt �s[T] eJPZrXW�b Y�rpY\�XSCHLOp]�[ ]&emH0[T]
θ
 ' �("$� & � ����� � ��� % cQKBOXI

n ≥ 1
]�H
j ∈ {0, ..., N} �

un+1
j − 2un

j + un−1
j

(∆t)2
+θ
−un+1

j−1 + 2un+1
j − un+1

j+1

(∆x)2

+(1− 2θ)
−un

j−1 + 2un
j − un

j+1

(∆x)2
+θ
−un−1

j−1 + 2un−1
j − un−1

j+1

(∆x)2
= 0

� �NA x � �

Y��B]&P
0 ≤ θ ≤ 1/2

AUv=KBIJeJijOX]
θ = 0

KBF KU�NHJSC]&FBH�OXF�eJPZrXW�b Y4]�a{cp[CSfP>SCHL]��UHZY\FpMNSfe1ijOX]l[C]0eLPZrXW&b Y
]ue�H`STbdcX[TSTP�S HJ]�emS

θ 6= 0
AXv=]ue`P>KBFpMNSCHLSTKUFpe�STFXSCHLSfY\[T]&eseLKUFjHscXILSfeL]&e�]�F$P>KBbdcNHL]^cpYUI

u0
j = u0(xj)

]>H u1
j − u0

j

∆t
=

∫ xj+1/2

xj−1/2

u1(x) dx,

P�]7ijOXS VBYUIJYUFjHLSCH+ijOX]7[fY��{SCHL]ueLeL]lSTFXSCHLSfY\[T]7MNSfeLP�ILk�HL]7�UW�IJSC�p]7YUOpeLeLS�[TY%P>KUFQMNS HJSCKBF � �XA xQ@ �>AN�+KBb bd]
PZrQYUP>OpFX]+MN]ue MNS � W�IJ]�FQP>]&e �pFpSC]ue P�]�FjHLIJW�]ue ijOXSNYUcXcXIJK{PZrp]�FjH [T]&e MNW�IJST�UW�]ue eL]&P�KUFpMX]&e MXY\Fpe � �NA x � �
]ue�H�M=� KBIJMNIJ] � ��[T]

θ
)GeLPZrpW�b Y P>]�FjHJILW � �XA x � �%]&emH�cXIJW&P�STe ��[�� KBIJMXIL] ��]�F�]uemcpYBP>]$]>H�HL]�bdcpe&A

�`]�b Y\IZijOX]�I ijOX]�P>]$eLPZrpW�b Y�]&emHdSTF{�qY\IJSTYUFBH eLS�KBF�PZrQY\FXVB]/[T]�em]&Fpe MNO�HL]�bdcpe � P>]�ijOXSs]ue�H
P�KUbdcpY\HLST�X[C]/Y��U]&Pd[fY�cXIJKUcpILSTW>HJW�MN]�IJW��B]�IZemST�XST[CSCHLW ]&F�HL]&b cQe9MN]/[¢� W&ijOpY\HLSTKUF MN]ue�KUFQMN]&e��3�{OX]
[TKUIZe�MN]^[fYdyNKUOpe ) eL]&P>HLSTKUF�@UA �XA�� �>A
) � & & �����f� � " + �

1/4 ≤ θ ≤ 1/2 �
���
θ
� ���FE������J����G�D ��
- 3�C ��3�8K����D ��G ��	(G �(��D �H	(G G ������������G�D

��D5� ��������G G 	(����
L2 C + � 0 ≤ θ < 1/4 �

��� ����D ��D �����A� ��	(��� ���K��	(G ����D!�H	�G � �  

∆t

∆x
<

√

1

1− 4θ
,

��D ��G���D ������� ���
∆t/∆x > 1/

√
1− 4θ

C

�&� & ���"'�� ����� �
��� � �+KUbdbd]0cXILWuP>WuMN]�bdbd]�FjH+KBF�ONHJSC[TSTeL]0[¢� Y\FpYU[C~NeL]7MN]0¤XKBOXILST]�I�c�KUOXI�KU�NHJ]�FXSTI

ûn+1(k)− 2ûn(k) + ûn−1(k) + α(k)
(

θûn+1(k) + (1− 2θ)ûn(k) + θûn−1(k)
)

= 0,
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� ��� � � ��� ������ 	�	/���-� � �p@

Y��U]&P
α(k) = 4

(

∆t

∆x

)2

sin2(πk∆x).

DG[3e�� Y\VBS HsM�� OXF eJPZrXW�b Y �9HJILKBSTe�FpSC�B]&Y\OXa/ijO=� KBF/IJW�WuP>IJS H

Ûn+1(k) =

(

ûn+1(k)
ûn(k)

)

=

(

2−(1−2θ)α(k)
1+θα(k) −1

1 0

)

Ûn(k) = A(k)Ûn(k),

]>H
Ûn+1(k) = A(k)nÛ1(k)

A3v=]ue^�qY\[T]�OXIZe4cXIJKUcXIJ]&e
(λ1, λ2)

MN] [TY$b Y\HLIJSTP�]
A(k)

eLKUFjH^[C]ue
IJYBP>STFX]&e�MNO$c�KU[T~jF 
Ubd]^MNO�MN]�ONaNSTk�bd]�MN]&VUIJW

λ2 − 2− (1− 2θ)α(k)

1 + θα(k)
λ+ 1 = 0.

v=]^MNSfeLP�ILSTbdSCFpYUFjHsMX]�P>]>HLHL]^WuiBOQYqHLSTKUF"]&emH

∆ = −α(k)(4− (1− 4θ)α(k))

(1 + θα(k))2
.

v�� W>HLOQMN]9MN]�[fY emHJY\�pSC[TS HJW9MNO eJPZrXW�b Yd]ue�HlSfP>S3HLIJk&e`MXW�[TSTP&YqHL]%P�Y\I
A(k)

F=� ]ue�H7cpYUelOXFX]�b YqHJILSfP>]
FXKUIJb Y\[T]%]�H ‖A(k)n‖2 6= ρ(A(k))n KJo ρ(A(k)) = max(|λ1|, |λ2|)

]&emH�[C]dIZY�~UKBF eLcQ]uPRHLIZY\[
MN]

A(k)
A �7F�eL]4P�KUFjHL]&FjHL]^MNKUFQP^MN]4�UW�IJSC�p]�Is[fYdP>KUFQMNS HJSCKBF �$���1� ' '�� � ��� MN]^emHJY\�pSC[TS HJW�MN] � KUF

�`]�OpbdYUFXF �
ρ(A(k)) ≤ 1

� �UKBSCI^[fY��s]�b YUIJijOX] �NA��NA��qx � ��]>H�KBF IL]&Fj�BKUST] �"[�� 4�a{]&IJP�STP�] �NA �XAT@U@
cQKBOXI OpFX]�P�KUFpMXS HJSCKBF%eLO 8�eLYUFBHJ]UAqy{S

∆t/∆x > 1/
√

1− 4θ
�uOpF PZrXKBS a 7�OpMXSTP�SC]&ONa9MN]

k
� HJ]�[NijOX]

sin2(πk∆x) ≈ 1
� P>KBFpMNOXSCH �

∆ > 0
�\]>H1MpY\Fpe P�]�P&YUe [T]&e MN]&ONa%IZYUP�SCFp]&e

λ1
]�H
λ2
eLKUFjH ILW&]�[T[C]ue �

MN]%cpILKNMNOXSCH4W�VBYU[ � @UA v�� OXFX]dMN]ue0MX]�ONa ]ue�H!1 KUIZP>W&b ]&FjH4emHLIJSTP>HL]&b ]&FjH0cX[TOpe0VUIZY\FQMN]9ijOX]"@%]&F
��YU[C]&OXIlYU�pemKB[COp] �

ρ(A(k)) > 1
�X]�H7[T]9eJPZrXW�b Yd]&emHlMNKBFpP^STFpe�HZY\�X[T]UA y{S

∆t/∆x < 1/
√

1− 4θ
�

Y\[TKUIZe
∆ ≤ 0

cQKBOXI^HJKUONH
k
�3]>H�[T]&e�MN]&ONa IZYUP�SCFp]&e^eLKUFjH�P>KUbdcX[T]>aN]ue^P>KUF 7�OXVUOXW&]&e�MX] b KNMNOp[C]

W�VBYU[ � @UA�� YUI0P�KUFpeLW&ijOX]&FBH �
ρ(A(k)) = 1

]�H0[fY"P>KUFQMNS HJSCKBF�MX] emHJYU�XSC[TSCHLW MN] � KUF �`]�OpbdYUFXF
]&emHleLY\HLSfe 1 YUS HJ]UA

�

; � �����1���1� � �T� � ��� �$M�O/M�I � T 	�W/YGN2O#F�Q7I@T�Q�M N2O 	P[ZD3E/Y0Y E � ] � ] � E/ORK+T�� K/[�� T�O�Q
A(k)n

9#E+Q9Y NPO%Q7ILE/I
� TZF�Q6T��JM�� M Q�W 	2[ZF�K32#W/YGT0F6NP[�F K"NPO 	$M Q�M N2O �	�PD �2I��3K"E � � �P] � � �"]
; � �����1���1� � �T� � �X� � O K"NPO�F7M 	JUJI^E � E K%T#F � M�Y M Q�E 	2[ D3E/YZYGE �P] �P] �+9:K 0 E+F6Q*\ ��\ 	$M�I^E

∆t/∆x =
1/
√

1− 4θ
T � E�K 0 ≤ θ < 1/4

] � N2O�Q7ILE/I �P[�E�� E
θ
\�FVK32#W/YTGK+E/O�Q7I^W�� �P] � ���&E+F�Q;M�O#F�Q6T���� E 	�T�O#F9K"E

K+T#F�EJO � WJI M 2T�O�Q �2[#E un
j = (−1)n+j(2n− 1)

E+F6QR[�O#E FVN��-[�Q�M N2O ��ILE/YGTJI �P[#E ���P[ 0 M��/F 0 T �$M Q 	80�[�O#E
M�O�F6Q6T��/M�� M Q�W � X>TJM���� E � ��[JM F��P[#E � T K3ILN�M FVFVT�O3K"E 	JE

un
E%F�Q � M�O�W�TJM�I^E E"QGO�NPOZE7H �/N2O#E/O�Q�M E � � E �"]

�lKUOpedST[T[COpemHLIJKUFQe%P�]&e eJPZrXW�b YUe%cpYUI [fY�¤ STVUOpIL] �NA ��eLOXId[TYBijOX]�[T[C]$eLKUFjH IJ]�cpILWuem]&FBHJW�]ue9[T]&e
ILWuemOX[CHJY\HJe7KU�NHJ]�F{Ope4Y��U]uP�[T] eJPZrXW&bdY"P>]&FjHLIJW9]>aNcX[TSfP>SCHL]d]>H4[C]

θ
)GeLPZrpW�b Y�STbdcX[TSTP�S HJ] � cQKBOXI

θ =
0.25

�>A=v=]&e9P�Y\[fP>Op[Te�eLKUFjH�]���]uPRHLOpW&e�eLOXI�OXF�STFjHL]&IL�qY\[T[T]�MN] [CKBFXVUOp]�OXI @�Y��B]&PdMN]&e9P>KUFQMNS HJSCKBFpe
Y\ONa9[TSTb SCHL]ue�MN]sc�W�IJSCKNMNSfP>SCHLW��qOXFdcpYUe M=� ]uemcpYBP>]

∆x = 0.01
��OXFdcpYUe MX]�HL]�bdcpe

∆t = 0.9∗∆x �]>H1OXF HJ]�bdcpe �QFpY\[
T = 5

AUv3Y^P�KUFpMXS HJSCKBFpe STFXS HJSTYU[C]
u0
]ue�H+OXF emSTF{Ope �\HJY\FQMNSTe+ijOX]

u1
]ue�H+FjOp[C[T]UA
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� � ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

� �2u 	 � � 	���

� ����� �NA � ��yXPZrXW�b YUe�c�KUOXIl[¢� W&ijOpY\HLSTKUF$MN]&e�KBFpMN]&e&A

�lKUOpe7Y��UKUFQe��jO�[TKUIZe`MN]9[¢� 4 aN]�IZP>SfP>]�@BA �pA x�ijOX]9[¢� W&ijOpY\HLSTKUF�MN]&elKUFpMX]&e � �NA xBt �s�UW�IJSC�p]^OXFX]
cpILKBcXILSTW>HJW0MX]�P>KUFQem]&IL�qYqHJSCKBF/MN]^[�� W�FX]&ILVBSC]��{PU� ]ue�H ) � ) MXSCIJ]0ijOX]��Xc�KUOXI�HJKUONH

t > 0
�

E(t) = E(0)
Y��U]uP

E(t) =

∫ 1

0

∣

∣

∣

∣

∂u

∂t
(t, x)

∣

∣

∣

∣

2

dx+

∫ 1

0

∣

∣

∣

∣

∂u

∂x
(t, x)

∣

∣

∣

∣

2

dx.

DG[ ]ue�H`eLKUOX�B]�FjH�MNWuemSTIZY\�X[T]7ijO=� OXF$eLPZrXW&b Y�F{OXbdW�IJSTijOX]0�UW&ILSC�p] � ]�aNYBPRHJ]�bd]�FjH�KUO/YUcXcXIJK�aNSCb YqHJS )
�B]�bd]�FjH ��OXFX]��B]�IZemSTKUF�MNSfeJP>IJk>HL]%MN]9P>]�HmHJ]9P>KBFpem]&IL�qY\HLSTKUF�MN]�[�� W&FX]�IJVUST]UAp� KBOXIl[T]

θ
)GeJPZrXW�b YdKUF

STFjHLIJKNMNOXSCH � � �������(	��
�&����' � �������

En+1 =

N
∑

j=0

(

un+1
j − un

j

∆t

)2

+ a∆x(un+1, un) + θa∆x(un+1 − un, un+1 − un)

Y��B]&P
a∆x(u, v) =

N
∑

j=0

(

uj+1 − uj

∆x

)(

vj+1 − vj

∆x

)

.

�+[fY\STIJ]�bd]�FjH��
En+1 ]ue�H�OpFX] Y\cXcpILK�aNSTbdY\HLSTKUF � � O(∆x + ∆t)

cXILkue �+MN]�[¢� W�Fp]�IJVUST]�]>aXYUP>HL]
E(tn+1)

AX�lKUOpe�[fY\SfeLeLKUFQe+YUO/[T]&P>HL]�OpI�[T]^emKBSCF"MN]^MNW�bdKBFBHJIL]&I+OpFX]4cXILKBcXIJSCW�HLW4MN]^P>KUFQem]&IL�qYqHJSCKBF
MX]^[¢� W�FX]&ILVBSC]4MNSfeLP�ILk�HL]BA
; � �����1�
��� � �T� � �N� � N2O�Q7I^EJI �P[#E � E

θ
\�FVK32#W/YT K"E/O�Q7ILW � �P] � ���qK"NPO�FVE/I � E �10 WJO�EJI �$M E�	$M FVK/I^U+Q�E:9

K:0 E%F�Q*\ ��\ 	$M�ILE �P[�E
En = E0

�/N2[�I Q�N2[�Q
n ≥ 0

]
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_lFX]�Y\ONHJIL] 1 Y �>KBF9MN]+MXW>�pFXSTI MN]&e eLPZrXW&b YUe=c�KUOpI [�� WuijOpYqHJSCKBF�MN]&e KUFpMX]&e ]&emH MN]�P>KUbdbd]�FQP>]�I
cpY\I/ILW&W&P>IJSTIL] � �NA xBt �dP�KUbdbd]�OXF�em~NemHLk�bd]�M=� WuiBOQYqHLSTKUFQe�MNO cpIL]&b ST]�I�KUIZMNIL]BA1DGFjHLIJKNMNOXSfeLYUFjH
v = ∂u

∂t

]>H
w = ∂u

∂x

� � �NA xBt �+]ue�HsW&ijOXST�qY\[T]�FjH �


































∂

∂t

(

v
w

)

=

(

0 1
1 0

)

∂

∂x

(

v
w

) c�KUOXI
(x, t) ∈ (0, 1)× R+

∗

v(t, x+ 1) = v(t, x), w(t, x + 1) = w(t, x)
c�KUOpI

(x, t) ∈ (0, 1)× R+
∗

w(t = 0, x) =
∂u0

∂x
(x)

cQKUOpI
x ∈ (0, 1)

v(t = 0, x) = u1(x)
c�KUOXI

x ∈ (0, 1).

� �NA x � �

�7F�cQ]&ONHsMNKUFXFp]�I1OpFX]lSTFjHL]�IJcXIJW>HZYqHLSTKUF cprj~NeLSTijOX]lKUO�bdW&P&Y\FXSfijOX]7MX]7P>]ue�FXKBOX�U]&[C[T]&e1�qY\IJSTYU�X[C]ue�A
y{S
u
bdK{MXW�[TSTeL]dOXF�MNW�cX[fYUP�]�bd]�FjH � P�]�[TOXS1MN]d[fY$P>KUIZMN] �{SC�XIZY\FjHJ] ��cpYUI0]�aN]�bdcX[T] � � Y\[TKUIZe

v
]ue�H

OXFX]9�{SCHL]ueLeL]9]�H
w
]ue�H0OXFX]dMNW�1 KBILb Y\HLSTKUF=A�v=]%eL~Ne�HJk�bd]9MN]dMN]&ONa�W&ijOpYqHJSCKBFpe � �NA x � �sY\cXcQY\IZY �fH

P>KUbdbd]0OXFX]0VUW�FpW�IZY\[TSTeJYqHJSCKBFdMX]7[�� WuijOpYqHJSCKBF/M�� YUMN�B]&P>HLSTKUF=A �7F�c�]�ONHsY\STFpeLS�MNW>�pFpSCI�OXF"eLPZrXW&b Y
MN]4H�~{cQ] )�� �$ J� �������$���
�("�'

1

2∆t

(

2vn+1
j − vn

j+1 − vn
j−1

2wn+1
j − wn

j+1 − wn
j−1

)

− 1

2∆x

(

0 1
1 0

)(

vn
j+1 − vn

j−1

wn
j+1 − wn

j−1

)

= 0,
� �NA xUx �

KUO"�XSC]&F$OXF�eLPZrXW&b Y MX]7H�~{c�] )�� �$ �� ���$�$�����

1

∆t

(

vn+1
j − vn

j

wn+1
j − wn

j

)

− 1

2∆x

(

0 1
1 0

)(

vn
j+1 − vn

j−1

wn
j+1 − wn

j−1

)

� �NA xj| �

+
∆t

2(∆x)2

(

0 1
1 0

)2( −vn
j−1 + 2vn

j − vn
j+1

−wn
j−1 + 2wn

j − wn
j+1

)

= 0.

; � �����1���1� � �T� � �*, � N2O�Q7I^EJI �2[#E � E F�K32#W/YGT 	JE D/T%H#\���I>M E�	PI M K 2�F � �P] � ��� E+F6QGF6Q6T���� E E/O O#N�I YGE
L2
FVN2[#F � T K"NPO 	$M Q�M N2O �	�PD

∆t ≤ ∆x
9 E"Q �P[ 0-M��$E+F6Q �/I^W�K�M F � �10 N�I 	2ILE �0EJO E%F �3T3K"EZE+Q Q�E/Y��#FRF7M

� E I@T����/N�I Q
∆t/∆x

E+F�Q ��TJI 	�W K"NPO�F6Q6T�O%Q�� N�I^F �2[#E
∆t
E"Q

∆x
Q�E/O 	JEJO%Q � EJI^F	�"WJI^N ]

; � �����1���1� � �T� � � # � N2O�Q7I^EJI �P[�E � E F�K32#W/YGT 	�E D/T%H�\�� E/O 	PI^N � � � ] � ���GE+F6QF6Q6T���� E EJO O#N�I YGE
L2
F6NP[�F � T0K+N2O 	�M Q�M NPO ��� D

∆t ≤ ∆x
9$E+Q �P[ 0 M���E+F�Q��/ILW%K�M F�� �10 N�I 	PI^E � E/O0E%F �3T3K"E E"Q;Q�E/Y��#F%]

�+KBbdb ]�c�KUOXI [¢� W&ijOpY\HLSTKUF M�� YBMN�U]uPRHJSCKBF �&OpFX]1SfMNW�]�1 KUFQMXY\bd]�FjHZY\[T]1c�KUOXI KU�XHL]�FpSCI MN] +���KUFpe3,
eLPZrXW&b YUe�]&emH�[T] �$������� ����� & ��� � � & ��� � AQ�+]&cQ]&FpMXY\FjH �jSfP>S�ST[=e&� YUVUSCH�M�� OXF�eL~{emHLk&bd]0MN]^MN]&ONaW&ijOpYqHJSCKBFpe�]>H�SC[�F3� ]ue�HscpYBe�P�[TYUSCI�MN]^eJY��UKUSTI+ijOX]&[C[T]4]&emH�[fY%�jSCHL]ueLeL]4iBOpS�cQ]&ILbd]>H`MN]4eJY��UKUSTI+MpY\Fpe
iBOp]�[=eL]�Fpe`MXW&P>]&FjHLIJ]�IuA 41F31 YUS H �XST[3emO 8 HlMX]�MNSTYUVUKBFpY\[TSTeL]�I�[fY%b Y\HLIJSTP�]

J =

(

0 1
1 0

)

cQKBOXI+KB�NHL]&FXSTI�MN]&ONa�W&ijOpY\HLSTKUFpe+M�� YUMN�B]&PRHJSCKBF�MNWuP>KUOpcX[CW&]&e+iBOpS eLKUFjH�MNW&P�]�FjHLIJW�]ue�STFpMNW�c�]�FQMN]�b )
b ]&FjH�]�H`MNS � W�IJ]�bdbd]�FjHs[�� OXFp]4MX]0[�� Y\ONHJIL]BAQ�+]0eLKUFjH`MNKUFQPl[T]&e��qY\[T]�OpIJe�cXIJKUcXIJ]&e�MN]4[fY%b Y\HLIJSTP�]
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�Ux ������� �7� ��� � �  �/��� 	�	��
	/��� 	/����� �����  ��� ����� ������

J
�
1
]>H −1

]�F�[�� KNP&P>OXIJIL]&FpP>] � ijOXS17�KBOX]�FjH1[T]lI�
U[T]lMN]l[TY9�jSCHL]ueLeL] �B]>H�KUF�MNWuP>]�FjHJIL]lP�KUbdc�KBeJY\FjHL]
cQY\I�P>KUbdc�KBeJY\FjHL]7MXY\Fpe+[fY%MNWuP>KBb c�KBeLSCHLSTKUF�eLOXI�OXFX]l�QYUeL]7MN]0�U]uPRHL]&OXIZe1cXIJKUcpIL]ue1MN]4P>]�HmHL]7b Y )
HJILSfP>]BAU�+]1H�~{c�]�MN]seJPZrXW�b Yl]&emH eL~Ne�HJW�b YqHJSTijOX]&b ]&FjH ONHJSC[TSfemW�cQKBOXI [C]ue em~NemHLk�bd]ue r{~{c�]�IJ�QKB[CSfijOX]&e
]�H�� ]�F cpY\ILHLSfP>Op[CST]�I � cQKBOXI7[fY"MN~{FpY\bdSfiBOp] MN]ue0VBY . � �BKUSTI �T@&����YUOpijOX]�[ FXKBOpelIJ]�F{�BKq~UKUFQescQKBOXI
cp[COpelMN]^MNW>HZY\ST[Te �RA
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@BADCFE9GIHJG&KLADM6NPORQSHTC6U0VLE�C6U0VLE�NWC0OSX�QSHYESE,U0CLE�Z\[^] A_CLAD[W`4E,Hba\AcOSK6X�a\ADORNed0VLHgf4HYE9hjilk!m4nporq<s'tm6kvuxw'hjyco{z<hj|}tJ~!m6ypnpor|}�r��|}tgw!|�n&�l~?|�|}���ro{~!nYo�ilk'|��r�_U_NWQ�[WA�@9X��LC6NPORNWU_C��_���4���_�I�0��C�QS���_[WHB�_XI�C6X�Q&AD[WHBG�HYE�XpdjVLAcOSNPU0CLE�H�[W[PNWM4ORNedjV6HYE9GIU_QSQSHYERMFU0CLf4H�CjO�Z�f6HYE�a�U4f4��[WHYE�MLKj`4ERNWdjV6HpE�E>O&AcORNWU_CLCLADNWQRHpE��GD] HYE,O,��Zc��f4NPQSH�NWCLf4XYMFHYCLf6ADCjO&E�f6V�ORHYa�MFE��-��U0VLE�AD[W[PU0CLE#a�U0C0OSQRHYQ�djV6H�[PHpEgMLQRU0�6[P�Ya�HYE�ADV4��[WN��a�NPORHpETE,U0CjOb�LNPHYC�M<U0ERXYEbM<U_V6Q#G�HYEbH0� fl� M��lHY[P[WNPM6ORNed0VLHYEY�vGD] HYE,O,��Zc��f4NWQRH�d0Vv] HY[P[WHYETA0f4a�HIO,OSH�CjO#V6C6HE,U0[PV4OSNPU0C��}V6C6NedjV6H_�6H�O�f4X�M<H�CLfLADCjO�GIU_CjOSNPC}�6a�H�CjO�f4HpE�f6U_C6C6XYHYEY�6 �] ADM6MLQRU4G&K6HBd0VLHBCLU_VLE�A_[P[WU_CLEE,V6NW�}QRH\HpE>O�ADM6M<H�[WX�H¡m6~'~!ycq�¢¤£'|¥z6m4ycorm6nYorq<s!s'|}�r��|<�v@9NeERU_CLE#ORU_V6OJf4H�ERV6NPORH¡djV6H¡[�] NPCjOSX�QS¦IOJf4HGIHIORORH�ADM6M6QSU4G&K6H¡f4XYMLA_ESERH_�vH�O�f6H¡[WU_NWC��'[WH�GYA_f4QSH¡f4HpEgH0� f�� M��§HY[P[WNPM6ORNed0VLHYEJHIOJa�¦Ya�H�[WH�G�A0f4QSHfl] A_CLAD[W`4E,Hga�ADORK6XYa\AcORNedjV6HT¨>M6VLQRHI©#A_VLdjV6H�[!C6U0VLE9CLU_VLE;QRHpE>OSQRHYNP�0C6U_CFE�M<U_V6QB[�] NWCLE>O&ADCjOY�ª��C�HI«¬�«{HIOY�}C6U0VLE2QRHYM6QRHYCLf4QSU_CLE2GIH�O,ORHbADMLM6QRU4G&K6H9�¤A_QRNeAcOSNPU0C6C6HY[P[WH9M<U_V6Q�[WHYE2M6QRU0�6[W��a�HYE�fl] X��_U0[PV6ORNWU_C�HYCORH�a�MLE¡�{H_� fl� M��vf4H�O>`}M<H�MLADQ&AD�<U_[WNWdjV6H�U0V�K}`}MFHYQR�<U_[WNed0VLHp��lH�O#H�[W[PH�ERH�Q&A�GIQSVLGINeAD[WHJM<U_VLQgGIU0aJ�M6QRHYCLf4QSH�[WAba�XIOSK6U4f4H�C}V6a�X�QSNWdjV6H�f6HYE-XY[PXYa�HYCjOSE§�LCLNWE�djV6H�CLU_VLE-f4XY�_HY[PU0M6MFHYQRU0CLE-ADV�®2KLA_M6N�OSQRH¯ �6°-ADQBADNW[P[WH�VLQSEY�LGIH�O,OSHgADM6MLQRU4G&K6HTA_f6a�H�O9V6C6HgNPCjORHYQRMLQRX�OSAcOSNPU0C�M6K}`}ERNed0VLHTU_V�a�XYGYADC6NedjV6HbORQS�YECLAcOSV6QRHY[P[WH_�ª±�V6OSADCjO#f4NWQRH�djV6HJ[WH�[PHpGORHYV6QbC6H�MFHYV4OTMLA_E9«rADNWQRHJ[�] XYG�U_C6U0a�NPH�f4H�[WA¡M6QRXpE,HYCjOSAcOSNPU0Cd0VLNvE,VLN�O�f4H#G�HIO,OSH#ADM6MLQRU4G&K6HB�cADQSNWADORNWU_C6C6HY[P[WH�²±9V�GIU_VLQSEbf4H\GIH\G&KLA_M6NPORQSHJH�OTf6HYETERV6NP�cA_C0O&E��ª[^] H��4H�a�M6[WH�MLQRU_ORUDO>`}M<H�f�] Xpd0VFAcORNWU_C�ADV6�³f4XI�QRNW�_XYHYEJMLADQRORNWH�[W[PHpEJf6H¡O>`}M<H�HY[P[WNPM6ORNed0VLH�ERH�Q&A�[WH� 'ADM6[eA_G�NPHYC´M<U_V6Q�[WHYdjV6H�[�C6U0VLE�XIOSVLf4NWH�QSU_CLEJ[PHM6QRU0�6[W��a�HTADV4�¡[WNWa�NPORHpE�ERV6NP�cA_C0O
{

−∆u = f
f6ADCLE

Ω
u = 0

E,V6Q
∂Ω

�rµ6�W�p�
¯ �
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U'&�C6U_VLE�NPa�M<U0ERU_CLE�f6HYE�G�U_CLf4NPORNWU_CFE�ADV4��[WNPa�NPORHYE9f4Hg@;NPQSNWG&KL[PH�OJ�{C6U0VLE�QSH�C}�_Uc`0U_CLE�Z�[eA)(}U_VFE>�ERHYGIORNWU_C �0� µL� µ MFU0V6QgV6CLH�M6QSXYERH�CjO&AcORNWU_C´f6H�GIH�a�U}f6��[WHp��-@BADCLE��rµL�P�¤��
Ω
HYE,OJV6CxU_V6�0H�QROJf4H[^] HYERMLA_G�H

RN � ∂Ω
HYE,O�E,U0C¡�<U_Q&f �{U0V�«{QSU_CjORNW��QSHp�I�

f
HpE>O�V6C�ERHYG�U_CLf�a�HYag�6QSH��{V6C6Hbf4U0C6C6X�Hbf4VMLQRU0�6[P�Ya�Hp��}H�O

u
HpE>O�[^] NWCLG�U_C6C}V6H0�+*�NWH�C�E,�LQY�}C6U0VLE�f4U_C6CLH�QSU_CLE�ADV�®2KLADMLN�OSQRH#�Jf4HbC6U_aJ�6QRHYV4�A_V4ORQSHYE�HI�4H�a�M6[WHYE�f�] Xpd0VFAcORNWU_CFE�ADV4�	f4XYQRNW�_XYHYE�MLA_Q,OSNPHY[P[WHYE�f6H�O>`}MFH HY[P[WNWM4ORNedjV6H³djV6N9M<H�VL�_H�CjOEY] XIORVFf4NPHYQ��_Q-,_G�HBZ�[^] A_M6M6QSU}G&KLHB�cA_QRNeAcOSNPU0C6C6H�[W[WH_� vH;M6[eADC�f4HbGIHbG&KLADM6NPORQSH9HpE>O�[WHBERV6NW�¤A_CjOY�4@;A_CLE�[WA.(}HpGORNWU_C�µ6�0/TC6U0VLE2QSA_M6MFHY[PU0CLE�d0VLH�[ed0VLHYE«{U0QRaJV6[WHYE�fl] NWC0OSX��0QSADORNWU_C�MLADQ2MLADQRORNWH_�0f4N�OSHYE21 qLy43�k'��|jtbw!|65�yc|}|js2�jM6V6NeE�C6U0VLE?f4X��LC6NeERERU_CFE�GIHdjV�] HYE,O�V6C6H71 qFy83�k!�rm4nporq<s´z6m4ycorm6nYorq<s!s'|}�r��|<�} 'A9(}HYGIORNWU_C�µ6� µgHpE>O9G�U_CLESA_G�QRXYH;ADV�nY£!h}qLy4:+3´|w!|<;2m4u>=@? or�BAFycm�3 djV6N9ERH�Q&A [^] U_V4OSNP[�HpERERH�CjOSNPHY[�M<H�QSa�HIOROSADCjO¡f4H�f4XYa�U_CjORQSH�Q\f4HpE�QRXpE,V6[POSADOSEf�] H��}NeE,ORH�CFGIHgH�Obf�] V6CLNWG�N�OSX�f4H�ERU_[WV4ORNWU_CLE;f4HJ«{U_QSagV6[eAcOSNPU0C��¤A_QRNeAcOSNPU0C6C6HY[P[WH_�ª��U0VLE9�0H�QSQRU0CLE�djV6HM<U_VLQ;M<U_V6�0U_NWQ;A_M6M6[WNWdjV6HYQBG�H#ORKLX�U_QS��a�HJNP[§HYE,O;NWC6XY[PVLGIOSA_�6[PH�f4H�f4H��0U_NWQBA_�LADCLf6U_C6C6HYQ9[^] HpE,MFA_GIH

C1(Ω)
f6HYE�«{U0CLGOSNPU0CLE�GIU0CjORNWCj�La�HYCjO9f4NDCªX�QSH�CjOSNWA_�6[PHpE�ADV�M6QSUD�LO9f4HgESA#¨>�0X�C6XYQSA_[PNeERADORNWU_C}©�j[�] HYE,�MFA_GIHTf4HE(4U_�<U_[WH��

H1(Ω)
�®2U0CLGI[WV6U_CFE¡GIH�O,OSH�NWCjORQSU}f6VLGOSNPU0C	H�C a�H�CjOSNPU0C6CLADCjO�[�] HI�4NeE>OSH�CLG�H�fl] ADV4OSQRHpE�a�XIOSK6U4f4HYE�f4HQSXYERU_[WV4OSNPU0Cxf4HpE�XYdjVLAcOSNPU0CLE\ADV6� f4X�QSNP�0X�HpEJMFADQRORNWH�[W[PHpE�a�A_NWE\djV6N�ERU_CjO\a�U_NWCLE�M6V6NeESERA_C0OSHYE�U_VML[PVLEBGIU0a�M6[PNedjV6X�HpE;djV6HJ[�] ADMLM6QRU4G&K6HT�cA_QRNeAcOSNPU0C6C6H�[W[WH¡�{C6U0VLE;QRHYCj�0Uc`_U0CLE�Z�[^] HYCLGI`4G�[PU0MFXpf4NPH6FP�4GIH[WHT[WHYGOSH�V6Q�G�V6QSNPHYV4�l�P�W�4HIO9G�U_V6Q&AD�0H�V4�L��

)�*,+-*KJ L�5�3NM 8�O!P!16=>52/ :QORP�S+S}=RT�8�U
 'A�«{U_QSagV6[eAcOSNPU0C ¨,G�[WA0ERERNWdjV6HI©\f6H³�rµL�P�¤��'djV6N�M<U_V6QSQSA_N�O#MFADQ&A8VeORQSHg¨>CLADORV6QSH�[W[WH©�Z�M6QSH�a�NP�YQRH�}V6H0�6HYE,O;f4H#ERV6M6M<U0ERH�Q;E,V W�ESADa�a�H�CjO9f4H#QSX��0V6[eADQSN�OSXBM<U_VLQ�[WA\ERU_[WV4OSNPU0C

u
Ac�LC�djV6H#[WHYE�XpdjVLAc�OSNPU0CLEgf6H³�rµL�P�¤�bADNWH�CjOgV6C´ERH�CLEgH�C�OSU_V4OgM<U_NWCjOJf4H

Ω
U0V´f4H

∂Ω
�$X�A_M6MFHY[PU0CLEbOSU_V4O�fl] A_�FU0QSfdjV6HY[WdjV6HpE�C6UDO&AcOSNPU0CLE�fl] HYERMLA_G�HYE�f4Hb«{U_CFGORNWU_CFE�QRXY�_V6[WNP�YQRHpE��

Y�h[Z!s!o{nporq<s�\%]K^_]K^a`>bdcfe
Ω g h b g i4jlk enm j RN o Ω p	qsrlj	kut.j e g kvjIw"x�hyh bde j C(Ω) z{kvjlpK|Nj-} �e~c i4jlt9jlh e o C(Ω) ���R� jup~|Nq�}-j m jup"r b h�} eKcBb h�p�} b h e~c hNgNjlp m q4hNp Ω z{kvjlp~|�j-} eKc i4jlt9j	h e o m qdh�p Ω ��w`Qb4cfe g h�j	h e~c j	k k ≥ 0 w�x�h�h bde j Ck(Ω) z{kvjlp~|�j-} eKc i4jlt9j	h e o Ck(Ω) ���R� jlp~|�q'}@j m jup2r b h�} e~cBb h�p

k r bdc p�} b h e~c hN� t9j	h e2m'� k c i4q��	��jlp m qdh�p Ω z~k@jup~|Nj@} e~c i8j	t.j	h e o m qdh�p Ω ��w
�9C6H�tYq<�rk'nYo�qFs ¢_��m6tYtporilk!| �{U0C MLA_QR[WH�A_VLESE,Nbf4H�tYq<�rk'nYo�qFs�1 qLy¤np|}��f4H �rµL�P�¤��HpE>O�V6C6HERU_[WV4OSNPU0C

u ∈ C2(Ω) ∩ C(Ω)
�<GIH#djV6N'NPa�M6[WNWdjV6HJd0VLHT[PHgERHYG�U_CLf�a�H�aJ�6QRH

f
f4U0N�O9A_M6MLADQRORHYC6NWQZ

C(Ω)
�9®2HIORORH³«{U_QSagV6[eAcOSNPU0C G�[WA0ERERNed0VLH MFUjE,H³a�A_[PKLH�V6QSH�VLERH�a�HYC0O�V6C GIHYQ,O&ADNWC	C6U_aJ�6QSH³f4HMLQRU0�6[P�Ya�HYE�²�(4ADCFEJQSH�CjOSQRHYQJf6A_CLEg[WH�f6XIOSA_NP[^�-E,NW�_CFAD[WU_CLEJd0VLH_�§E,U0VLEg[eA³ERH�VL[PH�Kj`}M<UDOSK6�YERH

f ∈
C(Ω)

�vNW[�C�] HI�4NeE>OSH�H�C��_XYC6X�Q&AD[§MLA0ETf4H�E,U0[PV6ORNWU_C�f4H�GI[eA_ESE,H
C2 M<U_VLQ¡�rµL�P�¤�;ERN�[eA�f4NPa�HYCLE,NWU_Cf�] HpE,MLA0GIH�HYE,O-M6[WVLE-�_Q&ADCFf4H�djV6H�f6H�V4���

N ≥ 2
�I�c��C�«rADNPOY�_NP[4H��}NeE,ORH��6NWH�C�V6C6H�ERU_[WV4ORNWU_Cv�DGIU_a�a�HCLU_VLE\[WH �0H�QSQRU0CLE�M6[PVFE�[WU_NWC���a\ADNeE\H�[W[WH C�] HYE,O¡MLA_E¡f4H GI[eA_ESE,H

C2 �{H�[W[WH HYE,O�V6C	M<H�V	a�U_NWCLEQSX��0V6[WNP�YQRHTESADV4«-E,Nv[WA�f6U_C6C6XYH
f
HpE>O�ML[PVLE9QRXY�_V6[WNW��QSHbdjV6H

C(Ω)
��< �H#GYA_E�f4HT[eA\f4NWa�H�CLERNPU0C�V6Cf�] HpE,MLA0GIHg�

N = 1
��HYE,O2MLA_Q,OSNWG�V6[WNPHYQ?M6V6NeESd0Vv] NW[FHpE>O2«rA_G�NP[WH;f4H9ORQSU_V6�0H�Q?f6HYE�E,U0[PV4OSNPU0CLE?G�[WA0ERERNed0VLHYE�r�_U0NPQ-[^] ���}HYQSG�NWG�H�µ6�W�_�W�p�I�ca�A_NWE�C6U_VLE��_H�QSQSU_CLE!C6XpADC6a�U_NWCLE�djV6H0�Da�¦�a�H9f6A_CLE-GIH;G�A_E!«rA¤�0U_Q&AD�6[WH_�G�HIORORHb«{U_QSagVL[WADORNWU_C�G�[WA0ERERNed0VLHBHpE>O�M<H�V�GIU0a�a�U4f4H0�@BADCLE9[WA\ERV6NPORH0�LM<U_V6Q�X�ORVLf6NPHYQg�rµL�P�¤��LCLU_VLE�QSH�a�M6[eA_G�H�QSU_CLE�ESA�«{U_QSagV6[eAcOSNPU0C�G�[WA0ERERNed0VLHTMLADQVLC6Hb«{U_QSagV6[eAcOSNPU0C��4f4NPORHT�cADQSNWADORNWU_C6CLH�[W[PH0�4�FHpADVLG�U_V6M�M6[WVLE�A¤�cADCjOSA_�_HYVLE,H0�
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)�*,+-*�) 
7U :>P�S 7�U O!P 7;=RM Uv/�S}=,5?/ 8;/�7�� U$S�"P-:>U

�?C�V6CLH�f4NWa�H�CLERNWU_C�f�] HpE,MLA0GIH��
N = 1

��lERN
Ω = (0, 1)

�<[WH�M6QRU0�6[W��a�HJA_V4� [PNWa�N�OSHYE��rµL�P�¤�f4H��}NWH�CjO






−d
2u

dx2
= f

M<U_VLQ
0 < x < 1

u(0) = u(1) = 0.

�rµ6�0/_�
®2HBMLQRU0�6[P�Ya�HBHpE>O�OSH�[W[PHYa�H�CjO9E,NWa�M6[WH#d0Vv] NW[�A_f4a�H�O�V6C6H#ERU_[WV4ORNWU_C�HI�4M6[WNWG�N�OSH�²
�9u�|jyc¢_o�¢_| \�]B^�]B^ ���

f ����������������� �!� � �"�	�#�"��� � ��� �$�!��% [0, 1]
9'& �"���(%��)%�*����,+.-�/ 0�1324�����5�6�"78��� � �"�

��� � *"� �:9�2�� � C2([0, 1]) 9)����� ;#�=<'2>%?7 2����@% & ��7 �

u(x) = x

∫ 1

0

f(s)(1− s)ds−
∫ x

0

f(s)(x− s)ds <>�"��% x ∈ [0, 1].
�rµ6� µ0�

°!U0V6QT[WH\QRHpE>OSH�f4H�GIH�O,ORH�ERU_VFE>��E,HpGOSNPU0C�C6U0VLETAD[W[WU_CLEbU0V6�6[WNPHYQ#[WA�«{U0QRaJV6[WH�H��4M6[PNeGINPORH ��µ6� µ0�bdjV6NC�] A�MLA0E�ORU0V'A>U_V6Q&E�fl] XYdjV6NW�cAD[WH�CjO�MFU0V6Q�f4HpE�M6QRU0�6[W��a�HYE�M6[WVLE�G�U_a�M6[WNWdjV6XpE���?CJV6CLH�f4NWa�H�CLERNWU_CJf�] HpE,MLA0GIH0�Y[^] A_M6M<H�[W[WADORNWU_CB¨,XYdjVLADORNWU_CgA_V4�#f4X�QSNW�_X�HpEvMFADQRORNWH�[W[PHpE�©?M<H�Q&fgf4HERA�A>VFE>OSHYESE,H2M6V6NeERdjV6H0�¤G�U_a�a�H�NW[jCv] `TA�ML[PVLE!djV�] V6C6H2ERH�VL[PH2�¤A_QRNeAD�L[PH0�YU0CTMFHYV4O!ML[PVLE§ERNPa�M6[WH�a�HYC0OMLADQS[PHYQ�¨Rfl] XYdjVLAcOSNPU0C f4N�C<XYQRHYC0OSNPHY[P[WH#U0QSf4NWCLA_NPQSH©�<®2H�M<H�CFf6ADCjOY�<[^] Xpd0VFAcORNWU_Cx�rµ6�0/_��C�] HpE>OBMLA_E;V6C6HXYdjVLAcOSNPU0CTf4NDCªX�QSH�CjOSNPHY[P[WH'¨,VLE,VLH�[W[PHI©-A_VbERH�CFE�U�&b[eA�E,U0[PV6ORNWU_C#f4U0N�OvESAcOSNWE,«rADNWQRH�f6HYEvG�U_CLf6N�OSNPU0CLEL¨RADV4�f4H�V4�b�<U_V4O&E�©�M6[WV4OCB_O!djV�] V6C6H?G�U_CLf6N�OSNPU0CTNPC6NPORNeAD[WH�HYCTV6C6H2ERH�VL[PH�H��}ORQSX�a�N�OSX?f4H�[^] NPCjORHYQR�cA_[P[WH
[0, 1]

�®;] HpE>O�[eZ�M6QRXpGINeE,XYa�H�CjO�[WA�f4N�CªX�QSH�CLG�HTH�CjORQSHbV6C�M6QRU0�6[W��a�HTADV4��[PNWa�N�OSHYE#��A¤�_HYGbf4HpE�GIU0CLf4NPORNWU_CLE¨,A_V4��f4HYV4�¡�<U_V4O&E�©,��HIO�V6C�M6QSU_�L[P�Ya�HTf4HJ®�A_VLG&K}` �rA¤�0HYGBV6C6H#G�U_CLf4NPORNWU_C�NWC6N�OSNWA_[PHTHYC�¨,V6C�ERH�V6[�FU0V4O>©,��
D�[4HpE>O§NWC0OSX�QSHYESERA_CjO!GIHYMFHYCLf6A_C0O-f4H��_U0NPQ!MFU0V6Q&d0VLU_N^�Ya�¦�a�H�H�C�f4NPa�HYCLE,NWU_CJV6C��c[WHYE!a�XIOSK6U4f4HYEGI[eA_ESE,NedjV6HYElfl] XYdjVLADORNWU_CLE'f4N�C<XYQRHYC0OSNPHY[P[WHYE�U_Q&f4NPCFADNWQRHpEªC6H?ERU_CjO�MLA_E�ORQS�YE�G�U_a�a�U4f4HYElM<U_VLQvXIOSVLf4NWH�Q�rµ6�0/_���rHIOgERU_CjOTORU_OSA_[PHYa�HYCjO#NPC6U0MFXYQSA_CjORHYEbHYC�f4NPa�HYCLE,NWU_C�ERV6M<X�QSNPHYV6QRH¤���°§U0V6QTV6C�MLADQ&ADa���ORQSH

m ∈ R
�}U_C�GIU_CFE,Nef4��QSH�[WH;MLQRU0�6[P�Ya�H;f4HT®�ADVLG&K}`�MFU0V6Q�[PHB vADML[WA0GINWH�C¡A¤�0HYG�f4U0C6C6XYH9NWC6N�OSNWA_[PHBH�C

E






−d
2u

dx2
= f

M<U_V6Q
0 < x < 1

u(0) = 0, du
dx (0) = m.

�rµ6� Fj�
@9H�«rA�GIU0C¥XY�}NWf4HYCjORH NW[9H��}NeE,ORH�V6C6H³V6C6Ned0VLH³E,U0[PV6ORNWU_C	f4H ��µ6� Fj�IH?NW[;ERV W�O�fl] NWC0OSX��0QRHYQ¡GIH�O,ORHXYdjVLAcOSNPU0C¡[WNPCLXYADNWQSHJ�{U0V�ML[PVLE��0X�C6XYQSA_[PHYa�HYCjO�fl] V4ORNW[WNWERH�Q�[WH9OSK6X�U0QR�Ya�HBfl] HI�4NeE>OSH�CLG�HBf6HT®�A_VLG&K}`0� �NWMLERG&KLN�OKJp��5D�[�C�] HpE>O�MFA_E\f4V¥ORU0V4O�GI[eADNWQY�-MFADQ�GIU0CjORQSH_�-djV6H�[WA�ERU_[WV4ORNWU_C f4H��rµL� F}��GIU�L�CLG�NWf6HA¤�_HYG�GIHY[P[WH�f4H��rµL� /0����E,N�HY[P[WH�HI�4NeE>OSHp��2 vA�d0VLHYE,ORNWU_C d0VLN�E,H�M<U0ERH�HpE>O�f4H�ESA¤�_U0NPQ�E�] NW[�HI�4NWE,ORHV6C�MLADQ&ADa��IOSQRH

m
OSH�[?djV6H\[eA�ERU_[WV4ORNWU_C�f4H³��µ6� Fj�;�_XYQRNP�LH\ADVLESERN

u(1) = 0
HIOgERU_NPOgf4U_CFG�V6C6HE,U0[PV4OSNPU0C�f6H �rµ6�0/_�I�!®;] HYE,O#[PH\M6QSNWCLGINWMFH�f6H\[WA 3´hjnp£'q�w!|�w'k nYo{y�djV6N�M<H�QSa�H�Ogf4H�QSXYERU_VLf6QRH0�ADVLESE,Nl�LNPHYC�fl] V6C�M<U_NWC0O9f6HB�}V6HBOSK6X�U0QRNedjV6HTd0VLHBC}V6a�XYQRNedjV6H_�4[WHTM6QSU_�6[W��a�HTADV4��[WNWa�NPORHpE#�rµL� /0��

D ORX�Q&AcOSNP�0H�a�H�CjOp�jU0C¡M6QSXYf6N�O�V6C6Hb�cAD[WH�VLQ�f4H
m

�rU_C�OSNPQSHTf4V�MFU0NPCjO E ��4U0C¡NWCjOR���0QRHB[WHBMLQRU0�6[P�Ya�Hf4HB®�ADVFG&Kj`��rµ6� Fj���rU_C�GYAD[eGIV6[WH�[WABOSQSA>A>HYGIORU_NWQSH�f6V�ORNWQ&�I�_M6V6NeE?ERH�[WU_C�[WH�QRXpE,VL[�O&AcO
u(1)

U0C\GIU_QSQSNP�0H[WA;�cAD[WH�V6Q-f4H
m
�p�?CJM6Q&AcOSNWdjV6H�GD] HYE,O-V6C6H�a�XIOSK6U4f4H2M<H�V�HlW�GYA_GIH�djV6N6A;[�] NPCFGIU_C}�0X�C6NWH�CjO§a�A>A>H�V6Qf4HTC6HbMLA_E�ERHT�_XYC6X�Q&AD[WNeE,HYQ2HYC�f6NPa�H�CFE,NWU_C�E,VLMFXYQRNWH�V6QSH_�
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��!�����	���"���#�$�%�

 'A¡GIU0CLGI[WVLERNPU0C�HYE,ObdjV�] NW[v«rA_V4Obf6HYE;a�X�ORK6U4f4HpE9MLQRU0M6QRHpE9A_V4��MLQRU0�6[P�Ya�HYEBADV4��[PNWa�N�OSHYEbdjV6NCv] U0C0O�QSNPHYC�ZJ�0U_NWQ�A¤�_HYGBGIHY[P[WHYE�ADO,O&A_G&K6XYHYE�ADV6�¡M6QSU_�6[W��a�HYE�f4HJ®�A_VLG&K}`_�
�¡��� �������	��
	����B T�!$� b%'$��#�����"I"�

 vHgM6QSNPCFGINWMFH�f4Hg[^] A_M6M6QSU4G&K6H#�cADQSNWADORNWU_C6CLH�[W[PH#M<U_VLQ9[eA�QSXYERU_[WV4ORNWU_C f4HpE9XpdjVLAcOSNPU0CLE9A_V4��f6XI�QSNW�_X�HpE�MLADQRORNWH�[W[PHpE�HYE,O�f6HBQSH�a�M6[eA_G�H�Q�[^] Xpd0VFAcORNWU_C�MLA_Q�VLC6HB«{U_QSagV6[eAcOSNPU0C¡XYdjV6NW�cAD[WH�CjORH0�6f4NPORHb�cAc�QSNeAcORNWU_CLC6H�[W[PH0�LU0�4ORHYCjVLH#H�C�NWCjORX��0QSA_CjO9[�] XYdjVLADORNWU_C�aJV6[�OSNPML[PNWX�HJMLADQ�VLC6H#«{U0CLGOSNPU0C³djV6H�[eGIU0CLdjV6H_�f6N�OSH�ORHpE>Op�}®2U_a�a�H�NW[LHYE,O?C6XpGIHpERESADNWQRH�f4H�MLQRU4GIXpf4H�Q2ZTf4HYE-NWCjORXY�_Q&AcORNWU_CFE§MLADQ�MFADQRORNWH�f6ADCLE�[�] XIO&Ac��L[PNeERERH�a�HYC0O�f4H¡[eA�«{U0QRaJV6[WADORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PH0�vC6U0VLEgG�U_a�a�H�C�G�U_CLEgMLADQ�f4U_CLC6H�Q�d0VLH�[ed0VLHYEQSXYERV6[POSADOSE�HYESERH�CjORNWH�[eE�Z\GIHTE,V>A>HIOY�
)�*KJ�*,+ L�5�3NM 8�O!U$S´7�U�� 3NU%Uv/

@BADCLE\ORU_V6ORH�GIH�O,ORH ERU_VFE>��E,HpGOSNPU0C
Ω
HpE>O\V6C¥U_VL�_H�QRO�f4H�[�] HYERMLA0GIH

RN �{�<U_QSC6X�U_V¥C6U_C<��f6U_CjO�[WHb�FU0QSf��{U0V�[eA#«{QSU_CjOSNP�YQRH¤��HpE>O�C6U_ORX
∂Ω

�6�9U_VLE�ERV6M6M<U0ERU_CLE�ADVFERERNld0VLH
Ω
HYE,O�VLC�U0V6�_HYQ,Oych+A<k'��or|jy�f4H�GI[eA_ESERH C1 �' vA�f4XI�FC6N�OSNPU0C�M6QRXpGINeE,H�fl] V6C�U_V6�0H�QROTQRXY�_V6[WNPHYQbHYE,OTf6U_C6C6X\ML[PVLEb�FA_EfLADCLEb[eA�@9X��LC6NPORNWU_C�µ6�0/4���4�ªa\ADNeETERA�GIU0C6CLA_NWESERA_CLGIHJC�] HYE,OgAD�LERU_[WV6a�H�CjObMLA_EbC6XpGIHpERESADNWQRHJMFU0V6Q[eA��<U_C6C6H#G�U_a�M6QSX�K6HYCLERNPU0C�f6HT[WA\ERV6NPORHgf4H#G�H#GIU0V6QSEY�"D�[vERV W�O?A>VLE,ORHJf4H#ERA¤�0U_NWQ�d0Vv] V6C�U0V6�_HYQ,OQSX��0V6[WNPHYQ�HpE>O�� k b p@p b t b m�bTV6C�U_V6�0H�QRO�f6U_CjO�[PHT�<U_Q&f�HYE,O�V6C6HTK}`}MFHYQSERV6QR«rA_GIH��{VLC6H#�cADQSNPX�ORXTf4Hf6NPa�H�CFE,NWU_C

N −1
�§QSX��0V6[PNW��QSH_�_HIO2djV6H9G�HIO?U0V6�_HYQ,O�HpE>O2[PU4G�A_[PHYa�H�CjO2ERN�OSV6X9fl] V6C¡ERH�V6[<GIU_ORX�f4HBERA«{QSU_CjOSNP�YQRH0���;C�f4XI�LCLN�O�AD[WU_Q&E'[WABs'qFy43´m6��|#|julnYhjycor|}kvyc|#A_V#�<U_Q&f

∂Ω
GIU0a�a�H�XIO&ADCjO![WH��_HpGORHYV6QVLC6N�OSX

n = (ni)1≤i≤N
C6U_QSa\AD[�H�C ORU_V6O�M<U_NWCjO�A_V M6[eADC OSA_C6�_HYC0O\f4H

Ω
H�O�M<U_NWCjOSADCjO��_HYQSE[^] HI�}ORXYQRNWH�V6Q;f4H

Ω
�{�_U0NPQ�[eA��!NW�_V6QSH��_�W�p��<@;A_CLE

Ω ⊂ RN U0C�C6UDOSH
dx

[eA\a�HYERV6QSHT�_U_[WV6a�Ned0VLH_�U0V�a�HYERV6QRH�f6H¡ �HY�FHpE,�0V6H¡f4H¡f6NPa�H�CFE,NWU_C
N
��(}V6Q

∂Ω
�'U_C�C6UDOSH

ds
[eA�a�HYERV6QRH�E,V6QR«rA_G�NWdjV6H0�U0V³a�HYERV6QSH�f6H� vH��<HYER�_V6H�f4H�f4NPa�HYCLE,NWU_C

N − 1
E,VLQ;[eA¡�cA_QRNWXIOSX

∂Ω
�l �H�QRXpE,VL[�O&AcO;MLQRNWCLGINWMLA_[f6HJGIH�O,OSH�ERU_VLE,��E,HpGORNWU_C�HpE>OB[PHgORK6XYU_QS��a�HJERV6NW�¤A_CjO;djV6HgC6U0VLEBA_f4a�HIORORQSU_CLEJ�{�0U_NWQ9[WHgOSK6X�U0QR�Ya�H

G4� ¯ � /�fLADCLEEF /[G H'M<U_VLQ;V6CLHgf4X�a�U0CLE>OSQSADORNWU_C djV6N'«rADNPOBA_M6MFHY['Z�f4HYE;ADQS�_V6a�H�CjO&E�f4Hg�0X�U0a�X�ORQSNPHf6NDCªX�QSH�CjORNWH�[W[WH_�6U0V�[WHBORK6XYU_QS��a�H#�4� FL� ��fLADCLEsF ¯ H{��
� £'h}qFy8:+3´| \�]��%]B^��! 'qLy43�k'��|�w!|�5�yc|}|}s	"y`>bdcfe

Ω g h b g i8j	k e k �#� g � c j	k m jn}l��q4p-plj C1 w `Qb4cfe
w g h�jQr b h�} eKcBb h m j C1(Ω) $npug |�| b k e � b kuh �"m qdh�p���j%rlj	kut �

Ω w&%"� b k-p�j	�f��j�i � k c ' j���q�r b kut�g � jm j�(�kvj-j	h
∫

Ω

∂w

∂xi
(x) dx =

∫

∂Ω

w(x)ni(x) ds,
��µ6���_�

b*)
ni jlp e ��q i �,+ t9j�} b t�| b p	q4h e j m jE��q)h b kut9q4� j�j�- e{� k c jlg k@j g h cfe � m j Ω w

.�|+3´m4ycilk'| \�]��%]�� @9NWQSH�djV�] V6C6H2«{U_CFGORNWU_C�QSX��_VL[PNW��QSH
w
A;ERU_C�E,VLM6MFU0Q,O§�<U_QSC6X�fLADCLE![WH2«{HYQRa�X

Ω
�0H�V4Obf4NPQSHgdjV�] H�[W[PHJE�] ADC6C}V6[WHgZ\[^] NPC4�FC6N!ERNv[WH#«{HYQRa�X#Cv] HpE>O9MFA_E��<U_QSC6X0�/�;C f4NPOBA_VLERERN'djV6Hg[WA«{U0CLGOSNPU0C

w
A V6C ERV6M6M<U_QRO�GIU0a�MLA_GIO�f6ADCFE

Ω
�rADO,ORHYCjORNWU_C H�GIHY[WA C�] NWa�M6[WNWdjV6H�MLA_E�d0VLH

wEY] ADC6C}V6[WHTE,V6Q9[PHT�<U_Q&f
∂Ω

�I�6��C�MLA_Q,OSNWG�V6[PNWH�Qp�4[^] K}`}MFU_ORK6�pE,H#f6V10�KLX�U_QS��a�HTµ6�0/4�W�TZ�M6QSU_M<U0E�f4VERV6M6M<U_QRO9�<U_QSC6Xgf4HJ[WA\«{U_CLGIORNWU_C
w
fLADCLE

Ω
HpE>O;NPC}V4OSNP[WHJERNv[^] U0V6�_HYQ,O

Ω
HYE,O9�FU0QRCLX_��(4N

Ω
C�] HYE,OMFA_E��<U_QSC6X_�6G�HIO,OSHTK}`jM<UDOSK6�YERHTA_ESE,VLQRHbdjV6HT[PHpE�NPCjOSX��_Q&AD[WHYE�f6A_CLET�rµL� �0��E,U0C0O��LCLNPHpE�� •
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 � ��� �����#
 � ����� � ��
��!�����	�����������%� ¯ �

ωi−1

ω0

y′

Q

φi

ωi

Ω

ωi+1

yN

∂Ω

Q+

�������ªµ6�W�	��@9X��LC6NPORNWU_C�f4HT[eAJQSX��0V6[eADQSN�OSXBfl] V6C�U_VL�_H�QROY�
 vH 0�K6XYU_QS��a�H#µ6�0/4�W�#A�f4HgC6U_aJ�6QRHYV4��G�U_QSU_[W[WA_NPQSHYE�djV6N!E,U0CjO�ORU0VLE9f4HpE9G�U_CLERXYdjV6HYCLGIHpE�NPa��a�Xpf4NeAcORHpE�f4HT[eA�«{U_QSagV6[WHTf4H�
BQRHYH�C��rµL� �0��L vHB[WHYGIORHYV6Q9djV6Nl�_U0VLf4Q&AgXpGIU0C6U_a�NeE,HYQ�ERA�a�X�a�U_NWQSHC6HTQRH�ORNWH�CLf6QSA�f4U_CFGBdjV6HT[eAJ«{U_QSagV6[WHTf4H�
BQSH�H�C��rµL� �0�ª²

� qFycqF���rm6oryc| \�]��%] \ �! 'qLy43�k'��|�w�Worsªnph[AFycm4nYo�qFs¥~§m4y�~§m4y¤nYo�| " `Qb4cfe
Ω g h b g i4j	k e k � � g � c j	km j�}	��q8p-p	j C1 w `Qb4cfe u j e v m j	g - r b h�} eKcBb h�p m j C1(Ω) $6pug |�| b k e � b kuh ��m qdh�p ��j�rlj	kut �

Ω w
%"� b k-pEj	�f��jup i � k c ' jlh e � q�r b kut g ��j m � c h e{�#� kvq e~cBb h�|�qdk�|Nq4k e~c j

∫

Ω

u(x)
∂v

∂xi
(x) dx = −

∫

Ω

v(x)
∂u

∂xi
(x) dx +

∫

∂Ω

u(x)v(x)ni(x) ds.
��µ6� ¯ �

Y�h+3´q<s'tYn�ycm4nporq<s#] D�[vE,V�W�O9f6HTM6QRHYCLf4QSH
w = uv

fLADCLE�[WH 0�K6X�U0QR�Ya�HbµL� /6�P�0�
�

� qFycqF���rm6oryc| \�]��%]�� `>bdcfe
Ω g h b g i4jlk e k �#� g � c j	k m j�}	��q4p@p	j C1 w `>bdcfe u g h>j�r b h�} e~cBb h m j C2(Ω)

j e v g h�j#r b h�} e~cBb h m j C1(Ω) o e b g e jup m j	g - $ pug |'| b k e � b kuh �Em qdh�ps��j�rlj	kut �
Ω w %"� b k-p j	�f��jlp

i � k c ' j	h e ��q�r b kut�g � j m � c h e � � kvq eKcBb h�|Nq4k2|Nq4k e~c j
∫

Ω

∆u(x)v(x) dx = −
∫

Ω

∇u(x) · ∇v(x) dx +

∫

∂Ω

∂u

∂n
(x)v(x) ds,

��µ6� GD�
b�) ∇u =

(

∂u
∂xi

)

1≤i≤N
jlp e � j7i4j-} e jlg k � kvq mdc jlh e�m j u o j e ∂u

∂n = ∇u · n w
Y�h+3´q<s'tYn�ycm4nporq<s#]	�;C�A_M6M6[WNWdjV6Hb[WHJ®2U_QSU_[W[WA_NPQSH;µL� /6� µ�Z

v
HIO ∂u

∂xi

HIO�U_C�ERU_a�a�HBHYC
i
�

�

Y�h[Z§s'ornYorq<s�\%] �Q]�� x�h m4cfe�� g�� g h b g i4j	k e Ω
m j RN jup e k �#� g � c jlk m j }	��q8p-p	j Ck z!q4i4j-}�g h

jlh eKc j	k k ≥ 1 � p�� c ��j�- c p e j7g h h b t9�	kvj ' h c#m � b g i8j	k e p (ωi)0≤i≤I
e jl�0p � gNj

ω0 ⊂ Ω, Ω ⊂ ∪I
i=0ωi, ∂Ω ⊂ ∪I

i=1ωi,
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G E ���������	��
����������
������������	����� ��
��!�����	���"���#�$�%�

j e � gNj o | b g k�} � q � gNj i ∈ {1, ..., I} z{i b4c k���q�� c � g kvj��'w��u� o c �_j - c p e j�g h�j"q@|'|�� c }-q e~cBb h � c � j@} e~c i8j
φi

m j }l� q8p-p	j Ck o m j ωi
m q4hNps�v� jlhNplj	t9�l��j

Q =
{

y = (y′, yN) ∈ RN−1 × R, |y′| < 1, |yN | < 1
}

,

m'b h e �R� c h_i8j	k-p	j.jup e qdg+p-p c#m j�}	��q4p@p	j Ck o j e�e j	�f��j � gNj
φi(ωi ∩ Ω) = Q ∩

{

y = (y′, yN) ∈ RN−1 × R, yN > 0
}

= Q+,
φi(ωi ∩ ∂Ω) = Q ∩

{

y = (y′, yN ) ∈ RN−1 × R, yN = 0
}

.

Ω Ω

� �����LµL� / �\@;H�V4�\H��}HYa�M6[PHpE�fl] U0V6�_HYQ,O2C6U_C�QRXY�_V6[WNPHYQ,H}U_VL�_H�QRO��FESERV6QRXBZ#�jADVLG&K6H0�0U0V6�_HYQ,O�A¤�_HYGVLC�M<U_NWCjO9f4HbQRHY�6QSU_VLESE,HYa�H�CjO�Z�f4QSU_NPORH0�
.�|+3´m4ycilk'| \�]��%]
	�*�NPHYC¡djV6H�[eA �!NP�0V6QRH;µ6�W��QRHYM6QSXYERH�CjORH�V6C¡U_V6�0H�QRO�QRXY�_V6[WNPHYQ?djV6N<HYE,O?�FU0QRCLX_�[eA#@;XI�LCLN�OSNPU0C�µ6�0/4���bEY] A_M6M6[WNWdjV6H9A_VLESE,N<Zgf4HpE�U_VL�_H�QROSE?C6U_C\�<U_QSC6XpE��j vA#@;XI�LCLN�OSNPU0C�µ6�0/4���BC�] HI�}�G�[PV6O�MLA0E�E,HYV6[PHYa�H�CjO�[WHYE�U0V6�_HYQ,O&E¡f4U0C0O�[WH��<U_Q&f C�] HYE,O�MLA_E�V6C6H�ERV6Q,«rA0GIH�QRXY�_V6[WNP�YQRH0�?a\ADNeEHY[P[WH\HI�6G�[PV4O�ADVLESE,N?[PHpETU_V6�0H�QROSE#djV6N?C6H¡ERU_CjO#MLA_E#[PU4G�A_[PHYa�H�CjOgE,NPORVLX¡fl] V6C´E,HYV6[?G�UDORX�f4H\[PHYV6Q«{QSU_CjOSNP�YQRH0�! 'A �!NW�_V6QSH�µL� /³GIU_CjOSNPHYC0O\f4HYV4�´HI�4H�a�M6[WHYEJO>`}M6NedjV6HYE�fl] U_V6�0H�QROJC6U0C QSX��0V6[PNWH�Q�djV6NMLQRXpE,HYC0OSH�CjOTV6C6H�ERNPCL�_V6[eADQSN�OSX�NPQSQRXYa�XYf4NeAD�6[WH_�lERU_NPO#H�C��<U_V4Ogf4H��<ERERV6QSH_��ERU_NPObHYC�V6C�MFU0NPCjOgf4HQSH��LQRU0VLERERH�a�HYC0Op�v®2HYEbHI�4HYa�ML[PHpEbC6H\E,U0C0OTMLA0ETf4HYE�¨,NWCj�0H�CjORNWU_CFE;a\ADORK6XYa�ADORNedjV6HYE>© H�[^] U0V6�_HYQ,O�<ERERV6QSX�HYE,OgO>`}M6NedjV6H�a�H�CjO�V4ORNW[PNeERX�M<U_V6QJXIOSVLf4NWH�Q�[PHpEgM6QSU_�L[P�Ya�HpEgf4H¡�FESE,V6QSHYEgH�C´a�XpG�ADCLNWdjV6Hf6HYE9E,ORQSVLGIORV6QSHYEY�/�;C�M<H�V4OBC6XYA_C6a�U_NWCLE��0X�C6XYQSA_[PNeERH�Q�V6C�M<H�V [eA�G�[WA0ERERH#f4HYE;U_VL�_H�QROSE�QRXY�_V6[WNPHYQSEA_V4��U_V6�0H�QROSE�¨>QSX��0V6[WNPHYQSE9MLADQba�U_Q&GIHpADV4�j©�FZ¡G�U_CLf6N�OSNPU0C�djV6H�GIHYEBa�U_Q&GIHpADV4��f4HJ«{QRU0CjORNW��QSHYEBE,H¨,QSHYGIU0[P[WH�CjO,©�HYC�«{U_QSa�A_CjO2f4HYE�ADCL�_[WHYE�f4N�CªX�QSH�CjOSE�f4H E ��G�A0E2fl] V6C�M<U_NWCjO2f4H;QRHY�6QRU0VLESE,HYa�HYCjO&�!U_Vf6H

2π
��G�A0E9fl] V6C6HJ�FESE,V6QSHp�I� 0'U_VFE;G�HYEBf4XIO&ADNW[WEBf4X�MFA_ESE,HYC0OB[WA_QR�0H�a�H�CjO9[WHJGYA_f4QSHgf4H�GIH�GIU0V6QSEY�H�OBCLU_VLE;QRHYC}�_Uc`_U0CLE�[WHg[WHYGIORH�VLQbZ¡[WA�X�HYa�A_QSdjV6H FL� µ6� G�M<U_V6QBV6C6H�ADV4OSQRHJHI�4M6[WNWGYAcOSNPU0C³E,VLQBG�HYEMLQRU0�6[P�Ya�HYE�f4HbQSX��_VL[WA_QRNPORX0� •

�;u�|jyc¢_or¢0| \�]��%]B^�� ;�9�� � % �:9)� 7 2����@% & ��7 �:9)��5% �#�)� +.- / ��147 2:���@% & ��7 �:9�� � �����(���
∫

Ω

divσ(x)φ(x) dx = −
∫

Ω

σ(x) · ∇φ(x) dx +

∫

∂Ω

σ(x) · n(x)φ(x) ds,

��� φ ����� ��� �����"�'�(� � �����C��2�7 2 � %���9�� C1(Ω) �!� σ ��� �����"�'�(� � �"� ��� 2�7 �>��%�� � ���!���@% � �)787 �#�$9)� C1(Ω)
9

� �!��<�<>�@%������>�@%.� ;#� 9�2���� 7 � ���)% & ; Ω /
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 � ��� �����#
 � ����� � ��
��!�����	�����������%� G4�
�9u�|jyc¢_o�¢_| \�]��%]���� � 9 � & �)��� � �"� N = 3 ��� 9�;��3� � ��7 � % �>�62�� � ����� �>7)9�� ��� �,����� �!� � �"� 9)� Ω 9�2����
R3

9
φ = (φ1, φ2, φ3)

9 �!� &�& � 7 2:����� �!� � �"� 9�� Ω 9�2���� R3 9�;��3� � � < 2)%

rotφ =

(

∂φ3

∂x2
− ∂φ2

∂x3
,
∂φ1

∂x3
− ∂φ3

∂x1
,
∂φ2

∂x1
− ∂φ1

∂x2

)

.

� �"��% φ �#� ψ 9 ���"�'�(� � �"� � � � 2�7 �>��%�� � ���(���@% � �>787 ���,9)� C1(Ω)
9 � �!��<�<>�@%���� �>�@% ��;��49�2���� 7 �:���>% & ;

Ω
9 9);�9"� � % � 9�� 7 2����@% & ��7 �:9)��5% �#�>� +.-�/ ��1

∫

Ω

rotφ · ψ dx −
∫

Ω

φ · rotψ dx = −
∫

∂Ω

(φ× n) · ψ ds.

)�*KJ�*KJ L�5�3_M 8�ORP'16=,5?/���P§3L=!P!16=>52/9/�U$ORO!U
°§U0V6Q'ERNPa�M6[WNP�LH�Q![WA�M6QRXpE,HYCjOSAcOSNPU0C��IC6U0VLE!E,V6MLMFUjE,U0CLE�djV6H?[^] U_V6�0H�QRO

Ω
HYE,Ov�FU0QRCLX�HIO!QRXY�_V6[WNPHYQY�HIOBdjV6HJ[PHJE,HpGIU_CFf�a�HYag�6QSH

f
f4H��rµL�P�¤��HYE,OBG�U_CjORNWC}V E,V6Q

Ω
�< vH#QRXpE,VL[�O&AcO;MLQRNWCLGINWMLA_['f4H�GIHIORORHE,U0VLE>��ERHYGOSNPU0C¡HpE>O�[eA�M6QRU0MFUjE,NPORNWU_C�E,VLNP�cADCjOSH_�

�by¤qF~?q<tYornYo�qFs \%] �Q]
	 `Qb4cfe
u g h>j�r b h>} e~cBb h m j C2(Ω) w `Qb4cfe X �R� jup~|Nq�}-j m�� ' h c |�qdk

X =
{

φ ∈ C1(Ω)
e jl� � gNj φ = 0 p-g k ∂Ω

}

.

%"� b k-p u jup e g h�j"p b � g eKcBb h m gE|�k b �l� + t9j7q4g -9� c t cfe jlp z �'w��u�Ep c j e p	j	g ��j	t.j	h e p c u q@|�|Nq4k e~c j	h e
$ X j e i � k c ' j7�v� � � q4� cfe{�

∫

Ω

∇u(x) · ∇v(x) dx =

∫

Ω

f(x)v(x) dx | b g k e b g e j�r b h�} eKcBb h v ∈ X. �rµL� � �
� � �#� qd� cfe � z �[w�u��jlp e q@|'|�j	� � j���q 1 qLy43�k'��m4nYo�qFs z6m4yco�m4nYo�qFs!s'|}���r| m g�|�k b �l� + t9j q4g - � c t cfe jlp
z �[w��-��w
.¡|+3´m4ycilk!| \%] �Q]�a��C NPCjOSX�QS¦IO³NWa�a�Xpf4NeAcO�f6H [eA	«{U_QSagVL[WADORNWU_C �cADQSNWADORNWU_C6CLH�[W[PH ��µ6� � ��HpE>Od0Vv] HY[P[WH A�V6C ERH�CLE�ERN�[eA�E,U0[PV6ORNWU_C

u
HYE,O¡ERH�V6[WH�a�H�CjO�V6CLH�«{U_CLGIORNWU_C	f4H

C1(Ω)
��GIU0C0OSQSA_NPQSHI�a�HYCjOTZ�[eA�«{U0QRaJV6[WADORNWU_C�¨RGI[eA_ESERNWdjV6HI©��rµ6�W�p�;djV6N-QSHYdjV6NWH�QROBdjV6H

u
ADM6MLA_Q,OSNPHYC6C6H�Z

C2(Ω)
� �;CM6QRHpERERH�CjO§f4U_CLG�f4X6A,Z;djV�] NP[}HpE>O§M6[WVLE-E,NWa�M6[WH�f4H�QSXYERU_VLf4QSH;��µ6� � �vd0VLHB��µ6�W�p�vM6V6NeERdjV�] U_CJHYE,O!a�U_NWCLEHI�4NP�0HYA_C0O�ERV6Q�[WA�QSX��0V6[eADQSN�OSXBf4Hb[eA�E,U0[PV4OSNPU0C��@BADCFE�[WAJ«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH\�rµL� � ��4[eAg«{U0CLGOSNPU0C

v
HYE,O9ADM6M<H�[WX�H 1 q<s'¢_nYorq<s nY|}tYn_� vAB«{U_QSagVL[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH�HYE,O2A_VLERERN6MLA_Q,«{U0NWE?ADM6M<H�[WX�H�«{U0QRaJV6[eAcORNWU_CJ«rADNW�6[WH9f4V�MLQRU0�6[P�Ya�HADV4�\[WNPa�NPORHYEB�rµL�P�¤��}��C�a�XpG�A_C6NWdjV6H0�0[eAT«{U0QRaJV6[eAcORNWU_C\�cA_QRNeAcOSNPU0C6C6H�[W[WH�HYE,O�G�U_C6C}V6HBE,U0VLE?[WH9CLU_af4H�¨,M6QSNPCLG�NPM<Hbf4HYE?ORQ&A¤�cADV4���}NPQRORV6HY[WE>©_�j��C¡M6K}`4ERNWdjV6H0�0U0C�MLADQS[WH;ADVFERERNFfl] XYdjVLADORNWU_C¡f6H;�6NW[eADC�U0Vf4Hb«{U_QSagV6[WHTf4HbQRXpGINWM6QSU}G�N�OSX_� vU_Q&ERdjV�] U_C³M6QRHYCLf

v = u
f6A_CLE��rµ6� � �I�FU0C³U0�4ORNWH�CjOTGIH�d0Vv] NW[§HYE,ObG�U_C}�_HYCjV�fl] A_M6M<H�[WH�QbV6C6Hh[A<m6��o{nYh¡w�Whjs!|jy4AFo�|F�0d0VLNLHI�4M6QSNWa�H9�_X�CLX�Q&AD[WH�a�H�CjO�[^] XY�0AD[WNPORX�HYC0OSQRH�VLC6H9XYC6H�QS�_NWH�E>OSU4G��_X�H�fLADCLE[PHTf4U0a�A_NPCLH

Ω
�{[WHbORH�QSa�HBf6HT�0ADVFG&K6H;f4H\��µ6� � �,�2H�O�V6C6HbX�C6HYQR�0NPHBM<UDORHYCjORNWH�[W[PHTA_ESERU}G�NPXYH;Z

f
�r[PHORH�QSa�HTf4H#f4QSU_NPORHTf4H��rµL� � �,�I� •
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Y�h+3´q<s'tYn�ycm4nporq<s#]_(4N
u
HYE,O?E,U0[PV6ORNWU_C�f4V�M6QRU0�6[W��a�H�ADV4�g[WNWa�NPORHpE��rµL�P�¤��DU0CJaJV6[PORNWM6[PNWH�[^] XpdjVLAc�OSNPU0C�MLADQ

v ∈ X H�O�U_C�V4ORNW[WNWERHT[WAJ«{U0QRaJV6[PHTfl] NWC0OSX��0QSADORNWU_CLE�MLA_Q�MLADQRORNWHYE�f4V³®2U0QRU0[P[eADNWQRHBµ6�0/4� F
∫

Ω

∆u(x)v(x) dx = −
∫

Ω

∇u(x) · ∇v(x) dx +

∫

∂Ω

∂u

∂n
(x)v(x) ds.

�;Q
v = 0

E,VLQ
∂Ω

M6V6NeERdjV6H
v ∈ X �6f4U0CLG

∫

Ω

f(x)v(x) dx =

∫

Ω

∇u(x) · ∇v(x) dx,

djV6NlCv] HpE>O�QRNWH�C�fl] ADV4OSQRHTdjV6HB[WAg«{U_QSagV6[WH��rµ6� � �I� X�XYG�NPM6QSU4djV6H�a�H�CjOp�}ERN
u ∈ X �0X�QSN��LH��rµL� � ��4H�CV6ORNW[PNeERA_CjO�¨RZ�[�] H�C}�0H�Q&E�©;[eAJ«{U_QSagV6[WHTfl] NPCjORXY�_Q&AcOSNPU0C�MLA_Q�MLADQRORNWHbM6QRXpGIXpf4H�CjORHbU0C�U0�4ORNWH�CjO

∫

Ω

(

∆u(x) + f(x)
)

v(x) dx = 0
M<U_V6Q�OSU_V4OSHB«{U_CLGIORNWU_C

v ∈ X.

®2U0a�a�H
(∆u + f)

HYE,OgV6C6H¡«{U_CLGIORNWU_C´GIU0CjORNWCjVLH_�v�0Q@,0GIH\ADV´ vH�a�a�H�µL� /6� ��U0C´GIU_CFGI[WV4OJdjV6H
−∆u(x) = f(x)

MFU0V6Q-ORU0V4O
x ∈ Ω

�D°-ADQ�ADNW[W[PHYV6QSEY�DGIU0a�a�H
u ∈ X �cU0C�QSHIOSQRU0V6�_H�[eABG�U_CLf6N�OSNPU0CA_V4�#[WNPa�NPORHYE

u = 0
E,V6Q

∂Ω
�DGD] HYE,O,��Zc��f4NWQRH�d0VLH

u
HpE>O�ERU_[WV4ORNWU_C�f4VJMLQRU0�6[P�Ya�H�A_V4�#[WNPa�NPORHYE���µ6�W�p�I�

�

;2|+3 3´| \%] �Q]�� `>bdcfe
Ω g h b g i8j	k e�m j RN w `>b4cfe g(x) g h�j2r b h�} eKcBb h } b h eKc h_gNj m q4hNp Ω w `_c

| b g k e b g e j�r b h�} eKcBb h φ m j C∞(Ω) $.pug |'| b k e } b t�|Nq�} e�m q4h�p Ω o b h�q
∫

Ω

g(x)φ(x) dx = 0,

qd� b k-p7� q�r b h>} e~cBb h g jlp e h_g �f��j m q4hNp Ω w
Y�h+3´q<s'tYn�ycm4nporq<s#]'(4V6M6M<U0ERU_CLE�djV�] NW[_HI�4NeE>OSH�V6CbM<U_NWC0O

x0 ∈ Ω
OSH�[jd0VLH

g(x0) 6= 0
� (4A_CLElM<H�QRORHf6H;�0X�C6XYQSA_[PNPORX0�0U0C�MFHYV4O�E,VLM6MFUjE,HYQ�djV6H

g(x0) > 0
�rERNPCLU_C¡U0C�M6QSH�CLf −g �I�j°-A_Q�G�U_CjORNWC}V6N�OSX_�}NW[H��4NWE,ORH#VLC MFH�ORNPO;�0U_NeE,NWCLAD�0HTU_V6�0H�QRO

ω ⊂ Ω
f4H

x0
OSH�[§djV6H

g(x) > 0
M<U_V6Q9ORU0V4O

x ∈ ω �>(}U_NPOA_[PU0QSE�V6CLHb«{U_CLGIORNWU_C�ORHYE,O�M<U0ERN�OSNP�0H_�4C6U0C�C}V6[W[WH_�
φ
Z\ERV6M6M<U_QRO�NPCFGI[WVLE�f6ADCFE

ω
� �;C�A

∫

Ω

g(x)φ(x) dx =

∫

ω

g(x)φ(x) dx = 0,

djV6NvHYE,O�VLC6H#GIU0C0OSQSA0f4NeGORNWU_C�A¤�_HpG9[^] K}`}M<UDORKL�YERHbERV6Q
g
�L@;U_CLG

g(x) = 0
MFU0V6Q�ORU0V4O

x ∈ Ω
�

�

.�|+3´m4ycilk'| \�]��%]B^�� �?C�C6UDO&AcORNWU_C�GIU0a�MLA_GIORHTU_C�M<H�V4O9QSX�XpGIQSNPQSHb[WAJ«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C4�CLH�[W[PH���µ6� � ��E,U0VLE�[eAg«{U0QRa�H H4OSQRU0V6�_HYQ
u ∈ X ORHY[vdjV6H

a(u, v) = L(v)
MFU0V6Q�ORU0V4ORHb«{U0CLGOSNPU0C

v ∈ X,A¤�0HYG
a(u, v) =

∫

Ω

∇u(x) · ∇v(x) dx
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 � ��� �����#
 � ����� � ��
��!�����	�����������%� GDµ
HIO

L(v) =

∫

Ω

f(x)v(x) dx,U�&
a(·, ·) HYE,O-V6C6H�«{U0QRa�H��6NP[WNWC6XYA_NPQSH�ERV6Q X HIO

L(·) HYE,O-V6C6H�«{U_QSa�H�[PNWC6XYA_NPQSH�E,V6Q X �0®;] HYE,O�E,U0VLEGIHIORORHb«{U0QRa�H#AD�FE>OSQSA_N�OSHbdjV6HTCLU_VLE�QSXYERU_VLf6QRU0CLEb�rA¤�_HpGbd0VLH�[ed0VLHYE�K}`}MFU_ORK6�pE,HpES�2[eA�«{U_QSagV6[eAcOSNPU0C�¤A_QRNeAcOSNPU0C6C6HY[P[WHBfLADCLE�[eA�M6QSU}G&KFADNWC6HBERHYGIORNWU_C�� • ?] Nef4XYH�M6QSNPCLG�NPMFAD[WH?f4H?� Pm4~!~'ycq�¢¤£!|bz6m4ycorm4nporq<s's!|}�r��|�HYE,O'f4H?a�U0CjORQSH�Q�[^] H��4NWE,ORHYCLGIH�H�Ov[^] V6CLN��GINPORX�f4H�[eA�ERU_[WV4ORNWU_C�f4H\[eA�«{U_QSagV6[eAcOSNPU0C��cA_QRNeAcOSNPU0C6C6H�[W[WH���µ6� � �I�vGIH¡djV6N?H�CjORQ&A8V¬C6H�Q&A�[PH�a�¦Ya�HQRXpE,V6[POSADOgM<U_V6QJ[�] XYdjVLADORNWU_C	�rµL�P�¤�TZ G�A_VLERH�f4H¡[eA�°�QSU_M<U0ERN�OSNPU0C�µ6�0/4� G}����C HlCªHIOY�!C6U0VLEgA_[P[WU_CLE�_U_NWQ\djV�] NW[�H��}NeE,ORH�V6C6H�OSK6X�U0QRNWH�Z�[eA�«{U_NeE\E,NWa�M6[WH�H�O�M6V6NeERESADCjOSH�M<U_VLQ�ADCLA_[P`4ERH�Q�[PHpE�«{U_QSagV4�[WADORNWU_CLE��cADQSNeAcORNWU_CLC6H�[W[PHpE����9XYA_C6a�U_NWCLE\GIH�O,ORH�OSK6X�U0QRNWH�C6H�«{U_CFGORNWU_CLC6H djV6H E,N�[^] HYERMLA_G�H�fLADCLE[PHpd0VLH�[�U0C G&KLH�Q&G&K6H�[WA�ERU_[WV4ORNWU_C H�O¡f6ADCLE�[PHpd0VLH�[9U0C M6QRHYCLf¥[PHpE�«{U_CFGORNWU_CFE�ORHpE>O&E �rf6A_CLE\[WHYEC6UDO&AcORNWU_CFETM6QSXYGIXpf4H�CjOSHYEY�l[�] HYERMLA_G�H
X
�BHYE,O#V6C�HpE,MLA0GIH�f4H��9NP[W�<H�QROY�'G�H�djV6N?C�] HYE,O#MLA0ET[PH�G�A_EMFU0V6Q

X = {v ∈ C1(Ω), v = 0
ERV6Q

∂Ω} agV6C6N�f4V´MLQRU4f4V6NPOJESG�A_[WA_NPQSHg¨>CFAcORVLQRHY[ ©\MFU0V6QJG�HM6QRU0�6[W��a�H_�6 'A�M6QRNWCLG�NPMLA_[PHTf4N�W�GIV6[PORXJf6ADCLE�[^] ADM6M6[WNeG�AcOSNPU0C�f4HT[�] ADMLM6QRU4G&K6HB�cADQSNWADORNWU_C6CLH�[W[PHTERH�Q&Af4U_CLGbdjV�] NP[�«rADVLf4Q&A�V4ORNW[WNWERH�Q�VLC�A_V4ORQSHbHYERMLA_G�HTd0VLH
X
�LZ�ERA¤�0U_NWQ2[^] HpE,MFA_GIHTf4HE(4U_�<U_[WH��

H1
0 (Ω)d0VLN�HYE,O��6NPHYC�V6C�HYERMLA_G�Hbf6H��9NP[W�<H�QROg�{�_U0NPQ�[WHJ®2KLA_M6N�OSQRH F}��

�9u�|jyc¢_o�¢_| \�]��%] \�� � �!����� � 9��)%�� 7 ���>2�<�7 2'� � �>� 2 � ���:�#�"�'9 � � � ��� 2��
	 7 � & � ����� 9)�����>� & 2����
{

−∆u = f 9�2�� � Ω
∂u
∂n = 0 �!��% ∂Ω.

�rµ6� �0�
� � � � u �����=���"�'�(� � ��� 9�� C2(Ω) /�=�"���(% �>%?*"� � u �����������=�6��78��� � ��� 9�� <>%�����7 � & �=2��
	 7 � & � ���#�
+.-�/ ��1	� � �#�	�6�)��7 � & �>���	� � u 2�<�< 2)%�� � �>��� � C1(Ω) �#� � ;>% � � � 7 � ; � 2�7 � ��;

∫

Ω

∇u(x) · ∇v(x) dx =

∫

Ω

f(x)v(x) dx <>����% ��������� ����� �!� � �"� v ∈ C1(Ω).
��µ6�W� E �

� � 9);�9"� � % � *"� � ��� � �#�"�'9 � � � ��� ��;��!���6�C2 � % � 9 � ��	 � �����)� �#� 9 � ����� �C�"78��� � �"� 9�2�� � C2(Ω) 9)� + -�/ ��1
�#����*"� � ∫Ω f(x)dx = 0 /
�9u�|jyc¢_o�¢_| \�]��%]���� � �!����� � 9��)%�� 7 � ;�*�� 2�� � ����9)��� <�7 2'*������







∆ (∆u) = f 9�2�� � Ω
u = 0 �!��% ∂Ω
∂u
∂n = 0 �!��% ∂Ω

��µ6�W�_�¤�
� � ���)��� X 7 � �#�#< 2'�#� 9��#� ���"�'�(� � ����� v 9�� C2(Ω) ���)787 �#� *"� � v �!� ∂v

∂n � � 2�������7 �)���5�#��% ∂Ω / � � � �
u ��� �����"�'�(� � ��� 9�� C4(Ω) /� �����(% �>% *���� u �#��� ��� �4�C�"78��� � �"� 9�� <>% ����7 � & � 2���	 7 � & � �����4+ -�/�����1
� � �#� �C�>��7 � & �)���	� � u 2�<�<'2>%�� � �>��� � X �#� � ;>% � � � 7 � ; � 2�7 � ��;

∫

Ω

∆u(x)∆v(x) dx =

∫

Ω

f(x)v(x) dx <>�"��% ���"����� ���"�'�(� � ��� v ∈ X. �rµL�P�8/_�
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G'F ���������	��
����������
������������	����� ��
��!�����	���"���#�$�%�

�¡�,� � ��� �T�§$������� ����
	 $I"��#�! �
)�*�)�*,+ ��P-7�3�U P��"S0143�P-=�1

�9U_VLE�f4XYG�QRNW�_U0CLE�V6C6H�OSK6X�U0QRNWH AD�LE,ORQ&ADNPORH�M<U_V6Q¡U_�4OSH�C6NWQ�[^] H��}NeE,ORH�CFGIH�HIO�[�] V6C6NeGINPORX³f6H�[WAERU_[WV4OSNPU0C�f�] V6CLH�«{U_QSagV6[eAcOSNPU0C��cADQSNeAcORNWU_CLC6H�[W[PH\f6A_CLETV6C�HpE,MLA0GIH�f4H��9NP[W�<H�QROY�	�;C�C6U_ORH
V
V6CHpE,MFA_GIHJf4H �9NP[W�<H�QROBQSX�HY[!f4HJM6QSU}f6V6N�OTESG�AD[eADNWQSH 〈, 〉 HIOTf4HJC6U_QSa�H ‖ ‖ �>(}VLNP�cADCjOb[WA6X�H�a\A_QSdjV6HµL� /6�P� E CLU_VLE�G�U_CLERNWf6X�QSU_CLE�V6C6HB«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WHbf4V�O>`jM<H H

ORQSU_V6�0H�Q
u ∈ V ORHY[vdjV6H

a(u, v) = L(v)
MFU0V6Q�ORU0V4ORHb«{U0CLGOSNPU0C

v ∈ V. ��µ6�W�Yµj�
 vHYE�K}`}MFU_ORK6�pE,HpE�E,VLQ

a
HIO
L
ERU_CjO�_�

L(·) HpE>O2V6C6H�«{U0QRa�H�[WNPC6XpADNWQRH�G�U_CjORNWC}V6H9ERV6Q V �0GD] HYE,O,��Zc��f4NWQRH�djV6H v → L(v)
HpE>O?[WNWC6XYA_NPQSHf4H

V
f6A_CLE

R
H�O�NP[�H��4NWE,ORH

C > 0
ORHY[�d0VLH

|L(v)| ≤ C‖v‖ MFU0V6Q�ORU0V4O v ∈ V ;

/4�
a(·, ·) HYE,O2VLC6H�«{U0QRa�H9�LNP[WNPCLXYADNWQSH9E,VLQ V �}GD] HYE,O,��Zc��f4NWQRH�djV6H w → a(w, v)

HYE,O2V6C6H9«{U_QSa�H[PNWC6XpADNWQRH#f4H
V
f6A_CLE

R
MFU0V6Q�ORU0V4O

v ∈ V �LHIO v → a(w, v)
HYE,O�V6C6Hb«{U0QRa�HT[WNPC6XpADNWQRHTf4H

V
f6ADCFE

R
M<U_V6Q�OSU_V4O

w ∈ V �µ6�
a(·, ·) HYE,O�G�U_CjORNWC}V6H_�6G_] HpE>OR� ZD� f6NPQSHBdjV�] NW[�HI�4NeE>OSH M > 0

OSH�[vdjV6H
|a(w, v)| ≤M‖w‖ ‖v‖ M<U_V6Q�OSU_V4O w, v ∈ V ;

�rµL�P��Fj�
FL�
a(·, ·) HYE,O�¢0q�|jyc¢_o{z<|³�rU_V�H�[W[PNWM4OSNWdjV6H¤��LG_] HpE>OR� ZD� f4NWQSHBdjV�] NP[vHI�4NWE,ORH ν > 0

OSH�[vdjV6H
a(v, v) ≥ ν‖v‖2 MFU0V6Q�ORU0V4O v ∈ V. �rµL�P�¤�_�

®2U0a�a�H9C6U_VLE�[PH;�_H�QSQSU_CLE-A_V�G�U_V6Q&E�f4HBGIH�O,ORH;E,U0VLE>��ERHYGOSNPU0C��cOSU_V4OSHYE�[WHYE�Kj`}M<UDOSK6�YERHYE2GINP� f4HpERERVLEERU_CjOTC6XpGIHYESESADNWQRHpE;M<U_VLQ#MFU0V6�_U0NPQbQSXYERU_VLf6QRH��rµL�P�pµ0�I�l��C�MLADQRORNeGIVL[PNWH�Qp�l[WA�G�UjHYQSG�NP�}NPORX\f4H
a(·, ·)HpE>O�HpERERH�CjOSNPHY[P[WH_�

� £'h}qFy8:+3´| \�] \�]B^��!;2m4u>=@? o��BAFycm�3 "�`Qb4cfe
V g h jup~|Nq�}-j m j�� c � �@j	k e k � j	� o L(·) g h�j�r b kut9j

� c h � q c kvj.} b h eKc h_gNjspug k V o a(·, ·) g h�j�r b kut.j.� c � c h � q c kvj9} b h e~c hNgNj�} b j	kv} c i8jEpug k V w %"� b k-p ��q
r b kut�g � q e~cBb h i8qdk c q e~cBb hNh>jl�f� j z �[w�� �u� q m t9j e g h>j9g h c � gNj.p b � g eKcBb h�w�� js|>� g+p�}@j e~e j�p b � g e~cBb hm'� |Nj	h m } b h e~c hN� t9jlh e�m jE��q"r b kut9j7� c h � q c kvj L w
Y�h+3´q<s'tYn�ycm4nporq<s#]-°§U_VLQ;OSU_V4O

w ∈ V �ª[�] ADMLM6[PNeG�ADORNWU_C v → a(w, v)
HIObV6C6HJ«{U_QSa�HJ[WNWC6XYA_NPQSHG�U_CjORNWC}V6H³ERV6Q

V
H�MLADQ�GIU_CFE,Xpd0VLH�CjOY�2[PH 0�K6X�U0QR�Ya�H � /4�W�_�W� � f4H�QRHYM6QSXYERH�CjOSADORNWU_C	f4H�X�NPHpE6JHYCjORQ&A8V¬C6HTd0Vv] NW[lHI�4NeE>OSHTV6C�X�[WX�a�H�CjO�f4H

V
�LC6UDOSX

A(w)
�6ORHY[vdjV6H

a(w, v) = 〈A(w), v〉 M<U_V6Q�OSU_V4O v ∈ V.°-A_Q?ADNW[P[WH�VLQSEY�c[WAb�LNP[WNPCLXYADQSNPORX�f4H
a(w, v)

NPa�M6[WNed0VLH�X��}NWf6H�a�a�H�CjO?[eAb[PNWC6XYA_QRNPORX�f6H�[�] ADMLM6[PNeG�ADORNWU_C
w → A(w)

�L@9HBM6[WVLEY�4H�C¡MLQRHYCLADCjO
v = A(w)

�L[WA�GIU0C0OSNPC}V6NPORX��rµL�P��Fj�?f4H
a(w, v)

a�U0C0OSQRHbdjV6H
‖A(w)‖2 = a(w,A(w)) ≤M‖w‖‖A(w)‖,



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

 �0 �����,�"��
�� ���"�a�������B� �!�5��
��"� G_�
GD] HYE,O,��Zc��f4NPQSH9djV6H ‖A(w)‖ ≤M‖w‖ HIO�f4U_CLG w → A(w)

HYE,O�G�U_CjORNWC}V6H_�+��CLHBA_V4ORQSHBA_M6M6[WNWGYAc�ORNWU_C¡f4V�0�K6X�U0QR�Ya�H#� /6�P�0�P� � f4H9QSH�M6QSXYERH�CjO&AcORNWU_C\f4HsX�NWHYECJ9NWa�M6[PNedjV6H;djV�] NW[FH��}NeE,ORH9VLC¡X�[WX�a�HYC0Of4H
V
�4C6U_ORX

f
�}ORHY[vdjV6H ‖f‖V = ‖L‖V ′

HIO
L(v) = 〈f, v〉 MFU0V6Q�ORU0V4O v ∈ V.

�'NWCLA_[PHYa�HYCjOY�6[WHbM6QRU0�6[W��a�Hb�¤A_QRNeAcOSNPU0C6C6HY[��rµ6�W�Yµj��HpE>O�XpdjV6NP�cA_[PHYC0O�ZIH
OSQRU0V6�_HYQ

u ∈ V OSH�[vdjV6H
A(u) = f.

�rµL�P� ¯ �
°!U0V6Q-f4X�a�U0C0OSQRHYQv[WH�ORK6XYU_QS��a�H?NW[4C6U_VFE�«rA_V4O�f4U_CLG2a�U_CjORQSH�Q§djV6H�[�] U_M<X�Q&AcOSH�V6Q

A
HpE>O-�6N A>HYGIORNP«<f4H

V
f6A_CLE

V
��GIHbd0VLNFNWa�M6[PNedjV6HB[�] HI�4NeE>OSH�CLG�H;H�O�[^] VLC6NWG�N�OSXBf6H

u
��H�O�djV6HBE,U0C�NWCj�0H�Q&E,H;HYE,O�G�U_CjORNWC}V�rGIH#djV6NlMLQRU0V6�_Hb[eA�f6X�M<H�CLf6A_CLGIHTG�U_CjORNWC}V6HTf4H

u
MLADQ�Q&ADMLMFU0Q,O�Z

L
�I� 'A\GIU}H�Q&GINW�}N�OSX���µ6�W�p�0�2f6H

a(w, v)
a�U_CjORQSHBdjV6H

ν‖w‖2 ≤ a(w,w) = 〈A(w), w〉 ≤ ‖A(w)‖‖w‖,GIHTdjV6Nvf4U0C6C6H
ν‖w‖ ≤ ‖A(w)‖ M<U_VLQ�ORU_V6O w ∈ V, ��µ6�W�8G_�GD] HYE,O,��Zc��f4NPQSH�d0VLH

A
HYE,O NPC>A>HYGOSN�«>�;°§U_V6Q a�U0C0OSQRHYQ djV6H

A
HYE,O³E,V6Q.A>HYGIORNP«>�;G_] HpE>OR� ZD� f4NWQSH�djV6H

Im(A) = V
�rGIH�djV6NLC�] HpE>O�MFA_E-XY�jNef4HYC0O?ERN

V
HpE>O?f4H�f6NPa�H�CFE,NWU_C�NWC4�LC6NWHp�I�DNP[<E,V�W�O?f6H�a�U0CjORQSH�Qd0VLH

Im(A)
HYE,O�«{HYQRa�XTf6A_CLE

V
H�O9djV6H

Im(A)⊥ = {0} �}��C�HlCªHIOY�6fLADCLE�G�HbGYA_E�U_C��_U0N�O�djV6H
V = {0}⊥ = ( Im(A)⊥)⊥ = Im(A) = Im(A)

�ªG�HgdjV6N!M6QRU0V6�_Hg�6NPHYC³djV6H
A
HYE,OBERV6Q.A>HYGIORNP«>�

(}U_NPO
A(wn)

V6C6HgERV6NPORH#f6A_CLE
Im(A)

djV6NvGIU0C}�_H�QS�_HB�_HYQSE
b
f6A_CLE

V
�L��C��_HYQ,OSV�f6H¡�rµL�P�4GD�2U_CA

ν‖wn − wp‖ ≤ ‖A(wn)−A(wp)‖d0VLN6ORHYCLf��_HYQSE�JYX�QSUTd0VFADCLf
n
HIO
p
OSH�CLf4HYCjO?�_HYQSE§[^] NWC4�LCLN��}@9U0CLG

wn
HYE,O?V6C6H;E,V6NPORH�f6HB®�ADVLG&K}`f6ADCLE2[^] HpE,MLA0GIHBf4H �9NP[W�FHYQ,O

V
�}GD] HYE,O,��Zc��f4NWQRH;d0Vv] HY[P[WH;G�U_C}�_HYQR�0H��_H�Q&E2V6C6H9[WNWa�NPORH

w ∈ V �4±�[WU_Q&E��MLADQ�GIU0CjORNWCjVLN�OSXBf4H
A
U_C�H�C�f4Xpf4V6NPO�djV6H

A(wn)
GIU0Cj�0H�QS�_H;�_H�Q&E

A(w) = b
�6G_] HpE>OR� ZD� f4NWQSH;djV6H

b ∈ Im(A)
HIO

Im(A)
HYE,OJf4U0CLG�«{HYQRa�X_�!@g] ADV6ORQSH�MLADQROY�!E,U0N�O

v ∈ Im(A)⊥ � [WA³GIU}H�Q&GINW�}N�OSX�rµ6�W�p�0��f4H
a(w, v)

NPa�M6[WNed0VLH#d0VLH
ν‖v‖2 ≤ a(v, v) = 〈A(v), v〉 = 0,GD] HYE,O,��Zc��f4NPQSHJdjV6H

v = 0
HIO

Im(A)⊥ = {0} �ªGIH\djV6N-M6QSU_V6�0HJdjV6H A HYE,Ob�LN A>HpGORNP«>�$(}U0N�O
A−1E,U0C�NWC}�_HYQSERH HL[^] NWC6XY�0AD[WNPORX��rµL�P�4GD��A¤�0HYG

w = A−1(v)
M6QSU_V6�0HbdjV6H

A−1 HYE,O;GIU0CjORNWCjVv�Ff4U0CLGb[WAE,U0[PV4OSNPU0C
u
f6X�M<H�CLf�GIU0CjORNWCj�La�HYCjO9f4H

f
�

�

.¡|+3´m4ycilk!| \%] \%] �a(}N�[^] HpE,MLA0GIH¡f6H �9NP[W�FHYQ,O
V
HpE>O\f4H�f4NPa�HYCLE,NWU_C´�LC6NWH���GIH�djV6N�C�] HYE,O�G�HI�MFHYCLf6ADCjO A,ADa\ADNeEJ[PH�G�A0EgM<U_V6Q�[WHYE�ADM6M6[WNeG�AcOSNPU0CLE�d0VLH¡C6U0VLE��jNeERU_CLE&��![WA�f4X�a�U0CLE>OSQSADORNWU_C f6V

0�K6X�U0QR�Ya�H�µL� µL�P��f4H; vAc�}����NW[P�0QSA_a E,H�ERNWa�ML[PNP�LH;G�U_CLERNef4X�Q&AD�6[WH�a�HYC0Op�c��C�H	C<H�OY�_HYC�f4NWa�HYCLERNPU0C�LC6NWH�ORU_V6ORHYE�[WHYE¡ADM6M6[WNeG�AcOSNPU0CLE�[PNWC6XpADNWQRHpE\E,U0C0O�G�U_CjORNWC}V6HYE�H�O�[�] NPC>A>HYGOSNP�}NPORX´��µ6�W�8GD��f4H
A
HpE>OXYdjV6NW�¤A_[PHYCjObZ�E,U0C³NWCj�0H�Q&E,NW�6NW[PNPORX0� �;C³�_U_NPOb�6NPHYC�f6A_CLEBGIH�G�A_E��rG�U_a�a�H�fLADCLEB[WH�GYA_E;�_X�CLX�Q&AD[¬�d0VLHT[�] K}`jM<UDOSK6�YERH#f4H#G�UjHYQSG�NP�}NPORX#f4HT[eA�«{U_QSa�HT�6NW[PNWC6XYA_NPQSH

a(w, v)
HpE>O�NWCLf4NeE,M<H�CFERA_�6[PHTMLV6NWESdjV6HGD] HYE,OgH�[W[PH�djV6N�f4U_CLC6H\[�] NWC'A>HYGIORNW�jNPORX�f4H

A
�$X�HYa�A_QSdjV6U0CLEbM<U_V6QT�FC6NPQ�djV6H_�!E,N

V = RN �vV6C6H«{U_QSagV6[eAcOSNPU0C �cADQSNWADORNWU_C6CLH�[W[PH�C�] HpE>O�djV6H�[�] XYG�QRNPORVLQRH0� 〈Au, v〉 = 〈f, v〉 M<U_V6Q�OSU_V4O v ∈ RN �fl] VLC�ERNWa�ML[PH#ER`4E>OS��a�Hb[PNWC6XYA_NPQSH
Au = f

� •
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.�|+3´m4ycilk'| \�] \�] \���C6H�ADV6ORQSH¡f4X�a�U0CLE>OSQSADORNWU_C �rV6C M<H�Vxa�U0NPCFE#OSHYG&K6C6NedjV6H¡a\A_NWEJd0VLN�GYAc�a�U0V��LH�V6C M<H�Vx[PHpE�A_QR�0V6a�H�CjOSEgHYESE,HYCjORNWH�[eES�gf4V 0�KLX�U_QS��a�H¡µL� µL�P��f4H� vAc�}����NW[P�0QSA_a HYE,O�[WAERV6NW�cADCjORH0� �;C¥f4XYa\ADQSQRH�GIU0a�a�H�M6QSXYG�XYf4HYa�a�HYC0O A>VLESdjV�] Z�[eA�«{U_QSagV6[eAcOSNPU0C ��µ6�W� ¯ �Jf4V M6QSUD��L[P�Ya�H0��°§U_V6Qga�U0CjORQSH�QT[^] H��}NeE,ORH�CFGIH�HIOg[^] V6C6NeGINPORX�f4H�[eA�E,U0[PV6ORNWU_C
u
f4H ��µ6�W� ¯ �I�lU_C�NWC0OSQRU4f4VLN�OVLC6H#ADM6ML[PNeG�ADORNWU_C�A4W\C6H

T
f6H
V
fLADCLE

V
�Lf4XI�FC6NPHbMLA_Q

T (w) = w − µ
(

A(w) − f
) A¤�_HpG

µ =
ν

M2
,

f6U_CjO;U0C��¤A¡a�U_CjORQSH�Q9djV�] H�[W[WHgHYE,OBE,ORQSNeGORHYa�H�CjOBG�U_CjORQ&A_GIOSADCjOSH_�LG�HJdjV6NvMLQRU0V6�_H#[^] HI�4NWE,ORHYCLGIHJHIO[^] V6C6NeGINPORX#f4H
u ∈ V ORHY[vdjV6H

T (u) = u
�rf�] U'&�[WHTQRXpE,VL[�O&AcO&�I�4��C�HlCªHIOp�6U_C�A

‖T (v)− T (w)‖2 = ‖v − w − µA(v − w)‖2
= ‖v − w‖2 − 2µ〈A(v − w), v − w〉+ µ2‖A(v − w)‖2
= ‖v − w‖2 − 2µa(v − w, v − w) + µ2‖A(v − w)‖2
≤ (1− 2µν + µ2M2)‖v − w‖2
≤ (1− ν2/M2)‖v − w‖2.

•
�9C6H�«{U_QSagV6[eAcOSNPU0C �cADQSNWADORNWU_C6CLH�[W[PH�MFUjERER�Yf4H�ERU_V6�0H�CjOJV6CLH�NWCjORHYQRM6QSXIO&AcOSNPU0C´M6K}`4E,NedjV6H_�§H�CMFADQRORNeGIV6[WNPHYQ�ERN<[WAg«{U_QSa�H9�6NW[PNWC6XpADNWQRH;HYE,O�ER`ja�X�ORQSNWdjV6H0�j�?C¡HlCªHIO�f6A_CLE2G�HBGYA_EY�0[eAgERU_[WV4OSNPU0C¡f4HB[WA«{U0QRaJV6[eAcORNWU_C��cADQSNWADORNWU_C6CLH�[W[PH��rµL�P�pµ0�2QRXpAD[WNWERHB[PH73´o�s'oK3�k�3 w�Wk's!|�h}s'|jy4AFo�| �¬OSQR�pE�CLAcOSV6QSH�[W[PHHYC�M6K}`}ERNed0VLHBU0V�HYC�a�XpG�A_C6NWdjV6H¤��

�bycqF~?q<tYornYorq<s \%] \%] � x�h plj�|���q'}@j p b g+p ��jlp ��� | bde � + p	jlp m g�� � �-b k + t9j �[w �'w�� m j � q - �� c � � kvqdt.w2x�h pug |�| b p	jEj	h |��Dg+p � gNjs��q�r b kut.j � c � c h � q c k@j�jlp e p � t �	e k c � gNj a(w, v) = a(v, w)
| b g k e b g e v, w ∈ V w `>b4cfe J(v) �R� � h�j	k ��c j m'� ' h c j�| b g k v ∈ V |Nq4k

J(v) =
1

2
a(v, v)− L(v).

�rµ6�W� � �
`Qb4cfe

u ∈ V ��q�p b �Dg eKcBb h�g h c � gNj m j ��q.r b kut�g � q e~cBb hai4q4k c q eKcBb hNh�j	�f��j z �'w�� �l��w %"� b k-p u jlp e
qdg+p-p c �v� g h c � gNj�| b4c h e�m j7t c h c t g t m j7�v� � h>jlk ��c j o }N� jlp e � $ � m4c kvj � gNj

J(u) = min
v∈V

J(v).

�"� } c |>k b � gNj	t.j	h e o p c u ∈ V jlp e g h)| b4c h e�m j.t c h c t g t m j �R� � h�j	k �dc j J(v) o qd� b k-p u jlp e ��q
p b � g eKcBb h g h c � gNj m jE��q�r b kut�g � q e~cBb h i4q4k c q eKcBb hNh>jl�f��j�z �[w�� �u��w
Y�h+3´q<s'tYn�ycm4nporq<s#]�(4N

u
HpE>OTERU_[WV4ORNWU_C�f4HJ[eA¡«{U_QSagV6[eAcOSNPU0C³�cADQSNWADORNWU_C6CLH�[W[PH��rµ6�W�Yµj��ªU_C�f4X��0HI�[WU_MLMFH��r�_Q-,_GIHbZ�[WA�ER`}a�X�ORQSNPHTf4H

a
�

J(u+ v) = J(u) +
1

2
a(v, v) + a(u, v)− L(v) = J(u) +

1

2
a(v, v) ≥ J(u).
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��"� G'G

®2U_a�a�H
u + v

HpE>OTdjV6H�[eGIU0CLdjV6HJf6A_CLE
V
�
u
a�NWC6NWa�NeERHJ�6NWH�C�[�] X�CLH�QS�_NWH

J
f6ADCFE

V
�>X�XYGINWM6QSUD�d0VLH�a�H�CjOY�FE,U0N�O

u ∈ V ORH�['d0VLH
J(u) = min

v∈V
J(v).°!U0V6Q

v ∈ V
U_C f4XI�LCLN�O\V6C6H�«{U0CLGOSNPU0C

j(t) = J(u + tv)
f4H

R
f6A_CLE

R
�rNP[�EY] AD�_NPO\fl] VLCMFU0[P`}C"B0a�HBf4V�f6H�V4�4NW��a�H;f4HY�_QSX9HYC

t
��L®2U0a�a�H

t = 0
HYE,O2VLC¡a�NPCLNPaJV6a f4H

j
�jU_C�H�C¡f4Xpf4V6NPOd0VLH

j′(0) = 0
d0VLN��<MLADQ9V6C³G�A_[WG�V6['ERNWa�ML[PH0�FHpE>O9H��6A_GOSH�a�H�CjO9[eA�«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6CLH�[W[PH�rµ6�W�Yµj��

�

.¡|+3´m4ycilk!| \%] \%]��	��U0VLE#�0H�QSQRU0CLEbM6[WVLEJ[PU0NPC´A_Vx®2KLADM6NPORQSH � djV6H0�v[WU_Q&ERdjV6H\[eA�«{U0QRa�H��6NW[WN��C6XYA_NPQSH
a
HpE>O#ER`}a�X�ORQSNWdjV6H0�<NW[-HI�4NeE>OSH�V6C�A_V4ORQSH�ADQS�_V6a�H�CjOTdjV6HJ[WH�0�K6X�U0QR�Ya�H�µL� µL�P��f4H\ vAc�}�

��NP[W�_Q&ADa M<U_VLQ�GIU_CFGI[WV6QRHbZJ[�] HI�4NeE>OSH�CLG�HBH�O�[�] V6C6NeGINPORX#fl] V6C6HTERU_[WV4ORNWU_C�f4H\�rµL�P�pµ0�I�j�?C�H	C<H�OY�4U0Cf4X�a�U_CjOSQRHYQSAJf4NPQSHYGIORHYa�HYCjO�[^] HI�4NWE,ORHYCLGIHTfl] V6C�V6C6NedjV6HbMFU0NPCjO9f4Hba�NWC6NPaJV6a f6HB[^] X�C6HYQR�0NPH
J(v)

���C��_HYQ,OSV f4H#[eA�°�QRU0MFUjE,NPORNWU_C�µL� µL� FF�LGIHY[WA\f4XYa�U_CjORQSHT[�] HI�4NeE>OSH�CLG�H#HIO;[�] V6C6NeGINPORXgf6H#[WA\ERU_[WV4OSNPU0Cf4HT[WAJ«{U0QRaJV6[WADORNWU_C��¤A_QRNeAcOSNPU0C6C6HY[P[WH_� •

)�*�)�*KJ � ,nO,=R:>P'16=,5?/ P-8 
7P�nO!P-:l=!Uv/
�2ERESA¤`_U0CLETfl] ADM6M6[WNed0VLH�Qg[WH�0�K6XYU_QS��a�H�µ6� µ6�W��f4H� vAD�}� ��NW[W�_Q&ADa Z�[eA�«{U_QSagVL[WADORNWU_C��¤A_QRNeAc�ORNWU_C6C6HY[P[WH��rµL� � �9f4V� vA_M6[eA_GINWH�C�A¤�_HpGJG�U_CLf4NPORNWU_CFEBA_V4� [WNPa�NPORHYETf6H�@;NWQRNeG&K6[WHIOY�'®2HY[P[WHI��GIN-EY] XpGIQSN�O�6NPHYC�E,U0VLE�[WAJ«{U0QRa�H\�rµL�P�pµ0��A¤�_HpG

a(u, v) =

∫

Ω

∇u(x) · ∇v(x) dx
HIO

L(v) =

∫

Ω

f(x)v(x) dx,U�&�GI[eADNWQRHYa�HYCjO
a(·, ·) HYE,ObVLC6H�«{U_QSa�HJ�6NW[WNPC6XpADNWQRH0�ªHIO L(·) V6C6H�«{U0QRa�H�[PNWC6XpADNWQRH0�ª ?] HpE,MFA_GIH V�{C6U_ORXTM6QSXYG�XYf4HYa�a�HYC0O

X
�2HpE>O
V =

{

v ∈ C1(Ω), v = 0
E,V6Q

∂Ω
}

.
��µ6�W� �j�

®2U_a�a�HBMLQRU4f4V6NPO9ESG�AD[eADNWQSHBERV6Q
V
C6U_VFE�G&K6U_NeE,NeESE,U0CLE

〈w, v〉 =

∫

Ω

∇w(x) · ∇v(x) dx, �rµL� / E �
d0VLNvA�MFU0V6Q�C6U_QSa�HTA_ESE,U4GINWX�H

‖v‖ =

(∫

Ω

|∇v(x)|2dx
)1/2

.

�;C´�_XYQRNP�LH¡A_NWERX�a�H�CjOJdjV6H��rµL� / E �Tf4X��LC6NPOJV6CxM6QSU}f6V6N�O�ERGYAD[eADNWQRH�ERV6Q
V

H![PH�E,HYV6[2M<U_NWCjO�djV6Na�XYQRNPORHTf4H#EY] `¡AcOROSADQ&f4HYQ�HYE,O�[eA�M6QSU_M6QSNPX�ORX ‖v‖ = 0⇒ v = 0
�6��C�HlCªHIOp�Lf4HT[^] XY�0A_[PNPORX

∫

Ω

|∇v(x)|2dx = 0
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U0C f4XYf6V6N�OTdjV6H
v
HYE,O;V6CLHJGIU0CLE,OSADCjOSHgf6ADCFE

Ω
�FH�OBG�U_a�a�H

v = 0
ERV6Q

∂Ω
U_C A\�LNPHYC

v = 0
� 'A¡a�U_ORNW�¤ADORNWU_C�f4V�G&K6U_NP�³f4H��rµL� / E �BGIU0a�a�H�M6QSU}f6V6N�O#ESG�A_[WA_NPQSHJHpE>OT�6NWH�C�ER�6Qb[PH�«rADNPO#djV6H�[WA«{U0QRa�H��6NW[PNWC6XYA_NPQSH

a(·, ·) HYE,OTm6kvnpq_3 m4nYo�ilk'|+3´|}sªn¡¢0q�|jy¤¢0o{z<|�MFU0V6Q\�rµL� / E �� �;C��_X�QSNP�LHJMFADQA_NP[W[WH�V6Q&ETADNeE,XYa�H�CjOgdjV6H
a
HpE>OgG�U_CjORNWC}V6H_��°§U0V6Q#a�U_CjORQSH�Q#djV6H

L
HYE,OgGIU_CjOSNPC}V6H0��NP[?«rADV4OT«rA_NPQSHA_M6M<H�[vZ�[^] NWC6X��jAD[WN�OSXTf4HT°§U_NWCLG�A_QRXbf4V� �HYa�a�HTµ6� µ6� ¯ H4U_C�A�AD[WU_Q&E

∣

∣

∣

∣

∫

Ω

f(x)v(x) dx

∣

∣

∣

∣

≤
(∫

Ω

|f(x)|2dx
)1/2(∫

Ω

|v(x)|2dx
)1/2

≤ C‖v‖,
U'&

C
HYE,O\V6C6H G�U_CLE,OSA_C0OSH�d0VLN�f4X�M<H�CLf f4H

f
a�A_NWE�MFA_E\f4H

v
��@9U0CLG

L
HYE,O¡GIU0C0OSNPC}V6H�ERV6Q

V
� 0'U_V4OSHYEg[PHpE#K}`}MFU_ORK6�pE,HpE#f4V 0�K6XYU_QS��a�H�µ6� µ6�W��f4H¡ 'Ac�}� � NP[W�_Q&ADa ERH�aJ�6[WH�CjOg�_XYQRNP�LXYHYEY��HIOM<U_VLQ,O&ADCjO�NP[jH�CTa\A_CLdjV6H-V6C6H?djV6N0H�a�M<¦YG&K6H?ERU_C#A_M6M6[WNWGYAcOSNPU0C HY[�] HYERMLA0GIH

V
C�] HYE,OvMLA0E�V6CTHpE,MFA_GIHf6H���NW[P�<H�QROgG�A_QTNP[�Cv] HpE>O#MLA0ETGIU0a�ML[PH�O#MFU0V6QT[WA�C6U0QRa�H�NWCLf4V6NPORH�MFADQ��rµL� / E �ª²� ?] U0�LE,ORQSVLGOSNPU0CCLH��jNWH�CjO�MLA0E�OSA_CjO¡f4V G&K6U_NP�xf4V	MLQRU4f4V6NPO¡ESG�AD[eADNWQSH�djV6H³f6H�[�] HI�4NW�_H�CFGIH�f4H QSX��0V6[WA_QRNPORX

C1f6HYE2«{U_CLGIORNWU_CLE�f4HB[^] HpE,MLA0GIH
V
����CLH9«rA�GIU_C�NPa�a�XYf6NWADORH_�6djV6U0NWdjV6H;MFHYV�H��4M6[PNeGINPORH0�4f4HbQRXpE,U0VLf4QSH[eA�f4N�W\G�V6[PORX�HYE,Ogf4H�QRHYa�M6[WA0GIHYQ
V
MLA_Q

V
��ESA�«{HYQRa�HIOSV6QSH�M<U_VLQT[PH�M6QSU4f4V6NPOTESG�A_[WA_NPQSH��rµ6�0/ E ��

� �jNef4HYa�a�HYC0Op�YU0C#C�] A�«rADNPO!djV6H2f4X�M6[eA_G�H�Q'[WA�f6NDW�GIVL[�OSX,H¤Z�djV6U_NjMFHYV4O'�LNPHYC#QRHpERERH�aJ�6[WH�Q�[^] HpE,MFA_GIH
V �  'AbQRXYMFU0CLE,H�ERH�Q&ATADMLMFU0Q,OSX�ADV�®2KLA_M6N�OSQRH,F H

V
HpE>O?[^] HYERMLA_G�H�f4H"(}U0�FU0[PHY�

H1
0 (Ω)

f4U0CjO?[PHpEXY[PXYa�H�CjOSE�CLHgE,U0CjO�M6[PVFE�f4HYE�«{U_CLGIORNWU_CLE�QRXY�_V6[WNP�YQRHpE�a\ADNeE�E,HYV6[WH�a�H�CjO�a�HYERV6Q&AD�6[WHYEY�N��CLHgADV4OSQRHf6NDW�GIVL[�OSX�ERH�Q&ABf4H��_U_NWQ!H�C�d0VLH�[6ERH�CLE![eA9°�QSU_M<U0ERNPORNWU_CJµL� /6�0Gg�rdjV6N4H��4M6QRNWa�H2[^] XYdjV6NW�¤A_[PHYCLGIH�H�CjOSQRH[WHBM6QRU0�6[W��a�HBA_V4�\[PNWa�N�OSHYET��µ6�W�p�?HIO�ERA#«{U_QSagV6[eAcOSNPU0C��cADQSNWADORNWU_C6C6HY[P[WHJ��µ6� � �R�?QSHYE,ORH;�}QSA_NF[WU_Q&ERdjV6HU0C�QSH�a�M6[eA_G�Hb[�] HYERMLA_G�H
V
MFADQ

V
��9U_VLE�HpE,M<X�QSU_CFE�A¤�_U_NWQ�ADNWCLERNvGIU0Cj�cA_NPCLG�V�[WHT[WHYGOSH�V6Q�f6V ¢_m4ycm6¢_nI:jyc|�s!m4nYk'yc|}��|0n\o�s'h}�rk!¢4=npm��§�r|�w!|}tT|jtY~§m6¢_|}tTw!|���q��?q<�r|jz³w!m6s!tT�rm�y¤h}tpqF��kvnporq<s�w'|}t 1 qLy43�k'��m4nYo�qFs!t;z6m4ycorm4nporq<s%=s!|}�r��|jt�fl] XYdjVLADORNWU_CLETA_V4��f6X�QSNP�0X�HYEBMLA_Q,OSNPHY[P[WHYEbHY[P[WNWM4ORNedjV6HYEY� 0'H�QSa�NPC6U0CLETGIH\G&KLA_M6NPORQSH�MFADQ#V6C[WH�a�a�H�ORHYG&KLC6NWdjV6H0�!A_M6M<H�[WX�NWC6X��jAD[WN�OSX�f4H�°§U_NWCLG�A_QRX0�!djV6H�C6U_VLE�A¤�_U0CLE#V6ORNW[PNeE,X�V6CxMFHYV M6[WVLEKFADV4Op�

;2|+3 3´| \%] \%] 	 `>bdcfe
Ω g h b g i8j	k e�m j RN � b kuh ��m qdh�p�q4gEt b4c hNp�g h>j m4c kvj-} eKcBb h m j��R� jlp~|�q'}-jIw� ��j - c p e j9g h�j9} b hNp e q4h e j C > 0

e j	�f��j � gNj o | b g k e{b g e j�r b h�} e~cBb h v ∈ C1(Ω)
� g c p � qdhNh_g ��j

pug ks��j � b k m ∂Ω o
∫

Ω

|v(x)|2dx ≤ C
∫

Ω

|∇v(x)|2dx.
Y�h+3´q<s'tYn�ycm4nporq<s#]§ �] K}`jM<UDOSK6�YERHgERV6Q9[WHgGYADQ&A_GOS��QSHb�FU0QRC6XJf4H

Ω
f4NPO���ADM6QS�YE�VLC6H#X��0H�CjORVLH�[W[PHQSUDO&AcOSNPU0CF�TdjV6H¡M<U_VLQ#ORU0V4O

x ∈ Ω
[eA�M6QSH�a�NP�YQRH�GIU0a�M<U0ESADCjOSH

x1
HYE,OJ�<U_QSC6X�H0� −∞ < a ≤

x1 ≤ b < +∞ �>(}U_NPO
v
VLC6H#«{U0CLGOSNPU0C f4H

C1(Ω)
d0VLNvHYE,O9C}V6[W[PHJE,V6Q

∂Ω
� �;C�MFHYV4O;[^] XIORHYCLf4QSHMFADQ2G�U_CjORNWC}V6NPORX�MLA_Q5JYX�QSU#H�C¡f6H�K6U0QSE�f6H

Ω
�
v
HYE,O�A_[PU0QSE-VLC6H�«{U0CLGOSNPU0C¡GIU0C0OSNPC}V6H;f4H;G�[WA0ERERH

C1MFADQ�a�U_Q&GIHpADV4�¡f6A_CLE
RN ��HIO�XYG�QRNWQSH_�}MFU0V6Q x ∈ Ω

�
v(x) =

∫ x1

a

∂v

∂x1
(t, x2, ..., xN ) dt,f�] U'&�[^] U0C�f4XYf4VLN�O�MLA_Q�[�] NWC6X��jAD[WN�OSXbf6HJ®�ADVLG&K}`j� (6G&K	��ADQKJ

|v(x)|2 ≤ (x1 − a)
∫ x1

a

∣

∣

∣

∣

∂v

∂x1
(t, x2, ..., xN )

∣

∣

∣

∣

2

dt ≤ (b− a)
∫ b

a

∣

∣

∣

∣

∂v

∂x1
(t, x2, ..., xN )

∣

∣

∣

∣

2

dt.
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 �0 �����,�"��
�� ���"�a�������B� �!�5��
��"� G*�

D�C0OSX��0QSA_C0O�ERV6Q
Ω
U0C�U0�4ORNWH�CjO
∫

Ω

|v(x)|2dx ≤ (b− a)
∫

Ω

∫ b

a

∣

∣

∣

∣

∂v

∂x1
(t, x2, ..., xN )

∣

∣

∣

∣

2

dt dx,

HIO�M<H�QSagV4O&ADCjO�[PHpE�f4H�V4��NPCjOSX��_Q&AcOSNPU0CLE�MLADQ�Q&ADMLMFU0Q,O�Z
t
H�O
x1
�4U_C�GIU0CLGI[WV4O

∫

Ω

|v(x)|2dx ≤ (b− a)2
∫

Ω

∣

∣

∣

∣

∂v

∂x1
(x)

∣

∣

∣

∣

2

dx ≤ (b− a)2
∫

Ω

|∇v(x)|2dx.

�

�9u�|jyc¢_o�¢_| \�] \�]B^ �'� ����� 9����!�#�	��	'�>% � � �#� �#����9)� & �����(% �>%�*"� � 7 � ���!<'2'�!� V 9 9�;��3� � <'2>%5+ -�/��
��1
�!� & ��� � 9�� <>% �@9�� � �,�C��2�7 2 � %�� +.- / 0���1 9 � � �#���=< 2 �:�#� & <�7 �!�#/ � � � � Ω 7 2 �>�"��7 � ��� � ��; ��� � �>%���� 9)�
RN / � � N = 1

9 �"� 9�;��3� � � 7 2��#� � ���

un(x) =







−x− 1 � � − 1 < x < −n−1,
(n/2)x2 − 1 + 1/(2n) � � − n−1 ≤ x ≤ n−1,
x− 1 � � n−1 < x < 1.

���
N = 2

9 <>�"��% 0 < α < 1/2
9 �"� 9�;��3� � � 7 2��#� � ���

un(x) = | log(|x|2 + n−1)|α/2 − | log(1 + n−1)|α/2.

���
N ≥ 3

9 <>�"��% 0 < β < (N − 2)/2
9 ��� 9); �3� � � 7 2��#� � ���

un(x) =
1

(|x|2 + n−1)β/2
− 1

(1 + n−1)β/2
.

 �����(% �>%,*���� 7 2 �!� � ��� un ����� 9���� 2��'����� 9�2���� V & 2 � � *"� � �>787 � ��� �!��� � �>% � � <'2 � 9�2�� � V
7 �@%��K*"� � n ���>�'9 � �>% � 7 � � � �3� � /
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� ��� �ª�J%v�	� ����
�%!$��#� �%  � ��'%'$I('(   ��J%
@BADCFE\GIH�G&KLADMLN�OSQRH�C6U_VFE�f6XI�LC6NeESE,U0CLE�[PHpE�HYERMLA_G�HYE�f4H (}U_�<U_[WH�� djV6N�ERU_CjO\�r|}t�|}t�~§m6¢_|}t

� s!m4npkvyc|}�rt���w!|61 q<s'¢_nYorq<s!t#~?|jy43´|jn�npm6sªn#w'|�ych}tYq<k'w'yc|���|}t71 qLy43�k'��m4nYo�qFs!tbz6m4ycorm4nporq<s%=s'|}�r��|}t;w�Ph}ilk!m4nYo�qFs!tbm6kvu�w'hjyco{z<h}|jtB~§m4y¤nYo�|j���r|}t0�c°�K}`}ERNed0VLH�a�H�CjOY�_[PHpE-HYERMLA_G�HYE-f4Hn(}U_�<U_[WH��E�] NPCjOSH�QSM6QR��ORHYC0O#G�U_a�a�H�f6HYEbHYERMLA0GIHYEbf4H91 q<s'¢_nYorq<s!t�w�Whjs!|jy4AFo�| Z!s!or|<�'®2H\G&KLADMLN�OSQRH�HYE,OT[PHM6[PVFE�¨>ORHpG&K6C6Ned0VLH©�f4H�GIHIO�U_V6�}Q&AD�0H HIO�QRHY[P�Y�_H HYC MLA_Q,OSNPH³f�] V6C GIU0V6QSE�f4H³a\ADORK6XYa�ADORNedjV6HYE¨>M6VLQRHpE�©�v��XpADC6a�U0NPCLEY��NW[?HpE>O#C6XpGIHpERESADNWQRH\f4H¡�6NPHYC´GIU0C6CLA8VeORQSH\[WHYETQSXYERV6[POSAcO&E#GINP��f4HYESE,U0VLEbM<U_V6QAD�<U_Q&f4H�QB[WA�ERV6NPORH\f4V�GIU_VLQSEY�F`�GIU_a�M6QSNeEBfLADCLEbERHYETA_ERM<HYGO&EB[PHpEbM6[PVFE;C}V6a�XYQRNedjV6HYEY�ª��C�QR�Y�_[WH�_X�CLX�Q&AD[WH_�jNP[ªC�] HYE,O�MFA_E�C6XYG�HYESERA_NPQSH9f4HbGIU0C6CLA4VWOSQRH;[PHpE�f6X�a�U_CLE,ORQ&AcOSNPU0CLE�f4HBG�HYE�QSXYERV6[�O&AcO&E;��ERA_V4«MFU0V6Q�[PHpE�M6[WVLE�ERNPa�M6[WHYE�H�O�[PHpE�M6[PVFE�V4ORNW[WHYE&��<®2HYMFHYCLf6ADCjOp�4MFU0V6Q�[WA�G�U_a�a�U}f6N�OSX#f4V�[WHYGIORHYV6Q�HIOAc�LC³f�] XY�jNPORHYQ;f4HgORQSU_M�«{QSXYdjV6HYCjOSE�QSH�C}�0U_NeE�Z�fl] ADV4OSQRHpE�U0V6�}QSA_�_HYEY�6C6U0VLE9A¤�0U_CLE�NPCLG�[PVFE9[eA�M6[WV4�MLADQRO2f4HpE?f4XYa�U0CLE,ORQ&AcORNWU_CFE��j �H�[WHYGIORH�VLQ?NWC0OSX�QSHYESE,X0�_U0V�ORU_V6O�ERNPa�M6[WH�a�H�CjO�GIV6QSNPHYV4�l�_`JORQSU_V6�0H�Q&A[PHpE2Nef4XYHYE�HIO�[WHYE�ADQS�_V6a�HYC0O&E?G�[PXpE�djV6Nl[WV6NªM<H�QSa�H�O,OSQRU0C0O�f4Hb�6NWH�C�GIU_a�M6QSH�CFf4QRH;[WA�E,ORQSVLGOSV6QRHBHIO[�] NPCjOSX�QS¦IOgf4HpE#HYERMLA0GIHYETf6H6(}U_�<U_[WH��ª����s'tportYnYq<s't�|}s!¢_qFyc| ~?q<k'y�w!o{yc| ilk!|x¢ P|}tYn � P|}tY~'ycornw'|}t�ychjtpk!�{nYm6nYt�~§�rk!t�ilk!| ��m³�r|jnYn�yc| w!|jt�w!h+3´qFs!tYn�ycm4nYo�qFs!tgilk!o�|}t�n�oB3�~2qLy¤nYmLsªn�o�¢_o>�
 vHgM6[eADC�f4HJG�HJG&KLA_M6N�OSQRHgHYE,O;[WHJERV6NP�cA_C0Op�l®2U0a�a�HJ[PHpE9HpE,MFA_GIHpE9f4H.(}U_�<U_[WH���ERHJGIU0CLE,ORQSV6N��E,HYC0O�Z�MLADQRORNWQgf4H�[eA�C6U_ORNWU_C�f4H\«{U0CLGOSNPU0C�a�HYERV6QSA_�6[WH\HIOJf4H¡[�] HYERMLA_G�H

L2 f6HYEb«{U0CLGOSNPU0CLEgf4HG�ADQSQSXYE�E,U0a�a\A_�6[PHpE��4[eA9(}HYGIORNWU_CIFL�0/gf6U_C6C6HYCjO�djV6HY[WdjV6HpE�QSA_M6M<H�[eE�Z�G�HTE,V'A>H�OY� �;C�`�NWCjORQSU}f6V6N�OADVLESE,N<[eA#C6U_ORNWU_C�f6H;w!h0ycorz6m4nYo�qFs 1 m6o �§�r|<�} vA�(4HYGOSNPU0C FF� µ#G�U_CjORNWH�CjO�ORU0V4ORHpE?[WHYE�f4X��LC6NPORNWU_CLE�HIO[PHpETQRXpE,VL[�O&AcOSETdjV�] NW[-«rADV4O�AD�LERU_[WV6a�H�CjO#GIU0C6CLA8VeORQSH\E,VLQ#[PHpEbHYERMLA_G�HYETf4H�(}U_�<U_[WH�� M<U_VLQgE,VLNP�}QSH[PH�QSHYE,ORH�f6V´GIU_VLQSEY�� vA (}HpGOSNPU0C FL� F f4U_C6CLH�d0VLH�[ed0VLHYE#QSXYERV6[POSADOSETGIU0a�M6[PXYa�H�CjOSA_NPQSHYETM<U_VLQ#[PH[PHpGORHYV6Q�GIVLQRNWH�V4�l�-��C6�LC��?[eAy(}HYGIORNWU_C FL����MFHYQRa�HIO�A_V¥[WHYGIORHYV6Q�djV6N�GIU0C6CLA8VeO\[WA�OSK6X�U0QRNWH�f4HYEf4NWE,ORQSNW�6V4ORNWU_CFEB��djV6NlC�] HYE,O�MLA0E�C6XYG�HYESERA_NPQSH9NeGIN¬��6f4H;«rADNWQSH;[WHb[PNWH�C�H�CjORQSH;HpE,MFA_GIHpE2f6H (4U_�<U_[WH��\HIOf4NWE,ORQSNW�6V4ORNWU_CFE��v± [eA��LC�f4V´G&KLA_M6NPORQSH�[WH � m��!��|}m6k �$]B^�ych}¢_m4~§o{npk'��|´npqFk!t��r|}t�ych}tYk!�{npm4nYts'h}¢_|}tptYmLo{yc|}tJ~2qFk'y��rm�tYk!o{np|�]
� �
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� / �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

� ��� ���#��
?%'$��g��( ���
2 T�!�§� ( ��   ���"� �% �����!$��; b%'$ �#���c #$	��"�

9*KJ�*,+ � 8�U�OvT�8�U�S´3NP�4 U�ORSx7��r=R/21����3�P!16=>5?/

0'U_VLEB[WHYEBQSXYERV6[�O&AcO&E;f4H�GIH�O,OSH�ERU_VLE,��E,HpGORNWU_C ERU_CjOTf4XIO&ADNW[P[WXYEBf6A_CLEB[PH�GIU0V6QSE;f4H�a\AcORKLX�a\Ac�OSNWdjV6HpE�F ¯ H �'(}U_NPO
Ω
V6C�U_V6�0H�QRO?f4H

RN aJV6C6NFf6H�[WAba�HYERV6QSH�f4H� �HY�FHpE,�0V6H_� �;C�f6XI�LC6NPO?[^] HpE,MFA_GIH
L2(Ω)

f4HpE2«{U_CLGIORNWU_CLE�a�HYERV6Q&AD�6[WHYE�f4HbG�A_QRQSX;ERU_a�a\AD�6[WHbf6ADCLE
Ω
� ��V6CLN�f4V�MLQRU4f4V6NPO�ERGYAD[eADNWQRH

〈f, g〉 =
∫

Ω

f(x)g(x) dx,

L2(Ω)
HpE>O�V6C�HpE,MLA0GIHTf4H �9NP[W�FHYQ,Og�r�_U0NPQ�[WHbORK6XYU_QS��a�HTµ6� µ6�0/gf4H9F ¯ H{�� �;C�C6U_ORH

‖f‖L2(Ω) =

(∫

Ω

|f(x)|2dx
)1/2

[eABC6U_QSa�H�G�U_QSQRHpE,M<U_CFf6ADCjORH0� X9ADM6M<H�[WU_CLE§djV6H�[WHYE!«{U_CFGORNWU_CFE'a�HpE,V6Q&AD�L[PHpE!fLADCLE
Ω
E,U0C0O-f4X��LC6NWHYE~!yc|}tYilk!|�~!m4y¤npqFk'n\f6ADCLE

Ω
HªE,N§U0C³G&KLADCL�_Hg[WHYE;�cAD[WH�V6Q&EBfl] VLC6Hg«{U0CLGOSNPU0C a�HYERV6Q&AD�6[WH

f
ERV6QVLC�ERU_VFE>� H�CLERH�aJ�6[WH�f6H

Ω
f4H\a�HpE,V6QSH�C}V6[P[WH_�vU_C�C6H�G&KLA_C6�_H�MLA0ET[WA�«{U0CLGOSNPU0C�a�HpE,V6Q&AD�L[PH

f
�±9V4ORQSH�a�HYC0Ogf6N�Op�vf4H�V6�³«{U_CFGORNWU_CFEba�HpE,VLQSA_�6[PHpE

f
H�O
g
ERH�QSU_CjO#f4NPORHpETX��jAD[WHYEbE,N

f(x) = g(x)MLQRHpERdjV6HTMLA_Q,OSU_V4O9fLADCLE
Ω
�LGD] HYE,O,��Zc��f4NWQRH#EY] NW[�H��}NeE,ORH

E ⊂ Ω
ORHY['djV6H#[eA�a�HYERV6QRHJf4H# �HY�FHpE,�0V6Hf6H

E
HpE>O�C}V6[W[PHbH�O

f(x) = g(x)
M<U_V6Q�OSU_V4O

x ∈ (Ω \E)
�

�;C\C6U_ORH
C∞

c (Ω)
�{U0V D(Ω)

��[�] HYERMLA0GIH�f4HpE-«{U_CFGORNWU_CFE�f4H9G�[WA0ERERH
C∞ ZTERV6M6M<U_QRO?GIU_a�MLA0GOfLADCLE

Ω
��X�HYa\ADQ&d0VLU_CLE#djV6H¡[�] HYERMLA_G�H

C∞
c (Ω)

C�] HYE,OgMLA_EgQRXpf4V6NPO�Z�[eA ERH�V6[WH\«{U0CLGOSNPU0C´C}V6[P[WHMFADQRORU_V6Og�rGIHJd0VLNvC�] HYE,O9MLA0E�X��}Nef4H�CjOv²��-U_NWQ�[PHJGIU_QSU_[W[eADNWQRHbµ6�0/4� ¯ f6ADCFE F ¯ H¬�I�<�9UDORU0CLE�A_VLERERNvdjV6H[WHYE�«{U_CLGIORNWU_CLE;f4H
C∞

c (Ω)
EY] A_C6C}V6[WH�CjOY�<ADNWCLE,N!djV6H#OSU_V4OSHYE�[WH�VLQSE;f4X�QSNP�0X�HpE��LERV6Q;[PHJ�FU0QSf�f4H

Ω
��9U_VLE�Q&ADMLMFHY[PU0CLE�[PHbQSXYERV6[POSAcO�f4H#f6H�CLERN�OSX#E,VLNP�cADCjO#�{�0U_NWQ�[PHBOSK6X�U0QR�Ya�HTµL� FF� µ�f4H9F ¯ H{�

� £'h}qFy8:+3´| �$]��%]B^ � � jlp~|�q'}@j C∞
c (Ω) jup e�m jlhNplj m q4hNp L2(Ω) o }_� jup e � $ � mdc kvj � gNj�| b g k e b g e

f ∈ L2(Ω)
c �$j�- c p e jEg h�jspug cfe j fn ∈ C∞

c (Ω)
e j	�f��j � gNj

lim
n→+∞

‖f − fn‖L2(Ω) = 0.

 'A�M6QRU0M6QSNPX�ORXbE,V6NW�cADCjORHb�0X�C6XYQSA_[PNeE,HB[WH# �H�a�a�HTµ6�0/4� �6�
� qFycqF���rm6ory¤| �$]��%]�� `>bdcfe

f ∈ L2(Ω) w `_c | b g k e b g e j�r b h�} eKcBb h φ ∈ C∞
c (Ω)

b h�q
∫

Ω

f(x)φ(x) dx = 0,

qd� b k-p f(x) = 0 |�kvjlp � gNj�|�qdk e{b g e2m q4h�p Ω w
Y�h+3´q<s'tYn�ycm4nporq<s#]$(4U_NPO

fn ∈ C∞
c (Ω)

[eA�E,V6NPORHTf4Hb«{U0CLGOSNPU0CLE�QSX��_VL[PNW��QSHYE�djV6N�GIU0Cj�0H�QS�_H;�_H�Q&E
f
f6ADCFE

L2(Ω)
H�C��_HYQ,OSV�f4V 0�K6XYU_QS��a�H FL�0/4�W�_� �;C�A

0 = lim
n→+∞

∫

Ω

f(x)fn(x) dx =

∫

Ω

|f(x)|2dx,
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��� ��� �2���������	��� � �"� ����
�
 ������� � � ����� �n� �4�#
��8� �����	��� � ��� ����� � µ
fl] U'&�[^] U_C�f4XYf6V6N�O9djV6H

f(x) = 0
M6QSHYESdjV6HbMLADQRORU0V4O�f6ADCFE

Ω
�

�

�������	��
��
���������������������������! "
�#$��%&�'�(�)�*��+�$�-,��
Lp(Ω)

�/.��,
1 ≤ p ≤ +∞ 0 �1����� 1 ≤ p <

+∞ �
Lp(Ω)

��2�3�54 ��+�$�-,�	 ���768����,��9%(�����:���)�+�"����;"����3 "�<���"%��+�9����,)�
p =?> ���@%����9
�����-;����'�+��� Ω 0"A ���"%

 ��*�(�B���-�9���
‖f‖Lp(Ω) =

(∫

Ω

|f(x)|pdx

)1/p

, C5D"0�E/F
Lp(Ω)

��2�G���	�)�+�$��,)�7 ��IH7������,�JG��,�4 ��2� =LK/=  �%&�9�I�"�*��+�$�-,��.M�,)�9�-�9%(�)�M���-�9��
�,)���������)� 0 �1����� p = +∞ �
L∞(Ω)

��2�N�54 �)�+�$��,)�: "�)�N6O����,)�9%������1����+������;"�(�)�
f
�)�+�+����9%(�)�(������)�P�1;����9��
)��N�+���

Ω
�/,�4 ��2� =LK-=  �%��9�7Q��G4 %����R"%��2�9�	�"���*,�����2���-�P�9�

C > 0
�9�)�(���SQ���� |f(x)| ≤ C

�"�9��9Q��"�*�$�/�+�9���"�< "���"�
Ω 0$A ���"%N ��*�(�B���-�9���

‖f‖L∞(Ω) = inf
{

C ∈ R
+ �9��NQ��"� |f(x)| ≤ C

� 0 � 0  "���"� Ω
}

, C5D"0 T�F
L∞(Ω)

��2�S���U��+����,�� ���H:�-�$�-,�J 0NV ���"����������!Q��"���W�+% Ω
�)�2�X�"�Y����.M���+�	;����9�"
��1�-�����9�

Lp(Ω) ⊂
Lq(Ω)

�������
1 ≤ q ≤ p ≤ +∞ 0


�*KJ�*KJ Z ��3F= ��P'16=,5?/\[-P-= �nO!U
�;C f6XI�LC6NPO¡OSU_V4O�fl] A_�FU0QSf¥[WH³GIU0CLGIHYM4O¡f4H³f6X�QSNP�0X�H�«rADNW�6[WH³f6A_CLE

L2(Ω)
��®2HIORORH CLUDORNWU_C�_X�CLX�Q&AD[WNWERHJ[eA�f4X�QSNW�¤ADORNWU_C�VLERV6H�[W[PH �rMLADQR«{U_NeETADMLMFHY[PXYH_��MLA_QTU_M6M<U0ERNPORNWU_C���f4XYQRNW�cAcOSNPU0C³«{U0Q,OSHp�BHIOHYE,O�V6C�G�A0E�MLADQRORNeGIV6[WNWH�Q�f4HB[WA�f4X�QSNW�¤ADORNWU_C�ADV�ERH�CFE�f6HYE�f4NeE>OSQRNW�6V4OSNPU0CLEb�{�0U_NWQ"F ¯ H�U0V¡[eA (}HpGOSNPU0C

FL���gM<U_VLQ�V6C��6QRH�«'QSXYERV6a�Xp�I�
Y�h[Z§s'ornYorq<s ��] �Q] \ `Qb4cfe

v g h>j�r b h>} e~cBb h m j L2(Ω) w�x�h m4cfe � gNj v jlp e"m�� k c i8q'�l� j)q4g�p	jlhNp
rlq c �	��j m q4hNp L2(Ω) p�� c �$j�- c p e j m jup�r b h>} e~cBb hNp wi ∈ L2(Ω) o | b g k i ∈ {1, ..., N} o e jl�f� jup � gNj o
| b g k e{b g e j#r b h�} e~cBb h φ ∈ C∞

c (Ω) o b h�q
∫

Ω

v(x)
∂φ

∂xi
(x) dx = −

∫

Ω

wi(x)φ(x) dx.

] � q � gNj wi jlp e q@|'|�j	� � j���q i �,+ t.j m�� k c i � j�|Nq4k e~c jl�f��j2rlq c �l��j m j v j e h bde{� j m�� p b kut.q c p ∂v
∂xi

w 'A�@;XI�LC6NPORNWU_C FL�0/4� µ�A��6NPHYCTV6CgERH�CLE?H�H�CTMFADQRORNeGIV6[WNPHYQY�Y[WA�CLUDOSADORNWU_C
wi = ∂v

∂xi

HYE,OvV6CLNP�0U}djV6HG�ADQp�_HYC��_HYQ,OSV�f4V�®2U0QRU0[P[eADNWQRH FF� /6� /6�_[WHYE�«{U_CLGIORNWU_CLE
wi

ERU_CjO?V6CLNWdjV6HpE;��E,N<H�[W[PHpE?H��4NWE,ORHYC0O��+*�NPHYCE,�6Qp��ERN
v
HYE,O¡f4XYQRNW�cAD�6[WH�ADV E,HYCLE�VLERV6H�[�H�O¡djV6H E,HpE\f4X�QSNW�_X�HpE�MLADQRORNWH�[W[PHpE\ADM6MFADQRORNWH�C6C6HYCjO\Z

L2(Ω)
�lAD[WU_Q&E�[WHYEbf4XYQRNW�_XYHYE�VFE,V6HY[P[WH�HIOB«rADNW�6[PH�f4H

v
GIU)L^CLG�NWf4HYCjOY�ª@9U0C6C6U_CFE9OSU_V4OTf4H�E,VLN�OSHJV6CGIQSN�OS��QSH�E,NWa�M6[PH;HIO?MLQSADORNed0VLH�MFU0V6Q2f6XIORHYQRa�NWC6H�Q2E,N<V6C6H�«{U0CLGOSNPU0C\HYE,O2f4XYQRNW�cAD�6[WH9ADV�ERH�CFE-«rADNW�6[WH_�

;?|+3 3´| ��] �Q] � `Qb4cfe
v g h>j�r b h�} eKcBb h m j L2(Ω) w ` � c ��j - c p e j�g h>j)} b hNp e q4h e j C > 0

e jl�f� j� gNj o | b g k e{b g e j#r b h>} e~cBb h φ ∈ C∞
c (Ω) j e | b g k e{b g e#c h mdc }-j i ∈ {1, ..., N} o b h�q

∣

∣

∣

∣

∫

Ω

v(x)
∂φ

∂xi
(x) dx

∣

∣

∣

∣

≤ C‖φ‖L2(Ω),
��FL� µ0�

q4� b k-p v jlp e2m�� k c i4q��	��j9q4g p	j	h�p�rlq c �	��jIw
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� F �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

Y�h+3´q<s'tYn�ycm4nporq<s#]$(4U_NPO
L
[eAJ«{U_QSa�HB[WNWC6XYA_NPQSHTf4XI�LCLNPHTMLA_Q

L(φ) =

∫

Ω

v(x)
∂φ

∂xi
(x) dx.

± M6QSNPU0QRN
L(φ)

Cv] HpE>OJf6XI�LC6NWH�djV6H�MFU0V6Q
φ ∈ C∞

c (Ω)
�!a\ADNeE#�_Q-,_G�H�Z [^] NWC6XY�0AD[WNPORX³� FL� µ0��'U_CM<H�V6O#XIORHYCLf4QSH

L
MLA_QTGIU_CjOSNPC}V6NPORX\Z¡ORU_V6ORHYEb[WHYEB«{U0CLGOSNPU0CLETf4H

L2(Ω)
G�A_Q

C∞
c (Ω)

HYE,O#f4H�CLERHfLADCLE
L2(Ω)

fl] A_M6QS�YE;[PH 0�K6X�U0QR�Ya�H FL�0/4�W�_�F��C�«rADNPOY�ª[�] NWC6X��jAD[WN�OSX�� FL� µ0��MLQRU0V6�_H�d0VLHJ[eA\«{U0QRa�H[WNWC6XYA_NPQSH
L
HYE,O2G�U_CjORNWC}V6H�E,VLQ

L2(Ω)
�j��C��0H�QRORV\f4V 0�K6XYU_QS��a�HT� /6�P�0�P� � f6H9QSH�M6QSXYERH�CjOSADORNWU_C�f4H

X�NPHpE6J0�4NP[�H��4NWE,ORHbV6C6Hb«{U0CLGOSNPU0C
(−wi) ∈ L2(Ω)

ORHY[P[WH#djV6H
L(φ) = −

∫

Ω

wi(x)φ(x) dx,

G�HTd0VLN�M6QSU_V6�0HBdjV6H
v
HpE>O�f4XYQRNW�cAD�6[WHTADV�ERH�CLE�«rA_NP�6[WHTf6ADCFE

L2(Ω)
�

�

�;u�|jyc¢_or¢0| �$]��%]B^ � � � � Ω = (0, 1) / =�"���(% �>% *"� � 7 2 ����� �!� � �"� xα �#�6�	9�;>% � � 2 ��7 �42�� �6�)���5� 2 � ��7 �
9�2�� � L2(Ω) � � �#� �C�>��7 � & �)��� � � α > 1/2 /
�;u�|jyc¢_or¢0| �$]��%]�� � � � � Ω ��� �"� � �)% � �>�@% ��;�/ =�"���(%��)% *�� � ����������� �!� � �"�4�#�"��� � ��� � �!��% Ω

9 �!� C1

<'2)% & �@% �#��2��
	 �#�6��9�;>% � � 2 ��7 �:2�� �6�)��� � 2 � ��7 �:9�2�� � L2(Ω) /
�;u�|jyc¢_or¢0| �$]��%] \ � � � � Ω ������� � �>%�� �>�@% � ;�/ =�"���(%��)%�*"� � ��� �5����� �!� � �"� C1 < 2)% & �@% �!��2���	 & 2 � �
<'2 � �!����� � ����� � � �����4< 2 � 9�;>% � � 2 ��7 ��2����6�)��� � 2 � ��7 � 9�2�� � L2(Ω) /

�;C�QSHIORQSU_VL�_HBV6C�QRXpE,V6[POSADO��6NPHYC�G�U_C6C}V�M<U_V6Q�[eA�f4X�QSNP�0X�HBVLERV6H�[W[PH0�
�bycqF~?q<tYornYorq<s ��] �Q]�� `Qb4cfe

v g h>jEr b h�} eKcBb h m j L2(Ω)
m�� k c i8q'�l� j q4g p	j	h�p7rlq c �	��jyj e�e jl�f� j� gNj e b g e jup�p	jlp m�� k c i � jlp�|�qdk eKc j	�f��jlp�rlq c �l��jlp ∂v

∂xi

o | b g k 1 ≤ i ≤ N o p b h e hNg �f��jlp	w %"� b k-p o | b g k
} � q � gNjn} b t�| b p	q4h e j�} b hNh�j�-+j m j Ω o c �Nj�- c p e j�g h>j�} b h�p e q4h e j C e jl�f� j � gNj v(x) = C |�k@jup � gNj
|Nq4k e b g e�m qdh�pE}-j e~e j } b t�| b p	q4h e j } b hNh>j -+j w
Y�h+3´q<s'tYn�ycm4nporq<s#]�°§U0V6Q�ORU0V4O

ψ ∈ C∞
c (Ω)

�FU_C�A�f6U_CLG
∫

Ω

v(x)
∂ψ

∂xi
(x) dx = 0.

��FF� F}�
(4U_NPO

Q =] − `,+`[N
V6C GIV6�<H�U_V6�0H�QRO�NWCLG�[PVLE�fLADCLE

Ω
�rA¤�_HpG

` > 0
�I��HIO ERU_NPO

θ(t) ∈
C∞

c (−`,+`) ORH�[W[WH#d0VLH
∫ +`

−`

θ(t) dt = 1.

°§U0V6Q�ORU0V4ORHb«{U0CLGOSNPU0C
φ ∈ C∞

c (Q)
U_C�f4X��LC6NPO

ψ(x′, xi) =

∫ xi

−`

(

θ(t)

∫ +`

−`

φ(x′, s) ds− φ(x′, t)

)

dt,
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��� ��� �2���������	��� � �"� ����
�
 ������� � � ����� �n� �4�#
��8� �����	��� � ��� ����� � �
A¤�_HYGb[eA�CLUDOSADORNWU_C

x = (x′, xi)
M<U_V6Q

x′ ∈ RN−1 H�O xi ∈ R
� �;C³�_X�QSNP�LHT«rA_G�NP[WH�a�HYC0ObdjV6H

ψADM6MLA_Q,OSNPHYCjO�A_VLESE,NlZ
C∞

c (Q)
H�O9djV6H

∂ψ

∂xi
(x′, xi) = θ(xi)

∫ +`

−`

φ(x′, s) ds− φ(x′, xi).

±v�0HYGBV6C6HbOSH�[W[PHb«{U0CLGOSNPU0C
ψ
[^] XpdjVLAcOSNPU0C�� FL� Fj��f4H��}NWH�CjO

∫

Q

v(x)φ(x) dx =

∫

Q

v(x)θ(xi)

(

∫ +`

−`

φ(x′, s) ds

)

dx′ dxi

=

∫

Q

φ(x′, s)

(

∫ +`

−`

v(x′, xi)θ(xi) dxi

)

dx′ ds

�_Q-,_GIH�A_V\ORKLX�U_QS��a�HBf4H��LV6�6NWC6N��L®2U0a�a�H
φ
HYE,O�djV6H�[eGIU0CLdjV6H_�0MLADQ�ADM6ML[PNeG�ADORNWU_C¡f4V�®2U_QSU_[W[WA_NPQSH

FL�0/4�0/#U0C�HYC�f6XYf4V6NPO
v(x) =

∫ +`

−`

v(x′, s)θ(s) ds,

GD] HYE,O,��Zc��f4NPQSH�djV6H
v
C6HBf4X�M<H�CFf�MLA0E2f4H

xi
f6ADCFE

Q
�j��C�QRXYMFX�OSADCjO�GIHIO�ADQS�_V6a�H�CjO?M<U_VLQ?OSU_V4OSHYE[PHpE-GIU_a�M<U0ESADCjORHpE

xi
�cU0CJU0�4ORNWH�CjO-ADNWCLERN6d0VLH

v(x)
HYE,O-G�U_CLE,OSA_CjO§f6A_CLE

Q
�0®2U_a�a�H2ORU_V6O-G�U_V6ML[PHf4H�MFU0NPCjOSE?f6ADCLE§VLC6H�a�¦Ya�H�GIU_a�M<U0ESADCjORH�GIU0C6C6H��}H�f4H

Ω
MFHYV6�_HYCjO�¦IORQSH�QRHY[PNWXYE!MLA_Q-V6C6H�G&KLA4VeCLHf4HgOSH�[eETGIV6�<HYE���f4H�OSADNW[W[PH��cADQSNWA_�6[PH¤�9djV6N-ERHJQSHYG�U_V6M<H�CjOp�<U0C³M<H�V4OTHYC�G�U_CLG�[PV6QSHJdjV6H

v(x)
HpE>OGIU_CFE>O&ADCjO�f6ADCLE�G&KFA_djV6HTGIU0a�M<U0ESADCjOSHBG�U_C6C6H��4Hbf6H

Ω
�

�

�;C�M<H�V6O#«rA_G�NP[WH�a�H�CjOg�0X�C6XYQSA_[PNeERH�Qb[WA³@9X��LC6NPORNWU_C FL�0/4� µ�f4H�[eA�f4X�QSNW�_X�H�«rA_NP�L[PH¡Z�G�H�QROSA_NPCLEU_M<X�Q&AcORHYV6Q&E�f4N�C<XYQRHYC0OSNPHY[WE;djV6NvC6H#«{U_CjO9NWC0OSH�QS�_HYC6NPQ;d0VLHgGIHYQ,O&ADNWC6HYE�G�U_aJ�6NPCFADNeE,U0CLE�f4Hgf6X�QSNP�0X�HYEMLADQRORNWH�[W[PHpE��{H�O?C6U_C�MLA0E!ORU0V4ORHpES�I�}®;] HYE,O�MLADQ-H��}HYa�M6[PH�[WH�G�A0E-f4H�[eATf4NP�0H�QS�_HYCLGIH�fl] V6C6H�«{U0CLGOSNPU0CZJ�cA_[PHYV6QSE��0HYGIORU_QSNWH�[W[PHpE�djV6NlCLU_VLE�ERH�Q&A�V4ORNW[PHTMFADQ�[eA�ERV6NPORH0�
Y�h[Z§s'ornYorq<s ��] �Q] 	 `Qb4cfe

σ g h>j r b h>} e~cBb h m j Ω
m q4hNp RN m�b h eEe b g e jup���jlp } b t�| b p	q4h e jlp

q@|�|Nq4k e~c j	hNh�j	h e $ L2(Ω) z b h h bde j σ ∈ L2(Ω)N ��wsx�h mdcfe � gNj σ q m t.j e g h�j m4c i4jlk � j	h�}-j
q4g p	j	h�p�rlq c �l��j m qdh�p L2(Ω) p�� c ��j - c p e j)g h>jsr b h>} e~cBb h w ∈ L2(Ω)

e jl�f��j � gNj o | b g k e{b g e j
r b h�} e~cBb h φ ∈ C∞

c (Ω) o b h�q
∫

Ω

σ(x) · ∇φ(x) dx = −
∫

Ω

w(x)φ(x) dx.

� q�r b h�} e~cBb h w jup e q@|�|Nj	� � jE� q mdc i8j	k � jlh>}@j2rlq c �l��j m j σ j e h b4e � j m'� p b kut9q c p divσ w 'A�A>VFE>OSN��FGYAcOSNPU0C�f4HB[WAJ@9X��LC6NPORNWU_CIFL�0/4� ¯ HYE,O�d0VLH_�4E,N
σ
HpE>O�V6C6H;«{U_CFGORNWU_C�QRXY�_V6[WNW��QSH_�}AD[WU_Q&EV6C6H�E,NWa�M6[WH�NPCjORXY�_Q&AcOSNPU0C´MLADQ\MFADQRORNWH��r�_U_NWQ�[PH�®2U0QRU0[P[eADNWQSH¡µ6�0/4� µ0�ga�U_CjORQSH�d0VLH�[^] U_C A��LNPHYC

w = divσ
�$��CLH��_XYC6X�Q&AD[WNWESAcOSNPU0C «rA0GINW[PH¡f6V�G�QRNPOR�YQRH�f6H¡f4X�QSNW�¤ADORNWU_C�«rADNW�6[WH¡f4V´ �HYa�a�H FF� /6� FHYE,O9f4U_C6CLX�HbMLADQ�[WHTQSXYERV6[�O&AcO�ERV6NP�cA_C0Og��f4U_CjO�C6U0VLE�[eADNeERERU_CLE�[eA�f4X�a�U_CFE>OSQSADORNWU_C�ADV�[PHpGORHYV6Q�HYC�_V6NeE,HTfl] HI�4HYQSG�NWG�Hp��
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�0¯ �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

;2|+3 3´| ��] �Q]
	 `>bdcfe
σ g h�j#r b h�} e~cBb h m j L2(Ω)N w ` � c ��j�- c p e jEg h�jE} b h�p e qdh e j C > 0

e jl�f� j� gNj o | b g k e{b g e j#r b h�} e~cBb h φ ∈ C∞
c (Ω) o b h�q

∣

∣

∣

∣

∫

Ω

σ(x) · ∇φ(x) dx

∣

∣

∣

∣

≤ C‖φ‖L2(Ω),

qd� b k-p σ q m t9j e g h�j m4c i4jlk � j	h�}-j.q4g�p	jlhNp�rlq c �	��jIw
�;u�|jyc¢_or¢0| �$]��%]�� � � � � Ω ��� ��� � �>%�� �>�@% � ; �#�"� ��� � �(� ;I9�� 9)�)��	 ��� � �>%���� Ω1 �!� Ω2 �C;><'2>% ;#�
<'2)%,����� �#��%�� 2'�!� Γ = ∂Ω1 ∩ ∂Ω2 /  �����(% �>%�*"� � ��� � ���"�'�(� � ��� � ���(���@% � �>787 � 9�� �>7 2 �6�6� C1 �!��%
� � 2'*�� � & �@% �#��2�� Ω1 �!� Ω2 2'9 & �!� ��� ��9 � � �)% � �>�'�!� � 2 � ��7 � 9�2�� � L2(Ω) � � �#���C�>��7 � & �)����� � �C2
�#� & <>���C2������ � �@% & 2�7 � �#�����!����� � ����� � �(% 2 � �>% � 7 2 �#��%�� 2'�!� Γ /
���������	��
�������������N� ���-�9%(���  ��  �
)�9%�.��/�9%�����65��%�;"�(� �)�'�9�����*����'�9
)�+���&���-�9�! ��X,���+�9� �+���"� = �+�,)�9%�����4 
��9��$ �����	����R ��+����,�)�

Lp(Ω)
�����"�

1 ≤ p ≤ +∞ 0�� �������!�����"� p 6= 2
���54 ��+�$�-,�

Lp(Ω)
�G4 ��2�

�$���@�"� ��+����,�! ����'%���;��)�+���"�(�!,)�9%&� > �9�! ��	 "
��9%(.��-�9%���� 65�-%(;"��� C5D�0 �MF  "��%����)�+�9�*�9�)�����(��,
'�$�-�
∣

∣

∣

∣

∫

Ω

v(x)
∂φ

∂xi
(x) dx

∣

∣

∣

∣

≤ C‖φ‖Lp′
(Ω)

��.M�, 1

p
+

1

p′
= 1

���
1 < p ≤ +∞,

�)� �(���:J"
��� > ��� E/T�0(E�0�E��  "� �9����9
�+������-�9%����  "� V %���! ��2� �9����"� �-,
 �$�/� �54 ���9%��(%��9�/�9%(���  "�  ��$�-�
Lp(Ω)

 "�
Lp′

(Ω) C .M��%��#" $&% F�0 •

� �,� ' ��(���$&%'$��#� �% ���!$I��
�$ �� g"��( ��� � ���§$I��%'��(

9*�)�*,+ ) S�"P-:>U

H1(Ω)
Y�h[Z!s!o{nporq<s ��] \%]K^a`>bdcfe

Ω g h b g i4jlk e2m j RN w � � jlp~|�q'}@j m j `>b � b ��j	i H1(Ω) jlp e2m�� ' h c |Nq4k
H1(Ω) =

{

v ∈ L2(Ω)
e j	� � gNj ∀ i ∈ {1, ..., N} ∂v

∂xi
∈ L2(Ω)

}

,
� FL���_�

b*) ∂v
∂xi

jlp e ��q m�� k c i � j�|Nq4k e~c jl�f��j2rlq c �l��j m j v q4g p	j	h�p m j���q � � ' h cfeKcBb h+*_w-,+w �'w��C M6K}`4ERNWdjV6H�U_V H�C a�XpG�A_C6NWdjV6H�[^] HpE,MLA0GIH�f4Hy(}U_�<U_[WH��	HpE>O ERU_V6�0H�CjO�A_M6MFHY[PX�|}tY~!m6¢0|w�Ph}s!|jy8A<or| ADV	E,HYCLE�U'& NP[;HYE,O¡GIU_CFE>OSN�OSV6X³f4HpE\«{U_CFGORNWU_CFE�fl] X�C6HYQR�0NPH��LCLNPH ��GD] HYE,O,��Zc��f4NWQRH�f4HCLU_QSa�H ‖u‖H1(Ω)
�FC6NPH¤��6 vHYE�«{U_CFGORNWU_CFE�f�] XYC6H�QS�_NWH9�FC6NPHbM<H�V6�0H�CjO�X��0H�CjORV6HY[P[WH�a�HYC0O�¦IOSQRH�¨RE,NWC4��0V6[WNP�YQRHpE�©�GIH djV6N9A�V6C	ERH�CLE�M6K}`}ERNed0VLH�MFUjERERNP�L[PH��rG�U_CLG�H�CjORQ&AcOSNPU0CxU0V HI�4M6[WU0ERNPU0Cx[WU4G�AD[WH f4HG�H�QROSA_NPC6HpE��_Q&ADCLf6H�V6Q&ES�I� �;C�GIU_CFE,V6[PORHYQSA�A¤�_HpGBNPCjORXYQR¦�O�[PHpE�HI�4HYa�ML[PHpE�HI�4M6[WNWG�N�OSHYE�f6HT[�] �-�4H�Q&GINeGIH

FF� µL� /gHIO9f6V� vH�a�a�Hg�4�0/4� µ_µL�
�bycqF~?q<tYornYorq<s ��] \%] � � g h c�m g |�k b m g cfe p	}@qd��q c k@j

〈u, v〉 =
∫

Ω

(

u(x)v(x) +∇u(x) · ∇v(x)
)

dx
� FL� ¯ �
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� � G

j e�m j���q9h b kut9j
‖u‖H1(Ω) =

(∫

Ω

(

|u(x)|2 + |∇u(x)|2
)

dx

)1/2

�R� jup~|Nq�}-j m j `>b � b ��j	i H1(Ω) jup e g h�jup~|Nq�}-j m j�� c ���-j	k e w
Y�h+3´q<s'tYn�ycm4nporq<s#] D�[ªHpE>O�X��}Nef4H�CjO�djV6H���FF� ¯ ��HpE>O��6NWH�C�V6C¡M6QSU4f4V6NPO�ESG�A_[WA_NPQSH;fLADCLE

H1(Ω)
� D�[QRHpE>OSH�f6U_CLG�ZBa�U_CjORQSH�Q�djV6H

H1(Ω)
HpE>O�GIU0a�M6[PH�O�MFU0V6Q�[eABC6U_QSa�H�A0ERERU4GINWX�H0��(}U_NPO

(un)n≥1
V6C6HE,V6NPORHBf4Hb®�A_VLG&K}`�fLADCLE

H1(Ω)
�}°-ADQ2f6XI�LC6NPORNWU_C�f4H9[eATC6U0QRa�HBf4H

H1(Ω)
�
(un)n≥1

ADNWCLERN<djV6H
(∂un

∂xi
)n≥1

MFU0V6Q
i ∈ {1, ..., N} E,U0C0O#f4HpETE,VLN�OSHYETf4H¡®�ADVFG&Kj` fLADCLE L2(Ω)

�!®2U0a�a�H
L2(Ω)HYE,O�GIU0a�M6[PH�OY�0NP[<HI�4NeE>OSH;f4HpE�[WNPa�NPORHYE

u
HIO
wi

ORHY[P[WHYE2d0VLH
un

GIU_C}�0H�QS�_H��_HYQSE
u
HIO ∂un

∂xi

G�U_C}�_HYQR�0H�_H�Q&E
wi

f6ADCLE
L2(Ω)

� �;QY�}MLA_Q�f6XI�LC6NPORNWU_C�f4Hb[eAJf6X�QSNP�0X�H;«rADNW�6[PHTf4H
un
�6M<U_V6Q�ORU0V4ORHB«{U0CLGOSNPU0C

φ ∈ C∞
c (Ω)

�6U_C�A
∫

Ω

un(x)
∂φ

∂xi
(x) dx = −

∫

Ω

∂un

∂xi
(x)φ(x) dx.

� FL� GD�
°§A0ERESADCjO�Z�[WA�[WNPa�NPORH

n→ +∞ f6ADCFET��FL� GD�I�6U_C�U_�6ORNWH�CjO
∫

Ω

u(x)
∂φ

∂xi
(x) dx = −

∫

Ω

wi(x)φ(x) dx,GIH9djV6NFM6QRU0V6�_H�djV6H
u
HYE,O2f4XYQRNW�cAD�6[WH�ADV\ERH�CLE�«rADNW�6[PH9HIO2djV6H

wi
HYE,O?[WA

i
� ��a�H9f4XYQRNW�_XYH�MLADQRORNWH�[W[PH«rADNW�6[PH\f4H

u
� ∂u

∂xi

�'@9U0CLGD�
u
A_M6MLADQRORNWH�CjOb�6NWH�C�Z

H1(Ω)
H�O

(un)n≥1
GIU_C}�0H�QS�_Hg�0H�Q&E

u
fLADCLE

H1(Ω)
�

�

�9u�|jyc¢_o�¢_| �$] \�]B^  �����(% �>% *"� � 7 �#� ���"�'�(� � �"� � �!����� � ������� 9 C1 < 2)% & �@% �!��2���	 �!� � �!��<�<>�@%��
�>�@%.� ;:9�2�� � Ω

9 2�<�<'2)% � � �)��� �>��� � H1(Ω) /�?C f4NPa�HYCLE,NWU_C
N ≥ 2

�4[WHYE�«{U_CLGIORNWU_CLE�f4H
H1(Ω)

C6H#ERU_CjO�H�C��_XYC6X�Q&AD[ls!o�¢_q<sªnYorslk!|}t�s'o
�?qLycs!h}|jt0�6GIU0a�a�Hb[WHba�U0CjORQSHB[WH#GIU0CjORQSHI� HI�4H�a�M6[WHBERV6NW�cADCjOY�
�9u�|jyc¢_o�¢_| �$] \�]�� � � � � B 7 2 �>�"��7 � ��� � ��;��"� � �)% ����9�� RN / � � N = 2

9�& �"���(%��)% *���� 7 2 ����� �!� � �"�
u(x) = | log(|x|)|α 2�<�< 2)% � � �)��� � H1(B) <>�"��% 0 < α < 1/2

9�& 2 � � � � �#�6� < 2 � �>�@%.� ;#� 2��� � � � � �'2 � � 9)� 7 � �@% � � � ����/ � � N ≥ 3
9 & �����(% �>% *"� � 7 2 ���"�'�(� � ��� u(x) = |x|−β 2�<�< 2)% � � �)��� �

H1(B) <>�"��% 0 < β < (N − 2)/2
9�& 2 � �4� � �#��� <'2 ���>�@% � ;#�:2�� � � � � � �'2 � �:9��=7 � �@% � �@� � ��/ 'A f4NWa�H�CLERNPU0C´fl] HYERMLA_G�H

N = 1
«rA_N�OT¨>H��4G�H�M4OSNPU0C}©�Z�[WA�CLU_C4��GIU0C0OSNPC}V6NPORX�f6HYET«{U0CLGOSNPU0CLEf4H

H1(Ω)
G�U_a�a�H�[�] A4W\QSa�H\[PH�[WH�a�a�H�ERV6NW�cADCjOgU�&v�'ESADCLETM<H�QRORH�f4H��_XYC6X�Q&AD[WNPORX_�vU_C�M6QSH�CLf

Ω = (0, 1)
�

;?|+3 3´| ��] \%] \���b g k e{b g e j#r b h>} e~cBb h v ∈ H1(0, 1) j e | b g k e b g e x, y ∈ [0, 1] o b h�q
v(y) = v(x) +

∫ y

x

v′(s) ds.
� FL� � �

� � g+p �[� h � kvqd��j	t.j	h e o | b g k e b g e x ∈ [0, 1] o �R� q-|�|�� c }@q eKcBb h v → v(x) o m�� ' h c j m j H1(0, 1)m q4hNp R o jlp e g h�j�r b kut.j�� c h � q c kvj6} b h e~c hNgNj�pug k H1(0, 1) w��2h�|�qdk eKc }	g � c j	k o e{b g e j�r b h�} e~cBb h
v ∈ H1(0, 1) jup e } b h e~c hNgNj p-g k [0, 1] w



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

��� �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

Y�h+3´q<s'tYn�ycm4nporq<s#]$(4U_NPO
v ∈ H1(0, 1)

� �;C�f4XI�LCLN�O�V6CLHb«{U_CLGIORNWU_C
w(x)

E,VLQ
[0, 1]

MLA_Q
w(x) =

∫ x

0

v′(s) ds.®2H�O,OSH#f4XI�LCLN�OSNPU0C�A�V6C�ERH�CLE�GYADQp�4MLADQ�[^] NWC6XY�0AD[WNPORX#f4Hg®�ADVFG&Kj`j�!(4G&K ��A_QCJ0�
∣

∣

∣

∣

∫ x

0

v′(s) ds

∣

∣

∣

∣

≤ √x
√

∫ x

0

|v′(s)|2ds ≤
√

∫ 1

0

|v′(s)|2ds < +∞.
�?C�«rA_N�Op�6[WHTa�¦Ya�HTQSA_NWERU_C6CLH�a�H�CjO�a�U0CjORQSHbdjV6Hb[eAJ«{U_CLGIORNWU_C

w
HYE,O9GIU_CjOSNPC}V6HTERV6Q

[0, 1]

|w(x) − w(y)| =
∣

∣

∣

∣

∫ x

y

v′(s) ds

∣

∣

∣

∣

≤
√

|x− y|
√

∫ x

y

|v′(s)|2ds ≤
√

|x− y|
√

∫ 1

0

|v′(s)|2ds.
� U_CjORQSU_CLEbdjV6H

w
HYE,O#f4X�QSNW�¤A_�6[WH�A_V�ERH�CFEB«rADNW�6[PH\H�O#d0VLH

w′ = v′
�$(4U_NPO

φ ∈ C∞
c (0, 1)

�l��CCLUDOSA_CjO
T
[WH;OSQRNeADCL�_[WH

T = {(x, s) ∈ R2, 0 ≤ s ≤ x ≤ 1} �4U0C�A
∫ 1

0

w(x)φ′(x) dx =

∫ 1

0

(∫ x

0

v′(s) ds

)

φ′(x) dx =

∫

T

v′(s)φ′(x) ds dx.°-A_Q�ADM6M6[WNeG�AcOSNPU0C�f6V�OSK6X�U0QR�Ya�HBf4H �LV6�6NWC6N^�LU_C�A
∫

T

v′(s)φ′(x) ds dx =

∫ 1

0

(∫ 1

s

φ′(x) dx

)

v′(s) ds = −
∫ 1

0

φ(s)v′(s) ds,H�O�MLADQ;®�A_VLG&K}`j� (4G&K ��ADQKJ�U_C�H�C�f4Xpf4V6NPO
∣

∣

∣

∣

∫ 1

0

w(x)φ′(x) dx

∣

∣

∣

∣

≤ ‖v′‖L2(0,1)‖φ‖L2(0,1).@;U_CFGD�
w
HYE,O��6NWH�C�f4X�QSNW�¤A_�6[WHbA_V�E,HYCLE�«rADNW�6[WHBH�O�MLADQ�f6XI�LC6NPORNWU_C�f4H

w′ U_C�A
−
∫ 1

0

w′(x)φ(x) dx =

∫ 1

0

w(x)φ′(x) dx = −
∫ 1

0

φ(s)v′(s) ds,M<U_VLQ�ORU0V4O
φ ∈ C∞

c (0, 1)
�LG�HgdjV6NvNWa�M6[PNedjV6HgdjV6H

w′ = v′
�F vH# �H�a�a�H�FF� /6� ��C6U0VLE�f4NPO;A_[PU0QSEdjV6H

w − v HYE,O9X��jAD[WHbZ�V6C6HgG�U_CLE,OSA_C0OSHbM6QRHpERdjV6HTMFADQRORU_V6O9f6ADCLE (0, 1)
�FGIH#djV6NvX�OSA_�6[PNPOJ� FL� � ��± MFADQRORNWQ�f6H���FL� � �2H�O�H�C�V4ORNW[WNWESADCjO;®�ADVLG&K}`j�!(4G&K ��A_QCJ;U_C�U_�4OSNPHYC0O

|v(x)| ≤ |v(y)|+
√

|y − x|
√

∫ y

x

|v′(s)|2ds ≤ |v(y)|+
√

∫ 1

0

|v′(s)|2ds,
H�O�H�C�NPCjOSX��_Q&ADCjO�MLA_Q�QSA_M6MFU0Q,O�Z

y

|v(x)| ≤
∫ 1

0

|v(y)| dy +

√

∫ 1

0

|v′(s)|2ds

≤
√

∫ 1

0

|v(y)|2dy +

√

∫ 1

0

|v′(s)|2ds ≤
√

2‖v‖H1(0,1),G�HTd0VLN�M6QSU_V6�0HBdjV6H
v → v(x)

HYE,O�V6C6HB«{U_QSa�HT[PNWC6XpADNWQRHbGIU0C0OSNPC}V6HTERV6Q
H1(0, 1)

�
�
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� � �

� ������� ��
������� �  ��4 ���B�9� �/�9%���� Q������9�����9��6O���",)�9%����  "�
H1(0, 1)

��2�X,�����9%��P��� ������X�+�)� ;����)�
K ���9���% > �9� .P����,���P�+���� "%�,)�9��%��9� ��.M�, ����65��%&�BQP�"� �(�)�S68����,��9%(������ �� H1(0, 1)

�1,)�������B�9�����9��S�(�)�
68���",)�9%������<����+������;����������	�+���P�  �
)#$�"%(�)� Q��"�*�"�9��9Q��"�	�$�-�+�9���"� C �����+�9�������@ �%�������� ���)�"�<,�J����"���)�
,)�)�+����%����)�N.�������"�9�G�����",)�9���������N "�

v
�9�-���N,�J$�-�����)�  ���68����,��9%(���S ����"�

H1(0, 1)
� ��%��W��S "
)�+�9�"%��9�����N�(�

,)�����9%����"%&�9
  ��
v F�0 �1���"�I�9
�+���� ��9�<,�)�:�������-�9����I�$�/���� "��R����P%���6O���"�7�+�<���-��������)�3QP�W4 �����:68���",)�9%����  "�

H1(0, 1)
�)�2�I�)� 65�-%��7���"�:,�(���+�+�  "�:68����,��9%(�����I����%��9Q��G4 ���B "
),%( "�< W4 %( "����9%&#$���7 ���"R!68����,��9%(������
�M�-����

���9��9Q���� �$�-�+�9���"� C �-�"�+�9�������  �%&���7 ���"R �9�)�"�9
�+������-�P�9�  �4 ����� � ���� ,)� �-�+�+�U "� 68����,��9%(����� �+�����

)�M����R��"�9�)�9QP�"�@�$�-�+�9���"� F�0�� �-����,��:,)���$ �%&�9%(������P���@�9
�+���&���-�3 "���G�)����� D�0 ��0 �  ���%&�3�+�<,�������9��$ P�9� "���"� �(�3�+�)����Q��G4 %��"�)R�%��2�9�3���S�9��"�9
)�+����������� "�:�(�',)� �-�+�+�< "�:6O����,)�9%������

v ∈ H1(0, 1)
Q���%P��2��,�����9%(�P� 0

•
D�[bHpE>O�ORQS�YE�NPa�M<U_QROSADCjO¡HYC M6Q&AcOSNWdjV6H�f4H�ESA¤�_U0NPQ�ERNb�r|}t 1^q<s!¢DnYo�qFs!txy¤h+A<k'��oB:jyc|}txtpqFsªnw'|}s!tY|}t³w!m6s!t�� P|}tY~!mL¢_|¥w'| �vq �2qF��|0z

H1(Ω)
�?®2HY[WA A>VFE>OSN��LH�H�C MLADQRORNWH¡[eA C6U_ORNWU_C´fl] HYE,�MLA_G�H�f4H9(}U0�FU0[PHY� d0VLN�ADM6MLA_QSA4VWObADNWCLERN'OSQR�pEbE,NWa�M6[PHYa�H�CjO#GIU_a�a�H�[�] H�CLERH�aJ�6[WH�f4HpE;«{U_CLGIORNWU_CLEQRXY�_V6[WNP�YQRHpE�GIU0a�ML[PX�ORX#MLA_Q�[WHYE�[WNPa�NPORHpE9f4HgERV6NPORHpE9f4HT«{U0CLGOSNPU0CLE�QSX��0V6[PNW��QSHYE�fLADCLE�[eA\C6U0QRa�H#f4H[�] X�C6HYQR�0NPH ‖u‖H1(Ω)

�-®2HY[WA³MFHYQRa�H�O�f4H�f4X�a�U0C0OSQRHYQ#«rA0GINW[PHYa�HYCjO�f4H�C6U_aJ�6QSH�VLERHYEgM6QRU0M6QSNPX�ORXYEH�C�[PHpEbXIO&AD�6[WNWESESADCjO#fl] A_�FU0QSf�ERV6QT[PHpEb«{U_CFGORNWU_CFEbQRXY�_V6[WNP�YQRHpEBM6V6NeETH�C�V4ORNW[WNWESADCjO#V6C�ADQS�_VLa�HYCjOf4H�¨Rf4H�CFE,NPORXI©´�r�_U0NPQ�MLADQ�HI�4H�a�M6[WH³[WHYE�f4X�a�U_CFE>OSQSADORNWU_CLE�f6HYE�0�K6X�U0QR�Ya�HpE FF� µL�P�pµ�HIO FF� µL�P�¤�GINP� f4HpERERU_VFES�I�
� £'h}qFy4:[3 | �$] \�] � �>w!| w!|}s'tpo{nph " `_c

Ω jlp e g h b g i4jlk e � b kuh � k �#� g � c j	k m j }	��q4p@p	j C1 o b g
� c j	h p c Ω = RN

+
o b g j	h�} b k@jsp c Ω = RN o q4� b k-p C∞

c (Ω) jlp e2m jlhNplj m qdh�p H1(Ω) w vA�f4XYa�U0CLE,ORQ&AcORNWU_C�f4V 0�K6XYU_QS��a�H FL� µ6������djV�] U0C�MFHYV4OJA_f6a�H�O,OSQRH\HYC�MLQRHYa�NW��QSH�[PHpGOSV6QRH¤�bE,HORQSU_V6�0H�Z�[WA (}HpGORNWU_C FL� FL�QX�A_M6M<H�[WU_CLEbdjV6H�[WA�C6U_OSADORNWU_C
RN

+

f6XYERNP�0C6HJ[WH\f4H�a�NP�^HpE,MFA_GIH {x ∈
RN ORHY[�d0VLH

xN > 0} �
.¡|+3´m4ycilk!| ��] \%] 	  �] HYERMLA0GIH

C∞
c (Ω)

djV6NªHYE,O�f6H�CLERHBfLADCLE
H1(Ω)

HYE,O�GIU_CFE>OSN�OSV6XTf4HYE2«{U_CFG�ORNWU_CLE\QSX��0V6[WNP�YQRHpE�f6H GI[eA_ESE,H
C∞ Z�E,VLM6MFU0Q,O��<U_QSC6X��{U0V	GIU_a�MLA0GO��f6ADCLE�[PH�«{HYQRa�X

Ω
����CMLADQRORNeGIV6[WNWH�Qp�jERN

Ω
HYE,O��FU0QRC6X0�jORU_V6ORHYE�[WHYE2«{U0CLGOSNPU0CLE�f4H

C∞(Ω)
U_CjO�CLXYGIHpERESADNWQSH�a�H�CjO2VLC�ERV6M4�MFU0Q,O��FU0QRC6X0�2H�O�f4U0CLG

C∞
c (Ω) = C∞(Ω)

��°?QRXpGINeE,U0CLE¡djV6H�[PHpE�«{U0CLGOSNPU0CLE¡f4H
C∞

c (Ω)
C6HE�] ADC6C}V6[WH�CjO�MLA0E�C6XYG�HYESERA_NPQSH�a�HYC0O�ERV6Q�[WHT�FU0QSf�f4Hg[�] U_V6�0H�QRO

Ω
�FGIH#djV6N'f4NDCªX�QSH�CFGINWH#GIHIO;HYERMLA_G�Hf4H

C∞
c (Ω)

�r�_U0NPQ2[WA X�H�a\A_QSdjV6H9µL� /6� /0��j°-ADQ�GIU_CjOSQRH0�jERN
Ω
C�] HpE>O�MLA0E?�<U_QSC6X_�j[WHYE2«{U_CLGIORNWU_CLE�f4H

C∞
c (Ω)

EY] A_C6C}V6[PHYCjO�¨RZ�[�] NWC4�LC6N�©&� •
.¡|+3´m4ycilk!| ��] \%]
		 vA�C6U_ORNWU_C�f4H\QSX��0V6[WA_QRNPORX�fl] V6C�U_V6�0H�QRO#A�X�ORX\NWCjORQSU}f6V6N�OSH�f6ADCFEb[WA�@;XI��LC6NPORNWU_C´µ6�0/4���4� D�[?C�] HYE,OgMLA0ETC6XYG�HYESERA_NPQSH\f4H¡G�U_C6CLA4VWOSQRH\MLQRXpGINeE,XYa�HYCjOgGIHIORORH¡f6XI�LC6NPORNWU_C´f6H�[WAQRXY�_V6[eADQSN�OSXgfl] V6C³U0V6�_HYQ,Op� D�[§ERV W�Obf4H�ESA¤�_U_NWQ�� k b p-p b t bIm'bJdjV6HJ[�] U_C�f4H�a\A_CLf4HJdjV6H�[WHg�<U_Q&ff4H9[^] U0V6�_HYQ,O?ERU_NPO?V6CLH;ERV6Q,«rA0GIH�QSX��0V6[PNW��QSH�HIO�djV6H�[^] U0C�HI�6GI[WV4O2G�H�QROSA_NPC6HpE'¨,MLAcOSK6U_[WU_�0NPHpE�©T�{�0U_NWQ�[WA
X�H�a\ADQ&djV6H�µ6�0/4� ¯ �I�D �U_Q&ESd0VLH�CLU_VLE§XYC6U_C�G�U_CLE§VLC�QSXYERV6[POSADO?E,U0VLE§V6C6H�K}`}MFU_ORK6�pE,H�f4H9QRXY�_V6[eADQSN�OSXf4HT[�] U_VL�_H�QROY�6G�HIORORHTQSX��_VL[WA_QRNPORXBHYE,O�ORU0V'A>U_V6Q&E�C6XpGIHYESESADNWQRH��{[WHTQRXpE,VL[�O&AcO�ORU0ag�<HTH�C�f4XI«rA_V4O�M<U_V6QGIH�QROSA_NPCFE-U_V6�0H�QROSE§C6U0C\QRXY�_V6[WNWH�Q&E��c�0U_NWQ�[PH;GIU_CjOSQRH��^H��}HYa�M6[PH�f4H9[�] �-�4H�Q&GINeGIH�FF� µL� µj��D�9XYADCLa�U0NPCFE��[�] K}`jM<UDOSK6�YERHTf4HTQSX��_VL[WA_QRNPORXTERV6NP�cA_C0O�[eA\@9X��LC6NPORNWU_C�µ6�0/4���JMFHYV4O;ERU_V6�0H�CjO�¦IORQSH#A4ClADNW�6[WNPH H6[^] ADM4�MLADQRORHYCLADCLG�HJZ¡[WA�GI[eA_ESE,H�f4HYE;«{U_CFGORNWU_CFE

C1 M<H�V4Ob¦IOSQRH�QRHYa�M6[WA0GIXYH#MLADQB[^] A_M6MLADQRORHYCLADCFGIHJZ¡[WAGI[eA_ESE,H\f4HpEb«{U_CLGIORNWU_CLE#[PNWMLESG&K6N�OKJ�NWH�C6CLHYE\�{�0U_NWQ9FP�4GIH{��$*�NWH�C�djV6H�GIHpE#f4X�OSADNW[eETf4X�MLA0ERERH�CjO#[eADQS�_H��a�HYCjO�[PH#GYA_f4QSHTf4H#GIHTGIU0V6Q&E��4C6U0VLE�«rA_NWERU_CLE�G�HIO,OSH#QSH�a\ADQ&djV6HBAD�LC�djV6Hb[PHT[WHYGIORH�VLQ�MFU0NPCjOSNP[W[PHYV4�
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CLH9E�] NWCLE,VLQR�0H�MFA_E-[WU_Q&ERdjV6H�C6U0VLE-V4OSNP[WNeE,HYQRU0CLE�f4H�OSH�[eE-QSXYERV6[�O&AcO&E��{U'&\[�] K}`jM<UDOSK6�YERH�f4H�QSX��0V6[WA_QRNPORXHpE>OBC6XYG�HYESERA_NPQSHp��f6ADCLE;[WHJG�A0E9fl] U_VL�_H�QROSE�¨,A¤�0HYG#f6HYEBGIU_NWCLE>©gd0VLN!A_M6MLADQ&ADNeESE,HYC0O�CFAcORVLQRHY[P[WH�a�H�CjOfLADCLE!OSU_VLE-[WHYE?G�AD[eGIVL[WE§C}V6a�X�QSNed0VLHYE��{�0U_NWQ-[PHpE-f4N�C<XYQRHYC0OSHYE-NWa\AD�0HYE-f4H�a\ADNW[W[WA_�_HYE§djV6N6NW[W[PVLE,ORQSH�CjOG�HTGIU_VLQSE&�� •


9*�)�*KJ ) S�"P-:>U
H1

0
(Ω)@;XI�LCLNWESE,U0CLE�a\ADNWC0OSH�CLA_CjO�V6C ADV6ORQSH�HpE,MLA0GIH�f4H (4U_�<U_[WH�� djV6NTHYE,O�V6C ERU_VFE>� HYERMLA_G�H³f4H

H1(Ω)
HIO#djV6N§C6U0VLEbE,HYQSA�ORQS�YEBV4ORNW[WH�M<U_VLQB[WHYEBM6QSU_�L[P�Ya�HpE;A¤�0HYGJGIU_CFf4N�OSNPU0CLEbADV4� [WNWa�NPORHpETf4H@;NWQRNeG&K6[WHIOY�

Y�h[Z!s!o{nporq<s ��] \%]� `>bdcfe
C∞

c (Ω) �R� jlp~|�q'}-j m jlpQr b h�} eKcBb h�p m jn}	��q4p@p	j C∞ $ p-g |'| b k e } b t�|Nq�} em q4hNp Ω w � � jlpK|Nq�}-j m j `Qb � b ��j	i H1
0 (Ω) jlp e.m'� ' h c } b t t.j��R� q m � � kvj	h�}-j m j C∞

c (Ω)
m q4h�p

H1(Ω) w
�;C��0H�QSQSAbVLC¡M<H�V�M6[WVLE2[PU0NPC��{�_U0NPQ2[PHT®2U_QSU_[W[WA_NPQSH FL� µ6�W� ¯ �-djV6H

H1
0 (Ω)

HYE,O2H�C¡«rADNPO2[WH;ERU_VLE,�HpE,MFA_GIHTf4H
H1(Ω)

GIU_CFE>OSN�OSV6X#f4HYE�1^q<s!¢DnYo�qFs!t�ilk!o�t Wm6s'slk!�r|}sªn�tpkvy��r| �?qFycw
∂Ω

M6VLNWESdjV6HOSH�[6HpE>O�[WH�G�A0E-f4HYE-«{U_CLGIORNWU_CLE�f6H
C∞

c (Ω)
�0��C\�_XYC6X�Q&AD[^�

H1
0 (Ω)

HYE,O?t�nYycor¢Dnp|+3´|}sªn9~§�rk!t;~2|0npo{ndjV6H
H1(Ω)

G�ADQ
C∞

c (Ω)
HpE>O2V6C�E,U0VLE,�^HpE,MLA0GIH�tYn�ycor¢_n9f4H

C∞
c (Ω)

�{�0U_NWQ�[WH 0�K6X�U0QR�Ya�H FL� µ6���BHIO[eAsX�H�a\A_QSdjV6H�FL� µ6� ¯ �I�d��C6H�H��6GIH�M6ORNWU_C�NPa�M<U_QROSA_C0OSH�HYE,O�[PH�GYA_E§U�&
Ω = RN H_H�C�HlCªHIOp�0f6A_CLE-GIHGYA_E

Ω = RN = Ω
HIO9[WH 0�K6X�U0QR�Ya�H FF� µL� ��AdW�QSa�H#djV6H

C∞
c (RN )

HpE>O9f6H�CLERH#f6ADCFE
H1(RN )

�f6U_CLG?U_C#A
H1

0 (RN ) = H1(RN )
�D®2H�O,OSH?HI�6G�H�M4OSNPU0CgE,H�GIU0a�MLQRHYCLfTADNeE,XYa�H�CjO'M6VLNWESdjV6H?[^] HpE,MFA_GIHHYCjORNWH�Q

RN C�] A�MLA_E�f6HT�FU0QSfl�
�bycqF~?q<tYornYorq<s ��] \%]�� � g h c.m g |�k b m g cfe pl}-qd��q c kvj�z *�w��@� m j H1(Ω) o �v� jup~|Nq�}-j m j `>b � b ��j	i
H1

0 (Ω) jup e g h jup~|Nq�}-j m j � c ���-j	k e w
Y�h+3´q<s'tYn�ycm4nporq<s#]-°-ADQBf4XI�FC6N�OSNPU0C

H1
0 (Ω)

HYE,OBV6C�E,U0VLE,�^HpE,MLA0GIHb«{HYQRa�XJf6H
H1(Ω)

�rdjV6N§HYE,OVLC�HpE,MFA_GIHTf4H �9NP[W�FHYQ,O��<f4U_CLGbG_] HpE>O�ADVFERERNlV6C�HYERMLA_G�HTf4H ��NW[P�<H�QROY�
��9C�QSXYERV6[POSAcO�HYESE,HYCjORNWH�[ªMFU0V6Q�[PHpE�A_M6M6[WNWGYAcOSNPU0CLE2f6V¡M6QSU4G&KLADNWC¡G&KLA_M6N�OSQRH;HYE,O�[^] NPC6XY�0A_[PNPORXBE,V6NP��cA_C0OSH_�

�bycqF~?q<tYornYorq<s ��] \%]K^ � � �Is!h+AFmL�ro{nph�w'| �;qFo�s'¢0m4ych&" `>b4cfe
Ω g h b g i4j	k e�m j RN � b kuh �7m q4hNp

qdg�t b4c h�p"g h�j m4c kvj-} eKcBb h m jn�R� jlp~|�q'}@j w � �Qj - c p e j"g h>jn} b h�p e qdh e j C > 0
e jl�f��j � gNj o | b g k e b g e j

r b h�} eKcBb h v ∈ H1
0 (Ω) o

∫

Ω

|v(x)|2dx ≤ C
∫

Ω

|∇v(x)|2dx. � FL� �0�
Y�h+3´q<s'tYn�ycm4nporq<s#]�°§U_V6QJ[PHpET«{U0CLGOSNPU0CLE

v ∈ C∞
c (Ω)

U_C´A f4X6A,Z f4XYa�U0CjORQSX�[�] NWC6X��jAD[WN�OSX¡f4H°§U0NPCLGYADQSXg��FF� �j��f6A_CLE�[WH; vH�a�a�HBµL� µL� ¯ �D°-ADQ�V6C¡A_QR�0V6a�H�CjO2f4HBf4H�CLERNPORXB[PH;QRXpE,V6[POSADO?QSHYE,ORH9�}Q&ADNM<U_VLQ�ORU0V4ORHg«{U_CLGIORNWU_C
v ∈ H1

0 (Ω)
�ª��C HlCªHIOp�<G�U_a�a�H

C∞
c (Ω)

HpE>O;f6H�CLERHJf6A_CLE
H1

0 (Ω)
�{MLA_QESA�@9X��LC6NPORNWU_C FL� µ6� � �I�4NP[lH��4NWE,ORHTV6CLH#E,V6NPORH

vn ∈ C∞
c (Ω)

ORHY[P[WH#djV6H
lim

n→+∞
‖v − vn‖2H1(Ω) = lim

n→+∞

∫

Ω

(

|v − vn|2 + |∇(v − vn)|2
)

dx = 0.
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� �L�
��C�MLADQRORNeGIV6[WNWH�Qp�4U_C�H�C�f4XYf6V6N�O9djV6H

lim
n→+∞

∫

Ω

|vn|2 dx =

∫

Ω

|v|2 dx HIO lim
n→+∞

∫

Ω

|∇vn|2 dx =

∫

Ω

|∇v|2 dx.

°§A_Q�ADM6ML[PNeG�ADORNWU_C�f4V� �H�a�a�HTµ6� µ6� ¯ �4U0C�A
∫

Ω

|vn(x)|2dx ≤ C
∫

Ω

|∇vn(x)|2dx. � FL�W� E �
�;C¡MLA0ERERH;A_[PU0QSE2Zg[eAg[WNWa�NPORH

n→ +∞ fLADCLE�G&KLA0GIV6C¡f6HYE�f4H�V6�\ORH�QSa�HYE�f4HB[�] NWC6X��jAD[WN�OSX�� FL�W� E �MFU0V6Q?U0�4ORHYC6NPQ?[PH�QSXYERV6[POSADO�QRHpG&K6H�Q&G&K6X_�}®2H�O>`jM<H9fl] ADQS�_VLa�HYCjO'¨>MLA_Q?f4HYCLE,NPORXI©9E,HYQSABOSQR�pE�E,U0V6�_HYCjOQRHYM6QRNeE�MLADQ�[eA�E,VLN�OSH_�
�

.¡|+3´m4ycilk!| ��] \%]K^_^¥ �] NPC6XY�0A_[PNPORX�f4H;°§U_NWCLG�A_QRXT��FF� �j�§C�] HYE,O?MLA0E��}QSA_NPH�M<U_VLQ�[PHpE-«{U0CLGOSNPU0CLE?f4H
H1(Ω)

�D��C�HlCªHIOp�c[PHpE!«{U_CLGIORNWU_CLE-G�U_CLE,OSA_CjORHYE��rC6U_C�C}V6[P[WHYE&�!ADC6C}V6[WH�CjO-[WH2OSH�QSa�H�f6H�f6QRU0N�OSH�f6A_CLE��FL� �0�'a\ADNeE§MLA0E'[WH�ORHYQRa�H�f4H��0A_VLG&K6H0�¤ ?] K}`}M<UDORKL�YERH�ERU_VFE>��A,A_G�H�CjORH�HYESE,HYCjORNWH�[W[PH�f6A_CLE![�] NPCLX��0A_[PNPORXf4HJ°§U0NPCLGYADQSXgHpE>O#djV6H�[PHpE9«{U0CLGOSNPU0CLEbf4H
H1

0 (Ω)
EY] A_C6C}V6[WH�CjOBERV6Qb[PH��<U_Q&f

∂Ω
f4H�[�] U_VL�_H�QRO

Ω�{�_U0NPQ�[eA9X�H�a\A_QSdjV6H FL� µ6�W� � MFU0V6Q�f4HpE��cADQSNWA_C0OSHYE�f4H#G�HIO,OSHbKj`}M<UDOSK6�YERHp�I� •
�9C�G�U_QSU_[W[WA_NPQSH�NWa�MFU0Q,O&ADCjO!f4H�[^] NWC6XY�0AD[WNPORX2f6H2°§U_NWCLGYADQSX?HYE,O§[PH�QRXpE,VL[�O&AcO-E,V6NW�cADCjO-d0VLN0«{U0V6QSC6N�OV6C6HTC6U0QRa�HbXYdjV6NW�cAD[WH�CjORHbM6[WVLE�ERNPa�M6[WH#f6ADCFE

H1
0 (Ω)

�
� qFycqF���rm6oryc| �$] \�]B^&� `>b4cfe

Ω g h b g i4jlk e7m j RN � b kuh � m q4hNp6q4g t b4c hNp�g h�j m4c kvj-} eKcBb h m j
�R� jup~|Nq�}-j w %"� b k-pn��q�p	jlt c � h b kut.j

|v|H1
0 (Ω) =

(∫

Ω

|∇v(x)|2dx
)1/2

jup e g h>j h b kut9j pug k H1
0 (Ω)

� � g c i8qd��jlh e j $9� q9h b kut.jEg+pugNjl�f� j c h m g cfe j�|Nq4kE}-j	�f��j m j H1(Ω) w
Y�h+3´q<s'tYn�ycm4nporq<s#]�(}U_NPO

v ∈ H1
0 (Ω)

�L 'AJMLQRHYa�NW��QSHbNPCLX��0A_[PNPORX
|v|H1

0 (Ω) ≤ ‖v‖H1(Ω) =

(∫

Ω

(

|v|2 + |∇v|2
)

dx

)1/2

HYE,O�X��}NWf6H�CjORH0�6@g] ADV4OSQRHbMLA_Q,Op�6[^] NWC6X��jAD[WN�OSXTf4Hb°!U0NPCFG�ADQSXTf4V� �HYa�a�HTµ6� µ6� ¯ GIU_CFf4V6NPO9Z
‖v‖2H1(Ω) ≤ (C + 1)

∫

Ω

|∇v|2 dx = (C + 1)|v|2H1
0 (Ω),

GIHTdjV6N�M6QSU_V6�0HBdjV6H |v|H1
0 (Ω)

HYE,O�V6C6HTC6U0QRa�HbXYdjV6NW�cAD[WH�CjORHTZ ‖v‖H1(Ω)

�
�



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�[/ �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �


9*�)�*�) ��3�P-:>U�S Ul1 [S5?3NM 8�ORU�S�7�U �	3�U%Uv/
�9U_VLE!A¤�_U0CLEª�}VgdjV�] HYC#f4NWa�HYCLERNPU0C

N ≥ 2
[WHYEl«{U0CLGOSNPU0CLE!f4H

H1(Ω)
CLH2ERU_CjOvMLA0EvGIU0CjORNWCjVLHYE�r�_U0NPQb[WH�G�U_CjORQSHI� HI�4HYa�ML[PH�f4H�[�] �-�4H�Q&GINeGIH FF� µL� /0��v®2U_a�a�H�MFU0V6QBORU_V6ORH�«{U_CFGORNWU_C�a�HYERV6Q&AD�6[WH_�U0C\C6H�M<H�V4O�f4U_CLG�MLADQS[PHYQ?f4H�[eAb�cAD[WH�V6Q2MFU0CLGOSV6H�[W[WH9fl] V6C6H�«{U0CLGOSNPU0C

v ∈ H1(Ω)
d0VLH2¨>MLQRHpERdjV6HMFADQRORU_V6O>©�fLADCLE

Ω
�0��C\MLA_Q,OSNWG�V6[PNWH�Qp�DNW[LC�] HYE,O�MLA0E�GI[eADNWQ?f4H�ESA¤�_U0NPQ-ERNLU_C�M<H�V4O�f4XI�LCLNPQ2[WA�¨,�cAD[WH�V6QA_V��<U_Q&fj©�lU_V�¨�OSQSA0GIHI©�f4H

v
ERV6QT[PH��<U_Q&f

∂Ω
G�ADQ

∂Ω
HpE>O#V6C�H�CFE,HYag�6[WH\C6X��0[PNW�_HpAD�6[WH�U_V�f4Ha�HpE,V6QSH9C}V6[W[WH_� �6U_QRO2KLH�V6QSH�VLERH�a�HYC0O�MFU0V6Q�[PHpE?M6QSU_�L[P�Ya�HpE2A_V4��[PNWa�N�OSHYE�djV6H9C6U0VLE2XIORVFf4NPU0CLEY�jNW[`�A�ORU_V6Obf4HJa�¦�a�HJVLC a�Uc`_H�C³MFU0V6QBf6XI�LC6NWQB[WA�ORQ&A_GIH
v|∂Ω

fl] V6C6HJ«{U_CLGIORNWU_C³f4H
H1(Ω)

�v®2HQSXYERV6[POSADO�HpERERH�CjOSNPHY[��6A_M6MFHY[PXbOSK6X�U0QR�Ya�HBf4HbOSQSA0GIH0�4HYE,O�[PHTERV6NP�cA_C0Op�
� £'h}qFy8:+3´| �$] \�]B^ \ �,w'|�nYycm6¢_|&" `>bdcfe

Ω g h b g i8j	k e � b kuh � k �#� g � c j	k m j7}	��q8p-p	j C1 o b g � c j	h
Ω = RN

+ w2x�h m'� ' h cfe �v� q@|�|>� c }-q e~cBb h e kvq�}-j γ0

H1(Ω) ∩ C(Ω) → L2(∂Ω) ∩ C(∂Ω)
v → γ0(v) = v|∂Ω .

� FL�W�_�p�
] j eKe j�q@|�|>� c }-q e~cBb h γ0 p	js|>k b � b h � j7|�qdk)} b h e~c hNg cfe � j	h g h>j)q-|�|�� c }@q eKcBb h � c h � q c k@j�} b h e~c hNgNjm j H1(Ω)

m q4h�p L2(∂Ω) o h bde{� jsj	h�} b kvj γ0 w �2h7|Nq4k e~c }	g � c jlk o c ��j�- c p e j"g h�jn} b hNp e q4h e j C > 0e j	�f��j � gNj o | b g k e{b g e j#r b h�} e~cBb h v ∈ H1(Ω) o b h q
‖v‖L2(∂Ω) ≤ C‖v‖H1(Ω).

� FL�W� /_�
.�|+3´m4ycilk'| �$] \�]B^ � 
BQ-,_G�H�A_V 0�KLX�U_QS��a�H�f4H�ORQ&A_G�H FF� µL�P�pµ U_C¥M<H�V4O¡f4U0CLG�MLADQS[PHYQ\f4H�[WA�cA_[PHYV6QJfl] V6C6H¡«{U_CLGIORNWU_C´f4H

H1(Ω)
ERV6Qg[WH¡�<U_Q&f

∂Ω
�-®2H¡QSXYERV6[POSAcOJHYE,OgQRHYa\ADQ&d0VFAD�6[WH�G�A_QgNW[Cv] HpE>O�MLA0E��}QSA_N<M<U_VLQ�V6C6Hb«{U_CFGORNWU_C�f4H

L2(Ω)
�r�_U_NWQ�H�C�MLA_Q,OSNWG�V6[PNWH�Q�[^] �-�4H�Q&GINeGIH FL� µ6� Fj�I� •

Y�h+3´q<s'tYn�ycm4nporq<s#]�@9XYa�U0CjORQSU_CLE�[WH�QSXYERV6[POSAcO�M<U_V6Q�[WH�f4HYa�N�� HYERMLA_G�H
Ω = RN

+ = {x ∈
RN , xN > 0} �N(}U0N�O v ∈ C∞

c (RN
+ )
�L±'�_HpG;[eA�C6UDO&AcOSNPU0C

x = (x′, xN )
�6U0C�A

|v(x′, 0)|2 = −2

∫ +∞

0

v(x′, xN )
∂v

∂xN
(x′, xN ) dxN ,

H�OY�6HYC�V6ORNW[PNeERA_CjO�[�] NPCLX��0A_[PNPORX
2ab ≤ a2 + b2

�
|v(x′, 0)|2 ≤

∫ +∞

0

(

|v(x′, xN )|2 +

∣

∣

∣

∣

∂v

∂xN
(x′, xN )

∣

∣

∣

∣

2
)

dxN .

°-A_Q�NPCjORXY�_Q&AcOSNPU0C¡H�C
x′
�6U0C�HYC�f4XYf4VLN�O

∫

RN−1

|v(x′, 0)|2 dx′ ≤
∫

RN
+

(

|v(x)|2 +

∣

∣

∣

∣

∂v

∂xN
(x)

∣

∣

∣

∣

2
)

dx,

G_] HpE>OR� ZD� f6NPQSH ‖v‖L2(∂RN
+

) ≤ ‖v‖H1(RN
+

)

�l°-A_QBf4HYCLERN�OSX�f6H
C∞

c (RN
+ )

f6A_CLE
H1(RN

+ )
�ªU_C�U_�4�OSNPHYCjO9ADNWCLE,Nl[WHTQSXYERV6[�O&AcOp�
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� �0µ
°§U0V6Q�V6C U0V6�_HYQ,O��FU0QRCLX�QSX��0V6[PNWH�Q�f4H�GI[eA_ESE,H C1 ��U_C V4ORNW[WNWERH�V6C A_QR�0V6a�H�CjO�f6H�GYADQRORHYE[PU4G�A_[PHpE�f4V��FU0QSf�djV6N�M<H�QSa�HIO;f6H#E,HTQ&ADa�H�CLH�Q�ADV�G�A0E�f4H

Ω = RN
+

�L�9U_VLE�C6H#f4XIO&ADNW[P[WU_CFE�MLA_EGIHIO�ADQS�_V6a�H�CjO�f4H9GYADQRORHpE-[PU4GYAD[WHYE��rA0ERERH#J�OSHYG&K6CLNWdjV6H¤�-djV6NLHpE>O�[WH�a�¦�a�H9djV6H9G�H�[WV6N6V4OSNP[WNeE,X9fLADCLE[WA�f4XYa�U0CLE,ORQ&AcORNWU_C�f4Hb[eAJ°?QRU0MFUjE,NPORNWU_CIFL� FL�0/�GINP� f4HpERERU_VFE��
� vH 0�K6X�U0QR�Ya�H�f6H�ORQ&A_G�HIFF� µL�P�pµ³M<H�QSa�HIO¡f4H��0X�C6XYQSA_[PNeERH�Q\ADV4�x«{U_CLGIORNWU_CLE\f6H

H1(Ω)
[WA«{U_QSagV6[WH9f4H 
BQSH�HYC\M6QSXYGIXpf4H�a�a�H�CjO?X�OSA_�6[PNWH�M<U_V6Q�f4HYE�«{U_CLGIORNWU_CLE2f4H9G�[WA0ERERH

C1 A_V�®2U_QSU_[W[WA_NPQSHµ6�0/4� µ6�
� £'h}qFy4:[3 | �$] \�]B^ � �! vqFy43�k!�r|�w!|�5�yc|}|js "y`>b4cfe

Ω g h b g i4jlk e � b kuh � k �#� g � c jlk m j�}	��q8p-p	j
C1 w `_c u j e v p b h e�m jup�r b h�} eKcBb hNp m j H1(Ω) o j	�f��jlp7i � k c ' j	h e

∫

Ω

u(x)
∂v

∂xi
(x) dx = −

∫

Ω

v(x)
∂u

∂xi
(x) dx +

∫

∂Ω

u(x)v(x)ni(x) ds,
� FL�W�Yµ0�

b�)
n = (ni)1≤i≤N jlp e ��q�h b kut9q4� j7g h cfe{� j - e � k c j	g kvj $ ∂Ω w

Y�h+3´q<s'tYn�ycm4nporq<s#]�X�ADMLMFHY[PU0CLE�djV6H�[eAB«{U_QSagV6[WH#��FF�P�pµ0�§AbX�ORX�X�OSAD�L[PNWH�M<U_V6Q?f6HYE§«{U0CLGOSNPU0CLE?f4HGI[eA_ESE,H
C1 f6A_CLE�[WHJ®2U_QSU_[W[WA_NPQSH;µL� /6� µL� �;C�V4ORNW[PNeERHgZ�C6U_VL�_HYA_V¡V6C A_QR�0V6a�H�CjO�f4H#f4HYCLE,NPORX0�L°-ADQf4H�CLERNPORXJf6H

C∞
c (Ω)

f6A_CLE
H1(Ω)

�{�0U_NWQ9[WH 0�K6XYU_QS��a�H�FF� µL� �0��<NP[!HI�4NeE>OSHJf4HpE;ERV6NPORHYE
(un)n≥1HIO

(vn)n≥1
f6ADCFE

C∞
c (Ω)

djV6N-GIU0Cj�0H�QS�_HYC0O9fLADCLE
H1(Ω)

�0H�Q&E
u
HIO
v
�ªQSHYERMFHpGOSNP�0H�a�H�CjOY�<��C�_H�QRORV�f4V³®2U_QSU_[W[eADNWQRHBµ6�0/4� µgU0C�A

∫

Ω

un
∂vn

∂xi
dx = −

∫

Ω

vn
∂un

∂xi
dx+

∫

∂Ω

unvnni ds.
� FL�W�#Fj�

�;C M<H�V4O�MLA0ERERH�Q�Z�[WA�[WNPa�NPORH
n → +∞ fLADCLE�[WHYE\f4HYV4�´M6QSH�a�NPHYQSEJOSH�QSa�HpE�f4H���FL�W�#F}�gGYADQ

un
HIO ∂un

∂xi

�rQRHpE,M<HYGIORNW�_H�a�HYC0Op�
vn

H�O ∂vn

∂xi

�gGIU0Cj�0H�QS�_HYC0OT�0H�Q&E
u
HIO ∂u

∂xi

�rQRHpE,M<HYGIORNW�_H�a�HYC0Op�
vHIO ∂v

∂xi

�bf6ADCLE
L2(Ω)

�v°§U_V6QbMLA0ERERH�Q#Z�[eA�[PNWa�N�OSH�f6ADCLEb[eA�f4H�QSC6NW��QSH�NPCjORXY�_Q&AD[WH�f6H�� FL�W�#F}��lU_CV4ORNW[PNeERH�[WAgGIU_CjOSNPC}V6NPORX�f4H9[�] ADM6ML[PNeG�ADORNWU_C�ORQ&A_G�H
γ0
�0G_] HpE>OR� ZD� f4NWQSH�[^] NPC6XY�0A_[PNPORXg� FL�W� /0��_djV6NFMFHYQRa�HIOfl] AdW\QRa�H�QTdjV6H

γ0(un)
�{QSHYERMFHpGOSNP�0H�a�H�CjOY�

γ0(vn)
�BGIU0C}�_H�QS�_HJ�_HYQSE

γ0(u)
�rQRHpE,M<HYGIORNW�_HYa�HYCjOY�

γ0(v)
�Bf6ADCLE

L2(∂Ω)
� �;C U0�4ORNWH�CjObADNWCLE,N§[eA\«{U0QRaJV6[PH���FF�P�pµ0��M<U_V6QTf4HpE�«{U0CLGOSNPU0CLE

u
H�O
v
f4H

H1(Ω)
�

�®2U0a�a�H�GIU0CLE,XpdjV6H�CLG�Hgf4V 0�KLX�U_QS��a�H#f4HgORQ&A_G�H�FL� µ6�W�Yµ�U0C�U_�4OSNPHYC0OBV6C6H�G�ADQ&A_GIORXYQRNeERADORNWU_CORQS�YE�ERNPa�M6[WH#f4Hb[�] HYERMLA0GIH
H1

0 (Ω)
�

� qFycqF���rm6oryc| �$] \�]B^ 	 `>b4cfe
Ω g h b g i8j	k e � b kuh � k �#� g � c j	k m jy}l� q8p-p	j C1 w � � jup~|Nq�}-j H1

0 (Ω)
} b�� h�} cBm j qdi8j-})��j)p b g+p � jup~|Nq�}-j m j H1(Ω) } b hNp e~cfe g �)m jlp�r b h>} e~cBb hNp � g c p�� qdhNhNg � jlh e pug k.��j
� b k m ∂Ω w
Y�h+3´q<s'tYn�ycm4nporq<s#]ª®2U_a�a�H�ORU_V6ORH�«{U_CFGORNWU_C�f4H

H1
0 (Ω)

HpE>O�[WNPa�NPORH�fl] V6C6H�ERV6NPORH�f4H�«{U0CLGOSNPU0CLEADM6MLA_Q,OSH�CLA_CjO�Z
C∞

c (Ω)
djV6N'U_CjO��6NWH�C ER�6Q�V6C6H#ORQ&A_GIHTC}V6[W[WH_�L[eA\GIU0CjORNWCjVLN�OSXgf4H#[^] A_M6M6[WNWGYAcOSNPU0CORQ&A_GIH

γ0
NWa�M6[PNedjV6H;djV6H�[eAbOSQSA0GIH�f4H�[eAT[WNPa�NPORH�HpE>O�ADVLESE,NLCjVL[P[WH_� �;C\H�C�f4Xpf4V6NPO�djV6H

H1
0 (Ω)

HpE>OGIU_CjOSH�C}V�f6ADCFE�[WH9E,U0VLE,�^HpE,MLA0GIH�f4H
H1(Ω)

f4HYE�«{U_CLGIORNWU_CLE2djV6NFEY] A_C6C}V6[WH�CjO2ERV6Q?[WH��<U_Q&f
∂Ω

�j vAQRXpGINWM6QRU4djV6HbHYE,O�M6[WVLE�OSHYG&K6C6NedjV6HTHIO9f6XYGIU0V6[WH#fl] VLC�f6U_V6�6[WHTM6QSU4GIXYf6X#f4H#G�A_Q,OSHYE�[WU}GYAD[WHYET�r�_U_NWQSH[WAJM6QSH�V6�0HBf4Hb[eAg°?QRU0MFUjE,NPORNWU_C FL� FL�0/_�?M6V6NeE�f6HBQSX��0V6[eADQSNWESAcOSNPU0C\HIO�f4HBORQ&ADCLER[eAcORNWU_C��rERNPa�NW[WA_NPQSHBZ[WA�M6QSH�V6�0HTf4V 0�K6X�U0QR�Ya�H FL� FL�W�p�I�6��U0VLE�QRHYC}�_Uc`_U0CLE�Z6F GIH �%F µ0� HvM<U_VLQ�M6[PVFE�f4HTf4XIO&ADNW[WEY�
�
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.�|+3´m4ycilk'| �$] \�]B^ 	  vH;®2U_QSU_[W[WA_NPQSH5FF� µL�P� ¯ AdW\QRa�H�djV6H�[PH�C6Uc`jADV�f4H�[^] A_M6M6[WNWGYAcORNWU_CJORQ&A_G�H
γ0HpE>OTM6QSXYG�NWERX�a�HYC0O

H1
0 (Ω)

�%�9C6H\d0VLHYE,ORNWU_C³CFAcORVLQRHY[P[WH_�ªa\ADNeEb�FHpADVLG�U_V6M�M6[WVLETf4X�[WNeG�AcOSH_�ªHYE,O#f4HGYADQ&A_GIORX�QSNeE,HYQ?[^] NWa\AD�_Hbf4H
γ0
�F®2U_CjOSH�CjORU0CLE?CLU_VLE�f4Hbf4NWQRHTdjV6HbGIH�O,ORHbNWa\AD�_H

Im(γ0)
C�] HYE,O�MFA_E

L2(∂Ω)
�Fa\ADNeE�VLC�ERU_VLE,�^HpE,MFA_GIH#E,ORQSNeGOY�<f4H�CFE,H�f6ADCLE

L2(∂Ω)
�lGIU0CLE,ORNPORV6X�f4H#«{U0CLGOSNPU0CLE2¨,M6[WVLEQSX��0V6[WNP�YQRHpE�©�0H�O�C6UDOSX

H1/2(∂Ω)
�6°§U0V6Q�M6[WVLE�f4H#f4X�OSADNW[eE��4C6U0VLE�QSH�C}�_Uc`0U_CLE2Z�F µ E H^� •


BQ-,_G�H¡ADVx®2U0QRU0[P[eADNWQRH FL� µ6�W� ¯ CLU_VLETM<U_VL�_U_CFEgf4U0C6C6H�QgV6C6H¡A_V4ORQSH¡f4XYa�U0CLE,ORQ&AcORNWU_C�f4H¡[WA°?QRU0MFUjE,NPORNWU_C FL� µ6�W� E Z�M6QSU_M<U0E9f4HT[�] NWC6X��jAD[WN�OSXgf4H#°§U_NWCLGYADQSX_�F®2HIORORH#CLU_V6�0H�[W[PH#f4XYa�U_CLE,ORQ&AcOSNPU0CCv] HpE>O?ML[PVLE§¨RGIU_CFE>OSQRVLGIORNW�_HI©�a\ADNeE�HpE>O?�FA_ERX�H9ERV6Q�V6C�ADQS�_V6a�H�CjO?f4H;GIU_CjOSQSA0f4NWGIORNWU_C\djV6N<MFUjERER�Yf4H[WHTa�X�QSN�OSHTf4H#E,Hb�0X�C6XYQSA_[PNeE,HYQ�ORQS�YE�«rA_G�NP[WH�a�HYC0Op�6��C�HlCªHIOp�6NW[�HI�4NeE>OSHbf6HTC6U_aJ�6QRHYVLERHYE��cADQSNWA_C0OSHYEf6H�[^] NPC6XY�0A_[PNPORX\f4H�°§U_NWCLG�A_QRX0�<A0f6ADM6ORX�HpEbADV4��f6NDCªX�QSH�CjOSEba�U4f4�Y[PHpEBf�] Xpd0VFAcORNWU_CFETADV4�³f4XYQRNW�_XYHYEMFADQRORNWH�[W[PHpE��!±�V´�}V f4H¡[�] NPa�M<U_QROSA_CLGIH¡f6H�GIH�O,OSH¡NWC6X��jAD[WN�OSX�MFU0V6Qg[eA³ERV6NPORH0�vNW[2C�] HYE,O�f6U_CLG\MFA_ENWC}V4ORNW[WH#fl] HYC�f4U_C6CLH�Q�V6C6HTf4XYa�U_CLE,ORQ&AcOSNPU0C�A_NWERX�a�H�CjO�A_fLADM4O&AD�6[WHTZgOSU_VLE�[WHYE�GYA_E�f4Hb�F�_V6QSH_�
� kvnYyc|�w!h+3´qFs!tYn�ycm4nYo�qFs	w!|��rm �bycqL~2qFtpo{nporq<s ��] \%]K^ ��] �;C M6QSU}G��Yf4HgMLADQ9G�U_CjORQ&A_f6NWGIORNWU_C��
(l] NW[�C�] HI�4NeE>OSHBMFA_E�f4H#G�U_CLE,OSA_C0OSH

C > 0
OSH�[W[PH#djV6H0�4MFU0V6Q�ORU0V4ORHb«{U0CLGOSNPU0C

v ∈ H1
0 (Ω)

�
∫

Ω

|v(x)|2dx ≤ C
∫

Ω

|∇v(x)|2dx,

G�H�[eA��_H�V6O�f6NPQSH#djV�] NW[lHI�4NeE>OSHTV6C6HTERV6N�OSH
vn ∈ H1

0 (Ω)
ORHY[P[WH#djV6H

1 =

∫

Ω

|vn(x)|2dx > n

∫

Ω

|∇vn(x)|2dx. ��FF�P�¤�_�
�?C\MLADQRORNeGIV6[WNWH�Qp�6��FL�W�p�0�'NPa�M6[WNWdjV6H�djV6H�[eAbE,VLN�OSH

vn
HpE>O��<U_QSC6XYH�fLADCLE

H1
0 (Ω)

�D°-ADQ?A_M6M6[WNWGYAcORNWU_Cf6V 0�K6X�U0QR�Ya�H#f6H�X�HY[P[WNWG&K FF� µL� /6�_�4NW['H��4NWE,ORHTV6CLHJERU_VLE,� ERV6NPORH
vn′

d0VLN'GIU0C}�_H�QS�_HTf6A_CLE
L2(Ω)

�@;HbM6[WVLE���� FL�W�p�0��a�U_CjOSQRHBd0VLHB[eA�E,V6NPORH ∇vn′
GIU0C}�_H�QS�_H9�_H�Q&E	J�X�QSU�f6ADCLE

L2(Ω)
�rG�U_a�M<U0ESADCjORHMFADQTGIU0a�M<U0ESADCjOSHp��ª°-ADQ#G�U_CLERXYdjV6HYCjOY�

vn′
HYE,OTV6C6H\E,VLN�OSH�f6H�®�ADVLG&K}`�f6ADCFE

H1
0 (Ω)

�vdjV6N-HYE,OVLC�HpE,MFA_GIHTf4H �9NP[W�FHYQ,Op�Lf4U0CLGbH�[W[PHTG�U_C}�_HYQR�0H;f6A_CLE
H1

0 (Ω)
�_HYQSE�V6C6HT[WNWa�NPORH

v
�<®2U0a�a�HbU_C�A

∫

Ω

|∇v(x)|2dx = lim
n→+∞

∫

Ω

|∇vn(x)|2dx ≤ lim
n→+∞

1

n
= 0,

U0C¡HYC�f4Xpf4V6NPOY�4HYC��0H�QRORV¡f4V� �HYa�a�H FF� /6� �6�jdjV6H
v
HYE,O�V6C6HbGIU_CFE>O&ADCjORHbf6ADCFE�G&KFA_djV6HbGIU_a�M<UD�ESADCjOSHgGIU0C6C6HI�4H�f4H

Ω
� � ADNeEBGIU_a�a�H

v
HYE,O;C}V6[W[PH�E,VLQ;[WHg�<U_Q&f

∂Ω
�{H�C³�_H�QRORV�f4V�®2U_QSU_[W[eADNWQRH

FF� µL�P� ¯ �I�
v
HYE,O�NWf4HYCjORNed0VLH�a�H�CjO�C}V6[P[WH#f6A_CLE�ORU0V4O

Ω
�6°-ADQ�ADNW[P[WH�VLQSEY�

∫

Ω

|v(x)|2dx = lim
n→+∞

∫

Ω

|vn(x)|2dx = 1,

G�HTd0VLN�HYE,O�V6C6HTGIU0CjORQ&A_f4NeGOSNPU0C�A¤�0HYG;[PHB«rADNPO9djV6H
v = 0

�
�

.�|+3´m4ycilk'| �$] \�]B^ �  'A�f4X�a�U_CFE>OSQSADORNWU_C�MLADQ#G�U_CjORQ&A_f4NeGOSNPU0C�f6H\[WA�°�QSU_M<U0ERNPORNWU_C FL� µ6�W� E E,H�0X�C6XYQSA_[PNeERHg«rA0GINW[PHYa�HYCjOY�l°�QSH�C6U0CLEbMLA_QTHI�4H�a�M6[WH_�l[WH�G�A0EBf�] V6C�U0V6�_HYQ,O
Ω
���<U_QSC6X\GIU_CLC6HI�4H�HIOQSX��0V6[WNPHYQ�f4H?GI[eA_ESERH C1 �Yf4U0C0O�[WH��<U_Q&f ∂Ω

E,H2f4XYG�U_a�MFUjE,H§HYC#f4H�V4�bMLA_Q,OSNPHpElf4NWE A>U_NWCjORHpE�QSX��_VL[PNW��QSHYE
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� �j�

∂ΩN
HIO
∂ΩD

f4U0C0OB[PHpEBa�HpE,VLQRHpE;ERV6M<H�QR�FGINWH�[W[PHpE;ERU_CjOBC6U_C�CjVL[P[WHYE��{�0U_NWQ;[eA �!NW�_V6QSH FF�P�¤�� �;Cf4XI�LCLN�O�V6C�HpE,MLA0GIH
V
MLADQ
V = {v ∈ H1(Ω)

OSH�[vdjV6H
v = 0

E,V6Q
∂ΩD}.°§A_Q9ADMLM6[PNeG�ADORNWU_C f4V 0�KLX�U_QS��a�H#f4H#ORQ&A_GIH:FF� µL�P�pµ6�6NW[vHpE>O9«rA_GINW[WHgf4H#�0U_NWQ9djV6H

V
HpE>O9VLC E,U0VLE>�HYERMLA_G�H�«{H�QSa�X�f6H

H1(Ω)
��f4U_CLG�HYE,O�V6C HpE,MLA0GIH�f4H ��NW[P�<H�QRO\MFU0V6Q�[PH�M6QSU}f6V6N�O\ESG�AD[eADNWQSH�f4H

H1(Ω)
�}®2U0a�a�H�M<U_V6Q

H1
0 (Ω)

�_[^] ADQS�_V6a�H�CjO�f4H�G�U_CjORQ&A_f4NeGOSNPU0CJM<H�QSa�HIO?f4H;f4X�a�U_CjOSQRHYQ-[�] HI�4NeE>�ORH�CFGIH³fl] V6C6H�GIU_CFE>O&ADCjORH
C > 0

OSH�[W[PH�d0VLH�ORU0V4ORH�«{U0CLGOSNPU0C
v ∈ V

�_XYQRNP�LH�[^] NWC6X��jAD[WN�OSX f4H°!U0NPCFG�ADQSX���FL� �0�I� •°-A_QxADMLM6[PNeG�ADORNWU_C f4H [WA «{U_QSagV6[WH f4H 
BQSH�HYC f4V 0�K6XYU_QS��a�H FL� µ6�W�p�6�#C6U0VLE´M<U_V6�0U_CLEGIU_CFE>OSQRV6NWQSH�V6C6H¡«rADa�NP[W[WH�fl] HI�4HYa�ML[PHpEJf4H¡«{U_CLGIORNWU_CLE�ADMLMLADQRORHYCLADCjOJZ
H1(Ω)

��®2H�O,OSH¡«rA_a�NW[W[PHfl] H��4H�a�M6[WHYE#CLU_VLEJE,HYQSA�OSQR�pETV4ORNW[WH¡MLA_Q#[WA³E,V6NPORH¡MFU0V6QJG�U_CLE,ORQSV6NWQRH�f4HpEgERU_VLE,� HYERMLA_G�HYETf4H¡f6N��a�HYCLERNPU0C¡�LCLNPH#f4H
H1(Ω)

�
;?|+3 3´| ��] \%]K^ � `>bdcfe

Ω g h b g i8j	k e � b kuh � k �#� g � c j	k m jy}	��q8p-p	j C1 w `>b4cfe (ωi)1≤i≤I g h�j
|�qdk eKcfe~cBb h k �#� g � c + k@j m j Ω o }_� jlp e � $ � mdc kvj � gNj } � q � gNj ωi jup e g h b g i4jlk e k �#� g � c jlk m j }	��q8p-p	j
C1 o ωi ∩ ωj = ∅ p c i 6= j o j e Ω = ∪I

i=1ωi w `>bdcfe v g h>j�r b h�} eKcBb h m'b h e ��q kvjlp e k c } eKcBb h $
} � q � gNj ωi

o vi = v|ωi

o q-|�|Nq4k e~c jlh e $ H1(ωi) w `�c v jlp e } b h e~c hNgNjsp-g k Ω o q4� b k-p v q-|�|Nq4k e~c jlh e
$ H1(Ω) w
Y�h+3´q<s'tYn�ycm4nporq<s#]v®�A_[WG�V6[PU0CLE�[eAgf6X�QSNP�0X�H�«rA_NP�6[WHbf4H

v
H}MFU0V6Q

φ ∈ C∞
c (Ω)

�}MLA_Q�A_M6M6[WNWGYAcOSNPU0Cf4HT[WAJ«{U0QRaJV6[PHTf4H�
BQSH�HYC�fLADCLE�G&KLA0djV6H
ωi

U_C�A
∫

Ω

v(x)
∂φ

∂xj
(x) dx =

I
∑

i=1

∫

ωi

vi(x)
∂φ

∂xj
(x) dx

= −
I
∑

i=1

∫

ωi

∂vi

∂xj
(x)φ(x) dx +

I
∑

i=1

∫

∂ωi

vi(x)φ(x)ni
j (x) ds

= −
I
∑

i=1

∫

ωi

∂vi

∂xj
(x)φ(x) dx,

G�ADQ-[WHYE§NWCjORXY�_Q&AD[WHYE§f4H��<U_Q&fJEY] A_C6C}V6[WH�CjO�f4H�V4��Zbf4H�V4�l�D�?C�H	C<H�OY�jE,V6Q-[eABMLADQRORNWH
Γ = ∂ωi∩∂ωkf4V �FU0QSf GIU0a�agV6C6H A_V4�¥f6H�V4�¥U_V6�0H�QROSE

ωi
H�O
ωk

U_C	A
ni

j(x) = −nk
j (x)

HIO�f4U0CLGD�?MLADQGIU_CjOSNPC}V6NPORXTf4H
v
H�O
φ
�

∫

Γ

vi(x)φ(x)ni
j (x) ds +

∫

Γ

vk(x)φ(x)nk
j (x) ds = 0.

�;C�HYC�f6XYf4V6NPO9f4U0CLGbd0VLH
v
HYE,O�f4X�QSNP�cA_�6[PHTA_V�ERH�CFE�«rADNW�6[PHbH�O9d0VLH

∂v

∂xj

∣

∣

∣

∣

ωi

=
∂vi

∂xj
.

��C�MLADQRORNeGIV6[WNWH�Qp�6GIHYG�NlNPa�M6[WNed0VLH#d0VLH
v
ADM6MFADQRORNWH�CjO�Z

H1(Ω)
�

�
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� ¯ �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

∂ΩN

∂ΩD

Ω

� ����� FF�P�	��°§A_Q,OSN�OSNPU0C�H�C�f4H�V4��MLADQRORNWHYE�f6NWE A>U_NWCjORHYE�f6V��<U_Q&f�fl] VLC�U0V6�_HYQ,Op�
���������	��
��������������� � �G4 ��2� �$�-� 6O�-�9,
������ 65�-,%����  "�U �
,���������+�)� ��� ����.M�)�+� �9
������%��)�

Ω
��

����� �$�/�+�9%��9%����  W4 ����.M�)�+�9�X�9
���"�(%��)�9�
(ωi)1≤i≤I 0 � ��"�9�)���+��������� �����W������ D"0 ��0�E�� �9��2�9� .����(��;"�(�

�+%	�(�)� ���".M�)�+�9�
ωi

�+����� �+�)����������� �9
���"�(%��)�9���L���-� ���-�9,���-�"R	� 0�
 ����� �"�9%���%(�+���9����� ���-�+68��%�� ,�)�+�9�
��
�"
)������%��9�-�9%����W�$�+� > �@,�������P "���" "� �G������ D"0 ��0�E���0 •

x

y

y = x

Ω

r

������� FL�0/��\���}HYa�M6[PH#f�] V6C�U0V6�_HYQ,O�C6U0C�QSX��0V6[PNWH�Qp�
�;u�|jyc¢_or¢0| �$] \�] \ �'� ������9��:�!�!� ��	'�>% � � �#�:�#����9)� & �����(% �>%�*"� � 7 �� ��;��@% � & �:9)� �(% 2'�!��� / - / ��-
� � �#��� <'2 � � % 2 � � � 7 � �"� � �)% � Ω � � ����� < 2 �:% ;�����7 � �)% /��@� � � 7 � �"� � �)% � Ω ⊂ R2 9�;��3� � < 2)% 0 < x < 1
�#� 0 < y < xr 2 � ��� r > 2 + � � � % 7 2�� � �"��% ��� / 0�1#/�� � � � 7 2I���"�'�(� � ��� v(x) = xα / =�"���(% �>%
*�� � v ∈ H1(Ω) � � �!� �6�>��7 � & �>���,� � 2α + r > 1 � �62��'9 � �:*���� v ∈ L2(∂Ω) � � �!� �6�>��7 � & �>���
� � 2α > −1 / � ��� �>78��% ��/ + � �I<>�>���,2�� �6� � & �����(% �>%$2 � �����#� &��)& � � 	 � & <�7 �=*"� � 7 �� ��;��@% � & �
� / - / � 9�� 9��>� � � ��; �!� 7 2�� %���<>�)� � � � ����� / � / 0 9)� <)%���7 �"� �)� & �>��� � � �6����� < 2 � � % 2 � � <>�"��%���� ���)7
��� � �>%��#/ 1
�;u�|jyc¢_or¢0| �$] \�]�� �'��������9����!�#� ��	'�>% � � �#� �#�6��9�� & �"���(%��)% *�� � � 7�� � <>�>���	<'2 � �42 � � � % 9�� ���)� � �"�
9��:�(% 2'�!� <>����%�9)�������"�'�(� � ������9�� L2(Ω) � � � �#�6�"!$#%! 9 � % ��*�� � � 7 � � ��	 � ����� <'2 ��9)�=�!�"� ���62������ C > 0
���)787 �:*"� �&� <>����% ��������� ����� �!� � �"� v ∈ L2(Ω) � ��� 2

‖ v|∂Ω ‖L2(∂Ω) ≤ C‖v‖L2(Ω).
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� �+G

�"�"��%�� � & <�7 � � �)%$�#�"�	� ��� � � � � �!� & & �?�"� � �>%�� Ω 7 2��>�"��7 ����� � ��;�/�� �"� ���(% � � % � �����?�#� � ���?9��$����� �!� � �"� �
%�; �"��7 � �>% �#��9�2�� � Ω ;���2�7 �#��# � �!��% ∂Ω �#��9��"���?7 2:� �@% & ��9�2�� � L2(Ω) ���)� 9 � �>% � � ;>% � / � �"�'�'78��% ��/

�*�)�* 
 � / 3 �$Sj8"O�1 P!1 7�U :ª5#M �P-:l=>1�

�9U_VLE�G�U_CLESA_G�QRU0CLE�GIH�O,OSHbERU_VFE>��E,HpGOSNPU0C�Z#[^] X�ORVLf4Hbfl] V6C6HbM6QSU_M6QSNWXIORX;f4HBG�U_a�MLA0GINPORXbGIU_CLCjVLHE,U0VLE�[WH�C6U0a f4H?ORK6XYU_QS��a�H�f4H2X�H�[W[PNeG&K#djV6N�A>U_V6HYQSA�V6CgQCB0[PH-HpERERH�CjORNWH�[jf6ADCFE�[eA�ORK6XYU_QSNPH2E,M<HYGIORQ&AD[WHf4HYE�MLQRU0�6[P�Ya�HYE�ADV6�¡[PNWa�N�OSHYEJ�{�_U0NPQ�[WHJ®2KLA_M6N�OSQRHEG_��d0VLHTC6U_VLE�V4ORNW[PNeERH�QSU_CLE�M<U_V6Q9QRXpE,U0VLf4QSH;[WHYEM6QRU0�6[W��a�HYE�fl] X��_U0[PV6ORNWU_C HYC ORHYa�MLE���X�A_M6M<H�[WU_CLE¡ORU0V4O�f�] A_�FU0QSf d0VLH_��f6ADCLE�V6C HYERMLA_G�H�f4H
��NW[P�<H�QRO�f4H�f4NPa�HYCLE,NWU_C�NWC4�LCLNPH0�vNW[?C�] HYE,OJMLA0ET�}QSA_N?djV6H_�!f4H\OSU_V4OSH�ERV6N�OSH��<U_QSC6X�H0��U_C�M6VLNWESE,HHI�}ORQ&ADNWQRH�V6CLH�ERU_VLE,� ERV6NPORH�GIU0C}�_H�QS�_HYCjORH��rA_V GIU_CjOSQSA_NPQSH�f4H³GIH djV6NBE,H³MLA_ESE,H�HYC f4NWa�HYCLERNPU0CNPC4�FC6NPH0�6�_U0NPQ�[^] ���}HYQSG�NWG�H FL� µ6���_��
� £'h}qFy4:[3 | �$] \�]��%^��>w!| .¡|}�r��or¢¤£	"y`_c

Ω jlp e g h b g i4jlk e � b kuh � k �#� g � c j	k m j�}l� q8p-p	j C1 o q4� b k-pm j e b g e j�pug cfe j�� b kuh � j m j H1(Ω)
b h"|�j	g e j�- e kvq c kvj2g h�j�p b g+p � p-g cfe j�} b h_i8j	k � jlh e j m q4h�p L2(Ω)

z b h mdcfe � gNj �R� c h � j-} e~cBb h }-q4h b h c � gNj m j H1(Ω)
m qdh�p L2(Ω) jlp e } b t�|Nq�} e j!��w vH 0�K6XYU_QS��a�H:FL� µ6�0/4�TM<H�V6O;¦IOSQRH#«rADV4� ERNv[^] U0V6�_HYQ,O

Ω
C�] HYE,O;MFA_E��<U_QSC6X0�L°-ADQ;HI�4H�a�M6[WH_�<E,N

Ω = RN �![�] NWC'A>HYGIORNWU_C GYADC6U0C6NWdjV6H�f4H
H1(RN )

f6A_CLE
L2(RN )

C�] HYE,OJMLA0EgGIU0a�MLA_GIORH_�!°§U_V6QE�] H�C G�U_C}�cADNWCLGIQSHTNP[§ERV W�OBf4H�GIU_CFE,Nef4X�QSH�Q9[WA�ERV6NPORH
un(x) = u(x + ne)

U�&
e
HYE,O;V6C³�_HYGIORHYV6QC6U_C�C}V6[lHIO

u
V6C6HB«{U0CLGOSNPU0C�f4H

H1(RN )
�{U_C�ORQ&ADCFE,[eAcOSH

u
f6A_CLE�[eAJf4NWQSHYGOSNPU0C

e
�� D�[lHpE>O�G�[WA_NPQd0Vv] A_VLGIV6CLHbERU_VFE>��E,VLN�OSHbf6H

un
C6HTGIU_C}�0H�QS�_Hbf6ADCLE

L2(RN )
�

.¡|+3´m4ycilk!| ��] \%] � �<(}NF[^] U_C\QSH�a�M6[eA_GIH
H1(Ω)

MLADQ
H1

0 (Ω)
�}AD[WU_Q&E-C6U0C¡E,HYV6[WH�a�H�CjO?[WH�0�K6XYUD�QR�Ya�H FL� µ6�0/4�Bf4HsX�H�[W[PNeG&K�QRHpE>OSH;�}Q&ADN^�0a\ADNeE�H�C�M6[WVLE�NP[ªC�] HYE,O�MLA_E�C6XpGIHpERESADNWQRHBf4HbE,V6MLMFUjE,HYQ�djV6H[�] U_V6�0H�QRO

Ω
HYE,O�QSX��_VL[PNWH�Qp� • 'AJf6X�a�U_CLE,ORQ&AcOSNPU0C¡f4V10�K6X�U0QR�Ya�H,FL� µ6�0/4�;HYE,O�[WU_CL�_V6H;HIO�f4X�[WNeG�AcOSH��rH�[W[PHB«rA_N�O�ADM6M<H�[lERU_NPO�Z[WAbOSQSA_CLE,«{U_QSa�XYH�f4H �LU_V6QSNPHYQY�jE,U0N�O�ADV�ORKLX�U_QS��a�H�f4HBGIU0a�MFA_GINPORX�f�] ±;ERG�U_[WN � �0U_NWQY�_MLADQ2HI�4H�a�M6[WH_�F0G8H^��F µ0�8H¬�I�0��U0VLE�A_[P[WU_CLE§CLU_VLE-G�U_CjORHYC0OSH�Q?f6H�f4U_C6CLH�Q-V6C6H;f4X�a�U_CFE>OSQSADORNWU_C�M6[PVFE�E,NWa�M6[WH�HIO?M6[WVLE¨>MLA_QR[eADCjOSH©;HYC�f4NWa�H�CLERNWU_C

N = 1
�

Y�h+3´q<s'tYn�ycm4nporq<s#] �;C´ERH�M6[eA_G�H\H�C�V6C6H�f4NWa�HYCLERNPU0C´fl] HpE,MFA_GIH
N = 1

HIOp�'ESADCLEgMFHYQ,OSH¡f4H�_X�CLX�Q&AD[WN�OSX_�§U_C E,VLM6MFUjE,H�djV6H
Ω = (0, 1)

�#(}U0N�O
(un)n≥1

V6C6H ERV6N�OSH��FU0QRC6XYH�f4H
H1(0, 1)

�GD] HYE,O,��Zc��f4NPQSHbd0Vv] NW[�HI�4NeE>OSH
K > 0

ORH�['d0VLH
‖un‖H1(0,1) ≤ K ∀n ≥ 1.@g] ADM6QS�YE�[WHT �HYa�a�H:FF� µL� µL�jM<U_VLQ�ORU0V4O

x, y ∈ [0, 1]
U_C�A

|un(x)| ≤ CK HIO |un(x)− un(y)| ≤ CK
√

|x− y|. � FL�W� ¯ �
� �;C A\ADMLM6[PNedjV6X#[^] NWC6XY�0AD[WNPORX#f4H�®�A_VLG&K}`j� (4G&K ��ADQKJ;Z�� FL� � �����(}U0N�O;V6C6HgERV6NPORH¡��f4X�C6U0ag�6Q&AD�L[PH¤�
(xp)p≥1

f4H�MFU0NPCjOSEbf4H
[0, 1]

djV6N-HpE>O#f4HYCLERH�f6A_CLEbGIH�ObNWCjORHYQR�cAD[W[WH��{MFADQbHI�4H�a�M6[WH_�l[WHYEBM<U_NWCjOSEf4H
Q ∩ [0, 1]

��<°!U0V6Q
p
�6�4X0�F[eA�ERV6NPORH

un(xp)
HYE,O;�<U_QSC6XYHJf6A_CLE

R
Z�G�A_VLERHJf4HJ[WA�M6QSH�a�NP�YQRHNPC6XY�0A_[PNPORXbf4H\��FF�P� ¯ �� �;C�MFHYV4O9f4U_CFG9HYC�H��jOSQSA_NPQSH9VLC6HTE,U0VLE>��ERV6N�OSHBdjV6N�G�U_C}�_HYQR�0H9f6A_CLE

R
� �;C
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� � �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

A_M6M6[WNWdjV6H�fl] A_�FU0QSf�G�H�M6QSU}G�XYf4X�Z�[WA ERV6NPORH
un(x1)

HIOgU0C�U_�4OSNPHYCjOgV6C6H¡ERU_VFE>��E,VLN�OSH
un1(x1)djV6NlG�U_C}�_HYQR�0H;f6A_CLE

R
�j°?V6NWE�U0C¡H��jOSQSA_N�O�f4HTGIH�O,OSHbERU_VFE>��E,VLN�OSH_�jNPCLf6NWG�X�HbMLADQ

n1
�4VLC6HbC6U_V6�0H�[W[PHERU_VFE>��E,VLN�OSH_�pNPCLf6NWG�X�H?MFADQ

n2
�pORHY[P[WH�djV6H

un2(x2)
GIU0C}�_H�QS�_H�fLADCLE

R
�{a\ADNeEY�p�LNPHYCJER�6QY�pU_CJA;A_VLERERN

un2(x1)
djV6N!GIU_C}�0H�QS�_Hp�I�6��C H��}ORQ&A¤`0ADCjO�ERVLG�G�HYESE,NW�_HYa�HYCjO�V6C6HJERU_VFE>��E,VLN�OSH#f4H#[eA\M6QSXYGIXpf4H�CjOSH_�MFADQ�QRXpGIV6QSQRHYCLGIH0�'U0CxG�U_CLE,ORQSV6NPO�ADNWCLERN�V6C6H�E,U0VLE>��ERV6N�OSH_�!NPCFf4NWG�X�H�MLA_Q

np
�!ORH�[W[WH�djV6H

unp(xp)G�U_C}�_HYQR�0H_�Fa�A_NWEBADVFERERN
unp(xk)

MFU0V6Q
1 ≤ k ≤ p

� � �}NWf6H�a�a�H�CjOY�l[WHYEbERU_VLE,� ERV6NPORHpE
unp

ERU_CjOf6H#M6[WVLE�HYC�M6[PVFE?¨>a\A_NP�0QRHpE�©TZ�a�HpE,VLQRH#djV6H
p
HYE,O9�_Q&ADCLf��4°!U0V6Q�XY�jNPORHYQ;djV�] NP['C�] H�C�QSHYE,ORHTM6[WVLEQSNWH�C¡¨RZ�[WA\[WNWa�NPORHI©&�<U_C�V6ORNW[PNeE,HJV6C ADQS�_VLa�HYCjO;fl] HI�}ORQ&A_GIORNWU_C�f4HgERV6NPORHJf6NWA_�_U_CFAD[WH_�L±9V4ORQSH�a�H�CjOf6N�Op�0U0C\HI�}ORQ&ADNPO?V6C6HBf4H�QSC6NW��QSH�E,U0VLE,� ERV6NPORHg��f4N�OSH;f4NeAD�0U_CLA_[PH¤�§f4H;G�HIO?HYCLERH�ag�L[PHBf4H9ERU_VLE,� ERV6NPORHpE��G_] HpE>OR� ZD� f6NPQSH�djV�] U_C G&K6U0NWERN�O�[WH�M6QSH�a�NPHYQ\X�[WX�a�H�CjO¡f4H�[eA�M6QSH�a�NP�YQRH�ERU_VLE,��E,V6NPORH

un1

��MLV6NWE�[PHf6H�V4�4NW��a�HTX�[WX�a�H�CjO�f4HT[eA\f4H�V6�}NW��a�H
un2

�4H�O9ADNWCLE,N'f4H#E,VLN�OSHB[WH
p
� ��a�HbX�[WX�a�HYC0O9f6HT[WA

p
� ��a�H

unp

�' 'A³ERV6NPORH�A_NPCFE,N2U_�4OSH�C}V6H�HpE>O�C6UDOSX�H
um

H�OJU0C��_U_NPO�djV6H0�vM<U_V6QJORU0V4O
p ≥ 1

�v[eA³ERV6NPORH
um(xp)

G�U_C}�_HYQR�0H;f6A_CLE
R
�

(}U0N�O;a�A_NPCjOSH�CLA_C0O
x ∈ [0, 1]

H�O
ε > 0

�{V6C�M<HIOSN�O9MFADQ&ADa��IOSQRH¤��F®2U_a�a�HT[eA\E,V6NPORH
(xp)p≥1HpE>O#f4HYCLERH�f6A_CLE

[0, 1]
�ªNP[-H��4NWE,ORH�V6C�MFU0NPCjO

xp
ORH�[�djV6H |x − xp| ≤ ε

�ª°-ADQTADNW[P[WH�VLQSEY�lGIU_a�a�H
um(xp)

G�U_C}�_HYQR�0HJf6A_CLE
R
djVLA_CLf

m
ORH�CFf��0H�Q&Eb[�] NWC4�LC6N^��NW[�HI�4NeE>OSH

m0
OSH�[?djV6H0�lMFU0V6QTOSU_V4O

m,m′ ≥ m0
�4U_C�A |um(xp)− um′(xp)| ≤ ε �4°-ADQ�G�U_CLERXYdjV6HYC0Op�4U_C�U_�4OSNPHYCjO

|um(x) − um′(x)| ≤ |um(xp)− um(x)| + |um(xp)− um′(xp)|+ |um′(xp)− um′(x)|

≤ ε+ 2CK
√
εG�HJdjV6N'M6QRU0V6�_HJd0VLHg[eA�E,VLN�OSH

um(x)
HYE>OBf4H�®�A_VLG&K}`�f6A_CLE

R
�<HIObf4U_CFGgGIU0C}�_H�QS�_HbM<U_V6Q;ORU0V4O

x ∈ [0, 1]
�?°-ADQ�ADM6M6[WNeG�AcOSNPU0C f4V	OSK6X�U0QR�Ya�H�f4H�G�U_C}�_HYQR�0H�CLG�H�f6U_a�NPCLX�H�f6H� �HY�FHpE,�0V6H_�2U_CG�U_CLG�[PV6O�djV6HT[eA�E,VLN�OSH

um
G�U_C}�_HYQR�0H;f6A_CLE

L2(0, 1)
�

�

�;u�|jyc¢_or¢0| �$] \�] � �@� � � Ω = (0, 1) �!� un(x) = sin(2πnx) / =�"���(%��)%�*���� 7 2 �#� � ��� un �#�6�
��� � ���@% & ; & �>��� �>�@% ��;�� 9�2�� � L2(Ω) � & 2 � ��*"� � � 7)� � � 	 � �6����2��'�'��� �	�C�"� � ! �!� � ���	�!��� � �>% �)�)������/��"�"��%
�#�>7 2���� & �����(% �>% 2 �%�"%��'�!� # ��� � � ����;���% 2�� � ���,<'2>%3<'2>%�� � �&��*������)<>����%����"�����?����� �!� � �"� φ ∈ C∞

c (Ω) �
��� 2

lim
n→+∞

∫ 1

0

un(x)φ(x) dx = 0,

�#�?�"� �>�:9);�9"� � % 2 ��� � �#�"���(% 2'9 � �(� � ���,� � ��� �4�C�"� � ! �!� � ����9)� un �#�"� � �)% ���49�2���� L2(Ω) /� ;>� ;>% 2%!
7 � �C�>% �#���!�"���(% � � 	 � & <�7 � # H1(Ω) �>� �#�"� � � 9�;>% 2����4��� � <>% � &:� � � � �:9�� un /

9*�)�*�� ) S�"P-:>U�S

Hm(Ω)
�;C\M<H�V4O�ADNeE,XYa�HYCjO��_X�CLX�Q&AD[WNWERH�Q-[eAT@9X��LC6NPORNWU_C FF� µL�P��f4H�[^] HYERMLA_G�H�f4H"(}U0�FU0[PHY�

H1(Ω)
ADV6�«{U0CLGOSNPU0CLE�djV6NvERU_CjO

m ≥ 0
«{U0NWE�f6X�QSNP�cAD�L[PHpE�ADV�E,HYCLE�«rA_NP�6[WH_�ª®2U_a�a�H�C�G�U_CLE�MFADQ�f4U0C6C6H�Q9V6C6HG�U_C}�_HYCjORNWU_C³fl] XYG�QRNPORVLQRH��6NWH�C�V4ORNW[WH_��(}U0N�O

α = (α1, ..., αN )
V6C 3�k!�{npof=So�s'¢0orw!|<�<G_] HpE>OR� ZD� f4NWQSHVLC´�_HpGORHYV6QJZ

N
GIU0a�M<U0ESADCjOSHYE#HYCjORNW��QSHYE#M<U0ERNPORNW�_HYE

αi ≥ 0
� �;C�C6UDOSH |α| =

∑N
i=1 αi

H�OY�M<U_VLQ�V6C6Hb«{U_CFGORNWU_C
v
�

∂αv(x) =
∂|α|v

∂xα1
1 · · · ∂xαN

N

(x).
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���0 � �4�#���!���	���	��� �n� �#
��!����� �Q�����	� �#
 �2�#
�� �n���	� ���

± MFADQRORNWQ�f6HB[eA�@9X��LC6NPORNWU_C FL�0/4� µgf4Hb[eA�f4X�QSNP�0X�HBM6QSH�a�NP�YQRH;«rADNW�6[WH_�4U0C�f4X��LC6NPO�MLADQ�QSXYGIVLQRQSH�CLG�HE,V6Q
m
[eA�f4X�QSNW�_X�H2fl] U0QSf6QRH

m
«rADNW�6[PH,H�U_C#f6N�O§d0Vv] V6CLH-«{U_CLGIORNWU_C

v ∈ L2(Ω)
HpE>O

m
«{U0NWE�f6X�QSNP�cAD�L[PHADV ERH�CLE#«rADNW�6[WH�ERN?OSU_V4OSHYE�E,HpEgf4XYQRNW�_XYHYEgMLADQRORNWH�[W[PHpET«rA_NP�6[WHYE�fl] U_Q&f4QSH

m − 1
E,U0CjO�f4XYQRNW�cAD�6[WHYE«rADNW�6[PHYa�H�CjO#ADV�E,HYCLEbf4H\[WA�@;XI�LC6NPORNWU_C FF� /6� µL�>X�H�a\ADQ&djV6U_CLEBdjV6H_��fLADCLEb[eA�f6XI�LC6NPORNWU_C�fl] V6C6Hf4X�QSNP�0X�H�GIQSU_NeE,XYH_�§[^] U0QSf4QSH�f4H�f4X�QSNW�¤ADORNWU_C¥C�] HYE,O�MLA_E�NWa�M<U_QROSA_CjOY�?Z�G�A_VLERH�f4V¥OSK6X�U0QR�Ya�H�f4H

(4G&K ��A_QCJ ∂2v
∂xi∂xj

= ∂2v
∂xj∂xi

�}G�H;djV6N�A>VLE,ORNP�LHB[WAgC6UDO&AcORNWU_C
∂αv

U'&�[^] U0QSf4QSH;f6H;f4XYQRNW�cAcORNWU_C¡C�] HpE>OMLA_E�NWCLf4NedjV6X_�
Y�h[Z§s'ornYorq<s ��] \%] �N\ ��b g k g h�jlh eKc j	k m ≥ 0 o �R� jup~|Nq�}-j m j `>b � b ��j	i Hm(Ω) jlp e�m�� ' h c |�qdk

Hm(Ω) =
{

v ∈ L2(Ω)
e j	� � gNj o ∀α q4i4j-} |α| ≤ m, ∂αv ∈ L2(Ω)

}

,
� FL�W�8G_�

b�) ��q m�� k c i � j�|�qdk eKc j	�f��j ∂αv jup e $n|>kvjlh m kvj q4g p	j	h�p�rlq c �	��j w�9U_VLE�[WA_NWESE,U0CLE�ADV�[PHpGOSH�V6Q�[WH#E,U0NPC�f4HT�0X�QSN��LHYQ�[PHTQSXYERV6[POSAcO�«rA0GINW[PHTERV6NP�cA_C0Op�
�by¤qF~?q<tYornYo�qFs ��] \%] � � � g h c#m g |>k b m g cfe pl}-qd��q c kvj

〈u, v〉 =
∫

Ω

∑

|α|≤m

∂αu(x)∂αv(x) dx
� FL�W� � �

j e�m j ��qyh b kut9j ‖u‖Hm(Ω) =
√

〈u, u〉 o �R� jlpK|Nq�}-j m j `>b � b ��jli Hm(Ω) jlp e g h<jup~|Nq�}-j m j
� c ���-j	k e w vHYE?«{U_CLGIORNWU_CLE�f4H

Hm(Ω)
C6HBE,U0CjO2MLA0E-ORU0V'A>U_VLQSE�GIU0C0OSNPC}V6HpE�U0V�QRXY�_V6[WNW��QSHYE���GIH�[eAgf6X�M<H�CLff4H

m
H�O�f4H9[WA#f6NPa�H�CFE,NWU_C

N
�I�_a\ADNeE?ERN

m
HYE,O2ERV W�ERA_a�a�HYC0O2�_Q&ADCLf�AD[WU_Q&E!ORU0V4ORH9«{U_CLGIORNWU_C�f4H

Hm(Ω)
HYE,O;GIU0CjORNWCjVLH_�NX�A_M6M<H�[WU_CLE;d0Vv] HYC��0H�QRORV f4V  vH�a�a�H�FL� µ6� µ6�4HYC f4NWa�HYCLERNPU0C fl] HpE,MFA_GIH

N = 1
��[PHpEB«{U_CLGIORNWU_CLEgf4H

H1(Ω)
ERU_CjO#GIU_CjOSNPC}V6HpE����9U_VLE#A0f4a�HIORORQSU_CLEb[WH\QRXpE,VL[�O&AcO#E,VLNP�cADCjOd0VLNv�_XYC6X�Q&AD[WNeE,HB[PHJ �H�a�a�H�FF� µL� µ�ADV6��f4NWa�H�CLERNPU0CLE�ERV6M<X�QSNPHYV6QRHpE#�{�0U_NWQ�[WH# �H�a�a�H�FF� FF� ��M<U_V6Q[WA�f4XYa�U0CLE,ORQ&AcORNWU_Cv�4M6[PVFE�E,NWa�M6[PH0�Lfl] V6C�QRXpE,VL[�O&AcO�E,NWa�NP[eADNWQSHp��

� £'h}qFy4:[3 | �$] \�]�� � `�c
Ω jup e g h b g i4j	k e � b kuh � k � � g � c j	k m j }	��q8p-p	j C1 o j e p c m > N/2 o

q4� b k-p Hm(Ω) jlp e g h p b g+p � jlpK|Nq�}-j m jE�R� j	h�p	jlt9�	��j C(Ω)
m jup�r b h�} eKcBb h�pE} b h e~c hNgNjlpnp-g k Ω w

.¡|+3´m4ycilk!| ��] \%] ��	 °§A_Q9ADMLM6[PNeG�ADORNWU_C�QSX�NPORX�QSX�H#f6V 0�K6X�U0QR�Ya�H FF� µL� /0��Z�V6C6HT«{U0CLGOSNPU0C�HIO;ZE,HpE�f4X�QSNW�_X�HpE��_U_C�MFHYV4O2HYC�«rADNPO2ADa�XY[PNWU_QSH�Q�ESATGIU0CLGI[WVLERNPU0C��'(ª] NP[FHI�4NeE>OSH�V6C\H�CjOSNPHYQ
k ≥ 0

ORHY[FdjV6H
m −N/2 > k

�ªA_[PU0QSE
Hm(Ω)

HYE,O;V6C�E,U0VLE,�^HpE,MLA0GIHgf6HJ[^] HYCLERH�ag�L[PH
Ck(Ω)

f4HYE;«{U0CLGOSNPU0CLE
k«{U_NeE�f4NDCªX�QSH�CjOSNWA_�6[PHpE�E,VLQ

Ω
� • 'A�¨,a�U_Q&AD[WH©³f4V 0�K6X�U0QR�Ya�H FL� µ6�0/_��HpE>O�djV6H�M6[PVFE

m
HpE>O��_Q&ADCLf��2M6[WVLE�[WHYE¡«{U_CLGIORNWU_CLEf4H

Hm(Ω)
ERU_CjOTQRXY�_V6[WNP�YQRHpE���G_] HpE>OR� ZD� f6NPQSH�f6X�QSNP�cAD�L[PHpE#ADV�E,HYCLETVLERV6HY[9�{NW[2ERV W�Ogfl] ADM6M6[WNed0VLH�QE,VLGYGIHpERERNP�0H�a�H�CjO�[PH 0�K6X�U0QR�Ya�H4FL� µ6�0/_�TZJV6C6H;«{U_CFGORNWU_C

v ∈ Hm(Ω)
H�O�ZJE,HpE�f4X�QSNP�0X�HpE

∂αv ∈
Hm−|α|(Ω)

��®2U0a�a�H�M<U_VLQ
H1(Ω)

�D[WHYE§«{U0CLGOSNPU0CLE§QSX��_VL[PNW��QSHYE-ERU_CjO�f4H�CFE,HpE-f6ADCLE
Hm(Ω)

�rERNLf4V�a�U_NWCLE[�] U_V6�0H�QRO
Ω
HYE,OTQRXY�_V6[WNPHYQ � �_U0NPQb[eA�@;XI�FC6N�OSNPU0C�µL� /6� �0��l vA�f4XYa�U_CLE,ORQ&AcOSNPU0C�f4V 0�K6X�U0QR�Ya�H�f4Hf4H�CLERNPORX�FF� µL� �BERH��_X�CLX�Q&AD[WNWERH�ORQS�YE§«rA0GINW[PHYa�HYCjO2Z

Hm(Ω)
�j��U_VFE-C6H�[eAbQRXYMFX�ORHYQRU0CLE-MLA0E-HIO�C6U0VLEX�C6U0C�GIU0CLE�E,HYV6[PHYa�H�CjO�[PHTQSXYERV6[POSADO�f6Hbf6H�CLERN�OSX#E,VLNP�cADCjOp�
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� E)E �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

� £'h}qFy8:+3´| �$] \�]���	 `�c
Ω jlp e g h b g i8j	k e � b kuh � k �#� g � c j	k m j�}	��q8p-p	j Cm o b g � c j	h�p c Ω = RN

+
o

qd� b k-p C∞
c (Ω) jlp e�m j	h�p	j m qdh�p Hm(Ω) w

�;C�M<H�V6O�A_VLERERNLU0�4ORHYC6NWQ�f4HpE?QSXYERV6[POSADOSE?f6H�ORQ&A_G�H�HIO�f4HYE?«{U_QSagVL[PHpE?f4H 
BQRHYH�C¡fl] U_Q&f4QSH�M6[WVLEXY[PHY�_XpE�MFU0V6Q�[�] HYERMLA0GIH
Hm(Ω)

�F°§A_Q�E,U0VLGIN�f6H#E,NWa�M6[PNeGINPORX0�6C6U0VLE�C6U0VLE�GIU0C0OSH�CjORU0CLE�f4HbOSQSA_N�OSH�Q[WH#G�A0E
m = 2

�rdjV6NvHYE,O�[PHTERH�V6[vdjV6HbC6U0VLE�V4OSNP[WNWERH�QSU_CFE�MLADQ�[eA�E,V6NPORH¤��
� £'h}qFy8:+3´| �$] \�]�� � `Qb4cfe

Ω g h b g i4j	k e � b kuh � k �#� g � c j	k m j6}l��q4p-plj C1 w"x�h m'� ' h cfe �v� q@|�|>� c �
}-q eKcBb h e kvq�}-j γ1

H2(Ω) ∩ C1(Ω) → L2(∂Ω) ∩ C(∂Ω)

v → γ1(v) =
∂v

∂n

∣

∣

∣

∣

∂Ω

,

� FL�W� �0�
qdi8j-} ∂v

∂n = ∇u · n w ] j e~e j�q-|�|�� c }@q eKcBb h γ1 p	j�|�k b � b h � j�|Nq4k�} b h e~c hNg cfe � j	h�g h>jEq@|'|�� c }-q eKcBb h
� c h � q c kvjn} b h eKc h_gNj m j H2(Ω)

m q4h�p L2(∂Ω) w ��hs|�qdk eKc }	g � c j	k o c �_j�- c p e j�g h>j�} b hNp e qdh e j C > 0e j	�f��j � gNj o | b g k e{b g e j#r b h�} e~cBb h v ∈ H2(Ω) o b h q
∥

∥

∥

∥

∂v

∂n

∥

∥

∥

∥

L2(∂Ω)

≤ C‖v‖H2(Ω).
� FL�0/ E �

Y�h+3´q<s'tYn�ycm4nporq<s#]# ?] H��}NeE,ORH�CFGIH�f6H [�] ADMLM6[PNeG�ADORNWU_C OSQSA0GIH
γ1

�rHIO�ERHYE¡M6QSU_M6QSNPX�ORXpES��HpE>O�V6C6HERNWa�ML[PH�GIU0CLE,XpdjV6H�CLG�H�f4V M6QSXYG�XYf4HYC0O10�K6X�U0QR�Ya�H�f4H�ORQ&A_G�H FF� µL�P�pµ�MFU0V6Q�[PHpE�«{U_CLGIORNWU_CLE�f4H
H1(Ω)

�<�?C³HlCªHIOp�lE,N
v ∈ H2(Ω)

�lAD[WU_Q&E ∇v ∈ H1(Ω)N HIObU_C M<H�V4OTf4U0CLGgf4X��LC6NWQb[WA�ORQ&A_GIHf6H ∇v E,V6Q ∂Ω
G�U_a�a�HTV6C6HB«{U_CFGORNWU_C�f4H

L2(∂Ω)N �F®2U_a�a�HT[WA�C6U0QRa\AD[WHbHYE,O�V6C6Hb«{U_CFGORNWU_CG�U_CjORNWC}V6Hb�FU0QRCLX�HTE,VLQ
∂Ω

�4U0C�HYC�f6XYf4V6NPO��6NWH�C�djV6H ∂v
∂n ∈ L2(∂Ω)

�
�

���������	��
����������������%
Ω

��2� �"� ���".M�)�+��;��-�9��
 �9
������%��)�  "� ,)� �-�+�+� C2 ����� ������ ����
)�(%��-�9�)� �(�
�"�9
,
 "������:J�
)��� > ���	 ��*�+����,� D�0 ��0�E��P0�� � �9�� �
)#$�"%&�@� 4 �-������%�,��/�9%(��� �+����,�

γ0

H2(Ω) ∩ C(Ω) → H1(∂Ω) ∩ C(∂Ω)
v → γ0(v) = v|∂Ω ,

C5D"0 TPE�F
QP�"%G�+�!���9�������"���!�$�/�',�����9%(�P�"%��9
	�)� ���"�!�����"��%(,�-�9%�������%���
��-%��9�S,���P�9%��P���! ��

H2(Ω)
 ����"�

H1(∂Ω) 0� �"�+�9�)������* �%����W�(� �+���-,�
γ0(v)

�� "���)�* "��! �
)�9%�.M
��*���-��������9%(�)�(���� 0 ��% Ω = RN
+

�W,�X�9
�+���&���-�S��2�
���+�+�  @65�-,%��(� K ,����,�.���%&���)� K  �
�������+�9�)� 0�� �-�������3,����I��
�"
)�����5�M%���65�����7�9��.M��%&�: �
)#$�"%����"�B��+�$�-,�< "�����;������.	�+�"� �"����.��/�9%�
)�9
 C %�,% ∂Ω F ,)�:Q���%P �
�$�-�+�+�I�+� > �1�(�/�9��������� ���I,��� P�9�: "�I,�7,)���"�9� 0 
 
����"����%����,�,%P�G4 ��2� ����� �9�-��� %����9
)� �)� ���"%��9QP�"�7,�)� �<���)�9���)�  �4 
)�9�$ �%(���  "�� ���P > ����  W4 
�Q����-�9%����"� ����R  �
)�9%�.M
���$�-�+�9%�������� �L.P%�.��-�P�"� K �(��6O��%(�! "���"�'���U ���� ��%��"�S���	�+�"�'�+����;����� C �$�/�*�)R�����"�(���� "�)�*���P > ����' "� "%������+%�����.M��������%(Q����	�)�'�+�"�+65�-,%(Q�����������;�%������� ���P > ���X �4 
�(���2�9%�,%&�9
B.M���(�"��%(QP�"�	,���"����
X�/.��,!������P > ���	 ��	,�PQ����*�+���+65��,)% Q��"� F�0 • vH�0�K6X�U0QR�Ya�H\f4H�OSQSA0GIH FL� µ6�0/ � MFHYQRa�H�Ogf4H\�_XYC6X�Q&AD[WNWERH�QbADV6� «{U_CLGIORNWU_CLEgf4H

H2(Ω)
V6C6H«{U0QRaJV6[WH9f4H 
BQSH�HYC\M6QRXpGIXpf4H�a�a�H�CjO?X�OSAD�L[PNWH�M<U_V6Q�f4HYE�«{U_CLGIORNWU_CLE2f4H9GI[eA_ESERH

C2 ADV�®2U0QRU0[P[eADNWQSHµL� /6� FF�
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��� ����� �$�#��� �$�	� ����� �#� �#� �#� �$� �2���!�%� � � E �
� £'h}qFy4:[3 | �$] \�] \ � `Qb4cfe

Ω g h b g i8j	k e � b kuh � k � � g � c j	k m j }l��q4p-plj C2 w `_c u ∈ H2(Ω) j e
v ∈ H1(Ω) o b h q

∫

Ω

∆u(x)v(x) dx = −
∫

Ω

∇u(x) · ∇v(x) dx +

∫

∂Ω

∂u

∂n
(x)v(x) ds.

��FF� /'/_�
Y�h+3´q<s'tYn�ycm4nporq<s#]#®2U_a�a�H���FF� /'/_�JHYE,O��}QSA_NPH�MFU0V6Q¡f4HpE�«{U_CLGIORNWU_CLE¡f4H�GI[eA_ESE,H

C2 HIO¡djV6H[PHpE�«{U_CLGIORNWU_CLE�QRXY�_V6[WNP�YQRHpE�E,U0CjO9f4H�CLERHYE9f6ADCLE
H2(Ω)

HIO
H1(Ω)

�LU_C�V4OSNP[WNeE,H#VLC ADQS�_V6a�H�CjO�f4Hf4H�CLERNPORX_�4�9U_VLE2QRHYC}�_Uc`_U0CLE-Z#[eAgf6X�a�U_CLE,ORQ&AcOSNPU0C�f4V 0�K6XYU_QS��a�H,FF� µL�P�¤�BMFU0V6Q�M6[PVFE�f6H;f4X�OSADNW[eE�� �H;ERH�VL[<A_QR�0V6a�H�CjO?C6U0V6�_HpADV�NWG�NªHYE,O�djV�] NP[F«rADV4O�V4ORNW[WNWERH�Q�[WAgGIU_CjOSNPC}V6NPORXBf4H9[^] A_M6M6[WNWGYAcOSNPU0C\ORQ&A_G�H
γ1
�LGD] HYE,O,��Zc��f4NWQRHB[�] NWC6X��jAD[WN�OSX�� FL�0/ E ��

�

� � � � ���"�� ���( 
 �� ��"I�  ��J%'( �¡%'$I" �(
®2H�O,OSH#E,HpGORNWU_C�M<H�V4O�¦�ORQSHbU_a�NWERHbH�C�M6QSH�a�NW��QSHB[WHYGIORV6QSH_�


�* 
�*,+ Z ��M 5?/"S01}3NP'16=,5?/ 7;8 ��� ��5�3	�$M U 
�*�)�*�� 7�U 7�Uv/"S}=�1 �

 ���"�@,���������
���"�:�$�/�<�(�	,��� Ω = RN QP�"%���2�<�(�	�"�����3�+%�������� 0

������ ���������� �������� �������! "�
C∞

c (RN ) # ���%$'&)(* ,+�-�&.(�� # �/ '01�.�2�'� C∞ 3 �24��!��&.5"+6 "&)78���! ,+ # �.(��
RN ���"+ # ��(9�,� # �.(9� H1(RN ) :

1
n

1
n

nN

ρn 1

n 2n−2n −n

ζn

������� FL� µ����LU_CLGIORNWU_CLE
ρn

f4HTQRXY�_V6[eADQSNeERADORNWU_C³��ZJ�jADVLG&KLHp��4H�O
ζn

f4HbORQSU_CLGYAcOSV6QRH��rZ�f4QSU_NPORH¤��
; � � �	<>='? �&� ?A@B�	< � �N�  �
�����"�2�+���-�9%���� �4 � ���,)�9�"�U���-� �9
�����(�-�9%��9�-�9%���� ��� �+�9����,��/�9�"�9� 0 ����%�� ρ ∈
C∞

c (B) C ��.M�), B
� �Y;�������� �"��%&�9
 F �9�)�(��� Q��"�

ρ ≥ 0
�)� ∫

B
ρ(x) dx = 1 0 � �  "
)#���%&���"��� �+�"%��9�

�?�9
�����(�-�9%��9�-�P�9� �
ρn(x) = nNρ(nx)

 ������S�(� �+���"�����+�S��2�X,�����9��P�  "���"�X�(� ;����"���  ��B���ACM���
1/n

C .���%&�<� �ED1%(���"�9� D�0 ��F�0 � � �9
���"� �/�9%��+�S���-�<,����.������"�9%���� ����� 6O���",)�9%����
v ∈ H1(RN )

�)�  "
�#$��%��+�9�-�P�

vn(x) = v ? ρn(x) =

∫

RN

ρn(x− y)v(y)dy,

Q��"%���2�  "�',)� �-�+�+�
C∞ �)�3�9������	Q���� ∇vn = (∇v) ? ρn 0 � � .M
��9%�#�� 6O��,%����������<Q����

vn C �9��+���,)�9%�.M� =���)�P� ∇vn F ,)���P.M�)�9���3.M�)�9� v C �9�)�+���,)�9%�.M������� ∇v F  "����� L2(RN ) F ,�4 ��2�7
).�%( �����I�+% v C �9��+���,)�9%�.M� =���)�P� ∇v F ��2�I,�����9%��P�G���)�:���-�7 "��"�+%��9
< ���I68����,��9%(�������9
���"�(% > �9�)�3 ��-��� L2(RN ) C .���%&�7��� �:J�
�-� > ���
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� E / �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

D"0 TP0�E/F ���!�9
)�+���&���-� �4 
)�9��$ K �9���"�9�*68����,��9%(���U "�
L2(RN ) 0 � �G���*�9��2�9�!�����"�'Q��G4 K �+�9���$Q������ �(���+��%&�9�

vn
�-#��  ��'����%W "�����"�)�3��� �+�"�������+�:,��������,)� 0 �P��%&� ζ ∈ C∞

c (RN )
�9������	Q����

0 ≤ ζ ≤ 1
�)�

ζ(x) = 1�+% |x| ≤ 1
�
ζ(x) = 0

�+% |x| ≥ 2 0 � � �����+�
ζn(x) = ζ

(

x
n

) C .���%&�'�(� D1%������9� D�0 ��F �)� ��� �+�9���$Q����
vn��  "
�#$��%��+�9�-�P�

ṽn(x) = vn(x)ζn(x) 0�� � .M
��9%�#��*65�-,%��(�)������*�-���+�+%1Q��"�
ṽn C �9�)�+���,)�9%�.M������� ∇ṽn F,���P.M�)�9���	.M�)�9�

v C �9��+���,��9%(.�������� ∇v F  "����� L2(RN ) 0 �

�G� �:J�
�-� > ��� D"0 �P0 �  "�  �����+%&�9
 ������� �"� ���".M�)�+�!�9
���"��%(���B��� �����"�X���  ����% = �)�+�$��,)����2� �"���,���"�+
�Q�����",�*%�����
� "%(�/�9�* "� �9
�+�"�����/�<�+��%�.��-���@,���X;�%���
'�/.��,*���#�:J�
�-� > ��� D�0 D�0�E  "�	 �����+%&�9
	 "������ 4 ��+����,�!����9%��)�
RN 0

��� ��� � =A@B?A@B�	< �� �������-
Ω
���2+ 4�(/&)4��.��5"+
	2&.5�(���5���.4�0 - ��5 # �% '01�.�2�,� C1 � &.4�	,- ��( �2-

Ω = RN
+
� � 01&.5"�

-�0 ���.- �2+ � 4�( &�����5 �)+ ��4�5 # ��� 5 & 01&.(�� ��7 ��(9+ P # � H1(Ω) # �.(9� H1(RN ) � 4�- ���"+84�(*� ���!� 0 -� 2�.+�-�&.(0 - (�� �.- 5 �� 2&.(�+�- (949��+ �,0B0 � � 49� � ��&.4�5�+ &)4�+ v ∈ H1(Ω) �
� : Pv|Ω = v
� : ‖Pv‖L2(RN ) ≤ C‖v‖L2(Ω)� : ‖Pv‖H1(RN ) ≤ C‖v‖H1(Ω)&�� 01�  2&.(9�2+ �.(�+ �

C > 0 # � ����( # �,��4�0 ��7 ��(�+ # � Ω :
; � � �	<>='? �	� ?A@B�	< � �N������ W4 ��;��-�� W�-���  "
�������+�9�7���7�9
�+�"�����/�������"�

Ω = RN
+ 0 � �S���-�9� x = (x′, xN )�/.��,

x′ = (x1, ..., xN−1) 0 ����%&� v ∈ H1(RN
+ ) 0 � �  "
)#���%&�

Pv(x) =

{

v(x′, xN )
�+%

xN > 0
v(x′,−xN )

�+%
xN < 0.

� � .M
)�9%&#��	�������9� Q������������"�
1 ≤ i ≤ N − 1

�

∂Pv

∂xi
(x) =

{

∂v
∂xi

(x′, xN )
�+%

xN > 0

∂v
∂xi

(x′,−xN )
�+%

xN < 0,

�)� QP�"�
∂Pv

∂xN
(x) =

{

∂v
∂xN

(x′, xN )
�+%

xN > 0

− ∂v
∂xN

(x′,−xN)
�+%

xN < 0.

� �� 
)�M����%&�9
� �+�����'
).�%( �����9��@�+% v
��2� �����*68���",)�9%���� �9
������% > �9����� �-%(�@�"
,��+�+%&�9���� ������� ���2�9%&#$,�-�9%����

�(�-�9�9Q����
v
�G4 ��2�I "
��9%(.���;"���3Q����:65�-%�;���������� 0�
 ����� ���@ �
)����%������������$�-� %(,)%"����I�-�9����������9� C 65�-,%����� F Q��"%�2���2�9%&#�����	,��	
������%&�9
� C %(� 6O���"�*�������-��������*���9%(��%��+�)�!�(� � C���
)�+�9%��X�$�-�	�9
 �$�)R�%����Y "�

Pv ! .M��%�� " � � %�����"������7 "
)���-%(��� F�0 � � ��� "
 "��%&�I "����,3����I�"�9�����9%�
)�9
�I "
�+%&�9
��I�������I�54 ����
����-�9����3 "�3���9�������"������)�P�
P
�/.��,	�(� ,���"�2�������9�

C =
√

2 C  ��-���@���	,��-� Ω = RN
+ F�0��%

Ω
��2�3�"� ����.M���+�3;����9�"
 �9
������%��)�< "� ,�(���+�+� C1 �P��� �"�9%���%��+�*��� �-�9����������3 �� �L,��/�+�9��3����,�������$������"� �+�I��������"�)� ���X,����

Ω = RN
+ 0�" �X�9����9��$�-�P�1�(�)���"�����/�9%(�����  ��:�(� � 
)#���%&�9%���� ��0 TP0 �  W4 �"�X����.M�)�+��9
���"�(%��)���N%��I�)R�%��2�9�����U�9�,����.��9�������*#���%� "�

Ω
���-�X "��	����.M���+�9�

(ωi)0≤i≤I 0 � � %����+�9�P "��%&�S�-�(�-�9�
����� � ���-�+�9%&�9%����  ��*�54 ����%&�9
 �*���+�+��,%�
� K ,�*�9�),���".P�9�)��������P,�4 ��2� =LK-=  "%&�9�! "�)�@68���",)�9%������ (θi)0≤i≤I

 "�
C∞

c (RN )
�9������� Q����

θi ∈ C∞
c (ωi), 0 ≤ θi(x) ≤ 1,

I
∑

i=0

θi(x) = 1
 ����"�

Ω.
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��� ����� �$�#��� �$�	� ����� �#� �#� �#� �$� �2���!�%� � � E µ

ωi Q

yN

y′ω0

φi

∂Ω
Ω

Q+

� ����� FF� F���®�ADQRORHpE�[PU4G�A_[PHpE�fl] V6C�U_V6�0H�QRO�QSX��0V6[PNWH�Qp�
C � 4 �)R�%(�2�9�)��,�� �4 �����S�9��������$�-�+�9%&�9%����  "�B�54 ���"%&�9
B��2�!,�(���+�+%(Q���� F .M��%��!��� �9J"
��� > ��� ��0 T�0 �  "���"� " �&% 0 F
� � .��X "
)#���%&� Pv

�+���"� �(�X68���9���
Pv =

I
∑

i=0

Pi(θiv),

��� ,�J$��Q��"������
)���/�9��"�
Pi

��2�X "
)#���%��(��,�����������  ����"�
ωi 0 � ������� θ0v

��2� K �+�������-�+�S,��������,)� "���"�
Ω
������ "
�#$��%&�

P0(θ0v)
,�������*�54 ��R��9�)���+%����� ��

θ0v
�$�/�� 
)�9� ��  ��J��-�9�' ��

Ω 0 �1����� ,�J$��Q����
i ∈ {1, ..., I} ���������-��� φi

�54 �-���"�(%�,��/�9%����YQP�"%G�+���-���26O�-�9���
ωi

�� �"�� "��� ��%����S "�	�9
)68
)�9��",�
Q C .M��%&��(� � 
)#$�"%��9%���� ��0 TP0 � �)�<�(� D1%������9� D"0 D�F ����� �����+�

wi = (θiv) ◦ (φ−1
i

∣

∣

Q+
)
�/.��,

Q+ = Q ∩ R
N
+ .

� ���+�9� 6O����,)�9%����
wi

�-�����-�+�9%����� K H1(Q+)
��� ��2� �P�������  ��-�����"� .M��%��+%(�������� "�

∂Q+ ∩ RN
+ 0 ��%��� � 4 
)�9�)�$ �$�/���  ��-���

RN
+ \ Q+ �@��� ��;"�9%����� �"����6O����,)�9%����

w̃i ∈ H1(RN
+ ) 0 � � ����"� �����-�9�

���9�������"���)�'�$�/�'�9
 ���)R�%(���
w̃i

�����"�*��;"�9��"%&�'�"���	6O����,)�9%����
Pw̃i ∈ H1(RN ) C �����"�9%���%��+�X�54 ����
)���/�9��"�

 ��*�"�9�����������������
P
Q��G4 ��� .�%�����< ��*,���"�2�+�9��%&�9�	�������

RN
+ F�0�� � �9�).�%�����< "����� ωi

�)�@��� �����+�
Pi(θiv) = (Pw̃i) ◦ φi.

� �/�:�(�*�9
���"�(�-�9%&�9

C1  "� φi

�)�7 "�@�+��� %��P.M�)�9�+�@������;"�9%�����I����7���9���"�9%�
)�9
)�: "
)�+%��9
)��7�����"�
Pi

�)�7 "����,
P 0 �

� ������� ��
����� �������4 �-�9����������7 "� � ,�-�+�9��:����,��-����$�'���9%��(%��+
 ,% =  ���+�+���7��2�7�+� > �7,�(���+�+%(Q����'���3 W4 ���9% =��%��9�-�9%���� ,�����������9�  "���"�  "� �"���X;"�9��"�+��� "
)�������2�+���/�9%������ 0 � ������� %��@��2�B�9���"�  "� � ���� ���+�+�  
�9�),�J"��%(Q��������������3�54 %���.��PQP�"�)�9���"�@�$�-�+68��%��<�9�����< ������"�)�<�������@ ��	 "
�����%���� 0 •


�* 
�*KJ ) S��P-:>U
H(div)


 ���"�N%����+�9�P "�"%(�+�����G���!�����+�9�I�)�+�$��,)����%����9�)�9��
� "%(�-%��9������+�9� L2(Ω)
�)�

H1(Ω)
���������N����N68���",)�9%����"�

K .��-����"�9�3.M�),)�9���9%�������� 0 � �)�@��+�$�-,�*��2�3�+� > �3�"�9%����	 ��-���:,���+����%�����<�-������%�,��/�9%(����� C .M��%��:�$�-�@��R"�)��������(� V �� �/��QP�"� � 0 T�0�E � F�0
; ��� <>@B?A@ �	< �� ��  � � �������! "�

H(div)
���"+ # ��� (�-����)5

H(div) =
{

σ ∈ L2(Ω)N + �,0 � 49� divσ ∈ L2(Ω)
}

, C5D�0 T �MF
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� E F �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

&��
divσ

���2+ 01� # - �.��5�� ��(* "� $'�)-�	'0 � # � σ
�)4/�,��(9� # � 01��� ��� (�- +�-�&.(�� : � :��!:

� � .M
��9%�#�� 65�-,%��(�)������ Q��"� ,�4 ��2� ��� ��+�$�-,�� "� � %��(;����+� C �(�  �
�����"�2�+���-�9%���� ��2� �(��%��+�+
�Y���
�(�),)�9��"�<�� ���"%(�+�S �4 ��R"���9,%�,� F�0
��� ��� � =A@B?A@B�	< �� ����	� 4�(�- # 4 � 5 & # 4�- + �� 2� 01�.- 5 �

〈σ, τ 〉 =
∫

Ω

(σ(x) · τ (x) + divσ(x)divτ (x))dx C5D"0 T/D�F
��+ # � 01� ( &.5"7 � ‖σ‖H(div) =

√

〈σ, σ〉 � 0 � �������! "� H(div)
���"+ 4�( �������! "� # ��
8-�0 	"��5�+ :

� ������� �����"�@����3�)�+�$��,)��< "� �P��;����(�).������ ������@ "
�������+�9�)�3�����9
�+�"�&���-�  "�' "��"�+%��9
* "��:68����, =�9%(�����'�9
)������% > �9�� C �"���"�'�������+�9����� �(�  �
�����"�2�+���-�9%����UQ���%1�)�2�	,�����"� > �9������� �+%(��%��(��%&�9� K ,�)�(���  "��:J�
�-� > ��� D"0 �P0 � F�0
�6 ��� �)�������� ������9-

Ω
���2+ 4�( &)4��.��5"+ 	2&.5"(��65���.4�0 - ��5 # �E '01�)�"�,� C1 � &.4 	,-���( �2-

Ω = RN
+
� � 01&.5"�

C∞
c (Ω)N ���"+ # ��(9�,� # �)(9� H(div) :
'�� ����%(���9
)� ���9�I ��3�54 �)�+�$��,)�

H(div)
��2�7Q��G4 %��"���)�9�����7 ��@ "
�������+�9�)� ��� �9J"
��� > ���@ "�:�+����,)�<��������*68���9�X�����! "��� �9�)�����.M�,	��",���9�!����%��"�@ "�*�9
�����(�-�9%&�9
XQP�"�	 ��-���@�54 ��+�$�-,�  �� ����;������.

H1(Ω) 0
" � � ���)���P�+% σ

�-���$�/�+�9%����� K H(div)
����� ��� �L,�����+�����(� �'Q��W4 �"���@�+��"�(� ,���X;�%��$�-%��+���  "�<�+��@ "
)�9%�.M
)��

�$�-�+�9%�������� C ���'�"��� ����� �9���"�9��<,�������! ����"�
H1(Ω) F ��� ��%��<��� ������'�"
����"����%����< ������"�)� ��� �+��"�

K �(� ? �&��� � <�� � �+���-�
σ · n �+���

∂Ω 0
� ���������
���"� �$�/� ���������)�(���7Q��"� γ0

 "
�+%������3�54 �����"��%(,�-�9%����B�+���-,�@ "�
H1(Ω)

 "���"�
L2(∂Ω) C .M��%&��(� �:J�
)��� > ���S "�	�+���-,� D�0 ��0�E���F �)�*Q��"� Im(γ0) = H1/2(∂Ω)

QP�"%N��2�'��� �+����� = ��+����,�  "��"�+�X "���"�
L2(∂Ω) C .���%&�<� � V �� �/��Q���� D�0 ��0�E $ F�0�� � ������@� �"��%&�

H1/2(∂Ω)
 "�	�(� ���-�9���*�+��%�.������9�

‖v‖H1/2(∂Ω) = inf
{

‖φ‖H1(Ω)

�9��GQ����
γ0(φ) = v

}

QP�"%"�)�B65��%&�I���B�)�+�$��,)�' ��@H:������,�J C ���I� �)���:���B�)�+�$��,)�' �� �'%���;��)�+� F�0 � �� �
)#$�"%&�7�-�����9� H−1/2(∂Ω),������� �(�! ��$�-�N ��
H1/2(∂Ω) 0

�6 ��� �)�������� �������� � � ��
����������-��� @�� � �! � < � �#" � &.- +
Ω
4�( &.4 �.��5�+�	2&.5�(���5���.4�0 - ��5 # �� '01�.�2�,�

C1 :%$ ( # ��� (�- + 0 � �"�!�*0 -� 2�.+�-�&)('&�+�5 �  �� (*&.5"7 � 0 �)( γn

H(div) ∩ C(Ω) → H−1/2(∂Ω) ∩ C(∂Ω)
σ = (σi)1≤i≤N → γn(σ) = (σ · n)|∂Ω

&��
n = (ni)1≤i≤N

���2+ 01� (*&)5�7 � 0 � 4�(9- + � ���.+ ��5�- ��4�5 � 3 ∂Ω :�* ��+�+ �/���!�*0 -� 2�.+�-�&.( γn
�,��� 5 & 01&.(�� �

���.5  2&.(�+�- (94�- + � ��( 4�(*� ���!�*0 -� "�)+�-�&.( 0 -B(�� �.- 5 �E 2&.(9+�- (�49� # � H(div) # �.(�� H−1/2(∂Ω) : �6��� 0 4�� � �"-
σ ∈ H(div)

��+
φ ∈ H1(Ω) � &)( �
∫

Ω

divσφdx +

∫

Ω

σ · ∇φdx = 〈σ · n, γ0(φ)〉H−1/2,H1/2(∂Ω). C5D"0 T � F
; � � �	<>='? �	� ?A@B�	< � �P%

Ω
�)�2�:��������.M���+�I�9
������%��)�3 ��@,�(���+�+� C1 �M� 4 " R��)�9,%�,� �P0 TP0�E 68�����9��%&�:�(�*6O�-�9� ����� W4 %��P�9
)�����-�9%����G�� �%&�9�	 "�	�(�B �%(.��)�9����",���"�$�/� ���-�+�9%��	�+��%�.������9�
∫

Ω

divσφdx +

∫

Ω

σ · ∇φdx =

∫

∂Ω

σ · nφ ds, C5D"0 T � F
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��� ����� �$�#��� �$�	� ����� �#� �#� �#� �$� �2���!�%� � � E �
�����"�B "��S6O���",)�9%����"�B�9
���"�(% > �9�)� σ

�)�
φ 0 � � �9�� �/��Q���� ���-�9
���;"�(�)�������Q���� �����L.P%�� �-%��&� �9�)�9���  "�

 P�9��%&�9�� ��-��� C5D�0 T � F �G4 ��2� �-�"�+�9� Q���� � ��� ������9%��(��� � %��P�9
)���������� �� ;����� ���+���)�(���� "����� C5D�0 T � F�0 � �.���%&�*�-%��+
������ QP�"�!�(�)�' ���"R �9�)�9����  "�!�M�-��,�J��S "� C5D�0 T � F �����<;�%��� ��� �+���� �����"�
φ ∈ H1(Ω)

�)�
σ ∈ H(div) 0 � �����9��"�$�-�< �����+%&�9
	 ���:6O����,)�9%������3�9
���"��% > �9��' "���"� H1(Ω)

���
H(div)

���(�)�@�9���9����3 "�
�����",�J"�@ "� C5D"0 T � F �+�����7
)�9�)�$ "�"� �$�/�7,�����9%(�P�"%��9
3���I���3�9�)�9���3 ��@ ��9��%��9�<�-���$�/�����(�I,�������:�"���:68���9�����%���
��%&�9� ,�����9%(�P�"�S�+���'�54 %�� �����  ��X�54 ���"����%�,��-�9%������+����,)�

Im(γ0)
�����-�9


H1/2(∂Ω) 0  ���	�9������S68���9�����%���
��%&�9�	�4 
,)�9%&�<�)R"��,)�9����)�P�:,�������' ����"�3�(�X6O�-�9� ����� C5D�0 T � F �)�@�(�X�+���-,�*�"���9� ����� γn(σ)
��2�< "����,

;"%���  �
)#$�"%(�	,)�������'�"� 
��
���)�P�3 "�
H−1/2(∂Ω) 0 �

� � ������@;�%��� �����< "
)#���%&�<���"�+�+%G�54 
�Q���%�.���������  "�
H1

0 (Ω)
�����"�@�54 ��+����,�

H(div) 0 � �  �
)#$�"%&�3���
�+����� = ��+����,� H0(div)

 ��
H(div)

,�������'�54 �� "J"
)�9��",�! "�
C∞

c (Ω)
 ��-���

H(div) 0 � 4 ��2�'�)��,�-�9�	����)�+�$��,)�@ "� � %(��;��)�+�IQ���%P�4 %����9�)�9�"� > �9� C �+%"�54 ���".M�)�+����2� �9
���"��%(��� F ,)�������7���3�+����� = ��+�$�-,�@ "�)� 68���",)�9%������ ��
H(div)

 "�����@� � �+���-,�	���-�9� �����*��2�<�P������� 0

�* 
�*�) ) S��P-:>U�S

W m,p(Ω)
�������'��
�"
)������������������������"�* "
)#���%&�* ���'�)�+�$��,)��

W m,p(Ω)
�������*��� �)�P�9%��)�

m ≥ 0
�)�'�����"�

�"� �9
��
1 ≤ p ≤ +∞ 0�� ��	��+����,�)�*�+�����	,�����2�+�9�"%��9�'�+�"�*�54 ��+����,�� �� H7���$�-,�J Lp(Ω) C .M��%�� C5D"0�E/F��� C5D"0 T�F+F�0 � �������'�"���"�<�54 ��.M���"�< "%&� K �(� V �)� �-��Q���� D"0 TP0 � ���(� ���-�9%(���  "�! �
)�9%�.M
�'6O��%�;����!�4 
)�9��� K

Lp(Ω) 0�
 ���"�<������.M�����@ �����,! ����"���)�@�(�B �
)#$�"%&�9%(��� �+�"%(.������9� 0
; ��� <>@B?A@ �	< �� ������ &.4�5 + &.4�+ ��(9+�-���5

m ≥ 0 � 0 � �������! "� # � �*& 	2& 0 � �
W m,p(Ω)

���2+ # ��� (�-����.5

W m,p(Ω) = {v ∈ Lp(Ω)
+ �,0 � 49� � ∀α

���.�  |α| ≤ m, ∂αv ∈ Lp(Ω)} , C5D"0 T $ F
& � 01� # ��5�- ���"� ���.5�+�-��,0 0 � ∂αv

���2+ 3 � 52��( # 52� �)4 �,��(9� $'�)-�	'0 � :
A ����%G "�'� �B�"���9���

‖u‖W m,p(Ω) =





∑

|α|≤m

‖∂αu‖p




1/p

��� .M
)�9%&#$�!Q��"�
W m,p(Ω)

��2�'�"� ��+����,�X "�!H7���$�-,�J 0�� �� ��+�$�-,��'�+����� ���-�+�9%�,�"�(% > �9�)������'%�������� =���-���9�<�����"�<����<�"�9��;"� > ����3����� = ��%���
��-%��9�)� C Q����	�"���"�<�W4 ��;����� ����"�<�����<%�,%5�$.M��%��<���-�<�)R��������� " T�� % F �� �-%��3���"�+�+%� ����"�:����3�"�9��;�� > ����I��%(�"
���%&�9��3�)� ���-%(�+���  ���:,
� > ;��9�� @�< �  ��� @B?,��= ����� �	� � �-� � 0 
 ���������I
�����9
�����I�9�����7 "
�������2�+���/�9%(��� 0 ��% Ω ��2�:�"�����".M�)�+� �9
���"��%(�����P��� ;�%�����+%
Ω = RN ���

Ω = RN
+

�
�-�����9�







�+%
p < N W 1,p(Ω) ⊂ Lq(Ω) ∀ q ∈ [1, p∗]

��.M�,
1/p∗ = 1/p − 1/N�+%

p = N W 1,p(Ω) ⊂ Lq(Ω) ∀ q ∈ [1, +∞[�+%
p > N W 1,p(Ω) ⊂ C(Ω),

C5D�0 T �MF

��.M�),*%����2�),)�9%���� ,)�����9%����"����,�4 ��2� =LK-=  "%&�9�	Q��"� W 1,p(Ω) ⊂ E
.M����@ "%&�9�	Q��G4 %����)R�%��2�9�*���"�',�����2�������9�

C�9�)�(���!Q������������"�3�9�����
u ∈W 1,p(Ω)

�
‖u‖E ≤ C‖u‖W1,p(Ω).

�G�7,���1���-�+�9%�,����%��)�
p = 1

�)�
m = N

�)�2�1�9�� �-��Q�����;���� ,��/� ���!������  "
)�������+�9�)�W�+� > �1�+%���������������"���*%��"
�M�-�(%&�9
S "�*� C���� ����;������. 0
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� E_¯ �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

� ��� ��� �� �� � ��� �������! "�
W N,1(RN )

��� - (����  ,+ �  2&.(�+�- (���7 ��(9+ # �)(9� 0 � �������! "� # ��� $'&.(  ,+�-�&.(9�  "&)(��+�- (949��� 	2&.5"(��2��� �24�5
RN � (*&.+ � Cb(R

N ) � ��+>��&)4�5 + &)4�+ u ∈W N,1(RN )
&.( �

‖u‖L∞(RN ) ≤ ‖u‖W N,1(RN ). C5D"0 T ��F
; � � �	<>='? �	� ?A@B�	< � ����%&�

u ∈ C∞
c (RN ) 0 �1����� x = (x1, ..., xN )

����� �

u(x) =

∫ x1

−∞

· · ·
∫ xN

−∞

∂Nu

∂x1 · · · ∂xN
(y) dy1...dyN ,

 W4 � � �54 ���  "
� ���%&�

‖u‖L∞(RN ) ≤ ‖
∂Nu

∂x1 · · · ∂xN
‖L1(RN ) ≤ ‖u‖W N,1(RN ).

� � C∞
c (RN )

��2�  �����+�7 ����"�
W N,1(RN ) C ,��(� �+�3 �
�������+�9� ,�������I��� �:J"
��� > ��� D"0 D�0(E  "�: �����+%&�9
�����"�

H1(RN ) F�0 � ����,��P���-�3 �����+%&�9
<��� ��;��9%�����7�54 %���
������%&�9
 C5D"0 T ��F �������7�9����� u ∈ W N,1(RN ) 0 � �/���%����(�)�"�9����(� 68�)�9���)�9�"�9�: "�
C∞

c (RN )
�����"���(�*���-�9���3 "�

L∞(RN )
��2���)R"��,)�9����)�P�

Cb(R
N ) C ��X6O��%&���,��3 ���"R ��+�$�-,��:���P�7�(�S� ����3�"���9��� F�0 � ���",�� C5D"0 T��MF %�������%(Q����<Q����@����76O����,)�9%������3 �� W N,1(RN )�+�����<,�����9%��P����3�)�<;��-�9��
�� 0 �


9* 
�* 
 Z 8�P�OR=�1 �
V �-������������!Q����X�(�B "�$�-� V ′  W4 ���U��+����,�� �� �'%���;��)�+�

V
��2�!�54 ����+�)� ;����  "��*68���9����	��%���
��-%&�9��

,�����9%��P����I�+�"�
V 0 � �-�:���"����%�,��-�9%����  "���:J"
��� > ��� E/T�0�E�0�E��  ��<�9�)�"�9
�+������/�9%(���  �� V %���! ��P���* ��$�-�� "�

L2(Ω)
��2�<%( "����9%&#$
 K L2(Ω)

����% = � ���� 0 � � ����"�<�-���+�+%N "
)#���%&�@���! "�$�-�N �4 ��� �)�+�$��,)�X �� ����;������. 0
" � � 4 ��,,)�"�+�9��",�!�(�! ��$�-�N �� H1

0 (Ω)
�2�����	��� �������!�$�/�+�9%�,����%��)�  ��-���@�(� �+��%&�9� 0

; ��� <>@B?'@B�	< �� ���� � � � # 4�� 0 # ��0 � �������! "� # � � & 	2& 0 � �
H1

0 (Ω)
���"+ �"�!���,0 �

H−1(Ω) : $ ( (*&)+ �
〈L, φ〉H−1,H1

0
(Ω) = L(φ)

0 ���95 & # 4�- + # � # 4�� 0 - + �/��(�+�52� H1
0 (Ω)

��+%��&.( # 4�� 0>��&.4�5 + &.4�+ $'&.5"7 � 0 -��(�� �.- 5 �6 2&.(9+�-B(949�
L ∈ H−1(Ω)

��+ + &.4�+ � $,&.(* ,+�-�&.(
φ ∈ H1

0 (Ω) :

� � ������@,��-���-,)�9
)�9%��+�)�',�! "�����
H−1(Ω) 0 � � �� "���)�+�+���!���*�9
�+���&���/�'�+�"%(.������ C .M��%&� " $&% F�0

��� ��� � =A@B?A@B�	< �� ����9����� �������! "�
H−1(Ω)

���2+  2�.5 �! ,+ ��5"- � �����.5

H−1(Ω) =

{

f = v0 +

N
∑

i=1

∂vi

∂xi

���.�  
v0, v1, ..., vN ∈ L2(Ω)

}

.

� 4�+�5 ��7 ��(�+ # - + � + &.4�+ � $'&.5"7 ��0 - (�� �.- 52�  2&.(9+�- (�49���"4�5 H1
0 (Ω) � (*&.+ �2� L ∈ H−1(Ω) � ��� �  ,5"- + ��&.4�5 + &.4�+

φ ∈ H1
0 (Ω)

L(φ) =

∫

Ω

(

v0φ−
N
∑

i=1

vi
∂φ

∂xi

)

dx

���.�  
v0, v1, ..., vN ∈ L2(Ω) :
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�����[� ��� �#� ���$�"� �%�	� �"�6�%��
�� � �2���	��� � � E G
� ����,� K � 4 ��+����,�

H−1(Ω)
��� ���)�"�  "
)#���%&� �������"���".M������U�"���9%����  ��U "
)�9%�.��-�9%���� �����"� �(�)�

68���",)�9%������S ��
L2(Ω) C �"�����*65�-%�;��������,)���9� Q����X�(�  "
)�9%�.M
)� 65�-%(;"���  "�B�(� � 
�#$��%&�9%���� D"0 TP0 ��F�0 � �.������,)�)�@���B�"R  "� ���-�9%(�����3 ��* �
)�9%�.��/�9%(���G�����-�+�+�"�9���"�3���*���,)�9����3%��$Q���%��)�3�)�  �%(�9�-���@Q��G4 �������3�+�����:�9���"�9��

 ���*��.��-���/�9�* "�S�(�  "
)�9%�.��-�9%����U�����+��"�* ���* �%(�2�+�9%�;"�"�9%����"� C ,�4 ��2�
�2���2�9�)������'�"�� "�� %(���9
)� ���9�* "�!�(�
�9J"
���9%��! ���< "%��2�+�9%�;��"�9%������< W4 ���"%&#$�)�@,�)�  �%�.M�)�9�:� C�����@ ��! "
)�9%�.��-�9%���� F�0
� ��� ��� �� ���� ���*&.-B+

v ∈ L2(Ω) : � &.4�5 1 ≤ i ≤ N � &.(8����4�+ # ��� (�- 5 4�(*�	$,&.5�7 � 0 - (�� �.-B52�  2&.(9+�-B(949�
∂v
∂xi

# �.(9� H−1(Ω)
���.5�01� $,&.5�764�0 �

〈 ∂v

∂xi
, φ〉H−1,H1

0
(Ω) = −

∫

Ω

v
∂φ

∂xi
dx ∀φ ∈ H1

0 (Ω), C5D"0 � � F
� 4�- ����5"- � �

∥

∥

∥

∂v

∂xi

∥

∥

∥

H−1(Ω)

≤ ‖v‖L2(Ω) .

��-
v ∈ H1(Ω) � � 01&)5�� 01� $,&.5�7 ��0 - (�� �.- 52�� "&)(9+�- (�4 � ∂v

∂xi

 2&�� (* ,- # �8���.�  %01� # ��5�- ���2� $'�)-�	'0 � # �.(�� L2(Ω)
# � v :
; � � �	<>='? �&� ?A@B�	< � � � .M
)�9%&#$� 65�-,%��(�)������ Q���� ��� ����X;"�9�  "�  ��9��%&�9�  �� C5D�0 � � F ��2� ���"� 68���9�����%���
��%&�9�!,�����9%��P���*�+���

H1
0 (Ω) 0 � �/� ,)�����+
QP�"�������%(�W�)R�%��2�9�	��� 
��
������ Li ∈ H−1(Ω)

�9��GQP�"�

Li(φ) = −
∫

Ω

v
∂φ

∂xi
dx.

� � .M
)�9%&#�� ���"�+�+%365��,)%(������)�P� Q��"� �54 �����"��%(,�-�9%����
v → Li

��2����%���
��%&�9� ,�����9%��P���  "�
L2(Ω)

 ��-���
H−1(Ω)

�$���*Q��G4 ������!�"�9���(�������S�(�  �
)�9%�.��/�9%(��� ���+�"������S�����"� ����<68���",)�9%������
v
�9
���"�(% > �9�)� C ��� �(�� �
)�9% =.��-�9%���� 65�-%�;����	�������

v ∈ H1(Ω) F�0 � �-�@,)�����+
QP�"���������� ����"�3
��9��$ P�9�'�$�/�@,�����9%��P��%&�9
'�(�B �
)�9%�.��/�9%����
K �9���"�9� 6O���",)�9%����� ��

L2(Ω)
�)�<�"���9�)�

Li = ∂v
∂xi

0 �

� ������� ��
����� ���� � � ����,�S�-� �9J�
)��� > ���	 ��*�9��"�9
)�+������-�9%����  �� V %(�)�! 	��� �9�-%�� Q��G4 ��� ������@%  ��� =�9%&#��)� ���  "�����I W4 ��� ��+�$�-,�  "���'%���;��)�+�X��.M�, ����% = � ���� 0�� ������ ��������G�� �����-�9%(Q���� ��� �W4 %  �����9%&#$�
�2��� �-%(�

H−1(Ω)
�)�

H1
0 (Ω) 0 " � � ���)���1��� �  "
)#���%

H1
0 (Ω)

,���������"� �+���"� = ��+�$�-,� �2�+�9%(,�� C � �-%(� �����+� F  "� L2(Ω) 0 � �3��� �S "
 � K  �
,%( "
' W4 %( "����9%&#$��� L2(Ω) C � �"��%$ �� �+��� ���9�P "�"%&�:�+,��-� �-%&�9�	���+���)� F���7�+���  ��$�-� C ,�4 ��2� �2���2�9�<���"�@,���P.M����9%���� � ��%��7������<��2�:�"��%�.M�)�9�+������ F �P ����",<�������@������7�����7�)���������%( �����9%�#��)�
H−1(Ω)

�)�
H1

0 (Ω) C ��.M�,<��� �-�"�+�9�'���9�P "�"%&�:�+,��-� �-%&�9� F�0 �N�!�+%��9���-�9%���� ,�-�+�9�,)�9�*�)�7���+�"����(��)�2�' ����",
H1

0 (Ω) ⊂ L2(Ω) ≡
(

L2(Ω)
)′

⊂ H−1(Ω),

��� ����@%���,�����+%������<�+�����@�2�+�9%�,)�9�� 0 •

� �	� ��$���  �  
 "��( ��$I(l%'�!$ ���¡%'$��#��(
�N�����9��1���� ���-�9%������N%(���+�9�P ���%&�9��1 "���"�1,�7,�J$�-��%&�+�9�������1�"�S��%���X��.M�,7�(�3�9J�
�-�9%��: "�)�  "%��2�+�9%�;����9%(�����

C .���%&�3���*,���"�9��" �	% F�0 �P�+�9%�,)�9�S�+����+� �������:�W4 ��.M�����:�����3;���+��%��  ��'�(�S�9J"
���9%��	 ���3 "%��2�+�9%�;����9%������3�����"�
 �
)#$�"%&������ ��+�$�-,��  "� �P��;����(�). �����9
�+���� ��9�  �����"�9��;�� > ���� �-�"R ��%���%��9�)� C J�%��2�9���9%(Q�������)�P��� ���� �%��2�+�9%(;"�"�9%����"��P����������3Q��"�<�9J"
���9%��'� �/�9J�
� �/�9%(QP�"���M�+�����3���"�$�/�9����3�-�"� > �7�(�)�:��+�$�-,��3 �� �P��;������.���3�54 �-�����9��,�J"�*.��/�9%(�-�9%����"��������	�������:�9
�+���� ��9�*����3
QP���-�9%����"�3����R  "
)�9%�.M
)��3�$�/�+�9%(�)�(���� F�0 � ������ ��-�P���
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� E � �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

� �@�9J�
�-�9%��3 "��  �%��2�+�9%(;"�"�9%����"� ��2� �"�X,��� ��9�:�"��%&#$,�-�9���� �������1�9���"� ,�� ��+����,�����)� ,�)�"RS "�)�1���,)�9����9�
QP�"%I�(� ,�����$�-%��+�+���� �"� � �-�$Q������9�����!�$�-�  �� �+�  ��� ���� "�)�SQ����)�(�S�+�����X��%(�)��� �)�P�+�9��,)�)�+�9���9J�
�-�9%(�
�)��,� QP�"� �"����� .M��������  W4 �)R������+�)� 0�� ���������-�"R ���,)�9�)�"�9������� 6O����%���%��)�9� ��.M�, ,)�)�+�9� �9J"
���9%�����%����
�����.M�)�P�@��
��%&�9%(���)������@�4 %����9�)�+�9�����)�'�+�"�<���� %( �
��<��+�+����9%�����(�)� K �(�B;$�-�+�! "��  "%��2�+�9%�;����9%(����� 0 � 4 �)�2������"�:�9�-�9%��265�-%��9�!,���+�9�	 "����;���� ,�"�9%����+%&�9
!Q���� �������@��.M���"�:
,)�9%&�@,���+�9�*�+�,)�9%���� Q���%��+�*.M�)�"�3�"� C �+� > � F;"�9�)6 ���@,��-�9%�,��/�9�"�����G�9
�+����
' "�	�(�X�9J�
)���9%��! "��< �%(�2�+�9%�;"�"�9%����"� 0����%��

Ω
�"� ����.M���+�3 "�

RN 0 � � ���-�9� C∞
c (Ω) C ��� D(Ω) F �54 ��+�$�-,�! "��I6O���",)�9%����"�  ��',�(�-�+�+� C∞

K �+�������-�+� ,)�����$�-,)�X ��-���
Ω 0 � � � �"��%&�

C∞
c (Ω)

 W4 ���"� � �"�+��$ �� = �9������������%(� ���1,�4 ��2� =LK-=  "%&�9� Q��G4 ��� "
)#���%&� ���"� �����9%����  "� ,���P.M�)�9���)��,�� "�����
C∞

c (Ω) 0 � �  "%&� Q��G4 ���"� �+��%&�9�
(φn)n≥1

 "�
C∞

c (Ω),���P.M�)�9���	.M�)�9�
φ ∈ C∞

c (Ω)
�+%

E�0 ���!�+���"�����+�< "� φn
�9��2�9�! ��-���@��� ,��������,)�

K
 ��

Ω
�

T�0 �����"�@�9�����@� ���&�9% = %��$ "%�,� α
�
∂αφn

,���P.M���9���	���"%&6O���9��
)������3 ��-���
K

.M�)�9�
∂αφ 0

��� � = � ��� ����� = � @ ='? � @ � 
 ?'@B�	<>= D′(Ω)
��2�*�(� �  "�$�-� �  �� D(Ω)

�W,�4 ��2� =LK/=  �%&�9� �54 ��+�$�-,�  "��<6O�-�9�����(%��"
���%&�9�� �L,�����9%(�P�"��$� �+�"� D(Ω) 0 �G��G���"%(��������)�9�G�+�����  �4 ���9�����7,��/�1%��M�W4 C	�@�����N "�������9���  �
)#$�"%��I�+���
D(Ω)

��� �-%(�3�+%����"�(�)������:���"�*���-�9%����  ��*,����.��)�9����",� 0 
 
��������%��������� ����"�@ �
)#$�"%&�@�"�9
,%��+
���)�P�
D′(Ω)

 "�����@����@
��
������9�3�+�����'�-�������
�)� � @ ='? � @ � 
 ?'@B�	<>= 0
; ��� <>@B?'@B�	< ���������� (	� # - �2+�5"-�	,4�+�-�&.( T ∈ D′(Ω)

���"+ 4�(*� $'&)5�7 � 0 -B(�� �.- 5 � �24�5 D(Ω) � 4�- ����5"- � �

lim
n→+∞

T (φn) = T (φ)

��&.4�5 + &.4�+ ���24�-B+ �
(φn)n≥1 # � C∞

c (Ω) � 4�-  2&.(��.��5�� � �.��5"�
φ ∈ C∞

c (Ω)
�.4 �,��(9� # ��� (9-  ,-�� # ���2�"4�� :

� � ���-�9� 〈T, φ〉 = T (φ)
��� ���9�P "�"%��X ��  ��$�-�(%&�9
 ����+�9�����"�  "%��2�+�9%�;����9%(���

T ∈ D′(Ω)
���X�"���

6O���",)�9%����
φ ∈ D(Ω) F ,�	�"�9�P ���%&�  "�S "������%&�9
 � ��
��
�������%��+� �!�54 %����9
�-������� �"�+�������� ∫

Ω
Tφdx 0 " � � ���)���

��� .M
)�9%&#$�'QP�"�'�+%
f
��2�:�����<6O����,)�9%���� C ����,������������3%����9
�-����;����	 "���"� Ω F �"�������9�@��� ������@ "
)#���%&�:�"��� "%��2�+�9%�;��"�9%����

Tf
�$�/�

〈Tf , φ〉 =
∫

Ω

fφdx.

� �-�<,���"�+
�Q������������� %  �����9%&#$�*�(�X68����,��9%(��� �)�@�(�� "%��2�+�9%�;����9%(��� �-�+�+��,%�
�
Tf ≡ f 0

� �B������7�-���+�+%$�X���"%�� D′(Ω)
 �4 �����3�"���9%����  ��3,���P.M���9����",� F ���� "%&�IQ��G4 ���"�3�+��%&�9� Tn ∈ D′(Ω)� �	< � � �  ��� 
 = � <>= ��� = � @ ='? � @ � 
 ?A@B�	<>= .M�)�9�

T ∈ D′(Ω)
�+%5�$�����"�3�9���"�

φ ∈ D(Ω)
�

lim
n→+∞

〈Tn, φ〉 = 〈T, φ〉.

� �)�+�9�',���P.M�)�9���)��,� ��� �+��"�: "�)�3 "%��2�+�9%�;����9%(�����I��2�:�"���<,���P.M�)�9�����,)� �)RP�+� ����)�������6O��%�;���� C ��� �����)R�%(���������9� F ,��/�<����(�!,�-�+�9��+������ K �"���*,���P.M�)�9���)��,�*%����9
�-�������!��� �L�� ����CM����"� � 0
� 
)#���%��+�+���"�S� �-%��P�9�)�$�����'� � � � � @�� � ?A@B�	< � 
 = � <>= ��� = � @ ='? � @ � 
 ?A@B�	<>= F �+% T ∈ D′(Ω)

�G���
 "
)#���%&� ∂T

∂xi
∈ D′(Ω)

�$�/�
〈 ∂T

∂xi
, φ〉 = −〈T,

∂φ

∂xi
〉 ∀φ ∈ D(Ω).

� � .M
)�9%&#$�SQ��G4 � ���,��9%(.��������@�(�  �
)�9%�.M
� ∂T
∂xi

��2�'���"�! "%��2�+�9%�;��"�9%����G��,�4 ��2� =LK/=  �%&�9� Q����	����' "%��2�+�9%�;�� =�9%(�����@�+�����<%��"#���%�������@ "
��9%(.���;"������ � 4 ��2�'� K �54 ���  "��@�����"�<�-������ "�@%��P�9
�� �)�9�< "��< "%��2�+�9%�;����9%������ 0�� �.M
)�9%&#$�<���"�+�+%�Q����@�+%
f
��2�7���"�@68���",)�9%����  "
)�9%�.���;����<��� �+��"�7,�(�-�+�+% Q��"�����������9�3�9�! �
)�9%�.M
� ��� �+����7 "��

 "%��2�+�9%�;��"�9%������@,�	� �",%( "�	��.M�,	�9�  "
)�9%�.M
�	�"�+�������� 0
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�����[� ��� �#� ���$�"� �%�	� �"�6�%��
�� � �2���	��� � � E �
H7%��� �������P�����9�,�����$� �(�@ ��-���:�(�S "
)�9%�.��-�9%���� 65�-%(;"���	��� �+��"�3 "� � � � 
)#���%&�9%���� D"0 T�0 � ��� ,����7�$�-� =�9%�,�"��%(���: ��@ "
)�9%�.��-�9%������-�B�+��"�7 ���� "%��2�+�9%�;��"�9%������ 0 � �3��������-�9���"�I�������+�$�-,�� Lp(Ω)

���B�������+����,��
 �� �P��;������.

Hm(Ω)
�+�����@ ���:�+����� = ��+����,��@ ��'�54 ��+�$�-,�	 ���3 "%��2�+�9%�;����9%������ D′(Ω) 0 " � �$�-�+�9%�,�"��%(�������� .M
)�9%&#$� Q������9���"�9��S���� ,���P.M�)�9���)��,��  ��-���S,�� �)�+�$��,)�� %�������%(Q�������S�(� ,���P.M�)�9�����,)� �-� �+����

 ���� �%(�2�+�9%�;"�"�9%����"� C � ��%��B�(�U�9
),%��"�9�PQ���� ��2��65�-���+�+� F�0
" �"#$�W� ����B
������%&�9
�  ����"�B����B6O�-�9� �"� �/�9%������.��-�9%(�/�9%(�����"����(�)� C Q����@�������:��.M�����I%(���9�)�9���9
)�9
��I,�������@ ���7
)�M����%&�9
�3���9��9Q����@�$�/�+�9���"� F %�������%(QP�"�����)��,�-�9�	�������@�+%��������������7�)�<�������3��
��
)���-���������  "��@
������%&�9
�'�-� �+��"�  ���@ "%��2�+�9%�;����9%������ 0
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�0� E �������#�	��
������ �	�+�Q�7���	� �"� �%��� ���%� �

 �H�a�a�H:FL�0/4� F
u ∈ L2(Ω)

HYE,O�f4X�QSNP�cA_�6[PHTA_V�ERH�CLE�«rADNW�6[PHTERN�� ∀ i ��rf4XYQRNW�cAcOSNPU0C¡«rA_NP�6[WHp� ∣

∣

∣

∣

∫

Ω

u
∂φ

∂xi
dx

∣

∣

∣

∣

≤ C‖φ‖L2(Ω) ∀φ ∈ C∞
c (Ω)

°�QSU_M<U0ERN�OSNPU0C FF� µL� /
H1(Ω)

HYE,O�V6C�HYERMLA_G�Hbf6H ��NW[P�<H�QRO�MFU0V6Q�[WHTM6QRU4f4VLN�O
ESG�AD[eADNWQSH 〈u, v〉 =

∫

Ω

(∇u · ∇v + uv) dx

0�K6XYU_QS��a�H FL� µ6���
C∞

c (Ω)
HpE>O9f4HYCLERHbfLADCLE

H1(Ω)�¬OSK6X�U0QR�Ya�Hbf6Hbf6H�CLERN�OSXp�
°�QSU_M<U0ERN�OSNPU0C FF� µL�P� E ∀u ∈ H1

0 (Ω)
�
Ω
�FU0QRC6X¤��{NWC6X��jAD[WN�OSX#f4Hb°§U_NWCLG�A_QRX¤� ‖u‖L2(Ω) ≤ C‖∇u‖L2(Ω)

0�K6X�U0QR�Ya�H FF� µL�P�pµ
u→ u|∂Ω

A_M6M6[WNWGYAcOSNPU0C�G�U_CjORNWC}V6H�{ORK6XYU_QS��a�HTf4HBORQ&A_G�Hp� f4H
H1(Ω)

f6A_CLE
L2(∂Ω)

0�K6X�U0QR�Ya�H FF� µL�P�¤� ∀u, v ∈ H1(Ω)�¬«{U_QSagVL[PHTf4H�
BQSH�HYCF� ∫

Ω

u
∂v

∂xi
dx = −

∫

Ω

v
∂u

∂xi
dx+

∫

∂Ω

uv ni ds

®2U0QRU0[P[eADNWQSH,FL� µ6�W� ¯
H1

0 (Ω)
HYE,O�[PH#ERU_VLE,� HYERMLA_G�H;f4HpE�«{U_CLGIORNWU_CLE�f6H

H1(Ω)�rG�A_QSA0GOSX�QSNWESAcOSNPU0C�f4H
H1

0 (Ω)
� djV6N�E�] ADCLCjVL[PHYC0O�ERV6Q

∂Ω

0�K6X�U0QR�Ya�H FF� µL� /6� [^] NWC'A>HYGIORNWU_C�f4H
H1(Ω)

f6A_CLE
L2(Ω)

HYE,O�GIU0a�MFA_GOSH�¬ORKLX�U_QS��a�HTf4H7X�HY[P[WNeG&KF� �
Ω
�<U_QSC6XbQRXY�_V6[WNPHYQ&�

0�K6X�U0QR�Ya�H FF� µL� µ E ∀u ∈ H2(Ω), v ∈ H1(Ω)�¬«{U_QSagVL[PHTf4H�
BQSH�HYCF� ∫

Ω

v∆u dx = −
∫

Ω

∇u · ∇v dx+

∫

∂Ω

∂u

∂n
v ds

����� � FF�P� � °�QSNPCLG�NPMFADV4�	QSXYERV6[�O&AcO&E�ERV6Q¡[WHYE�HYERMLA0GIHYE�f4H (}U_�<U_[WH��	djV�] NP[;«rADV4O�AD�FE,U0[PV6a�HYC0OG�U_C6CFA8VeORQSH_�
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@BADCFEgGIH�G&KFADM6NPORQSH\C6U_VFEbORHYQRa�NWC6U_CLE#[�] ADCLA_[P`4ERH\a\AcORKLX�a\AcOSNWdjV6H�f4HpETXYdjVLADORNWU_CLEgADV4��f4XI�QRNW�_XYHYEbMLA_Q,OSNPHY[P[WHYETf4H�O>`}M<H�H�[W[WNPM4OSNWdjV6H�G�U_a�a�H�CLG�X�H�A_V´®2KFADM6NPORQSH�µ6��°§U0V6QTa�U_CjORQSH�Q#djV6H\[WHYEM6QRU0�6[W��a�HYE�A_V4��[WNPa�NPORHpE9ERU_CjO��6NWH�C�MFUjE,XpE�M<U_V6Q9G�HYE�H0� f�� M��FH�[W[PNWM4OSNWdjV6HpE��LG_] HpE>OR� ZD� f6NPQSHTd0Vv] HY[P[WHYEA_f4a�HIORORHYC0O�V6C6H9ERU_[WV4OSNPU0C��_V6CLNWdjV6H0�_HIO�f4X�M<H�CFf6ADCjO2G�U_CjORNWC}�6a�H�CjO2f4HpE?f4U0C6C6X�HpE��0C6U_VFE?ERV6NP�0U_CLE� Pm6~'~!ycq�¢¤£'|\z6m6y¤o�m4nYo�qFs!s!|j���r|TMLQRXpE,HYC0OSX�H�ADV¡®2KLA_M6NPORQSH�µbHIO�C6U0VLE-V4OSNP[WNWERU_CFE-[PHpE�|}t�~§m6¢0|jtTw!|
��q��?q<�r|jz NWC0OSQRU4f4VLN�O&E�ADV ®2KLADMLN�OSQRH FL�

 vH�M6[eADC\f4H9G�H�G&KLADMLN�OSQRH�HpE>O?[WH�ERV6NP�cA_C0Op�0@BADCLE�[WA7(}HpGOSNPU0C¡�4�0/9CLU_VLE-H��4M6[PNedjV6U_CFE-H�C�f4X�OSA_NP[[PH;«{U_CLGIORNWU_C6CLH�a�H�CjO�f4HB[�] ADM6MLQRU4G&K6HB�cADQSNWADORNWU_C6C6HY[P[WH9M<U_VLQ�[WHT vA_M6[WA0GINWH�C¡A¤�0HYG;f4NP�0H�Q&E�O>`}M<HYE�f4HGIU_CFf4N�OSNPU0CLEgA_V4��[PNWa�N�OSHYEY�!�9U_VLEJf4X�a�U_CjOSQRU0CLE#f4HpE#ych}tYk!�{npm4nYt�w�W|ju�ortYnY|}s'¢0| |jn�w�Pk!s!or¢_ornYhw'|}t�tYq<�rk'nYo�qFs!t0�}�9U_VLE�a�U0CjORQSU_CLE�ADVFERERN�djV6H#GIHpE�E,U0[PV4OSNPU0CLE�3´o�s'oK3´ortp|}sªnbk!s!| h}s'|jy4AFo�|\HIOd0Vv] HY[P[WHYEJ�_XYQRNP�LH�CjO�V6CxG�H�QROSADNWC´C6U0ag�6QSH�f6H¡~!y¤qF~!y¤o�hjnYh}t�ilk'm6��o{npm4nYorzF|}t�ORQS�YEJCLAcOSV6QRHY[P[WHYEJHIONPa�M<U_QROSADCjOSHYE�f4V�MFU0NPCjO�f4HT�}V6HTf4HpE�ADM6M6[WNeG�AcOSNPU0CLEb�{M6QSNWCLGINWMFH#f6V�a\Ac�4NWagV6a��4QSX��0V6[WA_QRNPORX¤��4 vA
(}HYGIORNWU_C��6� µgQRHYM6QRHYCLf�[WH;a�¦�a�H;M6QRU0�_Q&ADa�a�H�a\ADNeE?M<U_V6Q�fl] ADV4OSQRHpE?a�U4f4�Y[PHpE?M6[WVLE�GIU0a�ML[PNedjV6XYEGIU_a�a�H GIHY[PVLN9f4H � Wh}�rm6tYnYo�¢_o{nph �ro�s'h}m4yco�tYh}|�U_V	G�H�[WV6N9f4HpE�h}ilk'm4nporq<s't w'| �lnpq��<|}t_��(4N�[WAORK6XYU_QSNPHbfl] HI�4NWE,ORHYCLGIHbH�O9fl] VLC6NWG�N�OSXbHYE,O�ORQS�YE�E,HYag�6[eAD�L[PHTADV�G�A0E�M6QRXpGIXpf4H�CjOY�}NW[�C�] H�C�HYE,O�MLA_E�f4Ha�¦Ya�H#f4HBORU_V6ORHYE�[PHpE�M6QRU0M6QSNPX�ORXYE�djVLA_[PNPOSADORNW�_HYEY�

�0�_�
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 ���2���#� �	�������%� �n���)� ���	�

�\��� � % � �� ��� �� ��"I 
2$���
��*KJ�*,+ ��5?/;79=�16=,5?/�S P-8�� O,=vM =�1 U�S�7�U Z =>3L=R: �"O!Ul1

�9U_VLE�G�U_CLERNef4X�QSU_CLE�[WHbM6QRU0�6[W��a�HTADV4�¡[WNWa�NPORHpE�ERV6NP�cA_C0O
{

−∆u = f
fLADCLE

Ω
u = 0

ERV6Q
∂Ω

�^�4�W�p�
U'&

Ω
HpE>O�VLC�U_V6�0H�QRO��<U_QSC6X#f4HT[^] HYERMLA_G�H

RN �FHIO f HYE,O9V6C ERHYGIU0CLf�a�HYag�6QSH#djV6N'A_M6MLA_Q,OSNPHYC0OZ�[^] HYERMLA_G�H
L2(Ω)

�F ?] A_M6M6QSU4G&K6HT�cADQSNWADORNWU_C6C6HY[P[WHbMFU0V6Q9X�ORVLf6NPHYQg���6�P�¤��HYE,O9GIU0CLE>OSN�OSV6X�HJf4HTORQSU_NeEX�OSA_MFHpE�d0VLHTC6U_VLE�f6XIOSA_NP[W[WU_CLEY�
� nYm6~?| ^�� � OSA_�6[PNeESE,HYa�HYCjO9fl] VLC6Hb«{U_QSagV6[eAcOSNPU0C¡�cADQSNeAcORNWU_CLC6H�[W[PH0�

@BADCLEbVLC6HJMLQRHYa�NW��QSHgX�OSA_MFH�NW['«rA_V4ObM6QRU0MFUjE,HYQ;VLC6Hg«{U0QRaJV6[eAcORNWU_C³�¤A_QRNeAcOSNPU0C6C6HY[P[WHJf4V�M6QSUD��L[P�Ya�HTA_V4�\[PNWa�N�OSHYET���6�P�¤��4GD] HYE,O,��Zc��f4NWQRHBdjV�] NW[ª«rADV6O�OSQRU0V6�_HYQ?V6CLH;«{U0QRa�HB�6NW[PNWC6XYA_NPQSH
a(·, ·) �4V6C6H«{U0QRa�Hb[WNPC6XpADNWQRH

L(·) �6HIO�V6C�HpE,MLA0GIHTf4H �9NP[W�FHYQ,O V OSH�[eE�djV6H\���4�W�p��ERU_NPO�XYdjV6NW�cAD[WH�CjO�Z H
0'QRU0V6�_HYQ

u ∈ V ORHY[vdjV6H
a(u, v) = L(v)

M<U_V6Q�OSU_V4O
v ∈ V. ���4�0/_�

 vH;�LV4O�f6HBG�HIO,OSH;MLQRHYa�NW��QSHBXIOSA_MFHBHYE,O�ERH�VL[PHYa�HYCjO�f4H;ORQSU_VL�_H�Q�[eAT«{U_QSagVL[WADORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PH�^�4�0/_� � U0C �_XYQRNP�LH�Q&A\[^] XpdjV6NP�cA_[PHYCLGIH�M6QSXYGINeERHJA¤�_HpG¡�^�4�W�p�9M6[PVFE9O&ADQ&f ADV�GIU0V6QSEBf4H�[WA¡ORQSU_NeERNP�Ya�HX�OSA_MFH0�°§U_VLQgOSQRU0V6�_HYQg[eA�«{U_QSagV6[eAcOSNPU0C��cADQSNWADORNWU_C6C6HY[P[WH�U0C´agV6[PORNWM6[WNPH�[^] Xpd0VFAcORNWU_C �^�4�W�p�#MLADQ�V6C6H«{U0CLGOSNPU0C¡OSHYE,O�QRXY�_V6[WNW��QSH
v
H�O�U_C�NPCjOS���_QSHbMLADQ�MFADQRORNWH_�F®2HTG�A_[WG�V6[�HYE,O�M6QSNPCLG�NPMFAD[WH�a�H�CjO�«{U_QSa�H�[A_V³ERH�CLE;U�& [^] U_C�ERV6M6M<U0ERHg[^] HI�4NWE,ORHYCLGIHJHIOb[WA¡QRXY�_V6[eADQSNPORXgf4H�[eA¡ERU_[WV4ORNWU_C

u
Ac�FC³djV6HgOSU_VLE;[WHYEGYAD[eGIV6[eE�H	C<HpGOSV6XYE2E,U0NPHYC0O2[PNeGINPORHpE��}± [^] A_NWf6H9f4H�[eAT«{U0QRaJV6[PH�f6H 
BQSH�H�C � FL�0/�/0���{�0U_NWQ?ADVLESERN'�rµL�0G_�,�U0C¡OSQRU0V6�_H

∫

Ω

fv dx = −
∫

Ω

∆uv dx =

∫

Ω

∇u · ∇v dx−
∫

∂Ω

∂u

∂n
v ds.

�^�4� µ0�
®2U0a�a�H

u
f4U_NPO�ESAcOSNWE,«rADNWQSH�V6C6H�GIU0CLf4NPORNWU_CxA_V4��[PNWa�N�OSHYE�f4H�@9NWQSNWG&K6[WHIOp�

u = 0
E,VLQ

∂Ω
�!U_CG&KLU_NeE,NPOTV6C�HYERMLA_G�H�f6H���NW[P�<H�QRO

V
ORHY[?djV6H�ORU_V6ORH�«{U_CFGORNWU_C

v ∈ V �0X�QSN��LH\A_VLERERN
v = 0

E,VLQ
∂Ω

�6@BADCLE�G�HTG�A_EY�4[^] XY�0AD[WNPORX\���6� µj�2f6H��}NPHYCjO
∫

Ω

∇u(x) · ∇v(x) dx =

∫

Ω

f(x)v(x) dx.
���6� F}�

°§U0V6Q2djV6H;[PH9ORH�QSa�H;f4H;�0A_VLG&K6H�f4H����4� Fj�?ADNPO2V6C�E,HYCLE�NW[<ERV W�O�d0VLH ∇u H�O ∇v A_M6MLA_Q,OSNPHYC6C6H�CjOZ
L2(Ω)

�rG�U_a�MFUjERA_CjORH\MLA_QgGIU0a�M<U0ESADCjOSHp��vHIOgM<U_V6Q�djV6H\[PH�ORH�QSa�H¡f4H¡f6QRU0N�OSH�f4H³���6� F}�TADNPOA_VLESE,N�V6C ERH�CFE\NP[;E,V W�O�djV6H
v
ADM6MLA_Q,OSNPHYC6C6H Z

L2(Ω)
�rU_C	A�E,VLM6MFUjE,X djV6H

f ∈ L2(Ω)
�I�°-A_Q�G�U_CLERXYdjV6HYCjOY�-V6C G&K6U_NP� Q&ADNeE,U0C6CLA_�6[PH�MFU0V6Q\[^] HpE,MLA0GIH�f4H ��NW[W�FHYQ,O�HpE>O

V = H1
0 (Ω)

��[WHERU_VFE>� HYERMLA_G�H;f4H
H1(Ω)

f4U0CjO�[PHpE�X�[WX�a�H�CjOSE�EY] ADC6C}V6[WH�CjO�E,VLQ�[PHT�<U_Q&f
∂Ω

���C G�U_CLG�[PVFE,NWU_C��}[eA�«{U_QSagV6[eAcOSNPU0C¡�cADQSNeAcORNWU_CLC6H�[W[PHbM6QSU_M<U0ERX�HBM<U_V6Q#�^�4�W�p�2HYE,O�H

OSQRU0V6�_HYQ
u ∈ H1

0 (Ω)
OSH�[vdjV6H ∫

Ω

∇u · ∇v dx =

∫

Ω

fv dx ∀ v ∈ H1
0 (Ω).

�^�4���_�
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �_�pµ
� �}NWf4HYa�a�HYCjOY�¤C6U_VFE'A¤�0U_CLE�«rADNPO!V6C�GIHYQ,O&ADNWCTC6U_aJ�6QRH�f4H�G&K6U_NP�BM<U_VLQ!A_QRQSNP�0H�QvZ����6� �0� � fl] A_V4ORQSHYEG&K6U_NP�¡C6U0VLE�ADV6Q&ADNWH�CjO�GIU0CLf4V6NPO�Z�f�] A_V4ORQSHYE�«{U0QRaJV6[WADORNWU_CLE��cADQSNeAcORNWU_CLC6H�[W[PHpE�MFUjERERNP�L[PHpE��6 'A,A>VFE>�ORNP�FG�ADORNWU_C	f4H´���6� �0��E�] HlCªHYGIORV6HYQSA�f4U0CLG�A�MFUjE>OSH�QSNPU0QRN:H�ORU_V6O¡fl] A_�FU0QSf��-[WA�f4HYV4�4NP�Ya�H�XIOSA_MFHGIU_CFE,NeE>OSHJZ��_XYQRNP�LH�QbdjV6H����4���_�9A_f4a�H�OB�6NWH�C�V6C6H�V6C6NedjV6H�E,U0[PV4OSNPU0C��ªM6V6NeEB[WA¡ORQSU_NeE,NW��a�HJXIOSA_MFHd0VLH;[eAgERU_[WV4ORNWU_C�f4H��^�4���_�?HYE,O�A_VLESE,N<V6C6HbE,U0[PV6ORNWU_C¡f4V�M6QSU_�6[W��a�H;A_V4�\[PNWa�N�OSHYEb���6�P�¤�9��f6ADCFE2VLCE,HYCLE�Z�M6QRXpGINeE,HYQ&�I�
� npm4~?| � �QX�XYERU_[WV4OSNPU0C�f4HT[eAJ«{U_QSagV6[eAcOSNPU0C��cA_QRNeAcOSNPU0C6C6H�[W[WH_�

@BADCFETGIHIORORH\f4HYV4�4NP�Ya�H�X�OSADM<H�C6U_VLEB�0X�QSN��LU0CLEBd0VLH�[eA¡«{U_QSagV6[eAcOSNPU0C³�cADQSNWADORNWU_C6CLH�[W[PH����4���_�A_f4a�HIO\V6CLH E,U0[PV4OSNPU0C V6CLNWdjV6H0��°§U_V6Q\GIHY[WA�C6U0VLE�V4OSNP[WNWERU_CFEJ[WH 0�K6XYU_QS��a�H�f6H� 'Ac�}����NP[W�_Q&ADaµ6� µ6�W�Bf4U0CjO�C6U_VLE��0X�QSN��FU_CLE�[WHYE�K}`}MFU_ORK6�pE,HpE�A¤�_HYG;[WHYE�C6U_OSADORNWU_CLE
a(u, v) =

∫

Ω

∇u(x) · ∇v(x) dx HIO L(v) =

∫

Ω

f(x)v(x) dx.

�;C �_U0N�O�«rA_G�NP[WH�a�HYC0O\HYCxV4OSNP[WNeERA_C0O�[^] NWC6X��jAD[WN�OSX�f4H�®�A_VLG&K}`j� (4G&K ��ADQKJ¡djV6H
a
HYE,O�VLC6H¡«{U0QRa�H�6NP[WNWC6XYA_NPQSH¡GIU0CjORNWCjVLH�ERV6Q

H1
0 (Ω)

HIO�djV6H
L
HpE>O�V6C6H�«{U0QRa�H�[PNWC6XYA_NPQSH¡G�U_CjORNWC}V6H�ERV6Q

H1
0 (Ω)

�@9H�ML[PVLEY�vHYC��_HYQ,OSV�f6H�[�] NWC6X��jAD[WN�OSX¡f4H�°§U_NWCLGYADQSX��r�_U0NPQ#[WH�®2U0QRU0[P[eADNWQRH FL� µ6�W� / � U_C�V4OSNP[WNWERH�NeGIN[PH�G�ADQ&A_GIOR�YQRHb�<U_QSC6Xgf4HJ[�] U_V6�0H�QRO
Ω
��<[eA�«{U_QSa�H#�6NW[PNWC6XYA_NPQSH

a
HYE,OBG�UjHYQSG�NP�0H_�LG_] HpE>OR� ZD� f6NPQSH#djV�] NW[HI�4NWE,ORH

ν > 0
OSH�[vdjV6H

a(v, v) =

∫

Ω

|∇v(x)|2dx ≥ ν‖v‖2H1
0 (Ω) ∀ v ∈ H1

0 (Ω).

®2U_a�a�H
H1

0 (Ω)
HpE>OBV6C HYERMLA0GIHgf4H ��NW[P�<H�QRO\�{�_U0NPQ;[WA�°�QRU0MFUjE,NPORNWU_C FF� µL� �j��LORU_V6ORHYE;[WHYE;Kj`}M<UD�ORK6�pE,HpEBf6V 0�K6XYU_QS��a�H�f4H� 'Ac�}����NP[W�_Q&ADa�µL� µL�P��E,U0C0OTESAcORNeE,«rADNPORHYEBH�ObU0C³M<H�V4Ogf6U_CLG�GIU0CLGI[WV6QSHd0Vv] NW[�HI�4NeE>OSHbV6C6HTV6C6NedjV6H#ERU_[WV4ORNWU_C

u ∈ H1
0 (Ω)

f6HB[eA�«{U_QSagVL[WADORNWU_C¡�cA_QRNeAcOSNPU0C6C6H�[W[WH��^�4���_�I�
.¡|+3´m4ycilk!| �Q] �Q]K^x��U0VLE��0H�QSQRU0CLE�M6[WVLE�[WU_NWC	ADV ®2KLA_M6N�OSQRH ��djV6H0�2f6A_CLE\[WH³G�A0E\M6QSXYERH�CjOY�GIU_a�a�HB[WAg«{U_QSa�H;�6NW[WNPC6XpADNWQRH

a
HYE,O�E,`}a�XIOSQRNedjV6H_�}NW[lHI�4NWE,ORHBV6C�ADV4OSQRHbADQS�_VLa�HYCjO�djV6HB[PH 0�K6XYUD�QR�Ya�HBf4H; 'Ac�}����NP[W�_Q&ADa MFU0V6Q2G�U_CLG�[PVLQRH0�0��C¡HlCªHIOY�}[eAgERU_[WV4ORNWU_C�f6H;[eAb«{U_QSagVL[WADORNWU_C\�cADQSNWADORNWU_C4�C6H�[W[PHTHpE>O�f6A_CLE�GIH#GYA_E�[^] VLC6NWdjV6HbM<U_NWCjO9f4HTa�NPC6NWagVLa f4HT[^] XYC6H�QS�_NWHbf4XI�LCLNPHTMLA_Q

J(v) =
1

2
a(v, v)− L(v) ∀ v ∈ H1

0 (Ω)

�{�_U0NPQ9[WA\°?QRU0MFUjE,NPORNWU_C³�6� /6�0G_��L°-A_Q9GIU0CLE,XpdjV6H�CjOY�<E,N'U_C³f6X�a�U_CjORQSH#djV6H
J
A\V6C³V6C6Ned0VLHgM<U_NWC0Of4HTa�NPC6NWagVLa��LU_C�A�A_NPCFE,NlU0�4ORHYCjV�[eA�E,U0[PV4OSNPU0C�f6HT[WAJ«{U_QSagVL[WADORNWU_C¡�cA_QRNeAcOSNPU0C6C6H�[W[WH_� •

� npm4~?| \ � � djV6NW�¤A_[PHYCLGIH#A¤�0HYG;[�] XYdjVLADORNWU_C��
 'A�OSQRU0NWERNP�Ya�H�XIO&ADM<H9�{[eA9f4HYQRCLNP�YQRH�H�O'[eA�M6[WVLE!f4X�[WNWGYAcOSHp��G�U_CLERNeE>OSH?Z��_XYQRNP�LHYQ'djV�] H�CTQSXYERU_[W�¤A_CjO[WA¡«{U_QSagV6[eAcOSNPU0C �cADQSNWADORNWU_C6CLH�[W[PH����4���_�9U_C�A¡�LNPHYC�QSXYERU_[WV [WHJM6QSU_�L[P�Ya�H�ADV6� [PNWa�N�OSHYE\���6�P�¤��ªHIOZ´M6QSXYG�NWERH�Q�f6ADCLE�djV6H�[TERH�CLE�[eA ERU_[WV4ORNWU_C f6H¥�^�4���_�\HpE>O�ADVFERERN9V6CLH�ERU_[WV4ORNWU_C f4H¥�^�4�W�p�I�2��Cfl] A_V4ORQSHYE�ORH�QSa�HYEY�LNW['EY] A_�_NPO9fl] NPCjORHYQRMLQRX�ORH�Q9[WA�«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6CLH�[W[PHTH�O;f4H#QSHIOSU_V6QSC6H�Q�Z[�] XYdjVLADORNWU_C��j°§U_V6Q�GIHY[WATU0C�M6QSU4GI�Yf6H;ADV6��a�¦Ya�HpE?NWCjORXY�_Q&AcORNWU_CFE�MLA_Q2MLA_Q,OSNPH;d0VLN<U0CjO�GIU0CLf4V6NPO�Z[WAJ«{U_QSagVL[WADORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PH0�}a�A_NWE�HYC�ERH�CFE2NWC}�_HYQSERH_�}HIO�HYC�[WHYE�A>VLE,ORNP�FA_C0O�ERU_NW�_C6HYVLERH�a�H�CjOY�
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�0�#F ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

®2H�O,ORH?A>VLE>OSN��<G�AcOSNPU0C\HYE,O�ORQS�YE-«rA_GINW[WH�E,NF[�] U_C\ERV6M6M<U0ERH�d0VLH�[WATERU_[WV4OSNPU0C
u
f4H�[eAB«{U_QSagV6[eAcOSNPU0C�cA_QRNeAcOSNPU0C6C6H�[W[WH����6� �0�JHYE,O�QSX��0V6[PNW��QSH��rM6QSXYGINeERX�a�H�CjO\E,N

u ∈ H2(Ω)
�JHIO�djV6H�[^] U0V6�_HYQ,O

Ω
HYE,OA_VLESE,N4QSX��0V6[PNWH�Qp�DGIH�djV6H�CLU_VLE§«rA_NWERU_CFE-f6ADCLE�V6C\M6QSH�a�NPHYQ§ORHYa�MFE��0��C�HlCªHIOY�0NP[<E,V�W�O?f�] NWC}�_U4djV6H�Q[eAJ«{U_QSagV6[WHTf4H�
BQSH�H�C���FF� /'/_��djV6NlC6U0VLE�f4U0C6C6H_�4M<U_VLQ

v ∈ H1
0 (Ω)

�
∫

Ω

∇u · ∇v dx = −
∫

Ω

v∆u dx

MLV6NWESdjV6H
v = 0

ERV6Q�[WHb�FU0QSf
∂Ω

�/�;C�HYC�f6XYf4V6NPO9AD[WU_Q&E
∫

Ω

(∆u+ f) v dx = 0 ∀ v ∈ C∞
c (Ω),

G�H�d0VLN�NPa�M6[WNed0VLH_��HYC¥�0H�QRORV f4V ®2U_QSU_[W[WA_NPQSH FF� /6� /6�-d0VLH −∆u = f
f6ADCFE

L2(Ω)
�?HIO�U_C A[^] X��0A_[PNPORX

−∆u = f
M6QSHYESdjV6HbMLADQRORU0V4O�f6ADCFE

Ω.
���6� ¯ �

@;H\M6[WVLEY�'ERN
Ω
HpE>O#VLC�U0V6�_HYQ,OT�<U_QSC6X\QSX��_VL[PNWH�Q#f4H�G�[WA0ERERH C1 �vA_[PU0QSEB[WH�0�K6X�U0QR�Ya�H�f6H�ORQ&A_GIHFF� µL�P�pµg�rU_V�M6[PVFE§M6QRXpGINeE,XYa�H�CjO§ERU_C�®2U_QSU_[W[eADNWQRH	FL� µ6�W� ¯ �vA4W\QSa�H�djV6H�ORU0V4ORH�«{U_CFGORNWU_C�f4H

H1
0 (Ω)A�V6CLHbORQ&A_GIHTERV6Q

∂Ω
C}V6[W[PH#f6A_CLE

L2(Ω)
� �;C�HYC�f4XYf4VLN�Op�6H�C�MLA_Q,OSNWG�V6[PNWH�Qp�4djV6H

u = 0
M6QRHpERdjV6HbMLA_Q,OSU_V4O�ERV6Q

∂Ω.
���6�0G_�

�;C�A�f4U_CFGb�6NPHYC�QRH�ORQSU_V6�0X9[^] Xpd0VFAcORNWU_C�HIO�[eA\GIU0CLf4NPORNWU_C�ADV4��[PNWa�N�OSHYE�f4H\�^�4�W�p��
(}NL[�] U_CJC6H�E,V6MLMFUjE,H�M6[WVLE-djV6H�[WAbERU_[WV4ORNWU_C

u
f4HT���4���_�vHIO-[^] U0V6�_HYQ,O

Ω
ERU_CjO§QRXY�_V6[WNWH�Q&E��pNP[6«rADV4OOSQSA¤�cA_NP[W[PHYQ�fLA¤�¤A_CjOSAD�0Hg�{U0C�CLH;M<H�V4O�M6[WVLE�V4OSNP[WNeE,HYQ�[eAg«{U_QSagV6[WHBf6H 
BQSH�HYC���FF� /'/_�2djV6NªC6XYG�HYESE,NPORHdjV6H

u ∈ H2(Ω)
�I� �;C C6UDOSH

σ = ∇u djV6N�HYE,OgV6C6H¡«{U_CLGIORNWU_C Z��cA_[PHYV6QSE#�_HYGIORU0QRNWH�[W[PHpE#f6A_CLE
L2(Ω)N �c°§A_Q§[�] NPCLX��0A_[PNPORX�f4H9®�A_VLG&K}`0�!(4G&K ��ADQKJ_�IU0CJf4Xpf4V6NPO?f4H�[WA9«{U_QSagV6[eAcOSNPU0Cg�cADQSNeAcORNWU_CLC6H�[W[PH�^�4���_��djV6H_�LMFU0V6Q�ORU0V4O

v ∈ H1
0 (Ω)

�
∣

∣

∣

∣

∫

Ω

σ · ∇v dx
∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

fv dx

∣

∣

∣

∣

≤ C‖v‖L2(Ω).
�^�4� � �

®2U0a�a�H
C∞

c (Ω) ⊂ H1
0 (Ω)

�9���6� � ��C�] HpE>O�QSNWH�C fl] A_V4ORQSH�djV6H�[PH G�QRNPOR�YQRH�fl] HI�4NeE>OSH�CLG�H fl] V6C6Hf6NP�0H�QS�_H�CFGIH\«rA_NP�6[WH�f4H
σ
f6ADCFE

L2(Ω)
�{�0U_NWQJ[eA³@;XI�FC6N�OSNPU0C FF� /6� ¯ HIO�[PH� �HYa�a�HIFL�0/4� GD�gdjV6N�0X�QSN��FH_�4M<U_V6Q�OSU_V4O

v ∈ C∞
c (Ω)

�
∫

Ω

σ · ∇v dx = −
∫

Ω

divσv dx.

�;C�H�C�f4Xpf4V6NPO9f4U_CFGBdjV6H
∫

Ω

(divσ + f) v dx = 0 ∀ v ∈ C∞
c (Ω),

G�H#djV6NlNPa�M6[WNed0VLH_�6HYC��0H�QRORV�f4V³®2U_QSU_[W[WA_NPQSH FL�0/4�0/4�4djV6H −divσ = f
f6A_CLE

L2(Ω)
�6°-ADQ�GIU0CLERXI�djV6HYCjO

divσ = ∆u
ADM6MFADQRORNWH�CjO�Z

L2(Ω)
�{Q&ADMLMFHY[PU0CLE�djV6H

div∇ = ∆
��?H�O¡U_C QSHIOSQRU0V6�_H
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �_�¤�
[�] XYdjVLADORNWU_C �^�4� ¯ �� �;C QSHIORQSU_VL�_H#[eA¡G�U_CLf4NPORNWU_C A_V4��[PNWa�N�OSHYE����6�0G_��GIU0a�a�HJM6QSXYGIXpf4H�a�a�H�CjObE,N[�] U_V6�0H�QRO

Ω
HYE,O�QRXY�_V6[WNPHYQ¡f4H³G�[WA0ERERH C1 �2(4N Ω

C�] HYE,O¡MLA_E�QRXY�_V6[WNPHYQY��A_[PU0QSE�U_C C6H M<H�V4O�MLA_ENPC}�_U4djV6HYQT[PH 0�KLX�U_QS��a�H�f4H�ORQ&A_GIH FF� µL�P�pµ�MFU0V6Q#U0�4ORHYC6NPQ����6�0G_��v�9XYADCLa�U0NPCFE��'[PH¡ERNWa�ML[PH\«rA_N�Ofl] A_M6MLA_Q,OSH�C6NWQ;Z
H1

0 (Ω)
HYE,O;V6CLHg�_XYC6X�Q&AD[WNeERADORNWU_C�f4Hg[eA�G�U_CLf4NPORNWU_C�ADV4��[WNPa�NPORHYEBf4H�@9NWQRNeG&K6[WHIOMFU0V6Q9V6C³U_V6�0H�QRO�C6U_C�QSX��0V6[PNWH�Qp�6H�O;U_C G�U_CjORNWC}V6H�Q&A\Z\XpGIQSNPQSH71 qLy43´|}�r��|+3´|}sªnBdjV6H

u = 0
ERV6Q

∂Ω
� �?C GIU_CFGI[WVLE,NWU_C�C6U_VFE�A¤�_U0CLE2f6X�a�U_CjORQSXb[PHTQSXYERV6[POSADO�ERV6NW�cADCjOY�

� £'h}qFy4:[3 | �%]��%]�� `>bdcfe
Ω g h b g i4jlk e � b kuh ��m j RN w `>b4cfe f ∈ L2(Ω) w � � j�- c p e j�g h>j�g h c � gNj

p b � g e~cBb h u ∈ H1
0 (Ω)

m j7� q�r b kut�g ��q eKcBb h i4q4k c q eKcBb hNh�j	�f��j�z � w � ��w � j2|��Dg+p o u i � k c ' j
−∆u = f |>kvjup � gNj2|Nq4k e b g e�m qdh�p Ω, j e u ∈ H1

0 (Ω).
�^�4� �0�

`_c$b h6pug |'| b plj j	hE|�� g+p � gNj Ω jlp e k � � g � c j	k m j }	��q4p@p	j C1 o q4� b k-p u jup e p b �Dg eKcBb h m g |�k b �	� + t9j
q4g -)� c t cfe jlp�z � w��-�)q4g p	j	h�p b�)

−∆u = f |�kvjlp � gNj�|Nq4k e b g e2m q4hNp Ω, u = 0 |>kvjlp � gNj�|�qdk e{b g e pug k ∂Ω.
�;C A_M6M<H�[W[PH�[eA�E,U0[PV6ORNWU_C

u ∈ H1
0 (Ω)

f4H�[eA�«{U_QSagV6[eAcOSNPU0C¥�cA_QRNeAcOSNPU0C6C6H�[W[WH��^�4���_��tpqF��k%=nYorq<s�z6m4yco�m4nYo�qFs!s'|}���r|gf6V�M6QSU_�6[W��a�H9A_V4��[WNWa�NPORHpE;�^�4�W�p�I�_°-ADQ2V6C�Q&A_G�G�U_V6Q&GIN6f6H9[eADC6�jAD�_H��LNPHYCGIU_a�a�U4f4H_�ªq<s w!o{ycm´ilk!|�� Pk!s!orilk!|�tpqF��kvnporq<s
u ∈ H1

0 (Ω)
w'|���m 1 qLy43�k'��m4nYo�qFs	z6m6y¤o�m+=nYorq<s!s'|}�r��| � �Q]�� " |jtYn�� Pk!s'o�ilk'|¥tpqF��kvnporq<s w!k ~!ycq �§�B:+3´|xm6kvu �roB3 o{nY|}t � �Q]K^ "c�-®2H�O,ORHADM6M<H�[W[WADORNWU_C�HYE,O��6NWH�C�E,�LQ�A>VLE>OSN��FX�HTMLA_Q�[WH 0�K6XYU_QS��a�H#�4�0/4�0/4� 'AJERU_[WV4OSNPU0C¡f4HJ�^�4�W�p�I�}djV6H;C6U_VFE?�0H�C6U0CLE2f�] U0�4ORHYC6NPQp�jC6H;�0X�QSN��FH q�|�k cBb k cL[^] XpdjVLAcOSNPU0C�HIO�[WAGIU_CFf4N�OSNPU0C\ADV4�g[WNWa�NPORHpE?djV6H�f6A_CLE§V6C�ERH�CLE�¨>«rADNW�6[WH©�_GD] HYE,O,��Zc��f4NWQRH�M6QSHYESdjV6H�MLADQRORU0V4O9�{U0V�a�¦Ya�HM6NPQSH¡M<U_VLQJ[eA GIU0CLf4NPORNWU_C A_V4��[PNWa�N�OSHYE�ERN2[^] U0V6�_HYQ,OJC�] HpE>O�MLA_EJQSX��_VL[PNWH�Q�� �;C´MLADQS[WH¡AD[WU_Q&Egf4HtYq<�rk'nYo�qFs�1^mLo �§�r|�MLADQBU_MLMFUjE,NPORNWU_C³A_V4� E,U0[PV6ORNWU_CLE9«{U_QRORHpE;djV�] U_C³A_V6Q&ADNPO;M6V�HYERMFXYQRHYQ9U_�6ORH�CLNPQf6ADCLE'[eA�«{U_QSagVL[WADORNWU_C#GI[eA_ESERNWdjV6H?f6HB�^�4�W�p���r�_U0NPQ'[WAn(}U_VLE,��E,HpGORNWU_C#µL�P�0� /0��¤@9H2a�¦�a�H_�¤U_CJADM6M<H�[W[PHMLADQR«{U_NeE�[WA�«{U0QRaJV6[WADORNWU_C��¤A_QRNeAcOSNPU0C6C6HY[P[WH 1^qFy43�k!�rm6nYorq<s 1^mLo �§�r|�f4Hb[^] XpdjVLAcOSNPU0C��

.¡|+3´m4ycilk!| �Q] �Q] \	��C�«rA_N�Op�6[WA\ERU_[WV4OSNPU0C¡«rA_NP�6[WHTM<H�V4O9¦�ORQSHTV6C6H#ERU_[WV4ORNWU_C�«{U_QRORH#ERN�[WH#E,HpGIU0CLfa�HYag�6QSH
f
HpE>O9ML[PVLE;QSX��_VL[PNWH�Qp�F±9V4ORQSH�a�H�CjObf4N�Op�F[^] XYdjVLAcOSNPU0C�HIOb[WA¡GIU_CFf4N�OSNPU0C ADV4��[WNPa�NPORHpE;f4H���4�W�p�\MFHYV6�_HYC0O�¦IORQSH��_XYQRNP�LXYHYE\HYC	V6C E,HYCLE¡G�[WA0ERERNed0VLH_�?G_] HpE>OR� ZD� f4NWQSH�M<U_VLQ\ORU0V4O

x ∈ Ω
�2HIOORU_V6O

x ∈ ∂Ω
�4QRHpE,M<HYGIORNW�_HYa�HYCjOY�F®;] HYE,O�G�HTd0Vv] U0C�A_M6MFHY[P[WHbV6C�QRXpE,VL[�O&AcO�f4HbQRXY�_V6[eADQSNPORX9M<U_VLQ�[WAE,U0[PV4OSNPU0C��r�_U0NPQ�M6[WVLE�[WU_NWC�[PHg®2U_QSU_[W[eADNWQRHb�4�0/4�0/'GD�I� •

.¡|+3´m4ycilk!| �Q] �Q] � D�[;«rADV4O��6NPHYC GIU0a�M6QRHYCLf4QSH�[PH�E,HYCLE�MLQRXpGINeE¡f4H�[�] HI�4M6QSHYESE,NWU_C
∆u

fLADCLE[�] X��jAD[WN�OSX��^�4� �0��f4V 0�K6X�U0QR�Ya�H��4�0/4�0/4�§°§U_VLQ\V6C6H�«{U_CLGIORNWU_C djV6H�[eGIU0CLdjV6H
v
f4H

H1
0 (Ω)

C6U0VLEC�] A¤�0U_CLEgMLA_E�f4U0C6C6X�f4H�E,HYCLE��{a�¦�a�H�«rADNW�6[PH¤��Z�ERU_C  'ADM6[eA_G�NPHYC
∆v

�-°-A_Q�G�U_CjORQSH_�§M<U_V6Q�[WAE,U0[PV4OSNPU0C
u ∈ H1

0 (Ω)
f4HB[eAT«{U_QSagVL[WADORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PHJ���4���_�I�}C6U_VLE�A¤�_U0CLE�a�U0C0OSQRXBdjV6H

∆uADM6MLA_Q,OSNPHYCjO�Z
L2(Ω)

� •°§U0V6Q�d0VLH9[WH;M6QSU_�L[P�Ya�HBADV4�\[WNPa�NPORHpET���4�W�p�?E,U0N�O��6NWH�C�MFUjE,X��rADV�E,HYCLE�f4H �;A_f6A_a\ADQ&f � �_U0NPQ[WAB@9X��LC6NPORNWU_C��_���4� µ0�I�pNW[j«rADV4Op�cH�C�M6[WVLE-f4H�[�] HI�4NeE>OSH�CLG�H2H�O-f6H�[^] V6C6NeGINPORX�f4H�ERABE,U0[PV6ORNWU_C��¤a�U_CjORQSH�Qd0VLH�[eA�E,U0[PV6ORNWU_C�f4X�M<H�CLf�G�U_CjORNWC}�6a�H�CjO#f4HYETf4U0C6C6XYHYEY�'®;] HpE>O#V6CLH�G�U_CLERXYdjV6HYCLGIH�NWa�a�Xpf4NeAcORHf4V 0�KLX�U_QS��a�H�f4H� 'Ac�}����NP[W�_Q&ADa µ6� µ6�W�ga\A_NWEBC6U0VLEBH�C�f6U_C6C6U0CLE;V6C�CLU_V6�0H�[!X�C6U0CLGIX�HIOTV6C6HC6U_V6�0H�[W[PHTf4XYa�U_CLE,ORQ&AcOSNPU0C��
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�0� ¯ ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

�bycqF~?q<tYornYorq<s �Q] �Q]�� `Qb4cfe
Ω g h b g i8j	k e � b kuh �.m j RN o j e p bdcfe f ∈ L2(Ω) w � � q@|'|�� c }-q e~cBb h� g c $ f ∈ L2(Ω) rlq cfe } b kukvjlpK| b h m kvj�� q p b �Dg eKcBb h g h c � gNj u ∈ H1

0 (Ω)
m j6��q r b kut�g ��q eKcBb h

i4q4k c q eKcBb hNh>jl�f��j m j�z � w��-�6jlp e � c h � q c kvj.j e } b h e~c hNgNj m j L2(Ω)
m qdh�p H1(Ω) w �2h.|Nq4k e~c }lg � c j	k oc ��j - c p e jEg h�j�} b h�p e q4h e j C > 0

e j	�f��j � gNj o | b g k e b g e f ∈ L2(Ω) o b h�q
‖u‖H1(Ω) ≤ C‖f‖L2(Ω).

�^�4�W� E �
.�|+3´m4ycilk'| �%]��%]
	  �] NPCLX��0A_[PNPORXT�^�4�W� E �'HpE>O?G�H�djV�] U_C�ADMLMFHY[P[WH�V6C6H�|}tYnYoB3 m4nYo�qFs w�Ph}s!|jy8A<or|<��?[P[WH��0A_QSA_C0OSN�O�djV6H�[^] XYC6H�QS�_NWH�f4H�[eA�ERU_[WV4OSNPU0C¥HpE>O¡G�U_CjORQKB_[WX�H�MLA_Q�GIH�[W[WH f4H�[WA�f6U_C6C6XYH_�� vHYEHpE>OSNPa\ADORNWU_CLE�fl] X�C6HYQR�0NPH¡ERU_CjOJORQS�YEJCLAcOSV6QRHY[P[WHYE�fl] V6C M<U_NWCjO�f4H��}V6H¡MLKj`4ERNWdjV6H�HIO�ORQS�YEJV4ORNW[WHYEf�] V6C�M<U_NWCjO9f4Hb�jVLHTa�ADORK6XYa\AcORNedjV6H_� •
Y�h+3´q<s'tYn�ycm4nporq<s#]� 'A�[WNPC6XpADQSN�OSX�f6H

f → u
HpE>ObX��}Nef4H�CjOSH_�ª°§U_V6QBU_�4OSH�C6NWQB[WA�GIU0C0OSNPC}V6NPORXJU_CMLQRHYCLf

v = u
f6A_CLE�[eAg«{U0QRaJV6[eAcORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH\���6� �0�

∫

Ω

|∇u|2dx =

∫

Ω

fu dx.

�;C�a\A'A>U_QSHB[PH;ORHYQRa�HTf4HTf4QSU_NPORHbZg[^] A_NWf6HBf4Hb[^] NWC6XY�0AD[WNPORXbf4Hg®�ADVLG&K}`j� (6G&K	��ADQKJ_�_HIO�U_C�a�NPC6U0QRHG�H�[WV6Nvf4Hb�jADVLG&K6HbMLA_Q�[WA\G�UjHYQSG�NP�}NPORXbf4HT[eAg«{U0QRa�Hb�6NW[PNWC6XpADNWQRH
ν‖u‖2H1(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω) ≤ ‖f‖L2(Ω)‖u‖H1(Ω),f�] U'&�[^] U0C�f4XYf4VLN�O�[WHTQRXpE,VL[�O&AcOY�

�

�9U_VLE!A¤�_U0CLEvf4X6A,Z9f4NPO!djV6H2[WA�«{U_QSagV6[eAcOSNPU0CT�cADQSNWADORNWU_C6C6HY[P[WH�M<U0ESE,�pf4H2ERU_VL�_H�CjOvVLC6H?NWCjORH�QSM6QSXI�O&AcOSNPU0C#M6K}`4E,NedjV6HB��GD] HYE,OY�¤MLA_QvHI�4HYa�ML[PH0�p[WH�M6QRNWCLG�NPM<H�f6HYEvORQ&A¤�¤A_V4�T�}NPQRORV6HY[WE'H�CJa�XYG�A_C6Ned0VLHp��p��C«rA_N�Op�c[WAbERU_[WV4ORNWU_C�f4H�[eA9«{U0QRaJV6[eAcORNWU_CJ�cADQSNWADORNWU_C6C6HY[P[WHb���4���_�'QSXYA_[PNeE,H�[WH�a�NWC6NWagV6a fl] VLC6H�X�C6HYQR�0NPH�{ORQS�YE�CLADORV6QSH�[W[WH;HYC�M6K}`4ERNWdjV6HBU_V�H�C�a�XpG�A_C6NWdjV6H¤��6 vHBQSXYERV6[POSADO�ERV6NW�¤A_CjO�HpE>O�V6CLHbA_M6M6[WNWGYAcOSNPU0CNWa�a�XYf4NeAcOSH#f4Hb[WA�°�QSU_M<U0ERNPORNWU_C�µL� µL� FF�
�bycqF~?q<tYornYorq<s �Q] �Q]
	 `Qb4cfe

J(v) �R� � h>jlk �dc j m�� ' h c j�| b g k v ∈ H1
0 (Ω) |�qdk

J(v) =
1

2

∫

Ω

|∇v|2dx−
∫

Ω

fv dx.
���6�P�0�p�

`Qb4cfe
u ∈ H1

0 (Ω) ��q9p b � g eKcBb h g h c � gNj m j7� q�r b kut g ��q eKcBb h�i4q4k c q eKcBb hNh�j	�f��j6z � w � �dw %"� b k-p u jlp e
qdg+p-p c �v� g h c � gNj�| b4c h e�m j7t c h c t g t m j7�v� � h>jlk ��c j o }N� jlp e � $ � m4c kvj � gNj

J(u) = min
v∈H1

0 (Ω)
J(v).

�"� } c |>k b � gNj	t.j	h e o p c u ∈ H1
0 (Ω) jup e g h7| b4c h e�m jnt c h c t g t m jn�R� � h�j	k �dc j J(v) o qd� b k-p u jlp e

� q.p b � g e~cBb h�g h c � gNj m jE� q�r b kut g ��q eKcBb h�i4q4k c q eKcBb hNh�j	�f��j�z � w � ��w
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �_�4G
.¡|+3´m4ycilk!| �Q] �Q]�  vA¡°�QSU_M<U0ERN�OSNPU0C³�4�0/4� G�QRHYMFUjE,HJf4Hga\ADCLNP�YQRHgG�QRVFGINeAD[WHgE,VLQ9[WH#«rADNPOBdjV6HJ[WA«{U_QSa�H\�LNP[WNPCLXYADNWQSH�f6H\[WA�«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH�HYE,OgE,`}a�XIOSQRNedjV6H_��(4N2GIHY[WA�C�] HYE,O#MLA0ET[PHG�A_EY�?[eA´ERU_[WV4ORNWU_C f6H [WA�«{U_QSagV6[eAcOSNPU0C	�¤A_QRNeAcOSNPU0C6C6HY[P[WH�C6H a�NWC6NPa�NeE,H�MLA_E¡[�] X�CLH�QS�_NWH �{�0U_NWQ�[PHGIU_CjOSQRH��^H��}HYa�M6[PHbf4HT[^] ���}HYQSG�NWG�H#�4�0/4� µ0��

(4U_V6�0H�CjO�[^] U_QSNP�0NPC6H¡M6K}`}ERNed0VLH�f4V¥ vA_M6[WA0GINWH�C´HpE>O�H�C «rADNPO�[eA�QRHpG&K6H�Q&G&K6H¡f4HpE�a�NWC6NWa\A�f4H[�] X�C6HYQR�0NPH
J(v)

�>D�[}HYE,O-QRHYa�A_QSdjVLA_�6[WH?djV6H�GIH�M6QRU0�6[W��a�H�f6H2a�NWC6NPa�NeERADORNWU_C�C6XYG�HYESE,NPORH�f4H�[WA;MLA_Q,Of4H#[eA�E,U0[PV6ORNWU_C
u
a�U_NWCLE;f4H#QSX��_VL[WA_QRNPORX#djV6H#[^] XYdjVLAcOSNPU0C ADV4��f4X�QSNW�_X�HpE�MLA_Q,OSNPHY[P[WHYE#�rV6C6H�E,HYV6[PHf4X�QSNP�0X�H�M<H�QSa�HIO2f4H;f4XI�LCLNPQ

J(u)
O&ADCLf6NWE2d0Vv] NW[LHYC�«rADV4O2f6H�V4��MFU0V6Q

∆u
��4®2HIO,OSH9GIU0CLE,OSAcO&AcOSNPU0CGIU_C6�LQRa�H [WH�G�ADQ&A_GIOR�YQRH¡¨,CLAcOSV6QSH�[�© f6H³[eA�«{U_QSagVL[WADORNWU_C	�cADQSNWADORNWU_C6CLH�[W[PH M<U_VLQ�A_CLAD[W`4E,HYQ¡V6C6HXYdjVLAcOSNPU0C�A_V4��f4XYQRNW�_XYHYE�MLA_Q,OSNPHY[P[WHYEY� •

�9u�|jyc¢_o�¢_| �%]��%]B^�� 7 � 2 � 9�� 9�� 7 � 2�<�<>% � ��� � � 2>% � 2�� � �"�����)787 � 9); & �"���(% �>%,7 � ��	 � �����)� �#� �!� 7 � ��� � � � ��;
9)� 7 2=�6�"78��� � �"��9��

{

−∆u+ u = f 9�2���� Ω
u = 0 �#��% ∂Ω

�^�4�W� /0�
��� Ω �#���,��� �"� � �)% � *"� �>7 �#�"�'*"� �,9���7 � �#�!<'2'�!� RN ���!� f ∈ L2(Ω) /�=�"���(%��)% �)�=<'2>%�� � �'��7 � �>% *����
7 � 2�� �"����9�� ���,���)% & �,9 � �@% 9"% � � ;)%�� 2�� �>2�<�7 2'� � �>��<>�)% & �!�59��:����< 2 �?2 � � � % �>�#�6� � � 9��:7 � � ��<>�>� � �#�C�
*"� � Ω �������>�@% � ;�/
�9u�|jyc¢_o�¢_| �%]��%]�� �@� � � Ω ��� ��� � �>%�� �>�@% � ;I9�� RN / � 7 � 2 � 9��I9�� 7 � 2�<�<>% �@� ��� � 2)% � 2�� � �"�����)787 �
9); & �"���(%��)%"7 � ��	 � �����>�'�!�$�#��7 � ��� � � � ��;?9)��7 2 �C�"78��� � �"�59���<>% ����7 � & �$�#� � � 2���� 9��5�!��� � ���!� � �"�%! 9 � � � � � ���

{

V · ∇u−∆u = f 9�2���� Ω
u = 0 �#��% ∂Ω

�^�4�W�Yµj�
��� f ∈ L2(Ω) �#� V �#�6� �����=���"�'�(� � ��� % ;�����7 � �)%�� # � 2�7 �>��%�� � ���!���@% � �)787 �#�����)787 � *�� � divV = 0
9�2�� � Ω /
�9u�|jyc¢_o�¢_| �%]��%] \�� ��% �><>% �>�'9 7 �������)�62�� � �"� � �#� ����<>�)� � ���6���?9)� 7 � � 	 �)% � � �!� ��/ 0�/ 0�/ =�"���(% �>% *����
���"��� v ∈ H1

0 (Ω)
� ;)% � � �

∫

Ω

vV · ∇v dx = 0.

 �����(% �>%=*�� � 7 2 �6��78��� � ��� 9)� 7 2 ���@% & ��7 2�� � ��� � 2)% � 2�� � ����� �>787 � 9�� <>% ����7 � & � 9�� �!��� � ���!� � �"�%!
9 � � ��� � �"� � � & � � � &:� �6� < 2 � 9�2���� H1

0 (Ω) 7 � ;>� �>% � � �
J(v) =

1

2

∫

Ω

(

|∇v|2 + vV · ∇v
)

dx−
∫

Ω

fv dx.

 'A\MLA_Q,OSNPH9¨,V6C6NeGINPORXI©#f6V 0�K6X�U0QR�Ya�Hg�6� /6� /�HpE>O;V4ORNW[PHgMFU0V6Q;f4XYa�U_CjORQSH�Q�f4HpE�M6QSU_MLQRNWXIOSXYE�f4HE,`}a�XIOSQRNWHTGIU_a�a�Hb[�] NWCLf4Ned0VLHT[�] HI�4H�Q&GINeGIHTERV6NW�¤A_CjOY�
�9u�|jyc¢_o�¢_| �%]��%]���� � �!����� � 9��)%�� # � �"� � ��2�� 7 �=<)%�����7 � & �42��
	 7 � & � ���#� + � / � 1!/ � �:�#��<�<>�)�C� *����
7 � ��� � �>%�� Ω �#����� � & ;#�(% � *���� <'2>% % 2�<�<>�@% ��#�7 � � ��<>�>% <�7 2�� xN = 0 9�� &��>& ��*�� �47 249)����� ;#� f + � / ��/
f(x′, xN ) = f(x′,−xN ) 1#/ =�"���(%��)% *�� �=7 2��6�"78��� � �"�:9�� + ��/���1 2 7 2 &��>& � � � & ;#�(% � ��/  �����(% �>%
*"� � + ��/���1,�#�6�4;�*�� � � 2�7 �)��� # ��� <>% ����7 � & � 2��
	 7 � & � ���#� <>�)�6; �!��% Ω+ = Ω ∩ {xN > 0} 2 � ���
��� �:�!�"�'9 � � � �"��2���	 7 � & � ���#� 9������)� & 2������!��% Ω ∩ {xN = 0} /
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�0� � ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

.�|+3´m4ycilk'| �%]��%] ���_VFERdjV�] NWG�NLC6U0VLE?A¤�0U_CLE?E,V6MLMFUjE,X9djV6H9[PHBE,HpGIU_CFf�a�HYag�6QSH
f
f4Hg�^�4�W�p�?ADM4�MFADQRORH�CFADNPOTZ

L2(Ω)
�va\ADNeEbV6C6H\�0QSA_CLf4H�MLADQRORNWH\f4HYETQSXYERV6[POSADOSEbQSHYE,ORH��cAD[eAD�6[WH\E,N�U0C�ERV6M6M<U0ERHERH�VL[PHYa�HYCjOJdjV6H

f ∈ H−1(Ω)
�{HpE,MFA_GIH�f4HJ¨>«{U_CLGIORNWU_CLE>©�a�U0NPCLEgQRXY�_V6[WNW��QSHYE&��v vHYE#f4HYV4��M6QSHI�a�NW��QSHYE�X�OSADM<HYE�QSHYE,ORHYCjO�NWf4HYCjORNed0VLHYE�Z�GIU0CLf4NPORNWU_C�f4HTQSH�a�M6[eA_GIHYQ�[�] NPCjOSX��_Q&AD[WHBVLE,VLH�[W[PH ∫

Ω
fv dxMFADQ�[PH�M6QSU4f4V6NPO�f4H�f4VFAD[WN�OSX 〈f, v〉H−1 ,H1

0 (Ω)

�{H�CxMLADQRORNeGIVL[PNWH�Q
L(v)

QSHYE,ORH¡�LNPHYCxV6CLH¡«{U0QRa�H[WNWC6XYA_NPQSH�GIU0C0OSNPC}V6H;E,V6Q
H1

0 (Ω)
��}@BADCLE?[WAbOSQRU0NWERNW��a�H�XIO&ADM<H_�0[�] X��jAD[WN�OSX −∆u = f

C�] ATM6[WVLE?[WNWH�VdjV�] ADV�E,HYCLE;f6Hg[^] XY�0AD[WNPORXgHYCjORQSH#X�[WX�a�H�CjO&E;f4H
H−1(Ω)

�{HIObC6U0C M6[WVLE9MLQRHpERdjV6HJMLADQRORU0V4O;f6A_CLE
Ω
�I� ®2H�Q&A4W\C6HYa�HYCjO§a\ADORK6XYa�ADORNedjV6H�MFHYV4O?GIU0QRQSHYERMFU0CLf4QSH2ZBV6C6H�a�U4f4XY[PNeERADORNWU_CJM6K}`}ERNed0VLH�M<H�QR�OSNPCLH�CjORH0��°�QSH�C6U0CLE#GIU0a�a�H\H��4H�a�M6[WH�[WH�G�A0E#fl] V6C�E,HpGIU0CLf�a�HYag�6QSH\GIU0CLGIHYC0OSQRX\ERV6QTV6C6H¡Kj`j�M<H�Q&ERV6Q,«rA0GIHbM6[WV4OCB_O9djV6H#f4NeE>OSQRNW�6V6X#f6A_CLE�ORU0V4O

Ω
�_(4U_NPO

Γ
V6CLH#K}`jM<H�Q&ERV6Q,«rA0GIH��{V6CLHT�¤A_QRNWXIOSX#f4Hf6NPa�H�CFE,NWU_C

N − 1
�§QSX��_VL[PNW��QSH�NWCLGI[WVLERH9f6ADCFE

Ω
�j°§U_V6Q2a�U4f4XY[PNeERH�Q?VLC\ORHYQRa�H;ERU_VLQSG�H�GIU_CFGIH�CjOSQRXERV6Q

Γ
�6U_C�M6QSH�CLf

f̃ ∈ L2(Γ)
H�O�U_C�f4XI�FC6N�O

f ∈ H−1(Ω)
MLA_Q

〈f, v〉H−1 ,H1
0 (Ω) =

∫

Γ

f̃v ds,

djV6NLHYE,O§�LNPHYC�VLC6H�«{U_QSa�H�[WNWC6XYA_NPQSH�GIU_CjOSNPC}V6H�ERV6Q
H1

0 (Ω)
�_Q-,_GIH�ADV�0�K6XYU_QS��a�H�f4H�ORQ&A_G�H FF� µL�P�pµ6�

•
.�|+3´m4ycilk'| �%]��%]B^�� @BADCFE³���6�P�¤��C6U_VFE¡A¤�_U0CLE\GIU0CLERNWf4XYQRX�V6CLH�GIU0CLf4NPORNWU_C	ADV6�¥[WNPa�NPORHpE¡f4H@;NWQRNeG&K6[WHIO;¨,K6U_a�U_�0��C6HI©&�lG_] HpE>OR� ZD� f4NWQSHJC}V6[W[PH0��a\ADNeETC6U0VLEbMFU0V6�_U0CLETADVFERERN-�6NWH�C�ORQ&ADNPORHYQT[PH�GYA_Ef6H#GIU_CFf4N�OSNPU0CLE�C6U0C4�^KLU_a�U_�0��C6HpE��6®2U_CLERNef4X�QSU_CLE�[WHTM6QSU_�6[W��a�HTADV4��[PNWa�N�OSHYE

{

−∆u = f
f6ADCLE

Ω
u = u0

E,VLQ
∂Ω,

�^�4�W�#Fj�
U'&

u0
HpE>O�[eA�ORQ&A_G�H#E,V6Q

∂Ω
fl] VLC6HT«{U_CFGORNWU_C�f4H

H1(Ω)
�6OSU_V'A>U0V6QSE�C6UDOSX�H

u0
�6°§U0V6Q9ADCFAD[W`}ERH�Q�^�4�W�#F}�?U0C�M<U0ERH

u = u0 + ũ
�6H�O�U_C�G&K6H�Q&G&K6HB[WA\ERU_[WV4ORNWU_C�f4H
{

−∆ũ = f̃ = f + ∆u0
fLADCLE

Ω
ũ = 0

ERV6Q
∂Ω.

�^�4�W�p�_�
(4V6NP�cA_C0OB[WA�X�HYa�A_QSdjV6H��4�0/4� �\U_C M<H�V6OBQSXYERU_VLf6QRH¡�^�4�W�p�0��MLA_Q9[^] A_M6M6QSU}G&KLHg�cADQSNWADORNWU_C6CLH�[W[PHgGYADQ
f̃
ADM6MFADQRORNWH�CjO�Z

H−1(Ω)
�6��C�H	C<H�OY�

〈f̃ , v〉H−1 ,H1
0 (Ω) =

∫

Ω

fv dx−
∫

Ω

∇u0 · ∇v dx

HpE>O��LNPHYC�V6CLHb«{U_QSa�Hb[WNPCLXYADNWQSHbG�U_CjORNWC}V6HTE,VLQ
H1

0 (Ω)
� •

��*KJ�*KJ ��5?/;79=�16=,5?/�S P-8�� O,=vM =�1 U�S�7�U��<Uv8"M P§/;/
�9U_VLE�G�U_CLERNef4X�QSU_CLE�[WHbM6QRU0�6[W��a�HTADV4�¡[WNWa�NPORHpE�ERV6NP�cA_C0O

{

−∆u+ u = f
f6A_CLE

Ω
∂u
∂n = g

ERV6Q
∂Ω

�^�4�W� ¯ �
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �_� �
U�&

Ω
HpE>O�V6C U_V6�0H�QRO¥�{CLU_C CLXYGIHpERESADNWQSH�a�H�CjO³�<U_QSC6Xp��f4H¥[�] HYERMLA0GIH

RN � f ∈ L2(Ω)
HIO

g ∈ L2(∂Ω)
�} ?] XpdjVLAcOSNPU0C¡f4H����4�W� ¯ �-HpE>O�V6C6HB�cADQSNWA_C0OSH;f4V� vA_M6[WA0GINWH�C�U'&�C6U0VLE�A¤�_U_CFE?A'A>U0V4ORXV6C�ORHYQRa�Hgf�] U0QSf4QSH�JYX�QSU�Ac�LC³f�] XY�jNPORHYQJ�rH�C M6QSH�a�NWH�QBAD�<U_Q&fL��V6C6H�f4N�W\G�V6[PORX�d0VLH#C6U_VFE�QSX��_[WHI�QRU0CLE�M6[WVLE9[PU0NPC³A_V 0�K6X�U0QR�Ya�HJ�4�0/4�W� � �L �] ADM6MLQRU4G&K6HT�cADQSNeAcORNWU_CLC6H�[W[PHgMFU0V6Q9X�ORVLf4NWH�Q����6�P� ¯ ��HpE>OE,HYCLE,NW�6[WH�a�H�CjO;f6NDCªX�QSH�CjORH�f4HgG�H�[W[PHJM6QRXpE,HYCjORX�H#Z�[WA�ERU_VFE>��E,HpGOSNPU0C�MLQRXpGIXYf6H�CjORHgfLADCLE9[PHgORQ&ADNPORHI�a�HYCjOgf4HYETG�U_CLf4NPORNWU_CFETADV4�³[WNWa�NPORHpE��§®;] HpE>O#M<U_V6Q&djV6U_N-CLU_VLETf4X�OSA_NP[W[PU0CLETZ�C6U_VL�_HYA_V³[WHYEbOSQRU0NWEXIOSA_MFHpE�f4HT[^] A_M6M6QSU}G&KLH_�

� npm4~?| ^�� � OSA_�6[WNWESE,HYa�H�CjO9fl] V6C6Hb«{U_QSagVL[WADORNWU_C¡�cA_QRNeAcOSNPU0C6C6H�[W[WH_�
°§U0V6QBORQSU_V6�0H�Q9[eA¡«{U_QSagV6[eAcOSNPU0C �cADQSNWADORNWU_C6C6HY[P[WHgU0C agVL[�OSNPM6[WNWH�[^] XYdjVLAcOSNPU0C ���6�P� ¯ �9MLADQBV6C6H«{U_CLGIORNWU_C OSHYE,OBQSX��0V6[WNP�YQRH

v
HIObU_C³NWCjOR�Y�_QSHgMLA_QBMFADQRORNWHgH�C�A_f4a�H�O,OSA_CjOTdjV6H�[eA¡ERU_[WV4ORNWU_C

u
HpE>OE,V W�ESADa�a�H�CjO�QSX��_VL[PNW��QSHTAc�LC djV6HbOSU_VLE9[PHpE�G�A_[WG�V6[WE�HlCªHYGOSV6XYE;E,U0NPHYCjO�[PNeGINPORHpE��< vA�«{U_QSagVL[PH#f4H


BQRHYH�C���FL�0/�/0�B�{�_U0NPQ�A_VLERERN��rµL�0G_�,��f4U0C6C6H
∫

Ω

f(x)v(x) dx =

∫

Ω

(−∆u(x) + u(x)) v(x) dx

=

∫

Ω

(∇u(x) · ∇v(x) + u(x)v(x)) dx−
∫

∂Ω

∂u

∂n
(x)v(x) ds

=

∫

Ω

(∇u(x) · ∇v(x) + u(x)v(x)) dx−
∫

∂Ω

g(x)v(x) ds.

�^�4�W�8G_�

��U_VFEgA¤�_U0CLEbV4OSNP[WNWERX¡[eA G�U_CLf4NPORNWU_C´A_V4��[WNWa�NPORHpEJf6H¡��HYV6a\ADC6C fLADCLE����4�W�8G_�BHIO�NP[2C�] HpE>OJMLA_EC6XYG�HYESERA_NPQSH;f4Hb[^] NWCLESGIQSNPQSHTf6ADCFE2[WHTG&K6U_NP�¡f4HT[^] HpE,MFA_GIHbf4H ��NW[W�FHYQ,O
V
�4°!U0V6Q�djV6Hb[PHbM6QSH�a�NWH�Q�HIO[PHpEBf6H�V4� f4HYQRC6NWH�Q&E9ORH�QSa�HYEBf4H����4�W�8G_��A_NPHYC0ObV6C�E,HYCLE9NW[-E,V�W�OTf4H�M6QSH�CLf4QSH

V = H1(Ω)
�{U_CV4ORNW[PNeERHT[PH 0�K6XYU_QS��a�HTf4HbORQ&A_G�H4FF� µL�P�pµgM<U_V6Q�A>VFE>OSN��LHYQ�[^] NWCjORX��0QSA_[PHbf4HT�<U_Q&fL���?C GIU0CLGI[WVLERNPU0C���[eA�«{U_QSagV6[eAcOSNPU0C �¤A_QRNeAcOSNPU0C6C6HY[P[WH�M6QRU0MFUjE,XYH�MFU0V6Q³�^�4�W� ¯ �\HYE,O H?OSQRU0V6�_HYQ

u ∈ H1(Ω)
OSH�[vdjV6H
∫

Ω

(∇u · ∇v + uv) dx =

∫

∂Ω

gv ds+

∫

Ω

fv dx ∀ v ∈ H1(Ω).
�^�4�W� � �

 �HYE�X�OSA_MFHpE�E,VLNP�cADCjOSHYE A>VLE,ORNP�LH�QSU_CjO�[WHbG&KLU_NP��f4H����6�P� � �I�
.¡|+3´m4ycilk!| �Q] �Q]K^_^¥ vAbM6QSNPCFGINWMLAD[WH9f4N�C<XYQRHYCLGIH�HYCjORQSH�[WAB«{U0QRaJV6[eAcORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PH#�^�4�W� � �MFU0V6Q�V6C6H�GIU_CFf4N�OSNPU0CxA_V4�´[PNWa�N�OSHYE�f4H���HYV6a\ADC6CxHIO\GIHY[P[WH��^�4���_�gMFU0V6Q�V6C6H�GIU0CLf4NPORNWU_C A_V4�[PNWa�N�OSHYE�f4Hb@9NWQRNeG&K6[WHIO��}NPHYC0O�f4HbGIHBd0VLH;[eAJG�U_CLf6N�OSNPU0C¡f4Hb@9NWQRNeG&K6[WHIO�HYE,O�NWCLESGIQSN�OSH;f6A_CLE�[PHbG&K6U0N��f4HJ[^] HYERMLA_G�H�A_[PU0QSEBdjV6HJ[eA�GIU_CFf4N�OSNPU0C�f4H\�9H�V6a\ADCLC�A_M6MLADQ&A8VeOBfLADCLEB[eA�«{U0QRa�H�[PNWC6XYA_NPQSHga\A_NWEMLA_E�fLADCLE?[�] HYERMLA_G�H_�_ 'A#GIU0CLf4NPORNWU_C\f4HB@9NWQRNeG&K6[WHIO?HpE>O�f4N�OSH9|}tYtp|}sªnYo�|j���r|��rU_V\H��}ML[PNeGINPORH¤�-G�A_Q�H�[W[PHHYE,O#«{U_Q&GIXYH�MFADQ#[^] A_M6MLA_Q,OSH�CLA_CLGIH\Z�V6C�HpE,MLA0GIH0�lOSA_CLf4NeE#djV6H�[eA�GIU_CFf4N�OSNPU0C�f4H¡��HYV6a\ADC6C�HpE>Of4N�OSHJs!m4nYk'yc|}�r�r|��{U0V NWa�ML[PNeGINPORH¤�9GYADQ9HY[P[WHgf4XpGIU0V6[PH�f4H#[^] NWCjORXY�_Q&AcORNWU_C�MFADQ9MFADQRORNWHgdjV6N!G�U_CLf6V6N�OZJ[eAJ«{U_QSagV6[eAcOSNPU0C��cA_QRNeAcOSNPU0C6C6H�[W[WH_� •
� npm4~?| � �QX�XYERU_[WV4OSNPU0C�f4HT[eAJ«{U_QSagV6[eAcOSNPU0C��cA_QRNeAcOSNPU0C6C6H�[W[WH_�
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�8/ E ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

@BADCLE9GIHIORORH#f4HYV4�4NP�Ya�HBX�OSA_MFHTC6U0VLE��_XYQRNP�LU0CLE�d0VLHB[eAJ«{U_QSagV6[eAcOSNPU0C¡�cADQSNeAcORNWU_CLC6H�[W[PH\�^�4�W� � �A0f4a�HIO\V6C6H ERU_[WV4OSNPU0C V6C6NedjV6H_�?°!U0V6Q\GIHY[WA�C6U0VLE�V4ORNW[WNWERU_CLE�[WH 0�K6X�U0QR�Ya�H�f4H� 'Ac�}� � NP[W�_Q&ADaµL� µL�P�bf4U0C0O�CLU_VLE��0X�QSN��LU0CLE�[PHpE�K}`jM<UDOSK6�YERHYE�A¤�0HYG;[PHpE�C6UDO&AcOSNPU0CLE
a(u, v) =

∫

Ω

(∇u · ∇v + uv) dx
HIO
L(v) =

∫

∂Ω

gv ds+

∫

Ω

fv dx.

�?C�V6ORNW[PNeERA_CjO#[�] NPCLX��0A_[PNPORX\f4H¡®�A_VLG&K}`0�!(4G&K ��ADQKJgHIO#Z�[^] A_NWf6H�f6V 0�KLX�U_QS��a�H�f4H�ORQ&A_G�H FL� µ6�W�Yµ6�U0C\�_U0N�O2G�[WA_NPQSH�a�HYC0O�d0VLH
a
HpE>O�V6C6H�«{U0QRa�H��6NW[WNPC6XpADNWQRH;GIU_CjOSNPC}V6H9ERV6Q

H1(Ω)
HIO�djV6H

L
HpE>O�V6C6H«{U0QRa�H�[WNWC6XYA_NPQSH2G�U_CjORNWC}V6H?ERV6Q

H1(Ω)
�Y°-ADQ§ADNW[W[PHYV6QSEY��[eA�«{U0QRa�H��LNP[WNPCLXYADNWQSH

a
HYE,O'a\ADCLN�«{HpE>OSH�a�H�CjOG�U}H�Q&GINW�_H��rGD] HYE,O�M<U_V6Q�G�H�[eA�djV�] U_C�A�A'A>U0V4ORXbV6C�ORHYQRa�H#fl] U_Q&f4QSH4JYX�QSU�A_V� vADML[WA0GINWH�CF��G�A_Q

a(v, v) = ‖v‖2H1(Ω) ∀ v ∈ H1(Ω).®2U0a�a�H
H1(Ω)

HYE,O;VLC HYERMLA_G�Hgf4H ��NW[P�<H�QRO��r�_U0NPQ;[WA\°?QRU0MFUjE,NPORNWU_C FF� µL� /0��6OSU_V4OSHYE;[PHpE9K}`}M<UD�OSK6�YERHYEbf4V 0�K6XYU_QS��a�H�f6H� 'Ac�}� � NP[W�_Q&ADa�µ6� µ6�W�JERU_CjOTERADORNeE>«rA_N�OSHYEBHIOTU0C³M<H�V4Ogf4U0CLG�GIU_CFGI[WV6QRHdjV�] NW[�HI�4NeE>OSHBVLC6HTV6C6NedjV6H#E,U0[PV6ORNWU_C
u ∈ H1(Ω)

f4Hb[eA�«{U_QSagV6[eAcOSNPU0C¡�cADQSNeAcORNWU_CLC6H�[W[PH\�^�4�W� � �I�
.�|+3´m4ycilk'| �%]��%]B^&�	°§U0V6Q-ADCLA_[P`4ERH�Qv[WH�M6QRU0�6[W��a�H�A_V4�#[WNPa�NPORHYE��^�4�W� ¯ �'f6A_CLEv[WH�G�A0EvU'&

g = 0
�U0CgADVLQSA_N�O!M6Vg¦�ORQSH�ORHYCjORX�fl] NWCLESGIQSNPQSH?[eA9G�U_CLf6N�OSNPU0CgADV4�T[WNPa�NPORHpE!f6H��9H�V6a\ADCLCJf6A_CLEv[^] HYERMLA_G�H2f4H

�9NP[W�<H�QRO
V
� D�[lC�] HYE,O�MLA0E�MFUjERERNP�L[PHTf4HbG&K6U_NeERNPQ

V = {v ∈ H1(Ω), ∂v
∂n = 0

ERV6Q
∂Ω} GYADQp�0M<U_VLQVLC6H�«{U_CFGORNWU_C

v ∈ H1(Ω) ∂v
∂n

C�] A#MLA_E�f6H9E,HYCLE?ERV6Q
∂Ω

�D�?C�HlCªHIOp� ∇v Cv] HpE>O�d0Vv] V6CLH�«{U_CLGIORNWU_Cf6H
L2(Ω)

�rGIU0a�MFUjERA_C0OSH?MLA_Q'G�U_a�MFUjERA_CjORHp��HIO!U_CgESADNPO!djV�] NP[}C�] `TA�MLA0E'f6H?C6U_ORNWU_Cgf4H2ORQ&A_G�H?ERV6Q
∂Ω

M<U_VLQ-[PHpE!«{U_CLGIORNWU_CLE-f4H
L2(Ω)

� �;C�MFU0V6QRQ&ADNPO�G&K6U_NeERNPQ
V = {v ∈ H2(Ω), ∂v

∂n = 0
E,V6Q

∂Ω}djV6N-HpE>O#�LNPHYC�VLC�ERU_VLE,� HYERMLA_G�Hg«{HYQRa�X\f4H
H2(Ω)

H�C��_HYQ,OSV�f4V�0�K6XYU_QS��a�H�f4H�ORQ&A_G�H FF� µL� / � �
�³ADNeEBA¤�0HYGJGIH�f4H�QSC6NWH�QbG&K6U_NP� V6C6H�C6U_VL�_H�[W[WH�f4N�W�GIV6[PORX\ERV6QS�_NPO=Hl[eA�«{U0QRa�H��6NP[WNWC6XYA_NPQSH

a
C�] HYE,OMFA_E�GIU}H�Q&GINW�_HBE,V6Q

V
HIO�U_C¡CLH;M<H�V4O�MLA0E�A_M6M6[WNWdjV6HYQ2[WH 0�K6X�U0QR�Ya�HBf4Hb vAc�}����NW[P�0QSA_a��)D�[<Cv] `�Af6U_CLGTMFA_E�a�Uc`0H�C�f4H#M6QSH�CFf4QRHgH�C GIU0a�M4ORH#[eA�G�U_CLf4NPORNWU_C A_V4��[PNWa�N�OSHYE9f6HJ��HYV6a\ADC6C fLADCLE9[PHG&KLU_NP��f4Hb[�] HYERMLA0GIHTf4H ��NW[W�FHYQ,Op� •

� nYm6~?| \ � � djV6NP�cA_[PHYCLGIH#A¤�0HYG;[�] XYdjVLADORNWU_C��
�9U_VLE¡NPCjORHYQRMLQRX�ORU_CFE�a\ADNWCjORH�CFADCjO�[WA�«{U_QSagV6[eAcOSNPU0C	�¤A_QRNeAcOSNPU0C6C6HY[P[WH´���6�P� � ��M<U_V6Q��_X�QSNP�LH�QdjV�] U_C	A��6NWH�C QSXYERU_[WVx[WH�M6QSU_�6[W��a�H ADV6� [PNWa�N�OSHYE �^�4�W� ¯ ��?f6A_CLE�V6C	ERH�CLE�Z�M6QSXYG�NWERH�Qp����U0VLEA_[P[WU_CFE�E,V6MLMFUjE,HYQ9djV6HT[PHpE�f4U0C6C6X�HpE�ERU_CjO�QRXY�_V6[WNW��QSHYET�{�0U_NWQ�[WA9X�H�a\ADQ&djV6H#�4�0/4�W�p�J[PU0QSESdjV6Hb[�] U_CCLH�«rADNPO2MFA_E?G�HIORORHBKj`}M<UDOSK6�YERHp�I�_°�[WVLE�M6QSXYGINeERX�a�H�CjO?C6U0VLE?A_[P[WU_CFE?ERV6M6M<U0ERH�Q2djV6H;C6U_VFE2ERU_a�a�HYEfLADCLE§[WHYE�G�U_CLf6N�OSNPU0CLE-fl] ADM6M6[WNeG�AcOSNPU0C\f4V�[PHYa�a�H�ERV6NW�¤A_CjO-f6H�QRXY�_V6[eADQSN�OSX�d0VLH�CLU_VLE�A0f4a�HIORORQSU_CLE�r�_U0NPQ�[eA\E,U0VLE>��ERHYGOSNPU0C��6� /6� F�MFU0V6Q�f4HpE�QRXpE,V6[POSADOSE�ERNPa�NW[WA_NPQSHYE&��

;2|+3 3´| �Q] �Q]K^+\ `>b4cfe
Ω g h b g i4j	k e k �#� g � c j	k m j }	��q4p@p	j C1 m j RN w `Qb4cfe f ∈ L2(Ω) j e

g ��q e kvq�}-j�pug k ∂Ω
m � g h�j7r b h�} eKcBb h m j H1(Ω) w %"� b k-p6� q p b � g e~cBb h u

m j ��q�r b kut�g ��q eKcBb h
i4q4k c q eKcBb hNh>jl�f��j�z � w�� �u�6q-|�|Nq4k e~c jlh e $ H2(Ω) w


BQ-,_G�HbA_V� vH�a�a�Hg�4�0/4�W�YµJU_C�MFHYV4O�V4OSNP[WNWERH�Q9[WAJ«{U_QSagVL[PHTf4H�
BQSH�HYC�f4V 0�K6XYU_QS��a�H FL� µ6� µ E
∫

Ω

∆u(x)v(x) dx = −
∫

Ω

∇u(x) · ∇v(x) dx +

∫

∂Ω

∂u

∂n
(x)v(x) ds.

���6�P� �0�
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� � /6�
d0VLN�HYE,O��cAD[eAD�L[PH�MFU0V6Q

u ∈ H2(Ω)
H�O
v ∈ H1(Ω)

��X�ADM6M<H�[WU_CFE�djV6H�[^] NWCjORXY�_Q&AD[WH�f4H��FU0QSff6ADCLET�^�4�W� �j�?A��6NWH�C�V6C�E,HYCLE�Z�G�A_VLE,Hbf4V 0�K6XYU_QS��a�HBf6H;OSQSA0GIH FL� µ6�0/ � djV6NvA4W\QSa�HBdjV6HbM<U_V6Q
u ∈ H2(Ω)

[eA�f4XYQRNW�_XYH#C6U0QRa\AD[WH ∂u
∂n

A�V6C�ERH�CLE;f6ADCFE
L2(∂Ω)

� �;C³f4Xpf4V6NPOBA_[PU0QSE;f4H��^�4�W� � �HIOg���6�P� �0��djV6H_�4M<U_VLQ�ORU_V6O
v ∈ H1(Ω)

�
∫

Ω

(∆u− u+ f)v dx =

∫

∂Ω

(

g − ∂u

∂n

)

v ds.
�^�4�0/ E �

(}N2[^] U_C�M6QSH�CLf
v ∈ C∞

c (Ω) ⊂ H1(Ω)
fLADCLE����4�0/ E ��'[PH¡ORH�QSa�H¡f4H��FU0QSf´f6NWERMLADQ&A8VeO#HIO�[�] U_Cf4XYf4VLN�Op�<HYC³�0H�QRORV³f4V�®2U_QSU_[W[WA_NPQSH:FL�0/4�0/4�<djV6H

∆u − u + f = 0
fLADCLE

L2(Ω)
��f6U_CLGgM6QRHpERdjV6HMLADQRORU0V4O�f6ADCLE

Ω
�L°§A_Q�GIU0CLE,XpdjV6H�CjOY�}[WHTa�H�ag�LQRHTf4HT�jADVLG&K6Hbf4H��^�4�0/ E �2HpE>O�C}V6[^�Lf4U_CFG

∫

∂Ω

(

g − ∂u

∂n

)

v ds = 0 ∀ v ∈ H1(Ω).

�;Q2[^] NWa\AD�0H;f4H
H1(Ω)

MFADQ�[�] ADM6ML[PNeG�ADORNWU_C�OSQSA0GIH;HYE,O�f4HYCLERH;f6A_CLE
L2(∂Ω)

�r�_U_NWQ�[WAgQRHYa�A_QSdjV6H
FL� µ6�W�8GD�I�_GIHBdjV6NFHYCjORQ&A8V¬C6H9djV6H

g− ∂u
∂n = 0

f6A_CLE
L2(∂Ω)

�jHIO�f6U_CLG�MLQRHpERdjV6H;MLADQRORU0V4O2ERV6Q
∂Ω

���C�GIU_CFGI[WVLE,NWU_C�C6U0VLE�A¤�_U0CLE�f4X�a�U_CjOSQRXb[WHBQSXYERV6[POSADO�ERV6NW�cADCjOY�
� £'h}qFy4:[3 | �%]��%]B^ � `Qb4cfe

Ω g h b g i8j	k e k �#� g � c jlk m j.}l��q4p-plj C1 m j RN w `>b4cfe f ∈ L2(Ω) j e
g � q e kvq�}-jEpug k ∂Ω

m � g h>j�r b h�} eKcBb h m j H1(Ω) w � ��j - c p e j�g h>jEg h c � gNjEp b �Dg eKcBb h u ∈ H1(Ω)m js��q2r b kut�g ��q eKcBb h i4q4k c q e~cBb h_h�j	�f��j9z � w�� �u��w � j#|�� g+p o u q@|�|Nq4k e~c j	h e $ H2(Ω) j e jlp e p b � g e~cBb hm j)z � w�� �-��q4g�p	jlhNp b�)

−∆u+ u = f |>kvjlp � gNj�|�qdk e{b g e2m qdh�p Ω,
∂u

∂n
= g |�kvjlp � gNj�|Nq4k e b g e p-g k ∂Ω.

�9u�|jyc¢_o�¢_| �%]��%] � � ; & �����(% �>%�*"� � 7 � ��� � *���� �6�"78��� � �"� u ∈ H1(Ω) 9�� 7 2I���@% & ��7 2�� � �"� � 2>% � 2%!
� � �"�����)787 �=+ ��/�����1 � ;>% � � � 7 � ����� � & 2�� � ���:9�� ;>� �>% � � � �!� � � 2������

‖u‖H1(Ω) ≤ C
(

‖f‖L2(Ω) + ‖g‖L2(∂Ω)

)

,

��� C > 0 �#�6�4�����:�#�"� ���62������ *�� � ����9�;><>�)� 9I<'2 � 9)� u, f �!� g /®2U0a�a�H�fLADCLEB[eA�ERU_VFE>��E,HpGOSNPU0C³M6QSXYG�XYf4HYC0OSH_�lMLA_QbKLAD�6NPORVFf4H �{H�O#[PU0QSESdjV6HJ[WH\GIU0C0OSHI�}ORH�C6HM6QR¦�ORH MFA_E�Z´G�U_C4«{VFE,NWU_CF�\U_C f4NPO�djV6H [^] VLC6NWdjV6H�E,U0[PV6ORNWU_C
u ∈ H1(Ω)

f6H [WA�«{U_QSagV6[eAcOSNPU0C�¤A_QRNeAcOSNPU0C6C6HY[P[WH��^�4�W� � �?HpE>O�[^] V6C6Ned0VLH#tYq<�rk'nYo�qFs 1 m6o �§�r|�f6V�MLQRU0�6[P�Ya�HbA_V4�¡[WNPa�NPORHpE#���6�P� ¯ ��
� ������� ��
�� ����� ��� � ��� � � @ � � ? ��" �G�-�9�9Q����'�54 ���".M�)�+�

Ω
�W4 ��2�3�$�-�:�9
���"��%(���@�)�@Q����

g
��2�@�+�)�����������

�"���S6O���",)�9%����  "�
L2(∂Ω)

�W��� � �-���+�+%I "
�������+�9
X�54 �)R�%��2�9���,�B W4 ���"� ���"%(QP�"�X�+�����"�9%����
u ∈ H1(Ω) �� �(�U68���9�X���(�-�9%���� .��-�9%(�-�9%����"�������� C � 0(E �MF�0 �1�������������+�9�)�BQP�"� ,)�)�+�9� �+�������9%(��� .�
)�9%&#$� �54 
�Q��$�/�9%����

−∆u + u = f
�"�9��9Q��"�	�$�-�+�9���"�* ����"�

Ω
��%��N65�-�"�*���9%��(%��+�)�'�����/�9�������)�P�<�"� ���� �������<,��������%(QP�"
 0

" � �"�����-�P�
σ = ∇u ∈ L2(Ω)N �"���  �
� "�"%&�< "� C � 0(E �MF Q��������������@�9���"� v ∈ C∞

c (Ω)
�

∣

∣

∣

∣

∫

Ω

σ · ∇v dx

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫

Ω

uv dx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω

fv dx

∣

∣

∣

∣

≤ C‖v‖L2(Ω)
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�8/�/ ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

QP�"%��W4 �)�2�7�9%���  W4 �-�"�+�9� QP�"�@�(�<,)�9%&� > �9�  W4 �)R�%��2�9���,)�  �4 �����< �%(.��)�9����",�@65��%�;"�(�' "� σ
 "�����

L2(Ω) C .M��%��� � � 
)#$�"%&�9%(��� D�0 T�0 � ���@�(� �W������ D�0 TP0 $ F�0�� � �B "����,
divσ ∈ L2(Ω)

�)�
∫

Ω

(divσ − u + f) v dx = 0 ∀ v ∈ C∞
c (Ω),

,�!Q���%�%�������%(QP�"������ .��)�+�9�  �� � ���9����� �-%&�9� D�0 T�0 T ��Q���� −divσ = −∆u = f − u
 ��-���

L2(Ω) 0
� � ����"�'���"�+�+%N�9�)�+�9����.M�)� �(��,���� "%&�9%����U����R ��%���%��9�)�* "� 
 ���� �-���G�� ��-���<��� �+��"�<�+� > � 65�-%�;�������+%I�54 ���".M�)�+�!��2�!�9
������%��)� C � ��%��	�$�-� g F�0 �1���"�S,� 6O��%&�9� ���Y�"�9%���%(�+���54 ��+����,�

H(div)
%����+�9�P "�"%�� K �(�

�����"� = �+�,)�9%���� D"0 D"0 T ���  "
)#���%M���-� H(div) =
{

σ ∈ L2(Ω)N �9��GQ����
divσ ∈ L2(Ω)

}

.
�W� �:J�
)��� > ���

D"0 D"0 $����B�9���SQ��������+% Ω
��2� ��� ����.M���+�<�9
)������%��)�* "�	,�(���+�+� C1 �$�����B�(��68���9�X�����! W4 %����9
�����/�9%(�����$�-�

�$�-�+�9%��	�+�"%(.������9�
∫

Ω

divσv dx +

∫

Ω

σ · ∇v dx = 〈σ · n, v〉H−1/2,H1/2(∂Ω), C � 0 TPE�F
�����"�

v ∈ H1(Ω)
�)�

σ ∈ H(div) 0 �G�S�9�)�9���  ��B P�9��%&�9�B �� C � 0 T�E/F  �
�+%������X��� �"�9�P ���%&�! ��  ��$����%&�9
����+�9�
H1/2(∂Ω)

�)� �+���  "�����5�7�"���9

H−1/2(∂Ω) 0 �P% σ

�)�
v
�+�����  "���6O����,)�9%��������9
���"��% > �9���:,�� .P%��(��%��&� �9�)�9��� �W4 ��2� ���"�+�9��Q��"� �54 %����9
�-�������U "� ;����� ���+�"����(� ∫

∂Ω
vσ · n ds 0 ��%��"���G�I�(�Y6O�-�9� �"�(�

C � 0 TPE�F  ����"���*�"� �+��"� K σ · n �+�"�
∂Ω C ,�������<
��
������< ��  ��$���

H−1/2(∂Ω) F �����"� σ ∈ H(div) 0��%���� �-������%(Q����I,�I�9
�+�"�&���-� K � �<�+�����"�9%����B "� C � 0�E���F7C ��.M�, σ = ∇u F �/���X�)�  �
� "�"%��1Q������ �<,���� "% =�9%(��������R ��%���%��9�)�' �� 
 ���� �-��� �)�2�'.M
��9%�#�
�!,�������	
)�M����%&�9
S����+�9�S
)�(
)������9�' ��  "�����
H−1/2(∂Ω)

C ,��-� g ∈ L2(∂Ω) ⊂ H−1/2(∂Ω) F�0�� �)�!�/�9���"������'��2�'�$�-�+�9��;�������)�P�',�����"��% Q��"
����)�'����"���-�9%(Q����
�����+� ,�����9����9�)���  ��  �%&�9� Q����S�(� 68���9�X���(�-�9%����U.��-�9%(�-�9%����"�������� ,)�����9%�����*���"�X��
��
�������%��9�-�9%����  ��X�(�
,���� "%&�9%���� �-�"RU��%(��%&�9��S �� 
 ��"� ���"�G���)�!���-�SJ$�-;�%&�9�$ ��B���Y,�����9%��P���)��� K 
,)�9%&�9��� � � �+� ���-����� <	?QP�"� ∂u

∂n
= g

�+�"�
∂Ω 0 •®2U0a�a�H9fLADCLE-[eA#ERU_VLE,��E,HpGORNWU_C�M6QSXYG�XYf4HYC0OSH_�DU0C\MFHYV4O2a�U0C0OSQRHYQ�djV6H�[eATE,U0[PV4OSNPU0C�f4Hg�^�4�W� ¯ �a�NWC6NWa�NeERH\V6C6H�X�C6HYQR�0NPH0�QX�H�a\ADQ&djV6U_CFEBdjV6H0�vERN

g = 0
��AD[WU_Q&E;[^] X�C6HYQR�0NPH����6� /'/_�9HYE,O#[WA�a�¦�a�HdjV6H�G�H�[W[PH����6�P�0�p��f4X��LC6NWH�M<U_VLQ\[PH� vA_M6[eA_GINWH�C A¤�_HpG¡G�U_CLf4NPORNWU_CFE\ADV4� [WNWa�NPORHpE\f4H @;NPQSNWG&KL[PH�OY��9XYA_C6a�U_NWCLE���[WH�V6Q&E�a�NPC6NWa\A CLH�ERU_CjO�H�C �_X�CLX�Q&AD[BMLA_E�[WHYE�a�¦�a�HYE�G�A_Q�U_C a�NWC6NWa�NeERH�ERV6Qf6H�V4��HYERMLA0GIHYEJf4N�C<XYQRHYC0O&E��!Z³ESA¤�_U0NPQ

H1
0 (Ω)

HIO
H1(Ω)

�- vA�°�QSU_M<U0ERNPORNWU_C´ERV6NP�cA_C0OSH¡HpE>O�V6C6HA_M6M6[WNWGYAcOSNPU0C�NWa�a�Xpf4NeAcORH#f6HB[eA�°�QSU_M<U0ERN�OSNPU0C�µL� µL� FF�
�bycqF~?q<tYornYorq<s �Q] �Q]K^ 	 `>b4cfe

J(v) �R� � h�j	k ��c j m�� ' h c j�| b g k v ∈ H1(Ω) |Nq4k
J(v) =

1

2

∫

Ω

(

|∇v|2 + |v|2
)

dx−
∫

Ω

fv dx−
∫

∂Ω

gv ds.
���6� /'/_�

`Qb4cfe
u ∈ H1(Ω) ��qEp b �Dg eKcBb h6g h c � gNj m jn��q2r b kut�g ��q eKcBb h6i4q4k c q eKcBb hNh>jl�f��j�z � w�� �l��w %"� b k-p u jlp e

qdg+p-p c �v� g h c � gNj�| b4c h e�m j7t c h c t g t m j7�v� � h>jlk ��c j o }N� jlp e � $ � m4c kvj � gNj
J(u) = min

v∈H1(Ω)
J(v).

�"� } c |>k b � gNj	t.j	h e o p c u ∈ H1(Ω) jup e g h7| b4c h e�m jnt c h c t g t m jn�R� � h�j	k �dc j J(v) o qd� b k-p u jlp e
� q.p b � g e~cBb h�g h c � gNj m jE� q�r b kut g ��q eKcBb h�i4q4k c q eKcBb hNh�j	�f��j�z � w�� �u��w
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� � /_µ
�9u�|jyc¢_o�¢_| �%]��%]
	�� � �!��<�<>�)�6� *���� Ω �����=��� ��� � �>%����>�@% ��; % ;��"��7 � �>%59�� �'7 2 �C�6� C1 / � 7 � 2 � 9)�
9)� 7 � 2�<�<)%�� ��� � � 2>% � 2�� � �"�����)787 ��9); & �"���(% �>%?7 � ��	 � �����)� �#�:�!� 7 � ��� � � � ��;:9)� 7 2 �C�"78��� � �"� 9�� �>2�<�7 2'� � �>�
2 � ��� ��� �:�!�"�'9 � � � �"��2���	 7 � &:� ���#� 9)� �'����% � �>%

{

−∆u = f 9�2�� � Ω
∂u
∂n + u = g �#��% ∂Ω

�^�4�0/Dµj�
��� f ∈ L2(Ω) �!� g �#���57 2 �(% 2'�!� �!��% ∂Ω 9 � ��� �	���"�'�(� � �"��9�� H1(Ω) / � �,9�; & �"���(%��)% 2 7 � � � ;���2�7 � ��;
�!� � � 2������ +.*�� � �);)��;)% 2�7 � �C� �#�>787 �:9)� �"� � � ��2>% ;�1

‖v‖L2(Ω) ≤ C
(

‖v‖L2(∂Ω) + ‖∇v‖L2(Ω)

)

∀ v ∈ H1(Ω).

�9u�|jyc¢_o�¢_| �%]��%]	 � ���!��<�<>�)�6� *���� Ω �����,�����"� � �>%����>�@% ��; �!����� ��	'��/ � 7 � 2 � 9�� 9�� 7 � 2�<�<>% � ��� �� 2)% � 2�� � ����� �>787 ��9�; & �����(% �>% 7 � ��	 � �����)� �#���!� 7 � ��� � � � ��; 9)� 7 24�6��78��� � ��� 9�� �>2�<�7 2'� � �)�,2 � ��� 9)�����#�"�'9 � !
� � �"� ��2��
	 7 � & � ����� & � 7 ;#���







−∆u = f 9�2�� � Ω
∂u
∂n = 0 �!��% ∂ΩN

u = 0 �!��% ∂ΩD

�^�4�0/'F}�
��� f ∈ L2(Ω) ���!� (∂ΩN , ∂ΩD) �#����������< 2)% � � � � ��� 9�� ∂Ω ���>787 �,*���� 7 �#� & �#�!��% �#�?�#��<>�)% �"� � �)787 �#�
9)� ∂ΩN �!� ∂ΩD �C�"���,� �"� ����787 ���4+ � � � %?7 2�� � �"��%�� � / � 1!/3+�� � � 7 � �6�)%?7 2�� � & 2>% *"� � � / -�/���� / 1

�9U_VLE'QSH��_HYC6U_CFEla\ADNWC0OSH�CLA_CjO'ADVT�0X�QSN�O&AD�6[WH-U_M<X�Q&AcOSH�V6Qv 'ADM6[eA_G�NPHYC��rESADCLE'A'A>U0V4O'fl] V6CTOSH�QSa�Hfl] U0QSf6QRH J�XYQRU\GIU0a�a�HTf6A_CLET���6�P� ¯ �R�?H�O�C6U_VFE�GIU_CFE,Nef4X�QSU_CFE2[WHTM6QSU_�6[W��a�HTADV6�¡[PNWa�N�OSHYE
{ −∆u = f

f6ADCLE
Ω

∂u
∂n = g

E,V6Q
∂Ω

�^�4�0/_�0�
U�&

Ω
HYE,O�VLC U_VL�_H�QRO��FU0QRC6X�GIU0C6C6H��}H�f4H�[�] HYERMLA0GIH

RN � f ∈ L2(Ω)
HIO
g ∈ L2(∂Ω)

�- vAf4NDW�G�V6[�OSXTC6U_VL�_H�[W[WHbfLADCLEb���6� /0�_�2MLA_Q�QSA_M6MFU0Q,O�Z����6�P� ¯ �?HYE,O9d0Vv] NW[lC�] HI�4NWE,ORHTVLC6HTE,U0[PV4OSNPU0C�djV6HE,N<[PHpE2f6U_C6C6XYHYE
f
HIO
g
�_XYQRNP�LH�CjO?VLC6H;¢0qFs!w'ornYo�qFs´w!|�¢_q�3�~!m6nYo �§or��o{nphF�c�?C¡HlCªHIOp�}NP[<HYE,O?«rA0GINW[PHf4H\�_U0NPQTdjV6H�EY] NW[-HI�4NeE>OSH\V6C6H\E,U0[PV6ORNWU_C

u ∈ H2(Ω)
�'A_[PU0QSEBNWCjORX��0QSA_CjOB[^] XpdjVLAcOSNPU0C�ERV6Q

Ω
�{U_V�6NPHYC�V4ORNW[PNeESADCjO�[WA�«{U0QRaJV6[PHTf4H�
BQSH�HYC�� FL�0/�/_�R�2U_C�A�C6XYG�HYESERA_NPQSH�a�H�CjO

∫

Ω

f(x) dx +

∫

∂Ω

g(x) ds = 0.
���6� / ¯ �

X�H�a\ADQ&djV6U_CFE;A_VLERERN§d0VLH�ERN
u
HpE>O#ERU_[WV4ORNWU_C�AD[WU_Q&E

u + C
��A¤�_HpG

C ∈ R
�lHpE>OTADVFERERN!ERU_[WV4OSNPU0C����C «rA_N�Op�����6� / ¯ �gHYE,O�V6CLH�G�U_CLf6N�OSNPU0CxC6XpGIHpERESADNWQRH¡HIO�E,V�W\ESADCjOSH�fl] HI�4NeE>OSH�CLG�H�fl] VLC6H�ERU_[WV4OSNPU0Cf6ADCLE

H1(Ω)
�vV6CLNWdjV6H�Z�[^] A0f6f4NPORNWU_C�fl] V6C6H¡G�U_CLE,OSA_CjORH�M6QS�YEY��X�H�a\A_QSdjV6U0CLETdjV6H_�vERN�[^] U0V6�_HYQ,O

Ω
C�] HYE,O#MLA_ETG�U_C6CLHI�4H_�lAD[WU_Q&EBNP[§«rA_V4O#XYG�QRNWQSH��^�4�0/ ¯ �;M<U_V6Q#G&KFA_djV6H�GIU_a�M<U0ESADCjORH�GIU0C6C6H��}H\f4H

Ω
HIO�[^] VLC6NWG�N�OSXTf4Hb[WA�E,U0[PV6ORNWU_C¡�cA_VLf4Q&AJZJ[�] A_fLf4N�OSNPU0C¡M6QS�YE�fl] V6C6H#G�U_CLE,OSA_CjORH9MFADQ�GIU0a�M<U0ESADCjOSHGIU_CLC6HI�4H\�rA¤�0HYGBGIHYE�a�U4f4NP�FG�ADORNWU_CLE�OSU_VLE�[PHpE�QRXpE,V6[POSADOSE�djV6N�ERV6NW�_H�CjO�QSHYE,ORHYC0O��cAD[eAD�L[PHpES�I�

.¡|+3´m4ycilk!| �Q] �Q]K^ 		°�K}`}ERNed0VLH�a�H�CjOY�![eA�G�U_CLf4NPORNWU_Cxf4H�G�U_a�MLADORNW�6NP[WNPORX��^�4�0/ ¯ �#EY] NWCjORH�QSM6QS�IOSHGIU_a�a�H9VLC6H;¢0qFs!w'ornYo�qFs´w�Ph}ilk!or��o �!y¤| H
f
G�U_QSQRHpE,M<U_CFf�Z#V6C6H;ERU_VLQSG�H��_U0[PV6a�NedjV6H_�0HIO

g
Z#V6C
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�8/'F ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

�FV4��HYCjORQ&ADCjO2ADV��<U_Q&fl�_°§U0V6Q2djV�] NP[FHI�4NeE>OSH�V6C�X�OSAcO�E>O&AcORNWU_CLCLADNWQRH�U0V�fl] XpdjV6NP[WNW�6QRHJ�rGD] HYE,O,��Zc��f4NWQRHVLC6H�ERU_[WV4OSNPU0C f4H����4�0/_�0�,�I�'NW[�«rADV4O\djV6H�G�HYE�f4H�V4��OSH�QSa�HYE�E,H��LAD[eADCLG�H�CjOJMFADQR«rADNPORH�a�HYC0Op�-@9Ha�¦Ya�H0�v[^] VLC6NWG�N�OSXJ¨RZ�V6C6H¡G�U_CLE,OSA_C0OSH�A_f6f6N�OSNP�0H�M6QS�YE>©�GIU0QRQSHYERM<U_CLf�Z�[^] A_�LE,HYCLGIH�f�] U0QRNW�_NWC6H�f4HQSXI«{XYQRHYCLGIH�E,VLQB[^] XYG&K6HY[P[WHJdjV6N§a�HYERV6QSHJ[WHYEB�cAD[WH�V6Q&EBf4H
u
��GIU_a�a�H�MFU0V6Q;[eA¡ORH�a�M<X�Q&AcOSV6QRH0�ªMLADQH��4H�a�M6[WHp�� •

� £'h}qFy8:+3´| �%]��%]B^ � `Qb4cfe
Ω g h b g i8j	k e � b kuh � } b hNh�j�-+j"k �#� g � c j	k m j }	��q8p-p	j C1 m j RN w `Qb4cfe

f ∈ L2(Ω) j e g ∈ L2(∂Ω)
� g c i � k c ' j	h e ��q } b h mdcfeKcBb h m j6} b t�|Nq e~c � c � cfe{� z � w-, �@��w � ��j�- c p e j

g h>jsp b �Dg eKcBb h�rlq c �	��j u ∈ H1(Ω)
m j�z � w-, � � o g h c � gNj $9�R� q m�mdcfeKcBb h m � g h�j } b h�p e q4h e j�|�k + p	w

Y�h+3´q<s'tYn�ycm4nporq<s#]<°§U_V6Q?ORQSU_V6�0H�Q-[eAT«{U_QSagVL[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH�U_C\MLQRU4GI�pf4H9G�U_a�a�H�MFU0V6Q[^] XYdjVLAcOSNPU0C��^�4�W� ¯ �����C�GYAD[eGIV6[�ERNPa�NW[WA_NPQSHTGIU0CLf4V6NPO�Z
∫

Ω

∇u · ∇v dx =

∫

∂Ω

gv ds+

∫

Ω

fv dx

M<U_VLQ9OSU_V4OSHg«{U0CLGOSNPU0C�ORHpE>ObQRXY�_V6[WNW��QSH
v
�<°§U0V6QBf6U_C6C6HYQ;VLC³E,HYCLEbZ\OSU_VLE;[PHpE;ORH�QSa�HYEBf4H�GIHIORORHXY�0A_[PNPORX0�pU0CgM<U_V6QSQ&ADNPO!G&K6U0NWERNPQ

H1(Ω)
GIU_a�a�H�HYERMLA_G�H�f4H ��NW[W�FHYQ,O

V
�ca\A_NWE!C6U0VLE!C6H2M<U_VLQRQSNPU0CLEa�U0C0OSQRHYQ-[WAgGIU}H�Q&GINW�}N�OSX�f4H�[WAT«{U_QSa�H��LNP[WNPCLXYADNWQSH_�j®2H�O,ORH;f4NDW�G�V6[�OSX9HpE>O�NWCjORNWa�HYa�H�CjO?[WNPXYH9ADV�«rA_N�OdjV6H0�!ERN

u
HpE>O�E,U0[PV6ORNWU_C��§AD[WU_Q&E

u + C
HYE,O\ADVLESE,N�E,U0[PV6ORNWU_C��!°§U_V6Q�X��}NPORH�Q�GIH�O�NWCLG�U_C}�_XYC6NPHYCjOY�U0Cx[W���0H�[^] NPCLf6XIORHYQRa�NWCLAcOSNPU0C¥f6H�G�HIORORH GIU0CLE,OSADCjOSH�A0f6f4NPORNW�_H�H�C¥C6H�ORQ&A¤�cADNW[P[eADCjO�djV�] A¤�_HpG�f6HYE«{U0CLGOSNPU0CLE�f4HTa�Uc`_HYC6C6HBC}V6[P[WH_�F±�V4OSQRHYa�HYCjO9f4N�Op�6U_C�M<U0ERH

V =

{

v ∈ H1(Ω),

∫

Ω

v(x) dx = 0

}

H�O�[WAJ«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WHbf4H����6� /0�_�?HYE,O�H

OSQRU0V6�_HYQ
u ∈ V OSH�[vdjV6H ∫

Ω

∇u · ∇v dx =

∫

∂Ω

gv ds+

∫

Ω

fv dx ∀ v ∈ V. ���6� /[GD�
�;C M<H�V4O�X��0A_[PHYa�H�CjO³G&K6U_NeERNPQ

V = H1(Ω)/R
�;GD] HYE,O,��Zc��f4NWQRH�djV6U_ORNWH�CjORHYQ

H1(Ω)
MLA_Q [PHpEG�U_CLE,OSA_CjORHYET�r[PHpE�XY[PXYa�HYCjOSE�f4H

H1(Ω)/R
E,U0CjO�[PHpE�GI[eA_ESE,HpE�f4HT«{U0CLGOSNPU0CLE�f4H

H1(Ω)
X��jAD[WHYE�ZVLC6H#GIU0CLE>O&ADCjORHBM6QS�YE&��°§U_VLQBM<U_VL�_U_NWQ;A_M6M6[WNWdjV6HYQ;[WH 0�K6X�U0QR�Ya�H�f4H� vAc�}����NW[P�0QSA_a Z¡[WA¡«{U_QSagV6[eAcOSNPU0C��cADQSNWADORNWU_C4�CLH�[W[PHB���4�0/'G_��Y[WA�ERH�VL[PH2Kj`}M<UDOSK6�YERH?f4XY[PNeG�ADORH2Z��_X�QSNP�LH�Q'HYE,Ov[WA;GIU}H�Q&GINW�}N�OSX?f4H2[WA�«{U0QRa�H2�6NP[WNWC6XYA_NPQSH_�®2HY[P[WHI��GIN�E�] U_�6ORNWH�CjOg�_Q-,_G�H\Z�V6C6H��0X�C6XYQSA_[PNeESAcORNWU_C�f4H�[^] NPC6XY�0A_[PNPORX¡f6H�°§U_NWCLG�A_QRX0�vGIU0C6C}V6H¡ERU_VLE[WH¡CLU_a fl] NPCLX��0A_[PNPORX�f4H¡°§U0NPCLGYADQSXI���	NPQRORNWC6�0H�Q H-ERN

Ω
HpE>O��FU0QRCLX¡HIO�GIU0C6C6HI�4H0�'NW[�HI�4NWE,ORH�V6C6HG�U_CLE,OSA_CjORH

C > 0
ORH�[W[WH#d0VLH_�4M<U_V6Q�OSU_V4O

v ∈ H1(Ω)
�

‖v −m(v)‖L2(Ω) ≤ C‖∇v‖L2(Ω)
A¤�_HYG

m(v) =

∫

Ω v dx
∫

Ω dx
.

�^�4�0/ � �
 ?] NWC6XY�0AD[WNPORX³�^�4�0/ � �#E,H�f4X�a�U_CjOSQRH�MFADQJG�U_CjORQ&A_f6NWGIORNWU_C�GIU0a�a�H�f6ADCLEg[WA�f4H�V6�}NW��a�H�f4X�a�U_CFE>�OSQSADORNWU_C�f4H\[eA�°�QSU_M<U0ERN�OSNPU0C FF� µL�P� E �rC6U_VFET[WA_NWESERU_CLETG�H�[eA�ADV�[PHpGOSH�V6Q#HYC�HI�4H�Q&GINeGIH¤��'®2U0a�a�H
m(v) = 0

M<U_VLQJOSU_V4O
v ∈ V

�����6� / � �gM6QRU0V6�_H�djV6H ‖∇v‖L2(Ω)

HpE>O\V6C6H�C6U0QRa�H�f6ADCFE
V
�
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� � /0�
XYdjV6NW�¤A_[PHYCjORHgZ¡[WA\CLU_QSa�HgVLE,VLH�[W[PH ‖v‖H1(Ω)

�FH�OBf4U0CLGgdjV6H#[eA�«{U0QRa�Hg�LNP[WNPCLXYADNWQSH#HYE,O;GIU}HYQSG�NP�0HE,V6Q
V
�

�!NWCLAD[WH�a�HYC0Op�lMFU0V6QBa�U0CjORQSH�Qbd0VLHJ[eA�ERU_[WV4OSNPU0C³V6C6NedjV6H�f4H��^�4�0/'G_��HpE>Ob�6NWH�C³VLC6H�ERU_[WV4OSNPU0Cf4V�MLQRU0�6[P�Ya�H;ADV6��[PNWa�N�OSHYET���6� /0�_�I�jU0C¡M6QSU4GI�pf4HBG�U_a�a�H;MLQRXpGIXYf6H�a�a�H�CjO�[WU_Q&E�f4Hb[WA�f4X�a�U0CLE>�ORQ&AcORNWU_C�f4V 0�K6XYU_QS��a�Hb�6� /6�P��FL� �;C�U_�4OSNPHYC0O9A_NPCFE,NlM<U_V6Q�OSU_V4O
v ∈ V �

∫

Ω

(∆u+ f)v dx =

∫

∂Ω

(

g − ∂u

∂n

)

v ds.
�^�4�0/*�0�

�;QY�_djV6HY[WdjV6H;E,U0N�O
w ∈ H1(Ω)

�j[WAT«{U_CLGIORNWU_C
v = w−m(w)

ADMLMLADQRORNWH�CjO?Z
V
�_��C¡G&KLU_NeE,NeERESADCjOV6C6H�OSH�[W[PH�«{U_CFGORNWU_Cxf6ADCLE����6� / �0��!H�C QRHY�_QSU_V6MLA_CjO#[PHpE#OSH�QSa�HpEgHYC�«rA_GIORHYV6Q�f6H¡[eA³GIU0CLE,OSADCjOSH

m(w)
HIO-H�C�V4ORNW[WNWESADCjO-[WABGIU0CLf4NPORNWU_C�f4H�GIU_a�MLADORNW�6NW[PNPORXT���6� / ¯ �'ADNWCLERN6d0VLH2[^] XY�0A_[PNPORX ∫

Ω
∆u dx =

∫

∂Ω
∂u
∂n ds

�6U0C�f4XYf4VLN�O9f4U0CLGbf4H����6� / �0�
∫

Ω

(∆u+ f)w dx =

∫

∂Ω

(

g − ∂u

∂n

)

w ds ∀w ∈ H1(Ω).

�;C�MFHYV4O;f4U0CLG#GIU0CLGI[WV6QSH#GIU0a�a�Hgf�] KLA_�6NPORVLf4HJd0VLH
u
�0X�QSN��LHT�LNPHYC�[PH#MLQRU0�6[P�Ya�H#ADV4��[PNWa�N�OSHYE���4�0/_�0��

�

�9u�|jyc¢_o�¢_| �%]��%] � � ; & �����(% �>%$7 � � � ;���2�7 � ��; 9�� �"� � �'�#2)%�;�!�� � %�� � �%���>%$+ � / 0 ��1!/
�9u�|jyc¢_o�¢_| �%]��%] ��� �	�#��<�<>�)�C�?*"� � Ω �#�6����� �"� � �)% � �>�@% ��;?�#�"����� 	 ��%�; �"��7 � �>% / �@� � � f ∈ L2(Ω) /� �=�!����� � 9��)%��=7 2 ���@% & ��7 2�� � �"� � 2>% � 2�� � �"��� �>787 � �!� � � 2��������@�(%���� � �>% u ∈ H1(Ω) ���)7�*����

∫

Ω

∇u · ∇v dx+

(
∫

Ω

u dx

)(
∫

Ω

v dx

)

=

∫

Ω

fv dx ∀ v ∈ H1(Ω).

� ; & �����(% �>%?7 � ��	 � �����)� �#�:�!� 7 � ��� � � � ��;�9�� 7 2=�C�"78��� � �"��9�� �!�#� ��� ���@% & ��7 2�� � �"� � 2)% � 2�� � ����� �>787 ��/��4���)7
<>%�����7 � & � 2��
	I7 � &:� ���#�,2%! �"! ��� 2 � � � � % ;#�C�"78��� � �I< 2)% � � �>��7 � �)%$��� � ��� �#��<�<>�)�C� *"� � ∫Ω f dx = 0 �
*"� �>7 <>%�����7 � & �:9); �$# ;!�(�'9 � ; % �!�(% �"� � ��!.�"! �"���
��*KJ�*�) ��5�U
	 :l=!Uv/21�S ��P§3L=!P��"ORU�S

@BADCFE;[WHYEBf4HYV4� E,U0VLE>��ERHYGOSNPU0CLE�M6QSXYG�XYf4HYCjORHYE;C6U0VLE9A¤�0U_CLE;GIU_CFE,Nef4X�QSXgf4HpE9MLQRU0�6[P�Ya�HYE9A_V4�[PNWa�N�OSHYE�M<U_VLQ�[�] U_M<X�Q&AcOSH�V6Q' vADML[WA0GINWH�C�� �;CbM<H�V4O'«rA_G�NP[WH�a�H�CjOv�0X�C6XYQSA_[PNeERH�Qª[PHpElQSXYERV6[�O&AcO&ElU_�4OSH�C}VLEZ�f6HYE�U_M<X�Q&AcOSH�V6Q&E�M6[PVFE��_X�CLX�Q&ADV4�l�§f4N�O&E\H�[W[WNPM4OSNWdjV6HpE\f4V f4H�V4�4NW��a�H�U_Q&f4QSH�� ¢_qv|�´¢0or|}sªnYtz6m4ycorm��§�r|}t0�<®2HTO>`}MFHJf4HTM6QSU_�6[W��a�HTHYE,O9NeERERV�f4H#[eA�a�U}f6X�[WNWESAcOSNPU0C�f6HYE�a�NW[PNWH�V6��K6X�ORX�QSU_�0��C6HpE��
(}Nª[�] U_C�QRHYM6QRHYCLf\[^] H��4H�a�M6[WHBf4H;[WA�GIU0CLf4VLGIORNWU_C¡f6H;[eAJG&KFAD[WH�V6QB�rf4X�OSADNW[W[PXbf6ADCFE2[WH#®2KLADM6NPORQSHg�¤��f6ADCLE2V6C�a�NW[WNPHYV�K6X�ORXYQRU0�_��CLH�[WAJGIU0CLf4VLGIORNW�jNPORX

k(x)
HYE,O�V6CLH9«{U0CLGOSNPU0C��cADQSNWA_�6[PHBfl] V6C¡M<U_NWCjO�Z[�] ADV4OSQRHTf4V�f4U0a\ADNWC6H_�6@BADCLE�G�H#G�A0E��4U0C�G�U_CLERNWf6��QSH;[WHTM6QSU_�6[W��a�HTADV4��[PNWa�N�OSHYE

{

−div(k∇u) = f
f6ADCLE

Ω
u = 0

ERV6Q
∂Ω

�^�4� µ E �
U�&

Ω
HYE,OgV6C�U_VL�_H�QRO#�<U_QSC6X�f4H�[^] HpE,MFA_GIH

RN �vH�O f ∈ L2(Ω)
��*�NWH�C´ER�6QY�'E,N

k(x) ≡ 1
�vU_CQRH�ORQSU_V6�0H;[WHT vADML[WA0GINWH�C�� D�[�HpE>O�«rA0GINW[PH#f4HT�0X�C6XYQSA_[PNeERH�Q�[PH 0�K6XYU_QS��a�H#�4�0/4�0/4�
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�8/ ¯ ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

�bycqF~?q<tYornYorq<s �Q] �Q]K^ � `>b4cfe
Ω g h b g i4jlk e � b kuh �sm j RN w `>b4cfe f ∈ L2(Ω) w�x�h)pug |'| b plj � gNj

� j)} b j�� } c j	h e k(x) jup e g h>j�r b h�} e~cBb h t9jlp-g k@q��	��j�j e � g�� c �#j�- c p e j m j	g - } b hNp e q4h e jlp7p e k c } e j �
t9j	h e | b p cfe~c i8jlp 0 < k− ≤ k+ e jl�f��jlp � gNj

0 < k− ≤ k(x) ≤ k+ |>kvjlp � gNj�|�qdk e{b g e x ∈ Ω.
���6� µL�p�

%"� b k-p o c ��j�- c p e j g h>j g h c � gNj p b � g e~cBb h z0rlq c �l��j!� u ∈ H1
0 (Ω)

m j�z � w ���-��w
Y�h+3´q<s'tYn�ycm4nporq<s#]-°§U_VLQ�ORQSU_VL�_H�Q;[WA�«{U_QSagV6[eAcOSNPU0C��cADQSNWADORNWU_C6C6HY[P[WH#U0C³agVL[�OSNPM6[WNWHg[^] Xpd0VFAcORNWU_C�^�4� µ �j�!MLADQ�VLC6H�«{U_CFGORNWU_C�OSHYE,O

v
HIO?U0C\NPCjOR�Y�_QSH�MLADQ?MLADQRORNWH�H�C\V4OSNP[WNeERA_C0O2[WAb«{U0QRaJV6[WH�f4H 
BQSH�H�Cf6HT[�] �-�4H�Q&GINeGIHTµ6�0/4�W�

∫

Ω

divσ(x)v(x) dx = −
∫

Ω

σ(x) · ∇v(x) dx +

∫

∂Ω

σ(x) · n(x) v(x) ds,

A¤�0HYG
σ = k∇u �L°§U_VLQ�ORHYC6NWQ;GIU0a�M4ORHgf6Hg[eA�GIU0CLf4NPORNWU_C ADV6��[WNPa�NPORHYEBf4Hg@;NWQRNeG&K6[WHIO;U0C�G&K6U_NeE,NPO

H1
0 (Ω)

G�U_a�a�H�HYERMLA_G�H�f4H �9NP[W�FHYQ,Op�_H�O?U_C�ORQSU_VL�_H�[WAT«{U_QSagV6[eAcOSNPU0CJ�cADQSNeAcORNWU_CLC6H�[W[PH�f4HJ���4� µ E � H
ORQSU_V6�0H�Q

u ∈ H1
0 (Ω)

OSH�[vdjV6H ∫
Ω

k∇u · ∇v dx =

∫

Ω

fv dx ∀ v ∈ H1
0 (Ω).

���6� µ[/_�

BQ-,_G�HTZJ[^] Kj`}M<UDOSK6�YERH\���4� µ6�¤�2U_C��_X�QSNP�LHTd0VLHB[eAJ«{U_QSa�HB�LNP[WNPCLXYADNWQSHbf6H����4� µ'/0�2HYE,O�G�U_CjORNWC}V6H

∣

∣

∣

∣

∫

Ω

k∇u · ∇v dx
∣

∣

∣

∣

≤ k+‖∇u‖L2(Ω)‖∇v‖L2(Ω),

H�O9djV�] HY[P[WHbHYE,O9GIU}H�Q&GINW�_H
∫

Ω

k∇u · ∇u dx ≥ k−
∫

Ω

|∇u|2dx ≥ ν‖u‖H1
0 (Ω),

A¤�0HYG
ν > 0

�_Q-,_GIH�Z¡[^] NPC6XY�0A_[PNPORX\f4H�°§U_NWCLG�A_QRX0� �;C³M<H�V4Ogf4U0CLG�ADM6ML[PNedjV6H�Qb[WH 0�KLX�U_QS��a�H�f4H 'Ac�}����NP[W�_Q&ADa��jGIHbd0VLN�f4X�a�U_CjOSQRH;[�] HI�4NeE>OSH�CLG�HBH�O�[^] V6C6NeGINPORXTf4Hb[WA�ERU_[WV4ORNWU_C¡f6HB[eAg«{U_QSagV6[eAcOSNPU0C�cA_QRNeAcOSNPU0C6C6H�[W[WH����4� µ'/0��F°!U0V6Q9a�U0C0OSQRHYQ9djV6HJG�HIORORHJERU_[WV4OSNPU0C��¤A_QRNeAcOSNPU0C6C6HY[P[WHTHYE,O9�6NWH�C VLC6HJERUD�[WV4OSNPU0C´f4V�M6QSU_�6[W��a�H�ADV6��[WNPa�NPORHYE����6� µ E ��vU_C�M6QSU4GI�Yf6H�GIU_a�a�H\M6QSXYG�XYf4HYa�a�HYC0OJ[PU0QSETf4H¡[WAf6X�a�U_CLE,ORQ&AcOSNPU0C�f4V 0�K6XYU_QS��a�H#�4�0/4�0/4�
�

.�|+3´m4ycilk'| �%]��%]�� � D�[�HpE>OJORQS�YEJNPa�M<U_QROSADCjO�f4H�[eADNeESE,HYQg[^] Xpd0VFAcORNWU_C ���4� µ E �TERU_VLEg«{U_QSa�H�f4Hf6NP�0H�QS�_H�CFGIH H6U_C�MFU0V6QSQSA_N�O qs|>k cBb k cª[^] XpGIQSNPQSHTADVLESE,N
−div(k∇u) = −k∆u−∇k · ∇u,a\A_NWE-G�HIO,OSH�f4H�QSC6NW��QSH�«{U_QSa�H�C�] Abf4H�ERH�CLE-djV6H�ERN6[PH�G�UjH	W�GINWH�CjO

k
HpE>O?f4XYQRNW�cAD�6[WH_�D±9V\GIU_CjOSQSA_NPQSH_�[^] XYdjVLAcOSNPU0C��^�4� µ E �2A�V6C�ERH�CLE�a�¦Ya�H#ERN

k
HYE,O�f4NWESGIU0CjORNWCjVv� •��C�«rA_N�Op�6[WU_Q&ERdjV6HB[�] XYdjVLADORNWU_C����6� µ E �2HYE,O�E,U0VLE�«{U_QSa�H#f4H#f4NW�_HYQR�0H�CLG�H_�4E,U0C�NWCjORHYQRM6QSXIO&AcOSNPU0C¨RADVxE,HYCLET«rA_NP�6[WH©�G�U_CjORNWH�CjO�M6[PVFEJfl] NWC4«{U_QSa\AcORNWU_CFEJdjV6H�E,U0C�XYGIQSNPORV6QSH�G�[WA0ERERNWdjV6H0�v°�[WVLE�M6QSXYG�N��ERX�a�HYC0Op�?[eA�C6U_ORNWU_C f4H�f4NP�0H�QS�_HYCLGIH�«rA_NP�6[WH³G�U_CjORNWH�CjO¡NWa�M6[PNeGINPORHYa�H�CjO�G�H�djV�] U_C ADMLMFHY[P[WH [WHYE
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� � /[G
¢_q<s'w!o{nporq<s't mLkvu �roK3´o{np|}t�w!|xn�ycm6s!tI3´o�tYtporq<sxH�CjORQSH¡f4HYV4��ERU_VLE,��f4U_a\ADNWC6HpEbU}GYGIV6M<XYEgMLADQf4H�V4��a\AcORXYQRNeADV6��f4H¡G�U_CLf4VFGORNW�}N�OSX�f4N�C<XYQRHYC0OSH_�!®2U0CLERNWf4XYQRU0CLEbV6C�H��}HYa�M6[PH\U'&

(Ω1,Ω2)
HpE>OV6C6HTMLA_Q,OSN�OSNPU0C�f4H

Ω
E,VLQ�[WA0d0VLH�[W[PH

k(x)
HYE,O�GIU0CLE>O&ADCjO�MLADQ�a�U0QSG�HYADV6�

k(x) = ki > 0
M<U_V6Q

x ∈ Ωi, i = 1, 2.
���6� µ0µ0�

�;C¡C6U_ORH
Γ = ∂Ω1 ∩ ∂Ω2

[�] NPCjOSH�QR«rA_GIH��rERV6M6M<U0ERX�HbQSX��0V6[PNW��QSH9H�O�NPCLG�[PVFE,Hbf6ADCFE
Ω
�?HYCjORQSH

Ω1
HIO

Ω2
�{�_U0NPQ�[eA��!NP�0V6QRHT�4�W�p�I�6HIO

ui = u|Ωi

[eAJQSHYE,ORQSNeGORNWU_C�f4Hb[eA\E,U0[PV4OSNPU0C
u
Z

Ωi
�

1Ω

Ω

Γ

2

� �����l�4�W� � D�CjOSH�QR«rA_GIHBH�CjOSQRHTf4HYV4��ERU_VLE,��f4U_a\ADNWC6HpE?H�O9GIU_CFf4N�OSNPU0C�f4HBORQ&ADCLERa�NWESE,NWU_Cv�
;?|+3 3´| �Q] �Q] �Q^<`>b g+pn�R� ��� | bde � + p	j�z � w � �u�)� j�|>k b �	� + t.j6z � w ���-�6jlp e�� � g c i4q4��j	h e $















−ki∆ui = f
m qdh�p Ωi, i = 1, 2,

u1 = 0 pug k ∂Ω,
u1 = u2 pug k Γ,
k1∇u1 · n = k2∇u2 · n pug k Γ.

�^�4� µ>F}�
� jlp m j	g - m j	kuh c + kvjlp�� c � h�jlp m j z � w � *4��p b h e q@|'|�j	� � jlp ¢_q<s'w!o{nporq<s'tTmLkvu��roK3´o{np|jt;w'|�n�ycm6s!tl=
3´ortptYo�qFs pug ks�R� c h e j	k rlq�}-j Γ w
Y�h+3´q<s'tYn�ycm4nporq<s#]�(}N

u ∈ H1
0 (Ω)

HpE>O9ERU_[WV4ORNWU_C�f4H��^�4� µ E ��4MLA_Q�ADM6M6[WNeG�AcOSNPU0C�f4V 0�K6X�U0QR�Ya�Hf4H�ORQ&A_G�H�FL� µ6�W�Yµ6�cU0C�f4U_NPO?A¤�_U0NPQ
u1 = u2

ERV6Q
Γ
�'(}NLU0C\MFUjE,H

σ = k∇u HIO σi = σ|Ωi
= ki∇uiERA³QRHpE>OSQRNeGOSNPU0C´Z

Ωi
�!U0C ESADNPO�djV6H

σ
��ADNWCLE,N�djV6H�ESA³f6NP�0H�QS�_H�CFGIH_�!ADM6MFADQRORNWH�C6C6HYCjO�Z

L2(Ω)
�±�[WU_Q&E��0H�C¡�0H�QRORV�f4V�0�K6X�U0QR�Ya�H�FL� FL� G}�0[WAJGIU_a�M<U0ESADCjORH9C6U_QSa\AD[WH

σ ·n A#VLC¡E,HYCLE�E,V6Q Γ
H�O2U0Cf4U_NPO9A¤�_U0NPQ

σ1 · n = σ2 · n
ERV6Q

Γ
�

X�XYGINWM6QSU4d0VLH�a�H�CjOY�}U0C�G�U_CLE,ORQSV6NPO�V6CLH9«{U0QRaJV6[WADORNWU_C��¤A_QRNeAcOSNPU0C6C6HY[P[WH;f4H\�^�4� µ>Fj��MFU0V6Q�a�U_C4�ORQSH�Qbd0Vv] HY[P[WHJA0f4a�HIObV6C6H�V6C6Ned0VLH�ERU_[WV4ORNWU_C�d0VLN§G�U)L^CLGINef4H�A¤�_HYG#[WA�E,U0[PV4OSNPU0C
u
f4H��^�4� µ E �� �;CG&K6H�Q&G&K6H

ui ∈ H1(Ωi)
HIObU_C³agV6[PORNWM6[WNPH�G&KLA_djV6HJXYdjVLADORNWU_C³f6A_CLE

Ωi
MFADQB[WA¡a�¦Ya�Hg«{U0CLGOSNPU0CORHYE,O

v ∈ H1
0 (Ω)

�6�?C�NWCjORXY�_Q&ADCjO�MFADQ�MLA_Q,OSNPHbHIO�HYC�E,U0a�a\A_C0O�U_C�U0�4ORNWH�CjO
∫

Ω1

∇u1 ·∇v dx+

∫

Ω2

∇u2 ·∇v dx+

∫

Γ

(

k1
∂u1

∂n1
+ k2

∂u2

∂n2

)

v ds =

∫

Ω1

fv dx+

∫

Ω2

fv dx.�^�4� µ0�0�®2U_a�a�H
n1 = −n2

[�] NPCjOSX��_Q&AD[WHJERV6Qb[^] NWCjORH�QR«rA_G�H
Γ
f6NWERMLADQ&A8VeOTZ�GYADVLERH�f6H�[eA�GIU0CLf4NPORNWU_C�A_V4�[PNWa�N�OSHYE#f4H�OSQSA_CLERa�NeESE,NWU_C���@J] ADV4OSQRH�MLA_Q,Op�vE,N

u
HYE,Ogf4XI�LCLN?GIU0a�a�H

u1
f6ADCLE

Ω1
HIO
u2

fLADCLE
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�8/ � ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

Ω2
�L[eA\GIU0CLf4NPORNWU_C f4HbOSQSA_CLE,a�NeERERNWU_C

u1 = u2
ERV6Q

Γ
NWa�M6[WNWdjV6HgdjV6H

u ∈ H1(Ω)
H�C��0H�QRORV�f4V vH�a�a�H4FF� µL�P� �6�0°§A_Q�G�U_CLERXYdjV6HYCjOY�ª���4� µ0�0�§C�] HYE,O�QSNWH�C�f�] A_V4ORQSH;djV6H;[WAg«{U_QSagV6[eAcOSNPU0C\�cADQSNWADORNWU_C4�CLH�[W[PH��^�4� µ'/_�I�

�

�;u�|jyc¢_or¢0| �%]��%]B^�� �@� � � Ω ��� ��� � �>%����>�@% ��; �#� K ��� �#� & <'2'�(� �!�"��� ��	'� 9�� RN
� � �>78����9�2����

Ω +.�"� �#��<�<>�)�C� *"� � Ω \ K �#�6� % ;�����7 � �)% 1#/ � � � � f ∈ L2(Ω) / � � �#�"� � � 9 �>% � ��� <>% ����7 � & �
9�� �#�"�'9"�'�(� � ���=9�2�� � Ω ��� K ����� ��� � � �'�'78� � � ��� < 2)%�� 2 � ��� & �)�����!��� 9��'�(�(% � �!�&� � � �#���"!"#%! 9 � % ��*"� �
7 � � �'�!�"������� u +�7 2 ��� & <>;>% 2��(��% ���"� 7 � <>�)���>��� � �>7@;>7 ���!�(% � *�� �&� <'2)% ��	'� & <�7 � 1 �#�6���!�"� ���62�������9�2����
K +.�#�!� ��� �!�����6�62������4�#��� 2����C� � � �'�!�"������� 1!/ � �:�!��<�<>���6� *"� � � 7�� � ��2 < 2 ��9��,���)% & � �C�"��% �#�49�2����
K / � � <)%�����7 � & �4�C� & � 9);)7 � �6�=< 2)%























−∆u = f 9�2�� � Ω \K
u = C �#��% ∂K
∫

∂K

∂u

∂n
ds = 0 �#��% ∂K

u = 0 �#��% ∂Ω,

��� C �#���,��� �4�#�"� ���62������ � �'�!�"��������# 9);#���>% & � ���)% /  % �"� � �)%$��� �����@% & ��7 2�� � �"� � 2)% � 2�� � ����� �>787 �49)�
�#� <>%�����7 � & �:2���	 7 � & � ���#� �!� 9); & �"���(% �>%$7 � ��	 � �����>�'�!� �#�47 � ��� � � � ��; 9�� �����:�C�"78��� � �"� (u,C) /

� �Y���)�"�!��",���9�B��
��
�������%��+�)�S,��Q���% ���9
, >  �� K  ���	����
)���/�9��"�9�	�"�����	��
)��
)���-�"RU��.M�,� ���	,� =� ��,%�����9�3�9����+�-�9%�����
A(x) = (aij(x))1≤i,j≤N 0 � � �+���������+�SQP�"�*�(�B� �-�+�9%�,� A

��2�'�"��%&6O�-�9��
������
 "
)#���%��:�����+%&�9%�.M�3�+���

Ω C ���B,�����9,%�.M������� �)�(��%��"�9%(Q���� F ��,�4 ��2� =LK/=  �%&�9�@QP�W4 %(�P�)R�%��2�9�3���"�7,�����2���-�P�9� α > 0�9����(�!Q��"�������9��9Q����*���-�+�9���"�< ��-���
Ω
�

A(x)ξ · ξ =

N
∑

i,j=1

aij(x)ξiξj ≥ α|ξ|2 �������3�9���"�
ξ ∈ R

N , C � 0 � � F
�)�SQ��G4 ���������2�!���"%�68���9��
���)�P�';����9�"
���G,�4 ��2� =LK-=  "%&�9��Q��G4 %����)R�%(�2�9� ����� ,���"�2�������9� β > 0

�9����(� Q��"���
�"�9��9Q����'�$�-�+�9���"�< "�����

Ω
�

|A(x)ξ| ≤ β|ξ| �����"�@�9���"� ξ ∈ R
N . C � 0 � $ F

� �  "
�#$��%&�<�-�(�-�9� �54 ����
����-�9����

−div(A∇·) = −
N
∑

i,j=1

∂

∂xi

(

aij(x)
∂

∂xj
·
)

, C � 0 � ��F
�)�<��� ,)�����+%( > �9�!�(�	���9��;"� > ���	����R ��%���%&�9��

{

−div(A∇u) = f
 ��-���

Ω,
u = 0

�+���
∂Ω.

C � 0 �%��F
�������+%�����9�:�����9%�.��-�9%����"�I�"J C"�+%(Q����)�I,���$ ���%��+���� K  ���7���P > ����: ��B� C����< "� C � 0 �%��F�0 � ���"�I�54 �)R��������� "�<� �!,���$ "�",)�9%����  "�<�(�S,�J$�-����"���P�"� ��%���%��� ���"%(�+�-�+�9����� C �����"�7����Q�������(�!,���� "��,��9%(.P%&�9
<�G4 ��2�:�����:�(�� ����< ����"�7�9�����9��:����@ �%��9�),)�9%������ F �)�2�3,��-���-,)�9
)�9%��+
	�$�/�3���"� � �/�+�9%�,�'� C���
)�+�9%(Q����< "� ,���� "�",)�9%�.�%&�9

A(x) C �����	�"�9�������+�9%����"�������� K �54 %( �����9%��9
 F�0 �G��,����  ���N� �/�+�9%�,�� A(x)

�����S� C���
)�+�9%(Q����)�G,�-�+�9��+������ W�
�$�-�'�)R����������� K �(� �"�9%��+�X�)�U,)�����"�9�X W4 �"� � ���)�! ��X,���P.M�,)�9%���� 0�" �Y� ���������+% ���U "
),���������+�

A =
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� � / �

As+Aa ��!�9�<���-�+�9%��7� C���
)�+�9%(Q���� As = (A+At)/2
�)�N�9�<���-�+�9%��:�-�P�9%�� C���
)�+�9%(Q����

Aa = (A−At)/2
�

�"� ,��-��,���W�+%��������	�������+�9�*Q��"�

−div(A∇u) = −div(As∇u) + V · ∇u
��.M�,

Vj(x) =

N
∑

i=1

1

2

∂(aji − aij)

∂xi
(x),

���
V
�4 %����9�)�9��� > �9�	,������� ���"�*.P%��9�)�+�+�! "�	,����.��,)�9%���� 0

����� �!� @ � �'� ������� ��������	�
����������	������ ���������	�������� ����!#"�$ %'&'()����!#"�$ %'*'()+,���-!#"�$ %'.'()/�0,�1�2�3��
��4��
'5 +,���
�6	�� ��75 	�
8!:9;/<5>=�� �(

u ∈ H1
0 (Ω)

�25
f ∈ L2(Ω)

$

� � ������*�9������(�-,�)�!�(� ,���$ �%��9%���� ����R��(%���%&�9��! �� � %&�9%�,�J"�(���S ����"� C � 0 �%��F �$�-�!�"���X,���� "%&�9%�����-�"R ��%���%��9�)�  �� 
 �)��� ���"� Q��"% �������"�<�54 ����
)���-�9�)�"� C � 0 � ��F �$�4 
,)�9%&�

∂u

∂nA
=
(

A(x)∇u
)

· n =

N
∑

i,j=1

aij(x)
∂u

∂xj
ni = 0

�+���
∂Ω,

��� ∂u
∂nA

��2� �(�  "
)�9%�.M
���  "%&�9� ,�������9� �-�����  "�
u
���+�+��,)%(
)� K �54 ����
)���/�9��"� C � 0 � �MF�0 � �)�+�9� ,���� "%&�9%���� �� 
 �)��� ���"�Y�)�2�S�+� > �S���-�9���9����(�  �4 ��� ����%��P�X ��B.P���B�"J�C��+%(Q����X����%��9Q������N�+%����Y%(���+�9�P ���%&�S�(� ���"R

σ = A∇u
�P������'�)R��"�9%���� Q����<� �!,���������9�����9�<���-�9� �����* �� ���"R ��2�3�P�������'�+���:���*;����� 

σ ·n = 0
�+���

∂Ω 0
����� �!� @ � �'� ������� �@?A	����

f ∈ L2(Ω) B g ∈ L2(∂Ω) B ��	�
�������C�>D �2E<5 �6����
�FG�H���H�>D>��
'5 F�5 � �-0��8� /I�6	�� ��75 	�

0��

{

−div(A∇u) + u = f
0�/�
��

Ω,
∂u

∂nA
= g

�����
∂Ω.

��*KJ�* 
 J³3L5?93L= �l1 ��SyT�8�P�O,=>1 P'16= �#U�S
@BADCFEJG�HIO,OSH�ERU_VLE,��E,HpGORNWU_C�C6U0VLE#X�ORVLf4NWU_CFEJdjV6HY[WdjV6HpE#M6QSU_M6QSNWXIORXpE#djVLAD[WNPOSAcOSNP�0HYE#f6HYE�E,U0[PV4�ORNWU_CLEJf4V´ vA_M6[WA0GINWH�C´A¤�0HYG�GIU0CLf4NPORNWU_CLEJADV4��[PNWa�N�OSHYE�f4H¡@;NPQSNWG&KL[PH�OY�'@BADCFETORU0V4ORH�GIH�O,ORH�E,U0VLE>�E,HpGORNWU_Cv�

Ω
HpE>ObV6C�U_V6�0H�QRO9�<U_QSC6X�f6H

RN HIO
f ∈ L2(Ω)

�l �H 0�K6X�U0QR�Ya�H��4�0/4�0/�«{U0V6QRCLN�ObV6C6HV6C6Ned0VLH#E,U0[PV4OSNPU0C
u ∈ H1

0 (Ω)
f4H
{

−∆u = f
f6ADCFE

Ω
u = 0

E,VLQ
∂Ω.

�^�4� F E �
�by¤o�s'¢0o{~?|�w!k�3´m4u�oK3�k�3

�9U_VLEBGIU0a�a�HYC�GIU0CLE�MLA_Q�QSHIORQSU_VL�_H�Q;GIHIORORH#MLQRU0M6QRNWXIOSX#f4XYG�U_V6�0H�QRORH#A_V�®2KLADMLN�OSQRH\�¡�r�_Q-,_G�HZ�f4HYE�«{U_QSagV6[WHYE�HI�4M6[WNWG�N�OSHYE�HYC f4NWa�HYCLERNPU0C
N = 1 � �0U_NWQ�[WA)X�H�a\ADQ&djV6H\�_�0/4�W� E ��HIO9H��4M6[PU0N�OSX�HCjVLa�XYQRNedjV6H�a�HYC0O�A_V�®2KLA_M6NPORQSH /6�

� £'h}qFy4:[3 | �%]��%]�� � � �bycors!¢_or~?|�w'k�3 m4u�oB3�k$3 " `_c
f ≥ 0 |�k@jup � gNj9|Nq4k e b g e�m q4h�p Ω o

q4� b k-p u ≥ 0 |>kvjup � gNj�|Nq4k e b g e�m qdh�p Ω w
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�pµ E ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

.�|+3´m4ycilk'| �%]��%]��_\  vH;MLQRNWCLGINWM<Hbf6V¡a\Ac�4NWagV6a C6HB«rA_N�O�djV6HBORQ&A_f4V6NWQSH9V6C6HbM6QSU_MLQRNWXIOSX9MLA_Q,�«rA_N�OSH�a�H�CjO-CLADORV6QSH�[W[PH�f4V�M<U_NWCjO-f6H��}V6H�M6K}`4ERNWdjV6H HcMLA_Q-HI�4H�a�M6[WH�f6ADCLE§[WH�GIU0C0OSHI�}ORH�f4H�[^] XpdjVLAc�OSNPU0C´E>O&AcOSNPU0C6CLADNWQSH�f6H�[WA�G&KFAD[WH�V6Qp��E,N2U_C�G&KLA_V C<H �
f ≥ 0

�I�v[eA�ORH�a�M<X�Q&AcOSV6QRH\NWCjORXYQRNWH�V6QSH\HYE,OOSU_V'A>U0V6Q&E�M6[WVLE;�_Q&ADCLf4H#djV6HJ[WA\ORH�a�M<X�Q&AcOSV6QRH�ADV��<U_Q&f´�
u ≥ 0

��< �HgMLQRNWCLGINWM<HJf4V a\AD�}NWagVLaQSHYE,ORHg�¤A_[WA_�6[WHgE,N'U_C QSH�a�M6[eA_G�HT[PH� vA_M6[WA0GINWH�C�MLA_Q�[^] U0MFXYQSADORH�VLQ9M6[WVLE��0X�C6XYQSA_[?���6� µ � ��Z¡GIU}HlW��G�NPHYCjOSE!�cADQSNWA_�6[PHpEvf6A_CLE
L∞(Ω)

U_VJ�6NWH�CJERN}[�] U_C�GIU0CLE,Nef4�YQRH�[WH�M6QRU0�6[W��a�HB�^�4�W� ¯ ��A¤�_HpG�GIU0CLf4NPORNWU_CA_V4�\[PNWa�N�OSHYE�f4HB��H�VLa�A_C6C��4 vAg�cAD[WNWf4NPORXbf4V�MLQRNWCLGINWM<HBf4V�a\Ac�4NPaJV6a HYE,O?«{U0CLf6ADa�HYC0O&AD[WH�a�H�CjO[WNWX�H�ADV�GYADQ&A_GOS��QSHb¨RESG�AD[eADNWQSH©�f4H\[^] XYdjVLAcOSNPU0C¥��GD] HYE,O,��Zc��f4NWQRH\djV6H\[^] NWCLGIU0C6C}V6H
u
HpE>OgZ��cAD[WH�VLQSEfLADCLE

R
�I�<®2HTM6QSNPCLG�NPM<H#f4V�a\Ac�4NWagV6a OSU_aJ�FHT�0X�C6XYQSA_[PHYa�HYCjO�HYC�f6XI«rADV6O9E,Nl[^] NWCLG�U_C6C}V6H

u
HpE>OZ��cAD[WH�VLQSE��0HYGOSU_QSNPHY[P[WHYEb�rMLADQ�H��}HYa�M6[PHbM<U_V6Q�[WH#ER`}E,OR�Ya�H��^�4��� ¯ �2f6HT[�] X�[eA_E,ORNeGINPORX¤�� •

Y�h+3´q<s'tYn�ycm4nporq<s#]��;C´V6ORNW[PNeE,H�[eA�«{U_QSagVL[WADORNWU_C��cADQSNWADORNWU_C6CLH�[W[PH³�^�4���_�gf4H��^�4� F E �TA¤�_HpG
v =

u− = min(u, 0)
djV6N�ADMLMLADQRORNWH�CjO��6NPHYC¥Z

H1
0 (Ω)

HYCx�0H�QRORVxf6V¥ vH�a�a�H��6� /6� />Fx��G�ADQ
u =

u+ + u−
��/�;C�A

∫

Ω

fu− dx =

∫

Ω

∇u · ∇u− dx =

∫

Ω

1u<0∇u · ∇u dx =

∫

Ω

|∇u−|2dx ≥ 0.
���6� FF�p�

�³ADNeE
u− ≤ 0

H�O
f ≥ 0

M6QRHpERdjV6H�MLA_Q,OSU_V4O#f6A_CLE
Ω
��°-ADQTGIU0CLERXYdjV6H�CjOp�ªORU_VFEb[PHpEbORHYQRa�HYETf6H�^�4� FL�¤�bE,U0C0O#C}V6[eEY��HIOJG�U_a�a�H

u− ∈ H1
0 (Ω)

U_C�H�C´f6XYf4V6NPOJdjV6H
u− = 0

�vGD] HYE,O,��Zc��f4NWQRH\djV6H
u ≥ 0

M6QRHpERdjV6HbMLA_Q,OSU_V4O�f6A_CLE
Ω
�

�

;2|+3 3´| �Q] �Q] � � `_c
v ∈ H1

0 (Ω) o qd� b k-p v+ = max(v, 0) q@|'|�qdk eKc j	h e $ H1
0 (Ω) j e

∇v+ = 1v>0∇v |�k@jup � gNj�|Nq4k e b g e�m q4hNp Ω,

b*)
1v>0(x) jlp e ��q�r b h�} e~cBb h � g c i4q4g e �9� $ b�)

v(x) > 0 j e �6q c �f��j	g k-p	w
.�|+3´m4ycilk'| �%]��%]�� �  'ATf4X�a�U0CLE>OSQSADORNWU_C�f4V\ �HYa�a�H9�6� /6� />FBHpE>O?A0ERERH#J�[WU_C6�0V6H�HIO-OSHYG&K6CLNWdjV6H�rH�[W[PHgMFHYV4O;¦�ORQSH#U_a�NeE,H#HYC�M6QSH�a�NP�YQRHT[WHYGIORV6QSHp�I�L�-�4M6[WNed0VLU_CLE9C6XYA_C6a�U_NWCLE�M<U_V6Q&djV6U_N!GIHIORORHgf6XI�a�U0CLE>OSQSADORNWU_C´Cv] HpE>O\MLA0EJERNPa�M6[WH_�-H�O�HYCxMFADQRORNeGIV6[WNPHYQJM<U_VLQSdjV6U0N�U0C C6H�M<H�V4O\MLA0EJV6ORNW[PNeE,HYQ�[PH vH�a�a�H�FL� µ6�W� ��djV6N!A4W\QRa�HgdjV�] V6C6H#«{U_CLGIORNWU_C f4X��LC6NWH;¨>MFADQ�a�U_Q&GIHpADV4�j©�6ADM6MFADQRORH�CFADCjO9Z

H1f6H9G&KLA_djV6H�ERU_VFE>��f4U_a\A_NPC6H�HIO�GIU_CjOSNPC}V6H9A_V4�JNWCjORHYQ,«rA0GIHYE§HYCjORQSH�[PHpE�ERU_VLE,� f6U_a\ADNWC6HYE-A_M6MLA_Q,OSNPHYC0OHYC�«rADNPO�Z
H1 f4V f4U0a\ADNWC6H�H�CjOSNPHYQY���?C´HlCªHIOp�'U0C´ADM6M6[WNed0VLH�Q&ADNPOg[PH� �H�a�a�H FF� µL�P� ��Z

v
ERV6Q[WH¡ERU_VLE,��f4U_a\ADNWC6H

v > 0
H�O�Z E E,V6Qg[PH�E,U0VLE>��f4U0a�A_NPCLH

v < 0
�vH�Og[PH�ORU_VLQJERH�Q&ADNPO�A>U_V6X0�' vHMLQRU0�6[P�Ya�H;HpE>O�djV�] HYC¡�0X�C6XYQSA_[F[eA#«{QSU_CjOSNP�YQRHbf4HbGIHYE�f4HYV4�¡ERU_VLE,� f6U_a\ADNWC6HYEB�rf6XI�LC6NWHbMLADQ

v = 0
�Cv] HpE>O-MLA0E'QSX��0V6[WNP�YQRHB�rADV�E,HYCLE-f4H�[WAB@;XI�LC6NPORNWU_C\µL� /6� �0�la�¦�a�H�E,N

v
HpE>O-V6C6H�«{U0CLGOSNPU0CgQSX��_VL[PNW��QSH_�

•
; � � �	<>='? �	� ?A@B�	< � A �����+�9�����'�9���"�	 �4 ��;����� UQ������$�+%

v ∈ H1
0 (Ω)

���*�+%
G(t)

��2�*�����!6O����,)�9%����  ��
R
 "���"�

R
�$ "�S,�(���+�+�

C1 �9������ Q��"�
G(0) = 0

���
G′(t)

�)�2�*;����9�"
!�+�"�
R
�������-�9�

G(v) ∈ H1
0 (Ω)

�)�
∇(G(v)) = G′(v)∇v 0 � �-�	 "
)#���%&�9%����� "�

H1
0 (Ω)

��%��1�)R�%��2�9�X�"���S�+��%&�9�X "�!6O����,)�9%����"�
vn ∈ C∞

c (Ω)QP�"%�,���P.M�)�9���*.M�)�9�
v
 "���"�3� �X�����9���* "�

H1(Ω) C �)� �$�/�+�9%�,����%��)���"�������@�����'�+����� = �+�"%��9��� vn
�)� ∇vn,���P.M�)�9���@�"�9��9Q����@���-�+�9�����: "���"�

Ω
.M�)�9�

v
�)� ∇v

�9��+���,)�9%�.M����)�P� ! .���%&�:���<,���9���(�(�-%��9� ��0 �P0 �  "�#" �	% F�0
� � �

|G(vn)−G(v)| ≤
(

sup
t∈R

|G′(t)|
)

|vn − v| , C � 0 D�T�F
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �YµL�
 ����",

G(vn)
,���P.M�)�9���*.M�)�9�

G(v)
 "���"�

L2(Ω) 0 � 4 �-�"�+�9�*���-�+���"������� 1 ≤ i ≤ N
�

∣

∣

∣

∣

∂G(vn)

∂xi
−G′(v)

∂v

∂xi

∣

∣

∣

∣

≤
∣

∣G′(vn)−G′(v)
∣

∣

∣

∣

∣

∂v

∂xi

∣

∣

∣
+

(

sup
t∈R

|G′(t)|
)

∣

∣

∣

∂vn

∂xi
− ∂v

∂xi

∣

∣

∣
. C � 0 D �MF

� ������� |G′(vn)−G′(v)|
∣

∣

∂v
∂xi

∣

∣

,����.��)�9���S�"�9��9Q��"�S���-�+�9���"�*.��)�9� � C �����"�*�"���!�+���"� = �+��%&�9� F ���*��2�� � �2�-�9
 ���-�
2 (sup |G′(t)|)

∣

∣

∂v
∂xi

∣

∣

Q���%	�-�����-�+�9%����� K L2(Ω)
�@���-���-���"�(%�,��/�9%����  "� �9J�
)��� > ���Y "�

,)���P.M�)�9�����,�  "����%(�"
�  �� �W�;���+���"� C .M��%��B�(� �9J�
�-� > ��� T�0 �P0 $  "�+" �	% F ,�)�+�9� �+�"%��9�  "� 68���",)�9%������
,)���P.M�)�9��� .��)�9� �  "���"�

L2(Ω) 0 �W�  ��)�9��%��)�!�9�)�9�B��� � � ���������  ��-��� C � 0 D ��F ,����.��)�9��� ���"�+�+%:.M�)�9� � "���"�
L2(Ω)

�7 "����,
G(vn)

��2� �"��� �+�"%&�9�� "� � �-��,�J�C  "���"�
H1

0 (Ω)
QP�"%@��2� ��� ��+�$�-,�� "� �'%�� =;����+� F ������!,���P.M���9���*.M���9�<�"���*��%���%&�9� w ∈ H1

0 (Ω) 0 � �-�<%( "����9%&#$,��/�9%����  ���@��%(��%&�9���"��� �+�9���".M�	Q����
w = G(v)

 ����"�
L2(Ω)

�)� Q���� ∂w
∂xi

= G′(v) ∂v
∂xi

 ����"�
L2(Ω)

�� W4 ��� ���*�9
�+���&���-� 0

 ���"�	���������"�	� ��%����9��$�-���*�-���"�9��,�J����	�(� 68����,��9%(��� t → max(t, 0)

�$�/�*���"�X�+�"%&�9�B "�S6O����,)�9%����"�
Gn(t)

 "�B� C����<���9
,
� �����:�����"�7 "
�����P�+�9���:Q����
v+ �-���$�/�+�9%����� K H1

0 (Ω) 0 ����%&� G(t)
�"���36O����,)�9%����

 ��
C1(R)

�9�)�(���SQ����

G(t) = 0
�+%

t ≤ 1

2
, 0 ≤ G′(t) ≤ 1

�+% 1

2
≤ t ≤ 1, G′(t) = 1

�+%
1 ≤ t.

� �U �
)#$�"%��
Gn(t) = G(nt)/n

�����"�
n ≥ 1

�����	���U�9��%&�	���-�	�54 �-�9����������*���9
,
� �����	Q����
Gn(v) ∈

H1
0 (Ω)

��� ∂Gn(v)
∂xi

= G′
n(v) ∂v

∂xi
0 � 4 �����+�9�	�$�-�+���"��� .M
)�9%&#$�!Q��"�

|Gn(v)− v+| ≤ sup
t∈R

|Gn(t)− t+| ≤ 1

n
,

 ����",
Gn(v)

,)���P.M�)�9���	.M�)�9�
v+  "���"�

L2(Ω) 0�� � �B�-���+�+%5�$�����"�@�9���"�
1 ≤ i ≤ N

�
∣

∣

∣

∣

∂Gn(v)

∂xi
− 1v>0

∂v

∂xi

∣

∣

∣

∣

= |G′
n(v)− 1v>0|

∣

∣

∣

∂v

∂xi

∣

∣

∣
≤ 10<v<1/n

∣

∣

∣

∂v

∂xi

∣

∣

∣
,

���X,)�������
10<v<1/n

,���P.M���9���B.M���9� � �"�9��9Q���� �$�-�+�9���"���G���B�9J�
�-� > ���� "� ,���P.M�)�9�����,)�  "����%��"
� ����G�;��)�+���������9���".M��Q���� ∂Gn(v)
∂xi

,���P.M�)�9����.��)�9�
1v>0

∂v
∂xi

 "�����
L2(Ω) 0 � �Y��  �
� "�"%����W,�������

���9
,
� ������������PQ����
Gn(v)

,���P.M�)�9���	.��)�9�
v+  "�����

H1
0 (Ω)

���'Q��"� ∇v+ = 1v>0∇v 0 �

�9u�|jyc¢_o�¢_| �%]��%]B^ \ =�"���(%��)%�*�����7 � 2�<�<�7 � ��2�� � �"�,+6����� !K7 � � ;�2 � % ��1 v → v+ �#�6� �!�"��� � �����?9�� L2(Ω)
9�2�� � 78� � ! &��>& ��� 2 � � � � *"� � 9�� H1(Ω) 9�2����=78� � ! &��)& �I+���� � 7 � �6�>%�7 �=� 2 � �4*���� ∇u = 0 <)%����C*����
< 2)% ������� �!��%?7 � �>� �6� & ��7 � u−1(0) 1#/
.¡h+AFk!�rm6y¤ornYh

�9U_VLEga�U_CjORQSU_CLEba\A_NPCjORHYCLADCjOgdjV6H\[eA ERU_[WV4ORNWU_C�fl] V6C�M6QSU_�6[W��a�H�A_V4��[WNPa�NPORHpE#H�[W[WNPM4OSNWdjV6HHYE,O�M6[PVFE�QRXY�_V6[WNP�YQRHbdjV6HTM6QSX��}V6HTERNl[PHpE�f4U_CLC6X�HpE�E,U0C0O�M6[WVLE�QSX��0V6[PNW��QSHYE�djV6HTC6XpGIHpERESADNWQRH0�
� £'h}qFy4:[3 | �%]��%]�� 	 �>w!|�y¤h+A<k'��m4yco{nph " `Qb4cfe g h j	h e~c j	k m ≥ 0 w `Qb4cfe Ω g h b g i8j	k e � b kuh �m j RN m js}l��q4p-plj Cm+2 w `Qb4cfe f ∈ Hm(Ω) w %"� b k-p o �R� g h c � gNj�p b � g e~cBb h u ∈ H1

0 (Ω)
m jEz � w * �-�

q@|�|Nq4k e~c j	h e $ Hm+2(Ω) w � j�|>� g+p o �R� q-|�|>� c }-q e~cBb h f → u jlp e � c h � q c kvj9} b h eKc h_gNj m j Hm(Ω)m q4hNp Hm+2(Ω) o }_� jup e � $ � m4c k@j � g�� c ��j�- c p e j g h>jE} b hNp e qdh e j C > 0
e j	�f��j � gNj

‖u‖Hm+2(Ω) ≤ C‖f‖Hm(Ω).
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�pµ'/ ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

°-ADQ!ADM6ML[PNeG�ADORNWU_CbNPa�a�XYf6NWADORH2f6V 0�K6X�U0QR�Ya�H�f6H?QSX��_VL[WA_QRNPORX��4�0/4�0/ ¯ H�O'f4V 0�KLX�U_QS��a�H$FF� µL� /0���E,VLQT[WA�G�U_CjORNWC}V6N�OSX\f4HYEb«{U0CLGOSNPU0CLETf4H
Hm(Ω)

�I�vU0C�U0�4ORNWH�CjOgGIU0a�a�H�G�U_QSU_[W[WA_NPQSHg[WH�QRXpE,VL[�O&AcOA_C6C6U0CLGIX9A_V6MLA_QSA¤�cADCjO�f6A_CLE�[eA7X�HYa�A_QSdjV6HB�4�0/4� µ6�_Z#ESA¤�_U0NPQ�djV6H9[PHpE2ERU_[WV4ORNWU_CFE§«rADNW�6[WHYE�fl] XpdjVLAc�OSNPU0CLE?A_V4��f6X�QSNP�0X�HYE�MLADQRORNWH�[W[PHpE-H�[W[WNPM4OSNWdjV6HpE?ERU_CjO�H�C�«rA_N�O�f4HYE2E,U0[PV6ORNWU_CLE§«{U0Q,OSHYE��rU_V�G�[WA0ERERNWdjV6HpES�ERNl[WHYE�f4U0C6C6XYHYE�ERU_CjO�QRXY�_V6[WNP�YQRHpE��
� qFycqF���rm6ory¤| �%]��%]���	 `�c

Ω jlp e g h b g i8j	k e � b kuh �9m j RN m j9}l� q8p-p	j Cm+2 o p c f ∈ Hm(Ω) o
j e p c m > N/2 o q4� b k-p7��q9p b � g eKcBb h�i4q4k c q eKcBb hNh>jl�f��j u ∈ H1

0 (Ω)
m j�z � w * �-� jup e g h�j7p b � g e~cBb h

r b k e j }-q4kEj	�f��j.q@|'|�qdk eKc j	h e $ C2(Ω) w
�2h |�qdk eKc }	g � c j	k o p c Ω jup e g h b g i8j	k e � b kuh ��m j RN m j)}	��q8p-p	j C∞ o j e p c f ∈ C∞(Ω) o

qd� b k-p7� q.p b � g e~cBb h u ∈ H1
0 (Ω)

m j)z � w * �u��jlp e q4g+p-p c#m qdh�p C∞(Ω) w
.�|+3´m4ycilk'| �%]��%]�� � D�[<HYE,O?NWa�MFU0Q,O&ADCjO2f4H;�6NPHYC¡GIU0a�M6QRHYCLf4QSH�[WA#MFU0Q,OSX�H9f4HBGIHpE�QSXYERV6[�O&AcO&E?f4HQSX��0V6[eADQSN�OSX_�ª��C´ERV6M6M<U0ESADCjOgdjV6H

∆u
�vdjV6N?HYE,O#V6C6H�GIU0ag�6NWCLA_NWERU_C�MLADQRORNeGIVL[PNW��QSH\f4H�GIHYQ,O&ADNWC6HYEf6X�QSNP�0X�HYE9E,HpGIU_CFf4HYE�f6H

u
�<ADM6MFADQRORNWH�CjO;Z�V6C³G�H�QROSA_NPC�HYERMLA0GIHT«{U0CLGOSNPU0C6C6H�[^�LU0C�H�C f4Xpf4V6NPOBdjV6HnpqFk'nY|}t\[WHYEJf4X�QSNW�_X�HpE#ERHYGIU0CLf4HpE#f4H

u
A_M6MLA_Q,OSNPHYC6C6H�CjOgZ G�H�a�¦�a�H�HpE,MLA0GIH�²$*2NWH�C´ER�6Qp�lORU0VLEG�HYEJQRXpE,VL[�O&AcOSE�f4H�QRXY�_V6[eADQSNPORX¡ERU_CjOJXY�}NWf4HYCjOSE�H�C¥f4NPa�HYCLE,NWU_C

N = 1
M6V6NeERdjV6H�[PH� vA_M6[eA_GINWH�CG�U)L^CLGINef4H�A¤�_HYGg[WA�f4XYQRNW�_XYHJERHYGIU0CLf4HJHIO#f4U_CFGg[^] XpdjVLAcOSNPU0C�«{U_V6QSC6NPO#f4NPQSHYGIORHYa�HYCjOB[eA�QSX��0V6[WA_QRNPORXf6H#GIHIORORHTf4XYQRNW�_XYHbERHYG�U_CLf6H_� •

.�|+3´m4ycilk'| �%]��%]�� �  vH�0�K6XYU_QS��a�H;f6H;QSX��0V6[WA_QRNPORXB�4�0/4�0/ ¯ HIO�ERU_C�®2U0QRU0[P[eADNWQRHB�4�0/4�0/'G;QSHYE,ORH�CjO�cA_[WA_�6[PHpE�MFU0V6Q¡f4HpE�GIU0CLf4NPORNWU_CLE¡ADV4�¥[PNWa�N�OSHYE¡f6H ��H�VLa�A_C6C��	D�[WE�ERH��_XYC6X�Q&AD[WNeE,HYC0O�A_VLERERN�ADVGYA_E�f6HYE\U0MFXYQSADORH�VLQSE�HY[P[WNPM6ORNed0VLHYE�Z�G�UjH	W�GINWH�CjOSE\�cA_QRNeAD�6[WHYE���GIU0a�a�H f6A_CLE\[eA (}U_VFE>��E,HpGOSNPU0C�6� /6� µj��<@;A_CLEbGIHJf6H�QSC6NPHYQBGYA_EY�LNW[!«rADV4OTA'A>U0V4ORHYQ;Z�[^] Kj`}M<UDOSK6�YERHgKLA_�6NPORV6HY[P[WH�f6HJGIU}HYQSG�NP�}NPORXJf6HYEG�U}HlW�GINWH�CjOSEY�ª[�] K}`}MFU_ORK6�pE,H�djV6HJ[WHYEbG�UjH	W�GINWH�CjOSEbERU_CjObf6H�G�[WA0ERERH
Cm+1 f6A_CLE Ω

�¬O&ADCLf6NWETdjV6H
Ω
HYE,O��FU0QRCLXBQSX��0V6[WNPHYQ�f6H#GI[eA_ESE,H Cm+2 HIO9djV6H f ∈ Hm(Ω)

�I� •

 �����<���! "
)�������+�9���"�3�$���@��� �:J�
�-� > ���! "�*�9
)�����(�/�9%��9
 � 0 T�0 T �  ����"�3�9���"�9�	�9�B��
��
�������%&�9
X� �-%(��+������������* ����"�*����,��-�	�$�/�+�9%(,)����%��)�!�������'�+%(���"��� C �������*��R"�"��% Q��"�)�9���"�* ��-���*�(� V �� �/��Q���� � 0 TP0 �MT,����������!��� �$���+�+�  �� ,����X�$�/�+�9%(,)����%��)���-� ,����S��
�"
)����� F�0 � � �+� �"� �-,�  ����"�

Ω = RN �N�)�X�����"�
f ∈ L2(RN )

��� ,���"�+%  > �9�	���	�"�9��;�� > ���
−∆u + u = f

 ����"�
R

N . C � 0 D�DMF
� �<�G4 C � �$�-�  "� ,���$ "%&�9%���� ���"R ��%���%&�9����A� � � @ � @B? �  ��-��� C � 0 D�DMF �"��%��9Q��G4 %��@�G4 C � �$�-�  �� ;����� 0

 
��-������%��"��"���!,���������+�9������� K �54 %���#$��%G "�	�(� �+�����"�9%���� ��2�<�"���*�+�-�+�9�! "�	,���$ "%&�9%���� ���"R ��%���%&�9�� 0
" �Y�"�9��������

f
 ����"�

L2(RN )
�������!��.M�����	,�J���%��+%I����� ,���� "%&�9%���� �-�"RU��%���%��9�)� @ � � � @ � @B? � Q���% ��2�

 "�S,�J"�)�9,�J"�)�
u
 ��-���

H1(RN )
��,�4 �)�2� = K/=  "%&�9�BQ������� ��-���'�"� ,�)�+���-%(�U�+��"��

u(x)
�L�9�)�$ .M�)�9�  
)�9��� K� 4 %��"#���%��-#$� Q��"�3� 4 %����9
�����-��� ∫

RN |u|2dx
,���P.M���9��� 0  ���:68���9� �"�(�-�9%���� .��-�9%(�-�9%����"��������  "� C � 0 D�DMF ��2� F�+�9����.��)�

u ∈ H1(RN )
�9��GQ����
∫

RN

(∇u · ∇v + uv) dx =

∫

RN

fv dx ∀ v ∈ H1(RN ). C � 0 D � F
'���X���"����%�,��-�9%����  "%&�9�,��9�  ����:J"
��� > ���B "� �N�/R =2A %��������-� ��0 �P0(E �"�9����.M�XQ��G4 %�� �)R�%(�2�9�X���"�X�"��%(Q�����+�����"�9%����

u ∈ H1(RN )
 "� C � 0 D � F�0 " �"#��G�-���S����%��+���"������)�P� %( �����9% Q��"� K �9���"� ,��"RXQ����7�����"���/.������ "
 � K 6O��%&�3 "���"�7,�@,�J$���"%&�+�9�<�������+�9� Q��"�3,�)�+�9�<�+�����"�9%����  ��<�(�*6O�-�9� �"� �/�9%���� .��/�9%(�-�9%����"�������� �)�2�3���"�+�+%
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �Yµ0µ
�+�����"�9%����  "� �54 
�Q��$�/�9%(��� ���"R  "
)�9%�.M
)��X���-�+�9%�������� C � 0 D�D�F�0 
 �����S�����".M���"�X� �-%��P�9�)�$�����S
�"����,)�)� ����9
)�+���&���-�  "� �9
���"� �/�9%&�9
 0
��� ��� �*=A@ ?A@B�	< ����������� ��-

f ∈ L2(RN ) � � 01&.5"� 01� ��& 0 4�+�-�&.( u ∈ H1(RN ) # ����� : � ��� ���!���)5�+�- ��(�+ ��($,�.- + 3 H2(RN ) : �6� 7���7 � � �2- f ∈ Hm(RN )
� ���.�  

m ≥ 0
� � � 01&.5"� u

���!���.5"+�- ��(9+ 3 Hm+2(RN ) :
; � � �	<>='? �&� ?A@B�	< � ��4 %������9
 "%��������+�+����9%���< "� �(�Y �
�����"�2�+���-�9%���� ��2�B� � �L��
)�9J��P ��  "��S�+�������+�(� =�9%������$� 0 �1���"� h ∈ RN �

h 6= 0
�"���  �
)#$�"%��@�"� Q����-�9%�����< "%���
)�9����9%���

Dhv(x) =
v(x + h)− v(x)

|h|
Q��"% ���"�$�-�+�9%�����';�%��� K H1(RN )

�+%
v ∈ H1(RN ) 0 � � .M
)�9%&#$�X��%��+
���)�P�	QP�"� ∇(Dhv) = Dh(∇v)���'Q��"���������"�

v, φ ∈ L2(RN )
�"��� � �"��� �?68���9� �"���	 W4 %����9
�����/�9%(��� �$�/�<�$�-�+�9%��! �%(�+,�� > �9� �
∫

RN

(Dhv)φ dx =

∫

RN

v(D−hφ) dx.

� 4 �-�"�+�9�� ���9�����9%(
��9
�  "�SQ����-�9%(�)�P� Dhv
�+������ ������"
��  "���"�1��� �G������ � 0 T�0 �PE�0 � ���"�1�(� 6O�-�9� ���(�/�9%(���.��-�9%(�/�9%(�����"����(� C � 0 D � F ��� �"�9��� v = D−h(Dhu)

�"�)� �����"��% Q��������@����3� > ������<,% =  "��+�+�"�<��� ��;��9%�����
∫

RN

(

|∇(Dhu)|2 + |Dhu|2
)

dx =

∫

RN

fD−h(Dhu) dx.

� � ��  �
� "�"%&�@� �B� � �2�-���-�9%����

‖Dhu‖2H1(RN ) ≤ ‖f‖L2(RN )‖D−h(Dhu)‖L2(RN ).

� ���"�$�/�<���"����%�,��-�9%����� �� C � 0 D �MF �$��� �B�-���+�+%

‖D−h(Dhu)‖L2(RN ) ≤ ‖∇(Dhu)‖L2(RN ) ≤ ‖Dhu‖H1(RN ).

� ����,'��� � ‖Dhu‖H1(RN ) ≤ ‖f‖L2(RN )

���)�<�� ���-�+�9%�,����%��)���������"�
1 ≤ i ≤ N

�
∥

∥

∥
Dh

∂u

∂xi

∥

∥

∥

L2(RN )

≤ ‖f‖L2(RN ),

Q��"%$%�������%(QP�"���P �4 �-�"� > �3��� �G������ � 0 T�0 �PE ,% =  "��+�+������"Q���� ∂u
∂xi

�������-�+�9%����� K H1(RN )
�P,�4 ��2� =LK-=  "%&�9�Q��"�

u ∈ H2(RN ) 0�����"�����+�����!� ��%����9��$�-���SQP�"�
f ∈ H1(RN ) 0 A ���P�+�9�����SQ���� ∂u

∂xi

��2�S� 4 �"��%(Q����B�+���(���9%����  ��-���
H1(RN )

 ��
−∆ui + ui =

∂f

∂xi

 "���"�
R

N . C � 0 D � F
�P%�,�4 ��2�<.�����%5���$�-�3�����"��%(,�-�9%����  ��'�(�X���-�+�9%��*���9
,
� �����9�* "� �(�  "
)�������2�+���/�9%����G�P��� ��  "
 "��%&���SQ����
∂u
∂xi

�������-�+�9%����� K H2(RN )
�),�4 ��2� =LK-=  "%&�9�IQP�"� u ∈ H3(RN )

,)������� �"�9
).�� 0�� ,)�9%�.M���"�G�(�:6O�-�9� �"� �/�9%����.��-�9%(�/�9%(�����"����(� C � 0 D � F ��.M�,*�(�X68����,��9%(��� �9��2� ∂φ
∂xi

�����"�
φ ∈ C∞

c (RN )

∫

RN

(

∇u · ∇ ∂φ

∂xi
+ u

∂φ

∂xi

)

dx =

∫

RN

f
∂φ

∂xi
dx.
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�pµ>F ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

� ������� u ∈ H2(RN )
���

f ∈ H1(RN )
����� ������@%(���9
�-�9�)� �$�-�@���-�+�9%��	�������<��;"�9�)��%&�

∫

RN

(

∇ ∂u

∂xi
· ∇φ +

∂u

∂xi
φ
)

dx =

∫

RN

∂f

∂xi
φ dx C � 0 D $ F

QP�"%5� �$�/�� "�)���+%&�9
�� �9��2�9� .��-�(��;���� �����"�X�9�����
φ ∈ H1(RN ) 0 � � ,�����2���-�9� Q���� C � 0 D $ F ��2���(� 6O�-� =� ���(�/�9%(��� .��/�9%(�-�9%����"��������B �� C � 0 D � F�0 � �/�*,�����+
�Q����)�P��� ∂u

∂xi
= ui

��2�*;"%����� 4 �"��%(Q����!�+�����"�9%����  "�����
H1(RN )

 �� C � 0 D � F�0�G� ,��-�
f ∈ Hm(RN ) ⇒ u ∈ Hm+2(RN )

�+�  �
�������+�9�B���-�!�9
,���+�9���,���+���
m

,������� ���
.�%�����< ��*���*65��%&�9�!�������

m = 1 0 �

� ��� ����� ������� � � &.4�5
v ∈ L2(RN ) � h ∈ RN � h 6= 0 � &.( # ��� (�- + 4�( � 4�&.+�- ��(�+ # - � ��52��(�+�- �,0

Dhv(x) =
v(x + h)− v(x)

|h| ∈ L2(RN ).

�9-
v ∈ H1(RN ) � &.( � 0 � ���"+�-B7 �.+�-�&)(

‖Dhv‖L2(RN ) ≤ ‖∇v‖L2(RN ). C � 0 D ��F
� �  ,- � 5 & � 49��7 ��(9+ � ��&.- + v ∈ L2(RN ) �

��� -�0 ���.-B�"+ � 4�(	�  2&.(9�2+ �.(�+ �
C � + �,0 0 � � 49� � ��&.4�5 + &.4�+ h 6= 0 �&.( �

‖Dhv‖L2(RN ) ≤ C, C � 0 D ��F
� 01&.5"�

v ∈ H1(RN )
��+ ‖e · ∇v‖L2(RN ) ≤ C

��&.4�5 + &.4�+��.�  ,+ ��4�5�4�(9- + �
e ∈ RN :

; � � �	<>='? �	� ?A@B�	< � � 
�������+�9�����@ W4 �-;����� C � 0 D �MF�0 �1���"� v ∈ C∞
c (RN )

�"��� 
,)�9%&�

Dhv(x) =

∫ 1

0

h

|h| · ∇v(x + th) dt,

QP�W4 ��� � � �2�-�9�	�$�/�
|Dhv(x)|2 ≤

∫ 1

0

|∇v(x + th)|2 dt.

� ���9
�����-���@��
x
%��G.�%�����

‖Dhv‖2L2(RN ) ≤
∫ 1

0

∫

RN

|∇v(x + th)|2 dxdt ≤
∫ 1

0

‖∇v‖2L2(RN )dt = ‖∇v‖2L2(RN ).

� �-�  "��"�+%&�9
����54 ��2�9%�� �-�9%���� C � 0 D ��F �)�2� .����-%(�	�����"�@�9�����9�'6O����,)�9%����� "�
H1(RN ) 0����%��<� �-%(���9��������

v ∈ L2(RN )
Q���%�.M
)�9%&#��'�54 ��2�9%�� �-�9%���� C � 0 D �MF�0�� � �)�  �
� "�"%��<Q��"���P�������3�9���"�

φ ∈ C∞
c (RN )

�
∣

∣

∣

∣

∫

RN

Dhvφ dx

∣

∣

∣

∣

≤ C‖φ‖L2(RN ).

� �������-�@%����9
�����/�9%(��� �$�/�@�$�-�+�9%��! �%(�+,�� > �9���$��� �
∫

RN

(Dhv)φ dx =

∫

RN

v(D−hφ) dx,
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �Yµj�
������,�������

φ
��2�@�9
������% > �9���$�+%G��� �����+� h = te

��.M�,
e ∈ RN �

e 6= 0
�"��� �

lim
t→0

D−hφ(x) = −e · ∇φ(x).

� �/�<,���"�+
�Q������������� �)�  "
 "��%&�<Q������"�����"�
1 ≤ i ≤ N

�)�@�9���"�
φ ∈ C∞c (RN )

����� �
∣

∣

∣

∣

∫

RN

v
∂φ

∂xi
dx

∣

∣

∣

∣

≤ C‖φ‖L2(RN ),

,)�@QP�"%P�G4 ��2� �9%���� W4 �-�"�+�9�@Q����:�(�	 �
)#$�"%��9%����B "�3�54 ���"�$�/�+�9��$�-��,�@ ��
v K H1(RN ) C .���%&��� � � 
)#$�"%&�9%(���

D�0 ��0�E/F�0 �

� ������� ��
�� ����� ��� � ��� � � @ � � ? ��" " R"�"��% Q��"�����@,����������3��� �$���+�+�S �� ,��-�<�+���-%��9
S "�����@�(�B� �9����� =�+%&�9%���� � 0 T�0 � � C ��.M�, Ω = RN F ��� ,����X��
�"
)�����< �� �:J�
�-� > ��� � 0 TP0 T � 0 � � ���9%(��%��+� �"� �-�9����������
 ��*,��/�+�9��@�(��,������'���@�����'�$�-�+�9%&�9%����  "�*�54 ���"%&�9
	,�������' ����"�3�(�B "
�������2�+���/�9%(���  ��*�(�B� �9�������+%&�9%����
D�0 D"0 TP0 ���"%(.������'�(�)�*���-���-�9%����"�! "� �(� � 
)#���%&�9%���� ��0 TP0 �  �4 ���U����.��)�+�'�9
������%��)� C .M��%��	�����+�+% �(� D1%(���"�9�
D�0 D�F �P%��$�)R�%��2�9� �"���9�,���".��9������� #$��%� "� Ω

���-�3 ���7����.M���+�9�
(ωi)0≤i≤I

�)�I���"� ���-�+�9%&�9%����  "�<�54 �"��%&�9

(θi)0≤i≤I

�9������SQ����

θi ∈ C∞
c (ωi), 0 ≤ θi(x) ≤ 1,

I
∑

i=0

θi(x) = 1
 "���"�

Ω.

� 4 ����.��)�+�
ω0

��2� K �54 %(���9
)�9%�����B ��
Ω C �� 65�-%&�

ω0 ⊂ Ω F ���-�$ "%��SQ����B����X�-�"�+�9��S���".M�)�+�9� ωi
�N�����"�

i ≥ 1
���9�,)����.��9����<���!;����� 

∂Ω 0 ����%�� u ∈ H1
0 (Ω)

�(�B�+���(���9%��������"% Q��"�	 "� C � 0 D � F�0 �1���"� �������+�9�)�@�(��9
)�����(�/�9%��9
B "�
u =

∑I

i=0
θiu

�����U.�� �������+�9�)� � ���9
�����(�-�9%&�9
� �� ,�J$��,)���U "��<�9�)�9����
θiu 0 �1���"�*����9���9���

θ0u
���U�$�-�9���� ��X�(� �9
���"� �/�9%&�9
B%��P�9
��9%(�)�"�9�B ��

u 0 � �1��2�*%(����
 "%(�-�*QP�"� θ0u
��2�	�(� �+���(���9%����

�"��%(Q����	 "���"�
H1(RN )

 ��
−∆(θ0u) + θ0u = f0

 "�����
R

N ,��.M�),
f0 = θ0(f − u) − 2∇θ0 · ∇u − u∆θ0

Q��"%*���"�$�/�+�9%(�)�P� K L2(RN ) 0 � �/� �-������%�,��/�9%(���  "�
�(� � �9�������+%&�9%(��� � 0 TP0 � � ��� ��  "
� ���%&�  "����,�Q����

θ0u ∈ H2(RN ) 0 � �,% ���)�9���)�  �4 ����
��%����9�)� �(��9
)�����(�/�9%��9
  ��
f0
�G���!�$�-�S�-���"�(%�,��/�9%���� �+�",,��+�+%�.M�  ��B�(� � �9�������+%��9%���� � 0 TP0 � � ��� ,����,�����SQP�"�

f ∈
Hm(Ω)

%����"�(%(Q����<Q����
θ0u ∈ Hm+2(Ω) 0 �1�����7�����P�+�9���I�(�*�9
�����(�-�9%&�9
' "��I�����+�9��I�9�)�9���)� θiu

�����"�
i ≥ 1

��%��365�-�"�  �4 �-;����� �L�9� ��9��+�+�)�"� ��� ;��-�� ���������+� ���-������)�B��� ,����
Ω = RN

+ 0 �L�:65�����  "����, �
�������+�9�)�7�����9
�+�"�����/�< "� � ����3� C���� QP�"�'�(� � �9�������+%&�9%(��� � 0 T�0 � � � ��%��:�����"� Ω = RN
+ 0�� 4 ��2�<�"����)�U�"�����	 �
��%(,�-�	,��/�	����9�� ��9�)�+�9�����	��� ;��-�� ����-�	,�-�+�9��	����,��-�(�)�	���Y� ,�J$�-����
X����*,��� �B,%�����9�! "�

�54 ����
����-�9����3�����%(���9%(QP�"� C �����G���"� �-,%���  "�.P%�����7�"� ����
)���/�9��"� K ,��� ��,%�����9�3.��/�9%(��;�����7,�������< ��-����(� ������� = �+�,)�9%���� � 0 TP0 �MF�F �����"� �9��P.M�AC������ K " $	% �������'����' "
)���-%��(� 0 " � �9
�+����
��$%��N65�-�"� �9�)�9���%&�'Q����
�(�	�9
���"�(�-�9%&�9
* "�������9�����:�54 ��+�$�-,�'�)�: ��-���7�"�  "���% = ��+����,�<�+� �B�7�������:�"�9����.M���7�(�	�9
���"� �/�9%&�9
* ��-����"� ����.M�)�+�@;��-�9��
*�9
������%��)� 0 •

�9u�|+3�~§�r|�w'|³tYo�s$A<k'��m4yco{nph
�-Uc`0U_CLEga\ADNWC0OSH�CLA_CjOJV6CxHI�4H�a�M6[WH�f4H�E,U0[PV6ORNWU_CLE�tYo�s$A<k!�roB:jyc|}t_��G_] HpE>OR� ZD� f6NPQSH�C6U0C´QRXY�_V4�[PNW��QSHYEY��D�[§E�] AD�0N�OBfl] VLC M6QSU_�6[W��a�H#M<U0ERXgf6A_CLE�V6C³U_V6�0H�QRO9C6U_C�QSX��0V6[WNPHYQ�MFU0V6Q9[WHYdjV6HY['[WH 0�KLX�UD�QR�Ya�HTf4HbQSX��0V6[WA_QRNPORXT�4�0/4�0/ ¯ HIO9ERU_C ®2U_QSU_[W[WA_NPQSH;�6� /6� /[G#ERU_CjO�«rADV4�l�4��C�MLA_Q,OSNWG�V6[WNPHYQY�}�6NWH�C�djV�] NP[HI�4NWE,ORH�f4HYEBERU_[WV4ORNWU_CLE�«rADNW�6[WHYE��rGD] HYE,O,��Zc��f4NWQRHJADM6MLA_Q,OSH�CLA_CjO;Z�[^] HpE,MFA_GIHJf4H (}U0�FU0[PHY�

H1(Ω)
��NW[C�] `�ABMLA_E-f4H�ERU_[WV4OSNPU0CLE!«{U_QRORHpE��rGD] HYE,O,��Zc��f4NWQRH�f4HYV4�#«{U0NWE�f6X�QSNP�cAD�L[PHpES�'M<U_V6Q�G�H�M6QRU0�6[W��a�H_�D�9U_VLE
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�pµ ¯ ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

Γ0

Ω

ΘΓ2

Γ1

Γ2

Ω

Γ0

Γ1

Θ

� �����l�4�0/ ��(4HYGOSH�V6Q�A_C6�_VL[WA_NPQSH
Ω
fl] ADC6�0[PH

Θ
�rM6[WVLE�M<HIORNPO�U_V�M6[WVLE��0QSA_CLf�djV6H

π
�I�

CLU_VLE�M6[eA)G�U_CLE�HYC�f4NPa�HYCLE,NWU_C
N = 2

fl] HYERMLA0GIH_�4H�O�C6U_VFE�GIU_CFE,Nef4X�QSU_CFE2VLC�ERHYGIORHYV6Q9ADCL�_V6[eADNWQRH
Ω
f4X��LC6N�HYC�G�UjU0QSf6U_C6C6XYHYE�Q&A_f4NeAD[WHYE�MLA_Q#�{�_U0NPQ�[eA �'NW�_VLQRH#�4�0/_�

Ω = {(r, θ) OSH�[vdjV6H 0 ≤ r < R
H�O

0 < θ < Θ}A¤�0HYG
0 < R < +∞ HIO

0 < Θ ≤ 2π
�{Q&ADM6M<H�[WU_CFEBdjV6H

x1 = r cos θ
HIO
x2 = r sin θ

�� �;CCLUDORH
Γ0

[WA�MLA_Q,OSNPHbf4V��FU0QSf�f4H
Ω
U�&

r = R
�
Γ1

GIHY[P[WHbU�&
θ = 0

HIO
Γ2

G�H�[W[PHTU'&
θ = Θ

�F®2HIOU0V6�_HYQ,O
Ω
M6QSXYERH�CjORHbOSQRU0NWE2¨,G�U_NWCLE�©�6a\ADNeE�ERH�V6[WH#[^] U0QRNW�_NWC6H\�{[WHgG�U_NWC�H�CjORQSHT[PHpE��<U_Q&f6E

Γ1
HIO

Γ2
�M<H�V6OBM<U0ERH�QBM6QSU_�6[W��a�HgM<U_VLQ;[eA¡QSX��0V6[eADQSN�OSXgf6ADCFE9[WHYE;HI�4H�a�M6[WHYEbG�N���f4HYESERU_VLEY�L°�K}`4ERNWdjV6HYa�HYCjOY�[WH;GYA_E2fl] VLC�ADCL�_[WH

Θ < π
HYE,O2QSH�M6QSXYERH�CjOSADORNP«�fl] VLC¡HlCªHIO�f4H9M<U_NWCjORH0�_O&ADCLf4NeE�d0VLH9[WH;G�A0E

Θ > πG�U_QSQRHpE,M<U_CFf¡Z�V6C6HTHYCLGIU4G&K6H\�{U0V�a�¦Ya�H#Z�V6CLH Z!tptYk'yc|�ERN
Θ = 2π

��°§U_VLQ�V6C�H�CjORNWH�Q
k ≥ 1

�4U_C�XIOSVLf4NWHT[PHpE�f4H�V6�¡M6QSU_�6[W��a�HYE�A_V4�¡[WNPa�NPORHpE�E,VLNP�cADCjO&E






−∆u = 0
f6ADCLE

Ω
u = cos

(

kπθ
Θ

) ERV6Q
Γ0

∂u
∂n = 0

E,VLQ
Γ1 ∪ Γ2

�^�4��� E �
H�O







−∆u = 0
f6ADCLE

Ω
u = sin

(

kπθ
Θ

) ERV6Q
Γ0

u = 0
E,VLQ

Γ1 ∪ Γ2

�^�4���4�p�
�9U_VLE�M<U_VLQRQSNPU0CLE�XIOSVLf4NWH�Q�[eA�QRXY�_V6[eADQSN�OSXBf6HYE�ERU_[WV4ORNWU_CFE�f6H����4��� E �2HIOg���6� �6�p�?H�C�ORHYQRa�HpE�fl] A_M4�MFADQRORH�CFADCLG�HJU0V�C6U0C�A_V4� HYERMLA0GIHYEbf4H�(}U0�FU0[PHY�

Hm(Ω)
�la\A_NWEY�lMLADQTERU_VLG�N�f4H\E,NWa�M6[WNWG�N�OSX\HIOM<U_VLQ#�0A_QSf4HYQTV6C�E,HYCLETM6K}`4ERNWdjV6H\XY�jNef4HYC0O�Z�C6U0EbQSXYERV6[POSAcO&E��vC6U_VLEgAD[W[PU0CLE#ERNPa�M6[WH�a�H�CjO#C6U0VLENWCjORXYQRHpERERH�Q9A_V GIU0a�M<U_QRORHYa�H�CjO9f4V �0QSA0f4NPHYCjO ∇u ADV��0U_NeE,NWCLAD�0HTf4H#[^] U0QRNW�_NWC6H_�F@g] V6C M<U_NWCjOBf4H�}V6H�M6K}`4E,NedjV6H�U_V³a�XpG�ADCLNWdjV6H0�ªG�HJ�0QSA0f4NWH�CjOBG�U_QSQRHpE,M<U_CLf³Z¡V6C �LV4��f6H�G&KLA_[PHYV6Qp�<A_V�G&KLA_a�MXY[PHpGOSQRNedjV6H_�ªU_V�Z�V6C�G&KLADa�M�f4H\GIU_CjOSQSA_NPCjORHpE HlNW[-NWa�M<U_QRORH\f4H\ESA¤�_U0NPQbE,N�G�HIORORH\djVLADCjORNPORX�HpE>O�<U_QSC6XYHbG�U_CjORNWC}V6HbU_V�C6U_C�Z�[^] U0QRNW�_NWC6H_�

;2|+3 3´| �Q] �Q] \_\ � ��j - c p e j�g h�j6g h c � gNj6p b � g e~cBb h rlq c �l��j m j z � w � �-� m qdh�p H1(Ω) o m'b hNh � j
|Nq4k � q�r b kut�g ��j

u(r, θ) =
( r

R

)
kπ
Θ

cos

(

kπθ

Θ

)

.
�^�4����/_�
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�[� ��� �n�n� �"� �)� �$���#�$�7��� �#� �Yµ+G

��j�t��	t.j o c ��j�- c p e j)g h�j9g h c � gNj9p b � g e~cBb h)rlq c �l� j m j z � w � �u� m q4hNp H1(Ω) o m�b hNh � j |�qdk9��q
r b kut g ��j

u(r, θ) =
( r

R

)
kπ
Θ

sin

(

kπθ

Θ

)

.
�^�4���Dµj�

��qdh�p���jlp m jlg -�}-q4p o p c k = 1 j e π < Θ o qd� b k-ps��j � kvq mdc jlh e ∇u hQ� jlp e |�q4pn� b kuh � $E�v� b k c ��c h�j oe qdh m4c p � gNj p c k ≥ 2
b g π ≥ Θ o q4� b k-p7��j � kvq m4c j	h e ∇u jup e } b h e~c hNg $��R� b k c ��c h�j w

.¡|+3´m4ycilk!| �Q] �Q] \ �  �U_Q&ESd0VLHT[�] U_C�NWa�MFUjE,H#VLC6HJf4U0C6C6XYHgf4Hg@;NPQSNeG&K6[PH�O9M6[WVLE;�_X�CLX�Q&AD[WHbfLADCLE[PHpE?M6QSU_�L[P�Ya�HpE9�^�4��� E ��HIOb���4���4�¤��jU_C�M<H�V6O�[eAgf4XpGIU0a�M<U0ERH�Q2H�C�VLC6HBERX�QSNWH9f4H��LU_V6QSNWH�Q?HYC
θ
ERV6Q

Γ0
HIOgA_M6M6[WNWdjV6HYQgZ�G&KLA_djV6H�OSH�QSa�H�f6H\[WA�ERX�QSNPH�[WH� �HYa�a�H¡�6� /6� µ0µ��rNP[-«rA_V4OgC6XpADC6a�U0NPCLETdjV6HGIHIORORH9f6U_C6C6XYH�f4H�@;NPQSNWG&KL[PH�O2E,VLQ

Γ0
ERU_NPO?GIU0a�MFAcORNW�6[WH�A¤�_HpG2[WHYE?GIU_CFf4N�OSNPU0CLE�A_V4�J[WNPa�NPORHpE?ERV6Q

Γ1HIO
Γ2
�� �;C�HYC\f4XYf4VLN�O2djV6H0�_ERN

Θ ≤ π �0AD[WU_Q&E![PHpE�ERU_[WV4ORNWU_CLE-f6H#���4��� E �!HIO9�^�4���4�p�!ERU_CjO-ORU0V'A>U_VLQSEQRXY�_V6[WNP�YQRHpEbd0VLH�[W[PH\djV6H�ERU_NPOb[eA�f4U_CLC6X�H\f4H�@;NPQSNeG&K6[PH�O#E,V6Q
Γ0
��±9V�GIU_CjOSQSA_NPQSH_�lERN

Θ > π
��[WHYEE,U0[PV4OSNPU0CLE�f4H\���6� � E �2HIOg�^�4���4�¤�?M<H�VL�_H�CjO�¦IOSQRH#ERNWC6�_V6[WNW��QSHYEY�°?Kj`4ERNWdjV6HYa�H�CjOY�-U0C NWC0OSH�QSM6QS�IORH�GIH�QSXYERV6[POSAcO\f4H�QSX��_VL[WA_QRNPORX�H�C f4NWESADCjO\djV�] VLC6H�H�CLG�U}G&KLH�

Θ > π
��HYC6�_HYCLf4QSHTV6C6H#ERNPCL�_V6[eADQSN�OSX_�6A_V�G�U_CjORQ&ADNWQSHBfl] V6C6HgMFU0NPCjORH��

Θ ≤ π ��<@;A_CLE�G�H#G�A_EY�6NW[«rADV4O�MLADQR«{U_NeE2QRHY�_U_NWQ?[eAJa�U4f4XY[PNeESAcORNWU_C�G�ADQ�V6C �LV4�¡f4HbG&KLAD[WH�VLQY�jV6C�G&KFADa�M¡XY[PHpGORQSNed0VLH_�jU_V¡VLCG&KLADa�M\f4H9G�U_CjORQ&ADNWCjORHYE§NWC4�LCLNFZT[^] U0QRNW�_NWC6H�C�] ATMLA0E�f4H9ERH�CLE�M6K}`}ERNed0VLH_�_@;H�V4�\ADMLM6QRU¤�4NWa\AcORNWU_CFEf4V a�U4f4�Y[PH�M<H�VL�_H�CjO�¦�ORQSH�Z�[^] U0QRNW�_NWC6H�f4H G�HIO,OSH E,NWC6�0V6[WA_QRNPORX�C6U0C4� M6K}`}ERNed0VLH H?f�] V6CLH�MLADQROY�V6C�A_C6�_[WH�C�] HpE>O�A,A_a�A_NWE�¨,MLADQR«rADNPO>©�a�A_NWEbERU_V6�0H�CjObV6C�M<H�V ¨RADQSQRU0CLf4N�©&�<fl] ADV4OSQRH�MLA_Q,Op�<[WU_Q&ESd0VLH
∇u HYE,O9OSQR�pE9�0QSA_CLfl�FU_C³djV6NPO,OSHg[WH�f4U0a\ADNWC6Hgf4H��cAD[WNWf4NPORX�f4HYE;XYdjVLADORNWU_CLE9[PNWC6XpADNWQRHpE9djV6HgCLU_VLEXIORVFf4NPU0CLE��{O>`jMLNWdjV6HYa�HYCjOY�DV6CLH�[PU0N6GIU_CFE>OSN�OSV4ORNW�_H�G�U_a�a�H�[eAB[PU0NLf4H �LU_V6QSNPHYQ��>�_� µ0�§f6H��}NPHYCjO§CLU_C4�[PNWC6XYA_NPQSH�G�ADQ§[eA;G�U_CLf6VLGOSNP�}NPORX�ORK6HYQRa�NedjV6H�HYE,O!HY[P[WHI� a�¦�a�H�V6C6H�«{U_CLGIORNWU_C�f4H ∇u ��c�?CJOSU_V4O-X�OSAcOf4H�G�A_VLE,H0�lV6C�QRXpE,VL[�O&AcOgf4H\QSX��0V6[WA_QRNPORX��{U0V�C6U_CF�bf6U_C6C6H�f6H\M6QRXpGINWH�VLERHYEBNWCLf4NeG�ADORNWU_CLE#ERV6QT[WHYE[PNWa�N�OSHYE�f4HTM<H�QRORNWC6HYCLGIHTf4V�a�U4f4��[WHTV4ORNW[WNWERX_�@BADCFE;[WHJGYA_E;U�&

Θ = 2π
�F[^] U0V6�_HYQ,O

Ω
HYE,O;V6C�f4U_a\ADNWC6H�Z!tptYk'ych�HIOb[PH� �H�a�a�H\�4�0/4� µ_µ\AV6C6HbNPCjOSH�QSM6QRX�OSADORNWU_C�a�XYGYADC6NedjV6HBORQS�YE�NWa�M<U_QROSA_CjORHbE,Nª[WHYE�M6QSU_�6[W��a�HpEB�^�4��� E �-HIO#�^�4���4�p�?a�U4f4XI�[PNeE,HYCjOb[WH�GINeESADNW[P[WH�a�H�CjO#ADCjOSN�� M6[eADC�fl] VLC�G�`}[PNWCLf4QSH\f4H��LA_ERH

Ω
�r�_U_NWQb[�] �-�4H�Q&GINeGIH��6� µL�0G_���@BADCLEGIH�G�A_EY�![PH�GIU}HlW�G�NPHYC0O\f4V ORH�QSa�H�f�] U0QSf4QSH

k = 1
f6ADCLE�[eA³ERX�QSNPH�f4H1�6U_VLQRNWH�Q��rdjV6N�G�U_CLf4VLN�OADV ERH�V6[�GIU0a�MFU0Q,OSH�a�H�CjOJERNPCL�_V6[WNPHYQ�Z [�] U_QSNP�0NPCLHp�bHpE>O\ADM6M<H�[WX¡[WH61 m6¢_nY|}k'y w�Worsªnp|js!tpo{nYhxw'|}t¢_q<sªn�ycm6orsªnp|}t�djV6N-HYE,O#E,U0V6�_HYC0ObV4OSNP[WNWERX�f6A_CLETf4HYEba�U4f4�Y[PHpETf4H�M6QRU0MLAD�jAcOSNPU0C³f4H��FESE,V6QSHYEBU0Vf4HTQRVLM4ORV6QSH\�{�0U_NWQ�MFADQ�HI�4HYa�ML[PH9F0/ � H{�� •

.¡|+3´m4ycilk!| �Q] �Q] \ �  �HYE§ERU_[WV4ORNWU_CFE!ERNWC6�_V6[WNW��QSHYEv«{U_V6QSC6NWHYE!MLADQ§[WH� vH�a�a�H��4�0/4� µ_µ�CLH�ERU_CjO§MLA_Ed0VLHBf4HpE�GIU_CjOSQRH��^H��}HYa�M6[PHpE-OSK6X�U0QRNedjV6HYE H}H�[W[PHpE�MFHYV6�_HYC0O�¦IOSQRHBa�NWERHYE�HYC¡X��}Nef4H�CFGIHBCjVLa�XYQRNedjV6HI�a�HYCjOJ�{�0U_NWQ�[WA��!NW�_V6QSH ¯ �W� � ��L±?A>U_V4OSU_CLE�djV6HJGIHYE9E,U0[PV4OSNPU0CLE�ERNPCL�_V6[WNP�YQRHpE�E,U0CjO�V6C6HgERU_V6Q&GIHTf4Hf4NDW�G�V6[�OSXYETM<U_VLQ#[PHpETa�XIOSK6U4f4HYETC}V6a�XYQRNedjV6HYE\�r�_U_NWQT[eA X�H�a\ADQ&djV6H ¯ � µ6�W�p�0�;G�H�djV6N?GIU0C4�LQSa�H[�] NPCjOSX�QS¦IO�f4HT[WH�V6Q�X�ORVLf4H0� •
.¡|+3´m4ycilk!| �Q] �Q] \ 	 �;C´MFHYV4O�A_VLESE,N�GIU_CFE,Nef4X�QSH�Qg[PH�G�A_EJfl] V6C6H�GIU_CFf4N�OSNPU0C´ADV4��[WNPa�NPORHpEJf4H@9NWQRNeG&K6[WHIO�ERV6Q

Γ1
H�O9f4HT��H�VLa�A_C6C�E,VLQ

Γ2
�rf6A_CLE�GIH#GYA_EY�}NP[l«rA_V4O�M6QSH�CLf6QRH

u = sin(kπθ
2Θ )

ERV6Q
Γ0
�I�L vA�ERH�V6[WHTf4NDCªX�QSH�CFGIHbMFU0Q,OSHTE,V6Q�[WH#G�A0E

kπ = Θ
M<U_V6Q�[WHYdjV6H�[l[WHb�_Q&A_f4NWH�CjO ∇u HpE>O��<U_QSC6Xa�A_NWEbMFA_ETGIU0CjORNWCjV�Z�[�] U_QSNW�_NWC6H_�l��C�MLA_Q,OSNWG�V6[WNPHYQY�lU0C³OSQRU0V6�_HYQSA�djV6H�MFU0V6Q

k = 1
H�O
π = Θ

�
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�pµ � ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

�§or|}s�ilk�Wor�'s�P� m6o{nB~!mLtBw!|�¢_q<ors2�c[WAbERU_[WV4ORNWU_C�HYE,O�E,NWC6�0V6[PNW��QSH_�_®2HY[WABHYE,O�f4�\ADV�G&KLADCL�_H�a�HYC0Of6H#GIU_CFf4N�OSNPU0C�A_V4�¡[WNPa�NPORHpE�E,VLQ�V6C6HTM<U_QRORNWU_C�QRXY�_V6[WNP�YQRHbf4Hb[eA�«{QRU0C0OSNP�YQRH0� •
Y�h+3´q<s'tYn�ycm4nporq<s#]L�9U_VLE§CLU_VLE§�<U_QSC6U_CFE!ZBOSQSA_N�OSH�Q§[WH�M6QRU0�6[W��a�HT���4��� E �vA¤�0HYG�GIU0CLf4NPORNWU_CLE-A_V4�[WNWa�NPORHpE;f6HJ��HYV6a\ADC6C�f6ADCLE9[PH�GIU0NPC´�r[�] ADV4OSQRHJM6QSU_�6[W��a�H¡�^�4���4�p��E,HTOSQSA_N�OSH#HI�6A0GORHYa�H�CjO;f4HJ[WAa�¦Ya�H�a\ADCLNP�YQRH¤�� �;C�G�U_a�a�H�CLG�HJMLA_Q�¨>QSH�[WH��0H�Q,©T[eA�GIU_CFf4N�OSNPU0C�A_V4� [WNPa�NPORHYEbCLU_C4� K6U_a�U0�_X�CLHHYC f4XI�FC6NWESESADCjO9V6C6Hg«{U_CLGIORNWU_C

u0 ∈ H1(Ω)
f4U_CjO9[eA�OSQSA0GIH#ERV6Q9[WH#�<U_Q&f�GIU)L^CLG�NWf4HJA¤�_HYGTG�HIORORHG�U_CLf6N�OSNPU0C�A_V4�¡[WNPa�NPORHYEY� �;C��_XYQRNP�LHbADNeE,XYa�H�CjO�d0VLH

u0(r, θ) =
r2

R2
cos

(

kπθ

Θ

)

QSX�M<U_CFf�Z�[eA�djV6HYE,ORNWU_C��ªGD] HYE,O,��Zc��f4NWQRH#djV6H
u = u0 + v

U�&
v
HpE>OB[WA�ERU_[WV4OSNPU0C fl] VLC³M6QSU_�6[W��a�HKLU_a�U_�0��C6H







−∆v = ∆u0
f6ADCFE

Ω
v = 0

E,V6Q
Γ0

∂v
∂n = 0

E,V6Q
Γ1 ∪ Γ2.

�^�4���'Fj�
X�H�a\ADQ&djV6U_CLE�djV6H#G�HBQSH�[W���0H�a�H�CjO�HYE,O�MFUjERERNW�6[PHTGYADQ�[eA�f6U_C6C6XYH#E,VLQ

Γ0
HYE,O9GIU0a�MFAcORNW�6[WHTA¤�_HYG[WHYE�G�U_CLf6N�OSNPU0CLE�ADV4��[WNPa�NPORHpE�E,V6Q

Γ1
HIO

Γ2
�6GD] HYE,O,��Zc��f4NPQSH;fLADCLE�[WHTG�A_E�M6QSXYERH�CjO�djV6HTERA�f4X�QSNW�_X�HHYC

θ
�{N^� H0��ERA�f4XYQRNW�_XYH¡C6U0QRa\AD[WHp�JEY] A_C6C}V6[PH�H�C

θ = 0
�§U_V

Θ
�?®2U_a�a�H

∆u0
ADM6MFADQRORNWH�CjO�Z

L2(Ω)
�ªNP[§HI�4NeE>OSHgV6CLHJV6CLNWdjV6H�E,U0[PV6ORNWU_C³f4H����6� �>Fj�9f6ADCLE

H1(Ω)
�ªH�OBMLA_QBG�U_CLERXYdjV6HYCjO����6� � E �A0f4a�HIO\ADVLESERN2V6CLH�V6CLNWdjV6H�E,U0[PV6ORNWU_C f6A_CLE

H1(Ω)
� �9XYQRNP�LU_CFEJdjV6H����6� �'/_�THpE>O�M6QSXYG�NWERX�a�H�CjOG�HIORORHTV6C6NedjV6H#ERU_[WV4ORNWU_C���X9ADM6M<H�[WU_CLE�djV6H

∆φ(r, θ) =
∂2φ

∂r2
+

1

r

∂φ

∂r
+

1

r2
∂2φ

∂θ2
.

�9C�G�AD[eGIVL[�E,NWa�M6[PHTa�U0C0OSQRHTdjV6H
(

∂2

∂r2
+

1

r

∂

∂r

)

( r

R

)
kπ
Θ

=

(

kπ

Θ

)2
1

r2

( r

R

)
kπ
Θ

,

f6U_CLG��^�4����/_�<HpE>O��LNPHYC#E,U0[PV4OSNPU0CTf4H9���6� � E �I� �;Cb�_X�QSNP�LH-ADVLESE,ND«rA_GINW[WH�a�H�CjO'djV6H��^�4����/_�ªA_M6MLA_Q,OSNPHYC0OZ
H1(Ω)

�	�'NWCLA_[PHYa�HYCjOY�§[WA�«{U_QSagV6[WH�f4V �_Q&A_f4NWH�CjOgHYC GIU}U_Q&f4U0C6C6X�HpE#Q&A_f4NeAD[WHYEgf6ADCLEJ[eA �LA0E,H
(er, eθ)

∇φ(r, θ) =
∂φ

∂r
er +

1

r

∂φ

∂θ
eθCLU_VLE�f4U0C6C6H

∇u =
( r

R

)
kπ
Θ −1 kπ

Θ

(

cos

(

kπθ

Θ

)

er − sin

(

kπθ

Θ

)

eθ

)

djV6N^�vG�[WA_NPQSH�a�H�CjOp�<Cv] HpE>O#MLA0Eb�FU0QRCLX�Z�[^] U0QRNW�_NWC6H�E,N
0 < kπ < Θ

HIOTHpE>OgG�U_CjORNWC}V�Z�[^] U0QRNW�_NWC6HERN
kπ > Θ

�ª �H�G�A0E9[WNPa�NPORH
kπ = Θ

G�U_QSQRHpE,M<U_CLf�A_VLESE,N§Z¡VLC³�_Q&A_f6NPHYC0OBGIU_CjOSNPC}V�GYADQBH�C³«rADNPO
u = x1

²
�
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�[�0 � 
��	�%���������	��� ��� �.�2��
�� � � � � ���%�	� �Yµ��
���,� � ��( �g" ��%!$��#� ���> ��%v�	�(  � ����"��(
��*�)�*,+ ����S01*��M U 7�U O!� ��ORP�S_16=R:l=�1 �aO,=R/ �%P§3L=vS ��U

�9U_VLE;ADM6ML[PNedjV6U_CLE�[�] ADM6MLQRU4G&K6HT�cADQSNeAcORNWU_CLC6H�[W[PH#Z�[eA\QSXYERU_[WV4ORNWU_C�f4V ER`4E>OS��a�Hgfl] XYdjVLADORNWU_CLEf4H�[�] X�[eA_E,ORNeGINPORX�[WNWC6XYA_QRNeE,XYH_�2®2U0a�a�HYC�GIU0CLE�MLADQ�f4XYG�QRNWQRH�G�H�a�U4f4�Y[PH�a�XpG�ADCLNWdjV6H�f4U0C0O�CLU_VLEA¤�_U_CFE��}V�V6C�G�A_E2MLA_Q,OSNWG�V6[PNWH�Q�ADV�®2KLADM6NPORQSH��_�6®2HYE2XYdjVLAcOSNPU0CLE2a�U4f4XY[PNeERH�CjO�[WHYE�f4X�«{U_QSa�ADORNWU_CLEfl] VLC¡E,U0[PNef4H9ERU_VFE�[^] K}`}MFU_ORK6�pE,H;f4H9M<HIOSN�OSHYE�f4XI«{U0QRa\ADORNWU_CLE-H�O�f4H;MFH�ORNPOSE�f4X�ML[WA0GIH�a�HYC0O&E9�rKj`}M<UD�ORK6�pE,H�d0VLNjM<H�QSa�HIO§fl] U0�4ORHYC6NWQ§f6HYE'XYdjVLAcOSNPU0CLE�[WNWC6XYA_NPQSHYE � fl] U�&J[PH2C6U_a fl] X�[eA_E,ORNeGINPORX��ro�s'h}m4ycortph}|<��_U_NWQ9MFADQ9H��4H�a�M6[WH)F µ ¯ H{�� �;C³G�U_CLERNWf6��QSH#[PHpE�Xpd0VFAcORNWU_CFE;E,OSADORNWU_C6CLA_NPQSHYE9f4Hg[^] XY[WA0E>OSNWG�N�OSX_�ªGD] HYE,O,�Zc��f4NPQSH#NWCLf4XYMFHYCLf6ADCjOSHYEBf4V OSH�a�MLEY�>(}U0N�O
Ω
V6C³U0V6�_HYQ,O;�FU0QRC6X�f4H

RN �Q(}U_NPO;V6CLHg«{U0QSG�H f(x)
�V6C6Hb«{U_CFGORNWU_C�f4H

Ω
f6A_CLE

RN �L �] NPCFGIU_CLCjVLH u �{[WH#f4X�M6[eA_G�H�a�H�CjO��HYE,O9ADVLESE,NvV6C6Hb«{U_CFGORNWU_C�f4H
Ω
f6A_CLE

RN �' vA�a�U4f4X�[WNeERADORNWU_C�a�XpG�A_C6NWdjV6H�«rA_N�O#NWCjORHYQR�0H�C6NWQT[PH�OSH�CLERH�VLQ#f4HYE#f6XI«{U_QSa\AcOSNPU0CLE��C6UDOSX
e(u)

�Fd0VLN�HYE,O�V6C6Hb«{U_CFGORNWU_C�Z��cAD[WH�V6Q&E�f6ADCFE�[�] H�CLERH�aJ�6[WH#f4HYE�a\AcOSQRNeGIHpE�E,`}a�XIOSQRNedjV6HYE
e(u) =

1

2

(

∇u+ (∇u)t
)

=
1

2

(

∂ui

∂xj
+
∂uj

∂xi

)

1≤i,j≤N

,

ADNWCLE,N-djV6H�[WHJOSH�CLERH�VLQ#f4HYEbGIU0CjORQ&ADNWC0OSHYE
σ
�rV6C6H\ADV6ORQSHJ«{U0CLGOSNPU0C�Z��cAD[WH�V6Q&Ebf6ADCFE;[^] H�CLERH�aJ�6[PHf4HYE�a\AcOSQRNeGIHpE�E,`}a�XIOSQRNedjV6HYE&��djV6N�HYE,O�QRHY[PNWXTZ
e(u)

MLA_Q�[WA�[WU_N�f4H �9U}U �_H
σ = 2µe(u) + λ tr(e(u)) Id,U�&

λ
H�O
µ
ERU_CjO�[PHpE�G�U}HlW�GINWH�CjOSE�f4Hb vA_a�XBf4V�a�ADORXYQRNeADV�KLU_a�U_�0��C6H�NeERUDORQSU_M<H;djV6NªU4G�G�V6M<H

Ω
�°!U0V6Q�f4HpE�QSA_NWERU_CLE�f4HbOSK6H�QSa�U4f4`}CLADa�Ned0VLHB[WHYE�G�U}HlW�GINWH�CjOSE�f6H# vADa�Xb�_XYQRNP�LHYC0O

µ > 0
HIO

2µ+Nλ > 0.
�;C�A>A>U_V4OSHbZ�G�HIO,OSHT[PU0NvGIU0CLE,ORNPORV4OSNP�0HB[WHT�6NW[WA_C�f6HYE�«{U_Q&GIHpE�f6ADCFE�[PH#ERU_[WNWf6H

−divσ = f
f6ADCLE

ΩU�&��4MLA_Q�f4XI�FC6N�OSNPU0C��6[eA�f4NP�0H�QS�_HYCLGIHbf4H
σ
HYE,O�[PHb�_HpGOSH�V6Q�f4H#G�U_a�M<U0ESADCjORHpE

divσ =





N
∑

j=1

∂σij

∂xj





1≤i≤N

.

��ORNW[WNWESADCjO�[WH;«rA_N�O9djV6H
tr(e(u)) = divu

�6U0C�HYC�f6XYf4V6NPO�[WHYE�XYdjVLADORNWU_CLE�M<U_VLQ
1 ≤ i ≤ N

−
N
∑

j=1

∂

∂xj

(

µ

(

∂ui

∂xj
+
∂uj

∂xi

)

+ λ(divu)δij

)

= fi
f6A_CLE

Ω
�^�4���_�0�

A¤�_HYG
fi
HIO
ui
�FM<U_VLQ

1 ≤ i ≤ N
�F[WHYE;GIU0a�M<U0ESADCjOSHYE9f6H

f
HIO
u
f6A_CLE�[eA\�LA0E,HgGYADC6U0C6Ned0VLHgf4H

RN �4��C�A>A>U_V4O&ADCjO�VLC6HTGIU_CFf4N�OSNPU0C�A_V4��[WNPa�NPORHYE�f6H#@9NWQRNeG&K6[WHIOp�4HIO�H�C�V4ORNW[WNWESADCjO�f4HYE�CLUDOSADORNWU_CLE�_HYGIORU0QRNWH�[W[PHpE��}[WHTM6QSU_�6[W��a�HbADV4��[PNWa�N�OSHYE�GIU0CLERNWf4XYQRXbHpE>O
{

−div (2µe(u) + λ tr(e(u)) Id) = f
f6A_CLE

Ω
u = 0

ERV6Q
∂Ω.

�^�4��� ¯ �
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��F E ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

�9U_VLEbM<U_VL�_U_CFE;XYC6U_CFGIH�QbH�Ogf4X�a�U_CjOSQRHYQBVLC�MLQRHYa�NWH�QbQSXYERV6[POSAcO#fl] HI�4NeE>OSH�CLG�H�HIOgfl] V6C6NeGINPORX�f4VER`4E>OS��a�HTf4HT[^] XY[WA0E>OSNWG�N�OSXB[WNWC6XYA_QRNeE,X0�
� £'h}qFy8:+3´| �%] \�]B^�`>bdcfe

Ω g h b g i8j	k e � b kuh � m j RN w `>b4cfe f ∈ L2(Ω)N w � ��j - c p e j g h�j
g h c � gNj p b � g e~cBb h z rlq c �l� j � u ∈ H1

0 (Ω)N m j�z � w � �@��w
Y�h+3´q<s'tYn�ycm4nporq<s#]\°§U_VLQ�ORQSU_V6�0H�Q�[eA¥«{U_QSagV6[eAcOSNPU0C �¤A_QRNeAcOSNPU0C6C6HY[P[WH�U_C agVL[�OSNPM6[WNWH G&KLA_djV6HXpdjVLAcOSNPU0C³���6� �0�_�-MFADQ�V6C6H;«{U_CLGIORNWU_C�OSHYE,O

vi
�rdjV6NlEY] A_C6C}V6[WHBERV6Q�[PHB�FU0QSf

∂Ω
M<U_V6Q�M6QSH�CFf4QRH;H�CG�U_a�M4OSHB[eA\GIU0CLf4NPORNWU_C�ADV4��[PNWa�N�OSHYE�f4H#@;NWQRNeG&K6[WHIO&��H�O�U_C�NPCjOS���_QSHBMLADQ�MLA_Q,OSNPHbM<U_V6Q�U0�4ORHYC6NWQ

∫

Ω

µ

N
∑

j=1

(

∂ui

∂xj
+
∂uj

∂xi

)

∂vi

∂xj
dx+

∫

Ω

λdivu
∂vi

∂xi
dx =

∫

Ω

fivi dx.

�;C¥E,U0a�a�H�AD[WU_Q&E�GIHYE�Xpd0VFAcORNWU_CFE��!MFU0V6Q
i
AD[W[eADCjO�f4H

1
Z
N
�-AD�LCxf4H�«rA_NPQSH�A_M6MLA_QSA4VWOSQRH�[eAf6NP�0H�QS�_H�CFGIHbf4HT[WAJ«{U0CLGOSNPU0C

v = (v1, ..., vN )
H�O9f4H#E,NWa�M6[WN��LHYQ�[WA�M6QSH�a�NW��QSHbNPCjORXY�_Q&AD[WHBGYADQ

N
∑

i,j=1

(

∂ui

∂xj
+
∂uj

∂xi

)

∂vi

∂xj
=

1

2

N
∑

i,j=1

(

∂ui

∂xj
+
∂uj

∂xi

)(

∂vi

∂xj
+
∂vj

∂xi

)

= 2e(u) · e(v).

®2KLU_NeE,NeERESADCjO
H1

0 (Ω)N GIU_a�a�HbHYERMLA_G�HTf4H ��NW[P�<H�QROY�FU_C�U_�4OSNPHYCjO9AD[WU_Q&E2[eA�«{U_QSagVL[WADORNWU_C¡�cA_QRNeAc�OSNPU0C6C6HY[P[WH H}ORQSU_V6�0H�Q
u ∈ H1

0 (Ω)N OSH�[vdjV6H
∫

Ω

2µe(u) · e(v) dx+

∫

Ω

λ divu divv dx =

∫

Ω

f · v dx ∀ v ∈ H1
0 (Ω)N .

�^�4���'GD�
�;C��_XYQRNP�LHTADNeERX�a�H�CjO�djV6HTG&KLA_djV6HBORHYQRa�HTf4H��^�4���'GD��A��6NWH�C�V6C�ERH�CLEY�°§U_VLQgM<U_V6�0U_NWQgADM6ML[PNedjV6H�QJ[PH 0�KLX�U_QS��a�H¡f6H¡ vAD�j����NW[P�0QSA_a µ6� µ6�W��Z�[eA�«{U_QSagVL[WADORNWU_C��cAc�QSNeAcORNWU_CLC6H�[W[PH����4���'G_��<[WA�E,HYV6[WHgK}`}MFU_ORK6�pE,Hgf6X�[WNWGYAcORH�Z��0X�QSN��LHYQ9HpE>OB[WA�GIU}H�Q&GINW�}N�OSXgf4H�[WA�«{U0QRa�H�LNP[WNPCLXYADNWQSH_� �;C�M6QRU4G��Yf4HbH�C�OSQRU0NWE�X�OSADM<HYEY�4°�QSH�a�NW��QSH�a�H�CjOY�4a�U0C0OSQRU0CLE�djV6H

∫

Ω

2µ|e(v)|2dx+

∫

Ω

λ|divv|2dx ≥ ν
∫

Ω

|e(v)|2dx,

A¤�0HYG
ν = min(2µ, (2µ +Nλ)) > 0

�<°§U0V6QTGIH�[eA6�ªU0C³V4OSNP[WNWERH�V6C6H�NPCLX��0A_[PNPORX�AD[W�_XY�6QRNedjV6H H�ERNU0C C6U_ORH
A · B =

∑N
i,j=1 aijbij

[PH�M6QSU}f6V6N�OTESG�AD[eADNWQSHTVLE,VLH�[-f4HYEBa\AcOSQRNeGIHpE9ER`}a�X�ORQSNWdjV6HpE��<U_CM<H�V6O9f4XYG�U_a�MFUjE,HYQ�ORU0V4ORHba\AcOSQRNeGIHbQSX�H�[W[WHbER`}a�XIORQSNed0VLH
A
ERU_VFE�[WAJ«{U_QSa�H

A = Ad + Ah A¤�_HpG
Ad = A− 1

N
trA Id

HIO
Ah =

1

N
trA Id,

f6HbORH�[W[WHBa\A_C6NP�YQRHTdjV6H
Ad · Ah = 0

H�O |A|2 = |Ad|2 + |Ah|2 � �;C�A\AD[WU_Q&E
2µ|A|2 + λ( trA)2 = 2µ|Ad|2 + (2µ+Nλ)|Ah|2 ≥ ν|A|2A¤�0HYG

ν = min(2µ, (2µ+Nλ))
�cGIH�d0VLN}f6U_C6C6H�[WH�QSXYERV6[POSADO'M<U_V6Q

A = e(u)
�¤ vH�«rADNPO§djV6H

ν > 0Cv] HpE>O�MLA_E2V6C�KLA_ESADQ&f H}[PHpE�A_QR�0V6a�H�CjOSE?a�XYG�A_C6Ned0VLHYE2HIO�ORK6HYQRa�U4f4`}CLADa�NedjV6HYE�djV6N<G�U_CLf6V6NWERH�CjO
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�[�0 � 
��	�%���������	��� ��� �.�2��
�� � � � � ���%�	� �#FF�
ADV4�gNWC6XY�0AD[WNPORXYE

µ > 0
H�O

(2µ+Nλ) > 0
E,U0C0O-M6QSXYG�NWERX�a�HYC0O-[WHYE-a�¦Ya�HpE��0@9HYV4�4NP�Ya�HYa�H�CjOY�DU0CV4ORNW[PNeERH�[�] NWC6X��jAD[WN�OSX�f4H��;U_QSC��rU_V�M6[WV4OCB_O?V6C�G�A0E-MLA_Q,OSNWG�V6[PNW��QSH�a�HYC0O�ERNPa�M6[WH9f4H;GIHIORORH�NWC6X��jAD[WN�OSX_��_U_NWQ�[PH# vH�a�a�H#�4� µ6�0/JG�N���f4HpERERU_VLE&�2d0VLNvf4U_CLC6HbV6C6H#GIU0CLE,OSADCjOSH

C > 0
OSH�[W[PH#djV6H

∫

Ω

|e(v)|2dx ≥ C
∫

Ω

|∇v|2dx

MFU0V6Q�OSU_V4O
v ∈ H1

0 (Ω)N ��0'QRU0NWERNP�Ya�H�a�H�CjOY�0U_C\V4OSNP[WNeE,H�[^] NPC6XY�0A_[PNPORX9f6H9°§U_NWCLG�A_QRX#��GIU0a�M<U0ESADCjOSHMLADQ�GIU0a�M<U0ESADCjOSH_�j�_U_NWQ�[WAJ°�QSU_M<U0ERN�OSNPU0C FL� µ6�W� E �-djV6N�f4U_CLC6H;VLC6HBG�U_CLE,OSA_CjORH
C > 0

ORHY[P[WHbd0VLH_�MFU0V6Q�ORU0V4O
v ∈ H1

0 (Ω)N �
∫

Ω

|v|2dx ≤ C
∫

Ω

|∇v|2dx.±�V�ORU_OSAD[^�6GIHpE�ORQSU_NeE�NPCLX��0A_[PNPORXpE�GIU0CLf4V6NeE,HYCjO�Z�[eA\GIU}H�Q&GINW�}N�OSX
∫

Ω

2µ|e(v)|2dx+

∫

Ω

λ|divv|2dx ≥ C‖v‖2H1(Ω). �H 0�KLX�U_QS��a�H?f6H2 vAD�}� ��NW[W�_Q&ADa µL� µL�P��f6U_C6C6H�f4U_CFG�[^] H��}NeE,ORH�CFGIH?H�O'[^] VLC6NWG�N�OSX�f6H?[eA�E,U0[PV6ORNWU_Cgf4H[WA#«{U_QSagV6[eAcOSNPU0C��cADQSNWADORNWU_C6C6HY[P[WHg�^�4���'GD�I� �!NWCLAD[WH�a�HYC0Op�}MFU0V6Q2a�U0C0OSQRHYQ�djV6H;[WA�ERU_[WV4ORNWU_C�VLC6NWdjV6Hf4H#���6� �[GD�'HYE,O?�6NWH�C�V6C6H�ERU_[WV4OSNPU0C�f6V�MLQRU0�6[P�Ya�H�ADV4�g[WNWa�NPORHpE9�^�4��� ¯ �I�cU_C�M6QSU4GI�Yf6H�G�U_a�a�H�[PU0QSEf4HT[WA�f4XYa�U_CLE,ORQ&AcOSNPU0C�f4V 0�K6XYU_QS��a�H#�4�0/4�0/#M<U_V6Q�[WH# vA_M6[eA_GINWH�Cv�
�

;?|+3 3´| �Q] \%] � `Qb4cfe
Ω g h b g i4jlk e�m j RN w ��b g k e b g e j�r b h�} eKcBb h v ∈ H1

0 (Ω)N o b h�q
‖∇v‖L2(Ω) ≤

√
2‖e(v)‖L2(Ω).

�^�4��� � �
Y�h+3´q<s'tYn�ycm4nporq<s#]�(}U_NPO

v ∈ C∞
c (Ω)N �L°§A_Q�NPCjORXY�_Q&AcOSNPU0C�MLA_Q�MLADQRORNWHbU_C�U_�4OSNPHYCjO

2

∫

Ω

|e(v)|2dx =

∫

Ω

|∇v|2dx+

∫

Ω

∇v · (∇v)tdx =

∫

Ω

|∇v|2dx +

∫

Ω

|divv|2dx.

°§A_Q�f4H�CFE,NPORX#f4H
C∞

c (Ω)
f6ADCLE

H1
0 (Ω)

�6U_C�HYC�f4Xpf4V6NPOJ���6� � � �I�
�

�9u�|jyc¢_o�¢_| �%] \�]B^  �����(% �>%3*"� �:7 � 2�<�<�7 � �#2�� � ���49�� L2(Ω)N 9�2���� H1
0 (Ω)N *�� � # f � 2 � �5�!�@% % �#� !

<>�"�'9"% � u �37 � ��� � *���� �6��78��� � ��� � 2 � ��7 ��9�� + ��/ ����1 �@�����,7 � � ;�2 � % �:�!����� � ������/ ?] A_CLAD[W`4E,H�f6V�M6QRU0�6[W��a�H¡ADV6��[WNPa�NPORHYE����6� � ¯ �TA¤�0HYG�V6C6H¡G�U_CLf6N�OSNPU0C´ADV4��[PNWa�N�OSHYE�f4H¡@;N��QRNeG&K6[WHIO#tYk'y npqFk'n��r| �?qFycw
∂Ω

HYE,O#V6C�MFHYV�OSQRU0a�MFHYVLE,H�MLA_Q#ERA�ERNPa�M6[WNWG�N�OSX_���?C�H	C<H�OY�vf6�YEd0VLH¡[^] U0C�NPCjORQSU4f4V6NPOJV6CLH�ADV6ORQSH¡GIU0CLf4NPORNWU_C´ADV6��[WNWa�NPORHpE��rMLADQJHI�4H�a�M6[WH_�!f4H��9H�V6a\A_C6CF�#ERV6QV6C6HBMLADQRORNWH;f4V��<U_Q&fl�0[eA�f4X�a�U_CFE>OSQSADORNWU_C�f4HB[WA�GIU}HYQSG�NP�}NPORX;f6H;[eAT«{U0QRaJV6[WADORNWU_C��cA_QRNeAcOSNPU0C6C6H�[W[WHf4H��}NWH�CjO-�FHpADVLG�U_V6MJM6[PVFE-f4NDW�G�NP[WH�G�ADQ§U0C�f4U0N�O-QSH�a�M6[eA_G�H�Q![�] NPCLX��0A_[PNPORX�XY[PXYa�HYCjOSADNWQSH�f4V� �HYa�a�H�4� µ6�0/�MLADQBERA��_X�CLX�Q&AD[WNWESAcOSNPU0C��6C6H�O,ORHYa�H�CjOBML[PVLE9ORHpG&K6C6NedjV6H_�ªf4NPORH�NPC6XY�0A_[PNPORXgf6H��;U_QSC´�{�_U0NPQ;[PH �H�a�a�H;�6� µL� µbGINP��f4HYESE,U0VLE&���X�A_M6M<H�[WU_CLE�djV�] U_C\CLH�MFHYV4O2MFA_EY�DH�C\�0X�C6XYQSA_[��DERH9GIU0CjORH�CjOSH�Q?fl] V6C6HGIU_CFf4N�OSNPU0C ADV6�´[PNWa�N�OSHYE�f4H�@9NWQRNeG&K6[WHIO\E,VLQJ[^] NWCjORXY�_Q&AD[WN�OSX�f4Vx�FU0QSf
∂Ω

GYADQ�H�[W[PH�E�] NWC0OSH�QSM6QS�IORHGIU_a�a�H�[WH\«rADNPO�djV6H¡[PH�E,U0[PNef4H�HpE>O#�L�}X¡HIOJNWa�a�U_�6NW[PH�E,VLQgE,U0C��FU0QSf��v��C´MLQSADORNed0VLH_��OSU_V4O�[PH�FU0QSf�C�] HYE,O�MLA_E��6[PU4djV6XTH�O9E,U0V6�_HYC0O�VLC6HTMLADQRORNWH#f4V��<U_Q&f�HpE>O�[WNW�6QRH#f6HT�FU0V6�_HYQY�6U0V��6NPHYC�f4HYE
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�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

«{U0QSG�HYE;E,V6QR«rA_G�NWdjV6HpE9ERU_CjO;A_M6M6[WNWdjV6XYHYEBE,V6QBV6C6H�ADV4OSQRHgMLADQRORNWH_��®2HYEBf4H�V6��GYA_E;f4H#�L�0V6QSHYE9ERU_CjOa�U4f4XY[PNeE,XpE�MLADQ�f6HYE�GIU0CLf4NPORNWU_CLE�A_V4�¡[WNPa�NPORHpE�f4H#��HYV6a\ADC6C�djV6N�EY] XpGIQSNP�0H�CjO�NWG�N
σn = g

ERV6Q
∂Ω,

���6� � �0�
U'&

g
HYE,O9V6CLHT«{U_CLGIORNWU_C Z\�cA_[PHYV6QSE��_HYGIORU0QRNWH�[W[PHpE��6 'A�GIU0CLf4NPORNWU_C�f4Hg�9H�V6a\A_C6C ���6� � �0��EY] NWCjORHYQ,�MLQR��ORH�H�C�f6NWESADCjOBdjV6H

g
HYE,OBV6CLHg«{U0QSG�H�A_M6M6[WNWdjV6XYHJERV6Q;[WH��FU0QSfl�%(}N

g = 0
�lADVLG�V6C6HJ«{U_Q&GIHJC6HEY] ADM6M6[WNed0VLHBH�O�[PHb�<U_Q&f�MFHYV4O��FU0V6�_HYQ�ERA_CLE�QRHpE>OSQRNeGOSNPU0C HLU_C�f4N�O9djV6Hb[WHT�FU0QSf�HYE,O�[WNP�6QSH_��9U_VLE�AD[W[PU0CLE#a\A_NPCjORHYCLADCjOJG�U_CLERNef4X�QSH�Q#[WH�ER`4E>OS��a�H¡f4H�[�] X�[eA_E,ORNeGINPORX�A¤�_HpG\f4HYEJGIU_CFf4N�OSNPU0CLEA_V4�¡[WNPa�NPORHpE�a�¦�[WX�HYET�rV6C�a�X�[eADC6�0Hbf6H#@9NWQRNeG&K6[WHIO�HIO9f6H#��H�VLa�A_C6CF�I�LGD] HYE,O,��Zc��f4NWQRH







−div (2µe(u) + λ tr(e(u)) Id) = f
f6ADCFE

Ω
u = 0

E,VLQ
∂ΩD

σn = g
E,VLQ

∂ΩN ,

�^�4� ¯)E �
U'&

(∂ΩN , ∂ΩD)
HYE,O#V6C6H\MLA_Q,OSN�OSNPU0C�f6H

∂Ω
ORHY[P[WH�djV6H\[PHpETa�HYERV6QSHYETERV6MFHYQ,�<GINWH�[W[PHpE#f4H

∂ΩNH�O
∂ΩD

E,U0CjObCLU_C�CjVL[P[WHYE\�r�_U_NWQb[WA1�!NW�_V6QSH=FF�P�¤��� ?] A_CLAD[W`4E,H�f4H\GIH�C6U0V6�_HpADV³MLQRU0�6[P�Ya�H�A_V4�[WNWa�NPORHpE�HpE>O9ML[PVLE;GIU0a�ML[PNedjV6X�HgdjV6HJf6ADCLE�[PHgGYA_E�f6Hg[eA\GIU_CFf4N�OSNPU0C ADV4��[PNWa�N�OSHYEBf4Hg@;NPQSNeG&K6[PH�O HNW[l«rA_VLf4Q&AgV4OSNP[WNeE,HYQ�[�] NWC6X��jAD[WN�OSXbf6H �9U0QRC�GINP� f4HpERERU_VFE��
;2|+3 3´| �Q] \%] \ � �Is'h+A<m6�rornYh�w!|��¡qFycs	" `>bdcfe

Ω g h b g i8j	k e � b kuh � k �#� g � c j	k m jn}	��q8p-p	j C1 m j
RN w � ��j - c p e j7g h�j } b h�p e q4h e j C > 0

e j	�f��j � gNj o | b g k e b g e j�r b h>} e~cBb h v ∈ H1(Ω)N o b h�q
‖v‖H1(Ω) ≤ C

(

‖v‖2L2(Ω) + ‖e(v)‖2L2(Ω)

)1/2

.
�^�4� ¯ �p�

 ?] NWC6X��jAD[WN�OSXJ�^�4� ¯ �p��C�] HYE,O2MLA0E?V6CLH;�LA_CLAD[WNPORX HjH�C�HlCªHIOp�}ERU_C¡a�HYag�6QSH;f6H9�0A_VLG&K6H9G�U_CjORNWH�CjOOSU_V4OSHYE?[PHpE?f4XYQRNW�_XYHYE-MLA_Q,OSNPHY[P[WHYE?f4H
v
AD[WU_Q&E-d0VLH9E,U0C\a�H�ag�LQRH�f4HBf4QSU_NPORH�«rADNPO2NWCjORHYQR�0H�C6NWQ�E,HYV6[WHI�a�HYC0O!GIH�QROSA_NPCLHYElGIU0ag�6NWCLA_NWERU_CLEª[WNWC6XYA_NPQSHYE�f6HYE�f4XYQRNW�_XYHYEªMLA_Q,OSNPHY[P[WHYEY�p®2U0a�a�H-[^] NWC6XY�0AD[WNPORX-NWCj�0H�Q&E,Hf6H����4� ¯ �¤�2HYE,O�XY�}NWf4HYCjORH_�LU_C�H�C�f4XYf6V6N�O9djV6HT[WHYE�f6H�V4��a�HYag�6QSHYE�f6H��^�4� ¯ �¤�2ERU_CjO�f4HpE�C6U_QSa�HYEXpdjV6NP�cA_[PHYC0OSHYEY�v vA�f6X�a�U_CLE,ORQ&AcOSNPU0C�f6V� vH�a�a�H��4� µ6� µ�HYE,OgGIU0a�ML[PNedjV6X�H\H�OJf4X�MFA_ESE,H�[WH¡G�A0f4QRHf6HBG�H;GIU0V6Q&E;�r�_U_NWQp�0MLA_Q2H��4H�a�M6[WH_��FP� �8H¬�I�6��U0VLE?[^] A_f4a�HIORORU0CLE�f4U_CLG9H�C�QRHYa�A_QSdjVLA_CjO2djV6H9C6U0VLEA¤�0U_CLEb�LNPHYC´f4X�a�U_CjOSQRX\[^] NWC6XY�0AD[WNPORX�f4H �;U_QSC	���6� ¯ �p�B[WU_Q&ERdjV6H

v
A_M6MLA_Q,OSNPHYC0OgZ

H1
0 (Ω)N �v��CH	C<H�OY�}f6ADCFE?GIH;G�A_E�V6C6H;G�U_aJ�6NPCFADNeE,U0C�f6V� �H�a�a�HB�6� µL� /BH�O2f4H;[�] NPCLX��0A_[PNPORX;f4H�°§U_NWCLG�A_QRX#�rMFU0V6QVLC�U0V6�_HYQ,O��<U_QSC6Xp��f4U0C6C6Hb�6NWH�C�[^] NWC6X��jAD[WN�OSX\���4� ¯ �¤�� ?] NWCjORH�QSM6QSXIO&AcORNWU_C�a�XYG�A_C6Ned0VLH�f4H�[^] NWC6X��jAD[WN�OSX�f6H �;U_QSC HpE>Ob[WA�ERV6NP�cA_C0OSH_�� ?] XYC6H�QS�_NWHgXY[WA0E>�OSNWdjV6H0�9M6QSU_M<U_QRORNWU_CLC6H�[W[PH�Z	[eA C6U0QRa�H´f4V OSH�CLERH�VLQ³f4HYE�f4XI«{U0QRa\ADORNWU_CLE

e(u)
f6A_CLE

L2(Ω)
�G�U_CjORQKB_[WH�[WA�CLU_QSa�H f6V f4X�M6[eA_G�H�a�H�CjO

u
f6ADCLE

H1(Ω)N �2Z�[^] A0f6f4NPORNWU_C	M6QS�YE�f6H�[WA�CLU_QSa�Hf6H
u
fLADCLE

L2(Ω)
�!®2U_a�a�H�C6U_VLETA_[P[WU_CFE;[WH\�_U0NPQTf6A_CLEb[^] �-�4HYQSG�NWG�H\�6� µL� /6�lGIH\f4H�QSC6NWH�QTA'A>U0V4OHpE>O9f6HYE,ORNWC6XgZ�M6QSH�CLf6QRHTHYC GIU_a�M4OSHT[PHpE�3´q<kvz<|+3´|}sªnYt�w'|�¢_qFyp~§t\ycoBA<orw!|}tTGD] HYE,O,��Zc��f4NWQRHb[WHYEf6X�M6[eA_G�H�a�H�CjOSE

u
CLU_C�C}V6[WE�a\A_NWE�fl] X�CLH�QS�_NWHBXY[WA0E>OSNWdjV6HbC}V6[W[PH0�

�;u�|jyc¢_or¢0| �%] \�]�� �@� � � Ω ��� �"� � �>%�� �#�"����� 	 �:9�� RN / �@� � � 7 � �)���C� & ��7 � R 9��#��� & ��� � � & �)�����
% � � � 9��#���49�� Ω 9�;��3� � <'2>%
R =

{

v(x) = b+Mx 2 � ��� b ∈ RN ,M = −M t & 2��(% � �!��2���� � � � & ;#�(% � *���� } . �^�4� ¯ /_�
=�"���(% �>% *���� v ∈ H1(Ω)N

� ;)% � � � e(v) = 0 9�2���� Ω � � �#� �C�>��7 � & �)���	� � v ∈ R /



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�[�0 � 
��	�%���������	��� ��� �.�2��
�� � � � � ���%�	� �#Fjµ
�9U_VLE#MFU0V6�_U0CLEBa�A_NPCjOSH�CLA_C0OTXYC6U_CLG�H�QbV6C�f4HYV4�4NP�Ya�H�QSXYERV6[POSAcO#fl] HI�4NeE>OSH�CLG�H\HIO#fl] V6C6NeGINPORXMFU0V6Q�[PH#ER`4E>OS��a�HTf4HT[^] XY[WA0E>OSNWG�N�OSXB[WNWC6XYA_QRNeE,XTA¤�0HYGBGIU_CFf4N�OSNPU0CLE�ADV6�¡[PNWa�N�OSHYE�a�¦Y[PXYHYEY�

� £'h}qFy4:[3 | �%] \�]�� `>bdcfe
Ω g h b g i8j	k e � b kuh � } b h_h�j�-[jEk �#� g � c jlk m j.}	��q8p-p	j C1 m j RN w `Qb4cfe

f ∈ L2(Ω)N j e g ∈ L2(∂ΩN )N w�x2h m�� ' h cfe �R� jlpK|Nq�}-j
V =

{

v ∈ H1(Ω)N e j	� � gNj v = 0 pug k ∂ΩD

}

.
�^�4� ¯ µj�

� �nj�- c p e j g h�j g h c � gNj p b � g eKcBb h z0rlq c �	��j!� u ∈ V
m j z � w�� �-� � g c�m'� |Nj	h m � c h � q c k@jlt9jlh e j e

} b h e~c hN� t9jlh e�m jlp m�b hNh � jlp f j e g w
Y�h+3´q<s'tYn�ycm4nporq<s#]; vA³«{U_QSagV6[eAcOSNPU0C´�cADQSNWADORNWU_C6C6HY[P[WH�f6H��^�4� ¯)E �gE�] U_�6ORNWH�CjO�G�U_a�a�H�fLADCLEJ[WAf4X�a�U_CFE>OSQSADORNWU_C\f4V�0�K6XYU_QS��a�H��4� µ6�W�_�_ ?] HpE,MLA0GIH

V
�_f4XI�FC6NFMFADQ����6� ¯ µ0�I�_GIU0C0OSNPHYCjO?[WATG�U_CLf6N�OSNPU0CADV4��[WNPa�NPORHpE�f6HB@;NPQSNeG&K6[PH�O�E,V6Q

∂ΩD
HIO�HpE>O��6NWH�C¡VLC�HpE,MLA0GIHBf4H �9NP[W�<H�QRO�G�U_a�a�HBERU_VFE>� HYERMLA_G�H«{H�QSa�XTf4H

H1(Ω)N �{MLA_Q�A_M6M6[WNWGYAcOSNPU0C�f4V10�K6X�U0QR�Ya�H;f4HBORQ&A_G�H4FF� µL�P�pµ0�I� �;C�U_�4OSNPHYCjO�A_[PU0QSE2[WA«{U_QSagV6[eAcOSNPU0C¡�cADQSNWADORNWU_C6CLH�[W[PH H4OSQRU0V6�_HYQ
u ∈ V ORHY[vdjV6H

∫

Ω

2µe(u) · e(v) dx+

∫

Ω

λ divu divv dx =

∫

Ω

f · v dx+

∫

∂ΩN

g · v ds ∀ v ∈ V. ���6� ¯ Fj�
°§U0V6Q2M<U_VL�_U_NWQ�ADM6M6[WNed0VLH�Q?[WH 0�K6X�U0QR�Ya�H;f4HB 'Ac�}����NP[W�_Q&ADa µ6� µ6�W�;Zg[WA#«{U_QSagV6[eAcOSNPU0C\�¤A_QRNeAc�ORNWU_C6C6HY[P[WH����6� ¯ Fj�I�4[WA�ERH�V6[WHbKj`}M<UDOSK6�YERH#f4X�[WNeG�AcOSHTZJ�0X�QSN��FH�Q�HYE,O�H�CLG�U_QSHbV6C6Hb«{U_NeE�[eA\GIU}H�Q&GINW�}N�OSXf4H�[eAB«{U_QSa�H9�6NP[WNWC6XYA_NPQSH_�_±9V4ORQSH�a�HYC0O�f4N�Op�_NW[6«rA_V4O?a�U_CjORQSH�Q2d0Vv] NW[LH��}NeE,ORH�V6C6H;GIU_CFE>O&ADCjORH

C > 0ORH�[W[WH#d0VLH_�4M<U_V6Q�OSU_V4OSHB«{U_CLGIORNWU_C
v ∈ V �6U_C�A
‖v‖H1(Ω) ≤ C‖e(v)‖L2(Ω).

�^�4� ¯ �0�
0vU0V4OBfl] AD�<U_Q&fl�FU_C�C6U_ORHJdjV6H ‖e(v)‖L2(Ω)

HYE,O;V6CLHgC6U0QRa�HgERV6Q
V
�< vHgERH�V6[!MFU0NPCjObZ\�_XYQRNP�LH�Qd0VLN�a�X�QSN�OSH�d0VLH\[�] U_C�EY] `�AcO,O&ADQ&f4H�HYE,OgdjV6H ‖e(v)‖L2(Ω) = 0

NWa�M6[WNWdjV6H
v = 0

��(}V6MLMFUjE,U0CLEf4U_CLG\djV6H ‖e(v)‖L2(Ω) = 0
H'A_[PU0QSEb[^] ���}HYQSG�NWG�H��4� µ6�0/�a�U_CjORQSH�djV6H

v
HpE>O#VLC´f4X�M6[eA_G�H�a�H�CjOQRNW�_Nef4H_�<GD] HYE,O,��Zc��f4NWQRH#djV6H

v(x) = b +Mx
A¤�_HpG

M = −M t � �;C³�_X�QSNP�LHb«rA_G�NP[WH�a�H�CjObd0VLH_�ªE,N
M 6= 0

��A_[PU0QSE9[PHpEbMFU0NPCjO&E
x
��E,U0[PV6ORNWU_CLEbf4H

b + Mx = 0
�F«{U0QRa�HYC0ObV6C6H\f4QSU_NPORH�f6A_CLE

R3 HIOV6C�M<U_NWC0O�f6A_CLE
R2 �&�;Q v(x) = 0

ERV6Q
∂ΩD

�}djV6N<HYE,O�f4HBa�HYERV6QRH;E,V6QR«rA_G�NWdjV6H9C6U_C�C}V6[W[WH_�}f4U_CLGC6XYG�HYESERA_NPQSH�a�H�CjO
M = 0

HIO
b = 0

�ª@9XYa�U0CjORQSU_CLE�a\A_NPCjORHYCLADCjOJ�^�4� ¯ �0��MLADQ;V6C ADQS�_VLa�HYCjO;f4HGIU_CjOSQSA0f4NWGIORNWU_C��{�_U0NPQ�[eA�X�H�a\ADQ&djV6H FL� µ6�W� � �I�+(4N?���6� ¯ �_�?HYE,O�«rA_V4�l�4NP[vHI�4NWE,ORHBV6C6H#ERV6NPORH
vn ∈ VORH�[W[WH#d0VLH

‖vn‖H1(Ω) = 1 > n‖e(vn)‖L2(Ω).��C MLA_Q,OSNWG�V6[PNWH�Qp��[eA�E,VLN�OSH
e(vn)

OSH�CLf �0H�Q&E E f6A_CLE
L2(Ω)N2 ��@J] ADV4OSQRH�MLA_Q,Op�2G�U_a�a�H

vnHYE,O��<U_QSC6XYH�f6A_CLE
H1(Ω)N ��MLA_Q\ADM6M6[WNeG�AcOSNPU0Cxf4V 0�K6XYU_QS��a�H�f4H X�H�[W[PNeG&K FL� µ6�0/4�_�!NW[�HI�4NWE,ORHV6C6H�ERU_VFE>��E,VLN�OSH

vn′
djV6N�GIU_C}�0H�QS�_H\f6ADCFE

L2(Ω)N �! �] NPCLX��0A_[PNPORX�f4H �;U_QSC�f4V  �HYa�a�H��4� µ6� µNPa�M6[WNWdjV6H#djV6H
‖vn′ − vp′‖2H1(Ω) ≤ C‖vn′ − vp′‖2L2(Ω) + ‖e(vn′)− e(vp′)‖2L2(Ω),fl] U'&�[�] U_C�f4Xpf4V6NPO;djV6HT[WA\ERV6NPORH

vn′
HpE>OBf4HJ®�ADVLG&K}`¡fLADCLE

H1(Ω)N �<f4U_CFGBG�U_C}�_HYQR�0H�CjORHB�_HYQSEV6C6H�[PNWa�N�OSH
v∞

djV6NB�_XYQRNP�LH ‖e(v∞)‖L2(Ω) = 0
��®2U_a�a�H³NW[bEY] AD�_NPO�fl] V6C6H�C6U0QRa�H³U0C H�C
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��F)F ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

f6XYf4V6NPOJdjV6H\[eA�[PNWa�N�OSH�HYE,OgC}V6[W[PH
v∞ = 0

�vGIH�djV6N2HYE,O#V6C6H¡G�U_CjORQ&A_f6NWGIORNWU_C�A¤�_HYG�[WH�«rADNPOJdjV6H
‖vn′‖H1(Ω) = 1

� ?] NWCjORH�QSM6QSXIO&AcORNWU_C�f4HJ[eA\«{U0QRaJV6[eAcORNWU_C��cA_QRNeAcOSNPU0C6C6H�[W[WH����6� ¯ Fj��MFU0V6Q;QSHIOSQRU0V6�_HYQ�[^] Xpd0VFAcORNWU_C�^�4� ¯)E �!HYE,O2E,HYag�6[eAD�L[PH9ZTG�H�[W[PH;d0VLH�C6U_VFE?A¤�_U0CLE!«rADNPO?[WU_Q&E�f4H�[eA#f4XYa�U_CLE,ORQ&AcOSNPU0C�f6V�0�K6X�U0QR�Ya�H�6� /6�P��FTE,V6Q?[PH9 'ADM6[eA_G�NPHYC�A¤�0HYG�G�U_CLf4NPORNWU_C\A_V4�J[WNPa�NPORHpE?f4H9�9H�V6a\A_C6C����!NWCLAD[WH�a�HYC0Op�_[^] A_M6M6[WNWGYAc�OSNPU0C
(f, g)→ u

HYE,O�[PNWC6XYA_NPQSH_�4°§U0V6Q�a�U_CjORQSH�Q�djV�] H�[W[PHTHpE>O9G�U_CjORNWC}V6HTf4H
L2(Ω)N × L2(∂Ω)NfLADCLE

H1(Ω)N �LC6U0VLE�M6QSH�CLU_CLE v = u
fLADCLE9[WA�«{U0QRaJV6[WADORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PH\�^�4� ¯ Fj�I�L��C³V4ORNP�[WNeERA_C0O�[eA�GIU}H�Q&GINW�}N�OSX#f4HT[eAg«{U0QRa�HT�6NW[WNPC6XpADNWQRHbH�O9H�C�a\A'A>U0QSA_C0O�[eA�«{U_QSa�HT[WNWC6XYA_NPQSH_�4U0C�U0�4ORNWH�CjO� P|}tYnYoB3 m4nYo�qFs´w�Ph}s!|jy8A<or|

C‖u‖2H1(Ω) ≤ ‖f‖L2(Ω)‖u‖L2(Ω) + ‖g‖L2(∂ΩN )‖u‖L2(∂Ω).
�^�4� ¯_¯ �


BQ-,_G�HBZ�[^] NWC6XY�0AD[WNPORXTf4Hb°§U_NWCLG�A_QRXBHIO�ADV�ORKLX�U_QS��a�HTf4HBORQ&A_G�H_�}U_C�M<H�V4O�a\A'A>U0QRHYQ�[PHBORHYQRa�HTf4Hf6QRU0N�OSH;f4H����6� ¯0¯ �-MFADQ
C
(

‖f‖L2(Ω) + ‖g‖L2(∂ΩN )

)

‖u‖H1(Ω)

�4G�H;djV6NªM6QSU_V6�0H9[eAgGIU0CjORNWCjVLN�OSX_�
�

.�|+3´m4ycilk'| �%] \�] � °§U_V6Qb[WH�ER`4E>OS��a�H�f6HJ[^] XY[WA0E>OSNWG�N�OSX�A¤�0HYGJf4HYEbGIU0CLf4NPORNWU_CLEbA_V4��[PNWa�N�OSHYETf4H@;NWQRNeG&K6[WHIO��{U0V�f6H��9H�V6a\A_C6CF�!U_C�AB[PHpE§a�¦�a�HYE-QSXYERV6[POSADOSE§f4H�QSX��_VL[WA_QRNPORX�d0Vv] A¤�0HYG2[PH� 'ADM6[eA_G�NPHYC�r�_U0NPQJ[PH 0�KLX�U_QS��a�H��6� /6� / ¯ �I��°-ADQJG�U_CjORQSH_�!Z�[eA f4N�C<XYQRHYCLGIH�f4V  vA_M6[eA_GINWH�Cv�vNW[2C�] `�A MLA0Egf4HMLQRNWCLGINWM<H³f4V a\Ac�4NPaJV6a MFU0V6Q�[WH E,`4E,OR��a�H f4H³[�] X�[eA_E,ORNeGINPORX´��GIU_a�a�H M<U_V6Q¡[WA�M6[WV6MLA_Q,O¡f6HYEER`4E>OS��a�HYEJf4H¡ML[PVLERNWH�V6Q&E#Xpd0VFAcORNWU_CFES�I�'��U0VLE�f4U_C6CLU_CLEgV6C GIU0CjORQSHI� HI�4H�a�M6[WH\C}V6a�X�QSNWdjV6H¡Z [WA
�!NW�_V6QSH;�6� µ HjH�C¡[�] AD�LERH�CFGIH9f4H9«{U_Q&GIHpE��

f = 0
�0[WHYE�GIU0CLf4NPORNWU_CLE2ADV4��[WNPa�NPORHYE�ERU_CjO�f4HB��HYV6a\ADC6CERV6Q�[WHYE�«rA_G�HYE?ERV6M<X�QSNPHYV6QSH�HIO?NWC4«{X�QSNWH�V6QSH9f4V�f4U0a\ADNWC6H_�jf4H9@;NPQSNWG&KL[PH�O

u = 0
Zgf4QRU0N�OSH�HIO

u = e1ZJ�0A_VLG&K6H0�6®2HY[WA�QSH��}NWH�CjO�ZJXIOSNPQSH�Q�[WHbf4U_a\ADNWC6HTdjV6N^�6f4V�G�U_V6Mv�6E�] ADa�NWCLGINPOY�6G�U_CLf4VLNWESADCjO�ADNWCLE,NlZVLC�f6X�M6[eA_G�H�a�H�CjO��_HYQ,OSNWGYAD[ldjV6NvG&KLA_C6�_Hbf4H#ERNP�0C6H_� •
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Triangles 2D P1

noeuds  :     70

éléments:    108

NAN

� �������4� µ � ®2U0CjORQSHI� HI�4H�a�M6[WH�C}V6a�XYQRNedjV6H�MFU0V6Q\[PH�MLQRNWCLGINWM<H f4V a�AD�4NPaJV6a H�C XY[WA0E>OSNWG�N�OSX_�± �jADVLG&KLHJ[WH�f4U_a\A_NPC6H�a\ADNW[W[PX\ADV�QSH�M<U0EY�lHIO#Z�f4QSU_NPORH�[PH\f4U0a\ADNWC6H\f4XI«{U0QRa�X�U�&�[PHpE �L�YG&KLHYEQSH�MLQRXpE,HYC0OSH�CjO�[PH#f4XYM6[eA_GIHYa�H�CjO#�rESA�G�U_a�M<U0ESADCjORHb�_HYQ,OSNWGYAD[WHBG&KFADC6�0HBf4H#ERNW�_C6H¤��
�9U_VLE�A¤�0U_CLE\f6X�A,Z�f4NPO¡djV6H�[WA�«{U0QRaJV6[eAcORNWU_C¥�cADQSNWADORNWU_C6CLH�[W[PH�C�] HYE,O�QRNWH�C	fl] ADV6ORQSH d0VLH�[PH~!ycors!¢_or~?|³w!|}t\n�ycm0z6m6kvu z�o{y¤nYk!|}�rtTHYC a�XYG�A_C6Ned0VLH_�6°§U_VLQSERV6NW�¤A_CjO;GIH�O,ORHJADCLA_[PU0�_NWH_�6[^] HpE,MFA_GIH

V
HpE>O�[^] HYERMLA_G�H�f6HYE�w!hj~!��m6¢_|+3´|}sªnYt

v
¢_o�s'h+3´m4nporilk!|+3´|}sªn9m6w�3´ortptYo �!��|}t_�YHIO?[^] HpE,MFA_GIH�f4HpEOSH�CLERH�VLQSE;E,`}a�XIOSQRNedjV6HYE

σ ∈ L2(Ω)N2 �LOSH�[eEBdjV6H −divσ = f
f6A_CLE

Ω
H�O
σn = g

E,V6Q
∂ΩN

�HpE>ObGIHY[PV6N§f4HpE�OSH�CLERH�V6Q&E9f6HJ¢_q<sªn�ycm6o�sªnY|}t�t�npm4nYo�ilk'|+3´|}sªn�m6w�3´o�tYtpo �§�r|}t0�6®2U0a�a�HJMFU0V6QB[PH 'ADM6[eA_G�NPHYC��c[eATE,U0[PV4OSNPU0C\f4H�[WA;«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6CLH�[W[PHb���6� ¯ Fj�!QSXYAD[WNeE,H�[WH�a�NWC6NWagV6a fl] V6C6HXYC6H�QS�_NWHBa�XpG�A_C6NWdjV6H#f6XI�LC6NWHbMFU0V6Q
v ∈ V MLADQ

J(v) =
1

2

∫

Ω

(

2µ|e(v)|2 + λ|divv|2
)

dx −
∫

Ω

f · v dx−
∫

∂ΩN

g · v ds. ���6� ¯ GD�
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�[�0 � 
��	�%���������	��� ��� �.�2��
�� � � � � ���%�	� �#F}�
��C�ORH�QSa�HYE�a�XYGYADC6NedjV6HYE

J(v)
HpE>O�[eA�ERU_a�a�H#f4HT� Wh}s'|jy4AFo�|�w'| w!h+1 qLy43´m4nporq<s
1

2

∫

Ω

(

2µ|e(v)|2 + λ|divv|2
)

dx

HIO!f6H2� Wh}s'|jy4AFo�|b~?qFnY|}sªnYo�|j���r|Tw!|}t�1 qLyc¢_|}t�|julnph0yco�|jk'yc|}t9�{U0VTORQ&A¤�cADNW[0f4HpE�«{U0QSG�HYEvHI�}ORXYQRNWH�V6QSHYEADV�E,NW�_C6HbM6QS�YE&�
−
∫

Ω

f · v dx−
∫

∂ΩN

g · v ds.

�9u�|jyc¢_o�¢_| �%] \�] \  �����(% �>%�*�� � u ∈ V �#�6�57 � ��� � *������6��78��� � ����9�� 7 2 ���@% & ��7 2�� � �"� � 2)% � 2�� � �"�����)787 �
+ ��/ �	�@1?� � �#� �C�>��7 � & �)���5� � u % ;�2�7 � �C�=7 � & � � � & � & �#��% V 9�� 7 � ;)���)% � � � J(v) 9�;��3� � � <'2>%	+ ��/ ����1!/
+�� � 9 � �#2�� � ��� �@�"� <>�"��% % 2=� � � ���#< � % �>%�9)� 7 2�� % �"<>�)� � � � �"��-�/ -�/ ��1#/
�9u�|jyc¢_o�¢_| �%] \�]�� �@� � � Ω ��� �"� � �)% � �>�@% ��;I�!����� ��	'� 9�� RN / � � �#�"� � � 9 �>% � 7 � � ���6� � & �I9)�
7 � ;)7 2 ��� � � � ��; 2 � ��� 7 2 �#�"�'9 � � � ��� 9�� � �)� & 2���� + � / � ��1 �!��%����"��� 7 � �>�@% 9 ∂Ω / =�"���(%��)%�*"� � 7 2
�!�"�'9 � � � �"��9 � ;�*�� � 7 � �>%��
∫

Ω

f · (Mx+ b) dx+

∫

∂Ω

g · (Mx+ b) ds = 0 ∀b ∈ RN , ∀M = −M t ∈ RN×N

�#��� ��� � �!��� 9 � � � �"� ��;��!���6�C2 � % � �#� �!��� �K2������ 9�� ��	 � �����>�'�!� �!� 9�� ��� � � � ��; 9�� ��� � �C�"78��� � �"� 9�2����
H1(Ω)N +�7 � ��� � � � ��;�;#�62����?�������)��� ��#=7 � 2'9�9 � � � �"� 9 � ��� � & �"� � � & �>���?9)� �!�@% <�� % � � � 9�� � <>% �#�%� � � � %
+ ��/ �)0�161#/
.¡|+3´m4ycilk!| �Q] \%] 	  �U0QSESdjV6H�[PHpEBG�U}HlW�GINWH�CjOSETf6H� 'ADa�X�E,U0C0O#G�U_CLE,OSA_C0O&EBHIO#djV6H�[PHpEBG�U_CLf6N��ORNWU_CLE�A_V4� [WNPa�NPORHpE�E,U0CjO¡f4V¥O>`jM<H f4H @;NPQSNeG&K6[PH�O�K6U_a�U0�_��CLH_�-[WHYE\Xpd0VFAcORNWU_CFE\f4H�[�] X�[eA_E,ORNeGINPORXMFHYV6�_HYC0O9ERHbQRXpADQSQSA_C6�_HYQ?M<U_V6Q�f6U_C6C6HYQ�[PH#ER`4E>OS��a�HTf4HT vA_a�X��rM6QSXYERH�CjORXTADV ®2KLA_M6N�OSQRH��¤�

{

−µ∆u− (µ+ λ)∇(divu) = f
fLADCLE

Ω
u = 0

ERV6Q
∂Ω.

�^�4� ¯ � �
 �] A¤�¤A_CjOSAD�0H#f4H��^�4� ¯ � ��MLA_Q9Q&ADM6M<U_QRO;Z³�^�4��� ¯ ��HYE,OBdjV6H�[PHgORHYCLE,HYV6Q

e(u)
A�f4NeE,MLA_QRV³HIOBdjV�] U_CMFHYV4O2f4U0CLG�E,H�MFA_ESE,HYQ�f4H�[�] NWC6X��jAD[WN�OSX�f4H��;U_QSC�� D�[6«rADV6O?GIH�M<H�CFf6ADCjO�«rA_NPQSH�AcO,OSH�CjORNWU_C�djV6H#�^�4� ¯ � �C�] HpE>O2M6[PVFE?Xpd0VLNP�cAD[WH�CjO2Z\�^�4��� ¯ �-E,NF[PHpE?G�UjH	W�GINWH�CjOSE2f4H9 vA_a�X9f4X�M<H�CFf4H�CjO2f4H
x
U_V�ERNLU0C\M6[eA_GIHf4HYE#G�U_CLf6N�OSNPU0CLE#ADV6��[WNPa�NPORHYEJf4H���HYV6a\ADC6C´ERV6Q#VLC6H\MLADQRORNWH�f4V��<U_Q&fl�v@J] VLC�MFU0NPCjOJf4H\�}V6Ha�XpG�A_C6NWdjV6H0�4[PH#ERH�VL[la�U4f4�Y[PH#G�U_QSQRHpGO�f6ADCFE�GIHTG�A0E�HYE,Og���4��� ¯ �� •

�9u�|jyc¢_o�¢_| �%] \�] � � � �!��<�<>���6� *���� Ω �#�6� ��� �"� � �)% � �>�@% � ; 9�� RN �!� *���� f ∈ L2(Ω)N /
 �����(% �>% 7 � ��	 � �����)� �#���!� 7 � ��� � � � ��;�9��:7 2 �6��78��� � ���,9)��+ ��/ � ��1�9�2�� � H1

0 (Ω)N �C2�� ����� � 7 � �C�>% 7 � � � ;���2%!
7 � ��; 9���� �@% � /	�?;)% � � �>% *"� � ��� <>�)��� 2 � 2 � ��7 � %�7 �#� ����<>�>� � �#�6��� 9�� <>��� � � � �)� ��;=�#��%�7 ���4�!�@�
� � � �>�����
9)���>2 & ;:�)���!��<�<>���C2����	�6�)��7 � & �>���	*���� µ > 0 �#� 2µ+ λ > 0 /
�9u�|jyc¢_o�¢_| �%] \�]
	 �?;>% � � �>%�7 � ;�*"� � � 2�7 �)� �#�,9���+ � / � ��1��#��+ ��/ ����1�� � λ �!� µ �6�"���?�!�����6�62�������/  ��� !
�(%��)%3*���� + ��/ � ��1��!��+ ��/ ����1	� ���C�"��� <�78� �?;�*�� � � 2�7 �>�����$� � λ �!� µ �6�����?9��#�$����� �!� � �"� � +�% ;��"��7 � �>% �#� 1 �&��>& � � � ��� %�� & <�7 2'�#� 7 � ;�*"�'2�� � �"� � ���(���@% � �>787 �:9�� + ��/ � ��1,< 2)%

−div(µ∇u)−∇((µ+ λ)divu) = f 9�2�� � Ω.
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��F ¯ ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

@BADCLEJV6C GYA_EbOSQR�pE#MLA_Q,OSNWG�V6[WNPHYQY�!ADM6M<H�[WX�~!y¤q��§�B:+3´|´w!k ¢0ortpm6or���r|+3´|}sªn�m6sªnYo =R~§�rm6s2�![PHER`4E>OS��a�H�f4H�[^] X�[eA_E,ORNeGINPORX�[PNWC6XYA_QRNeERX�H�ERH�E,NWa�M6[PNP�LH�GIU0CLE,Nef4XYQSA_�6[PHYa�H�CjO�M6VLNWESdjV�] NW[TE,H�Q&ADa���C6HZ�[eA�QSXYERU_[WV4ORNWU_C	fl] V6C	M6QSU_�L[P�Ya�H A_V4�x[WNWa�NPORHpE�M<U_V6Q�[PH� vADML[WA0GINWH�C���®2H�O¡HI�4HYa�ML[PH M<H�QSa�HIOf6U_CLG\f4H�«rA_NPQSH\V6C�[WNPHYC´f4NPQSHYGIO#H�CjORQSH�[PHpETXYdjVLADORNWU_CLEgf4H\[�] X�[eA_E,ORNeGINPORX\H�O#[PH� 'ADM6[eA_G�NPHYC�GIH�djV6NH��4M6[PNedjV6H�fl] V6C6H�GIHYQ,O&ADNWC6H�a�A_C6NW��QSH2M<U_V6Q&djV6U_N4[WHYE§QSXYERV6[POSADOSE!MFU0V6Q-[WHYE-f4HYV4�ga�U4f4��[WHYE-ERU_CjO!ORQS�YEERH�aJ�6[eAD�6[WHYE�fLADCLEv[�] H�CLERH�aJ�6[WH_�¤®2H2G�A_EvMLADQRORNeGIVL[PNWH�Qvf6V#GINeERA_NP[W[PHYa�H�CjO'ADCjOSN�� M6[eADCbHYE,O'X�ORVLf4NWX?f6A_CLE[^] HI�4H�Q&GINeGIHTERV6NP�cA_C0Op�
�;u�|jyc¢_or¢0| �%] \�]	 �'� ����� 9��	�#�!� ��	'�>% � � �#�5����� 9��?�(% �"� � �)% �����	�6��78��� � ���,<'2>%�� � �'��7 � �>% �59�� � ���6� � & �
9�� 7 � ;>7 2 �6� � � � ��; 7 � � ;�2)% � �6;#�I9�2�� � 7 �I�#2 � 9 � ��� � ���@% �!� 9�� � � �K2 � 787 � & �)����2���� � !C<�7 2�� / � � �!����� � 9��)%��
���I9�� & 2 � ��� � ��7 � �'9�% � *���� ��� & � � �>� � Ω 9�� 7 ���%�����)��% L > 0 �#� 9)� �C���!� � �"� ω � ��� ω ����� ���
��� � �>%����>�@% � ; �#�"����� 	 �=%�; �"��7 � �>% 9�� RN−1 +67 �#� �!�@�
� � � �>�����	9�� �>2 & ; λ �#� µ �C�"���	�!�����6�62������ 1!/� ���(% � & �)����9 � ��� Ω = ω × (0, L) �"�!�:<>�"��% x ∈ Ω ���"� � �>��� x = (x′, xN ) 2 � ��� 0 < xN < L
�#� x′ ∈ ω / � �=�#�"� � � 9 �>% � 7 � <>% ����7 � & � 2��
	 7 � & � ����� �#� � � 2����















−div (2µe(u) + λ tr(e(u)) Id) = 0 9�2�� � Ω
σn = g �!��% ∂ω × (0, L)
u′ = 0 �!��% ω × {0, L}
(σn) · n = 0 �!��% ω × {0, L}

�^�4� ¯ �0�

�����"�42 ��� � 7 � �6; 7 2�� �>�62�� � ��� ��<>����% ��� � ���!���>��% v = (v1, ..., vN ) � v = (v′, vN ) 2 � ��� v′ ∈ RN−1

�#� vN ∈ R / � � �!��<�<>�)�6� *"� � 7 2I���@% �!� �!��% � 2'� � *"� � g �#�6� 9"�I� ��<>� � � � �K2 � 787 � & �)���:2���� � !C<�7 2�� ���
� � �����"!"#%! 9 � % � *���� g′ = (g1, ..., gN−1) = 0 �!� gN � � 9�;><>�)� 9 *"� �:9)� x′ /

=�"���(%��)% *"� � 7 2��6�"78��� � �"� ��� � *���� 9)� + � / � ��15�#�6�	9)����� ;#� < 2)% u = (0, ..., 0, uN) ��� uN(x′)
�����47 2 �C�"78��� � �"��9"���>2�<�7 2'� � �)���!� � � 2����

{ −∆′uN = 0 9�2�� � ω
µ∂uN

∂n = gN �!��% ∂ω
��� ∆′ �#�6�,7 ���>2�<�7 2'� � �>��9�2���� 7 2 � 2)% � 2 ��7 � x′ ∈ RN−1 /
�;u�|jyc¢_or¢0| �%] \�] �  ;>� ;>% 2�7 � �6�>%�7 � � 	 �)% � � �!� ��/ -�/ � 2�� �#2 � 9 � ����� �!��� 9 � � � �"� 2���	 7 � & � ������7 2���;)% 2�7 �
9��:� ��<>�

u′ = 0 �#� (σn) · eN = gN �!��% ∂ω × (0, L).

�;u�|jyc¢_or¢0| �%] \�] � � 7 � 2 � 9�� 9�� 7 � 2�<�<>% � ��� � � 2)% � 2�� � �"�����)787 � 9); & �"���(%��)%,7 � ��	 � �����)� �#� �!� 7 � ��� � � � ��;
9�� 7 2 �C�"78��� � �"��9��=7 � ;�*��'2�� � �"��9)��� <�7 2'*�� �#�







∆ (∆u) = f 9�2�� � Ω
u = 0 �!��% ∂Ω
∂u
∂n = 0 �!��% ∂Ω

�^�4� G E �
��� f ∈ L2(Ω) / � � <>�"��% % 2 %�� & 2)% *����)% *"� �&�"� � u ∈ H2

0 (Ω) �"2�7 �@%�� ∂u
∂xi
∈ H1

0 (Ω) �#�
∫

Ω

|∆u|2dx =
N
∑

i,j=1

∫

Ω

∣

∣

∣

∣

∂2u

∂xi∂xj

∣

∣

∣

∣

2

dx.



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�[�0 � 
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�� � � � � ���%�	� �#F G
� �=2'9 & �!� �(% 2 7 � % ;#�#��7 �62���9)� % ;�����7 2)% � ��; �!� � � 2���� � � � w ∈ L2(Ω) �!� f ∈ L2(Ω)

� ;>% � �@�)��� <>�"��%
���"��� v ∈ C∞

c (Ω)

−
∫

Ω

w∆v dx =

∫

Ω

fv dx,

2�7 �@%�� (θw) ∈ H2(Ω) *"� �>787 �:*���� �6� � �,7 2����"�'�(� � �"� θ ∈ C∞
c (Ω) /

��*�)�*KJ � T�8�P!16=>5?/"S´7�U �2145��#U�S
�9U_VLE;ADM6ML[PNedjV6U_CLE�[�] ADM6MLQRU4G&K6HT�cADQSNeAcORNWU_CLC6H�[W[PH#Z�[eA\QSXYERU_[WV4ORNWU_C�f4V ER`4E>OS��a�Hgfl] XYdjVLADORNWU_CLEf4H�(jOSU �_HpE���(}U_NPO

Ω
V6C�U_VL�_H�QRO��FU0QRCLXgGIU0C6C6HI�4H#f4H

RN �>(}U_NPO�V6C6HT«{U0QSG�H f(x)
�FVLC6HT«{U_CFGORNWU_Cf4H

Ω
f6A_CLE

RN � D�[-`³A�f4H�V6��NWCLGIU0C6C}V6HYE Hl[eA��jNPORHpERERH
u
djV6N�HYE,OTV6C6H�«{U0CLGOSNPU0C��0HYGOSU_QSNPHY[P[WH_�HIO�[WAgM6QRHpERERNWU_C

p
djV6NªHpE>O�V6C6H;«{U_CLGIORNWU_C¡ESG�A_[WA_NPQSH_�0��C¡C6U_OSADORNWU_C��0HYGOSU_QSNPHY[P[WH_�0[PHBM6QSU_�6[W��a�H9A_V4�[PNWa�N�OSHYE�G�U_CLERNWf6X�QSX;HpE>O







∇p− µ∆u = f
f6A_CLE

Ω
divu = 0

f6A_CLE
Ω

u = 0
ERV6Q

∂Ω

�^�4� G}�¤�
U�&

µ > 0
HYE,O;[eA\�}NeERG�U0ERN�OSXgf4V �FV6NWf6H_�ª vA�f4HYV4�4NP�Ya�HgXYdjVLADORNWU_C³f6H����6�0G4�p��HpE>OB[WA¡GIU_CjOSQSA_NPCjORHfl] NWCLG�U_a�M6QSHYESE,NW�6NW[PNPORXTf4V �LV6Nef4H_�6OSADCFf4NWE�djV6Hb[eA�M6QRHYa�NP�YQRHBHYE,O�[PHb�6NW[WA_C�f4HYE�«{U0QSG�HYEY�} 'AJG�U_CLf6N��ORNWU_C�ADV4��[PNWa�N�OSHYE�f4HT@;NPQSNeG&K6[PH�O�a�U}f6X�[WNWERHb[�] A_f4KLX�QSH�CLG�Hbf6V �FV6NWf6H#E,V6Q�[WHYE�MFADQSU_NeE��

.¡|+3´m4ycilk!| �Q] \%]
		 �H�M6QSU_�6[W��a�H�f4Hy(jORU �_HYE����6�0G4�p�¡HYE,O�VLC a�U4f4��[WH�tYoK3�~!��o Z§h fl] XYG�U_V4�[PHYa�HYCjO�fl] V6C �LV6Nef4H��}NWESdjV6H�V4�	NWCLGIU0a�M6QRHpERERNW�6[PH¥�{HYC QSX��0NPa�H�E,OSADORNWU_C6CFADNWQRH¤�����C H	C<H�OY��[WHYE¨>�}Q&ADNWHYE>©BXYdjVLADORNWU_CLE;f4V a�U_VL�_H�a�HYC0OBfl] VLC�ORHY[ �LVLNWf4H�E,U0CjO9[PHpE�Xpd0VFAcORNWU_CFE9f4Hg�;A¤�}NPHYQ,�!(jORU �_HpEE>O&AcORNWU_CLCLADNWQRHpEb�{�_U0NPQ�MLA_Q�HI�4H�a�M6[WH9F µ � H{�






(u · ∇)u+∇p− µ∆u = f
fLADCLE

Ω
divu = 0

f6ADCLE
Ω

u = 0
E,VLQ

∂Ω.

�^�4� Gd/0�
 �U_Q&ESd0VLH-[WA��}NPORHpERERH?f4V �FV6NWf6H

u
HpE>Ov«rADNW�6[PH0�Y[WH-OSH�QSa�H2C6U_C6�^[WNPCLXYADNWQSH

(u·∇)u
XIOSA_CjO'djVLA_f4Q&AcOSNWdjV6HH�C

u
f4HY�}NPHYC0O�CLX��_[WNW�_HYA_�6[WH_� �;C�U_�4OSNPHYCjO;AD[WU_Q&E�[PHpE�XYdjVLADORNWU_CLE�f6H�(jORU �_HpE��"D�[�«rADV4O;f6U_CLGTA¤�0U_NWQZ¡[^] HpE,MLQRNPO#d0VLHJ[WH\f4U_a\ADNWC6H�f4H��cAD[WNWf4NPORX\f4H\G�H�a�U4f4�Y[PH�HYE,OT[PNWa�N�OSX\MLADQbGIH�O,ORH\K}`}M<UDORKL�YERH�f4HMFH�ORNPORHT�}N�OSHYESE,H0� •

� £'h}qFy4:[3 | �%] \�] � `>bdcfe
Ω g h b g i8j	k e � b kuh � } b h_h�j�-[jEk �#� g � c jlk m j.}	��q8p-p	j C1 m j RN w `Qb4cfe

f ∈ L2(Ω)N w � �#j - c p e j�g h�j�g h c � gNj p b � g e~cBb h�z rlq c �l� j � u ∈ H1
0 (Ω)N j e p ∈ L2(Ω)/R

m j
z � w�� �u� z~� qs|>kvjup-p cBb h jup e g h c � gNj $�g h�jE} b h�p e qdh e jEq m�m4cfe~c i4j�|�k + p m q4hNp Ω �dw
Y�h+3´q<s'tYn�ycm4nporq<s#]\°§U0V6Q�ORQSU_VL�_H�Q�[eA¥«{U_QSagVL[WADORNWU_C �cADQSNWADORNWU_C6C6HY[P[WH�U_C aJV6[�OSNPML[PNWH G&KLA0d0VLHXYdjVLAcOSNPU0C	f4V E,`4E,OR�Ya�H´�^�4� G}�¤�gMFADQ�V6CLH�«{U_CLGIORNWU_C¥ORHpE>O

vi
�rdjV6NBE�] ADC6C}V6[WH ERV6Q�[WH��FU0QSf

∂ΩMFU0V6Q9M6QSH�CFf4QRHgH�C³G�U_a�M4ORHg[WA�GIU_CFf4N�OSNPU0C ADV4��[WNPa�NPORHYEBf4H�@9NWQRNeG&K6[WHIO��<U_C�NWC0OS���0QRH#MFADQ�MLA_Q,OSNPHHIO?U0C�ERU_a�a�H�M<U_V6Q
i
AD[W[eADCjO?f4H

1
Z
N

�{M<U_V6Q?«rADNWQRH�A_M6MLA_QSA4VWOSQRH�[eATf4NP�0H�QS�_HYCLGIH�f4H�[eAB«{U_CFGORNWU_C
v = (v1, ..., vN )

�
∫

Ω

µ∇u · ∇v dx−
∫

Ω

pdivv dx =

∫

Ω

f · v dx,
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��F � ���"�����	��
�� �+���#
 ���2���#� �	�������%� �n���)� ���	�

A¤�0HYG�[eATC6U_OSAcOSNPU0C ∇u ·∇v =
∑N

i=1∇ui ·∇vi
�}±��LC¡f6H�ORHYC6NWQ�G�U_a�M4ORH;f4H9[eA#GIU0CLf4NPORNWU_C¡f�] NWC4�G�U_a�M6QSHYESE,NW�6NW[PNPORX

divu = 0
�ªU0C³G&K6U_NeERN�OTGIU0a�a�HJHYERMLA_G�HJf4H���NW[P�<H�QROb[PH�E,U0VLE,�^HpE,MLA0GIHgERV6NW�cADCjOf6H

H1
0 (Ω)N

V =
{

v ∈ H1
0 (Ω)N ORH�['d0VLH

divv = 0
M�� Mv�Lf6ADCFE

Ω
}

,
�^�4� Gcµ0�djV6N?HYE,Ob�LNPHYC�VLC�HpE,MFA_GIH\f4H��9NP[W�FHYQ,OgG�U_a�a�H�E,U0VLE,�^HpE,MLA0GIHg«{H�QSa�X�f6H

H1
0 (Ω)N � �;C³OSQRU0V6�_HA_[PU0QSE�[eAJ«{U_QSagV6[eAcOSNPU0C��cADQSNeAcORNWU_CLC6H�[W[PH H

ORQSU_VL�_H�Q
u ∈ V ORHY[vdjV6H ∫

Ω

µ∇u · ∇v dx =

∫

Ω

f · v dx ∀ v ∈ V, ���6�0G'Fj�
fLADCLE2[WA0djV6H�[W[PHB[eA#M6QSHYESE,NWU_C�Agf4NeE,MFADQSVT² �;C��_X�QSNP�LH;A_NWERX�a�H�CjO�d0VLHBG&KLA0djV6H�OSH�QSa�HBf4H����4� G F}��A�LNPHYC�VLC�ERH�CFE�� ?] A_M6M6[WNWGYAcORNWU_C�f4V10�K6X�U0QR�Ya�HBf4HT vAD�j����NW[P�0QSA_a ZJ[eA#«{U0QRaJV6[WADORNWU_C��cA_QRNeAcOSNPU0C6C6H�[W[WH��^�4� G Fj�CLH�MFUjE,H?MLA_E'f4H?M6QSU_�L[P�Ya�H0�I��CJMLADQRORNeGIV6[WNWH�Qp�I[WA9GIU}H�Q&GINW�}N�OSX?f4H�[eA�«{U_QSa�H��6NW[PNWC6XpADNWQRH�HpE>O'X��}NWf6H�CjORHfLADCLE

H1
0 (Ω)N �{�0Q@,0GIH9Zg[�] NWC6X��jAD[WN�OSX;f4H;°!U0NPCFG�ADQSXp�?f4U_CFG9f6A_CLE

V
djV6NFHpE>O�V6C�E,U0VLE>� HYERMLA0GIH�f4H

H1
0 (Ω)N � vH9M<U_NWC0O�[PH9M6[PVFE2f4XY[PNeG�ADO2HpE>O?NeGINªf4H;a�U0CjORQSH�Q?djV6H�[eAgERU_[WV4OSNPU0C\V6C6Ned0VLH;f4Hg�^�4� G F}�§HYE,O2�6NWH�CVLC6H�ERU_[WV4OSNPU0C f4V MLQRU0�6[P�Ya�H�ADV6�´[PNWa�N�OSHYE����6�0G4�p��!�-�4M6[WNWdjV6U0CLE�[WA�f4N�W\G�V6[PORX�H�C¥E,V6MLMFUjERA_C0Oa�¦Ya�H�a�U0a�HYCjOSADCLX�a�H�CjO¡djV6H

u
HpE>O¡QSX��0V6[WNP�YQRH0��GD] HYE,O,��Zc��f4NPQSH�ADM6MLA_Q,OSNPHYCjO¡Z

H2(Ω)N �?°-ADQNWCjORXY�_Q&AcORNWU_C�MLADQ�MFADQRORNWH_�����6�0G'Fj�2NWa�ML[PNedjV6H#djV6H
∫

Ω

(µ∆u+ f) · v dx = 0 ∀ v ∈ V,
a\A_NWE§U0CJC6H�M<H�V6O�MLA_E§HYC�f4Xpf4V6NWQRH�djV6H

(µ∆u+f) = 0
G�A_Q§[�] U_QRORK6U0�_U0CLAD[4f4H

V
f6A_CLE

L2(Ω)NCv] HpE>O9MFA_E��}Nef4H�²L�?C HlCªHIOp�LU_C��0U_NPO�«rA_G�NP[WH�a�H�CjO;djV6HJE,N
φ
HpE>O9VLC6HT«{U_CFGORNWU_C�QSX��0V6[WNP�YQRH0�6AD[WU_Q&E��M<U_VLQ�ORU_V6O

v ∈ V �4U_C�A
∫

Ω

∇φ · v dx = −
∫

Ω

φdivv dx = 0,

G_] HpE>OR� ZD� f6NPQSH�djV6H�[^] U0Q,OSK6U_�0U_CLA_[�f4H
V

GIU_CjOSNPHYC0O�A_Vxa�U_NWCLE�OSU_VLE�[WHYE\�0QSA0f4NWH�CjOSEY�§��C¥«rADNPO�[PH
0�KLX�U_QS��a�H�f4HBf4H�X�KFADa �4� µ6� �bC6U_VFE?f4NPO�djV6H�[^] U_QRORK6U0�_U_CFAD[6f4H

V
GIU�L�CLG�NWf6H�HI�6A_GIORH�a�HYC0O�A¤�_HYG[^] HYERMLA_G�Hbf6HYE��_Q&A_f6NPHYC0O&E��


BQ-,_G�H�A_V 0�K6XYU_QS��a�H�f4H�f4H�X�KLADa �4� µ6� ��C6U0VLE§MFU0V6�_U0CLE§GIU0CLGI[WV6QSH�G�U_a�a�H�ERV6NPOY� �;CJMFUjE,H
L(v) =

∫

Ω

µ∇u · ∇v dx−
∫

Ω

f · v dx,
djV6NvHYE,O9�6NWH�C�V6C6HT«{U0QRa�HT[WNPCLXYADNWQSHbG�U_CjORNWC}V6H#ERV6Q

H1
0 (Ω)N HIO�C}V6[W[PHJE,V6Q

V
�6°-ADQ;GIU_CFE,Xpd0VLH�CjOY�NW[�H��}NeE,ORH

p ∈ L2(Ω)
�6V6C6NedjV6H#Z�V6C6H#G�U_CLE,OSA_C0OSHbM6QR�pE��}OSH�[vdjV6H

L(v) =

∫

Ω

p divv dx ∀ v ∈ H1
0 (Ω)N .

(4N�U_C�MFUjE,H
σ = µ∇u− p Id

d0VLNvADM6MFADQRORNWH�CjO�Z
L2(Ω)N2 �LU_C�A�f6U_CLG

∣

∣

∣

∣

∫

Ω

σ · ∇v dx
∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

f · v dx
∣

∣

∣

∣

≤ C‖v‖L2(Ω),
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�[�0 � 
��	�%���������	��� ��� �.�2��
�� � � � � ���%�	� �#F �
GIH�d0VLN!MLQRU0V6�_H�d0VLH

σ
A_f4a�HIOTV6CLH�f4NW�_HYQR�0H�CLG�H#«rA_NP�6[WH�f6ADCLE

L2(Ω)N �lH�OBU0C�A −divσ = f
�°§A_Q�GIU0CLE,XpdjV6H�CjOY�4U0C�HYC�f4XYf4VLN�O9djV6H

∇p− µ∆u = f
M6QSHYESdjV6HbMLADQRORU0V4O�f6ADCLE

Ω.
���6�0G_�_�

@g] ADV4OSQRHbMLA_Q,Op�6GIU0a�a�H
u ∈ V � divu

HpE>O�C}V6[vf6A_CLE
L2(Ω)

�LGIH#djV6NlNWa�M6[PNedjV6H
divu = 0

MLQRHpERdjV6HbMLA_Q,OSU_V4O�f6A_CLE
Ω.@9HBa�¦�a�H_�4[eAgG�U_CLf4NPORNWU_C�ADV4��[WNWa�NPORHpE�E�] NPCjOSH�QSM6QR��ORH;MLADQ�[PH;ORKLX�U_QS��a�Hbf4H;ORQ&A_GIH;HIO�U_C�U_�4OSNPHYC0Od0VLH

u = 0
M6QSHYESd0VLHBMFADQRORU_V6O�ERV6Q

∂Ω
�

��9U_VLEbXYC6U_C GIU_CFE;a\A_NPCjORHYCLADCjOb[PH�QSXYERV6[POSAcOBORQS�YEbMLQRU_«{U_CLf³HIO#f4N�W\G�NP[WH\djV6N-C6U_VFETA¡M<H�QSa�NWEf4H9QSHIOSQRU0V6�_HYQ-[WAgM6QRHpERERNWU_C\Z#MLA_Q,OSNPQ�f4H9[eAb«{U0QRaJV6[WADORNWU_C\�cADQSNeAcORNWU_CLC6H�[W[PH#�^�4� G F}�-f4V¡ER`4E>OS��a�H;f4H
(jORU �_HYE�U'&�H�[W[PH#A¤�cADNPO9f4NeE,MFADQSVT²N(4A\f4X�a�U0CLE>OSQSADORNWU_C�f4X�MFA_ESE,HBORQS�YE�[WA_QR�0H�a�H�CjO�[PHgGYA_f4QSHTf4H#GIHGIU_VLQSE���E,NW�_CFAD[WU_CLE-djV�] NP[FC�] HYE,O?MLA_E-«rA_GINW[WH�f4H�ORQSU_VL�_H�Q�fLADCLE?[WAb[WN�ORORXYQSADORV6QSH�V6C6H9f6X�a�U_CLE,ORQ&AcOSNPU0C¨>XY[PXYa�HYCjOSADNWQSH©;H�O9ADV4OSUD��GIU_CjOSH�C}V6H � �_U0NPQ�C6XpADC6a�U0NPCLEsF0/'FdH¬�I�
� £'h}qFy4:[3 | �%] \�] � �>w!| w!| .¡£!m�3 "y`>bdcfe

Ω g h b g i8j	k e � b kuh � } b hNh>j -+j"k �#� g � c jlk m j }	��q8p-p	j
C1 m j RN w `>bdcfe L g h>j�r b kut9j.� c h � q c kvj�} b h eKc h_gNjEp-g k H1

0 (Ω)N w %"� b k-p L p�� q4h_hNg ��j�pug k V
p c j e p	j	g ��j	t.j	h e p c�c �$j - c p e j7g h>j�r b h>} e~cBb h p ∈ L2(Ω)

e j	�f��j � gNj
L(v) =

∫

Ω

p divv dx ∀ v ∈ H1
0 (Ω)N .

�^�4� G ¯ �
��j�|�� g+p p jlp e g h c � gNj $�g h>jE} b hNp e q4h e j�q m'm4cfe~c i8j�|>k + p	w
.¡|+3´m4ycilk!| �Q] \%]K^ � °!U0V6Q�(jORU �_HpE!G�U_a�a�H�MFU0V6Q§[PH� vA_M6[eA_GINWH�CJU_VJMFU0V6Q-[�] X�[eA_E,ORNeGINPORX�U0CgM<H�V4OADVLESE,N�f6XI�LC6NWQ�f4HpE�GIU0CLf4NPORNWU_CLE�A_V4�¡[WNPa�NPORHYE9f4HT��H�VLa�A_C6C�djV6NvEY] XpGIQSNP�0H�CjO

µ
∂u

∂n
− pn = g

ERV6Q
∂Ω,

���6�0G'GD�
U�&

g
HYE,O2V6CLH�«{U_CFGORNWU_C��rZ#�cA_[PHYV6QSE?�_HpGORU0QRNWH�[W[WHYE&�-f4H

L2(∂Ω)N �L®2U0a�a�H�M<U_VLQ2[^] XY[WA0E>OSNWG�N�OSX_�j[WAGIU_CFf4N�OSNPU0C�f6Hb�9H�V6a\A_C6C��^�4� G�G_�?EY] NWCjORHYQRM6QS�IOSH;HYC�f6NWESADCjO�d0VLH
g
HpE>O�V6CLH;«{U0QSG�HBA_M6M6[WNWdjV6XYHBERV6Q[PHT�<U_Q&fl� •

.¡|+3´m4ycilk!| �Q] \%]K^_^x°!U0V6Q�[PHTER`4E>OS��a�HTf4H7(jORU �_HYEb�^�4� G}�p�?U_C�AJ[PHpE�a�¦Ya�HYE�QSXYERV6[�O&AcO&E�f6HBQSXI��_V6[eADQSN�OSX�djV6H�M<U_V6Q-[WH� vA_M6[WA0GINWH�CJU_V�[PH�ER`}E,OR�Ya�H�f6H�[^] X�[eA_E,ORNeGINPORX�[PNWC6XpADQSNWERX�Hb�{�0U_NWQ![WH 0�K6X�U0QR�Ya�H�4�0/4�0/ ¯ �I�4°-ADQ9G�U_CjORQSH_�6[WHYE�XYdjVLAcOSNPU0CLE�f4H (jORU �_HYE�X�OSA_C0O;V6C E,`4E,OR�Ya�H#f6H#M6[WVLE,NWH�VLQSE�XpdjVLAcOSNPU0CLE��NP[�Cv] `�A�MFA_ETf4H\M6QSNWCLGINWMFH�f6V�a\AD�}NWagVLa �rG_] HpE>O#[eA�a�¦�a�H�E,NPORVFAcORNWU_C�djV6H\M<U_V6Q#[WH\E,`4E,OR�Ya�Hf4H¡[^] XY[WA0E>OSNWG�N�OSXp�I�'°�K}`4ERNWdjV6HYa�HYCjOY�§Z³G�A_VLERH¡f4H¡[eA³G�U_CLf6N�OSNPU0C fl] NPCLG�U_a�M6QSHYESE,NW�6NW[PNPORX�f4V �LVLNWf4HGIH�[eA�E,HbGIU0a�MLQRHYCLf�OSQR�pE��6NPHYC��4��C�HlCªHIOp�6E,Nl[^] U0C�X�ORVLf6NPHbV6C�XYG�U_V6[WH�a�H�CjO�f4H7(jORU �_HpE2f6A_CLE�V6C6HORV6`0��QSHTM6QRXpE,HYCjOSADCjO�V6C�QSHYESE,HYQRQSH�a�HYC0O#�rU_V�GIU0[e��MLQRU0C6U_CLG�X_�4[WHgf4XY�6N�O;XIOSA_CjO9GIU_CFE>O&ADCjO9f6ADCFE�[WAE,HpGORNWU_Cv�0[eA#�}NPORHYESERH;f4V �LV6Nef4H;HpE>O�C6XpGIHYESESADNWQRHYa�HYCjO?M6[WVLE�X�[WH��_XYH;A_V�C6NW�_HYA_V¡f4HBGIHbGIU_[ªdjV6H;ERV6Q[�] H�CjORQSX�H9U_V�[eA#ERU_QRORNWH9f4H9[eATOSV6`_�YQRHJ�rGIHBdjV6NF�}NWU_[WH�[WH9M6QSNPCFGINWMFHBf4V�a\Ac�4NWagV6a H�C¡[�] AD�LERH�CFGIH9f4H«{U_Q&GIHbHI�}ORXYQRNWH�VLQRH¤�� •
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®2U0a�a�H�MFU0V6Q�[PH�ER`}E,OR�Ya�H�f4H�[^] XY[WA0E>OSNWG�N�OSX�NW[�HI�4NeE>OSH�V6CxM6QSNPCLG�NPM<H�f4H�a�NWC6NWa�NWESAcOSNPU0Cxf4H[^] X�C6HYQR�0NPH\�rf6N�OSH#f4H#w'o�tYtpo{~§m4nporq<s´z�ortpilk!|jk!tp|}��M<U_VLQ�[PHpE�XYdjVLAcOSNPU0CLE�f4H7(jOSU �_HpE��
�;u�|jyc¢_or¢0| �%] \�]B^�� �@� � � V 7 � �#�#< 2'�#� 9��#� ���'2 & <�� 9)� �>� �����6�C� # 9 � � �)% ���>�'�!� ����787 � 9�;��3� � < 2)%
+ ��/ �)-�1!/ �@� � � J(v) 7 � ;)���)% � � � 9�;��3� � � <>�"��% v ∈ V < 2)%

J(v) =
1

2

∫

Ω

µ|∇v|2dx−
∫

Ω

f · v dx. ���6�0G � �
� � � � u ∈ V 7 2 �C�"78��� � �"� ��� � *"� � 9)� 7 2 ���@% & ��7 2�� � ��� � 2)% � 2�� � ����� �>787 � + � / � ��1!/ =�"���(% �>%,*���� u
�����,2�� �6� � 7 � ��� � *���� <>� � ��� 9�� &:� � � & � & 9�� 7 � ;>� �>% � � �&� � � �#�6�"!$#%! 9 � % � *���� J(u) = minv∈V J(v) /
� ;�� � <>% � *"� � & �)����� & �"���(%��)%3*�� �&��� � u ∈ V ��������� <>� � ���59�� & � � � & � & 9)� 7 � ;)���)% � � � J(v) �@2�7 �@%��
u �����47 2 �C�"78��� � �"� ��� � *����:9��=7 2����@% & ��7 2�� � ��� � 2)% � 2�� � ����� �>787 � + � / � ��1#/@BADCLE9[�] HI�4HYQSG�NWG�HbERV6NW�cADCjO�C6U_VFE�AD[W[PU0CLE��_U0NPQ�djV6H#fLADCLE�G�H�QROSA_NPCLE9G�A_E�OSQR�pE�MLA_Q,OSNWG�V6[PNWH�Q&E�[WHYEXpdjVLAcOSNPU0CLE�f4H7(jORU �_HpE�E,HbQSXYf4V6NeERH�CjO�ADV� vA_M6[WA0GINWH�C��
�;u�|jyc¢_or¢0| �%] \�]B^�^ �'������� 9�� �#�!� ��	'�>% � � �#�	����� 9��?�(% �"� � �>%3��� � �6�"78��� � �"�4< 2)%�� � �'��7 � �>% �	9��#��;�*�� 2%!
� � ����� 9����������(����9�2�� �4���=��2�� 2�7 %����(� � 7 � �"� �:9)�:�C���!� � �"� ��� � ���@% & �&� 2�<�<>�>7 ;�� <>% ���37@9�� �"� � �6�>� � 787 ��/
� � � � Ω = ω × (0, L) ��� L > 0 �#�6� 7 2 7 �"� �"� �>��% 9��=�#2��'2�7 �!� ω �C2=�6���!� � �"� �3���=�"� � �>%����>�@% ��;
�#�"����� 	 � %�; �"��7 � �>%�9�� RN−1 / �"�"��% x ∈ Ω � ��� ���)��� x = (x′, xN ) 2 � ��� 0 < xN < L �!�
x′ ∈ ω / � � �#�"� � � 9 �>% �=7 � <>% ����7 � & � 2��
	 7 � & � ����� �#� � � 2����























∇p− µ∆u = 0 9�2�� � Ω
divu = 0 9�2�� � Ω
u = 0 �!��% ∂ω × (0, L)
pn− µ ∂u

∂n = p0n �!��% ω × {0}
pn− µ ∂u

∂n = pLn �!��% ω × {L}

�^�4� G��0�

��� p0 �!� pL �6�����59��>�
	 <>% �#�C� � �"� �	�#�"� ���62������#��/ =�"���(%��)% *"� � 7 2��6�"78��� � �"� ��� � *���� 9)� + ��/ ����1?�#�6�
p(x) = p0 + xN

L (pL−p0) ���!� u = (0, ..., 0, uN) ��� uN �#����7 2 �6��78��� � ���,9"� �>2�<�7 2'� � �>�,�#� � � 2����
{

−µ∆′uN = − (pL−p0)
L

9�2���� ω
uN = 0 �!��% ∂ω

��� ∆′ �#�6�,7 ���>2�<�7 2'� � �>��9�2���� 7 2 � 2)% � 2 ��7 � x′ ∈ RN−1 /
�;u�|jyc¢_or¢0| �%] \�]B^&�  ;>� ;>% 2�7 � �6�)%�7 � � 	 �)% � � �!� ��/ -�/���� 2�� �#2 � 9��#� ;�*��'2�� � �"� � 9�� ��2 �>� �)% ! �������(���
+ ��/ �)0�1!/
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@BADCFEBG�H�G&KFADM6NPORQSHJCLU_VLE;M6QSXYERH�CjORU0CLE9[eA�a�X�ORK6U4f4H�f4HpEBh}��h[3 |jsªnpt�Z§s'o�tJdjV6N§HpE>Ob[WA�a�XI�ORK6U4f4H\C}V6a�X�QSNed0VLH�f6H\QRX�«{X�QSH�CLG�HJM<U_V6Qg[PH\G�A_[WG�V6[?f4HpETE,U0[PV6ORNWU_CLETf4H\MLQRU0�6[P�Ya�HYEbADV4��[PNWa�N�OSHYEH�[W[PNWM4ORNedjV6HYEY��a\ADNeE#A_VLERERN-MLA_QSA_�FU0[PNedjV6HYEBU_V�K}`}MFHYQR�<U_[WNed0VLHYETGIU0a�a�H\CLU_VLEb[WH\�_HYQRQSU_CLEBMLA_QT[WAE,V6NPORH0�l �H�M6QRNWCLG�NPM<H�f6H�G�HIORORH�a�X�ORK6U4f4H�HYE,OTf4NPQSHYGIORHYa�HYCjOBNeERERV�f6H�� Pm4~!~'ycq�¢¤£!|�z6m4ycorm4nporq<s%=s'|}�r��|\djV6HTC6U_VFE�A¤�_U_CFE2X�ORVLf6NPXYHBHYC�f4XIO&ADNW[vf6ADCFE�[PHpE�G&KLADM6NPORQSHYE�MLQRXpGIXYf6H�CjOSEY� ?] Nef4XYH�f4H��LA0E,H�f4H�[WA9a�X�ORK6U4f4H�f4HpE!X�[WX�a�H�CjOSEv�LC6NeE!HYE,O§f6H�QSH�a�M6[eA_G�H�Q'[�] HYERMLA_G�H2f4H ��NW[W�FHYQ,O
V
E,VLQv[WHYdjV6H�[0HYE,OvM<U0ERX�H�[eA�«{U_QSagV6[eAcOSNPU0Cb�¤A_QRNeAcOSNPU0C6C6HY[P[WH-MLADQ'V6C#ERU_VLE,�^HpE,MFA_GIH

Vh
f6H?f4NWa�HYCLERNPU0C�LC6NWH_�� �H�M6QSU_�6[W��a�H�¨,A_M6M6QSU}G&KLX© MFUjE,X�ERV6Q

Vh
ERH�Q&ADa���CLH�Zx[WAxE,NWa�M6[PH�QSXYERU_[WV4ORNWU_C f�] V6CE,`4E,OR��a�H�[WNPC6XpADNWQRH0�lf4U_CjOT[WA�a\AcOSQRNeGIH�HYE,O#ADM6M<H�[WX�H93´m6n�ycor¢0|�w!|�ycoBA<orw!o{nph<�<°-A_QbA_NP[W[WH�V6Q&E��ªU0CMFHYV4O�G&K6U_NeE,NWQg[WH�a�U4f4H�f4H�GIU_CFE>OSQRVLGIORNWU_C f6H

Vh
f4H�a\A_C6NP�YQRH�Z�G�H�djV6H�[PH�ERU_VLE,�^HpE,MFA_GIH

VhE,U0N�OBV6C6Hg�<U_CLC6H�A_M6M6QSU¤�4NPa\AcOSNPU0C�f4H
V
HIOTd0VLHg[eA¡ERU_[WV4ORNWU_C

uh
fLADCLE

Vh
f4HJ[WA�«{U_QSagV6[eAcOSNPU0C�¤A_QRNeAcOSNPU0C6C6HY[P[WHBERU_NPO � ~'ycq�¢¤£!| ��f4Hb[WA\ERU_[WV4ORNWU_C�HI�6A0GORH

u
f6A_CLE

V
�

�9NWE,ORU0QRNedjV6H�a�HYC0Op�l[PHpEbM6QSH�a�NP�YQRHpEBM6QRXYa�NWG�HYETf4H�[eA�a�X�ORK6U4f4H�f4HpEbX�[WX�a�H�CjO&EB�LC6NeEbU_CjOTXIORXM6QRU0MFUjE,XYHYE;MLADQb[WH�a�ADORK6XYa\AcORNeGINWH�C X�NeG&KLADQ&f�®2U0V6Q&ADCjO���ERA_CLEBV4ORNW[WNWERH�Q#G�HIO,OSH\f4X�C6U0a�NPCLADORNWU_CF�f6ADCLE�[PHpE�ADC6CLX�HYE � �>F E �-a\ADNeE�G�H³E,U0CjO�[PHpE\a�XYG�A_C6NeGINWH�CLE�djV6N;U_CjO¡f4XY�_H�[WU_MLMFX0��MFU0M6V6[eADQSNWERX_�HIOJf4XYa�U_CjORQSX�[�] HlW�G�A0GINPORX¡f6H�GIHIORORH�a�X�ORK6U4f4H¡fLADCLET[WHYEgADC6C6XYHYE\� �0� E �&� � ¯�E �{HYC�M6[WVLE#f4H�[WV6Nf4U_C6CLH�Q�E,U0C¡C6U0a A_GOSV6H�[¬��4±9M6QR�pE2G�HYE�M6QSH�a�NWH�Q&E2ERVLG�G��YE2M6Q&AcORNedjV6HYEY�}[PHpE?a\ADORK6XYa�ADORNeGINWH�CLE�U0C0OAD[WU_Q&E2G�U_CLERNWf6X�Q&AD�6[WH�a�H�CjO�f4X��0H�[WU_M6M<Xb[PHpE?«{U0CLf6ADORNWU_CLE2ORKLX�U_QSNed0VLHYE�f4Hb[WAJa�XIOSK6U4f4HbHIO�M6QSU_M<U0ERXf4HYE§ADa�XY[PNWU_Q&AcOSNPU0CLE'ERNW�_C6NP�FG�ADORNW�_HpE��D®;] HpE>O-HYCgOSU_V4O�G�A0E!V6CJ�<H�[4H��4H�a�M6[WH�f6H�G�UjU0MFXYQSADORNWU_CJNPCjORHYQ,�f4NWESGINWM6[WNPCFADNWQRH�U'&\[PHpE�HlCªU_QROSE?GIU_C>A>V6�_V6XpE?f4HpE�a�XYGYADC6NeGINWH�CFE-HIO�f4HYE?a�ADORK6XYa\AcORNeGINWH�CFE�ADM6ML[PNedjV6XYEU_CjO?«rA_N�O�«rADNWQRHbf4HpE?M6QSU_�0QR�pE�NWa�a�HYCLERHYE�Zg[eAgERNPaJV6[eAcORNWU_C¡CjVLa�XYQRNedjV6H��rESADCLE2C6X��0[PNW�_HYQ?C6U0C¡M6[WVLE[PHpE�A¤�¤A_CLGIXYHYE�H�CFGIU_QSHbM6[WVLE�ERMFHpGOSA0GIV6[eADNWQSHYE�f4Hb[WA�MLV6NWESESADCLG�HBf4HpE�U_Q&f4NWCLAcOSH�V6Q&E&��
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 vH9M6[eADC�f4HBGIH9G&KFADM6NPORQSH�HYE,O2[WH9ERV6NP�cA_C0Op�0@BADCLE2[eA#E,VLN�OSH9f4H;G�HIORORH;ERHYGIORNWU_C\C6U0VLE�f4X�OSA_NP[W[PU0CLE[WHbM6QSU}G�HYESE,VFE�w�Pm6~'~!ycq}u�oB3´m4nporq<s z6m6y¤o�m4nYo�qFs!s!|j���r|�o�sªnY|jycs'|<�6 vA9(}HpGOSNPU0C ¯ � /JM6QSXYERH�CjORHB[WHYEXY[PXYa�H�CjOSE§�FC6NWE�H�C�V6C6H�f4NWa�H�CLERNWU_C�fl] HpE,MFA_GIH�U'&��DESADCLE!OSQSA_K6NPQ-[WHYE�NWf4XYHYE-�0X�C6XYQSA_[PHpE!�¤A_[WA_�6[WHYE§H�Cf6NPa�H�CFE,NWU_CLE'E,VLMFXYQRNWH�V6QSHYEY��[WHYE'A_ERMFHpGO&ElORHpG&K6C6NedjV6HYE'E,U0C0O'C6HIORORH�a�HYC0O!M6[WVLE'ERNWa�ML[PHpE����;Cgf4NeERG�V4ORHf6HYEBA_ERMFHpGOSE9M6Q&AcORNedjV6HYE��rA0ERERH�aJ�6[eAD�_H#f6Hg[eA�a\AcOSQRNeGIHgf6HgQSNP�0NWf4NPORX0�L«{U0QRaJV6[WHYE9f6HJdjVLA_f6QSADORV6QSH_�H�OSG_� �BADV6OSADCjOTdjV6HgOSK6X�U0QRNedjV6HYE��rG�U_C}�_HYQR�0H�CLG�Hgf4H�[eA¡a�XIOSK6U4f4H_�ªNWCjORH�QSM<U_[eAcORNWU_C�HIObHYE,ORNWa\AcORNWU_Cf�] HYQRQSH�V6Q��6 'A9(}HYGIORNWU_C ¯ � µJHpE>O�f4Xpf4NWX�H#ADV6�¡X�[WX�a�H�CjO&E��LC6NeE�H�C�f4NWa�H�CLERNPU0C�ERV6M<X�QSNPHYV6QSH��
N ≥

2
����;CBNWCjORQSU4f4V6NPOv[PHpE�C6U_ORNWU_CLEvf4H#3´m6o��r��m�AF|T�{ORQSNWA_C6�_VL[WA_NPQSH§U_VTdjVLA_f4Q&ADCL�_V6[eADNWQRH¤�FHIO'f4H2w'|+AFy¤h}tw!| ��o �?|jy¤nYh�djV6N�M<H�QSa�H�O,OSH�CjOJf4H¡G�U_CLE,ORQSV6NWQRH�M6[WVLERNPHYV6Q&Eb«rADa�NW[P[WHYEJf4H\a�XIORKLU}f6HYEgf�] XY[PXYa�HYCjOSE�FC6NWEY� �;C\QSH�MLQRHYCLf\AD[WU_Q&E§[PHpE?A0E,M<HYGIOSE�MLQSADORNed0VLHYE�H�O�ORKLX�U_QSNed0VLHYE�f4X6A,ZTX��FADVLG&K6XpE�HYC�f4NPa�HYCLE,NWU_C
N = 1

�
0'H�QSa�NPC6U0CLE\GIH�O,OSH�NPCjORQSU4f4VLGIORNWU_C¥H�C	f4NeERA_C0O�djV�] H�C M6[WVLE�f4HpE�a�XIORKLU}f6HYE�f4H�f4N�CªX�QSH�CLG�HYE�FC6NPHpE\HIO¡f�] XY[PXYa�HYCjOSE��LCLNWEY�?djV6N9ERU_CjO�[WHYE�ERH�V6[WHYE�H��4MFUjE,XYHYE\f6A_CLE�GIH G�U_V6Q&EY�-NP[�H��4NWE,ORH��6NWH�Cf�] A_V4ORQSHYE�a�XIOSK6U4f4HYE�CjVLa�XYQRNedjV6HYE�f6HTQRXpE,U0[PV4OSNPU0C�f�] Xpd0VFAcORNWU_CFE�ADV4��f6X�QSNP�0X�HYE�MFADQRORNWH�[W[PHpE�GIU_a��a�H�[WHYE§a�XIOSK6U4f4HYE�f6H��0U_[WV6a�HYE'�LC6NeEY�_fl] X�[WX�a�H�CjOSE!�FC6NWE?f4H�«{QRU0C0OSNP�YQRHb�{U0VJa�X�ORK6U4f4H�NWCjORX��0QSA_[PH¤��ERM<HYGOSQSA_[PH0�Ff4H �6U0V6QRNWH�Qp�LH�OSG_�!�r�_U_NWQ9[WHYE;H�CFGI`4GI[WU_M<XYf4NWHYEEFP�0�uH �$FW�8GIH{��ª°§U_VLQ9M6[WVLEBf4HJf4X�OSA_NP[eE9ERV6Q[eATa�XIOSK6U4f4H9f4HpE�XY[PXYa�HYCjOSE§�LCLNWE?C6U_VLE?QRHYC}�_Uc`_U0CLE§Z.F F�H^�_FP� E H �NF0/4�uH �NF0/'F4H �NF µ>FdH^��F µj� H!�r�_U0NPQ?A_VLESE,N

FW�p�8H^�%FW� ¯ H^�%F µ6�lH�MFU0V6Q9f4HpE�A_ERMFHpGOSE�MLQSADORNed0VLHYE�f4HbM6QSU_�0QSA_a�a\ADORNWU_C¡NWC4«{U0QRa\AcOSNWdjV6H¤��
��*,+-*KJ � ,;365���=vM P!16=>52/ =R/?1 U�3F/�U�� �v/ ��3NP�ORU

�9U_VLE�GIU0CLERNWf4XYQRU0CLE?ZgC6U_VL�_HYA_V\[PHbG�A0f4QSH9�_XYC6X�Q&AD[<f4V�«{U0QRa\A_[PNeE,a�H��cA_QRNeAcOSNPU0C6C6H�[<NWC0OSQRU4f4VLN�OA_Vx®2KLADMLN�OSQRH¡µL� � OSADCjO�f4U_C6CLX�V6C´HpE,MLA0GIH¡f6H ��NW[W�FHYQ,O
V
�!V6C6H\«{U0QRa�H��6NW[WNPC6XpADNWQRH�GIU_CjOSNPC}V6HH�OgGIU}H�Q&GINW�_H

a(u, v)
�lHIO#VLC6H�«{U_QSa�H�[WNWC6XYA_NPQSH\GIU_CjOSNPC}V6H

L(v)
��U0C�GIU_CFE,Nef4��QSH�[WA�«{U_QSagVL[WADORNWU_C�cA_QRNeAcOSNPU0C6C6H�[W[WH=H

ORQSU_VL�_H�Q
u ∈ V ORHY[vdjV6H

a(u, v) = L(v) ∀ v ∈ V, � ¯ �W�p�
f6U_CjO-U_CJESADNPO�djV�] HY[P[WH�A_f4a�HIO-V6CLH�VLC6NWdjV6H�ERU_[WV4ORNWU_C�MLA_Q![WH 0�K6X�U0QR�Ya�H�µL� µL�P��f4H� vAc�}����NW[P�0QSA_a��
;	Pm4~!~!y¤q}u�oK3´m4nporq<s o�sªnY|jycs'|�f4H�� ¯ �W�p�;GIU_CFE,NeE>OSH�Z¡QRHYa�M6[WA0GIHYQ;[^] HpE,MFA_GIH�f4H���NW[P�<H�QRO

V
MLADQVLC�ERU_VFE>� HYERMLA_G�H;f4H#f6NPa�H�CFE,NWU_C��LC6NWH

Vh
�6G_] HpE>OR� ZD� f4NWQSHBZ�G&K6HYQSG&K6HYQ�[WA\ERU_[WV4ORNWU_C�f4H H

OSQRU0V6�_HYQ
uh ∈ Vh

ORH�['d0VLH
a(uh, vh) = L(vh) ∀ vh ∈ Vh.

� ¯ �0/_�
 'A�QRXpE,U0[PV4OSNPU0C�f4H\[^] ADM6M6QSU¤�4NPa\ADORNWU_C NWCjORH�QSC6H � ¯ �0/_�;HYE,Ob«rA_GINW[WH�GIU_a�a�H�[PH�a�U_CjOSQRH�[WH\[PHYa�a�HERV6NW�cADCjOY�
;2|+3 3´| 	%]K^_]K^a`>bdcfe

V g h jup~|Nq�}-j m j � c ���-j	k e k � j	� o j e Vh g h�p b g+p � jup~|Nq�}-j m j m4c t9jlhNp cBb h' h c j w `>bdcfe a(u, v) g h>j�r b kut9j.� c � c h � q c kvj9} b h e~c hNgNjEj e } b j	kv} c i4j7p-g k V o j e L(v) g h>j�r b kut.j
� c h � q c kvj�} b h e~c hNgNj)pug k V w %"� b k-p6�v� q@|�|>k b - c t9q e~cBb h c h e jlkuh>j�z ��w-,l� q m t.j e g h�j�g h c � gNj6p b �
�Dg eKcBb h�w � q4k�q c �f��jlg k-p)}-j eKe j p b � g e~cBb h |�j	g e p�� b � e jlh c k9j	h k � p b � i4q4h e g h p � p e + t9j.� c h � q c kvj m j
t9q e k c }-j m'� ' h c j�| b p cfeKc i4j6z j e p � t �	e k c � gNj p c a(u, v) jlp e p � t �	e k c � gNj!��w
Y�h+3´q<s'tYn�ycm4nporq<s#]� �] HI�4NWE,ORHYCLGIH\H�O#[�] V6C6NeGINPORX�f6H

uh ∈ Vh
�vE,U0[PV6ORNWU_C�f4H � ¯ � /0���f4XpGIU_VL[PH�f4V

0�KLX�U_QS��a�H�µ6� µ6�W��f4H� vAD�j����NW[P�0QSA_a A_M6M6[WNWdjV6X�Z
Vh
�§°!U0V6Q�a�HIO,OSQRH�[WH�M6QSU_�L[P�Ya�H�E,U0VLE�V6C6H
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 � ���!� �����	��� � ��
��!�����	���"���#�$�%� �p�_µ
«{U_QSa�H�M6[WVLEbE,NWa�M6[WH_�lU_C³NPCjORQSU4f4V6NPOTV6C6H��LA_ERH

(φj)1≤j≤Nh

f4H
Vh
�%(}N

uh =
∑Nh

j=1 ujφj
�ªU0CMFUjE,H

Uh = (u1, ..., uNh
)
[PH��0HYGIORH�VLQ�f6ADCLE

RNh
f4HpE-GIU}U_Q&f4U0C6C6X�HpE-f4H

uh
�_ vH�M6QRU0�6[W��a�HT� ¯ �0/_�HYE,O�XYdjV6NW�¤A_[PHYCjO�ZIH

OSQRU0V6�_HYQ
Uh ∈ RNh

OSH�[vdjV6H
a





Nh
∑

j=1

ujφj , φi



 = L(φi) ∀ 1 ≤ i ≤ Nh,

GIHTdjV6NvEY] XpGIQSN�O�ERU_VLE�[eAJ«{U_QSa�HTfl] V6C�ER`}E,OR�Ya�HB[WNWC6XYA_NPQSH
KhUh = bh,

� ¯ � µ0�
A¤�_HYG_�}MFU0V6Q

1 ≤ i, j ≤ Nh
�
(Kh)ij = a(φj , φi), (bh)i = L(φi). vA G�UjHYQSG�NP�}NPORX�f4H¡[eA�«{U0QRa�H��6NW[WNPC6XpADNWQRH

a(u, v)
H�CjORQ&A8V¬C6H�[WH�GYADQ&A_GIOR��QSH�f4X��LC6N�MFUjE,NPORNP«9f4H�[WAa�ADORQSNWG�H Kh

�6HIO9f6U_CLGbERU_C�NPC}�_HYQSERNW�6NP[WNPORX_�4�?C�H	C<H�OY�6M<U_VLQ�ORU_V6O��_HYGIORHYV6Q
Uh ∈ RNh

�6U0C�A

KhUh · Uh ≥ ν

∥

∥

∥

∥

∥

∥

Nh
∑

j=1

ujφj

∥

∥

∥

∥

∥

∥

2

≥ C|Uh|2
A¤�_HpG

C > 0,

G�ADQ�ORU0V4ORHpE¡[WHYE�C6U0QRa�HpE�ERU_CjO�XpdjV6NP�cA_[PHYC0OSHYE�H�C f4NPa�HYCLE,NWU_C �LC6NWH¥� | · | f4XYERNP�0C6H³[eAxC6U_QSa�HH�VLG�[PNef4NWH�C6C6H�f6A_CLE
RNh

��l@9H�a�¦�a�H_�ª[eA�ER`}a�XIORQSNWHJf4H
a(u, v)

NWa�ML[PNedjV6H�G�H�[W[PH�f4H Kh
�l@BADCLE[PHpE�ADM6M6[WNeG�AcOSNPU0CLE�a�XYGYADC6NedjV6HYE�[eA�a�ADORQSNWG�H Kh

HpE>O�A_M6MFHY[PXYH73´m4nYy¤o�¢_|�w!|�ycoBA<orw!o{nYh<�
�

�9U_VLE;AD[W[PU0CLE�a\ADNWCjORH�CFADCjO9GIU0a�MFADQSH�Q�[�] H�QSQSH�V6Q�G�U_a�a�NWERHTH�C�QSH�a�M6[eA)GYADCjO�[�] HYERMLA_G�H
V
MLADQE,U0C³E,U0VLE,�^HpE,MLA0GIH

Vh
�ª°�[WVLEBM6QSXYG�NWERX�a�H�CjOp�LC6U0VLE;A_[P[WU_CFE9a\A'A>U0QRHYQ�[eA¡f4N�C<XYQRHYCLGIH ‖u− uh‖

U'&
u
HpE>Ob[WA�E,U0[PV6ORNWU_C³f6A_CLE

V
f4H�� ¯ �P�¤��HIO

uh
G�H�[W[PH�f6ADCFE

Vh
f4H�� ¯ �0/_��ª°�QSXYG�NWERU_CFE9ADVLMLADQ&A¤�cADCjOd0VLH�[ed0VLHYE�CLUDOSADORNWU_CLE HFU0C�C6UDOSH

ν > 0
[eA�GIU0CLE>O&ADCjORHJf4HJG�UjHYQSG�NP�}NPORX#H�O

M > 0
[eA¡G�U_CLE,OSA_CjORHf4H#GIU0C0OSNPC}V6NPORXTf4HT[eAJ«{U_QSa�HB�LNP[WNPCLXYADNWQSH

a(u, v)
djV6Nl�_XYQRNP�LHYC0O

a(u, u) ≥ ν‖u‖2 ∀u ∈ V,
|a(u, v)| ≤M‖u‖ ‖v‖ ∀u, v ∈ V �H�[WH�a�a�H9ERV6NP�cA_C0Op�_f4��Z �0HYA_C¡®2XYA6�_a�U0CjORQSH�d0VLH�[WATf6NWE,OSA_CLGIH�HYC0OSQRH9[WATERU_[WV4ORNWU_C�H��4A0GOSH

u
HIO[WA#ERU_[WV4OSNPU0C�ADM6M6QSU4G&K6X�H

uh
HpE>O�a\A'A>U_QSX�H�k!s'oK1 qLy43´h+3´|}sªnB~!m4y�ycm4~!~?qLy¤n#m6kxtYq<k!tl=&|jtY~§m6¢_|

Vh
MFADQ�[eA�f6NWE,OSA_CLGIHbH�CjOSQRH

u
H�O
Vh
�

;?|+3 3´| 	%]K^_] � �,w'| � h}m " x�h p	j2|�� q�}-jsp b g+ps��jlp ��� | bde � + p	jlp m g � j	t�t9j ��w���w���w `>bdcfe u ��q
p b � g e~cBb h m j�z ��w��-�6j e uh }-j	�f��j m j6z ��w-,l��w�x�h�q

‖u− uh‖ ≤
M

ν
inf

vh∈Vh

‖u− vh‖.
� ¯ � Fj�
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�¤�'F ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

Y�h+3´q<s'tYn�ycm4nporq<s#]J°�V6NeERdjV6H
Vh ⊂ V

��U_C f6XYf4V6NPOY��MFADQ�E,U0VLE>OSQSA0GOSNPU0C f4HYE¡«{U_QSagV6[eAcOSNPU0CLE�cA_QRNeAcOSNPU0C6C6H�[W[WHYEb� ¯ �P�¤�?H�Og� ¯ � /0��LdjV6H
a(u− uh, wh) = 0 ∀wh ∈ Vh.�?C�G&KLU_NeE,NeERESADCjO

wh = uh − vh
U_C�U_�6ORNWH�CjO

ν‖u− uh‖2 ≤ a(u− uh, u− uh) = a(u− uh, u− vh) ≤M‖u− uh‖‖u− vh‖,f�] U'&�[^] U0C�f4XYf4VLN�Og� ¯ � Fj��
�

�;u�|jyc¢_or¢0| 	�]B^�]B^�� 2���� 7 � �#2'9�% � 9�� �'� &�& � 9)� � ;�2 ��/���/ 0 � 9); & �"���(% �>%:*"� �&�	� � 7 2 ���@% & �
� � 7 � � ;�2 � % � a(u, v) �#�6� � � & ;#�(% � *�� �&� 2�7 �@% � ��� 2 & ;>7 � �@% � + � / �@15�)�

‖u− uh‖ ≤
√

M

ν
inf

vh∈Vh

‖u− vh‖.

� �'9 � ��2�� � �"� � �"� ��� � 7 � �6�)% 2 7 � � 2 � � *���� 7 2 �6�"78��� � �"� uh 9)� + ��/ 0�1,%�;�2�7 � �6�:2�� �6� � 7 � & � � � & � & 9 � �����
;)���)% � � ��/

�!NWCLAD[WH�a�H�CjOp�_M<U_V6Q?f6X�a�U_CjORQSH�Q-[eAbGIU0Cj�0H�QS�_HYCLGIH�f4H�GIH�O,OSH9ADM6MLQRU¤�4NWa�ADORNWU_CJ�¤A_QRNeAcOSNPU0C6C6HY[P[WH_�CLU_VLE�f4U0C6C6U0CLE�V6C�f4H�QSC6NWH�Q�[WH�a�a�HT�_XYC6X�Q&AD[^� X�ADM6M<H�[WU_CFE�d0VLH#f6ADCLE�[eA�C6UDO&AcOSNPU0C
Vh

[WHTMLADQ&Ac�a���ORQSH
h > 0

C�] A�MLA_EBHYCLGIU0QRH�f4H\E,NW�_CLN��FGYAcOSNPU0C³M6Q&AcOSNWdjV6H0�ª�9XYA_C6a�U_NWCLE��ªC6U0VLEbE,VLM6MFUjE,HYQRU0CLEdjV6H�G_] HpE>O�f6ADCLE#[WA�[WNPa�NPORH
h → 0

d0VLH\[�] ADM6MLQRU¤�4NWa�ADORNWU_C�NPCjORHYQRCLH³� ¯ � /0��¨,G�U_C}�_HYQR�0H©g�_HYQSEb[eA«{U0QRaJV6[eAcORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH\� ¯ �P�¤��
;2|+3 3´| 	%]K^_] \ x�h p	j |�� q�}-j p b g+p���jlp ��� | bde � + p	jlp m g � j	t�t9j �dw��'w���w.x�h pug |�| b p	j � g�� c �
j�- c p e j�g h p b g+p � jlpK|Nq�}-j V ⊂ V

m j	h�p	j m qdh�p V j e g h�jyq-|�|>� c }-q e~cBb h rh
m j V m qdh�p Vhz!q-|�|Njl� � j qF~?hjy¤m6nY|}kvy�w�WorsªnY|jy¤~?q<�rm4nporq<s � e j	�0p � gNj

lim
h→0
‖v − rh(v)‖ = 0 ∀ v ∈ V . � ¯ � �0�

%"� b k-p ��q9t �	e � bIm j m � q@|'|�k b - c t9q e~cBb h i4q4k c q eKcBb hNh�j	�f��j c h e j	kuh�j�} b hNi4jlk � j o }_� jup e � $ � m4c k@j � gNj
lim
h→0
‖u− uh‖ = 0.

� ¯ � ¯ �
Y�h+3´q<s'tYn�ycm4nporq<s#]#(}U0N�O

ε > 0
�ª°-ADQbf4H�CLERNPORXJf6H V �ªNP[!HI�4NeE>OSH v ∈ V ORH�[-djV6H ‖u− v‖ ≤ ε

�°-A_Q�ADNW[P[WH�V6Q&EY�jNW[lHI�4NeE>OSHTV6C
h0 > 0

��f4X�M<H�CFf6ADCjO9f4H
ε
�2ORHY[�d0VLH_�4M<U_V6Q�G�HIO�X�[WX�a�HYC0O

v ∈ V �4U_CA
‖v − rh(v)‖ ≤ ε ∀h ≤ h0.�?C��0H�QRORV�f4V� �HYa�a�H ¯ �P�0� /6�jU0C�A

‖u− uh‖ ≤ C‖u− rh(v)‖ ≤ C (‖u− v‖+ ‖v − rh(v)‖) ≤ 2Cε,f�] U'&�[^] U0C�f4XYf4VLN�O�[WHTQRXpE,VL[�O&AcOY�
�
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�[����� �����#
 � ���!� �����	��� � ��
��!�����	���"���#�$�%� �p�0�
 'AgE,ORQ&AcOSX��_NWH�NWCLf4NedjV6X�H;MLADQ2[PHpE2 vH�a�a�HYE ¯ �P�0�P�0� ¯ �P�0� /bH�O ¯ �P�0� µTG�N���f4HYESERVLE�HpE>O�a�A_NPCjOSH�CLA_C0OGI[eADNWQRH0� �9q<k'y�q��!nY|}s'ory�k!s!|�m4~!~!y¤q}u�oK3´m4nporq<s´slk$3 h0yco�ilk'|�w'|��rm�tpqF��kvnporq<s´|ju�m6¢Dnp|�w'k~'ycq��!�K:[3 | z6m4ycorm6nYorq<s!s'|}� � 	%]K^ "��?or��1 m6k'n�o�sªn�ycq�w!k'oryc|�k!s |jtY~§m6¢_|

Vh
w!|�w'oK3´|}s'tporq<s

Z!s!or|¥~§k'o�t�ych}tpqFk!wvyc| k!s tpoB3´~!��|xtY��t�n :+3´|x��ors!h}m6o{yc|¥m6tYtpq�¢0orh � � Pm4~!~!y¤q}u�oK3´m4nporq<sz6m4ycorm4nporq<s's!|}�r�r|�orsªnp|jy¤s!| � 	�]�� "¤�<��XYA_C6a�U_NWCLEY�F[WHJG&K6U0N�� f4H
Vh

C�] HYE,ObMLA_E;X��}Nef4H�CjOY� D�[!«rADV4Od0Vv] NW[�QSHYERMFHpGORHTf4HYV4��G�QRNPOR�YQRHpE H�_��U0C�f6U_NPO;M<U_V6�0U_NWQ9GIU0CLE>OSQRVLNPQSHTV6C�U_M<X�Q&AcOSH�V6Q;fl] NWCjORHYQRM<U_[eAcOSNPU0C
rh

f4H V fLADCLE
Vh

ERADORNeE>�«rA_NWESADCjOT� ¯ ���_�b�rU�&�O>`}M6NWdjV6HYa�H�CjO V HYE,O�V6C�HYERMLA_G�HBf6Hb«{U_CLGIORNWU_CLE�QSX��0V6[PNW��QSHYE&��
/4��NW[�«rADV4O\djV6H�[eA QSXYERU_[WV4OSNPU0C f4VxER`4E>OS��a�H¡[WNWC6XYA_NPQSH KhUh = bh

ERU_NPO�XpGIU_CLU_a�NWdjV6H��{HYCM6Q&AcOSNWdjV6HbGIHpE�ER`}E,OR�Ya�HYE�[WNPC6XpADNWQRHpE�E,U0C0O�f4HbOSQR�pE��_Q&ADCLf6HYE2OSA_NP[W[PHpES�I� vA�a�XIORKLU}f6H�f4HYEbXY[PXYa�HYCjOSEB�LC6NeE#G�U_CLERNWE,ORH�M6QSXYG�NWERX�a�H�CjO#Z�«{U_V6QSC6NWQ#f4H�ORHY[WE9¨,�<U_CLE>©JHYERMLA0GIHYE
Vh
�<±'�cADCjO;fl] H�CjOSQRHYQ;f6A_CLE�[WHYE;f4XIO&ADNW[WEY�Ff4NeERU_CLE;d0VLH�[ed0VLHYE�a�U_OSE9f6H#[WA¡a�XIORKLU}f6Hgf4H 
bA_[PHYQ �}NWCd0VLN�QRHYCjORQSHBA_VLERERN�f6A_CLE�GIH#GYA_f4QSH_�

��*,+-*�) � �l1	�95�7�U 7�U � P�ORU�3 ��=,/
 'A³a�X�ORK6U4f4H�f4H 
bAD[WH�Q �}NPC A�XIOSX�VLC M6QSXYG�V6QSERH�VLQ�f4H�[eA³a�XIOSK6U4f4H�f4HYE�X�[WX�a�HYC0O&EJ�LC6NeE��

*2NWH�C�djV�] HY[P[WH�C�] A¡MLA0Ebfl] NWCjORXYQR¦�OBC}V6a�X�QSNed0VLHJHYC��0X�C6XYQSA_[��<H�[W[PH�HYE,OBORQS�YEBV4ORNW[WH�f�] V6C�M<U_NWC0O#f4H�jVLH�ORK6XYU_QSNWdjV6HT�{CLUDOSA_a�a�HYCjO?MFU0V6Q�[^] X�ORVLf6H�f4HYE-MLQRU0�6[P�Ya�HYE-C6U0C4� [PNWC6XYA_NPQSHYE&��¤��[W[WH�QRHYCjORQSH�fLADCLE[PH#GYA_f4QSHBf6HT[�] ADM6MLQRU¤�4NWa�ADORNWU_C��cA_QRNeAcOSNPU0C6C6H�[W[WHBNWCjORHYQRC6HTf4XpGIQSN�O�G�N���f4HYESERVLE��
�;C�ERV6M6M<U0ERH�djV6H�[^] HpE,MFA_GIH�f4H ��NW[W�FHYQ,O

V
HYE,O�E,XYMLADQ&AD�L[PH�f4H�f4NWa�HYCLERNPU0CJNWC4�LC6NWH_�DG�H�d0VLN4H�C4�ORQ&A8V¬C6H_�}MLA_Q�[eAJ°�QRU0MFUjE,NPORNWU_C³� /4�W�_�W�p�6�jdjV�] NW[<H��4NWE,ORHbV6C6HB�LA0E,HBK6NW[P�<H�QRORNWH�C6CLH

(ei)i≥1
f6H
V
� �;CG&K6U_NeE,NPO9AD[WU_Q&E V GIU_a�a�H#[WHgERU_VLE,�^HpE,MFA_GIHbHYC6�_HYCLf4QSXTMLADQ9G�HIORORHg�FA_ERHTK6NP[W�<H�QRORNWH�C6C6H��{HYC6�_HYCLf4QSXMLADQBGIU_aJ�6NWCLADNeE,U0C�[PNWC6XpADNWQRHpE��LC6NWHYE&��djV6N§HpE>OB�6NPHYC³ER�6QBf6H�CLERHJf6A_CLE

V
�ª��C M<U0ESADCjO

h = 1/n
�U_C�f4XI�FC6N�O

Vh
G�U_a�a�H\[PH�ERU_VFE>� HYERMLA_G�H�f6H�f4NPa�HYCLE,NWU_C��LCLNPH\HYC6�_HYCLf4QSX�MFADQ

(e1, ..., en)
� �!N��CLAD[WH�a�H�CjOp�0[^] U0MFXYQSADORHYV6Q2fl] NWC0OSH�QSMFU0[WADORNWU_C

rh
HpE>O�E,NWa�M6[PHYa�H�CjO2[eA#M6QSU>A>HpGOSNPU0C\U_QRORK6U0�_U_CFAD[WH�ERV6Q

Vh
��djV6N�HYE,O�NeGIN�f4X��LC6NWH#f6ADCLE�OSU_V4O

V
H�O�MLA_E�ERH�V6[WH�a�HYC0O9fLADCLE V ��0'U_V6ORHYE�[PHpE�K}`jM<UDOSK6�YERHYE9f4HYE� vH�a�a�HYE ¯ �P�0�P�0� ¯ �W�_�0/JHIO ¯ �W�_� µ�E,U0CjO�f6U_CLGTESAcOSNWE,«rADNPORHpE�HIO�U0CH�C�f6XYf4V6NPO�djV6H;[eA�E,U0[PV4OSNPU0C�A_M6M6QSU}G&KLX�H
uh

GIU0Cj�0H�QS�_H��0H�Q&E?[eAJERU_[WV4OSNPU0C¡HI�6A0GORH
u
� X�A_M6M<H�[WU_CLEd0VLH

uh
HpE>OgGYAD[eGIV6[WX\H�C�QSXYERU_[W�cADCjOT[PH�ER`4E>OS��a�H\[PNWC6XpADNWQRH KhUh = bh

U�&
Uh

HpE>O#[WH��0HYGOSH�V6Qf6ADCLE
Rn f4HpE�GIU}U_Q&f4U_CLC6XYE�f4H

uh
f6ADCFE�[WA��LA0E,H

(e1, ..., en)
�

�³AD[W�_QSX³E,U0C A_f6XYdjVLAcOSNPU0C	ADV GYA_f4QSH�ORKLX�U_QSNed0VLH³f4X��0H�[WU_M6M<X�G�N���f4HpERERVLEY�?[eA�a�XIORKLU}f6H�f4H

bAD[WH�Q �jNWC�HpE>O�M<H�V�GIU_a�a�U4f4Hbfl] VLC¡M<U_NWC0O�f4HB�}V6HbC}V6a�X�QSNWdjV6H0�j�?C�H	C<H�OY�4[eAga\AcOSQRNeGIH Kh

djV6H[�] U_C�U0�4ORNWH�CjO;A_NPCLERN�HpE>O9�0X�C6XYQSA_[PHYa�H�CjO?¨>M6[WH�NWC6HI©&�<GD] HYE,O,��Zc��f4NPQSHTdjV6HTORU0VLE9G�HYE�G�U}HlW�GINWH�CjOSE9E,U0C0OC6U_C�C}V6[eETH�C��0X�C6XYQSA_[��lH�OB¨,a�A_[���GIU0CLf4NPORNWU_C6CLX�H©�vG_] HpE>OR� ZD� f4NWQSH�djV6H\[eA�QSXYERU_[WV4ORNWU_C�C}V6a�X�QSNWdjV6Hf4V�E,`4E,OR��a�Hb[WNPC6XpADNWQRHbERH�Q&AgNWCLE,OSAD�L[PH#GYADQ�ORQS�YE�ERH�CLERNW�6[PHTA_V4�¡H�QSQSH�V6Q&E�fl] A_QRQSU_CFf4Nlf4V�GYAD[eGIV6[�ERV6QU_Q&f4NPCFAcORHYV6Qp�Y@;H2GIH?MFU0NPCjO!f6H?�}V6H_�p[eA�a�XIOSK6U4f4H2f4HpEvXY[PXYa�H�CjOSE��LC6NeEvHpE>O!�6NPHYC#M6[WVLE'MFHYQ,«{U0QRa\ADCjOSHHIO9f4Hb[WU_NWC�MLQRX�«{X�Q&AD�6[WHBZ�[eA�a�XIORKLU}f6H#f4H�
bAD[WH�Q �jNWC��
��*,+-* 
 � �l1	�95�7�U 7�U�S ��O ��M Uv/21�S��b/9=RS��#;3L=,/;:l=� U�S � �v/ ��3NP§8 ���

 vH\M6QSNPCLG�NPM<H\f4H�[WA�a�XIOSK6U4f4H�f4HpEbX�[WX�a�H�CjOSEB�FC6NWE#HYE,OTf6H�G�U_CLE,ORQSV6NWQRH�f4HpEbHYERMLA_G�HYEbfl] ADM4�M6QRU¤�4NWa\AcORNWU_C\NWCjORHYQRC6H
Vh

f4HpE?HpE,MFA_GIHpE�«{U0CLGOSNPU0C6C6HY[WE2VLERV6H�[eE
H1(Ω), H1

0 (Ω), H2(Ω), ...
f4U_CjO
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����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

[eA´f4X��LC6NPORNWU_C	HpE>O¡�FA_ERX�H ERV6Q�[eA�C6UDOSNPU0C	�_XYU_a�XIOSQRNedjV6H�f4H 3´m6o��r��m�AF| f4V f4U_a\A_NPC6H
Ω
�2��Ca\A_NP[W[WA_�_H�HYE,O#V6C�MLA¤�cA_�_H�f4H\[�] HYERMLA0GIH\H�C��0U_[WV6a�HYEbX�[WX�a�HYC0O&ADNWQRHpEBORQS�YE#ERNWa�ML[PHpE HlORQSNeADC6�0[PHpE��OSXIOSQSA_�Yf4QSHYEY�ªMLADQ&AD[W[PXY[PXYM6NWMF�pf4HYE��{�0U_NWQY�ªMLA_QbHI�4H�a�M6[WH_�l[eA1�'NW�_VLQRH ¯ � GD�I�l��U_VFETf4U_C6CLH�QSU_CLEBM6[WVLE[WU_NWC´V6CLH�f4X��LC6NPORNWU_C´M6QSXYG�NWERH¡fl] V6C´a\A_NP[W[WA_�_H¡fLADCLEg[PH�G�A_f6QRH¡f6H¡[eA�a�XIORKLU}f6H�f4HpEgXY[PXYa�HYCjOSE�FC6NWEY�@BADCLE\G�H�GIU_CjOSHI�}ORH�[PH�MLA_QSA_a��IORQSH

h
f6H

Vh
GIU0QRQSHYERM<U_CLfxZ³[eA�nYm6o��r�r|�3 m4u�oB3´mL�r|¥w'|}t

3 m6or���r|}t�U_V G�H�[W[PV6[WHYE�djV6N;G�U_a�MFUjE,HYCjO¡[PH�a\ADNW[P[eAD�0H_� 02`}M6NWdjV6HYa�H�CjO¡V6C6H��LA_ERH³f4H
Vh

E,HYQSAG�U_CLE,ORNPORVLX�H;f6H�«{U_CFGORNWU_CFE?f4U0C0O�[PHBE,VLM6MFU0Q,O�HYE,O���q�¢_m6��ortphgERV6Q?VLC6H9U0V¡djV6H�[edjV6HYE?a�A_NP[W[WHYEY�4®2HpGINA_V6Q&A¡f4HYV4� GIU_CFE,Xpd0VLH�CLG�HYE;NPa�M<U_QROSADCjOSHYE=Hªf�] V6CLH�MFADQROY�ªf6ADCLE;[eA¡[WNPa�NPORH
h → 0

�F[^] HYERMLA_G�H
VhERH�Q&A�f4HJM6[WVLEBH�C M6[WVLE�¨>�0QRUjE�©THIOTADMLM6QRU4G&K6HYQSA\f6Hga�NPHYV4��H�C�a�NWH�V6��[^] HYERMLA_G�H

V
OSU_V4OBH�CjORNWH�Qp�H�O�f�] A_V4ORQSH9MLA_Q,Op�_[eA#a\AcOSQRNeGIHBf4HBQRNW�_Nef4NPORX Kh

f4V�ER`4E>OS��a�H9[WNPCLXYADNWQSHJ� ¯ � µj��ERH�Q&A#¢Dyc|}k!tY|<�}GD] HYE,O,�ZD� f6NPQSH djV6H³[eA�M6[WV6MLA_Q,O�f4H³ERHYE¡G�U}HlW�GINWH�CjOSE�ERH�QSU_CjO�C}V6[WE��rG�H³djV6NB[PNWa�N�OSH�Q&A�[PH�GIU0�4O�f4H³[WAQSXYERU_[WV4OSNPU0C¡C}V6a�X�QSNWdjV6H¤�� 'A�a�X�ORK6U4f4H�f4HYETXY[PXYa�H�CjOSEb�FC6NWE#HYE,O#V6C6H¡f4HpETa�XIOSK6U4f4HYET[WHYE#M6[PVFE#HlW�GYA_GIH�H�Og[PHpETM6[WVLEM<U_MLV6[WA_NPQSHBMFU0V6Q�QRXpE,U0VLf4QSH�C}V6a�X�QSNWdjV6HYa�HYCjO�f4HpE�M6QRU0�6[W��a�HYE�ADV6��[PNWa�N�OSHYEY�j�?[P[WHbHYE,O�ZJ[eAg�LA0E,Hf�] NWC6C6U0ag�6Q&AD�6[WHYE�[WU_�0NWG�NPHY[WE�f4HTGYAD[eGIV6[eE�NPCFf4VLE,ORQSNPHY[WEY�
�¡��� � "��  ��g%!( (���$I( �� ��$  ���('$��#�

N = 1°§U_VLQgE,NWa�M6[WN��LHYQ#[^] H��}M<U0ERNPORNWU_C�C6U_VFE#GIU0a�a�HYC�GIU0CLEbMLADQgM6QRXpE,HYCjORH�QT[eA�a�XIOSK6U4f4H�f4HYE#X�[WXI�a�HYC0O&ET�LCLNWEgH�C�V6C6H�f4NPa�HYCLE,NWU_C�fl] HYERMLA0GIH_��(4ADCFETMFHYQ,OSH¡f4H��0X�C6XYQSA_[PNPORX\CLU_VLE#G&KLU_NeE,NeERERU_CFEb[PHf6U_a\ADNWC6H
Ω =]0, 1[

�<�?C�f6NPa�H�CFE,NWU_Cx��VLC�a\ADNW[W[WA_�_H�HYE,OTERNWa�ML[PHYa�HYCjOTG�U_CLE,ORNPORVLX�fl] V6C6H�G�U_[P�[WHYGIORNWU_C f4HJMFU0NPCjO&E
(xj)0≤j≤n+1

�rGIU0a�a�HJMFU0V6Q9[eA\a�XIOSK6U4f4Hgf4HpE9f4N�CªX�QSH�CLG�HYE��FC6NPHpE��<�_U0NPQ9[PH®2KFADM6NPORQSH��p�?ORHY[WE�djV6H
x0 = 0 < x1 < ... < xn < xn+1 = 1. vHba�A_NP[W[eAD�_HTERH�Q&AJf6N�O9k!s'oK1 qLy43´|\ERNl[PHpE�M<U_NWC0O&E

xj
E,U0CjO�XpdjV6NWf6NWE,OSA_C0O&E��6G_] HpE>OR� ZD� f6NPQSHBdjV6H

xj = jh
A¤�0HYG

h =
1

n+ 1
, 0 ≤ j ≤ n+ 1. vHYE�M<U_NWCjOSE

xj
ERU_CjO�ADVLESERNªA_M6M<H�[WXYE�[WHYE�tpq_3 3´|jnYtg�rU_V�C6U}H�VLfLES��f4V�a\ADNW[W[WA_�_H_�}°-ADQ�ERU_VFGIN�f4HERNWa�ML[PNeGINPORXTC6U0VLE�GIU0CLERNWf4XYQRU0CLEY�jM<U_VLQ�[�] NPCFE>O&ADCjOY�6[WHbM6QSU_�6[W��a�Hba�U}f6��[WH#E,V6NW�cADCjO

{

−u′′ = f
fLADCLE

]0, 1[
u(0) = u(1) = 0,

� ¯ � GD�
f6U_CjO;C6U0VLEBERA¤�0U_CLE�djV�] NW[§A0f4a�HIOBV6C6HJERU_[WV4OSNPU0C V6C6NedjV6H�fLADCLE

H1
0 (Ω)

ERN
f ∈ L2(Ω)

�r�_U_NWQ9[WH®2KFADM6NPORQSH��0��¤@;A_CLE�OSU_V4O§GIH�d0VLN}ERV6NPO'U0C#C6UDOSH�Q&A
Pk

[^] H�CLERH�aJ�6[PH�f4HYE'M<U_[W`jC�B_a�HYE!Z�GIU}H	W\G�NPHYCjOSEQSX�HY[WE�f�] V6CLHT�¤A_QRNeAD�L[PHBQRXYH�[W[PHTf4H#f6H��_QSXBNPC4«{XYQRNWH�VLQ�U_V�X��jAD[lZ
k
�

��*KJ�*,+ � O ��M Uv/21�S �B/;=RS
P1 'A�a�XIOSK6U4f4HJf4HpE�XY[PXYa�HYCjOSE9�LC6NeE

P1
QRHYMFUjE,HgERV6Q;[�] HYERMLA_G�Hgf4NeERG�QRH�OBf4HpE�«{U0CLGOSNPU0CLE��0[PU0�LAc�[WH�a�HYC0O9G�U_CjORNWC}V6HYE�H�O9A4W\C6HYE�ERV6Q�G&KLA0djV6Hba�A_NP[W[WH

Vh =
{

v ∈ C([0, 1])
ORHY[vdjV6H

v
∣

∣

[xj ,xj+1] ∈ P1
MFU0V6Q�ORU0V4O

0 ≤ j ≤ n
}

,
� ¯ � � �
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

�p�'G
HIO9ERV6Q�E,U0C�ERU_VFE>� HYERMLA_G�H

V0h = {v ∈ Vh
OSH�[�djV6H

v(0) = v(1) = 0} . � ¯ � �j�
 vA�a�X�ORK6U4f4H�f4HpEbX�[WX�a�H�CjOSE;�LCLNWE

P1
HYE,OTAD[WU_Q&E;ERNPa�M6[WH�a�HYC0Ob[eA¡a�XIOSK6U4f4H\fl] ADM6M6QSU¤�4NPa\ADORNWU_C�¤A_QRNeAcOSNPU0C6C6HY[P[WH�NPCjOSH�QSC6H;f4H;[WA�(}U_VLE,��E,HpGORNWU_C ¯ �P�0� /TA_M6M6[WNWdjV6XYH9ADV6��HpE,MLA0GIHpE

Vh
U0V

V0h
f4XI�LCLNWEMLADQ#� ¯ � � �2U_V�� ¯ � �j��

x0 xj xn xn+1=1=0 x x1 2

vh

φ j

������� ¯ �W�	� � ADNW[P[eAD�0HBf6H
Ω =]0, 1[

H�O�«{U_CLGIORNWU_C�f4HT�LA0E,HbH�C�XY[PXYa�HYCjOSE��LC6NeE
P1
�

�;C�M<H�V6O;QSH�M6QSXYERH�CjORHYQ�[PHpE�«{U0CLGOSNPU0CLE9f4H
Vh

U_V
V0h

�FAdW\C6HYE9MLADQ�a�U0QSG�HYADV6�ª�6Z�[�] ADNef4Hgf4H«{U_CLGIORNWU_CLE�f4HT�FA_ERH;OSQR�pE�E,NWa�M6[WHYEY� D�C0OSQRU4f4VLNWERU_CLE�[eAT¨�«{U0CLGOSNPU0C�G&KFADM<HYADV4©
φ
f6XI�LC6NWHbMLADQ

φ(x) =

{

1− |x| ERN |x| ≤ 1,
0

E,N |x| > 1.

(}Nv[WH#a\ADNW[P[eAD�0HTHYE,O�V6C6NP«{U_QSa�H_�LM<U_VLQ
0 ≤ j ≤ n+ 1

U_C�f4X��LC6NPO;[WHYE�«{U0CLGOSNPU0CLE9f6H#�LA_ERH��{�0U_NWQ[WA �!NP�0V6QSH ¯ �P�¤�
φj(x) = φ

(

x− xj

h

)

.
� ¯ �W� E �

;?|+3 3´| 	%] �Q]K^ � � jup~|Nq�}-j Vh
o m�� ' h c |Nq4k z ��w�u� o jup e g h p b g+p � jlp~|�q'}-j m j H1(0, 1)

m j m4c �
t.j	h�p cBb h n+2 o j e$e b g e j�r b h�} eKcBb h vh ∈ Vh jlp e�m�� ' h c j m j"t.qdh c + kvj"g h c � gNj�|�qdk�p	jup�i4q4��j	g k-p
q4g -�p b t�t9j e p (xj)0≤j≤n+1

vh(x) =
n+1
∑

j=0

vh(xj)φj(x) ∀x ∈ [0, 1].
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�¤� � ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

� j)t��	t.j o V0h
o m'� ' h c |Nq4k z ��w � � o jlp e g h p b g+p � jup~|Nq�}-j m j H1

0 (0, 1)
m j mdc t.j	h�p cBb h n o j ee b g e j�r b h�} eKcBb h vh ∈ V0h jlp enm�� ' h c j m j�t9q4h c + k@j�g h c � gNjs|�qdk.pljlp.i8qd��jlg k-p)qdg - p b t t9j e p

(xj)1≤j≤n

vh(x) =

n
∑

j=1

vh(xj)φj(x) ∀x ∈ [0, 1].

Y�h+3´q<s'tYn�ycm4nporq<s#]�X�A_M6MFHY[PU0CLEgdjV�] H�C��0H�QRORV�f4V  vH�a�a�H FL� µ6�W� �L�l[PHpET«{U0CLGOSNPU0CLEgG�U_CjORNWC}V6HYEH�O�f4H�GI[eA_ESE,H
C1 MLA_Q¡a�U_Q&GIHpADV4� ADM6MFADQRORNWH�C6C6HYCjO�Z

H1(Ω)
��@;U_CLG

Vh
H�O

V0h
ERU_CjO��6NWH�Cf6HYE9ERU_VFE>� HYERMLA_G�HYE�f6H

H1(0, 1)
�ª �H#QSHYE,ORHJf4Hg[eA\M6QSH�V6�0H#HYE,O;NWa�a�XYf4NeAcO9HYC QSH�a\ADQ&djVLADCjO9djV6H

φj(xi) = δij
�}U'&

δij
HpE>O�[WHBER`}ag�<U_[WHBf4H �bQSU_C6HpG��_H�Q2d0VLNl�¤A_V4Ob�BERN

i = j
H�O E E,NWC6U0C��{�0U_NWQ2[eA

�!NW�_V6QSH ¯ �W�p�I�
�

.�|+3´m4ycilk'| 	�]��%]��  vA\�FA_ERH
(φj)

�<f4X��LC6NWHgMLA_QJ� ¯ �W� E �I�LM<H�QSa�HIOBf6HJG�A_QSA0GOSX�QSNWERH�Q�V6CLH#«{U_CFG�OSNPU0C�f6H
Vh

MLA_Q�ERHYE��cAD[WH�VLQSE�ADV6��C6U}H�VLf6E�f6V�a\ADNW[W[WA_�_H_�}@BADCLE�G�HbGYA_E2U_C�MLADQS[WHBw�Ph}�rh+3´|}sªnpt
Z§s!ort\w!|�;2m�ALycm6s�A<|F�<��U0VLE��0H�QSQRU0CLE�M6[WVLE�[WU_NWC�Z\[WA6(}U_VLE,��E,HpGORNWU_C ¯ �0/4����djV�] U_C�MFHYV4O;NWCjORQSUD�f6V6NPQSHbfl] A_V4ORQSHYE�HpE,MLA0GIHpE

Vh
M<U_V6Q�[WHYESdjV6H�[eE�V6C6HB«{U_CLGIORNWU_C�E,HYQSA�G�A_QSA0GORXYQRNeERX�H_�0C6U_C�ERH�V6[WH�a�H�CjOMFADQbE,HpE9�cAD[WH�VLQSEY�La\ADNeEBADVLESE,N!MLA_Q;[WHYE;�cAD[WH�V6Q&E9f4H�ESA¡f4XYQRNW�_XYH_�/�;C³MLADQS[PH�AD[WU_Q&E9w�Ph}�rh+3´|}sªnpt

Z§s!ort�w'|���|jy43´o{np|F��D>GIN^�ªG�U_a�a�Hg[WHYE;«{U_CFGORNWU_CFE;ERU_CjO;[WU4G�A_[PHYa�HYCjO
P1
�FU0C�f4NPOTd0VLHJ[^] HpE,MFA_GIH

Vh
�Lf4XI�FC6N�MLA_Q#� ¯ � � �I�4HYE,O�[�] HYERMLA0GIHTf4HYE�XY[PXYa�H�CjOSE��LCLNWE�f6H# vAD�0QSA_C6�_HBfl] U_Q&f4QRH��_�®2H�O�H��}HYa�M6[PH;f4HYE2X�[WX�a�H�CjO&E��LCLNWE

P1
M<H�QSa�HIO�ZTC6U_VL�_HYA_V�f4H;G�U_a�M6QSH�CLf6QRH�[^] NWCjORXYQR¦�O�f4H;[WA«{U0QRaJV6[eAcORNWU_CT�cA_QRNeAcOSNPU0C6C6H�[W[WH_���?C#HlCªHIOp�p[WHYEv«{U_CFGORNWU_CFEvf4H

Vh
C6H�E,U0C0O!MLA_E'f4H�V6�B«{U0NWE!f4XYQRNW�cAD�6[WHYEERV6Q�[PHbERH��_a�HYC0O

[0, 1]
H�O�G�H�[eA#C�] AgMFA_E�f4HBERH�CFE�f6H;QSXYERU_VLf6QRH0�_a�¦�a�Hbf4H;a\A_C6NP�YQRHBADM6MLQRU4G&K6XYH_�[^] XYdjVLAcOSNPU0C � ¯ �0G_�\�{HYC�«rADNPOJ[eA f4X�QSNW�_X�H�ERHYG�U_CLf6H�fl] VLC6H�«{U0CLGOSNPU0C´f4H

Vh
HpE>O�V6C6H¡ERU_a�a�H¡f4Ha\A0ERERHYE�f4H#@;NPQ&A_GBADV6�¡C6U}H�VLfLE�f4V�a�A_NP[W[eAD�_H?² �I�6±�V�GIU0C0OSQSA_NPQSH_�jNW[�HYE,O�MLADQR«rADNPORHYa�HYCjO�[WX��0N�OSNPa�Hf�] V4OSNP[WNeE,HYQ;f4HpE�«{U_CFGORNWU_CFE�f4H

Vh
fLADCLE�[eA�«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH�� ¯ � /0��djV6NvCLH#QRHpdjV6NPHYQ,OdjV�] V6C6H#ERH�VL[PHTf4XYQRNW�_XYH_� •@;XYG�QRNW�_U0CLE�[eATych}tYq<�rk'nYo�qFs�~!ycm4nYo�ilk'|�f4V�MLQRU0�6[P�Ya�H9f4H;@;NWQRNeG&K6[WHIOB� ¯ � GD�§MFADQ?[eA#a�X�ORK6U4f4Hf6HYE;X�[WX�a�H�CjOSE;�LCLNWE

P1
�< 'A\«{U_QSagVL[WADORNWU_C �cADQSNeAcORNWU_CLC6H�[W[PH�� ¯ �0/_�;f4H�[�] ADMLM6QRU¤�4NWa\AcORNWU_C�NWCjORH�QSC6Hf6H��}NPHYCjO�NeGIN5H

OSQRU0V6�_HYQ
uh ∈ V0h

OSH�[vdjV6H ∫ 1

0

u′h(x)v′h(x) dx =

∫ 1

0

f(x)vh(x) dx ∀ vh ∈ V0h.
� ¯ �W�_�p�

�;C�f4XpGIU_a�M<U0ERH
uh

ERV6Q�[eA��LA_ERHBf6HYE
(φj)1≤j≤n

HIO�U0C�M6QRHYCLf
vh = φi

G�HTd0VLNvf4U_CLC6H
n
∑

j=1

uh(xj)

∫ 1

0

φ′j(x)φ
′
i(x) dx =

∫ 1

0

f(x)φi(x) dx.

�?C�C6U_OSA_C0O
Uh = (uh(xj))1≤j≤n

�
bh =

(

∫ 1

0
f(x)φi(x) dx

)

1≤i≤n

�lH�OBHYC�NWCjORQSU}f6V6NWESADCjOB[WA
3 m4n�ycor¢0|�w'|�ycoKAFo�w'ornYh

Kh =

(∫ 1

0

φ′j(x)φ
′
i(x) dx

)

1≤i,j≤n

,
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

�p�*�
[WAJ«{U_QSagVL[WADORNWU_C��¤A_QRNeAcOSNPU0C6C6HY[P[WHBfLADCLE

V0h
QRHY�jNWH�CjO�Z�QRXpE,U0VLf4QSHBfLADCLE

Rn [PH#ER`4E>OS��a�Hb[PNWC6XpADNWQRH
KhUh = bh.®2U_a�a�H�[PHpET«{U0CLGOSNPU0CLEgf4H¡�LA_ERH

φj
U_CjOgV6C�¨,M<HIORNPO>©¡ERV6M6M<U_QROY�'[�] NPCjOSH�Q&E,HpGORNWU_C�f4HpEgERV6M6M<U_QROSEf4H

φj
HIO
φi

HYE,O;ERU_V6�0H�CjO��}NWf4HgHIO9[eA\M6[WV6MLA_Q,O;f6HYE9G�U}HlW�GINWH�CjOSE9f4H Kh
ERU_CjO9C}V6[eE�����C GYAD[eGIV6[E,NWa�M6[PHTa�U0C0OSQRHbdjV6H

∫ 1

0

φ′j(x)φ
′
i(x) dx =















−h−1 ERN
j = i− 1

2h−1 ERN
j = i

−h−1 ERN
j = i+ 1

0
ERNWC6U_C

HIO�[eAJa\ADORQSNWG�H Kh
HpE>O�ORQSNef4NWA_�_U0CLAD[WH

Kh = h−1















2 −1 0
−1 2 −1� � � � � � � � �

−1 2 −1
0 −1 2















.
� ¯ �W� /0�

°!U0V6Q�U_�6ORH�CLNPQ�[WH#E,HpGIU0CLf¡a�HYag�6QSH
bh

NP[�«rADV4O9GYAD[eGIV6[WH�Q�[WHYE�NWCjORX��0QSA_[PHpE
(bh)i =

∫ xi+1

xi−1

f(x)φi(x) dx
ERN

1 ≤ i ≤ n.

 �] X��cAD[WVLAcOSNPU0C�HI�6A_GIORH#f4V ERHYG�U_CLf�a�H�aJ�6QRH
bh

M<H�V4O9¦�ORQSH#f4N�W\G�NP[WH#U0V�NPa�M<U0ESE,NW�6[WH#E,N'[WA�«{U0CLG�ORNWU_C
f
HYE,O�G�U_a�M6[WNWdjV6XYH_�§��C M6Q&AcOSNWdjV6H�U_C¥A³QSHYG�U_V6Q&EJZ�f4HpE 1 qFy43�k!�r|}t�w'| ilk!m6w'ycm4nYk'yc|�{U_V�«{U0QRaJV6[PHpE�fl] NPCjORXY�_Q&AcOSNPU0C¡C}V6a�X�QSNWdjV6H¤��djV6Nvf4U0C6C6H�CjO�V6C6H#A_M6M6QSU¤�4NPa\AcOSNPU0C�f4HpE�NWC0OSX��0QSA_[PHpEf4XI�LCLNWESERA_CjO

bh
�4°-ADQ�H��4H�a�M6[WH_�6U0C�M<H�V4O�V6ORNW[PNeE,HYQ�[eAg«{U0QRaJV6[WHbf6V\¨,M<U_NWC0O�a�NW[PNWH�V}©

1

xi+1 − xi

∫ xi+1

xi

ψ(x) dx ≈ ψ
(

xi+1 + xi

2

)

,

U_V�[WAJ«{U_QSagVL[PHTf4HpE?¨�OSQSA_MF��J�HpE�©
1

xi+1 − xi

∫ xi+1

xi

ψ(x) dx ≈ 1

2
(ψ(xi+1) + ψ(xi)) ,

U_V��6NPHYC�H�CLG�U_QSH
1

xi+1 − xi

∫ xi+1

xi

ψ(x) dx ≈
(

1

6
ψ(xi+1) +

1

6
ψ(xi) +

2

3
ψ

(

xi+1 + xi

2

))

.

 �HYE�f6H�V4�¡MLQRHYa�NW��QSHYE�«{U0QRaJV6[WHYE�E,U0CjO�H��6A_GOSHYE�M<U_V6Q�[WHYE�«{U0CLGOSNPU0CLE
ψ
A4W\C6HpE��4H�O�[WAJOSQRU0NWERNP�Ya�HHYE,O'HI�6A0GORH2MFU0V6Q![PHpEvM<U_[W`}C"B_a�HYE!f4Vgf6H�V4�4NW��a�H�f6H��_QSX9��GIH�d0VLNjf4U0C6C6H2V6CJGYAD[eGIV6[jHI�6A_GIO!f4H

bh
E,N
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� ¯)E ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

f ∈ Vh
���(}Nª[eAT«{U_CFGORNWU_C

ψ
HpE>O�QRXY�_V6[WNW��QSH9djV6H�[eGIU0CLdjV6H_�}AD[WU_Q&E?G�HYE?«{U_QSagV6[WHYE�E,U0CjO�ERNPa�M6[WH�a�H�CjOA_M6M6QSU4G&K6X�HpE�A¤�0HYG9V6C�QRHpE>OSHbf6HB[^] U_Q&f4QRHbf4H O(h2)

�Lf4H O(h2)
�4H�O9f4H O(h3)

QSHYERMFHpGORNW�_HYa�H�CjOY� 'A¡QSXYERU_[WV4ORNWU_C�f4V�ER`4E>OS��a�Hg[WNPCLXYADNWQSH KhUh = bh
HYE,O;[eA¡MLA_Q,OSNPHJ[WA�M6[WVLEbGIU0�4ORHYVLE,H�f4H�[WAa�X�ORK6U4f4H�HYCJOSH�QSa�H�f4H�ORHYa�MFE�f4H�G�A_[WG�V6[^�0®;] HpE>O�M<U_V6Q&djV6U_N4CLU_VLE-MLQRXpE,HYC0OSU_CLE!HYC�A_C6C6H��}H�f6A_CLE[eA (}HYGIORNWU_C �YµL�P��f4HpEba�X�ORK6U4f4HpETM<H�QR«{U_QSa�A_CjORHYEbf4H\QSXYERU_[WV4OSNPU0C��%X�ADMLMFHY[PU0CLETdjV6H�[WA�a\AcOSQRNeGIH

Kh
HpE>O�C6XpGIHYESESADNWQRHYa�HYCjO�NWC}�_H�Q&ERNP�6[WHbMLADQ�A_M6M6[WNWGYAcOSNPU0C�f4V� �HYa�a�H ¯ �P�0�P�0�

.�|+3´m4ycilk'| 	�]��%] \  vA�a\AcOSQRNeGIH�f4H�QRNW�_Nef4NPORX Kh
HpE>O�OSQR�pE\E,NWa�NP[eADNWQRH�Z�f4HYE�a\AcOSQRNeGIHpE�f4X�A,ZQSH�CFGIU_CjOSQRXYHYE�[WU_Q&E�f4H [^] X�ORVLf6H�f4HpE�a�XIOSK6U4f4HYE�f4H³f4N�C<XYQRHYCLGIHpE\�LCLNPHpE��2��C	«rADNPOY�

hKh
HpE>O�[WA[WNWa�NPORH�f4H#[eA\a\AcOSQRNeGIH¡�~/4�W�#F}�b�{agVL[�OSNPM6[WNWX�HgMFADQ

1/c
��f4V�ERG&K6XYa\A�NPa�M6[WNWG�N�OSHJf4HJQRXpE,U0[PV6ORNWU_C�f4H[^] XYdjVLAcOSNPU0C¥f6H�[eA�G&KLAD[WH�VLQ�[WU_Q&ESd0VLH¡[WH�MLA_E�f4H�OSH�a�MLE�ORHYCLf¥�_HYQSE�[^] NWC4�LC6N^����U0VLE��_HYQRQSU_CFEJZ[^] �-�4H�Q&GINeGIH ¯ �0/4� µJdjV�] NW[�C6H#EY] A_�_NPO�MFA_E�fl] V6C6H#G�U)L^CLGINef4H�CFGIH_� •

�bycq��!�K:+3´| w!|���|}k$3 m6s's�]  vA\a�NeE,H#HYC U}H�V6�}QSH#f4H#[eA\a�XIOSK6U4f4HJf4HpE�XY[PXYa�HYCjOSE��FC6NWE
P1M<U_VLQ�[PHTM6QSU_�L[P�Ya�HTf4HT�9H�V6a\ADCLC�ERV6NW�cADCjO�HYE,O�ORQS�YE�ERNPa�NW[WA_NPQSH

{

−u′′ + au = f
f6ADCFE

]0, 1[
u′(0) = α, u′(1) = β.

� ¯ �W�Yµ0�
X9ADM6M<H�[WU_CLE�djV6H�� ¯ �P�pµ0�2A_f4a�HIO�V6CLHBERU_[WV4ORNWU_C�V6C6NedjV6HTf6ADCLE

H1(Ω)
E,N
f ∈ L2(Ω)

�
α, β ∈ R

�H�O
a ∈ L∞(Ω)

ORH�['d0VLH
a(x) ≥ a0 > 0

M�� M��LfLADCLE
Ω
�{�0U_NWQ�[WHJ®2KLA_M6N�OSQRH#�0��L 'Ag«{U0QRaJV6[eAcORNWU_C�cA_QRNeAcOSNPU0C6C6H�[W[WH�� ¯ �0/_��f4Hb[^] A_M6M6QSU¤�}NWa\AcOSNPU0C¡NWC0OSH�QSC6HTf4H��}NWH�CjO�NeGIN$H4OSQRU0V6�_HYQ

uh ∈ Vh
ORH�['d0VLH

∫ 1

0

(u′h(x)v′h(x) + a(x)uh(x)vh(x)) dx =

∫ 1

0

f(x)vh(x) dx − αvh(0) + βvh(1),

M<U_VLQ;OSU_V4O
vh ∈ Vh

�l�?C�f4XpGIU_a�M<U0ESADCjO
uh

E,VLQ;[eA¡�FA_ERHJf4HpE
(φj)0≤j≤n+1

�<[eA¡«{U_QSagV6[eAcOSNPU0C�cA_QRNeAcOSNPU0C6C6H�[W[WHBf6A_CLE
Vh

QSH��}NPHYCjO�Z�QSXYERU_VLf6QRHbf6ADCFE
Rn+2 [WHbER`4E>OS��a�Hb[PNWC6XpADNWQRH

KhUh = bh,A¤�0HYG
Uh = (uh(xj))0≤j≤n+1

�4HIO�V6CLHTC6U_V6�0H�[W[PHba\AcOSQRNeGIHTf4HbQSNP�0NWf6N�OSX
Kh =

(∫ 1

0

(

φ′j(x)φ
′
i(x) + a(x)φj(x)φi(x)

)

dx

)

0≤i,j≤n+1

,

H�O
(bh)i =

∫ 1

0
f(x)φi(x) dx

ERN
1 ≤ i ≤ n,

(bh)0 =
∫ 1

0 f(x)φ0(x) dx − α,
(bh)n+1 =

∫ 1

0 f(x)φn+1(x) dx + β. vU_Q&ERdjV6H
a(x)

C�] HpE>O�MLA_E�V6C6H³«{U_CLGIORNWU_C G�U_CLE,OSA_CjORH_��NW[;HpE>O�ADVLESE,NBC6XpGIHYESESADNWQRH�HYC M6Q&AcOSNWdjV6Hf�] V4OSNP[WNeE,HYQJf4HpET«{U_QSagVL[PHpEgf4H¡djVLA0f4Q&AcORVLQRH\M<U_V6QJX��cAD[WV6HYQ#[PHpEJG�U}HlW�GINWH�CjOSEgf4H¡[eA�a\AcOSQRNeGIH Kh��GIU0a�a�HbC6U0VLE�[^] A¤�0U_CLE?«rADNPO9f6ADCFE�[�] HI�4H�a�M6[WHTM6QSXYG�XYf4HYC0O�M<U_V6Q�[WH#ERHYGIU0CLf�a�HYag�6QSH
bh
��
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

� ¯ �
�9u�|jyc¢_o�¢_| 	�]��%]B^�� <�<�7 � *����)%$7 2 & ;#� ��� 9��:9)��� ;)7 ; & �)����� �3� � � P1 2�� <>%�����7 � & �

{

−u′′ = f 9�2�� � ]0, 1[
u(0) = α, u(1) = β,

�?;>% � �@�)% *���� 7 �����!��� 9 � � � �"� � 2��
	 7 � & � �����:9)� � � % � ����7 �!� ����� ! � � & �&���>� �#� 2�<�<'2)% 2 � �C�6�>���49�2���� 7 �
�6���#�"�'9 & � & �)%���9���� � ��� � & � 7 � ��;�2 � %���*�� � �>� 9�;��#�"��7 ��/
�9u�|jyc¢_o�¢_| 	�]��%]�� � ��% �><>% �>�'9:7 ��<)%�����7 � & �?9)� ���)� & 2����,+ ��/���-�1 �)�	�#��<�<>�)�K2����3*"� � 7 25���"�'�(� � �"�
a(x) = 0 9�2���� Ω / =�"���(% �>% *"� � 7 2 & 2��(% � �#� 9��I� ���6� � & � 7 � ��;�2 � %�� � �6�!� 9�� 7 2 & ;#� ��� 9�� 9��#�
;>7 ; & �>����� �3� � � P1 ����� � � �%����7 � �)%���/ =�"���(%��)%@*�� � ���,<>�>���$� ;�2�� & � � � �$% ;#�6��� 9�% ��7 �5� ���6� � & �,7 � ��;�2 � %��
� � 7 ��� 9)����� ;#��� � ;>% � � �>���47 2 �!��� 9 � � � �"�:9����!� & < 2�� � � � 7 � ��;

∫ 1

0

f(x) dx = α− β,

�!��*"� �=�#�!� ��� �#�"�'9 � � � ��� �#�6� <>%�;��6�)% � ;#�=� � 7 � ��� ��� � 7 � �6��9��#� ���@% & ��7 �#�,9��=*��'2'9"% 2��(��% ��/ � � & <'2>% �>%
�!� %�;��!��7 �62���2 � ���=7 �� � ;#�@% � & � � / 0 / � ��/
�9u�|jyc¢_o�¢_| 	�]��%] \ � <�<�7 � *����)%$7 2 & ;#� ��� 9��:9)����9 � � ;>% �>�'�!�#� �3� � �#�:+ � � � %57 � � �'2�< � �(% ��0�1 2�� <>% �	!
��7 � & �=9�� � � % � ����7 �!��+ ��/ ��1!/ �?;)% � � �>%?*�� � 2 � ��� ��� �C� ��; & 2 �!�)���(% ; 9�� �@% 9�%�� 9)�)��	 � �"� ����� � �>��� ���
� � ��� � & �=7 � � ;�2 � % � # % ;#�6��� 9�% � 2 � ���=7 2 & �>& � & 2��(% � �!� Kh + # ��� �!�@�
� � � �>��� & ��7 � � <�7 � ��2�� � �?<>% �#�K1& 2 � � 2 � ��� ��� �C���#�"�'9 & � & �>% � bh 9 � � ;>% �>���#/  �)& �4*�������� � ���=<>����%�7 �=<>%�����7 � & � 9)�����>� & 2����
+ ��/���-�1!/
�9u�|jyc¢_o�¢_| 	�]��%]���� � �!����� � 9��)%�� (n + 2)

& 2 �6�C�#� <>�"�'�(�(� �>787 �#�=+.2�7 � �"� ;#���K1�� � �(� ;#�#� 2���	 <>� � �����
xj = j/(n + 1) <>�"��% 0 ≤ j ≤ n + 1 �!� % �>7 � ;��#� �>���(% � � � � � � ����� <'2)%$9��#� % �#�C�6�@%���� 9�� &��>& �
% 2 � 9��>��% k > 0 / � � 2�<�<�7 � *"� ��# ���'2'*���� & 2 �6�C� <>�"�'�(�(� �>787 � ��� �����@% �!� 7 �"� � � �(�'9 � �'2�7 � fj / � 2����
7 � ����<>�)� � ���6��9�� <>�!� � ���59�;><�7 2'�!� & �>������+�7 ���%� � �(� 9 � � 2��
	)1�;��'% � % �:7 � ;)���)% � � �����>�62�7 � 9��4� � ��� � & ��*�� � � 7
� 2���� & � � � &:� �6�>% +.�"�,9 � �C�>�����)% 2 7 � ��2 ��9��#��� 	��(% ; & � ��;�� 7 � �>%������"� � 	 ;��#�K1#/ � �����)%.<>% ;!���)% 7 2:% ��� ���)% � ���
9)� 7 2 <>�)� � � � ����9 � ;�*�� � 7 � �)%��:9���� � ��� � & � �)�����>% & ����9�� ;>7 ; & �>����� �3� � ��/

��*KJ�*KJ ��5?/ �#Uv3 ��Uv/;:>U U�1 U�S016=RM P!14=,5?/ 7 � U�363NUv8�3
°§U0V6Q\f4X�a�U_CjOSQRHYQJ[eA�G�U_C}�_HYQR�0H�CLG�H¡f4H�[WA�a�XIOSK6U4f4H�f4HYE�X�[WX�a�HYC0O&EJ�LC6NeE

P1
HYC V6CLH�f6N��a�HYCLERNPU0C�fl] HpE,MFA_GIH�CLU_VLE�ERV6NW�_U0CLE-[eATf4X�a\ADQ&G&K6H�HpERdjV6NeERERX�H�fLADCLE-[eAE(}U0VLE,� ERHYGIORNWU_C ¯ �W�_�0/4�D�9U_VLEf4XI�LCLNWESE,U0CLE�ORU0V4O9fl] AD�<U_Q&f¡VLC�qF~?hjycm4nY|}k'y¡w�Porsªnp|jyp~2qF��m4nYo�qFs

rh
�rG�U_a�a�H#f6ADCLE�[WH# �HYa�a�H¯ �W�_� µ0��

Y�h[Z§s'ornYorq<s 	%] �Q] � x�h q@|'|�j	�f��j b | � kvq e j	g k m � c h e j	k~| b ��q eKcBb h P1 �R� q@|'|�� c }-q eKcBb h � c h � q c kvj rh m j
H1(0, 1)

m qdh�p Vh
m'� ' h c j o | b g k e{b g e v ∈ H1(0, 1) o |Nq4k

(rhv)(x) =

n+1
∑

j=0

v(xj)φj(x).
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� ¯ / ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

®2H�O,ORH f6XI�LC6NPORNWU_C A��6NPHYCxVLC¥ERH�CLE�GYADQp�!HYCx�0H�QRORV¥f4V¥ vH�a�a�H FL� µ6� µ6�![PHpEg«{U0CLGOSNPU0CLE\f4H
H1(0, 1)

ERU_CjO2G�U_CjORNWC}V6HYE�HIO?[WH�V6Q&E-�cAD[WH�VLQSE?MFU0CLGOSV6H�[W[PHpE�ERU_CjO2f4U0CLG��6NWH�C�f4X��LC6NWHYEY�0 ?] NWCjORH�QSM<UD�[WX�H
rhv

fl] V6C6HT«{U0CLGOSNPU0C
v
HYE,O;ERNPa�M6[WH�a�H�CjO9[eA�«{U_CFGORNWU_C AdW\C6HTMLADQ9a�U0QSG�HYA_V4��djV6N'G�U)L^CLGINef4HA¤�0HYG

v
ERV6Q#[WHYEJE,U0a�a�H�OSE#f6V�a�A_NP[W[eAD�_H

xj
�{�_U0NPQT[eA �!NW�_V6QSH ¯ �0/_�I��X�H�a\A_QSdjV6U0CLETdjV�] HYC�V6C6Hf6NPa�H�CFE,NWU_C�fl] HYERMLA0GIH�[^] NWCjORH�QSM<U_[WX�H�HpE>O2f6XI�LC6NWH�M<U_V6Q?ORU0V4ORH�«{U0CLGOSNPU0C�f4H

H1(0, 1)
�_HIO�C6U_C�MLA0EERH�VL[PHYa�HYCjObM<U_VLQT[PHpEB«{U_CLGIORNWU_CLEbQSX��0V6[PNW��QSHYEbf4H

H1(0, 1)
�rG�H�djV6N�E,HYQSA�[WH\G�A_EbHYC�f6NPa�H�CFE,NWU_CERV6M<X�QSNPHYV6QSHp��

v

r vh

x0 xn+1=1=0 x2

������� ¯ �0/�� D�C0OSH�QSMFU0[WADORNWU_C
P1

fl] V6C6Hb«{U_CFGORNWU_C�f4H
H1(0, 1)

�
 'A\GIU_C}�0H�QS�_H�CFGIH;f6HB[eA�a�XIORKLU}f6H#f4HYE�XY[PXYa�H�CjOSE��LCLNWE

P1
QSH�M<U0ERHTE,VLQ�[PHT[WH�a�a�H#E,VLNP�cADCjOp�

;2|+3 3´| 	%] �Q]�� �,w�WorsªnY|jy¤~?q<�rm4nporq<s	" `>bdcfe
rh �R� b | � kvq e j	g k m � c h e j	k~| b ��q e~cBb h P1 w ��b g k e b g e

v ∈ H1(0, 1) o c ��i � k c ' j
lim
h→0
‖v − rhv‖H1(0,1) = 0.

� j2|>� g+p o p c v ∈ H2(0, 1) o q4� b k-p c �$j�- c p e jEg h�jE} b h�p e qdh e j C c h m'� |Nj	h m qdh e j m j h e jl�f��j � gNj
‖v − rhv‖H1(0,1) ≤ Ch‖v′′‖L2(0,1).�9U_VLE¡QRHYMFU0VLERERU_CFE�a�U0a�H�CjOSA_C6X�a�H�CjO�[eA´f4XYa�U0CLE,ORQ&AcORNWU_C f4H³G�H [WH�a�a�H MFU0V6Q�XYC6U_CLG�H�QOSU_V4Obf4H�E,V6NPORHJ[PHJQRXpE,VL[�O&AcO;MLQRNWCLGINWMLA_['f4H�GIH�O,ORH�E,U0VLE,� ERHYGIORNWU_C djV6N!XIOSA_�6[WN�OB[WA�GIU_C}�0H�QS�_H�CFGIH#f4H[eA�a�XIORKLU}f6H#f4HYE�XY[PXYa�HYCjOSE��LCLNWE

P1
M<U_VLQ�[PHTM6QSU_�L[P�Ya�HTf4H#@;NWQRNeG&K6[WHIOY�

� £'h}qFy8:+3´| 	�]��%]
	 `>bdcfe
u ∈ H1

0 (0, 1) j e uh ∈ V0h � jup p b � g e~cBb hNp m j z ��w��!� j e z ��w�� �-� o
k@jup~|Nj@} e~c i8j	t.j	h e w %"� b k-p o � q�t �le � b m j m jlp � � � t9jlh e p ' h c p P1 } b h_i8j	k � j o }N� jlp e � $ � m4c kvj � gNj

lim
h→0
‖u− uh‖H1(0,1) = 0.

� ¯ �P��Fj�
� j2|>� g+p o p c u ∈ H2(0, 1) z!}-j � g c jup e i kvq c p c f ∈ L2(0, 1) � o q4� b k-p c ��j - c p e j7g h�j7} b h�p e qdh e j
C

c h m�� |�j	h m q4h e j m j h e j	�f��j � gNj
‖u− uh‖H1(0,1) ≤ Ch‖u′′‖L2(0,1) = Ch‖f‖L2(0,1).

� ¯ �W�p�_�
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

� ¯ µ
.¡|+3´m4ycilk!| 	%] �Q]
		 vA�MLQRHYa�NW��QSHTGIU0CLGI[WVLERNPU0C�� ¯ �W�#Fj��f6V10�KLX�U_QS��a�H ¯ �0/4� ¯ HYE,O��}QSA_NvADVLESERN�E,N[PH�E,HpGIU_CFf�a�H�ag�LQRH

f
ADM6MLA_Q,OSNPHYCjOJE,HYV6[WH�a�H�CjO�Z

H−1(0, 1)
�! ?] HpE>OSNPa\AcOSNPU0C � ¯ �P�¤�_�#NPCLf6NWdjV6H[WA��}NPORHpERERH¡f4H¡G�U_C}�_HYQR�0H�CLG�H\f4H�[eA�a�XIORKLU}f6H�f4HpE#X�[WX�a�HYC0O&ET�LCLNWE

P1
�-®2U_a�a�H¡GIH�O,ORH�a\A'A>UD�QSADORNWU_C�HYE,O;MLQRU0MFU0Q,OSNPU0C6C6H�[W[WHgZ

h
�FU0C³f4NPObdjV6H#[eA�a�X�ORK6U4f4H�f4HYE;X�[WX�a�H�CjO&E��LCLNWE

P1
G�U_C}�_HYQR�0H[PNWC6XYA_NPQSH�a�HYC0Op�

X�H�a\ADQ&djV6U_CLE9d0VLHT[PH 0�KLX�U_QS��a�H ¯ � /6� ¯ f4HgG�U_C}�_HYQR�0H�CLG�H;HpE>O;�¤A_[WA_�6[WHT[PU0QSESdjV6Hb[WA\a\ADORQSNWG�Hf4H\QRNW�_Nef4NPORX Kh
H�O#[PH�ERHYG�U_CLf�a�H�aJ�6QRH

bh
E,U0CjObXY�cAD[WV6XYETH��6A_GOSH�a�H�CjOp�!®2H�M<H�CLfLADCjOY��[eA�a�XI�ORK6U4f4H�f4HpE§X�[WX�a�H�CjOSE!�FC6NWE

P1
G�U_C}�_HYQR�0H?ADVFERERN}[PU0QSESdjV�] U0CgV4OSNP[WNeE,H�f4HpEv«{U0QRaJV6[WHYE§f4H�djVLA_f4Q&AcOSV6QSHA_f4Xpd0VFAcORHpE�MFU0V6Q9G�A_[WG�V6[WH�Q Kh
HIO
bh

�r�_U_NWQ F µ0� H{�� •

.¡|+3´m4ycilk!| 	%] �Q]� ��U0VLE�f4XYa�U_CjORQSU_CLE�[PH 0�K6XYU_QS��a�H ¯ �0/4� ¯ f6ADCFE-[PH;G�A_E-f�] V6C¡a�A_NP[W[eAD�_H�V6CLN��«{U_QSa�H0�2G_] HpE>OR� ZD� f4NWQSH�f6H³M<U_NWC0O&E
xj

XYdjV6Nef4NWE,OSA_CjOSE�f6A_CLE�[WH³ERH��0a�HYCjO
[0, 1]

�rADV6ORQSH�a�H�CjO�f4NPO
xj+1 − xj = h

�I�� �H�QSXYERV6[�O&AcObMFHYV4O#C6XpADC6a�U_NWCLETERHJ�0X�C6XYQSA_[PNeERH�QbZ�f6HYEBa\ADNW[P[eAD�0HYEBC6U_C�V6C6NP�«{U_QSa�HBa\ADNeE�QRXY�_V6[WNPHYQSE;�rA_V�ERH�CLE�f4Hb[eAg@;XI�LC6NPORNWU_C ¯ � µ6�W�_�¤��jHIO�f6A_CLE2G�HBGYA_E
h
HYE,O�[eA�f4NWE,OSA_CLGIHa�AD�4NPaJV6a H�CjOSQRHTf4HYV4��M<U_NWCjOSE H

h = max0≤j≤n(xj+1 − xj)
� •

.¡|+3´m4ycilk!| 	%] �Q]�� �;C M<H�V6O�«rA_NPQSH�V6C6H�ADCLA_[PU0�_NWH�H�CjOSQRH�[WA�GIU0C}�_H�QS�_HYCLGIH�fl] VLC6H�a�X�ORK6U4f4Hfl] XY[PXYa�H�CjOSE?�LC6NeE�H�O2[eAgGIU0C}�_H�QS�_HYCLGIH�fl] V6C6H;a�XIORKLU}f6H;f4HBf4NDCªX�QSH�CFGIHYE��LC6NWHYEY�[X9ADM6M<H�[WU_CLE2djV6H_�fl] A_M6QS�YE�[PH 0�K6XYU_QS��a�Hbf4HT vAc� /4�0/4�0/ E �j[eA�G�U_C}�_HYQR�0H�CLG�H9fl] V6C�ERG&KLX�a\AJA_V4�¡f4N�C<XYQRHYCLGIHpE��LC6NWHYEf4XYG�U_V6[WHTf4H#ERA�E,OSA_�6NP[WNPORXbHIO9f4H#ESA�GIU_CFE,NeE>O&ADCLG�H_� D�CLf6NWdjV6U0CLE�djV6H�[eE�E,U0CjO�[WHYE�XYdjV6NW�¤A_[PHYCjOSET�¬«{U0Q,�a�HY[WE&��f4HTGIHpE�NPCL�_QSXYf4NWH�CjOSE�fLADCLE�[WHTGIU_CjOSHI�}ORHTf4HpE�X�[WX�a�H�CjO&E��LC6NeE��L vHbQCB0[PHbf4HT[eA�G�U_CLERNeE>O&ADCLG�HMFU0V6Q§[PHpE'XY[PXYa�H�CjOSE'�LC6NeE§HYE,O A>U_V6X�MLADQ§[eA9MLQRU0M6QRNWXIOSX2fl] NWC0OSH�QSMFU0[WADORNWU_C�f4VJ vH�a�a�H ¯ � /6� �6��O&ADCLf6NWEd0VLH;[WHbQCB0[PHBf4Hb[WA�E>O&AD�6NW[WN�OSX;HpE>O�ORHYC}V¡MLA_Q�[eAJM6QRU0M6QSNPX�ORX;f6HbG�U}H�Q&GINW�jNPORXBf4Hb[WAg«{U_QSa�H;�LNP[WNPCLXYADNWQSHd0VLNvA_ESE,VLQRHB[WA�QSXYERU_[WV4ORNWU_C��rE,OSA_�6[PH¤��f4HbORU0V4ORH#A_M6M6QSU¤�4NPa\AcOSNPU0C�NWC0OSH�QSC6H_� •
Y�h+3´q<s'tYn�ycm4nporq<s#]§ �H# vH�a�a�H ¯ �0/4����MFHYQRa�H�O9fl] A_M6M6[WNWdjV6HYQ�[WH#QRXpE,VL[�O&AcO9f4HgG�U_C}�_HYQR�0H�CLG�HBf6V �H�a�a�H ¯ �W�_� µ#djV6NªH�CjORQ&A8V¬C6H9NWa�a�XYf4NeAcOSH�a�H�CjOT� ¯ �W�#F}��j°§U_V6Q�U_�4OSH�C6NWQT� ¯ �P�¤�_��jU_C¡a�A>A>U_QSH�[^] HpE>�ORNWa�ADORNWU_C�f4V� �HYa�a�H ¯ �P�0� /Jf4HJ®2XYA

‖u− uh‖H1(0,1) ≤ C inf
vh∈Vh

‖u− vh‖H1(0,1) ≤ C‖u− rhu‖H1(0,1),

GIHTdjV6N�M<H�QSa�H�O9f4H#GIU0CLGI[WV6QSH;�0Q@,0GIHbADV� �HYa�a�H ¯ � /6� �6�
�

�9U_VLE-f6U_C6C6U0CLE!a\ADNWC0OSH�CLA_CjO![eA;f6X�a�U_CLE,ORQ&AcOSNPU0CJf4V� �HYa�a�H ¯ �0/4���;E,U0VLE![WA9«{U_QSa�H�f4H�f4HYV4�ADV4OSQRHpE�[PHYa�a�HpE�ORHYG&KLC6NWdjV6HpE��
;?|+3 3´| 	%] �Q]K^ � � � j - c p e j�g h�j } b h�p e q4h e j C c h m�� |�j	h m q4h e j m j h e j	�f��j � gNj o | b g k e b g e
v ∈ H2(0, 1) o

‖v − rhv‖L2(0,1) ≤ Ch2‖v′′‖L2(0,1),
� ¯ �W� ¯ �

j e
‖v′ − (rhv)

′‖L2(0,1) ≤ Ch‖v′′‖L2(0,1).
� ¯ �W�8G_�
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� ¯ F ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

Y�h+3´q<s'tYn�ycm4nporq<s#]N(}U0N�O
v ∈ C∞([0, 1])

�c°-A_Q§f6XI�LC6NPORNWU_Cv�D[�] NWC0OSH�QSMFU0[PXYH
rhv

HYE,O�V6C6H�«{U_CFGORNWU_CAdW\C6HbHIOY�LMFU0V6Q�ORU0V4O
x ∈]xj , xj+1[

�LU_C�A
v(x)− rhv(x) = v(x)−

(

v(xj) +
v(xj+1)− v(xj)

xj+1 − xj
(x− xj)

)

=

∫ x

xj

v′(t) dt− x− xj

xj+1 − xj

∫ xj+1

xj

v′(t) dt

= (x− xj)v
′(xj + θx)− (x− xj)v

′(xj + θj)

= (x− xj)

∫ xj+θx

xj+θj

v′′(t) dt,

� ¯ �W� � �

MFADQ#ADMLM6[PNeG�ADORNWU_C�f4H�[WA�«{U0QRaJV6[WH�f6HYETA_GYGIQSU_NeERERH�a�HYC0O&E��FC6NWEgA¤�_HYG
0 ≤ θx ≤ x − xj

HIO
0 ≤

θj ≤ h
� �;C�HYC�f4XYf4VLN�O�HYC�V6ORNW[PNeERA_CjO�[�] NPCLX��0A_[PNPORXTf4Hg®�A_VLG&K}`0�!(4G&K ��ADQKJ
|v(x) − rhv(x)|2 ≤ h2

(

∫ xj+1

xj

|v′′(t)| dt
)2

≤ h3

∫ xj+1

xj

|v′′(t)|2dt. � ¯ �P� �0�
�?C�NWCjORXY�_Q&ADCjOb� ¯ �W� �j�?MFADQ�Q&ADM6M<U_QRO�Z

x
ERV6Q�[^] NWCjORHYQR�cAD[W[WH

[xj , xj+1]
�6U_C�U_�6ORNWH�CjO

∫ xj+1

xj

|v(x)− rhv(x)|2 dx ≤ h4

∫ xj+1

xj

|v′′(t)|2dt,

G�H?djV6N^��MLA_Q'ERU_a�a\AcORNWU_CbHYC
j
�¤f4U0C6C6H�H��4A0GOSH�a�H�CjO2� ¯ �W� ¯ �I�I°-ADQ!f4H�CLERNPORX?G�H�QRXpE,VL[�O&AcOvHpE>OvHYCLGIU0QRH�}Q&ADN4M<U_V6Q§OSU_V4O

v ∈ H2(0, 1)
�D vAbf4XYa�U0CLE,ORQ&AcORNWU_C�f4H#� ¯ �W�8GD�'HpE>O§ORU0V4O?ZB«rADNPO?ERNPa�NW[WA_NPQSH4H_MFU0V6Q

v ∈ C∞([0, 1])
HIO
x ∈]xj , xj+1[

U_C�XYGIQSNPO
v′(x)− (rhv)

′(x) = v′(x)− v(xj+1)− v(xj)

h
=

1

h

∫ xj+1

xj

(

v′(x)− v′(t)
)

dt

=
1

h

∫ xj+1

xj

∫ x

t

v′′(y) dy.

� [PHY�¤A_CjO�ADV�GYADQSQRX�G�HIORORH9NWC6XY�0AD[WNPORX_�jADM6ML[PNedjVLADCjO�®�A_VLG&K}`0�!(4G&K ��ADQKJ�f4HYV4��«{U_NeE�H�O�ERU_a�a\ADCjO?H�C
j
U_C�U_�4OSNPHYCjOT� ¯ �W�8G_��6djV6N�HpE>O�ADVFERERNl�cAD[WNWf4HTM<U_VLQ�ORU_V6O

v ∈ H2(0, 1)
MFADQ�f4H�CFE,NPORX0�

�

;2|+3 3´| 	%] �Q]K^_^ � � j - c p e j�g h>j } b h�p e q4h e j C c h m�� |�j	h m q4h e j m j h e j	�f��j � gNj o | b g k e b g e
v ∈ H1(0, 1) o

‖rhv‖H1(0,1) ≤ C‖v‖H1(0,1),
� ¯ �0/ E �

j e
‖v − rhv‖L2(0,1) ≤ Ch‖v′‖L2(0,1).

� ¯ �0/4�p�
� j2|>� g+p o | b g k e b g e v ∈ H1(0, 1) o b h�q

lim
h→0
‖v′ − (rhv)

′‖L2(0,1) = 0.
� ¯ � /'/_�
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

� ¯ �
Y�h+3´q<s'tYn�ycm4nporq<s#]� vHYE2M6QSH�V6�0HYE�f4H�� ¯ �0/ E �-HIOT� ¯ � /6�p�2E,U0CjO�f6A_CLE�[PHBa�¦�a�H;HpE,MLQRNPO�djV6HbGIHY[P[WHYEf4V�[PHYa�a�HTM6QSXYG�XYf4HYCjOY�N(}U0N�O

v ∈ H1(0, 1)
�&0'U_V6O9fl] A_�FU0QSf�U_C�A

‖rhv‖L2(0,1) ≤ max
x∈[0,1]

|rhv(x)| ≤ max
x∈[0,1]

|v(x)| ≤ C‖v‖H1(0,1),

H�C��_H�QRORV�f4V� �HYa�a�H:FF� µL� µL�}@J] ADV4OSQRHbMLA_Q,Op�}G�U_a�a�H
rhv

HYE,O�A4W\C6H_�4H�O��_Q-,_G�H;Z�[WA�M6QSU_MLQRNWXIOSX��FL� � ��f4V� vH�a�a�H:FL� µ6� µJdjV6NvAdW\QRa�HTdjV6H
v
HYE,O��6NWH�C�[WA�M6QSNWa�NPORNW�_HTf4H

v′
�6U_C�A

∫ xj+1

xj

|(rhv)′(x)|2 dx =
(v(xj+1)− v(xj))

2

h

=
1

h

(

∫ xj+1

xj

v′(x) dx

)2

≤
∫ xj+1

xj

|v′(x)|2 dx,

MLADQ�®�ADVLG&K}`j�!(4G&K ��A_QCJ0�IGIH�d0VLN��¤MLA_Q!ERU_a�a\AcOSNPU0C#H�C
j
�cG�U_CLf4VLN�O-Zg� ¯ �0/ E �I�Y°§U0V6Q'U0�4ORHYC6NWQ�� ¯ �0/4�¤�U_C�QRHYM6QRHYCLf�[WA�f4HYV4�4NP�Ya�HTXY�0A_[PNPORXTf4H\� ¯ �P� � ��fl] U�&�[^] U0C�f4Xpf4V6NPO

|v(x) − rhv(x)| ≤ 2

∫ xj+1

xj

|v′(t)| dt.

��C�X�[WH��cADCjO�ADV�GYADQSQRX0�jHYC�V4ORNW[PNeESADCjOB®�ADVLG&K}`j�!(4G&K ��A_QCJ0�_H�C�NWCjORX��0QSA_CjO�MFADQ�Q&ADM6M<U_QRO�Z
x
�LM6VLNWEH�C�E,U0a�a�A_CjO�HYC

j
�6U0C�U0�4ORNWH�CjO��6NWH�C�� ¯ � /6�p�I�°-A0ERERU_CLE�Z [eA�f4X�a�U_CFE>OSQSADORNWU_C f4H�� ¯ � /'/_�I��(}U0N�O

ε > 0
�-®2U0a�a�H

C∞([0, 1])
HpE>O\f4H�CFE,Hf6ADCLE

H1(0, 1)
�4MFU0V6Q�OSU_V4O

v ∈ H1(0, 1)
NW[�HI�4NeE>OSH

φ ∈ C∞([0, 1])
OSH�[vdjV6H

‖v′ − φ′‖L2(0,1) ≤ ε.
�;Q

rh
HpE>O�V6C6H#A_M6M6[WNWGYAcOSNPU0C�[WNPCLXYADNWQSHbdjV6Nl�0X�QSN��FH�� ¯ �0/ E ��6f4U0CLGBU_C�H�C�f4XYf6V6N�O

‖(rhv)′ − (rhφ)′‖L2(0,1) ≤ C‖v′ − φ′‖L2(0,1) ≤ Cε. �H�G&K6U_NP��f6H
φ
H�Obf4H

ε
XIO&ADCjO9�L�}X0�ªU_C³f4Xpf4V6NPO#f4H�� ¯ �W�8G_��ADM6ML[PNedjV6X�Z

φ
djV6H_�ªMFU0V6Q

h
ERV W��ERA_a�a�HYC0O�M<HIOSN�Op�

‖φ′ − (rhφ)′‖L2(0,1) ≤ ε.°§A_Q�GIU0CLE,XpdjV6H�CjOY�4HYC�ERU_a�a\ADCjO�GIHpE�ORQSU_NeE�f4H�QSC6NW��QSHYE�NWC6X��jAD[WN�OSXYE�U_C�U_�6ORNWH�CjO
‖v′ − (rhv)

′‖L2(0,1) ≤ ‖v′ − φ′‖L2 + ‖φ′ − (rhφ)′‖L2 + ‖(rhv)′ − (rhφ)′‖L2 ≤ Cε,
GIHTdjV6N�NWa�ML[PNedjV6H�� ¯ � /'/_��

�

�9u�|jyc¢_o�¢_| 	�]��%] � � ; & �����(% �>%�7 � ;�*�� � � 2�7 �>���	9��  � ;#�@% � & � � / 0 / ��9�� �!�"� � �>% �)�>�'�!� <>�"��%�7 � <>% �	!
��7 � & �:9)�����>� & 2���� + ��/���-�1!/
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� ¯_¯ ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

��*KJ�*�) � O ��M Uv/21�S �B/;=RS
P2 'A�a�X�ORK6U4f4HTf4HpE�X�[WX�a�HYC0O&E��LC6NeE

P2
QSH�M<U0ERHBERV6Q�[^] HpE,MFA_GIHTf4NeESGIQSHIO

Vh =
{

v ∈ C([0, 1])
ORHY[vdjV6H

v
∣

∣

[xj ,xj+1] ∈ P2
M<U_VLQ�ORU_V6O

0 ≤ j ≤ n
}

,
� ¯ �0/Dµ0�

H�O9E,VLQ�E,U0C�ERU_VLE,� HYERMLA_G�H
V0h = {v ∈ Vh

ORHY[vdjV6H
v(0) = v(1) = 0} . � ¯ �0/'F}�

 'A¡a�X�ORK6U4f4H\f4HpE;XY[PXYa�H�CjOSE;�LC6NeE
P2

HYE,OB[eA�a�X�ORK6U4f4H\fl] ADMLM6QRU¤�4NWa\AcORNWU_C³�¤A_QRNeAcOSNPU0C6C6HY[P[WHgNWC4�OSH�QSC6H?f4H2[WAn(}U_VFE>��E,HpGOSNPU0C ¯ �P�0� /�ADM6M6[WNed0VLX�H?Z�G�HYE'HYERMLA_G�HYE
Vh

U_V
V0h

�D®2H�V4�}��GINjE,U0C0O!GIU_a�M<U0ERXYEf6H;«{U0CLGOSNPU0CLE�GIU0C0OSNPC}V6HpE��}MLA_QSA_�FU0[PNedjV6HYE2MLA_Q�a�U0QSG�HYADV6�\djV�] U_C�MFHYV4O�QRHYM6QSXYERH�CjORHYQ�ZJ[�] ADNef4HTf4H«{U0CLGOSNPU0CLE�f4HT�LA0E,HBOSQR�pE�E,NWa�M6[PHpE��

ψj

ψj+1/2

0

1

x x xj x xj-1 j-1/2 j+1/2 j+1

� ����� ¯ � µ��¡ vHYE�«{U_CFGORNWU_CFE�f4HT�LA_ERHTf4HYE�XY[PXYa�H�CjOSE��FC6NWE
P2
�

D�CjORQSU4f4V6NeE,U0CLEgORU_V6O�fl] AD�<U_Q&f´[WHYEJM<U_NWC0O&E�a�NW[WNPHYV4� f4HYE�ERH��0a�HYCjOSE
[xj , xj+1]

f4X��LC6NeE�MLADQ
xj+1/2 = xj + h/2

MFU0V6Q
0 ≤ j ≤ n � �;C�f4XI�LCLN�O9A_VLERERN�f4HYV4��«{U_CFGORNWU_CFE�¨>a���QSHYE>©

φ(x) =







(1 + x)(1 + 2x)
E,N − 1 ≤ x ≤ 0,

(1− x)(1− 2x)
E,N

0 ≤ x ≤ 1,
0

ERN |x| > 1,H�O
ψ(x) =

{

1− 4x2 ERN |x| ≤ 1/2,
0

ERN |x| > 1/2.

(4Nv[WH#a\ADNW[P[eAD�0HBHpE>O;V6C6NP«{U_QSa�H0�LM<U_V6Q
0 ≤ j ≤ n+ 1

U_C�f4X��LC6NPO;[WHYE�«{U0CLGOSNPU0CLE9f4Hg�LA_ERH��{�0U_NWQ[eA �!NP�0V6QRH ¯ � µj�
ψj(x) = φ

(

x− xj

h

)

, 0 ≤ j ≤ n+ 1,
HIO
ψj+1/2(x) = ψ

(

x− xj+1/2

h

)

, 0 ≤ j ≤ n.



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

� ¯ G
;?|+3 3´| 	%] �Q]K^ � � � jlp~|�q'}@j Vh

o m'� ' h c |Nq4k z ��w-, �l� o jlp e g h�p b g+p � jup~|Nq�}-j m j H1(0, 1)
m jm4c t9jlhNp cBb h 2n + 3 o j e"e b g e j"r b h�} e~cBb h vh ∈ Vh jup e7m�� ' h c j m j6t.qdh c + kvj6g h c � gNjs|Nq4k)pljlp

i8qd��jlg k-pEqdg -9p b t t9j e p (xj)0≤j≤n+1 j e qdg -�t c � c j	g - (xj+1/2)0≤j≤n

vh(x) =

n+1
∑

j=0

vh(xj)ψj(x) +

n
∑

j=0

vh(xj+1/2)ψj+1/2(x) ∀x ∈ [0, 1].

��j"t �lt9j o V0h
o m'� ' h c |Nq4k z �dw-, *4� o jlp e g h)p b g+p � jlp~|�q'}-j m j H1

0 (0, 1)
m j m4c t9j	h�p cBb h 2n+1 o

j e�e b g e j�r b h>} e~cBb h vh ∈ V0h jlp e2m�� ' h c j m j t9q4h c + k@jsg h c � gNj�|Nq4k"pljlp"i4q4� jlg k-p7q4g - p b t�t9j e p
(xj)1≤j≤n j e q4g -)t c � c j	g - (xj+1/2)0≤j≤n

vh(x) =

n
∑

j=1

vh(xj)φj(x) +

n
∑

j=0

vh(xj+1/2)ψj+1/2(x) ∀x ∈ [0, 1].

.¡|+3´m4ycilk!| 	%] �Q]K^+\ D>GIN§H�CLG�U_QSH_�
Vh

HYE,ObV6C³HpE,MLA0GIH�fl] XY[PXYa�H�CjOSE9�LC6NeEbf4H� 'AD�0QSA_C6�_H���G«>�ª[WA
X�H�a\ADQ&djV6H ¯ � /6� /0���®2U_a�a�H¡[WHYEg«{U_CLGIORNWU_CLE�E,U0CjOJ[WU}GYAD[WH�a�H�CjO

P2
�!U_C f6N�O\djV6H�[^] HYERMLA_G�H

Vh
�f4XI�LCLN�MLADQ#� ¯ �0/Dµj��4HYE,O�[�] HYERMLA0GIHTf4HYE�XY[PXYa�H�CjOSE��FC6NWE�f6H# vAD�0QSA_C6�_HBfl] U_Q&f4QRH /4� •

Y�h+3´q<s'tYn�ycm4nporq<s#]9°§A_Q\ADM6M6[WNeG�AcOSNPU0C f4V  �HYa�a�HIFL� µ6�W� �
Vh

HIO
V0h

ERU_CjO��6NPHYCxf4HpE�E,U0VLE>�HYERMLA_G�HYE�f4H
H1(0, 1)

�L �HYV6Q9f4NWa�H�CLERNWU_C�HIO9[WHYE��LA_ERHYE�M6QSU_M<U0ERX�HpE�E,HbOSQRU0V6�_HYCjO�«rA0GINW[PHYa�H�CjO9H�CQRHYa�A_QSdjVLA_CjOBdjV6H
ψj(xi) = δij

�
ψj+1/2(xi+1/2) = δij

�
ψj(xi+1/2) = 0

�
ψj+1/2(xi) = 0�{�_U0NPQ�[eA��!NP�0V6QRH ¯ � µj��

�

@;XYG�QRNW�_U0CLE�[eATych}tYq<�rk'nYo�qFs�~!ycm4nYo�ilk'|�f4V¡M6QRU0�6[W��a�H9f4HB@9NWQRNeG&K6[WHIOb� ¯ � GD�-MLADQ2[WAga�X�ORK6U4f4Hf4HYE;X�[WX�a�H�CjO&E9�FC6NWE
P2
�< 'A\«{U0QRaJV6[WADORNWU_C �cA_QRNeAcOSNPU0C6C6H�[W[WH¡� ¯ � /0�9f4H�[^] A_M6M6QSU¤�}NWa\AcOSNPU0C�NWCjORHYQRC6HQRHY�jNWH�CjO�Z�QRXpE,U0VLf4QSHBfLADCLE

R2n+1 [WH#E,`4E,OR�Ya�Hb[WNPCLXYADNWQSH
KhUh = bh.

� ¯ �0/_�0�
°!U0V6Q�HI�4M6[WNWG�N�OSH�Q�GIH�ER`4E>OS��a�H³[WNWC6XYA_NPQSH NW[BHpE>O�GIU0a�a�U4f4H�f4H�G&KFADC6�0H�Q¡fl] NWCLf4NeGIH�H�C C6U_OSA_C0Of4XYERU_QSa\ADNeE�[WHYE2MFU0NPCjOSE

(x1/2, x1, x3/2, x2, ..., xn+1/2)
ERU_VLE?[WA#«{U_QSa�H

(xk/2)1≤k≤2n+1
�}HIO�[WA�LA_ERH

(ψ1/2, ψ1, ψ3/2, ψ2, ..., ψn+1/2)
f4H

V0h
ERU_VLE9[WA�«{U_QSa�H

(ψk/2)1≤k≤2n+1
�ª@BADCLEBGIH�O,ORH�LA_ERH

Uh ∈ R2n+1 HYE,O§[WH��_HpGOSH�V6Q-f4HpE-GIU}U_Q&f4U_CLC6X�HpE'f4H�[eABE,U0[PV4OSNPU0C�A_M6M6QSU4G&K6X�H uh
djV6N4�0X�QSN��FH

uh(x) =

2n+1
∑

k=1

(Uh)k/2ψk/2(x)
A¤�0HYG

(Uh)k/2 = uh(xk/2),
� ¯ �0/ ¯ �

HIO�U_C�A
Kh =

(∫ 1

0

ψ′
k/2(x)ψ

′
l/2(x) dx

)

1≤k,l≤2n+1

, bh =

(∫ 1

0

f(x)ψk/2(x) dx

)

1≤k≤2n+1

.

 �HYE#«{U_CLGIORNWU_CLEJf4H��LA0E,H
ψk/2

U_CjOgV6C�¨>M<HIOSN�O,©�ERV6M6M<U_QROY�'HIO�[WA�ML[PV6MFADQROJf4HYEJGIU}HlW�G�NPHYC0O&Egf4H
Kh

E,U0C0O�f4U0CLG�C}V6[eE��#�9C G�A_[WG�V6[9ERNPa�M6[WH�a�U_CjORQSH djV6H�[WA�a\ADORQSNWG�H f4H�QRNW�_Nef4NPORX Kh
HpE>O�NeGIN
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� ¯ � ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

M<H�CjO&A_f4NeAD�0U_CLA_[PH

Kh = h−1



























16/3 −8/3 0
−8/3 14/3 −8/3 1/3 0

0 −8/3 16/3 −8/3 0
1/3 −8/3 14/3 −8/3 1/3� � � � � � � � � � � � � � �

0 −8/3 16/3 −8/3 0
0 1/3 −8/3 14/3 −8/3

0 −8/3 16/3
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X�H�a\ADQ&djV6U_CLE�djV6HbGIHIORORHBa\AcORQSNeGIHBHYE,O�M6[WVLE-¨,M6[PHYNPCLH©BdjV6HbGIHY[P[WH;U0�4ORHYC}V6H;MFADQ�[WAga�XIORKLU}f6Hbf6HYEXY[PXYa�H�CjOSE9�LC6NeE
P1
�ªHIObf4U_CLGJdjV6Hg[eA�QSXYERU_[WV4ORNWU_C f6V�ER`}E,OR�Ya�Hg[WNPC6XpADNWQRHJGIU_�6ORH�Q&A\M6[WVLEBG&K6H�QBH�COSH�a�MLE;f4HgG�A_[WG�V6[^�L°§U_V6Q9X��cAD[WV6H�Q9[PHgERHYG�U_CLf�a�H�aJ�6QSH

bh
U0C A�QRHpGIU_VLQSE�A_V4��a�¦Ya�H#«{U_QSagV6[WHYEf6H�djVLA0f4Q&AcORVLQRH��{U0V «{U0QRaJV6[PHpE\fl] NPCjORXY�_Q&AcOSNPU0C C}V6a�X�QSNWdjV6H¤��d0VLH�G�H�[W[PHpE�M6QSXYERH�CjORXYHYE�f6ADCFE�[WAa�X�ORK6U4f4H

P1
�

� £'h}qFy8:+3´| 	�]��%]B^ � `Qb4cfe
u ∈ H1

0 (0, 1) j e uh ∈ V0h ��jlp9p b � g e~cBb h�p m j�z �dw��R� j e z ��w-, � � �
z ��w-, �@� o kvjup~|Nj-} e~c i8j	t9jlh e w %"� b k-p o ��q9t �	e � bIm j m jup � � � t.j	h e p ' h c p P2 } b hNi4j	k � j o }_� jup e � $ � mdc kvj� gNj

lim
h→0
‖u− uh‖H1(0,1) = 0.

� j#|��Dg+p o p c u ∈ H3(0, 1) z!}-j � g c jlp e i kvq c p c f ∈ H1(0, 1) � o q4� b k-p c �%j�- c p e jng h�j } b h�p e qdh e j
C

c h m�� |�j	h m q4h e j m j h e j	�f��j � gNj
‖u− uh‖H1(0,1) ≤ Ch2‖u′′′‖L2(0,1).

�;u�|jyc¢_or¢0| 	�]��%]
	 � � ��;>� ;>% 2�7 � �C2���� 7 �#� 2>% �"� & �>����� <>%�;��!;�9)�)�����%�=9�; & �����(% �>% 7 �  � ;#�@% � & �
� / 0 / � � / vH 0�K6XYU_QS��a�H ¯ �0/4�W�#F�a�U_CjOSQRH�[^] A¤�¤A_CjOSAD�0H-M6QSNPCLG�NPMFAD[0f6HYE�XY[PXYa�H�CjOSEv�LC6NeE

P2
HpERN_[eA�ERU_[WV4ORNWU_CHpE>O�QSX��_VL[PNW��QSH_��AD[WU_Q&E�[eAxG�U_C}�_HYQR�0H�CLG�H f4H�[eA´a�X�ORK6U4f4H�HYE,O�ilk!m6w'ycm4nYo�ilk'| �{[eA´�}N�OSHYESE,H�f4HG�U_C}�_HYQR�0H�CLG�H�HYE,O�MLQRU0MFU0Q,OSNPU0C6C6H�[W[WH;Z

h2 ��A_[PU0QSE2d0VLH;[eAgG�U_C}�_HYQR�0H�CLG�H�MFU0V6Q�[PHpE2XY[PXYa�H�CjOSE2�LC6NeE
P1

HYE,O2E,HYV6[WH�a�H�CjO�[WNPC6XpADNWQRH#�rM6QSU_M<U_QRORNWU_C6C6HY[P[WH�Z
h
�I�'*�NWH�C\E,�LQ?GIH�O2A¤�cADCjOSA_�_H�AbV6C\M6QSN��IHDNP[F`JAf6H�V4��«{U_NeE�ML[PVLE�fl] NPCFGIU_CLCjVLHYE9�rHI�6A_GIORHYa�HYCjO

2n+1
A_V\[PNWH�V¡f6H

n
M<U_V6Q2[PHpE?XY[PXYa�HYCjOSE?�LC6NeE

P1
�f6U_CLG9[WAJa\AcORQSNeGIH9HpE>O�f4HYV4�\«{U_NeE?ML[PVLE��0QSA_CLf4H_�jHIO�H�C�M6[WVLE?[eAJa�ADORQSNWG�H;AJGINWCLd\f4NeAD�_U0CLAD[WHYE?C6U_CC}V6[W[WHYE�A_VJ[WNPHYV�f4H�ORQSU_NeE-f6A_CLE§[PH�GYA_E

P1
�'X�HYa\ADQ&d0VLU_CLE§djV6H�ERN6[WAbERU_[WV4ORNWU_C�C�] HYE,O�MLA0E§QRXY�_V6[WNP�YQRH�

u ∈ H3(0, 1)
��NW['Cv] `�A¡A_VLGIVLC³A¤�cADCjOSA_�_HbORKLX�U_QSNed0VLH¡�{a\ADNeEBADVLESE,N!M6Q&AcOSNWdjV6H¤��Z�V4OSNP[WNeE,HYQBf4HpEXY[PXYa�H�CjOSE��LCLNWE
P2

M6[PV6OCBDO9djV6H
P1
�

��*KJ�* 
 J³365593L= �l1 ��SyT�8�P�O,=>1+P!16= ��U�S
�9U_VLE�ESA¤�_U0CLE¡djV6H�[WA¥ERU_[WV4ORNWU_C fl] VLC M6QSU_�L[P�Ya�H�f4H�@;NPQSNWG&KL[PH�O��0X�QSN��LH�[WH�M6QSNWCLGINWMFH�f4Va\AD�}NWagVLa �r�_U0NPQ�[PH 0�K6X�U0QR�Ya�H��4�0/4�0/�/_�I�?D�[BHYE,O�NWa�M<U_QROSA_CjO�f4H�ERA¤�0U_NWQ¡E,NbGIH�O,OSH³M6QSU_M6QSNWXIORXHpE>O9G�U_CLERH�QS�_XYH9MLA_Q�[�] ADMLM6QRU¤�4NWa\AcORNWU_C��cADQSNWADORNWU_C6C6HY[P[WHBNPCjORHYQRCLH_�
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

� ¯ �
�by¤qF~?q<tYornYo�qFs 	%] �Q]K^ � ��~!ycors!¢_or~?|�w'k�3 m4u�oB3�k$3 w!ortp¢Dyc|jn " x�h pug |�| b p	j � gNj f ≥ 0
|�kvjlp � gNj9|�qdk e{b g e m q4h�p ]0, 1[ w %"� b k-p o ��q p b �Dg eKcBb h uh

m j �R� q-|�|>k b - c t9q e~cBb h i8qdk c q e~cBb h_h�j	�f��j
z ��w�� �u�s|�qdk7��q9t �	e � bIm j m jup � � � t.j	h e p ' h c p P1 i � k c ' j uh ≥ 0

m qdh�p [0, 1] w
Y�h+3´q<s'tYn�ycm4nporq<s#]�(}U_NPO

uh
[eA�E,U0[PV6ORNWU_C�f4H�� ¯ �P�0�p��4�?C��0H�QRORV�f4V� �HYa�a�H ¯ � /6�P�0�jU0C�A

uh(x) =
n
∑

j=1

uh(xj)φj(x),

U�&�[PHpE�«{U0CLGOSNPU0CLE
φj

E,U0C0O�[WHYE�«{U_CLGIORNWU_CLE;f4HT�LA_ERH#f4HpE�X�[WX�a�HYC0O&E��LC6NeE
P1

f6ADCFE
V0h

H�O
Uh =

(uh(xj))1≤j≤n
HpE>O�ERU_[WV4ORNWU_C�f4V�E,`4E,OR�Ya�Hb[WNPCLXYADNWQSH

KhUh = bh.
� ¯ �0/'G_�

 �HYE�«{U_CLGIORNWU_CLE
φj

ERU_CjO2f6HYE-«{U0CLGOSNPU0CLE'¨RG&KLA_MFHpADV4�j©b�r�_U0NPQ�[eA �!NW�_V6QSH ¯ �W�p�§djV6NªERU_CjO�MFUjE,NPORNW�_HpE�HNP[lERV W�O�f4U0CLG9f6H;a�U_CjOSQRHYQ2djV6H;ORU_V6ORHYE�[WHYE�GIU0a�M<U0ESADCjOSHYE?f6V¡�_HpGOSH�V6Q
Uh = (U j

h)1≤j≤n
E,U0C0OMFUjE,NPORNW�_HpETMFU0V6QgMLQRU0V6�_HYQgdjV6H�[eA�«{U_CLGIORNWU_C

uh
HpE>OgM<U0ERNPORNW�_H¡ERV6Q

[0, 1]
��X�ADMLMFHY[PU0CLEgdjV6H0�vH�CMFUjERA_C0O

U0
h = Un+1

h = 0
�4[WH#E,`4E,OR�Ya�Hb[WNPCLXYADNWQSH�� ¯ �0/'G_�?HpE>O�Xpd0VLNP�cAD[WH�CjO9Z

−U j−1
h + 2U j

h − U
j+1
h = hbjh

M<U_V6Q�OSU_V4O
1 ≤ j ≤ n. � ¯ � / � �

(}U_NPO
U j0

h = minj U
j
h

[WA�M6[WVLEBMFH�ORNPORH\GIU0a�MFUjERA_C0OSHJf4H
Uh

HlEY] NW[-` A�M6[WVLERNPHYV6Q&E;ML[PVLEBM<HIOSN�OSHYEGIU_a�M<U0ESADCjORHpE��ªU0C�G&KLU_NeE,NPO#GIH�[W[WH�f4H\M6[WVLETM<HIORNPOgNWCLf4NeGIH
j0
��(}N

j0 = 0
�vA_[PU0QSE

U j
h ≥ U0

h = 0MFU0V6Q�ORU_V6O
j
�6G�HBdjV6NlHpE>O�[PHbQSXYERV6[POSAcO�QSHYG&K6HYQSG&K6X0�+(4N

j0 ≥ 1
�4AD[WU_Q&E

U j0
h < U0

h = 0
�}HIO�GIU0a�a�H

Un+1
h = 0

U0C�H�C�f4XYf4VLN�O;djV6H
j0 ≤ n

�F®2U_a�a�H
bjh =

∫ 1

0
fψj dx ≥ 0

MLADQ�K}`}MFU_ORK6�pE,HTERV6Q
f
�U_C�MFHYV4O;AD[WU_Q&E�f4XYf6V6NPQSHTf4HT[eAJQSH�[eAcOSNPU0C�� ¯ �0/ � �2M<U_V6Q

j0
djV6H

(

U j0
h − U

j0−1
h

)

+
(

U j0
h − U

j0+1
h

)

≥ 0,

GIH;djV6NFHYE,O2V6CLH;GIU0CjORQ&A_f4NeGOSNPU0C�A¤�0HYG�[WH9GYADQ&A_GOS��QSH�a�NPC6NWa\AD[§�rE,ORQSNWGIO&�?f4H
U j0

h

�j°-ADQ2G�U_CLERXYdjV6HYCjO[WA�a�XIOSK6U4f4H#f4HYE�X�[WX�a�H�CjOSE��FC6NWE
P1

�_X�QSNP�LHb[PHbM6QSNPCFGINWMFH#f4V�a\Ac�4NWagV6a f4NWESGIQSHIOp�
��9U_VLE!A¤�_U0CLEvf6X�a�U_CjORQSX?f6A_CLE'[PHpE'ERU_VLE,��E,HpGORNWU_CFElM6QSXYGIXpf4H�CjOSHYEvf6HYE'QRXpE,V6[POSADOSEvORK6XYU_QSNWdjV6HpEvf4HGIU_C}�0H�QS�_H�CFGIH_�I�9U_VLEvMFU0V6�_U0CLE�z<hjy¤oBZ!|jy9slk�3´hjycorilk!|+3´|}sªn2�r|}t�z�ornY|}tYtp|}t�w'|#¢0qFsªz<|jy8A<|}s'¢0|M6QRXpf4NPORHYE�HYC�QSXYERU_[W�cADCjO2[WH;MLQRU0�6[P�Ya�HBf4HT@;NPQSNeG&K6[PH�Ob� ¯ � GD�?MLADQ�[eAga�X�ORK6U4f4HTf4HpE2XY[PXYa�H�CjOSE��LCLNWEA¤�_HYGBf4HpE�a\ADNW[P[eAD�0HYE�f4HBOSA_NP[W[PHpE�f4NeE>OSNPCFGORHpE��F®2U0CLERNWf4XYQRU0CLE�[�] HI�4HYa�ML[PH#ERV6NW�¤A_CjO

{

− ((1 + x)u′)′ + (1 + cos(πx)) u = f
M<U_V6Q

0 < x < 1
u(0) = u(1) = 0

� ¯ �0/*�j�
A¤�_HYG

f(x) = −π cos(πx) + sin(πx)(1 + cos(πx) + π2(1 + x))
�vf4U0CjO;[eA�ERU_[WV4ORNWU_C�HI�6A_GIORHHYE,O

u(x) = sin(πx)
�2 �] NWf4XpAD[�ERH�Q&ADNPO�f4H�G�A_[WG�V6[WH�Q�[�] H�QSQRHYV6Q�HI�6A_GIORH ‖u − uh‖H1(0,1)

�!a\A_NWEGIH�[eA�CLXYGIHpERERNPORH�f4Hg«rA_NPQSHJf6HYEBG�AD[eGIVL[WEBM6QSXYG�NWEBfl] NPCjORXY�_Q&AD[WHYEY�FG�H�djV6N§C�] HYE,OBMFA_EBGIU_a�a�U4f4H�E,N![WAE,U0[PV4OSNPU0C
u
HYE,O?GIU0a�ML[PNedjV6X�H0�_��C\M6Q&AcOSNWdjV6H#�rHIO2G_] HpE>O?G�H�djV6H�C6U0VLE§«rADNeERU_CLE§NeGIN¬�§U_C\ERH�GIU0C0OSH�CjORHf4H�G�A_[WG�V6[PHYQ-[�] H�QSQSH�V6Q§M6QSU>A>H�ORX�H�f6A_CLE

Vh
�0GD] HYE,O,��Zc��f4NPQSH�d0Vv] U0C�GYAD[eGIV6[WH ‖rh(u−uh)‖H1(0,1)

�{U0C
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�4G E ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

f6N�O9A_VLERERN�djV�] NP[vEY] AD�_NPO�f4Hb[WA�s!qLy43´|�w!ortp¢Dy4:jnY|¡f6ADCLE
Vh
��L ?] NWCjORXYQR¦�O�f6H#GIHIORORH#A_M6M6QSU}G&KLH;HpE>OdjV6HT[^] U_C�M<H�V4O;GYAD[eGIV6[WH�Q9HI�6A_GIORH�a�HYC0O�[WHYE�NPCjORXY�_Q&AD[WHYE�M6VLNWESdjV6H

rh(u− uh) = rhu− uh ∈ Vh��GIHY[WA�QSH��}NWH�CjO;Z�C6H#MFA_E�OSH�C6NWQ;G�U_a�M4ORHJf4HYE�HYQRQSH�VLQSE�fl] NWC0OSH�QSMFU0[WADORNWU_C�H�CjOSQRH
H1(0, 1)

H�O
Vh
�I�

�;C�OSQSA0GIHgG�HIORORHgHYQRQSH�VLQ9f4NeERG�QR��ORH ‖rh(u− uh)‖H1(0,1)

H�C�«{U0CLGOSNPU0C³f4V MLA0E9f4V³a�A_NP[W[eAD�_H
h
� vU_Q&ERdjV6Hg[WA�ERU_[WV4OSNPU0C HYE,O;QSX��0V6[PNW��QSH_�F[PH 0�K6X�U0QR�Ya�H ¯ �0/4� ¯ M6QSX��0U_NPO9V6C6H�GIU_C}�0H�QS�_H�CFGIHT[WNPC6XpADNWQRH�rH�C

h
�-f4H;[�] H�QSQSH�V6Q-MLA_Q?[eATa�XIOSK6U4f4H;f4HpE�XY[PXYa�HYCjOSE-�FC6NWE

P1
�0OSA_CLf4NeE?djV6H�[WH 0�K6XYU_QS��a�H ¯ � /6�P��FMLQRXY�_U_NPO2VLC6HTGIU_C}�0H�QS�_H�CFGIH9djVLA0f4QSADORNedjV6H��rH�C

h2 ��f4H;[^] H�QSQRHYV6Q�MLADQ�[WA�a�XIOSK6U4f4HTf4HYE�XY[PXYa�HYCjOSE�FC6NWE
P2
�4@;A_CLE�[WHBGYA_E�f4HB[�] HI�4H�a�M6[WH\� ¯ � / �0�?U_C�OSQSA0GIHbGIH�O,ORHBH�QSQSH�V6Q�MFU0V6Q�f4N�C<XYQRHYCjORHYE��cAD[WH�VLQSEf6H

h
ERV6Q�[eA �'NW�_VLQRH ¯ � F��{HYC�XYG&K6HY[P[WH�[PU0�0A_QRNPORK6a�NedjV6Hp�I�_ �HpE�GIQSU_NP�gU_V�[WHYE-QSU_CFf6E�GIU0QRQSHYERM<U_CLf4HYCjOZ�f6HYETQSXYERV6[POSAcO&E#f4H�GYAD[eGIV6[^��[WHYET[WNP�0C6HYEgE,U0C0Ogf6HYE#f4QSU_NPORHpETf4H�QSXI«{XYQRHYCLGIH\GIU0QRQSHYERM<U_CLf6A_CjObA_V4�«{U0CLGOSNPU0CLE

h2 H�O
h3 QRHpE,M<HYGIORNW�_HYa�HYCjOY��X�HYa\ADQ&d0VLU_CLE#djV6H¡[�] V4ORNW[WNWESAcOSNPU0C´fl] VLC6H¡XpG&K6H�[W[PH¡[PU0�0Ac�QSNPORK6a�Ned0VLH�MFHYQRa�H�Ogf4H��6NWH�C��}NeE,VLA_[PNeERH�QT[WHYET�}NPORHYESERHYE#f4H�GIU_C}�0H�QS�_H�CFGIH�GIU_a�a�H\[eA�MFHYCjORH¡f4V[WU_�jADQSN�OSK6a�H2f4H�[^] HYQRQSH�VLQ'HYC#«{U_CFGORNWU_C�f4V�[PU0�0ADQSNPORK6a�H2f6H

h
� �;CgU0�LE,HYQR�0H2f4U0CLG2V6CJMLK6X�C6U0a���C6Hf6H2tpkv~?|jy =S¢0qFsªz<|jy8A<|}s'¢0|<�pG_] HpE>OR� ZD� f4NWQSH?djV6H?[WHYE'X�[WX�a�H�CjO&El�LC6NeE§GIU0Cj�0H�QS�_HYC0OlM6[WVLE'QSA_M6Nef4H�a�H�CjOdjV6HbGIHTdjV6NªHYE,O�M6QSX��}V¡MLA_Q2[eAgORK6XYU_QSNPH H4[�] H�QSQSH�V6Q�HYE,O�HYC

h2 MFU0V6Q�[WA�a�XIOSK6U4f4H P1
H�O
h3 MFU0V6QG�H�[W[PH

P2
�'®2H��jADNWC³HpE>OTf4��Z¡[^] VLC6N�«{U0QRa�NPORX\f4V�a\ADNW[P[eAD�0HJH�ObA_V�G&K6U0N��³f6HJ[eA�C6U_QSa�HJf4NeERG�QR��ORHfLADCLE

Vh
�
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� ����� ¯ � F	�J®�A_E§fl] V6C6H�E,U0[PV4OSNPU0CgQSX��0V6[PNW��QSH,HcH��4H�a�M6[WHB� ¯ �0/*�0�I�c��U_QSa�H2f4NeESGIQS�IORH
H1 f4H�[�] H�QSQSH�V6QHYC «{U0CLGOSNPU0C�f4V�MLA_E

h
f4V�a�A_NP[W[eAD�_H��{[WHYEbGIQSU_NP� GIU0QRQSHYERMFU0CLf4HYC0OBADV4� XY[PXYa�HYCjOSE;�LC6NeE

P1
�ª[WHYEQSU_CFf6E�ADV4��X�[WX�a�H�CjOSE��FC6NWE

P2
�4[WHYE�f6QRU0N�OSHYE�ERU_CjO�[PHpE�ORQ&A_GIXpE�f4H

h→ h2 HIO h→ h3 ��
(}Nª[eAgERU_[WV4ORNWU_C\Cv] HpE>O�MLA_E2QRXY�_V6[WNW��QSH_�_NW[<`�A#ORU0V'A>U_V6Q&E?G�U_C}�_HYQR�0H�CLG�H�a\ADNeE?A¤�_HpG�V6C6H;�}N�OSHYESE,HML[PVLE?«rADNW�6[WH;djV6HBGIHbd0VLNFHpE>O�M6QRXpf4NPO�f6A_CLE?[WH;GYA_E?QRXY�_V6[WNPHYQ?MLA_Q2[WHYE 0�K6X�U0QR�Ya�HYE ¯ � /6� ¯ HIO ¯ �0/4�W�#FL�°§U0V6Q�U_�4OSH�C6NWQ�V6C6HTERU_[WV4ORNWU_C�C6U_C�QRXY�_V6[WNW��QSH_�}U_C�M6QRHYCLf�V6C�ERHYG�U_CLf¡a�H�ag�LQRHTf6A_CLE

H−1(0, 1)djV6N<C�] ADM6MFADQRORNWH�CjO2MLA0E?Z
L2(0, 1)

�j��C¡VLC6H;f4NWa�H�CLERNWU_C¡fl] HYERMLA0GIH9U0C\MFHYV4O�ADNWCLE,N<M6QSH�CLf6QRH;V6C6H
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

�8G}�
a�A0ERERHTf4HT@9NWQ&A_GD�F®2U0CLERNWf4XYQRU0CLE�f4U_CFGb[�] HI�4H�a�M6[WH

{

−u′′ = 6x− 2 + δ1/2
M<U_V6Q

0 < x < 1
u(0) = u(1) = 0

� ¯ � µ E �
A¤�_HYG

δ1/2

[eA³a\A_ESERH�f4H�@9NWQ&A_G¡A_V´M<U_NWC0O
x = 1/2

�'f6U_CjO�[eA³ERU_[WV4OSNPU0C´HI�6A_GIORH�HYE,O
u(x) =

1/2− |x− 1/2|+ x2(1− x) ��;C�ORQ&A_GIH9[�] H�QSQRHYV6Q ‖rh(u−uh)‖H1(0,1)

HYC�«{U0CLGOSNPU0C�f4H
h
E,VLQ2[eA �!NW�_V6QSH ¯ ���\�rH�C�XpG&K6H�[W[PH[PU0�0ADQSNPORK6a�Ned0VLHp��Y �HYE!GIQSU_NP�;U0VT[PHpE�QSU_CLfLEvGIU0QRQSHYERM<U_CLf4HYCjOvZ�f4HYEvQRXpE,VL[�O&AcOSE'f4H2GYAD[eGIV6[<�

P1
U_V

P2QRHpE,M<HYGIORNW�_H�a�HYC0O��F[PHpE�[WNP�0C6HYE;E,U0C0OBf4HYE;f4QRU0N�OSHYE�f6HgQSXI«{X�QSH�CFGIH#GIU0QRQSHYERM<U_CLf6A_CjO�A_V4��«{U_CLGIORNWU_CLE
√
h
HIO
h
QSHYERMFHpGOSNP�0H�a�H�CjOY� �;C\�_U0N�O2djV6H;[PHpE�XY[PXYa�HYCjOSE-�FC6NWE

P1
HIO

P2
GIU0Cj�0H�QS�_HYC0O�ZT[eA#a�¦Ya�H�jNPORHpERERHBM6QRU0MFU0Q,OSNPU0C6C6HY[P[WHBZ √

h
�6G�HTd0VLNlHYE,O��LNPHYC�NWC4«{X�QSNWH�V6Q�Z�[WAJ�}N�OSHYESE,HTf4H

h
�rU_V¡a�¦Ya�H

h2 �M6QRXpf4NPORH�f6ADCFE§[PH�G�A0E!QRXY�_V6[WNPHYQY�¤��C�MLA_Q,OSNWG�V6[WNPHYQY�¤NW[6C�] `gAbADVLG�V6CJNWCjORXYQR¦�O§ZBV4OSNP[WNWERH�Q-[WHYE§XY[PXYa�H�CjOSE�LC6NeE
P2
�4ML[PV4OKBDO9djV6H

P1
�Lf6A_CLE�V6C�ORHY[�G�A_EY�
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������� ¯ ��� �³®�A0E;f�] V6CLH�ERU_[WV4ORNWU_C³C6U_C QSX��0V6[WNP�YQRH HFH��}HYa�M6[PH�� ¯ � µ E �I�<�9U_QSa�H�f4NeERG�QR��ORH
H1 f4H[�] H�QSQRHYV6Q�H�C «{U_CLGIORNWU_C�f4V MLA0E

h
f6V�a�A_NP[W[eAD�_H��r[PHpE9G�QRU0N���G�U_QSQRHpE,M<U_CFf4H�CjO9ADV6��X�[WX�a�HYC0O&E��LCLNWE

P1
�6[WHYE�QSU_CFf6E�ADV4��X�[WX�a�H�CjOSE��FC6NWE

P2
�6[WHYE�f6QRU0N�OSHYE�ERU_CjO�[PHpE�ORQ&A_GIXpE�f4H

h→
√
h
H�O
h→ h

�I�
°§U0V6Q#G�A_[WG�V6[PHYQT[�] H�QSQSH�V6QTf6A_CLEb[PHpE �!NP�0V6QRHpE ¯ � F�HIO ¯ ���¡C6U_VLETA¤�0U_CLEBV4OSNP[WNeE,X\V6CLH�ERU_[WV4OSNPU0CHI�6A_GIORH_��®2H�M<H�CFf6ADCjOY�ªERN!G�H�[W[PH�� G�N'C�] HYE,ObMLA_EBGIU0C6C}V6H_�<U_C M<H�V6OB[eA�QSH�a�M6[eA_G�H�Q9MFADQ9[eA¡ERU_[WV4OSNPU0CADM6M6QSU4G&K6X�H�U0�4ORHYCjVLH�A¤�0HYG�[WH�a�A_NP[W[eAD�_H�[WH�M6[WVLE-�LC���E,V6MLMFUjE,XYH�¦IORQSH�[eA;ML[PVLE2GIU0Cj�0H�QS�_XYHp��_®2H�O,ORHM6QRU4G�XYf4V6QSH�f4H�¢0qFsªz<|0y4A<|}s'¢0|�slk�3´hjycorilk!|TMFHYV4O�A_VLESE,N6¦�ORQSH�a�NWERH�H�C�U}H�VL�jQSH�M<U_V6Q�fl] A_V4ORQSHYEa�X�ORK6U4f4HpE�C}V6a�X�QSNWdjV6HpE��}`�GIU_a�M6QSNeET�{HIO9ERV6QRORU0V4O&�2[WU_Q&ERdjV�] U_C�C6H#f4NeE,M<U0ERHTfl] A_VLGIVLC�OSK6X�U0QR�Ya�Hf4HBG�U_C}�_HYQR�0H�CLG�H_�j®;] HYE,O�E,U0V6�_HYC0O�[PHbERH�V6[ªa�Uc`_HYCJ¨>KLH�V6QSNWE,ORNedjV6H©;f6H;�0X�QSN��LHYQ2ERNªV6C�A_[P�0U_QSN�OSK6a�HGIU_C}�0H�QS�_H9H�O9Z�d0VLH�[W[PHT�}NPORHYESERHBMFADQ�QSA_M6M<U_QRO�A_V�Q&A4W\C6HYa�H�CjO�f4V�a�A_NP[W[eAD�_H0�
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�4Gd/ ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

��*KJ�*�� � O ��M Uv/21�S �B/;=RS´7 ���<Uv3NM =�1 U
±9M6QR�pE;A¤�0U_NWQ�f4XI�FC6N!f6HYE;X�[WX�a�H�CjOSE��LC6NeE

P1
HIO

P2
�<[PHJ[PHpGOSH�V6Q;NPa\AD�0NPCLHT«rA_G�NP[WH�a�H�CjObGIU_a��a�HYC0O��0X�C6XYQSA_[PNeERH�Q�HIO;f6XI�LC6NWQ9f4HpE�X�[WX�a�H�CjO&E��LC6NeE

Pk
A¤�_HpG

k ∈ N∗ �ª®2HpE�X�[WX�a�H�CjO&E��LC6NeE��<f4NPOSEf6H¡ vA_�_Q&ADC6�0H_�lV4OSNP[WNWERH�CjO�f4HYE#«{U_CLGIORNWU_CLE#f6H¡�LA0E,H�djV6N�E,U0CjOgE,HYV6[PHYa�H�CjOJGIU0CjORNWCjVLHYE#a\A_NWETMFA_EG�U_CjORNWC}�6a�H�CjO�f4X�QSNW�¤A_�6[WHYEY� 0'U_V6ORHI«{U0NWEY�cNW[4HYE,O-G�[WA_NPQ-djV6H�f4HpE!MFU0[P`}C"B0a�HpE-f4H
P3

MFHYV6�_HYCjO-ERH�QSA0G�G�U_Q&f4H�Q�f4HBa�A_C6NW��QSH;GIU0CjORNWCj�La�HYCjO�f4XYQRNW�cAD�6[WHYEY�j@BADCFE�G�H;GYA_E2[PHpE?�cAD[WH�VLQSE�f4HYE�f4XYQRNW�_XYHYE2E,HYQRU0C0OA_VLESE,N!V4ORNW[WNWERX�HpE;M<U_VLQbGYADQ&A_GIORX�QSNeE,HYQ�[PHpE;«{U_CLGIORNWU_CLE��{�0U_NWQ;[eA6X�H�a\ADQ&djV6H ¯ � /6� /0�� �;C³NWC0OSQRU4f4VLN�Of6U_CLG�V6CLH�a�X�ORK6U4f4H�f6HYE�h}�rh+3´|}sªnpt�Z§s'o�tBw!| ��|jy43´o{np|
P3

djV6N6QSH�M<U0ERH�E,V6Q-[^] HYERMLA_G�H�f6NWESGIQSHIO
Vh =

{

v ∈ C1([0, 1])
ORHY[vdjV6H

v
∣

∣

[xj ,xj+1] ∈ P3
M<U_V6Q�OSU_V4O

0 ≤ j ≤ n
}

.
� ¯ � µ6�p�

D�[�«rADV4O9�LNPHYC�«rADNWQRHTAcORORHYC0OSNPU0C djV6H#f6ADCFE�[WA\f6XI�LC6NPORNWU_C�� ¯ � µ6�p��f6H
Vh

U_C�f4H�a\A_CLf4H#ADV6�¡«{U_CFG�OSNPU0CLEBfl] A_M6MLA_Q,OSH�C6NWQ;Z
C1([0, 1])

�<HIO;CLU_C M6[WVLEBE,HYV6[WH�a�H�CjOBZ
C([0, 1])

�l®;] HYE,OBG�HJdjV6N'«rADNPO;[eAf6NDCªX�QSH�CLG�HbH�CjORQSHb[PHpE�X�[WX�a�H�CjO&E��LC6NeE�f4H ��HYQRa�NPORHTHIO9f6H# vAD�0QSA_C6�_H0�0QSHYERM<HYGOSNP�0H�a�H�CjOp�

0

1

j

ψj

φ

xjx xj-1 j+1

� ����� ¯ � ¯ �¡ vHYE�«{U_CFGORNWU_CFE�f4HT�LA_ERHTf4HYE�XY[PXYa�H�CjOSE��FC6NWE�f�] �9H�QSa�NPORH
P3
�

�;C�MFHYV4O�QRHYM6QSXYERH�CjORHYQ2[WHYE2«{U_CFGORNWU_CFE�f4H
Vh

ZJ[�] ADNef4Hbf4HB«{U_CLGIORNWU_CLE�f4Hb�LA0E,H;ORQS�YE�ERNPa�M6[WHYEY�
�;C�f4X��LC6NPO9f4H�V4��«{U_CLGIORNWU_CLE�¨,a���QSHYE>©

φ(x) =







(1 + x)2(1− 2x)
E,N − 1 ≤ x ≤ 0,

(1− x)2(1 + 2x)
E,N

0 ≤ x ≤ 1,
0

ERN |x| > 1,H�O
ψ(x) =







x(1 + x)2
E,N − 1 ≤ x ≤ 0,

x(1− x)2 E,N
0 ≤ x ≤ 1,

0
E,N |x| > 1.(4Nv[WH#a\ADNW[P[eAD�0HBHpE>O;V6C6NP«{U_QSa�H0�LM<U_V6Q

0 ≤ j ≤ n+ 1
U_C�f4X��LC6NPO;[WHYE�«{U0CLGOSNPU0CLE9f4Hg�LA_ERH��{�0U_NWQ[eA �!NP�0V6QRH ¯ � ¯ �

φj(x) = φ

(

x− xj

h

) M<U_VLQ
0 ≤ j ≤ n+ 1, ψj(x) = ψ

(

x− xj

h

) M<U_V6Q
0 ≤ j ≤ n+ 1.
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�[� ��� ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N = 1

�8Gcµ
;?|+3 3´| 	%] �Q]K^ 	 � � jlp~|�q'}@j Vh

o m'� ' h c |Nq4k z ��w � �u� o jlp e g h�p b g+p � jup~|Nq�}-j m j H1(0, 1)
m jm4c t9jlhNp cBb h 2(n + 2) w � b g e j�r b h�} eKcBb h vh

m j Vh jup e"m'� ' h c j m j9t9q4h c + kvj�g h c � gNjn|Nq4k tp|jtz6m6�r|}k'y¤t�|jn�¢_|}���r|}t¡w!|�tpm´w!hjy¤orzFh}| qdg -6p b t�t9j e p (xj)0≤j≤n+1
o j e�b h q | b g k e{b g e x ∈

[0, 1]

vh(x) =

n+1
∑

j=0

vh(xj)φj(x) +

n+1
∑

j=0

(vh)′(xj)ψj(x).
� ¯ � µ'/_�

Y�h+3´q<s'tYn�ycm4nporq<s#]� vHYEg«{U_CLGIORNWU_CLE�f4H
Vh

X�OSADCjO�f4H�G�[WA0ERERH
C1 �'NW[�E�] AD�0N�OJ�6NPHYCxfl] V6C¥E,U0VLE>�HYERMLA_G�Hgf4H

H1(0, 1)
� �;C��0X�QSN��FHT«rA_G�NP[WH�a�H�CjObd0VLHg[WHYE

(φj , ψj)
«{U_QSa�H�CjO9V6C6HJ�LA_ERHgf4H

Vh
HYCQRHYa�A_QSdjVLA_CjOTdjV6H

φj(xi) = δij
�
ψj(xi) = 0

�
φ′j(xi) = 0

�
ψ′

j(xi) = δij
�r�_U_NWQ#[eA �!NP�0V6QSH¯ � ¯ ��

�

�;C³MFHYV4OB�LNPHYC³E,�LQ;V4OSNP[WNeE,HYQ;[^] HpE,MFA_GIH
Vh

�{U0V³f4V a�U0NPCLEBERU_C ERU_VLE,�^HpE,MFA_GIH#f6HYE9«{U_CLGIORNWU_CLEd0VLN!EY] A_C6C}V6[WH�CjO;HYC E HIO��p��MFU0V6Q9QSXYERU_VFf4QRHg[PHJM6QRU0�6[W��a�Hgf4H�@9NWQRNeG&K6[WHIO�� ¯ � GD�I�Fa\A_NWEBGIHJC�] HpE>OMLA_E�[^] V6ORNW[PNeERADORNWU_C [eA�ML[PVLE¡GIU_VLQSA_C0OSH�f6H
Vh
����C M6Q&AcOSNWdjV6H�U_C V4OSNP[WNeE,H

Vh
M<U_V6Q\ych}tYq<k!wvyc|� Ph}ilk!m4nYo�qFs w'|}t�~§�rm6ilk!|}t´�{�0U_NWQ³���6�0G E �JHIO�[WH�®2KLA_M6NPORQSH��¤��2U_V¥M6[PV6OCBDO�f4HYE\M<U_V6ORQSHYE\HYCf4NPa�HYCLE,NWU_C

N = 1
�

{

u′′′′ = f
f6ADCFE

]0, 1[
u(0) = u(1) = u′(0) = u′(1) = 0,

� ¯ � µ_µj�
�rdjV6N-A_f4a�H�OBV6CLHJV6CLNWdjV6H�E,U0[PV6ORNWU_C

u ∈ H2
0 (0, 1)

E,N
f ∈ L2(0, 1)

�I�F��C�HlCªHIOp�
Vh

Cv] HpE>OBMLA_EE,HYV6[PHYa�H�CjOBVLC�ERU_VLE,�^HpE,MFA_GIH#f6H
H1(0, 1)

�<a\A_NWE;HYE,ObA_VLESE,N!V6C�ERU_VFE>� HYERMLA_G�Hgf4H
H2(0, 1)

��GIHd0VLN-C�] HpE>OTMLA0EB[PH�G�A0E;M<U_VLQB[WHYEbXY[PXYa�H�CjOSE;�LC6NeETf4H\ vA_�_Q&ADC6�0Hp�I�L°§U_V6QbQSXYERU_VLf6QRH�� ¯ � µ_µj��CLU_VLEADV6QSU_CLE��<HYERU_NWC�f6V�ERU_VFE>� HYERMLA_G�H
V0h = {v ∈ Vh

ORH�['d0VLH
v(0) = v(1) = v′(0) = v′(1) = 0} . � ¯ � µ)Fj�

;?|+3 3´| 	%] �Q]K^ 	 � � jlp~|�q'}@j Vh
o j e p b h�p b g+p � jlpK|Nq�}-j V0h

m�� ' h c |Nq4kEz ��w �	*4� o p b h e#m jlp�p b g+p �
jup~|Nq�}-jup m j H2(0, 1) o j e9m j H2

0 (0, 1) kvjlp~|�j-} eKc i4j	t.j	h e o m j m4c t9j	h�p cBb hNp 2(n + 2) o j e 2n
kvjup~|Nj-} e~c i8j	t9jlh e w � b g e j%r b h>} e~cBb h vh

m j V0h jlp e�m�� ' h c j m j�t9q4h c + kvj�g h c � gNj$|Nq4k�p	jup�i4q4��j	g k-p
j e }@j	�f��jlp m j7p	q m�� k c i � qdg -)p b t�t9j e p (xj)1≤j≤n

o j e�b h�qs| b g k e b g e x ∈ [0, 1]

vh(x) =
n
∑

j=1

vh(xj)φj(x) +
n
∑

j=1

(vh)′(xj)ψj(x).

Y�h+3´q<s'tYn�ycm4nporq<s#]�(}U0N�O
vh ∈ Vh

HFH�[W[PHJHYE,OBf4HJGI[eA_ESE,H
C1 E,VLQ [0, 1]

HIO
C2 MFADQ9a�U0QSG�HYADV6�ª�@9U0CLG\ERA�f4XYQRNW�_XYH

v′h
��X�OSA_C0O#G�U_CjORNWC}V6H�HIO

C1 MLA_QTa�U_Q&GIHYA_V4�l�lADM6MLA_Q,OSNPHYCjOb�LNPHYC�Z
H1(0, 1)�{H�C��_HYQ,OSV�f4V� �HYa�a�H FF� µL�P� �0��j°-ADQ�GIU0CLERXYdjV6H�CjOp�

vh
HpE>O�V6C�X�[WX�a�H�CjO�f4H

H2(0, 1)
�4 vHBQSHYE,ORHf4V�[PHYa�a�HTHpE>O�ERH�ag�L[WA_�6[PHTA_V� vH�a�a�H ¯ �0/4�W� ¯

�@;XYG�QRNW�_U0CLE§�6QSNP�Y�_HYa�HYCjO![eABQRXpE,U0[PV4OSNPU0CgM6Q&AcOSNWdjV6H�f4H�[^] XpdjVLAcOSNPU0C�f4HpE§M6[eA_djV6HYE�� ¯ � µ_µj�vMFADQ§[WAa�X�ORK6U4f4H#f6HYE�XY[PXYa�HYCjOSE��LCLNWE�f�] �9H�QSa�NPORH
P3
�L 'A�«{U_QSagV6[eAcOSNPU0C��cA_QRNeAcOSNPU0C6C6H�[W[WHbf6HT[�] ADM6MLQRU¤�4NP�a�ADORNWU_C�NPCjOSH�QSC6HbHYE,O

OSQRU0V6�_HYQ
uh ∈ V0h

OSH�[vdjV6H ∫ 1

0

u′′h(x)v′′h(x) dx =

∫ 1

0

f(x)vh(x) dx ∀ vh ∈ V0h.
� ¯ � µ0�0�
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�4G F ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

�;CJf4XYG�U_a�MFUjE,H
uh

ERV6Q![WA9�LA_ERH�f6HYE
(φj , ψj)1≤j≤n

H�O!U0C#C6U_ORH
Uh = (uh(xj), u

′
h(xj))1≤j≤n[WH¡�0HYGIORH�VLQJf4H�E,HpEgG�UjU0QSf6U_C6C6XYHYE#fLADCLE�GIH�O,ORH��LA0E,H0�' vA «{U_QSagV6[eAcOSNPU0C��cADQSNWADORNWU_C6C6HY[P[WH³� ¯ � µ0�_�QSH��}NWH�CjO�Z�QRXpE,U0VLf4QSHBf6A_CLE

R2n V6C�ER`4E>OS��a�Hb[PNWC6XYA_NPQSH
KhUh = bh.

�;u�|jyc¢_or¢0| 	�]��%]	 � 2�7 �>��7 �)% ��	@<�7 � � � ��� & �)���47 2 & 2��(% � �!�:9�� % � � � 9 � ��; Kh <>�"��%?+ � / - ��1!/

�¡�,� � "��  ��g%!( (���$I( �� ��$  ���('$��#�
N ≥ 2

�9U_VLETCLU_VLETML[WA�GIU_CFETa\ADNWC0OSH�CLA_CjObHYC´f4NWa�HYCLERNPU0C�f�] HpE,MLA0GIH
N ≥ 2

�{HYC�M6QSADORNedjV6H
N =

2, 3
�I�_°§U_VLQ�ERNPa�M6[WNP�LH�Q�[�] HI�4M<U0ERX_�jGIH�QROSA_NPCFE�QSXYERV6[�O&AcO&E?C6HBE,HYQRU0CjO2f4X�a�U0C0OSQRXpE?djV�] H�C¡f6NPa�H�CFE,NWU_C

N = 2
�La\ADNeE9NW[eE;EY] X�ORHYCLf4H�CjObZ\[WA�f4NWa�HYCLERNPU0C

N = 3
�rA_V M6QSN��l�<MLADQR«{U_NeE��<f4HJG�U_a�M6[WNWGYAcOSNPU0CLEOSHYG&K6CLNWdjV6HpE�HIO�M6Q&AcOSNWdjV6HpE�NPa�M<U_QROSADCjOSHYE&���9U_VLE�G�U_CLERNef4X�QSU_CLE�[WHbM6QRU0�6[W��a�Hba�U4f4�Y[PH#f6Hb@;NWQRNeG&K6[WHIO

{

−∆u = f
f6ADCLE

Ω
u = 0

E,V6Q
∂Ω,

� ¯ � µ ¯ �
f6U_CjO9C6U0VLE�ESA¤�_U_CFE�d0Vv] NW['A0f4a�HIO9V6CLHgE,U0[PV6ORNWU_C�V6C6NedjV6Hgf6A_CLE

H1
0 (Ω)

�<E,N
f ∈ L2(Ω)

�r�_U0NPQ�[WH®2KFADM6NPORQSH#�_��@BADCLE?ORU0V4O�GIH;djV6NªERV6N�O�C6U0VLE?ERV6M6M<U0ERH�QSU_CLE2djV6H9[WH;f4U0a\ADNWC6H
Ω
HpE>O�~?qF�r�Fh}w'y¤o�ilk'|��rMFU0[P`j��0U_CLA_[_ERN

N = 2
�I�YG_] HpE>OR� ZD� f4NWQSH�d0VLH

Ω
HYE,OvV6C6H2QRXYV6C6NWU_CB�LC6NWH2f4H?MFU0[P`0�Yf4QSHYE�f6H

RN �IX�A_M6MFHY[PU0CLEdjV�] V6C�M<U_[W`_�Yf6QRHBHYE,O�V6C6HTNWC0OSH�Q&E,HpGOSNPU0C¡�LCLNPHTf4H#f4HYa�N�� HYERMLA_G�HYE�f4H
RN H�O9d0VLHB[WHYE�MFADQRORNWHYE�f4HERU_C �FU0QSfxd0VLN�A_M6MLADQRORNWH�CLC6H�CjO\Z V6C¥E,HYV6[�Kj`}M<H�QSM6[eADC ERU_CjO�A_M6M<H�[WX�HYE�ERHYEJ«rA_G�HYEY�! 'A Q&ADNeE,U0Cf6H#GIHIORORH#K}`}M<UDORKL�YERHTHYE,O9d0Vv] NW[vC�] HYE,O�M<U0ESE,NW�6[WH#f4H#a\ADNW[P[WH�Q�H��6A_GOSH�a�H�CjO9djV6H#f4H#ORH�[eE�U0V6�_HYQ,O&E���9U_VLE;f4NWQRU0CLE�M6[WVLE;[PU0NPC G�HgdjV6N'ERH#MLA0ERERH#M<U_V6QBf4HYE;f4U_a\ADNWC6HpE��_XYC6X�Q&ADV4��Z\�<U_Q&f6E?¨RGIU_VLQR�<HYE>©�r�_U0NPQ�[eA9X�H�a\ADQ&djV6H ¯ � µ6�W� � �I�

��*�)�*,+ � O ��M Uv/21�S �B/;=RS�143L=RP§/ �?8�ORP-=>3�U�S
0'U_V4O�GIU0a�a�HYCLGIH9MLADQ�[WAgf4XI�LCLN�OSNPU0C�fl] V6C¡a\A_NP[W[WA_�_H�f4V�f4U_a\A_NPC6H

Ω
MLADQ�f4HYE?ORQSNeADC6�0[PHpE�H�Cf6NPa�H�CFE,NWU_C

N = 2
H�O'f4HYElORXIOSQSA_�Yf4QSHYEªHYC#f4NWa�HYCLERNPU0C

N = 3
� �;CTQSH��0QRU0V6MFH§[WHYEªOSQRNeADCL�_[WHYEªHIO'[PHpEOSXIOSQSA_�Yf4QSHYE§f6A_CLE![WA;«rADa�NW[P[WH�M6[WVLE§�_XYC6X�Q&AD[WH�f6HYE

N
��E,NWa�M6[WHI�4HYEY� �;C�A_M6MFHY[P[WH

N
��E,NWa�M6[PH��4H

K
f4H

RN [^] HYC}�_H�[WU_MLMFH�GIU_C}�0HI�4H2f4H
(N+1)

M<U_NWCjOSE
(aj)1≤j≤N+1

f4H
RN �¤A_M6M<H�[WXYE§E,U0a�a�H�OSE!f4H K �

*�NWH�C\ER�6Q�V6C
2
� ERNPa�M6[WHI�4H�HYE,O?ERNPa�M6[WH�a�H�CjO?VLCJOSQRNeADCL�_[WH�HIO�V6C

3
��ERNPa�M6[WHI�4H�V6C�ORX�ORQ&AD�pf4QRHT�r�_U_NWQ[eA �!NP�0V6QRH ¯ � �j�� �;C�f4NPO?d0VLH�[PH

N
��ERNPa�M6[WHI�4H

K
HYE,O�C6U_C�f4X��0X�C6XYQRX�ERN4[PHpE-M<U_NWC0O&E

(aj)1≤j≤N+1Cv] A_M6MLADQRORNWH�CLC6H�CjO�MLA_E�Z�V6C�a�¦�a�HTK}`jM<H�QSM6[eADC�f4H
RN �{[WHBORQSNWA_C6�_[WHbU_V¡[WHbORX�ORQ&AD�pf4QRHBHYE,O�C6U_C¨,M6[eAcO,©>�I�#(}N�U_C¥C6UDOSH

(ai,j)1≤i≤N
[WHYE\G�UjU0QSf6U_C6C6XYHYE�f4V¥�_HYGIORHYV6Q

aj
�-[WA�GIU0CLf4NPORNWU_C f4H�C6U_C
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

�8GD�
f4X��0X�C6XYQRHpERG�H�CLG�HBf4H

K
HpE>O�djV6HT[eAJa\ADORQSNWG�H

A =















a1,1 a1,2 ... a1,N+1

a2,1 a2,2 ... a2,N+1��� ��� ���
aN,1 aN,2 ... aN,N+1

1 1 ... 1















� ¯ � µ[G_�

E,U0N�O�NWC}�_H�Q&ERNP�6[WH��rGIH#djV6HT[^] U_C�E,VLM6MFUjE,HYQSAJOSU_V'A>U0V6QSE�MFADQ�[eA\E,V6NPORH¤��N�9C
N
��E,NWa�M6[PH��4HbA�A_V4OSA_C0Of4Hb«rA_G�HYE�djV6HTf4H#ERU_a�a�HIOSEY�6djV6NvERU_CjO�H�[W[PHpE>� a�¦�a�HYE�f4HpE

(N − 1)
��ERNPa�M6[WHI�4HYEY�

� ����� ¯ � G �¡�-�4HYa�ML[PH#f4Hba\ADNW[W[WA_�_HBORQSNWA_C6�_VL[WA_NPQSH;HYC�f6NPa�H�CFE,NWU_C
N = 2

�
Y�h[Z§s'ornYorq<s 	%] \%]K^a`Qb4cfe

Ω g h b g i4jlk e } b hNh>j -+j�| b � � �-m k c � gNj m j RN w���h 3´m6o��r�rmNAF| e k c q4h �� g ��q c kvj b g9g h>j e k c qdh � g ��q e~cBb h m j Ω jlp e g h jlhNp	jlt9�l� j Th
m j N � p c t�|>��j -+jlp7z{h b h m��#�[� h � k � p{�

(Ki)1≤i≤n
� g c i � k c ' j	h e

�'w Ki ⊂ Ω j e Ω = ∪n
i=1Ki

o
,+w7�R� c h e j	k-p	j-} e~cBb h Ki ∩ Kj

m j m jlg - N � p c t�|���j�-+jup mdc p eKc h>} e p6jup e g h m � p c t�|>��j -+j o qdi8j-}
0 ≤ m ≤ N − 1 o m'b h e"e{b g+p���jlp p b t�t9j e p p b h e q4g+p-p c�m jup p b t t.j e p m j Ki j e Kj wz �2h mdc t.j	h�p cBb h N = 2 o �R� c h e j	k-plj-} eKcBb h m j m j	g - e k c q4h � ��jlp7jup e p b4cfe i cBm j o p bdcfe k �-m g cfe j
$ g h p b t t9j e } b t�t g h o p b4cfe g h�j7qdk � e jE} b t�t g h�j |}sªnpoB:jyc|�� jlh m4c t9jlhNp cBb h N = 3 o
�R� c h e j	k-p	j-} e~cBb h m j m jlg - e{�	e k@q + m kvjlp"jlp e p bdcfe i cBm j o p b4cfe g h6p b t�t9j e } b t�t g h o p bdcfe g h�j
qdk � e jE} b t�t g h�j jlh eKc + kvj o p b4cfe g h�j�rlq'}-j } b t�t g h�j�jlh eKc + kvj w �

� jlp tpq_3 3 |0npt�b g s'q�|}k!w't m g�t.q c �f��q � j Th p b h e ��jlp7p b t t.j e p m jlp N � p c t�|>��j�-[jlp Ki
� g c

��j�} b t�| b p	j	h e w � q4k7} b h_i8j	h e~cBb h o ��j�|Nq4k@q4t + e kvj h m�� p c � h>j7� j7t9q - c t g t m jlp m4c q4t + e kvjlp m jlp
N
� p c t�|>��j -+jlp Ki w
D�['HYE,O;GI[eADNWQ9djV6H#[eA\@;XI�LC6NPORNWU_C ¯ � µL�P�TCLH#MFHYV4O;EY] A_M6M6[WNWdjV6HYQ9djV�] Z�V6C�U_V6�0H�QRO�MFU0[P`0XYf4QSNed0VLHHIO\MLA_E\Z�V6C¥U_VL�_H�QRO�djV6H�[eGIU0CLdjV6H_�- vA�@;XI�LCLN�OSNPU0C ¯ � µL�P��GIU0CjORNWH�CjO�VLC G�H�QROSA_NPC¥C6U_aJ�6QSH�f4H
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�4G ¯ ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

QSHYE,ORQSNeGORNWU_CFE#E,VLQ#[PH¡a�A_NP[W[eAD�_H H!f6ADCFEgGIH�GYA_EgU_C�MLADQS[WH¡E,U0V6�_HYCjOTf6H63´m6o��r��m�AF|�¢0qFs�1 qLy43´|<�
�9C�HI�4H�a�M6[WH#f4Hba\ADNW[P[eAD�0HbG�U_C4«{U0QRa�HBHYE,O9f4U_CLC6XTZ�[WA �!NP�0V6QSH ¯ �0G4�}OSA_CLf4NeE�d0VLHT[WA �!NP�0V6QSH ¯ � �MLQRXpE,HYC0OSHTf4HYE�ERN�OSVLAcOSNPU0CLE�NWC0OSH�Q&f4NPORHYE�MFADQ�[eA�@;XI�FC6N�OSNPU0C ¯ � µ6�W�_�

K i

K j

K i

K j

� ����� ¯ � � ���-�4HYa�ML[PHpE�f4H#ERN�OSVLAcOSNPU0CLE�NPCjOSH�Q&f4N�OSHYE�M<U_V6Q�VLC�a\A_NP[W[WA_�_HBORQSNeADC6�0V6[WA_NPQSH_�
.�|+3´m4ycilk'| 	�] \�]�� ��U0VLE!C6H�f6NWERU_CLE!QSNPHYC#NeGIN6f4HpE'A_[P�0U_QSN�OSK6a�HYE!d0VLNjM<H�QSa�HIORORH�CjO�f4H�GIU0CLE>OSQRVLN��QSH�V6C³a\ADNW[W[WA_�_HJORQSNWA_C6�_V6[eADNWQSH_�ª®2U0CjORH�CjOSU_CLE;C6U_VFEBf6H�f6NPQSH�djV6H0�lE�] NP[§HpE>OTQSH�[eAcORNW�_HYa�H�CjO9«rA0GINW[PHf6HJa\ADNW[W[PHYQbf6HYETf4U0a�A_NPCLHYE;M6[WA_CLE��{NW[-HI�4NeE>OSH�f6HJC6U0ag�6QSH�V6� [PU0�_NeGINWH�[eE9[WNP�LQRHpEBdjV6N§M<H�QSa�HIO,OSH�CjOf6H�[WH�«rADNWQRH¤��lNW[�HYE,OTH�CLG�U_QSH�A0ERERH#J�GIU0a�M6[PNedjV6X\f4H�a\ADNW[P[WH�Q#f4HpETf4U_a\A_NPC6HpE;ORQSNWf4NWa�H�CLERNWU_C6C6HY[WEY��9U_VLE�QSH�C}�0Uc`_U_CFE2Z�[^] U0V6�}QSA_�_HEF0/Dµ4Hv[PHT[WHYGIORHYV6Q�NPCjOSX�QSHYESE,XbMLA_Q�G�H#E,V>A>HIOY� •

�;u�|jyc¢_or¢0| 	�] \�]B^ �@� � � Th ��� & 2 � 787 2 ���,9�� Ω <>�"��% Ω �"� � �)% �?� � & <�7 � & �>���5�!����� ��	'�:<>��7 �%���"�'2�7
9�� R2 / � ��� �>��� nt 7 ����� & �>% �$9)�$�(% � 2�� �"7 �#� 9�� Th � nc 7 ��� � & �)%��?9���� 2'�!��� �"�	�#�>��;#� 9��#�3�(% � 2�� �"7 �#�
+6��� �!�)��; �!� &�& ��� # 9)�)��	 �(% � 2�� �"7 ��� � � �#�6� �#� & <���; *�� � ����� �C�>��7 � ��� � � 1 � ns 7 � ��� & �>% � 9)�
�C� &�& �!����9"� & 2 � 787 2 ���&���!� n0s 7 �,� � & �)%���9)���C� &�& �#��� � ����;>% � �>��%��$9�� & 2 � 787 2 �)�4+.*�� � ��� �6�����5< 2 �
�#��% ∂Ω 1#/ � ; & �"���(%��)% 7 �#� % �>7 2�� � �����%�'9 � �����?9 � � ��7 �>%"� nt +ns = nc +1 �!� 3nt +ns = 2nc +n0s /@BADCLExV6C

N
� ERNPa�M6[WHI�4H

K
NP[�HYE,O¥G�U_a�a�U4f4H fl] V4OSNP[WNWERH�Q¥f4HYE¥GIU}U0QSf4U0C6C6XYHYE��LA_QR`4G�H�C4�OSQRNedjV6HYE�A_V�[WNWH�V�f4HYE�G�U}U_Q&f4U_C6CLX�HYE�G�A_Q,OSXYERNPHYC6C6HpE2VFE,V6HY[P[WHYEY�NX�A_M6M<H�[WU_CLE�djV6H0�6E,N

K
HYE,O�V6C

N
�ERNWa�ML[PH��}HBC6U0C�f4XY�_X�CLX�QSX;f4HTERU_a�a�HIOSE

(aj)1≤j≤N+1
�}[PHpE�¢0q�qFy¤w!q<s's!h}|jt �!m6yp��¢0|}sªn�ycorilk!|}t

(λj)1≤j≤N+1
f6H

x ∈ RN ERU_CjO�f4X��LC6NWHYE�MLA_Q
N+1
∑

j=1

λj = 1,

N+1
∑

j=1

ai,jλj = xi
M<U_VLQ

1 ≤ i ≤ N, � ¯ � µ � �
djV6N<A_f4a�H�O?�6NWH�C\V6C6H9V6C6Ned0VLH9E,U0[PV6ORNWU_C\G�A_Q�[WAba\ADORQSNWG�H

A
�0f6XI�LC6NWH�MLA_Q9� ¯ � µ+GD�I�DHYE,O?NWCj�0H�Q&E,NW�6[WH_�

X�H�a\ADQ&djV6U_CLE�djV6HT[WHYE
λj

ERU_CjO�f4HpE�«{U_CLGIORNWU_CLE�AdW\C6HYE�f4H
x
� �;C��_X�QSNP�LHBA_[PU0QSE�djV6H

K =
{

x ∈ RN ORHY[vdjV6H
λj(x) ≥ 0

M<U_VLQ
1 ≤ j ≤ N + 1

}

,H�O�djV6H;[PHpE
(N +1)

«rA0GIHYE�f4H
K
E,U0CjO?[PHpE?NWCjORHYQSERHYGIORNWU_CLE�f6H

K
H�O�f4HpE�K}`}MFHYQRM6[eADCFE

λj(x) = 0
�

1 ≤ j ≤ N + 1
� �;C�MFHYV4OBA_[PU0QSE9f4XI�LCLNPQ;V6C�H�CLERH�aJ�6[WHgf4H#M<U_NWCjOSE9f6H

K
djV6N!�_U_CjO$A>U0V6H�Q;V6C
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

�8G�G
Σ1 Σ2 Σ3

������� ¯ � � � 0vQSH�NW[P[WNeETfl] U0QSf6QRH��_��/6�lHIOgµ�M<U_V6QTVLC�OSQRNeADCL�_[WH��rH�C�KLA_V4O&�BH�O#V6C�ORXIOSQSA_�Yf4QSH��{HYC�LA_E&��6 vHYE�QSU_CLf6E�QSH�MLQRXpE,HYC0OSH�CjO�[PHpE�MFU0NPCjO&E�f4V�ORQSH�NW[P[WNWEY�
QCB0[PHJMLADQRORNeGIV6[WNWH�QBMFU0V6Qb[WA�E,V6NPORHIHlM<U_V6Q;ORU0V4OBHYCjORNWH�Q

k ≥ 1
U_C�A_M6M<H�[W[PH�n�yc|}or���rort�w�WqLycw'yc|

k[�] H�CLERH�aJ�6[WH
Σk =

{

x ∈ K OSH�[vdjV6H
λj(x) ∈ {0,

1

k
, ...,

k − 1

k
, 1} M<U_V6Q 1 ≤ j ≤ N

}

.
� ¯ � µ �j�

°!U0V6Q
k = 1

NW['EY] A_�_NPO;f4Hg[^] H�CLERH�aJ�6[PHJf4HYE;E,U0a�a�H�OSE9f6H
K
�FHIO9M<U_V6Q

k = 2
f6HYEBE,U0a�a�H�OSE�H�Of4HYEBM<U_NWC0O&E9a�NW[PNWH�V6�³f4HYEbADQS¦IOSHYE;QRHY[PNeADCjObf4H�V4�³ERU_a�a�HIO&EJ�r�_U0NPQB[WA��!NP�0V6QSH ¯ � �0�I�<@BADCFE;[WH�G�A_E�_X�CLX�Q&AD[^�

Σk
HpE>O�V6C�H�CFE,HYag�6[WHB�LC6Nvf4HTM<U_NWCjOSE

(σj)1≤j≤nk

��9U_VLEgf4XI�LCLNWESE,U0CLEba\ADNWCjORH�CFADCjOT[�] H�CLERH�aJ�6[WH
Pk

f6HYEbM<U_[W`jC�B_a�HYETZ�G�UjH	W�GINWH�CjOSEbQSX�HY[WETf4H
RN f6ADCFE

R
f6Hgf4H��0QRXbNWC4«{X�QSNWH�V6Q�U0V�XY�0A_[vZ

k
�LGD] HYE,O,��Zc��f4NWQRHbdjV6HbORU0V4O

p ∈ Pk
EY] XYGIQSNPO9E,U0VLE�[WA«{U_QSa�H

p(x) =
∑

i1,...,iN≥0

i1+...+iN≤k

αi1,...,iNx
i1
1 · · ·xiN

N

A¤�_HYG
x = (x1, ..., xN ).

 �] NPCjORXYQR¦�O§f6H�[eA;C6UDOSNPU0CJf4H2ORQSH�NW[P[WNeE
Σk

fl] V6C
N
� ERNPa�M6[WHI�4H

K
HpE>O-djV�] NP[4M<H�QSa�HIO-f4H�G�ADQ&A_GIORXYQRNeE,HYQORU_VFE�[PHpE�MFU0[P`}C"B0a�HYE�f4H

Pk
�{U0C�f6N�O9djV6H

Σk
HYE,O9k's!ortpq<�{z6m6sªnbM<U_V6Q

Pk
�I�

;?|+3 3´| 	%] \%] \ `Qb4cfe
K g h N � p c t�|���j�-+jIw ��b g k2g h�j	h e~c jlk k ≥ 1 o p b4cfe Σk ��j e kvj c �f� c p m � b k m kvj

k o m�� ' h c |Nq4k z �dw � � � o m�b h e ��jlp"| bdc h e pEp b h e h bde{� p (σj)1≤j≤nk
w %"� b k-p o e b g e | b � � h��dt.j m j

Pk jup e�m��	e j	kut c h �"m j"t.qdh c + kvj�g h c � gNj�|�qdk�p	jup�i4q4��j	g k-p�q4g -�| bdc h e p (σj)1≤j≤nk w&%"g e kvj	t9jlh em4cfe o c �$j�- c p e j g h>j��-q8p	j (ψj)1≤j≤nk

m j Pk
e j	�f��j � gNj

ψj(σi) = δij 1 ≤ i, j ≤ nk.
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�4G � ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

Y�h+3´q<s'tYn�ycm4nporq<s#]v vH#G�A_QSf4NWCLA_[ªf6H
Σk

H�O�[WA�f4NWa�H�CLERNPU0C�f4H
Pk

GIU)L^CLG�NWf4HYCjO
card(Σk) = dim(Pk) =

(N + k)!

N ! k!�r[PH��_XYQRNP�LHYQ;HYC��0V6NWERHJf�] H��}HYQSG�NWG�H_�ªADV�a�U0NPCFE;M<U_VLQ
k = 1, 2

���®2U_a�a�H�[�] ADM6ML[PNeG�ADORNWU_C�djV6N^�lZOSU_V4O�M<U_[W`jC�B_a�H¡f4H
Pk
�'«rADNPO�G�U_QSQRHpE,M<U_CFf4QRH�ERHYEJ�cAD[WH�V6Q&EgERV6Q�[PH¡ORQSH�NW[P[WNeE

Σk
HYE,OJ[WNPC6XpADNWQRH0�'NW[ERV W�O9f4Hba�U_CjORQSH�Q�djV�] H�[W[WHBHpE>O�NWC'A>HpGORNW�_HTM<U_VLQ�a�U0CjORQSH�Q�djV�] HY[P[WHbHYE,O��6N A>HYGOSNP�0H_�_(4U_NPO�f6U_CLGbV6CM<U_[W`}C"B_a�H

p ∈ Pk
djV6NvEY] ADC6C}V6[WHTE,V6Q

Σk
� ��U0C0OSQRU0CLEY�4MLADQ�QSXYG�V6QRQSH�CFGIHTE,VLQ�[WA\f4NWa�H�CLERNWU_C

N
�djV6H

p
HYE,O�NWf4HYCjORNed0VLH�a�H�CjO?C}V6[LERV6Q

RN �_°§U0V6Q N = 1
�_NP[FHYE,O?GI[eADNWQ?djV�] VLC�M<U_[W`}C"B_a�H�f4H;f4H��0QRX

k
djV6N�EY] A_C6C}V6[PHbHYC

(k + 1)
MFU0NPCjOSE9f4NWE,ORNWCLGIOSE�HYE,O�C}V6[���(}V6M6M<U0ERU_CLE�[WHTQRXpE,VL[�O&AcO��jQ&ADNlZ�[^] U0QSf4QSH

N−1
�Y®2U0a�a�H

x
f4X�M<H�CLf#[PNWC6XYA_NPQSH�a�HYC0Ovf6HYE�G�UjU0QSf6U_C6C6XYHYEª�LA_QR`4G�H�CjORQSNWdjV6HpE

(λj(x))1≤j≤N+1
�U0C	MFHYV4O�f6XI�LC6NWQ¡VLC MFU0[P`}C"B0a�H

q(λ) = p(x)
f4H³f4HY�_QSX ADV ML[PVLE

k
H�C [eA��cADQSNWA_�6[WH

λ ∈
RN+1 �_(}Nl[^] U0C��6�4HBVLC6H#GIU}U_Q&f4U0C6C6X�H λj

f6A_CLE�[^] HYCLE,HYag�6[WH {0, 1/k, ..., (k − 1)/k, 1} HIO9djV6H[^] U_C�MFUjE,H
λ = (λ′, λj)

�vU0C�U0�4ORNWH�CjO#V6C�M<U_[W`jC�B_a�H
qj(λ

′) = q(λ)
djV6N�f4XYMFHYCLf�f4H

N − 1�cA_QRNeAD�6[WHYE�NWCLf4XYMFHYCLf6A_C0OSHYE ��G�A_Q�U_C	A�[WA�QSH�[eAcOSNPU0C ∑N+1
j=1 λj = 1

��H�O�djV6N�HpE>O�C}V6[BE,V6Q\[eAERHYGIORNWU_C f4V OSQRHYNP[W[WNWE
Σk

GIU_QSQSHYERMFU0CLf6ADCjO�Z�[eA��cAD[WH�V6Q\�L�}XYH³f4H
λj
��®2U_a�a�H³GIH�O,ORH�E,HpGORNWU_CHpE>O�A_VLERERNl[WHbORQSH�NW[P[WNWE�f�] U0QSf4QSH

k
f�] V6C

(N − 1)
��ERNPa�M6[WHI�4HTf6ADCFE�[�] K}`jM<H�QSM6[eADC

λj
�6�4X0�6U_C�MFHYV4OA_M6M6[WNWdjV6HYQv[^] K}`}M<UDORKL�YERH2f4H�QRXpGIV6QSQSH�CLG�H-HIO§H�Cgf4Xpf4V6NWQRH�djV6H

qj = 0
�¤±�V4OSQRHYa�HYCjO!f4NPOY�¤[WH�«rA_GIORHYV6Q

λj(λj − 1/k) · · · (λj − (k− 1)/k)(λj − 1)
f4NW�}NWERH

q
�6G�HBdjV6NlHpE>O�V6CLHBG�U_CjORQ&A_f4NeGOSNPU0C�A¤�0HYG�[WH«rA_N�OBd0VLHT[PH#f4HY�_QSX#f4H

q(λ)
HpE>O�NWC4«{X�QSNWH�V6Q�U0V�X��0A_[vZ

k
�LESADV6«§ERN

q = 0
�LGIH#djV6N'HYE,O�[PHTQSXYERV6[POSADOf6XYERNPQSX_�

�

;2|+3 3´| 	%] \%] � `>bdcfe
K j e K ′ m j	g - N � p c t�|>��j�-[jlp q � q4h e g h�j�rlq�}-j�} b t�t g h�j Γ = ∂K ∩

∂K ′ w `Qb4cfe g h6jlh eKc j	k k ≥ 1 w&%"� b k-p o ��j	g k-p e kvj c �f� c p m � b k m k@j k o Σk j e Σ′
k } b�� h�} cBm j	h e pug k�}-j eKe j

rlq'}-j Γ w ��j�|>� g+p o �	e qdh e�m'b hNh � pK j e pK′
m jlg -�| b � � h��4t9jlp m j Pk

o � qsr b h�} e~cBb h v m�� ' h c j
|Nq4k

v(x) =

{

pK(x) p c x ∈ K
pK′(x) p c x ∈ K ′

jlp e } b h e~c hNgNj7p-g k K ∪K ′ o p c j e plj	g ��j	t.j	h e p c pK j e pK′
b h e�m jlp7i8qd��jlg k-p � g c } b � h>} cBm jlh e

qdg -s| b4c h e p m g e kvj c �f� c pspug k ��q�rlq'}-j } b t�t g h�j Γ w
Y�h+3´q<s'tYn�ycm4nporq<s#]3D�[ªHYE,O�G�[WA_NPQ�djV6H;[eA#QSHYE,ORQSNeGORNWU_C�Z#V6C6H;«rA_G�H;f4H

K
f6HBERU_C\OSQRHYNP[W[WNWE�fl] U_Q&f4QRH

Σk
HpE>O�ADVLESERN6V6C\OSQRHYNP[W[PNeE?f�] U0QSf4QSH

k
f6A_CLE�[^] Kj`}M<H�QSM6[eADC�GIU0CjORH�CFADCjO?GIH�O,ORH9«rA_GIH0�0djV6N<C6H9f4XYMFHYCLfdjV6H�f6HYEgERU_a�a�HIO&E#f4H¡G�HIORORH�«rA_G�H_�'°§A_QgGIU0CLERXYdjV6H�CjOp�l[PHpETORQSH�NW[W[PNeE

Σk
HIO

Σ′
k

G�U)L^CLGINef4HYC0O#ERV6Q[WH�VLQ;«rA0GIH\GIU0a�agV6C6H
Γ
��(4N![WHYEbM<U_[W`}C"B_a�HpE

pK
HIO
pK′

GIU�L�CFGINef4H�CjOTADV4� M<U_NWCjOSETf4H
Σk ∩ Γ

�A_[PU0QSE�MLADQ�ADM6M6[WNeG�AcOSNPU0C�f4V¡ vH�a�a�H ¯ � µ6� µTNW[WE2E,U0C0O2X��0A_V4�\E,V6Q
Γ
�jGIH;djV6N<M6QSU_V6�0H�[WAgGIU_CjOSNPC}V6NPORXf6H

v
�

�

��C�M6Q&AcORNedjV6H_�<U_C³V4ORNW[PNeERHJERV6Q,OSU_V4Obf4HYE9MFU0[P`}C"B0a�HYEBf4HJf4HY�_QSX��gU0V�/4�<@;A_CLEBGIHJGYA_E;U_C A[WHYE�GYADQ&A_GIORX�QSNeERADORNWU_CLE�E,VLNP�cADCjOSHYE�f4H
P1

H�O
P2

f6ADCFE�V6C
N
� ERNWa�ML[PH��}H

K
�
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

�8G��
�9u�|jyc¢_o�¢_| 	�] \�]�� �@� � � K ��� N ! � � & <�7 � 	 � 9�� �6� &�& �!��� (aj)1≤j≤N+1 / =�"���(%��)%4*"� �I���"���
<>�"7 ����� & � p ∈ P1 �C� & �!� �6�"� � 7 2:���@% & �

p(x) =

N+1
∑

j=1

p(aj)λj(x),

��� 7 �#� (λj(x))1≤j≤N+1 �6������7 �����!�@�@% 9)����� ;#��� �'2>% � �#�>���(% � *�� �#� 9)� x ∈ RN /
�9u�|jyc¢_o�¢_| 	�] \�] \ �@� � � K ��� N ! � � & <�7 ��	'� 9�� �6� & & �!��� (aj)1≤j≤N+1 / � � 9); � � � �,7 ��� <>� � �����& � 7 � �>�
	 (ajj′ )1≤j<j′≤N+1 9)����2>% � ������9�� K < 2)%?7 �>��% �#���@% 9��"����;��#� �'2)% �'�!�)���(% � *"� �#�

λj(ajj′ ) = λj′(ajj′ ) =
1

2
, λl(ajj′ ) = 0 <>����% l 6= j, j′.

�?;>% � �@�)% *"� � Σ2 �#�6� <>%�;�� � �C; & �)���?�!�����6� � �(��;49)���5�6� &�& �#���?�!�59��#�,<>� � ����� & � 7 � �)��	:9)���	2)% � ���#�5�#�
*"� � ���"���,<>�"7 ����� & � p ∈ P2 �6� & �#� �C�"� �,7 2 ���@% & �

p(x) =

N+1
∑

j=1

p(aj)λj(x) (2λj(x) − 1) +
∑

1≤j<j′≤N+1

4p(ajj′ )λj(x)λj′ (x),

��� 7 �#� (λj(x))1≤j≤N+1 �6������7 �����!�@�@% 9)����� ;#��� �'2>% � �#�>���(% � *�� �#� 9)� x ∈ RN /��U_VFE�A¤�_U_CFE2a\A_NPCjORHYCLADCjO�ORU0VLE�[WHYE�U0V4ORNW[WE�M<U_VLQ�f4XI�LCLNPQ�[eA�a�XIORKLU}f6H#f4HYE�XY[PXYa�HYCjOSE��LCLNWE
Pk
�

Y�h[Z§s'ornYorq<s 	%] \%]����2e q4h eEm�b hNh � g h t9q c �f��q � j Th
m � g h b g i8j	k e } b h_h�j�-[j7| b � � �-m k c � gNj Ω o

��q t �le � b m j m jup � � � t9j	h e p ' h c p Pk
o b g h}��h[3 |jsªnpt�Z!s!ort�nYy¤o�m6s�AFk!�rm6oryc|jt�w!| ;2m�AFy¤mLs$A<|w�WqLycw'y¤|

k o q8p-p b } cB� j $6}-j7t9q c �f��q � j o jup e2m'� ' h c j�|�qdk7�R� jlpK|Nq�}-j m4c p	}	kvj e
Vh =

{

v ∈ C(Ω)
e j	� � gNj v |Ki ∈ Pk | b g k e b g e Ki ∈ Th

}

.
� ¯ � F E �

x2h<q-|�|Njl�f� j s!q�|}k!w't�w!|}t´w'|+AFychjt w'| �ro �2|0y¤nph �R� j	h�p	jlt9�	��j m jup | b4c h e p (âi)1≤i≤ndl

m jlpe kvj c �f� c p m � b k m kvj k m jE} � q�}	g h m jup N � p c t�|�� j -+jlp Ki ∈ Th w�x�h�h�j } b t�| e j � g�� g h>j"p	jlg ��j�r bdc p
��jup"| b4c h e p � g c } b � h�} cBm j	h e j e ndl jup e ��j�h b t.�	kvj m j m j � k � p m j9� c �-j	k e{�6m j)��q t �le � b m j m jlp� � � t9jlh e p ' h c p Pk wnx2h q-|�|Njl�f� j w'|+AFy¤h}t�w!| �ro �?|jy¤nYh m � g h�j�r b h�} e~cBb h v ∈ Vh �R� j	h�p	j	t.�	��jm jlpsi4q4� jlg k-p m j v jlh�}@jlp h b jlg m p (âi)1≤i≤ndl

w2x�h m�� ' h cfe qdg+p@p c ��j7p b g+p � jlpK|Nq�}-j V0h |�qdk
V0h = {v ∈ Vh

e j	� � gNj v = 0 pug k ∂Ω} . � ¯ � FF�p�
 vU_Q&ERdjV6H

k = 1
[WHYEgC6U}H�VLf6EJf4HYEJf4H��0QRXpE#f4H�[PNW�FHYQ,OSX¡GIU�L�CFGINef4H�CjOJA¤�0HYG�[WHYEgERU_a�a�HIO&Egf4Va�A_NP[W[eAD�_H0�I �U0QSESdjV6H

k = 2
GIHpElC6U}H�VLfLE�E,U0CjOvGIU_CFE>OSN�OSV6XYE�f�] V6CLH�MLADQROvf4HpE�E,U0a�a�H�OSE�f6VTa�A_NP[W[eAD�_HHIO9fl] ADV4OSQRHbMLA_Q,O�f4HpE�MFU0NPCjO&E�a�NP[WNPHYV4��f6HYE�ADQS¦IOSHYE�QSH�[WNWA_CjO�f4HYV4��ERU_a�a�HIO&E��

.¡|+3´m4ycilk!| 	%] \%] 	  �] ADMLMFHY[P[eAcOSNPU0C	¨,X�[WX�a�HYC0O&E��LC6NeE³f6H  vA_�_Q&ADC6�0H©�GIU0QRQSHYERM<U_CLf ADV4� X�[WXI�a�HYCjOSEg�LC6NeE�f6U_CjOJ[WHYE�f4HY�_QSXYEgf6H¡[WNP�<H�QRORX�E,U0CjO�f4HpEg�cAD[WH�VLQSEJMFU0CLGOSV6H�[W[WHYE�f4HYEJ«{U_CFGORNWU_CFEJf4H[�] HYERMLA_G�H
Vh
� �;C�M<H�V4O�f4X��LC6NWQ�fl] ADV4OSQRHpE?O>`}M<HYE�fl] X�[WX�a�H�CjO&E��LC6NeE��4MLA_Q�HI�4H�a�M6[WHb[PHpE2XY[PXYa�H�CjOSE�LC6NeE?f4H ��H�QSa�N�OSHg�{�0U_NWQ?[eAE(}U0VLE>��ERHYGOSNPU0C ¯ �0/4���_�!M<U_V6Q2[PHpERdjV6HY[WE?[PHpE?f4HY�_QSXYE�f4H;[PNW�<H�QRORX9ERU_CjO?[WHYE�¤A_[PHYV6Q&E�MFU0CLGOSV6H�[W[PHpE�f4HT[eAg«{U0CLGOSNPU0C�HIO�f4H#ERHYE�f4XYQRNW�_XYHYEY� •
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� �)E ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

�bycqF~?q<tYornYorq<s 	%] \%]
	 � � jup~|Nq�}-j Vh
o m'� ' h c |Nq4k�z �dw * �u� o jlp e g h)p b g+p � jup~|Nq�}-j m j H1(Ω)

m�b h e
� q mdc t.j	h�p cBb h jlp e ' h c j o �#� qd��j q4g9h b t9�lk@j m j m j � k � p m j"� c �-jlk e � w ��j�|>� g+p o c �>j�- c p e j�g h�jn�-q8p	jm j Vh (φi)1≤i≤ndl

m�� ' h c j�|Nq4k
φi(âj) = δij 1 ≤ i, j ≤ ndl,e j	�f��j � gNj

v(x) =

ndl
∑

i=1

v(âi)φi(x).

Y�h+3´q<s'tYn�ycm4nporq<s#]4 �HpEvXY[PXYa�H�CjOSE§f4H
Vh
�¤XIO&ADCjO!QSX��0V6[WNPHYQSE'E,V6Q-G&KLA0djV6H?a\ADNW[W[PH

Ki
H�O�GIU_CjOSNPC}VLEERV6Q

Ω
��ADM6MFADQRORNWH�C6C6HYCjO\Z

H1(Ω)
�{�_U0NPQ\[WH³ vH�a�a�H FL� µ6�W� �0�I��
BQ@,0GIH A_V  vH�a�a�H ¯ � µ6� F�[PHpEXY[PXYa�H�CjOSE�f4H

Vh
ERU_CjO�HI�6A_GIORHYa�HYCjO�U_�6ORH�C}VLE�HYC A0ERERH�aJ�6[WA_CjO�E,VLQ�G&KFA_djV6H

Ki ∈ Th
f6HYEM<U_[W`}C"B_a�HpE9f4H

Pk
d0VLN'GIU�L�CFGINef4H�CjO;ERV6Q9[WHYE;f4H��0QRXpE�f4HJ[PNW�FHYQ,OSXgf4HpE�«rA_G�HYEJ�rGIH�djV6NvM6QSU_VL�_H#ADVMFA_ESERA_�_H�d0VLH

Vh
Cv] HpE>O�MLA0E§QRXpf4V6NPO?ADV4��E,HYV6[WHYE!«{U_CFGORNWU_CFE-GIU_CFE>O&ADCjORHpES�I�D��C4�LCv�DH�C\A_ESERH�ag�L[WA_C0O[WHYEg�LA_ERHYE

(ψj)1≤j≤nk

f4H
Pk

ERV6QJG&KLA0djV6H�a\ADNW[P[WH
Ki

�¬«{U0V6QRCLNPHpE#MLA_Qg[WH¡ �HYa�a�H ¯ � µ6� µ0�BU_CU0�4ORNWH�CjO�[eA��LA_ERHTADC6C6U0CLGIXYH
(φi)1≤i≤ndl

f6H
Vh
�

�

.�|+3´m4ycilk'| 	�] \�] � �;C�U_�4OSNPHYC0O#VLC�QSXYERV6[POSADOgE,HYag�6[eAD�6[WH�MFU0V6Q#[WH�E,U0VLE,�^HpE,MLA0GIH
V0h

�'f4X��LC6NMFADQ�� ¯ � FF�p�I�ªdjV6N?HYE,ObVLC�ERU_VFE>� HYERMLA_G�HJf4H
H1

0 (Ω)
f4H�f6NPa�H�CFE,NWU_C��LC6NWH\X��jAD[WH�A_V�C6U0ag�6QSH\f4Hf6H��_QSXYE�f4HT[WNW�FHYQ,OSXTNPCjORXYQRNWH�VLQSEb�{U0C�C6HTGIU_a�M4OSHTMLA_E�[WHYE�CLUjHYVLf6E�ERV6Q�[WHb�FU0QSf

∂Ω
�� •

�;u�|jyc¢_or¢0| 	�] \�]�� �@� � � Th ��� & 2 � 787 2 ���,9�� Ω <>�"��% Ω �"� � �)% �?� � & <�7 � & �>���5�!����� ��	'�:<>��7 �%���"�'2�7
9�� R2 / � � ���)��� nt 7 � � � & �>%��I9)� �(% � 2�� �"7 ���=9�� Th � nc 7 � � � & �>% � 9�� � 2'�#�#�=�"� �!�>��;��=9��#�
�(% � 2�� �"7 �#� +6��� �!�)��;,�!� &�& ��� # 9)�)��	 �(% � 2�� �"7 ����� � �#�6�$�#� & <���;�*�� � ��� ���C�>��7 ����� � �K1�� ns 7 �:� � & �>%��
9�� �6� &�& �!���:9�� & 2 � 787 2 �)��� �!� n0s 7 � � � & �>%�� 9�� �6� & & �!��� � ����;>% � �>��%��:9�� & 2 � 787 2 �)��/ =�"���(% �>%
*�� �=7 ��� 9 � & �)��� � �"� � 9��#� ���!<'2'�!��� Vh �#� V0h �C�"���

dimVh =
k(k − 1)

2
nt + kns − k + 1, dimV0h =

k(k + 1)

2
nt − kns + k + 1.@;XYG�QRNW�_U0CLEv[eA;y¤h}tpqF��kvnporq<s�~'ycm4nporilk!|#f4VJM6QRU0�6[W��a�H2f4H�@;NPQSNeG&K6[PH�O�� ¯ � µ ¯ �lMLA_Q'[eA9a�X�ORK6U4f4Hf6HYE;X�[WX�a�H�CjOSE9�LC6NeE

Pk
�l vA�«{U0QRaJV6[eAcORNWU_C��cA_QRNeAcOSNPU0C6C6H�[W[WH�� ¯ � /0��f4HJ[�] ADMLM6QRU¤�4NWa\AcORNWU_C�NWCjORH�QSC6Hf6H��}NPHYCjO�NeGIN5H

ORQSU_VL�_H�Q
uh ∈ V0h

ORHY[vdjV6H ∫
Ω

∇uh · ∇vh dx =

∫

Ω

fvh dx ∀ vh ∈ V0h.
� ¯ � F[/_�

�;C�f4XpGIU_a�M<U0ERH
uh

ERV6Q�[eA��LA_ERHBf6HYE
(φj)1≤j≤ndl

HIO�U0C�MLQRHYCLf
vh = φi

G�H#d0VLNvf4U_CLC6H
ndl
∑

j=1

uh(âj)

∫

Ω

∇φj · ∇φi dx =

∫

Ω

fφi dx.

�?C�C6UDO&ADCjO
Uh = (uh(âj))1≤j≤ndl

�
bh =

(∫

Ω fφi dx
)

1≤i≤ndl

�6HIO�HYC�NPCjORQSU4f4V6NeERA_CjO�[eA93´m+=nYycor¢_|³w'|�ycoBA<orw!o{nph
Kh =

(∫

Ω

∇φj · ∇φi dx

)

1≤i,j≤ndl

,
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� � �
[WAB«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6C6HY[P[WH�f6ADCFE

V0h
QSH��}NWH�CjO?ZBQRXpE,U0VLf4QSH�fLADCLE

Rndl
[WH�E,`4E,OR��a�H�[WNPCLXYADNWQSH

KhUh = bh.®2U_a�a�HJ[WHYE;«{U_CFGORNWU_CFEBf6HJ�LA0E,H
φj

U_CjObV6C�¨,M<HIORNPO>©\E,VLM6MFU0Q,ObADV4OSU_V6QTf4V�C6U}H�VLf
âi

�r�_U0NPQB[WA
�'NW�_VLQRH ¯ �W� E �I�_[^] NWCjORHYQSERHYGIORNWU_C¡f4HpE2ERV6M6M<U_QROSE�f4H

φj
HIO
φi
HpE>O�E,U0V6�_HYCjO?�}NWf4HBHIO�[eA#M6[WV6MLA_Q,O�f4HYEGIU}HlW�GINWH�CjO&E�f4H Kh

E,U0C0O�C}V6[eE�� �;C�f4NPO;djV6Hb[WA�a\AcOSQRNeGIH Kh
HYE,O9¢Dyc|}k!tY|<�

� ����� ¯ �W� E ���6U_CFGORNWU_C�f4HT�LA0E,H
P1

HYC�f6NPa�H�CFE,NWU_C
N = 2

�
°§U0V6Q�G�A_[WG�V6[PHYQ§[PHpE-GIU}HlW�GINWH�CjO&E-f4H Kh

�cU_C�M<H�V4O�V4OSNP[WNeE,HYQ-[WA;«{U_QSagVL[PH�fl] NPCjOSX��_Q&AcOSNPU0CgH��4A0GOSHE,V6NW�cADCjORH0� �;C�C6UDOSH
(λi(x))1≤i≤N+1

[PHpE2G�UjU0QSf6U_C6C6XYHYE?�LADQS`4GIH�CjOSQRNedjV6HYE2f4V¡M<U_NWCjO�G�U_V6Q&ADCjO
xfl] VLC

N
� ERNPa�M6[WHI�4H

K
�4°§U0V6Q�ORU0V4O

α1, ..., αN+1 ∈ N
�4U_C�A

∫

K

λ1(x)
α1 · · ·λN+1(x)

αN+1 dx = Volume(K)
α1! · · ·αN+1!N !

(α1 + ...+ αN+1 +N)!
.

� ¯ � F0µj�
°!U0V6Q�G�A_[WG�V6[WH�Q-[WH�ERHYG�U_CLfJa�H�aJ�6QRH

bh
�{HIO�a�¦Ya�H�XY�_HYC0OSV6H�[W[WH�a�H�CjO-[WAba\ADORQSNWG�H Kh

��DU0C�V6ORNW[PNeE,Hf4HYE.1 qLy43�k'��|}t�w!|	ilk'mLwvycm4npkvyc| �rU_Vx«{U_QSagV6[WHYE�fl] NPCjOSX��_Q&AcOSNPU0C´C}V6a�X�QSNWdjV6H¤�gdjV6N�f4U0C6C6HYC0OV6C6H�A_M6M6QSU¤�4NPa\AcOSNPU0C�f6HYEJNPCjORXY�_Q&AD[WHYETERV6QJG&KFA_djV6H
N
��ERNPa�M6[WHI�4H

Ki ∈ Th
�!°-ADQJHI�4H�a�M6[WH_�!E,N

K
HYE,O2V6C

N
��E,NWa�M6[PH��4H9f4H;ERU_a�a�HIO&E

(ai)1≤i≤N+1
�j[PHpE�«{U0QRaJV6[PHpE?ERV6NW�¤A_CjORHYE?�_XYC6X�Q&AD[WNWERH�CjO�[WHYE«{U_QSagV6[WHYE�HYC�f4NWa�H�CLERNWU_C��_�6f4NPORHpE�f4V�¨,MFU0NPCjO�a�NP[WNPHYV}©THIO�f4HYE2¨�OSQSA_MF��J�HYE>©=H

∫

K

ψ(x) dx ≈ Volume(K)ψ(a0),
� ¯ � F)F}�

A¤�_HYG
a0 = (N + 1)−1

∑N+1
i=1 ai

�6[PHT�FADQS`}G�H�CjORQSH;f6H
K
�4HIO

∫

K

ψ(x) dx ≈ Volume(K)

N + 1

N+1
∑

i=1

ψ(ai).
� ¯ � Fj�0�

®2U_a�a�H [PH³a�U0CjORQSH�[PHpE��-�4H�Q&GINeGIHpE ¯ � µ6� ¯ HIO ¯ � µ6� � �?G�HYE\«{U0QRaJV6[WHYE�ERU_CjO�HI�6A0GORHpE\M<U_V6Q�f4HYE«{U_CLGIORNWU_CLE§A4W\C6HpE§HIO�ERU_CjO§f6U_CLG�ADMLM6QRU4G&K6XYHYE!Z9[^] U_Q&f4QRH�/9H�C
h
MFU0V6Q-f4HYE!«{U0CLGOSNPU0CLE§QRXY�_V6[WNW��QSHYEY�
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� � / ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

 'A;G�U_CLE,ORQSVLGOSNPU0Cgf4H�[WA;a\AcOSQRNeGIH Kh
HpE>O-ADM6M<H�[WX�H�m6tptY|+3 �!��m�A<|#w'|��rm93 m4n�ycor¢0|<�p 'A9a�NeE,HHYC¡U}H�VL�jQSH9NWC4«{U0QRa\AcOSNWdjV6HBf4HbGIHIORORHBXIO&ADM<HBf4V�G�A_[WG�V6[FM<H�V6O�¦�ORQSH;A0ERERH#JBGIU_a�M6[WNed0VLX�H_�ja\ADNeE2ERU_CG�U_�4OTHYC�OSH�QSa�H�f4H�ORH�a�MLEgf4H�G�A_[WG�V6[-HYE,OT«rADNW�6[WH_�!®2H�C�] HYE,O#MLA_Eb[WH�G�A0ETf4H\[eA�QSXYERU_[WV4OSNPU0C�f4VER`4E>OS��a�H�[WNPCLXYADNWQSH KhUh = bh

d0VLNLHYE,O?[^] X�OSA_MFH�[eAT~§�rk!tT¢_q��vnp|}k'tp|Jf6H�[WA#a�X�ORK6U4f4H9H�C\OSH�a�MLEf6H2G�A_[WG�V6[ª�{HIO!H�C#ML[WA0GIH?a�XYa�U0NPQSHp�I�Y�?CgMLA_Q,OSNWG�V6[PNWH�Qp��[WHYE!G�A_[WG�V6[eElORQSNef4NPa�HYCLE,NWU_CLC6H�[eE'ERU_CjOvHYCLGIU0QRHOSQR�pE�G&K6HYQSE�f6H�C6U0E A>U_V6Q&E?f4�pE�djV6H�[^] U0C\V4ORNW[WNWERH9f4HpE�a\ADNW[P[eAD�0HYE!�LCFE��j �] �-�4H�Q&GINeGIH ¯ � µL�P�0��M<H�QSa�HIOf6HJEY] HYC QRHYCLf4QSHgGIU0a�M4ORH0� ��HYV6QSH�VLERH�a�H�CjOp�F[eA\a\AcOSQRNeGIH�f4HgQSNP�0NWf6N�OSX Kh
HYE,OB¢_yc|jk!tp|���GD] HYE,O,��Zc�f6NPQSHTd0VLHB[eA�M6[WV6MLADQRO�f4HTE,HpE�X�[WX�a�H�CjO&E�E,U0C0O�C}V6[eES�I�6GIHTdjV6N�M<H�QSa�HIO�f4Hba�NPC6NWa�NWERH�Q9[PHpE�G�AD[eGIVL[WE�rMFU0V6Q9ML[PVLEBf4H�f4XIO&ADNW[WE9�_U_NWQ�[WHYEBAD[W�_U0QRNPORK6a�HpE�f4H#QSXYERU_[WV4ORNWU_C f6HJER`}E,OR�Ya�HYE�[WNWC6XYA_NPQSHYE�fLADCLE9[WA

(4HYGOSNPU0C��pµ6�W�;f4Hb[^] A_C6C6H��}H¤���X�A_M6M<H�[WU_CLE�djV6Hb[eAga\AcOSQRNeGIH Kh
HYE,O�C6XYG�HYESERA_NPQSH�a�H�CjO�NPC}�_HYQSERNW�6[PHMFADQ�ADMLM6[PNeG�ADORNWU_C�f4V� �H�a�a�H ¯ �W�_�W�BHIO9djV�] H�[W[PHTHpE>O�ER`ja�X�ORQSNWdjV6H0�

�;u�|jyc¢_or¢0| 	�] \�] � � ; & �����(% �>%$7 2 ���@% & ��7 � + � / ��-�15�>�=9 � & �)��� � �"� N = 2 /
�;u�|jyc¢_or¢0| 	�] \�]
	  �����(% �>% *���� 7 �������@% & ��7 �#� + � / �&��1	�!� + � / � ��1	�6�����	��	>2'�(���#� <>����% ψ ∈ P1 /
�;u�|jyc¢_or¢0| 	�] \�]	 �@� � � K ��� �(% � 2�� �"7 � 9�� R2 9�� �6� &�& �!��� (ai)1≤i≤3 �#� 9�� �'2)% �'�!�)���(% � a0 /
� � � � (aij)1≤i<j≤3 7 �#� <>� � ����� & � 7 � �>�
	 9��#� �6� � & �)����� 9�� � 	��(% ; &:� ��;#� ai, aj /  �����(% �>%,*�� � 7 2
���@% & ��7 �:9)�:*�� 2'9�% 2��(��% �

∫

K

ψ(x) dx ≈ Aire(K)

3

∑

1≤i<j≤3

ψ(aij)

����� ��	>2'�(��� <>�"��% ψ ∈ P2 � �62�� 9 � � *"� � 7 2:���@% & ��7 �
∫

K

ψ(x) dx ≈ Aire(K)

60



3

3
∑

i=1

ψ(ai) + 8
∑

1≤i<j≤3

ψ(aij) + 27ψ(a0)





����� ��	>2'�(��� <>�"��% ψ ∈ P3 /
�;u�|jyc¢_or¢0| 	�] \�] � �@� � � (bi)1≤i≤I 9)��� <>� � ������9 � ��� N ! � � & <�7 ��	'� K �!� (ωi)1≤i≤I 9��#� <>� � 9)�
% ;#�)7 ��/ �@� � �4��� �4���@% & ��7 �:9)�:*�� 2'9�% 2��(��% �

∫

K

ψ(x) dx ≈ Volume(K)

I
∑

i=1

ωiψ(bi)

*�� � �6� � �	� 	'2'�!���=<>����% ψ ∈ Pk /  �����(% �>% *�� �&�3<>����%$����� ����� �!� � �"� % ;��"��7 � �>% � ψ � ��� 2
1

Volume(K)

∫

K

ψ(x) dx =

I
∑

i=1

ωiψ(bi) +O(hk+1),

��� h �#�6�47 �:9 � 2 & �!�(% ��9)� K /
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� � µ
1 5 2

8 69

4 7 3

� ����� ¯ �W�_�	�\���}HYa�M6[PH#f6HTa�A_NP[W[eAD�_HBHIO9f6HTCjVLa�XYQRU_OSADORNWU_C�f6HYE�C6U}HYVLf6EY�
�9u�|jyc¢_o�¢_| 	�] \�] ��� � �#�"� � � 9 �>% � 7 � ��2>% %�; Ω =] − 1,+1[2

& 2 � 787 ; �!� � � 2���� 7 2 � � �"��%�� ��/�����/
� 2�7 �>��7 �)% 7 2 & 2��(% � �#� 9�� % � � � 9 � ��; Kh 9)��� ;)7 ; & �)����� �3� � � P1 2�<�<�7 � *"� ;#� 2�� �>2�<�7 2'� � �)� 2 � ���
�!�"�'9 � � � �"��2���	 7 � & � ���#��9)�����)� & 2���� + ��� ��� � 7 � �C�>% 2 7 ��� � � & ;!�(% � �#� 9"� & 2 � 787 2 �)� 1!/
�9u�|jyc¢_o�¢_| 	�] \�]B^�� � <�<�7 � *�� �>% 7 2 & ;!� � � 9)� 9)���,;>7 ; & �>����� �3� � � P1 2�� <>% ����7 � & � 9)� � � % � � ��7 �#�
+ ��/ -���1,9�2�� ��7 � �#2)%.% ; Ω =]0, 1[2 2 � ��� 7 � & 2 � 787 2 �)� �(% � 2�� �"��7 2 � %�� ��� � ���@% & � 9)� 7 2 � � ����% � ��/���0�/
 �����(% �>% *����=7 2 & 2��(% � �#� 9�� % � � � 9 � ��; Kh �#���47 2 &��)& � & 2��(% � �#�:*"� �:�!�>787 � *���� 7 � �"�:����� � �>�'9"% 2 � �
< 2)%?2�<�<�7 � �#2�� � ��� 9�� 7 2 & ;!� � � 9)� 9)��� 9 � � ;>% �>�'�!�#� �3� � ��� + # ��� � 2'�(���>��% & ��7 � � <�7 � ��2�� � � h2 <>% �#� 1 �& 2 � � *"� � 7 �:�6���#�"�'9 & � & �)%�� bh ������9 � � ;>% �>���#/

� ����� ¯ �P�8/ � � A_NP[W[WA_�_H;ORQSNWA_C6�_VL[WA_NPQSH;VLC6N�«{U0QRa�HTfl] V6C�G�A_QRQSX_�
�9u�|jyc¢_o�¢_| 	�] \�]B^�^ � � % �><>% �>�'9 7 ��� ���)�62�� � �"� �?9)��7 � � 	'�>% � � �#����/ -�/�� � / � � � �>��� n 7 ����� & �>% �,9)�
<>� � ����� 9�� & 2 � 787 2 ��� �!��%����I�!�>��; 9�� ��2>% %�; +.�!��<�<>���6; � �(% � 7 � &��)& �I<>�"��% � � 2'*���� �#�>��;�1#/ � �
��� & ;>% �>��� �K7 � �"� ��<'2>%$7 � ����� �:7 �#� ���@�)� 9��	9�� & 2 � 787 2 �)�=+ ��� 7 �#��9)� �"% ;#��9)� 7 � �>�>%���;�1#/  �����(% �>% *����
7 2 & 2��(% � �!��9�� % � � � 9 � ��; Kh 9)����;>7 ; & �>����� �3� � � P1 �#�6� 9��4�62 � 787 �:9�� 7 � �@% 9"% ��9�� n2 �#� 9�� 7 2>% �)�)��%
9)� �'2�� 9��:9)� 7 � �@% 9�% � 9�� 2n +�<>�"��% n �"% 2�� 9@1!/

=�"���(% �>%�*�� � 7 2 &��>& � & ;!� � � 9)�:�#� 7 � &��>& ��� ��<>� 9�� & 2 � 787 2 �)� <>����%	7 ���'� �>� Ω =]0, 1[3

�!�"�'9�� � �C�>��� # ��� � & 2��(% � �#�=9�� �62 � 787 � 9)� 7 � �@% 9�%�� 9)� n3 �#�49�� 7 2)% ���>��%�9�� � 2��'9)� 9)� 7 � �@% 9�%�� 9)�
2n2 + ��� n �����,7 � � � & �>%��:9�� ���@�>�'9��47 � 7 ���%� 9�� �����:2)% � ���:9"�=�>� �>� Ω 1!/
.¡|+3´m4ycilk!| 	%] \%]�� ®2U_a�a�H³[WH�a�U0CjORQSH [�] HI�4HYa�ML[PH�f4H³[^] �-�4H�Q&GINeGIH ¯ � µL�P� E [WA a\ADC6NW��QSH�f4HCjVLa�XYQRU_ORHYQ¡[WHYE�CLUjHYVLf6E�f4HYE�f4HY�_QSXYE¡f6H³[WNP�<H�QRORX¥�{U_V f4H «rA�GIU_C	XpdjV6NP�cA_[PHYC0OSH³[WHYE�«{U_CLGIORNWU_CLEf4H��LA_ERHp��A�V6C6H�NWC��LV6HYCLGIH ERV6Q\[eA�E>OSQRVLGIORV6QSH�GIQSH�VLERH�f4H�[WA�a\AcOSQRNeGIH Kh

�2GD] HYE,O,��Zc��f4NPQSH�ERV6Q[�] H�a�M6[eA_G�H�a�H�CjO�f6HYE�E,HpE?XY[PXYa�H�CjOSE2C6U_C�C}V6[WEY�6®2U_a�a�H9HI�4M6[WNed0VLXBf6A_CLE2[WA (}HYGIORNWU_C³�pµ6�W�g�{�0U_NWQY�
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� � F ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

MFADQ�HI�4H�a�M6[WH_�-[WH� �HYa�a�H��YµL�P�0� F}��-GIH�O,OSH�E,ORQSVLGIORV6QSH�GIQSH�VLERH�f6H�[eA�a\AcORQSNeGIH�A�VLC6H��_Q&ADCLf4HNWC��LVLH�CLG�H�ERV6Q\[eA³M<H�QR«{U_QSa\ADCLG�H�f6H�[eA�QRXpE,U0[PV6ORNWU_Cxf6V¥ER`4E>OS��a�H�[PNWC6XYA_NPQSH KhUh = bh
��°-ADQH��4H�a�M6[WH_�ªE,N![�] U_C³QRXpE,U0V4OBG�HJER`}E,OR�Ya�H#[PNWC6XpADNWQRHJMLADQ;V6C6H�a�X�ORK6U4f4H�f4V O>`}M<HB¨,X�[WNPa�NWCLAcOSNPU0C³f4H


bA_VLESE�©�6NW[vHYE,O;A¤�cADCjO&AD�_HYV4��f4HJG&K6U_NeE,NWQ�V6C6HJC}V6a�X�QSUDOSADORNWU_C�djV6NvQSH��0QRU0V6MFHT[WHYE�X�[WX�a�H�CjOSE9C6U_CC}V6[eE�M6QS�YE�f4HT[eA�f4NeAD�_U0CLAD[WH_� •
.�|+3´m4ycilk'| 	�] \�]B^�� °§U0V6QJERNPa�M6[WNP�LH�Q�[�] ADCFAD[W`}ERH³��ADVLESE,N2�6NWH�C djV6H�[WA³a�NeERH¡H�C UjHYV6�}QRH¤�bU_CM<H�V6O�V4ORNW[PNeERH�Q�V6C6HBORQ&ADCFE>«{U0QRa\AcOSNPU0C¡A4W\C6HbM<U_V6Q�Q&ADa�HYC6H�Q2ORU0V4O

N
� ERNWa�ML[PH��}H

K
f4V�a�A_NP[W[eAD�_H

Th
ZTV6C

N
� ERNPa�M6[WHI�4H�f4H�¨>QSXI«{XYQRHYCLGIHI©

K0
�_°-ADQ2GIH9ERNPa�M6[WH;G&KFADC6�0H�a�H�CjO?f4H��cA_QRNeAD�6[WH_�DORU_VFE�[WHYEGYAD[eGIV6[eE�ERHBQ&ADa��YC6H�CjO�Z�f4HYE�GYAD[eGIV6[eE�E,VLQ
K0

�6�?C�MLQSADORNed0VLH_�4U_C�G&K6U0NWERN�O�ERU_V6�0H�CjO
K0 =

{

x ∈ RN ORHY[vdjV6H N
∑

i=1

xi ≤ 1, xi ≥ 0 1 ≤ i ≤ N
}

,
� ¯ � F ¯ �

H�OgU_C��0X�QSN��LH\ESADCLEbM<H�NWC6H¡djV6H�ORU_V6O
N
� ERNWa�ML[PH��}H

K
HpE>O#[^] NPa\AD�0H\MLADQTVLC6H\ORQ&ADCFE>«{U0QRa\AcOSNPU0CAdW\C6H�f4H

K0
�?��C	HlCªHIOp��[PHpE\GIU}U_Q&f4U0C6C6X�HpE��LADQS`4GIH�CjOSQRNedjV6HYEY�-f4XI�LCLNPHpE\MLADQ � ¯ � µ � �JERU_CjO\[WHYEa�¦Ya�HpE-M<U_V6Q
K
HIO
K0

H�OY�0H�C\C6U_OSADCjO
λ = (λj)1≤j≤N+1

�
x̃ = (x, 1)

[WH�MFU0NPCjO2G�U_V6Q&ADCjO�f6ADCFE
K
�
x̃0 = (x0, 1)

[PHbM<U_NWCjO9GIU_VLQSA_C0O�f6A_CLE
K0

�4U_C�A
Aλ = x̃

�6H�O
A0λ = x̃0

�4U'&�[PHpE�a�ADORQSNWG�HYE
A
HIO
A0

ERU_CjO;f6XI�LC6NWHYE;MLA_QJ� ¯ � µ+GD��H�O;NWC}�_H�Q&ERNP�6[WHYEY� �;C�HYC³f4XYf6V6N�Obf4U_CFGgdjV6H
x̃ = AA−1

0 x̃0
�G_] HpE>OR� ZD� f6NPQSH�d0Vv] NW[LH��}NeE,ORH�V6CLH�a\AcORQSNeGIH

B
�0NPC}�0H�Q&E,NW�6[WH�f�] U0QSf4QSH

N
�0HIO?V6C\�0HYGIORH�VLQ

b ∈ RN ORH�[eEdjV6H
x = Bx0 + b

� •

����������	�
������	��������

� ����� ¯ �P�pµ � � A_NP[W[eAD�_H;ORQSNeADC6�0V6[WA_NPQSHBM6[PVFE��LC�d0VLH#GIH�[WV6N�f4HT[eA �!NP�0V6QRH ¯ �0G4�
 ?] H��}HYQSG�NWG�HTE,V6NW�cADCjO�a�U_CjORQSHTdjV6HT[WA�a�X�ORK6U4f4H#f4HpE�X�[WX�a�HYC0O&E��LC6NeE

P1
�0X�QSN��FHB[WHTM6QSNPCFGINWMFHf6V�a\AD�}NWagVLa��

�;u�|jyc¢_or¢0| 	�] \�]B^&� � � 9 � � *�� � ��� � & 2��(% � �#� ��2>% % ;#� %�;��>787 � B = (bij)1≤i,j≤n �#��� ��� � �!& 2��(% � �#� � � �3<>�"��% ���"��� i �

bii > 0,

n
∑

k=1

bik > 0, bij ≤ 0 ∀ j 6= i.
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� � �

 �����(% �>% *�� �����"����� �! & 2��(% � �!���#�6� � � � �)%�� � ��7 � �#��*�� �����"� ��7 �#�?�!�@�
� � � �>������9�� �6��� � � � �>% �6�,�6�"���
<>�)� � � � ������� ����7 ��/
�9u�|jyc¢_o�¢_| 	�] \�]B^ \ � �I�6� <�7 2'�!� �>� 9 � & �>� � � �"� N = 2 / �@� � � uh 7 2 �C�"78��� � �"� 2�<�<>% �@� ��;�� 9"�
<>%�����7 � & � 9�� � � % � ����7 �!�:+ � / - ��1��������)��� � <'2>% 7 2 & ;#� ��� 9�� 9)���,;)7 ; & �)����� �3� � � P1 / � � �#��<�<>�)�C�
*"� � ���"� � 7 ��� 2�� �"7 ��� 9��#� �(% � 2��%��7 �#� Ki ∈ Th �6����� � ����;)% � �)��% � �"� ; ��2��
	�# π/2 / =�"���(% �>%5*����
uh(x) ≥ 0 9�2���� Ω � � f(x) ≥ 0 9�2�� � Ω / � � 9 � �#2�� � ��� � ��� & �"���(%��)% 2 *�� �&� <>�"��%����"��� ε > 0 �
Kh + ε Id �����,��� ���! & 2��(% � �!�&����� Kh �#��� 7 2 & 2��(% � �#��9)� % � � � 9 � ��;�/

��������� � ��� ��������������

� ����� ¯ �P��F�� 0'H�QSa�H#ERU_VLQSG�H
f
f6ADCLE�[^] XYdjVLAcOSNPU0C�� ¯ � µ ¯ ��

D�[!C�] `�A�X��}NWf6H�a�a�H�CjO;ADVFGIV6C6HJf4NDW�G�V6[�OSXJZ\X�ORHYCLf4QSH#[WA�a�X�ORK6U4f4H�f4HYE9X�[WX�a�H�CjO&E��LC6NeE
PkZ�f�] A_V4ORQSHYE�M6QSU_�L[P�Ya�HpE�djV6H\� ¯ � µ ¯ ��

�9u�|jyc¢_o�¢_| 	�] \�]B^ � � <�<�7 � *�� �>%57 2 & ;#� ��� 9���9)����;>7 ; & �>����� �3� � � Pk 2��=� � ��� � & ��9�� 7 � ;)7 2 ��� � � � ��;
+ ��/ ����1!/�=�"���(%��)%3�)� < 2)%�� � �'��7 � �>% *"� �=7 2 & 2��(% � �!� 9)� % � � � 9 � ��; Kh �#�6� 9�2������!�:�#2 ��9�� �@% 9"% � Nndl

��� N �#��� 7 2 9 � & �)��� � �"��9 � �#�#< 2'�#� �!� ndl �#�6�47 � � � & �)%��:9��=� �@�>�'9)� 9��:9)� �"% ;#� 9)� 7 � �>�)% ��;�/
�9u�|jyc¢_o�¢_| 	�] \�]B^ � � 	@<�7 � � � ���>%?7 2 & 2��(% � �!�:9�� % � � � 9 � ��; Kh �������>��� �=<'2)% 2�<�<�7 � �#2�� � ��� 9)� 7 2 & ; !
� ��� 9�� 9��#��;)7 ; & �)����� �3� � � Pk 2�� <>% ����7 � & � 9������>� & 2����

{

−∆u+ au = f 9�2�� � Ω
∂u
∂n = g �!��% ∂Ω,

� ¯ � F+G_�
2 � ��� f ∈ L2(Ω) � g ∈ L2(∂Ω) �"�!� a ∈ L∞(Ω) ���)7@*�� � a(x) ≥ a0 > 0 < / < / 9�2�� � Ω /
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� �_¯ ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

�;u�|jyc¢_or¢0| 	�] \�]B^ 	 =�"���(%��)%	*"� �I7 2 & 2��(% � �!� 9�� % � � � 9 � ��; Kh �������>�����I<'2>%52�<�<�7 � �#2�� � �"� 9��I7 2& ;!� � �@9��,9��#�$;)7 ; & �)����� �3� � � Pk 2��=<>%�����7 � & �,9��,�!��� � ���!� � �"�%! 9 � � ��� � �"��9)��7 � � 	'�>% � � �#����/ 0�/ 0 �#�6�� � � �>% � � ��7 � & 2 � �4<'2 ��� � & ;!�(% � *�����/
�;u�|jyc¢_or¢0| 	�] \�]B^ 	 � � �6� <>% �"<>���6� 9�� %�;��6��� 9�%�� ��� & ;>% � *���� & �>��� 7 � ;�*��'2�� � �"� 9��#� <�7 2'*"� �#�
+ ��/ � ��1 < 2)%���� � & ;#� ��� 9��49�� ;)7 ; & �)����� � � � �,+ 9)�4� ��<>��� �)% &:� ����1$�)� 9 � & �)��� � �"� N = 2 / ���"��% ���& 2 � 787 2 �)�4�(% � 2�� �"��7 2 � %�� Th ��� � ���(% � 9"� � �,7 � �#�#< 2'�#�:9 � �K�'% �!�

Vh =
{

v ∈ C1(Ω) ���)7�*���� v |Ki ∈ P5 <>����% ���"��� Ki ∈ Th

}

.

=�"���(% �>%�*�� �����"��� <>�"7 ����� & � p ∈ P5 �#�6�,�#2)% 2'�!��;>% � �6; 9�� & 2�� � �>% � ��� � *�� ���!��%	��� �(% � 2�� �"7 � K
<'2)%$7 �#��0 � � 2�7 �>��%�� % ;#�)787 �#���!� � � 2������#�

v(aj),∇v(aj),∇∇v(aj),
∂p(bj)

∂n
j = 1, 2, 3,

� ¯ � F � �
��� (a1, a2, a3) �6�"����7 �#� �C� &�& �!��� 9�� K � (b1, b2, b3) 7 ��� & � 7 � �)��	 9)��� �!�)��;#� 9�� K �!�!� ∂p(bj)/∂n
9�;#� � �"� � 7 2 9);)% � � ;#� ���@% & 2�7 ��2�� �!�)��; 9)� bj / =�"���(% �>%�*�� � Vh ����� ��� �6����� ! ���!<'2'�!��9�� H2(Ω)
9��"���57 ��� ;)7 ; & �)����� v �C�"�����#2)% 2'�(��;>% � �6;��$9)� & 2�� � �>% � ��� � *"� �4< 2)% 7 �#� � 2�7 �>��%�� + ��/ � ��1?<>�"��%����'2'*����
�C� &�& �!� �!� & � 7 � �>� 9�� 2>% � ��� 9�� & 2 � 787 2 ����/ � � 9);�9"� � %�� ��� � & ;!� � � 9)� 9�� ;>7 ; & �>����� � � � � + 9 � ���
9�� � % � ��% � �K14<>����%?% ;#�C�"�'9"% � + � / ����1!/�9U_VLE!OSH�QSa�NWC6U0CLE-GIH�O,ORH�ERU_VFE>��E,HpGOSNPU0C#H�C�[^] NW[P[WVLE,ORQ&ADCjO-MLADQ§V6C�QSXYERV6[POSAcO§C}V6a�X�QSNWdjV6H�U0�4ORHYCjVMFADQT[eA�a�X�ORK6U4f4H�f4HpETX�[WX�a�HYC0O&EB�LC6NeE

P1
A_M6M6[WNWdjV6XYH�A_V�M6QRU0�6[W��a�H\f4H\@9NWQRNeG&K6[WHIO¡� ¯ � µ ¯ �I�� �HERHYG�U_CLf�a�H�aJ�6QSH�HYE,O2f4U0C6C6X�MLA_Q�[eA �!NP�0V6QRH ¯ �P��FL� �;C\M<H�V6O2NWC0OSH�QSM6QSXIORHYQ?GIH9M6QRU0�6[W��a�H�GIU0a�a�H[eA�a�U4f4XY[PNeERADORNWU_C³f6Hg[eA¡f4N�C<VFE,NWU_C�f6ADCLE;[^] ADORa�U0ERM6K6�YQRHgf�] V6C�MFU0[P[WVLA_C0OBX�a�NeE9MLA_Q;VLC6HJERU_V6Q&GIH[WU4G�A_[PNeE,XYH_�_ vH;f4U0a\ADNWC6H9f4H9GYAD[eGIV6[FQRHYM6QSXYERH�CjORH�V6CLH9QSX��_NWU_C\A_V4ORU0V6Q?f4H;[WA#ERU_VLQSG�H#�{[eA#f4NWQRHpGORNWU_C�0H�QRORNeG�A_[PH�HYE,OJ¨>a�Uc`0H�C6C6XYH©�H�O¡AD�LERH�CjOSH�f6V GYAD[eGIV6[¬��HIO�U0C¥ERV6M6M<U0ERH�djV6H�[WA�G�U_CLG�H�CjORQ&AcOSNPU0CHpE>OJCjVL[P[WH¡ERV6QgERU_C��<U_Q&fl�v@;H�V4��a\ADNW[P[eAD�0HYETU0C0OJXIORX¡V4ORNW[PNeERXYE H'[PH¡a�A_NP[W[eAD�_H#¨,�_QSU0ESE,NWH�Q,©�f4H¡[WA

�!NW�_V6QSH ¯ � G}�§HIO\[WH�a\ADNW[W[WA_�_H\¨��LC4©�f4H�[WA �!NP�0V6QSH ¯ �P�pµ6�§ �HYE�QSXYERV6[POSAcO&E�GIU_QSQSHYERMFU0CLf6ADCjOJERU_CjOa�U0C0OSQRXpE�ERV6Q�[eA �!NP�0V6QRH ¯ �P�¤�4��QSHYERM<HYGOSNP�0H�a�H�CjOp� �;C	QRHYa\ADQ&d0VLH�djV6H³[WA��cAD[WH�VLQ¡a\Ac�4NWa�A_[PHf6HJ[eA�ERU_[WV4OSNPU0C C}V6a�X�QSNWdjV6H
uh

HpE>ObM6[WVLEBX�[WH��_XJMFU0V6Qb[PH�a\ADNW[P[eAD�0H#�LC�djV6HJM<U_VLQB[WH�a�A_NP[W[eAD�_H�0QRUjERERNWH�Q;�r[PHpE�XYG&K6HY[P[WHYE2C6HbE,U0C0O�MLA0E?[WHYE�a�¦�a�HYE&��F®;] HYE,O�[WAJa\ADC6NP«{HYE,OSADORNWU_C¡f4V�«rADNPO�d0VLH;[WH;MFA_E
h
f6V�a\ADNW[W[WA_�_HB�_QSU0ESE,NWH�Q�C�] HYE,O�MFA_E�H�CFGIU_QSHbA_ESE,H�J;M<HIOSN�O�M<U_V6Q�djV6Hb[eA�ERU_[WV4OSNPU0C�A_M6M6QSU}G&KLX�H

uhA_N�O�G�U_C}�_HYQR�0X9�_HYQSE�[eA�E,U0[PV4OSNPU0C�H��6A_GOSH_��(}N�[^] U_C�QSA>A>U_V4OSH;HYC�M6[WVLE�f6HB[eA�f4N�C<VLERNWU_C�V6C�HlCªHIO9f4HG�U_C}�_HpGOSNPU0C¥�ra�U4f4XY[PNeESADCjO#V6C��_HYCjOTG�U_CLE,OSA_CjOgf6ADCLE#[WA�f4NWQSHYGOSNPU0C�K6U_QSN JYU_CjOSA_[PH0�ª�_U_NWQ����6�P�pµ0�R��U0C�M<H�V6O9�_U0NPQ�[^] H	C<H�O9f4HTMLADCFA_G&K6HTADNWCLERNlM6QSU}f6V6N�O�ERV6Q�[eA\GIU_CFGIH�CjOSQSADORNWU_C�fLADCLE�[eA �'NW�_VLQRH ¯ �W� ¯�rU_�4OSH�C}V6H\A¤�_HpGg[WH\a\ADNW[P[eAD�0Hg�FCF��v 'A��¤A_[PHYV6QTa\Ac�4NWa�A_[PH\f4H�[eA�E,U0[PV4OSNPU0C�HpE>O#ML[PVLEbM<HIOSN�OSH�H�CMLQRXpE,HYCLGIHTfl] V6C�ORHYQRa�H#f4HTGIU0C}�_HYGIORNWU_C��6G�HTd0VLNvGIU0QRQSHYERMFU0CLf��LNPHYC�Z�[^] NPCjORVLN�OSNPU0C�MLKj`4ERNWdjV6HTdjV6H[WHT�_HYCjO�¨Rf4NW[PVLH©B[WHYE�G�U_CLG�H�CjORQ&AcOSNPU0CLE�X�[WH��0X�HYE�f4HTM<U_[W[WVLADCjOY�
��*�)�*KJ ��5?/ �#U�3 ��Uv/9:>U Ul1 U�S014=vM P'16=,5?/ 7 � U�363�U'8�3

�9U_VLE'f4X�a�U_CjOSQRU0CLEª[WA�G�U_C}�_HYQR�0H�CLG�H!f6HYEla�XIOSK6U4f4HYE'fl] X�[WX�a�H�CjOSEl�LC6NeE
Pk

M<U_V6Q�[WH�M6QSU_�L[P�Ya�Hf6Hg@9NWQSNWG&K6[WHIOg� ¯ � µ ¯ ��"D�CLERNeE>OSU_CLE�ERV6Q�[WHb«rADNPO;djV�] NP[!E�] AD�0N�O9ERH�VL[PHYa�HYCjO9fl] VLC�M6QRU0�6[W��a�HTa�U}f6��[WH_�
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� � G

����� ��� ���������� ����� � � ���

����� ��� ���������� ������� � ���

������� ¯ �P�¤� � (}U0[PV6ORNWU_C³A_M6M6QSU}G&KLX�H
uh

f6Hg[^] Xpd0VFAcORNWU_C�f4HJf4N�CªVLE,NWU_Cx� ¯ � µ ¯ ��M<U_V6QB[PHJa\ADNW[P[eAD�0H�_QSU0ESE,NWH�Q�f4HT[eA �!NW�_V6QSH ¯ � G��{KLA_V4O&��H�O�MFU0V6Q�[PHba\ADNW[W[WA_�_HB�LC�f4Hb[WA��!NW�_V6QSH ¯ �W�Yµ��{�LA0ES�I�
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����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

����� � �������� ��� ��� � ��� ���

� ����� ¯ �W� ¯ �6(}U_[WV4ORNWU_C�A_M6M6QSU}G&KLX�H
uh

f4HT[^] XYdjVLAcOSNPU0C�f6HbG�U_C}�_HpGOSNPU0C4� f6NDCªVLERNPU0C����6�P�pµ0�R��
H�ObdjV6H�GIHpE;a�X�ORK6U4f4HpE;G�U_C}�_HYQR�0H�CjO9M<U_V6Qbfl] ADV4OSQRHpE9M6QSU_�L[P�Ya�HpE��ªGIU0a�a�H�GIHY[PV6N-f4H���HYV6a\ADC6C� ¯ � F+G_��_�9U_VLE2AD[W[PU0CLE�A¤�_U0NPQ§�<HYERU_NWC�fl] Kj`}M<UDOSK6�YERHYE-�0X�U0a�X�ORQSNWdjV6HpE-E,VLQ?[eATd0VFAD[WN�OSX9f4V\a\ADNW[P[eAD�0H_�°§U0V6Q9OSU_V4O

N
��E,NWa�M6[WHI�4H

K
U_C�NPCjORQSU4f4V6NPObf6H�V4� MLA_QSA_a��IORQSHYE9�_XYU_a�XIOSQRNedjV6HYE H<[WH�w'o�m�3 :jn�yc|

diam(K)
HIO�[WA�ycq<s'w!|}kvy

ρ(K)
��f4XI�FC6NPH�G�U_a�a�H�[WH�f4NWA_a��IORQSH�f4H�[WA�M6[WVLE��_Q&ADCLf6H¡�<U_V6[WHG�U_CjORHYC}V6HTf6ADCLE

K
�

diam(K) = max
x,y∈K

‖x− y‖, ρ(K) = max
Br⊂K

(2r).

*�NWH�C ER�6Qp�LU_C A\ORU_V>A>U_V6Q&E
diam(K)/ρ(K) > 1

�ª®2H#Q&ADM6M<U_QRO9HpE>O;f�] A_V4OSA_C0O;M6[PVFE9�0QSA_CLf�d0VLH
K

HpE>O2¨RADM6[eAcOSN © H6NP[va�HpE,VLQRHbH�C�djV6HY[WdjV6H#ERU_QRORHB[WA�OSH�CLfLADCLG�HbZ�[eA�f4X��0X�C6XYQRHpERG�H�CLG�HBf6H
K
�4��CMLQSADORNed0VLH_�6GIU0a�a�HbHYC�OSK6X�U0QRNWH_�4NW[l«rA_V4O�X��}NPORH�Q�f�] V4OSNP[WNeE,HYQ�f4HYE

N
� ERNPa�M6[WHI�4HpE

K
OSQRU0M�A_M6[WADORNeE��

Y�h[Z!s!o{nporq<s 	%] \%]K^_^<`>b4cfe
(Th)h>0 g h�j2pug cfe j m j�t.q c �f��q � jlp m j Ω w�x�h mdcfe � g�� c � p�� q ��cfe�m � g h�j

pug cfe j m j 3 m6or���rm�A<|}tTych[A<k!�ror|jyct p c
��w7��q�p-g cfe j h = maxKi∈Th

diam(Ki)
e j	h m i8j	k-p � o

,[w c ��j�- c p e j g h>jE} b hNp e qdh e j C e jl�f� j � gNj o | b g k e b g e h > 0 j e2e{b g e K ∈ Th
o

diam(K)

ρ(K)
≤ C. � ¯ � F �0�

.�|+3´m4ycilk'| 	�] \�]B^&�	�?C f4NWa�H�CLERNPU0C
N = 2

[eA GIU0CLf4NPORNWU_C � ¯ � F��j��HYE,O�Xpd0VLNP�cAD[WH�CjOSH�Z´[eAG�U_CLf6N�OSNPU0C³E,VLNP�cADCjOSHJERV6Q;[WHYEbA_C6�_[WHYE;f4V OSQRNeADC6�0[PH
K

HªNW['H��}NeE,ORH�V6C³ADCL�_[WHga�NPCLNPaJV6a
θ0 > 0djV6N'a�NPC6U0QRH��rV6C6NP«{U_QSa�X�a�H�CjO9HYC

h
��OSU_VLE�[PHpE9ADCL�_[WHYE�f4HTOSU_V4O

K ∈ Th
�"D�CLERNWE,ORU0CLE9ERV6Q�[WHT«rA_N�O
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� � �

diam(K)

ρ(Κ)

� ����� ¯ �P�4G �¡@;NWA_a���ORQSH
diam(K)

H�O�QRU0CLf4H�VLQ
ρ(K)

fl] VLC�OSQRNeADCL�_[WH
K
�

d0VLH�[eA�GIU0CLf4NPORNWU_C � ¯ � F �0�9HYE,OTORU_V6OgADVLESE,N§NWa�MFU0Q,O&ADCjORH�H�C�M6Q&AcOSNWdjV6H\djV6H�M<U_V6Q#[^] ADCLA_[P`4ERH�f4HGIU_C}�0H�QS�_H�CFGIH;djV6Nv�¤A�ERV6NW�jQSH_� •�9U_VLEbM<U_VL�_U_CFE;a\A_NPCjORHYCLADCjOTX�CLU_CLG�H�Qb[PH�QSXYERV6[POSAcObM6QSNPCFGINWMLAD[�f4H\G�HIO,OSH\E,U0VLE>��ERHYGOSNPU0C�djV6NA4W\QRa�H2[WABGIU0Cj�0H�QS�_HYCLGIH�f4H�[eA�a�XIOSK6U4f4H�f4HYE'X�[WX�a�H�CjO&Ev�FC6NWE
Pk

HIO�djV6N4f4U_C6CLH?V6C6H�HYE,ORNWa\AcOSNPU0Cf4HT[WA��}NPORHYESERHbf6H#GIU_C}�0H�QS�_H�CFGIH;ERNl[eA�ERU_[WV4OSNPU0C�HpE>O�QSX��0V6[PNW��QSH_�
� £'h}qFy4:[3 | 	�] \�]B^ \ `Qb4cfe

(Th)h>0 g h�j�pug cfe j m j t.q c �f��q � jlp k �#� g � c j	k-p m j Ω w `Qb4cfe u ∈
H1

0 (Ω) o ��q�p b � g e~cBb h m g |�k b �l� + t9j m j � c k c } � � j e z ��w � �-� o j e uh ∈ V0h
o }-jl�f��j m j p b h<q@| �

|�k b - c t9q e~cBb h c h e j	kuh�j�z �dw *�,l�)|�qdk)��q�t �le � b m j m jup � � � t9jlh e p ' h c p Pk w %"� b k-p)��q�t �	e � b m jm jlp � � � t.j	h e p ' h c p Pk } b hNi4jlk � j o }N� jlp e � $ � m4c kvj � gNj
lim
h→0
‖u− uh‖H1(Ω) = 0.

� ¯ ��� E �
��j�|�� g+p o p c u ∈ Hk+1(Ω) j e p c k + 1 > N/2 o qd� b k-p b h q9�R� jlp eKc t9q e~cBb h m � j	kukvj	g k

‖u− uh‖H1(Ω) ≤ Chk‖u‖Hk+1(Ω),
� ¯ ���4�¤�

b�)
C jlp e g h�j�} b h�p e q4h e j c h m�� |�j	h m q4h e j m j h j e�m j u w

.¡|+3´m4ycilk!| 	%] \%]K^ �  �H 0�K6XYU_QS��a�H ¯ � µ6�W�Yµ�EY] ADM6M6[WNed0VLH�H�Cb«rA_N�O§Z�ORU0V4ORH�a�X�ORK6U4f4H�fl] XY[PXYa�H�CjOSE�LC6NeE�f4H³O>`}MFH� vAD�0QSA_C6�_H´�rMLADQ�HI�4H�a�M6[WH_��[WHYE�X�[WX�a�H�CjOSE¡�LC6NeE�QRHpGOSA_C6�_VL[WA_NPQSHYE�f6H³[eA (}U0VLE>�E,HpGORNWU_C ¯ � µ6� µ0��!��C¥HlCªHIOp�![WH�E,HYV6[�ADQS�_V6a�H�CjO�V4ORNW[PNeERX�HpE>O�[WA�GIU0CLE>OSQRVFGORNWU_Cxfl] VLC U_M<X�Q&AcOSH�V6Qfl] NWCjORHYQRM<U_[eAcOSNPU0C³�LA0E,X�E,VLQB[eA�G�ADQ&A_GIORXYQRNeERADORNWU_C f4HpEB«{U_CLGIORNWU_CLEbf4H
Vh

MLADQb[WH�V6Q&EB�cAD[WH�V6Q&E;A_V4�C6U}H�VLf6Ebf4HpEbf4H��0QRXpE;f4H�[WNP�<H�QRORX0�lGIH�d0VLN-HYE,O;OSU_V'A>U0V6QSE;M<U0ESE,NW�6[WHJM<U_V6QTf4HpEBX�[WX�a�H�CjOSE;�LCLNWETf4HO>`jM<H; 'AD�0QSA_C6�_H#�r�_U_NWQ?[eAEX�H�a\ADQ&djV6H ¯ � µ6� ¯ �I�'X�HYa\ADQ&d0VLU_CLE�djV6H0�0M<U_VLQ2[WHYE�G�A0E�M6K}`4E,NedjV6H�a�HYC0OMFHYQ,OSNPC6HYCjOSE
N = 2

U_V
N = 3

�6[eA\GIU0CLf4NPORNWU_C
k + 1 > N/2

HpE>O�OSU_V'A>U0V6QSE9ERADORNeE>«rA_N�OSH#f4�YE�djV6H
k ≥ 1

� •
.¡|+3´m4ycilk!| 	%] \%]K^ �  �] HYE,ORNWa�ADORNWU_C fl] H�QSQSH�V6Q#� ¯ ���4�p��f4V 0�K6X�U0QR�Ya�H ¯ � µ6�W�Yµ�C�] HYE,O9�}QSA_NPH#djV6HE,N2[WA�ERU_[WV4ORNWU_C�H��4A0GOSH

u
HYE,O#QSX��_VL[PNW��QSH_�vG�H�djV6N?C�] HYE,OgMLA0EbORU0V'A>U_VLQSET[WH¡GYA_EY�$(}N

u
C�] HYE,O#MLA_E



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

� � E ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

QSX��0V6[WNP�YQRH0��U_C´G�U_CLE,OSADORH�HYC´M6Q&AcORNedjV6H¡djV6H�[eA G�U_C}�_HYQR�0H�CLG�H�HpE>O�M6[WVLE#[WH�CjORH��{�0U_NWQ#[WA �!NP�0V6QRH¯ � ��H�C�V6C6HJf6NPa�H�CFE,NWU_C�fl] HpE,MFA_GIH¤��ª@g] ADV6ORQSHJMLA_Q,Op�F[eA¡G�U_C}�_HYQR�0H�CLG�H�� ¯ � � E ��ªdjV6N-A�[WNPHYV�f6A_CLE[^] HYERMLA_G�H§¨Rfl] X�C6HYQR�0NPHI©&�¤C�] NPa�M6[WNed0VLH�MLA_E§[eAbGIU_C}�0H�QS�_H�CFGIH�M<U_CLGIORV6HY[P[WH�f4H
uh

U_V�f4H�E,HpE-f4X�QSNP�0X�HpE�� 'A��!NW�_V6QSH ¯ �W� � NW[W[PVLE,ORQSH�GIH�«rADNPOTMFU0V6Qb[PH�M6QSU_�6[W��a�H�f4H\@9NWQRNeG&K6[WHIO�� ¯ � µ ¯ �9A¤�_HYG
f ≡ 1

f6A_CLE[eA��_X�U0a�XIORQSNWH�f4V�¨RGIU_NWC³QSH�CjOSQSA_C0O,©gU�&�[WA�ERU_[WV4ORNWU_C�HYE,ObERNPCL�_V6[WNP�YQRH��{�0U_NWQb[PH\ �HYa�a�H\�4�0/4� µ_µj���9V6a�X�QSNWdjV6HYa�H�CjOY�ª[WH�a�U4f4V6[WH�f4V��0QSA0f4NWH�CjOBf4H
uh

GIQSU_NPOB�0H�Q&E9[^] NWC4�LCLN�f6ADCLEB[WH�G�U_NWC³[WU_Q&ERdjV6H
h
ORH�CFf��_H�Q&E JYX�QSU��r[PHga�AD�4NPaJV6a f4H |∇uh|

�cA_V4O
0.92

M<U_V6Q�[WH#a\ADNW[W[WA_�_HTf4HT�0A_VLG&K6H#Z��0� � GERU_a�a�HIO&E��
1.18

MFU0V6Q�[WH�a�A_NP[W[eAD�_H�f6V�a�NW[PNWH�V�Z F ¯)E0¯ ERU_a�a�HIO&E��_HIO
1.50

MFU0V6Q?G�H�[WV6NFf4H�f6QRU0N�OSHZ�� � �'G�/#ERU_a�a�HIO&ES� •

��� � � ������� ��� ��
 ������� ��� � ���������

� ����� ¯ �W� � � ��U4f4V6[WH¡f4V´�0QSA0f4NPHYCjOgf4H
uh

M<U_V6QgORQSU_NeE#a\ADNW[P[eAD�0HYE\��f4H¡M6[WVLEgH�C´M6[WVLE#�LC f4H�jADVLG&KLHBZ�f4QSU_NPORH¤��
 'AJf4XYa�U_CLE,ORQ&AcOSNPU0C�f4V�0�KLX�U_QS��a�H ¯ � µL�P�pµTQSH�M<U0ERH;ERV6Q2[eA�f4XI�LCLN�OSNPU0C�ERV6NP�cA_C0OSHBf�] V6C�qL~2h�=ycm4np|}kvy�w�WorsªnY|jy¤~?q<�rm4nporq<s

rh
H�O?E,VLQ�[PH�QSXYERV6[POSADO?fl] NWCjORHYQRM<U_[eAcOSNPU0C�f4H�[eAb°�QSU_M<U0ERN�OSNPU0C ¯ � µ6�W� ¯ �

X9ADM6M<H�[WU_CLE?d0VLH�C6U_VFE?A¤�_U0CLE§C6U_ORX
(âi)1≤i≤ndl

[eAb«rADa�NW[P[WH9f4HpE�C6U}HYVLf6E?f6HYE?f6H��_QSXYE?f4H�[WNP�<H�QRORXH�O
(φi)1≤i≤ndl

[eAg�LA0E,HBf4H
V0h

f4H;[eAJa�X�ORK6U4f4Hbf4HpE2XY[PXYa�H�CjOSE2�LC6NeE
Pk

�r�_U_NWQ�[WAJ°�QSU_M<U0ERN�OSNPU0C¯ � µL�0G_��4°§U_VLQ�ORU_V6ORHB«{U_CLGIORNWU_C�GIU0CjORNWCjVLH
v
�6U0C�f4X��LC6NPO9E,U0C�NWCjORHYQRM<U_[WX�H

rhv(x) =

ndl
∑

i=1

v(âi)φi(x).
� ¯ � �'/_�

 'A¡f4N�CªX�QSH�CLG�HgM6QSNPCFGINWMLAD[WHJA¤�0HYGT[^] X�ORVLf6Hg«rA_N�OSHgH�C�f4NWa�HYCLERNPU0C
N = 1

HYE,OTd0VLH_�<[PHpE�«{U0CLGOSNPU0CLEf6H
H1(Ω)

Cv] X�OSADCjO#MLA0E#GIU0CjORNWCjVLHYEb[WU_Q&ERdjV6H
N ≥ 2

�l[^] U0MFXYQSADORH�VLQ#fl] NWCjORHYQRM<U_[eAcOSNPU0C
rh

Cv] HpE>OMFA_E9f6XI�LC6N§ERV6Q
H1(Ω)

�r[PHpE��cAD[WH�VLQSE9MFU0CLGOSV6H�[W[PHpE9fl] V6C6Hg«{U_CLGIORNWU_C f4H
H1(Ω)

C�] U_CjO;A�M6QRNWU_QSNMFA_E�f4HJE,HYCLES�I�L��XpADC6a�U0NPCLEY�6H�O;GD] HYE,O9[eA�QSA_NWERU_C�f4H#[^] K}`}M<UDORKL�YERH
k + 1 > N/2

�
rh

|}t�n �§or|}sw!h[Z!s!o�tpkvy
Hk+1(Ω)

GYADQ�[WHYE�«{U_CLGIORNWU_CLE;f4H
Hk+1(Ω)

E,U0CjO9GIU_CjOSNPC}V6HpE#�
Hk+1(Ω) ⊂ C(Ω)f�] A_M6QR�pE�[PH 0�K6XYU_QS��a�H FL� µ6�0/_�0��

�bycqF~?q<tYornYorq<s 	%] \%]K^ 	 `>b4cfe
(Th)h>0 g h>jnpug cfe j m jst9q c �f��q � jlp k �#� g � c jlk-p m j Ω w�x�h�pug |�| b p	j� gNj k+ 1 > N/2 w %"� b k-p o | b g k e b g e v ∈ Hk+1(Ω) �R� c h e jlk~| b � � j rhv jup e � c j	h m�� ' h c j o j e�c �

j�- c p e j7g h�j } b h�p e q4h e j C o c h m�� |�j	h m q4h e j m j h j e�m j v o e jl�f� j � gNj
‖v − rhv‖H1(Ω) ≤ Chk‖v‖Hk+1(Ω).

� ¯ ���Dµ0�
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� �6�
±�f6a�H�O,O&ADCjO9M<U_V6Q�[^] NPCLE,OSA_CjO�[WA�°�QSU_M<U0ERNPORNWU_C ¯ � µ6�W� ¯ C6U_VFE�MFU0V6�_U0CLE�GIU0CLGI[WV6QSH#djVLADCjO�Z�[WAGIU_C}�0H�QS�_H�CFGIH;f6HT[WA�a�XIOSK6U4f4H#f4HYE�XY[PXYa�H�CjOSE��FC6NWE

Pk
�

Y�h+3´q<s'tYn�ycm4nporq<s w!k � £'h}qFy4:[3 | 	�] \�]B^ \�] �;C�A_M6M6[WNWdjV6H�[PH�G�A0f4QSH�A_�LE>OSQSA_N�Obf4H�[WA (}U0VLE>�E,HpGORNWU_C ¯ �W�_�0/4�L°§U0V6QBf6X�a�U_CjORQSH�Q�� ¯ � � E ��U0C V4ORNW[WNWERHJ[WHJ vH�a�a�H ¯ �P�0� µ¡A¤�_HYG V = C∞
c (Ω)

djV6NHYE,O��6NPHYC¥f6H�CLERH f6ADCFE
H1

0 (Ω)
��®2U0a�a�H

C∞
c (Ω) ⊂ Hk+1(Ω)

��[^] HpE>OSNPa\AcOSNPU0C � ¯ ���Dµj��f4H�[WA°�QRU0MFUjE,NPORNWU_C ¯ � µL�P� ¯ M<H�QSa�HIO�f6H �_XYQRNP�LH�Q¡[�] K}`jM<UDOSK6�YERH´� ¯ � �0�\f4V  vH�a�a�H ¯ �W�_� µ �{M<U_V6Q�f4HYE«{U_CLGIORNWU_CLE-QSX��0V6[WNP�YQRHpE§U_C\C�] AbMLA_E��FHpE,U0NPC�f4H9[WATG�U_CLf4NPORNWU_C
k+1 > N/2

f6ADCLE�[WAT°?QRU0MFUjE,NPORNWU_C¯ � µ6�W� ¯ �I�°§U0V6Q-U_�4OSH�C6NWQ-[^] HpE>OSNPa\AcOSNPU0C�f�] HYQRQSH�V6Q�� ¯ ���4�p�vU_C�V4OSNP[WNWERH�[WH� vH�a�a�H�f4H9®2XYA ¯ �W�_�0/9djV6N4CLU_VLEf4N�O9djV6H
‖u− uh‖H1(Ω) ≤ C inf

vh∈V0h

‖u− vh‖H1(Ω) ≤ C‖u− rhu‖H1(Ω),

E,N
rhu

ADM6MFADQRORNWH�CjO'�6NWH�C�Z
H1(Ω)

�p°-A_Q§A_M6M6[WNWGYAcOSNPU0Cgf4H�[WA;°�QSU_M<U0ERN�OSNPU0C ¯ � µ6�W� ¯ Z
u
U_CgU0�4ORNWH�CjO� ¯ ���4�¤��

�

� ������� ��
�� ����� ��� � �G���:J"
��� > ��� � 0 �P0(E � ��2� .����(��;"��� �����9�9Q����
uh

��2� �(�Y�+���(���9%���� � ����� ? �  "�
�54 ���"�"�9��R�%�� �-�9%���� %��P�9���9��� C � 0 D�T�F  "����� V0h 0 � ��(�U��
,�)�+�+%��9�� �� ,��-��,�����)� �)R"�-,)�9������� �9���"�9�������
%����9
�-��������S%(���9�)�9.���$�-�P�S "���"�S�(� � �/�+�9%(,)� Kh

�)�S�(���+�),���� ���� ;��9�
bh 0 " � �"���/�9% Q��"���N��� ��������


).��-�(�"�3�$�-����R��-,)�9������� ,��/�������'�9�,)���"�+� K �"���3%����9
�����/�9%����B�P����
��9% Q��"� 0�
 
��-������%��"����+%"���B���9%��(%��+� ���768���9� �"����3 "�'Q��$�� P���-�9���9� �?����%��+�����$�-;�����$�9���(�X��
)�9J"�P "�< "��7
��
������9�7#$�"%��
Pk

,)���P.M�)�9���'��",���9�
C .���%&� " � � % F�0�" �B�$�/�+�9%�,����%��)���M�+%"�(�'6O���9�X�����@ "�:QP���� P���-�9�"�9�3���9%��(%��+
�@�����"��,�����,�"���)�: ��� %��P�9
)����������I�+�"��"�

N = �+%����"�(��R"� K
��2�@�)R"��,��9�*�������@�(�)�3����� C��#�����)�@ "�

P2k−2
���������9�@�54 ��2�9%�� �-�9%����  �4 �)�+�9��"� C � 0 � E/F�)�2�:�9��� �2�����9�3.��-�(��;���� C � � uh

��2�3�(�S�+�����"�9%����  "%��+,)� > �9�*,�����,�"��
�	��.M�, %(���9
�-���-�9%���� �P����
)�9%(Q���� F�0 � �-���R"�)��������� �����"�������
��
���)�P�9�S#$�"%(�
P1

��� ����"� �"�9%���%(�+��� �(�)�B6O���9�X������� �� Q��$�� ����/�9�"�9� C � 0 D�D�F ���
C � 0 D � F �9���"�@���)�+�9�! "�*���9
,%��+%���� ���  "�'.�%&�9��+�+�S ��*,���P.M���9����",� 0 •

ΩΩ h

� ����� ¯ �P� � �¡±�MLM6QRU¤�4NWa\AcORNWU_C�MLADQ�VLC�f6U_a\ADNWC6HbMFU0[P`0XYf4QSNed0VLH
Ωh

f�] V6C�U0V6�_HYQ,O�QSX��_VL[PNWH�Q
Ω
�

� ������� ��
�� ����� ��� � � �� "%(Q������"�X;��9% > .M�������X,� Q��"%7�+� �����+�+� �(�-�9�9Q���� ���  "��� �-%����
Ω

�G4 ��2� �$���
����� C�
� ��9%(Q���� C � ��%��	�+� ���9�-��������'�9
������%��)� F�0 � � ,���������,�S�$�/�X�������9��,�J"�)�

Ω
�$�/�!���Y "��� �-%����

����� C�
� ��9%(Q����
Ωh

QP�"�*�54 ��� � �-%(�����*���-�@��� � ��%����(����� Th C .M��%&�@�(�ED1%����"�9� � 0�E��MF�0 � � ������@,�J"��%��+%&� Ωh
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� �'/ ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

�)�'�+����� ��%���� �-��� C �/.��, h
���X "%(��� > �+�9�!� �/R"%��X���  ��� � �-%��(���� F  "�!�9������X� �-��% > �9�SQ��G4 %��1�)R�%��2�9�S�"���,���"�2�������9�

C C Q���%����! �
����$ Q����	 ��	�(� ,�����9;����9�	 "� Ω F .M
)�9%&#$�����
dist(∂Ω, ∂Ωh) ≤ Ch2.

� � �-����������
uh

�(� �+���(���9%����  "�U� 4 �-���"�9��R�%�� �-�9%���� .��-�9%(�-�9%����"��������  "����� �54 �)�+�$��,)�
Vh

�-�+�+��,%�
 ���
� ��%���� �-��� Th

�)� K �54 
��
������S#$��%
Pk 0 " � ��
�"
)�����5� � ���� �+%7��� ,�J"��%��+%&�

Ωh ⊂ Ω
�
Vh

< � � ='? � � =

 < ='� 
 =�� � = � �#� �  "�!�54 �)�+�$��,)�  �� ����;������.

V
 ����"� ����Q��"��N��� ,�J"�)�9,�J��	�(���+�����"�9%���� ��R��-,)�9�

u C �$�/��)R�������������+%<�(�)� ,���$ �%��9%������ ����R ��%���%&�9�� �+�����  "� 
 ���� �-��� F � ,)��QP�"%@,�����"�(%(Q���� �+
)�9%�����+����)�P�
� 4 �-�$��� C��+� 0%
 
��-������%��"�����B "%�������+%���� N = 2

��� ����"� �����P�+�9��� C .M��%&� " � � % F Q������-���������(�)��
)�(
)������9�#$��%��
P1
�"�+%

u ∈ H2(Ω)
�$�-�����9�<��� �X�9����� ���"�9�

‖u − uh‖H1(Ωh) ≤ Ch‖u‖H2(Ω), C � 0 � DMF
�����$ �%�� Q��"���������"�@����<
��
������9�:#���%��

P2
�"�+%

u ∈ Hk+1(Ω)
�������-�9� ��� � �+��"�(�)������

‖u− uh‖H1(Ωh) ≤ Ch3/2‖u‖Hk+1(Ω). C � 0 � � F
� �-��,���"�+
�Q���������-,�)�+�9�3��
��9J��P "�7��2� �9�-�9%��265�-%��9�����9�'�����"�� "�)��
)�(
)������9�1#$��%��

P1
�-���"%(�9Q��"�:�(�*,���P.M�)� =����",� C � 0 � D�F ��2�� "�X� ��������� ��9�:QP�"� C � 0 � E/F ��� ��%��  "
),�.������9�7�)� �"���X���"�9%�� �-�(�7�����"�  "�� 
��
���)�P�9�#$��%��

Pk
��.M�,

k ≥ 2 0 � ��������*�9���
� �%��)� K ,�)�+�9� �+%&�9���-�9%����Y��Y%����+�9�P "�"%��9�����! "�)� � 
)�(
)������9� #$�"%��
%(�+���$�/������
)�+�9%(Q�����$� F %�� �4 ����%&�S "�S� ��%����(���	�(� ���-�+�9%��B �� Ω

��� > �* ���;����� �$�/�	 "�)�*� ��%������� K ;����� "�� ,)���"�9;��)�$� ��;"�9��P�"�7�$�/�@ "
�6O���9� �/�9%����  "�
N = �+%����"�(��R"�)�:�2������ ��-�� �� C ,�)�+�9�' "
)68���9� �/�9%(��� �)�2�3���"�'��
 =��
)���-�(%��9�/�9%(���  "�B�(� �+���-���268���9� �-�9%���� �����"�B%����+�9�P "��%&�9� K � � V �� �/��Q���� � 0 ��0�E � F�0 � �-�S�)R�����"�������� "%�������+%����

N = 2
��� ���9%(��%��+�	�+���".M����3�"���'�+���-���26O�-�9� �-�9%���� ����� C��#����% �-���	 "�	 �����9
 T Q���%� "
�6O���9������ �+�9% �-�����(�* "�'�9
)68
)�9��",�*�� ��� �?�+�9% �-�����(� �	 "�����3���  "�)�3,���9
�3�)�2�@��� �-�9,	 ��'�$�/����;����(� 0 � ��(� ����� =���)�* ��!��%(�)�"R �-�����9��,�J"�)�*�(�B68�9���P�9% > �9� ∂Ω

���-�
∂Ωh 0�� � ���)�"�'�������9�! �
�������+�9�)�<���"�X�)�2�9%(� �/�9%����

 W4 �)�+�9���� ���"�9%�� �����	 �� � ���� ���� P�9�!QP�"� C � 0 � E/F	C .M��%&� " E � % ��" � � % F�0 •


 ����� �����+�+����� � �-%(���9�������� K � �  �
�����"�2�+���-�9%����  ��Y�(� � �9�������+%&�9%���� � 0 ��0�E � Q������54 ��� ����"�
�� "�����+�+�9�	�� �"�9���% > �9�	���,��9�"�9� 0�" �����X�����+�+�!�$�/�'�(��,���"�2�+�9��,)�9%����� W4 ��� ����
)���-�9�)�"�	 �4 %(���9�)�9�����(�-�9%����
�(��,���3 "�����!,�J$��QP�"��� ��%������  "� � �-%(���(����� 0 �P��%&� K

�"�
N = �+%��������)R��  ��B�+�9�%��(��%��B �4 ���� ��9� k

�
Σk 0 � � "
)#���%&�@�54 ����
)���-�9�)�"�' W4 %��P�9���9�����(�-�9%����

rK
�"�����"�@�9���"�9�'68����,��9%(���

v
,�����9%��P���*�+���

K
�

rKv = p ∈ Pk
�9��GQ����

p(x) = v(x) ∀x ∈ Σk. C � 0 � � F
� 4 ���"� > � �(� �G������ � 0 �P0 � ���X�9�-%&��QP�"�I�9���"� �����1C�� �����: �� Pk

��2�� "
)�9���9��%(�"
7 ��7� �-��% > �9�7�"��%(Q����I�$�-��+��:.�������"�9�:���"R ����%��P�9�7 "�
Σk F ���-�3,�����+
�Q��"������ C � 0 � � F  "
)#���%&�3;"%(�)� rK

,������� �"��� �����"��%(,�-�9%����
C �(%��"
���%&�9�S "�*�+���9,)�9� �(� F�0
� ��� ����� ������� � � ����� �&� � � �-� ���/@ � � � � ? " $ ( �24)� ��&.�,� � 49� k + 1 > N/2 : � � &�����5 �.+ ��4�5 # � - (��+ ��5 ��& 01�)+�-�&.(

rK
���2+ 0 - (��2�)- 52�  "&)(9+�- (�4 # � Hk+1(K) # �.(9� Hk+1(K) � ��+%-�0 ���.- �2+ � 4�(	�  2&.(��2+ �.(9+ �

C(K)
+ �,0 0 � � 49� � ��&)4�5 + &)4�+ v ∈ Hk+1(K)

&)( �

‖v − rKv‖Hk+1(K) ≤ C(K)|v|Hk+1(K), C � 0 � $ F
&�� |v|Hk+1(K)

���"+ 01� �,��76-�� ( &.5"7 � # ��� (9-�� ���.5

|v|2Hk+1(K) =
∑

|α|=k+1

∫

K

|∂αv|2dx = ‖v‖2Hk+1(K) − ‖v‖2Hk(K).
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� �_µ
; � � �	<>='? �&� ?A@B�	< ���1���"�

k+1 > N/2
��� �:J"
��� > ��� D"0 ��0 T � %��� "%(Q����:Q��"� Hk+1(K) ⊂ C(K)

�� �����,
���� .��-����"�9�<�����",)�9���������  "��@6O����,)�9%������* ��

Hk+1(K)
�+�����';"%���� "
)#���%���<,������� 6O���9���)� ��%���
��-%&�9��

,)�����9%����"�� 0 � �/�7,)�����+
QP�"������ rKv
��2�7�"�B����� C��#�����3 "�����I�����,��� �B,%�����9�: "
)����$ ����� �(%��"
���%&�9�������

���!,�����9%�� ��������' "�
v ∈ Hk+1(K)

�W�)�!,�,%� "�����	�W4 %(�����-�+�9�BQ����)���)�+�$��,)�
Hm(K)

��.M�,
m ∈ N 0

� � ��  �
� "�"%��:Q���� rK
��2�7��%(�"
���%&�9�*,)�����9%����  "�����

Hk+1(K) 0�� 
�������+�9������� ��%����9��������:�54 %���
������%&�9

‖v‖Hk+1(K) ≤ C(K)

(

|v|Hk+1(K) + ‖rKv‖Hk+1(K)

)

, C � 0 � �MF
�)� ���9��,
� ��-���3�$�/�3,�����+���� "%�,)�9%���� C ,�������@�������:�54 ��.M���"�@ "
 � K 6O��%&�@�������@ W4 �����+�9��:%���
)�M����%&�9
� ! .M��%&������-����R"�)���������1�(�Y "
�������2�+���-�9%���� C5D�0�E � F  "� �54 %���
������%&�9
� "� �1��%���,�-�9
 F�0 � �7�)R�%(�2�9�  "����, �"��� �+��%&�9�
vn ∈ Hk+1(K)

�9������!QP�"�
1 = ‖vn‖Hk+1(K) > n

(

|vn|Hk+1(K) + ‖rKvn‖Hk+1(K)

)

. C � 0 � �MF
�W�'�9�)�9���' "�'�����",�J"�	 "� C � 0 � �MF %�������%(Q����'QP�"�'�(�X�+�"%&�9� vn

��2�@;����9�"
�	 "�����
Hk+1(K) 0 � �/�<���"����% =,�-�9%����  "� �:J�
�-� > ���* �� V �����%(,�J D�0 ��0 TPE �$%����)R�%��2�9�*���"�'�+���"� = �+��%&�9� vn′

Q���%$,���P.M�)�9���* ����"�
Hk(K) 0�W�*�9�)�9���	 ��! ��9��%&�9�! �� C � 0 � ��F %��$ �%(QP�"�	Q����	�(� �+�"%��9�S ���< "
)�9%�.M
�)� ∂αvn′

�"�������<�9���"�<� �"�&�9% = %��$ �%�,�
|α| = k + 1

�N,���P.M�)�9����.M�)�9�  
��9�� ����"�
L2(K) 0 � �-�X,���"�+
�Q��������� vn′

,����.��)�9���  "�����
Hk+1(K).��)�9�3���"�*��%(��%&�9�

v
Q���%�.M
)�9%&#�� C �� �����+�9�-�P� K �(� ��%���%&�9�! ��-��� C � 0 � ��F+F

|v|Hk+1(K) = 0, ‖rKv‖Hk+1(K) = 0. C � 0 � � F
�G�S���9���% > �9�'
)�M����%&�9
! "� C � 0 � � F �������+�9� QP�"� v ∈ Pk

,��/�
K

��2�@,��������R"� C �$�/�@���"����%�,��-�9%���� �9
%&�9
)�9
� �� �(� � �9�������+%&�9%���� D�0 T�0 � F�0 � �/� �(�  �
)#$�"%&�9%(��� C � 0 � � F  "� rK
��� �

rKv = v
�����"�

v ∈ Pk 0 �N� ���"R�% > ���*
)�M����%&�9
X "� C � 0 ��� F �������+�9�	 "����,!Q���� rKv = v = 0
�$,�SQ���%W��2�<���"�	,�����+���� �%�,)�9%�������.M�,

�(�	��%���%��9�< ��B�9�)�9���@ "�@�M�-��,�J��  "� C � 0 � �MF�0 �1�����7��;"�9��"%&� C � 0 � $ F ��� ���"����%(QP�"� C � 0 � ��F7K (v−rKv)
��

�9�)� �-��Q��$�-�P�:Q����
rK(v − rKv) = 0

���<QP�"� |v − rKv|Hk+1(K) = |v|Hk+1(K)

���"%��9QP�"� ����< �
)�9%�.M
��
 �4 ���� ��9�

k + 1
 W4 ��� ����� C��#�����' "�

Pk
�+���P�<�P�������� 0 �

��4 %���,����.�
��%�����7 "� �W������ � 0 �P0(E��  ��<HI�����X;���� = �'%���;��)�+����2�3Q��"�3� �	,�����2���-�P�9�< "�������54 %(�"
�M�-��%��9

C � 0 � $ F  �
����� Y ��

K
 �� � ���"% > �9� �"���U�)R�����%�,%&�9� 0 � �U�)�Y���9
,%��+�B�(�  �
����$ "���",�  "���"�	�(�X��������

�+�"%�.��-�P� 0
� ��� ��������� ����� $ ( �"4��!��&)�'� � 49� k + 1 > N/2

��+ � 49� diam(K) ≤ 1 :�� 0 ���.- �2+ � 4�(*�E 2&.(9�2+ �.(�+ �
C
@�< � ��� � < ��� <	? �����

K
+ �,0 0 � � 4 � � ��&.4�5 + &.4�+ v ∈ Hk+1(K)

&)( �

‖v − rKv‖H1(K) ≤ C
(diam(K))k+1

ρ(K)
|v|Hk+1(K). C � 0 � E/F

; � � �	<>='? �&� ?A@B�	< � � � �"�9%���%(�+� �(� V �� �/��QP�"� � 0 �P0�E � Q���%@��� �9��� Q���� �9���"�
N = �+%��������)R�� K

��2�
�54 %�� �����Y���-� �"��� �+�����"�26O�-�9� �-�9%���� ���B���U "�

N = �+%��������)R��U "� �9
)68
)�9��",�
K0

�3 "
)#���%'���-� C � 0 D � F�0� �"�+�9����)�P�: "%&���"%(�W�)R�%��2�9�*���"�*� �-�+�9%�,�	%��P.M�)�9�+%�;"�(�
B
�)�<�"� .M�),)�9��"�

b C  "
����� ��-�P�3 "� K F �9�)�NQ�����������"�3�9���"�
x ∈ K

��%��N��R"%��2�9�
x0 ∈ K0

.M
)�9%&#��-�P�
x = Bx0 + b. C � 0 � T�F

�1���"�'��;"�9�)��%&� C � 0 � E/F �W�������-�+�	 ��X�54 %���
������%&�9
 C � 0 � $ F 
)���-;���%��B "����� K0
�)�'���U���"����%(Q����!��� ,�J$���"��� =���)�P�3 "�*.��-�9%(��;"��� C � 0 � T�F�0 � ��(�B.��S���)�9���)�+�+�9�	 ��'�+�9���".M�)�@�(�B �
����$ "���",�*�$�/�@���������-�+� K K

 "�*�(�
,)�����2���-���9�	 ��-���@,�)�+�9�*%��"
�M�-�(%&�9
 0�
 �����@���	 �
)����%��������"�<�����@,�	,��-��,���G "���P�:�����"�@%(�� "%(Q��������3�+%�������� =���)�P�1�(�)�����9%���,%��$�-����I
��������� C ��B,���� "�:;��)�+��%������3�(�),)�9��"�������"�+���',�����+�"���9����" � � % F�0 �W���M��,��;�%���  ��,�J$�-�����������I "�@.��/�9%(��;����@
)���-�P�

det(B)
�M�)�I����: �
)�9%�.M
��I ��-���

K
�4 ��;"�9�������� K ���-�+�9%&�: ���: �
)�9%�.M
��
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� �>F ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

 ����"�
K0

�$�-�7,���������+%&�9%(��� �/.��,
B−1 �M%(����R"%��2�9�<���"� ,�����2���-�P�9� C

�P%��$ �
����$ "�����9�< "�
K
�M�9������*Q������

�����"�3�9���"�9�*68����,��9%(��� �9
������% > �9� v(x)
��.M�,

v0(x0) = v(Bx0 + b)
����� �

|v0|Hl(K0) ≤ C‖B‖l | det(B)|−1/2 |v|Hl(K)

|v|Hl(K) ≤ C‖B−1‖l | det(B)|1/2 |v0|Hl(K0).

� �  "
 "��%&�< �����,* "� C � 0 � $ F
|v − rKv|H1(K) ≤ C‖B‖k+1‖B−1‖|v|Hk+1(K)

‖v − rKv‖L2(K) ≤ C‖B‖k+1|v|Hk+1(K).

� �-� ��%�������"�9������ .M
��9%�#��'65�-,%���������� QP�"�

‖B‖ ≤ diam(K)

ρ(K0)
, ‖B−1‖ ≤ diam(K0)

ρ(K)
.

" � ,���X;�%��$�-�P�@,)��3�9
�+���&���-�9�@��� ��;��9%(�)�P� C � 0 � E/F�0 �

; � � �	<>='? �	� ?A@B�	< ��� �-� ��� ��� � =A@B?A@B�	< ��������� � �N� �/�',)�����2�+�9�",)�9%����W�$�+%
v ∈ Hk+1(Ω)

�$�+��� %��P�9��� =������
�
rhv

�9��2�+�9�%����9�!���
N = �+%(���"���)R�� K

��2�<�+%��������������
rKv 0 � �-� ,�����+
�Q����)�P���

‖v − rhv‖2H1(Ω) =
∑

Ki∈Th

‖v − rKiv‖2H1(Ki)
.

� � �-���"�(%(Q����U�(� � � �2�-���-�9%���� C � 0 � E/F K ,�J���Q����U� ��%������
Ki C ��.M�),Y�(� � �����,���"�2�������9�

C
�����"�

�9���"�9�)� F ���)�:,)�������@��� � �-%(���(�����'��2�I�9
���"��%(���3�54 %��"
�M�-�(%&�9
 C � 0 D �MF �����9���)�I "�<� � � ���9�)�3�"��%&6O�-�9��
�������(�*���-�����-�+�
diam(Ki)/ρ(Ki) 0�� � ��  "
� ���%&�

‖v − rhv‖2H1(Ω) ≤ Ch2k
∑

Ki∈Th

|v|2Hk+1(Ki)
≤ Ch2k‖v‖2Hk+1(Ω)

,�!Q���%���2�<���*�9
�+���&���-�  �
�+%&�9
 0 �

�;u�|jyc¢_or¢0| 	�] \�]B^ � =�"���(%��)%@*�����<>�"��%������?�#� � ���	9)� & 2 � 787 2 �)����%�; �"��7 � �>% � �!�#��<>�"��%@9��#� ;)7 ; & �)�����
�3� � � P1 � 7 � �"<>;)% 2����)��%�9 � � �����)%.<>��7 2�� � �"� rh � ;)% � � �:�>� 9 � & �)��� � �"� N = 2 �"� 3

‖v − rhv‖L2(Ω) ≤ Ch2‖v‖H2(Ω).

��*�)�*�) � O ��M Uv/21�S �B/;=RS�3�U':<1+P-/ �?8�ORP§=,3�U�S
(}N�[WH¡f4U_a\A_NPC6H

Ω
HpE>O�f4H\O>`}MFH�QRHpGO&ADC6�0V6[WA_NPQSH��rG_] HpE>OR� ZD� f4NWQSH�djV6H

Ω
HpE>OJV6C�U_V6�0H�QRO#MFU_�[W`_Xpf4QSNWdjV6H\f4U0C0O#[WHYET«rA_GIHpETE,U0CjO#MFHYQRM<H�CLf6NWG�V6[WA_NPQSHYETA_V4��AD�4HYE&��lU_C�M<H�V4OJ[PH\a\ADNW[W[PHYQ#MLADQ#f6HYEQSHYGIOSA_C6�_[WHYE��r�_U_NWQ�[eA �!NP�0V6QRH ¯ � / E �!H�O?V4ORNW[WNWERH�Q�VLC6H�a�XIOSK6U4f4H9fl] X�[WX�a�H�CjO&E-�LC6NeE?A0f6ADM6ORX�H0�_��U0VLEA_[P[WU_CFEBf6XI�LC6NWQTf4HYEBXY[PXYa�HYCjOSEB�LC6NeETf4HJO>`}MFH\ vA_�_Q&ADC6�0H¡�rG_] HpE>OR� ZD� f6NPQSHJf4U0CjOb[WHYEbf4HY�_QSXYEBf4H�[PNP��<H�QRORXTERU_CjO�f4HYE��cAD[WH�VLQSE2MFU0CLGOSV6H�[W[WHYE�f4HB«{U_CFGORNWU_CFES�I�6f4N�O&E�X�[WX�a�H�CjO&E��LC6NeE
Qk

�F®2U_a�a�H�C�G�U_CLEMFADQ�f4X��LC6NWQ�V6C
N
�^QSHYGIOSA_C6�_[WH

K
f4H

RN GIU_a�a�Hb[PHTMFA¤�_X��{C6U0C4� f6X��_XYC6X�QSXp� ∏N
i=1[li, Li]

A¤�_HYG
−∞ < li < Li < +∞ � �;C�C6UDOSH

(aj)1≤j≤2N

[PHpE�E,U0a�a�H�OSE�f4H
K
�
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� �0�

������� ��	 
��� ��� � � ���

� ����� ¯ � / E ���-�4HYa�ML[PH#f4HTa\A_NP[W[WA_�_HBQRHpGO&ADC6�0V6[WA_NPQSHBH�C�f4NPa�HYCLE,NWU_C
N = 2

�
Y�h[Z§s'ornYorq<s 	%] \%] �Q^<`>bdcfe

Ω g h b g i8j	k e } b hNh�j�-+j2| b � � �-m k c � gNj m j RN w��$h 3´mLor�r��m�A<|�yc|}¢4=nYm6s�AFk!�rmLo{yc|�m j Ω jlp e g h�j	h�p	j	t.�	��j Th
m j N � kvj-} e qdh � ��jlp�z{h b h m��#�[� h � k � p{� (Ki)1≤i≤n

� g c
i � k c ' j	h e
�'w Ki ⊂ Ω j e Ω = ∪n

i=1Ki
o

,+w7�R� c h e j	k-p	j-} e~cBb h Ki ∩ Kj
m j m jlg - N � kvj-} e qdh � ��jup m4c p e~c h�} e p�jup e g h m � kvj-} e qdh � ��j o qdi8j-}

0 ≤ m ≤ N − 1 o m'b h e"e{b g+p���jlp p b t�t9j e p p b h e q4g+p-p c�m jup p b t t.j e p m j Ki j e Kj wz �2h m4c t9jlhNp cBb h N = 2 o �R� c h e j	k-p	j-} e~cBb h m j m jlg -�kvj-} e qdh � ��jlp�jup e p b4cfe i cBm j o p b4cfe g h
p b t t9j e } b t�t g h o p bdcfe g h>j�rlq�}-j } b t t�g h>j�j	h e~c + k@jIw �� jlp tYq�3 3´|jnpt�b g s!q�|}k'w!t�m g t9q c �f��q � j Th p b h e � jup p b t t9j e p m jlp N � kvj-} e qdh � ��jup Ki

� g c
��j�} b t�| b p	j	h e w � q4k7} b h_i8j	h e~cBb h o ��j�|Nq4k@q4t + e kvj h m�� p c � h>j7� j7t9q - c t g t m jlp m4c q4t + e kvjlp m jlp
N
� kvj-} e q4h � � jup Ki w�9U_VLEbf4X��LC6NeERERU_CFE;[^] H�CLERH�aJ�6[PH

Qk
f4HpEBMFU0[P`}C"B0a�HpEbZ�G�UjH	W�GINWH�CjOSE;QRXYH�[eEbf4H

RN f6A_CLE
Rf4H9f4HY�_QSX�NPC6«{X�QSNPHYV6Q?U0V\X��0A_[LZ

k
~§m4yJy¤m6~'~?qFy¤n ��¢¤£'mLilk'|�z6m4ycorm��§�r|<�}GD] HYE,O,��Zc��f4NPQSH�djV6H�OSU_V4O

p ∈ Qk
E�] XYG�QRNPO�E,U0VLE�[eAg«{U0QRa�H
p(x) =

∑

0≤i1≤k,...,0≤iN≤k

αi1,...,iNx
i1
1 · · ·xiN

N

A¤�0HYG
x = (x1, ..., xN ).

X�H�a\ADQ&djV6U_CFE�djV6H�[WH9f4H��0QRX�OSUDO&AD[Ff6H
p
M<H�V4O�¦IOSQRH9ERV6M<X�QSNPHYV6Q?Z

k
�jGIH9djV6Nªf4N�C<XYQRHYCLGINWH�[^] HpE,MFA_GIH

Qk
f4H

Pk
�°§U0V6Q�ORU0V4O�H�CjOSNPHYQ

k ≥ 1
U_C�f4X��LC6NPO�[PHTnYy¤|}o��r�ro�tJw�PqFycwvyc|

k
f4V

N
� QRHpGO&ADC6�0[PH

K
GIU_a�a�H[�] H�CLERH�aJ�6[WH

Σk =

{

x ∈ K ORH�[�djV6H xj − lj
Lj − lj

∈ {0, 1

k
, ...,

k − 1

k
, 1} M<U_V6Q 1 ≤ j ≤ N

}

.
� ¯ � ¯ µj�

°!U0V6Q
k = 1

NW[?EY] A_�_NPO#f4H�[�] H�CLERH�aJ�6[WH�f4HYETERU_a�a�HIO&ETf4H
K
�lH�O#MFU0V6Q

k = 2
HIO
N = 2

f4HYEE,U0a�a�H�OSEY�Lf4HYE�MFU0NPCjOSE9a�NP[WNPHYV4��f4HYE�A_QR¦�ORHpE�QRHY[PNeADCjO9f4HYV4��ERU_a�a�HIO&E��FHIO9f4V��LA_QR`4G�H�CjORQSH\�{�_U0NPQ[WA �!NP�0V6QSH ¯ � /6�p�I� vH-ORQSH�NW[W[PNeE
Σk

fl] V6C
N
� QSHYGO&ADC6�0[PH

K
HpE>O'k!s!ortpqF�rz6m6sªn-MFU0V6Q

Qk
�pGD] HYE,O,��Zc��f4NWQRH-djV�] NP[0MFHYQRa�HIOf4H#G�A_QSA0GORXYQRNeERH�Q�OSU_VLE�[PHpE�MFU0[P`}C"B0a�HpE�f4H

Qk
�
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� � ¯ ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

Σ1 Σ2 Σ3

� ����� ¯ � /6� � 0'QRHYNP[W[PNeEgf�] U0QSf4QSH��_��/4�'HIO�µ M<U_V6QJV6C´QSHYGO&ADC6�0[PH��{[WHYEJQRU0CLf6E#QSH�MLQRXpE,HYC0OSH�CjO#[WHYEM<U_NWCjOSE�f4V�OSQRHYNP[W[PNeE&��
;2|+3 3´| 	%] \%] � � `>b4cfe

K g h N � kvj-} e qdh � ��jIw `>bdcfe g h j	h e~c jlk k ≥ 1 w %"� b k-p o e b g e | b � � h��dt.jm j Qk jlp e�m'�le jlkut c h �9m j�t.qdh c + kvj g h c � gNj�|�qdk p	jupEi4q4� jlg k-p�qdg -E| bdc h e p m g e kvj c �f� c p m � b k m k@j
k o Σk

o m�� ' h c |�qdk9z ��w�� �l�dw
Y�h+3´q<s'tYn�ycm4nporq<s#] �;C��0X�QSN��LHbdjV6HT[WHbGYADQ&f4NWCLAD[�f4H

Σk
HIO�[eA�f4NWa�HYCLERNPU0C�f4H

Qk
GIU�L�CFGINef4H�CjO

card(Σk) = dim(Qk) = (k + 1)N .®2U0a�a�HB[^] A_M6M6[WNWGYAcORNWU_C�djV6N��4ZgORU0V4O�M<U_[W`}C"B_a�Hbf4H
Qk

�j«rADNPO�G�U_QSQRHpE,M<U_CFf4QRH;E,HpE2�cA_[PHYV6QSE�ERV6Q�[PHOSQRHYNP[W[WNWE
Σk

HYE,O�[PNWC6XYA_NPQSH_�0NP[lERV W�O�f�] H��}KLNP�<H�Q�V6C6HB�LA_ERH;f6H
Qk

f4U0CjO2[WHYE2X�[WX�a�H�CjOSE��cAD[WH�CjOB�9H�CVLC³M<U_NWC0O#f4V³ORQSH�NW[P[WNeE;H�O E ADNW[W[PHYV6QSEBM<U_V6Qbf4XYa�U0CjORQSH�QB[PH�QSXYERV6[�O&AcOp�>(}U0N�OTV6C�MFU0NPCjO
xµ f4H

Σkf6XI�LC6NvMLADQ
xµ

j − lj
Lj − lj

=
µj

k

A¤�0HYG
0 ≤ µj ≤ k, ∀ j ∈ {1, ..., N}.

�;C�f4X��LC6NPO�[PHTM<U_[W`}C"B_a�H
p ∈ Qk

MLA_Q

p(x) =

N
∏

j=1







k
∏

i=0
i6=µj

k(xj − lj)− i(Lj − lj)
(µj − i)(Lj − lj)







A¤�_HpG
x = (x1, ..., xN ).

�;C��_XYQRNP�LHT«rA0GINW[PHYa�HYCjObdjV6H
p(xµ) = 1

OSA_CLf4NeEbd0VLH
p
EY] ADC6C}V6[WH�ERV6Q;ORU0VLE9[WHYEbA_V4ORQSHYE;MFU0NPCjO&Ef6H

Σk
�LGIH#djV6NlHpE>O�[WHbQRXpE,V6[POSADO�f4XYERNPQSX_�

�

®2U0a�a�H�f6ADCLE;[WHJG�A0E�OSQRNeADCL�_V6[eADNWQRHTCLU_VLEBA¤�_U0CLE�[eA¡GIU0CLf4NPORNWU_C³ERV6NW�cADCjORH�f4HJG�U_CjORNWC}V6N�OSXJZOSQSA¤�0H�Q&E�V6CLH?«rA0GIHb�{C6U0VLE![WA_NWESE,U0CLE�[eABf4X�a�U_CFE>OSQSADORNWU_C��YORU0V4O§Z9«rADNPO�E,NWa�NP[eADNWQSH2Z9G�H�[W[PH�f4V� �HYa�a�H¯ � µL� FF�4ADV�[PHpGOSH�V6Q��
;2|+3 3´| 	%] \%] �N\ `>b4cfe

K j e K ′ m j	g - N � kvj-} e qdh � ��jlpnq � qdh e g h>j�rlq�}-jE} b t t g h�j Γ = ∂K ∩
∂K ′ w `>bdcfe g h j	h e~c jlk k ≥ 1 w/%"� b k-p o ��j	g k e kvj c �f� c p m � b k m kvj k Σk j e Σ′

k } b � h�} cBm j	h e pug ks}-j eKe j
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� �[G

rlq�}-j Γ w ��j�|��Dg+p o �le q4h e�m�b h_h � pK j e pK′
m j	g -E| b � � h��dt.jlp m j Qk

o ��qnr b h�} eKcBb h v m'� ' h c j
|�qdk

v(x) =

{

pK(x) p c x ∈ K
pK′(x) p c x ∈ K ′

jup e } b h e~c hNgNj7pug k K ∪K ′ o p c j e p	jlg ��j	t9jlh e p c pK j e pK′
b h e�m jlp7i8qd��j	g k-p � g c } b�� h�} cBm j	h e

q4g - | bdc h e p m g e k@j c �f� c pspug k ��q�rlq�}-j.} b t�t g h�j Γ w�?C�M6Q&AcOSNWdjV6H0�ªU_C³V6ORNW[PNeE,H�ERV6Q,OSU_V4Ob[WHYEBHYERMLA_G�HYE
Q1

H�O
Q2

�l vA��'NW�_VLQRH ¯ �0/�/�a�U0C0OSQRH�V6C6H«{U_CLGIORNWU_C³f4Hg�LA_ERH
Q1

HYC³f4NWa�H�CLERNPU0C
N = 2

�{U_C³MFHYV4O;`��_XYQRNP�LHYQ9djV6H#[WHYE9«{U_CLGIORNWU_CLE;f4H
Q1C6H#E,U0CjO�MFA_E�A4W\C6HpE�MLADQ�a�U0QSG�HYADV6�¡GIU_a�a�HTGIHY[P[WHYE�f4H

P1
��

� ����� ¯ � /'/ ���LU_CLGIORNWU_C�f4HT�LA_ERH
Q1

H�C�f4NWa�HYCLERNPU0C
N = 2

�
�9u�|jyc¢_o�¢_| 	�] \�]B^�� �@� � � K = [0, 1]2 7 � �'� �>� ��� � ��; �>� 9 � & �>� � � �"� N = 2 9)� �6� &�& �!���
a1 = (0, 0) � a2 = (1, 0) � a3 = (1, 1) � a4 = (0, 1) / � � 9�;��3� � � x3 = 1− x1 � x4 = 1 − x2 �
�!� i �!� &�& � 7 2 � 2�7 �)��%�9)� i & �@9���7 � � /�5%��'�!��#=�6��� ���)�62�� � �"� � �@���'2'*"� �:�6� &�& �#� ai �#�6��9�;��3� �
< 2)% xi = xi+1 = 0 / �?;)% � � �>%�*"� � 7 �#������� �!� � �"� � 9�� � 2 �C��9)� Q1 �6�����

pi(x) = xi+2xi+3 <>�"��% 1 ≤ i ≤ 4,

�!� *�� ���!�>787 ��� 9)� Q2 �6�����
Pi(x) = xi+2(2xi+2 − 1)xi+3(2xi+3 − 1) <>�"��% 1 ≤ i ≤ 4
Pi(x) = −4xi+2(xi+2 − 1)xi+3(2xi+3 − 1) <>�"��% 5 ≤ i ≤ 8
P9(x) = 16x1x2x3x4.

.¡|+3´m4ycilk!| 	%] \%] � � ��C³M6Q&AcOSNWdjV6H0�LU0C QRHYa�M6[WA0GIH#MFADQR«{U_NeE�[^] XY[PXYa�HYCjO9�LC6N
Q2

MFADQ9VLC�ADV6ORQSHX�[WX�a�H�CjO!�LC6N}M6[WVLE'ERNWa�ML[PH0�pH�O'OSU_V4O-ADVFERERN0H	W�G�A_G�H_�pC6UDOSX
Q∗

2

�¤��CJf4NWa�H�CLERNWU_C
N = 2

�¤[�] X�[WX�a�H�CjO�LC6N
Q∗

2

HYE,O?f4XI�LCLNLMLA_Q-[PHpE � «{U_CLGIORNWU_CLE?f4H��LA_ERH
(pi)1≤i≤8

f4H�[^] ���}HYQSG�NWG�H ¯ � µ6�W� ���{U0C�A;HYC6[WH��_X[WA�f4H�QSC6NW��QSH
p9
�I� �;C �_XYQRNP�LH�djV6H�[WHYE�f4HY�_QSXYE�f4H�[PNW�<H�QRORX�f4H

Q∗
2

E,U0C0O�[WHYE�E,U0a�a�H�OSE�HIO\[WHYE
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� � � ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

a�NW[PNWH�V6� f4HpE�ADQS¦IOSHYE\f4V	QSHYGIOSA_C6�_[WH��{a\ADNeE�MLA0E�ERU_C �LADQS`4GIHYC0OSQRH¤��-��C f6NPa�H�CFE,NWU_C
N = 3

�[^] X�[WX�a�H�CjO9�FC6N
Q∗

2

HYE,OBf4X��LC6N!MLADQBE,HpE9f4HY�_QSXYE�f6Hg[WNP�<H�QRORX�d0VLN!ERU_CjO9[WHYE � E,U0a�a�H�OSE9HIO;[WHYEJ� /a�NW[PNWH�V6��f4HpE�ADQS¦IORHpE�f4V�GIV6�<H\�{NW[vC�] `¡A�MLA0E�f4H#f4H��0QRXpE�f4HT[PNW�<H�QRORX#Z�[�] NWC0OSX�QSNPHYV6Q�� •

Y�h[Z!s!o{nporq<s 	%] \%] � � �2e qdh e�m�b hNh � g h�t9q c �f��q � j.k@j@} e q4h � g ��q c kvj Th
m � g h b g i4jlk e Ω o � q)t � �

e � b m j m jlp � � � t9j	h e p ' h c p Qk jup e�m�� ' h c j�|Nq4k7�R� jlp~|�q'}-j mdc p	}lkvj e

Vh =
{

v ∈ C(Ω)
e jl� � gNj v |Ki ∈ Qk | b g k e b g e Ki ∈ Th

}

.
� ¯ � ¯ Fj�

x�h)q-|�|Njl�f��j"h b j	g m p m jlp w!|+ALych}t9w!|J��o �?|jy¤nYh �R� jlhNp	jlt9�l� j m jup$| bdc h e p (âi)1≤i≤ndl

m jup e kvj c �f� c pm � b k m kvj k m j } � q�}	g h m jup N � k@j@} e q4h � ��jlp Ki ∈ Th w®2U0a�a�H?fLADCLEv[PH?GYA_EªOSQRNeADCL�_V6[eADNWQRH0�[WA9@9X��LC6NPORNWU_C ¯ � µL� /0�2A�VLCgE,HYCLEl�0Q@,0GIH�Z�[eA�M6QSU_M<U0ERN�OSNPU0CERV6NW�cADCjORH\�rf6U_CjO�C6U_VFE�[WA_NWESE,U0CLE�[WA�f4XYa�U_CLE,ORQ&AcOSNPU0C�A_V�[WHYGIORH�VLQ�H�C��_V6NeERHbf�] H��}HYQSG�NWG�Hp�I�
�bycqF~?q<tYornYorq<s 	%] \%] ��	 � � jlpK|Nq�}-j Vh

o m�� ' h c |Nq4k z ��w���*4� o jlp e g h<p b g+p � jup~|Nq�}-j m j H1(Ω)m'b h e ��q mdc t.j	h�p cBb h jup e ��j�h b t9�	kvj m j m j � k � p m j.� c �@j	k e � ndl w ��j"|>� g+p o c ��j�- c p e j.g h>j9�-q8p	jm j Vh (φi)1≤i≤ndl

m�� ' h c j�|Nq4k
φi(âj) = δij 1 ≤ i, j ≤ ndl,

e j	�f��j � gNj
v(x) =

ndl
∑

i=1

v(âi)φi(x).

®2U0a�a�H�[WHYE#X�[WX�a�H�CjOSET�LC6NeE
Qk

E,U0CjOgf4HYETXY[PXYa�H�CjOSEb�FC6NWEJf4H�O>`}MFH� vAD�0QSA_C6�_H0�ªU_C�MFHYV4Of6X�a�U_CjORQSH�Q?[PHpE�a�¦�a�HYE?QRXpE,VL[�O&AcOSE?f4H9GIU0C}�_H�QS�_HYCLGIH�djV6H�M<U_VLQ?[eAba�X�ORK6U4f4HBf4HYE?X�[WX�a�H�CjO&E-�LC6NeE
Pk
�-��U_VFEg[eADNeERERU_CFEgADVx[PHpGOSH�V6Q�[PH�ERU_NWCxf4H��_XYQRNP�LH�Q�djV6H�[eA³f6X�a�U_CLE,ORQ&AcOSNPU0C f4V 0�K6X�U0QR�Ya�H¯ � µL�P�pµ�E�] ADMLM6[PNedjV6H�¨,agV4O&AcOSNWE¡agV4O&ADCLf4NeE>© A_V ORK6XYU_QS��a�H ERV6NP�cA_C0O��{[eA´@;XI�LC6NPORNWU_C ¯ � µ6�W�_� f4Ha\A_NP[W[WA_�_HpE2QSX��0V6[WNPHYQSE�EY] X�ORH�CFf�A_NWERX�a�HYC0O�A_V4�¡a\ADNW[P[eAD�0HYE�QSHYGO&ADC6�0V6[eADNWQRHpES�I�

� £'h}qFy8:+3´| 	�] \�]���	 `Qb4cfe
(Th)h>0 g h>j�p-g cfe j m jnt9q c �f��q � jlp"k@j@} e q4h � g ��q c kvjup"k �#� g � c j	k-p m j Ω w`Qb4cfe

u ∈ H1
0 (Ω) o ��q p b � g eKcBb h�j�-[q'} e j m g |>k b �	� + t.j m j � c k c } � � j e z �dw � �-� o j e uh ∈ V0h

o
� qyp b �Dg eKcBb h q-|�|�k b } � � j)|Nq4k ��q t �le � b m j m jlp � � � t9j	h e p ' h c p Qk w %"� b k-p ��q t �	e � bIm j m jlp� � � t.j	h e p ' h c p Qk } b h_i8j	k � j o }N� jlp e � $ � m4c kvj � gNj

lim
h→0
‖u− uh‖H1(Ω) = 0.

� j2|>� g+p o p c u ∈ Hk+1(Ω) j e p c k + 1 > N/2 o q4� b k-p b h q9�R� jlp eKc t9q e~cBb h m � j	kukvj	g k
‖u− uh‖H1(Ω) ≤ Chk‖u‖Hk+1(Ω),

b*)
C jup e g h�jE} b h�p e qdh e j c h m�� |�j	h m q4h e j m j h j e2m j u w
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

� � �
� ������� ��
�� ����� ��� � � � ����"�I��
�"
)������%��+�)�<�������)� �(�!���-�9%(���  �� � �-%��(�(�-���'�9�,������������(��%&�9� �)�@ W4 
��
 =���)�P�9�*#���%��

Qk
�)� �"�9%���%��9�����X� � �"���9%����  "� �+���-���26O�-�9� �-�9%���� � ����� 0 � � �-����������

N = �$�/������� > �����9������54 %�� ����� �$�/�����"� �-���"�(%�,��/�9%���� � �����
F

 �� ,)��;�� ����%&�9

[0, 1]N C ��� 2 = ���-������� > �����9����� ��2���"� �$� =���-���(
)�(�������-����� F�0 � � .M
)�9%&#�� Q��G4 �"�

N = �$�/������� > �����9����� �
2N

65��,)��� �$�/������� > ���� T KYT � �)�BQP�"���+����+�9�)%(����%��X�)�2�!;�%��� �54 %�� �����  "�Y�+�9�)%(����%��  ��Y,)��;��B�"��%&�9
 0 � � ������!�����-�9�X� �-%(�����)�S���Y "��� ��%����
Ω
���-�

 ���
N = �$�-���-��� > �(�-�9������'�)�  "
)#���%&�<�����	��
��9J��P "�! �4 
��
������9�3#$��%��@;$�-�+
�!�+�"� �54 %�� �-��� F (Qk)

�� ��-���
,�J$��Q����

N = �$�/������� > �����9�������� "� � 4 ��+����,� Qk
�����"�X�(� ,�";�� �"��%&�9
 C �� ��
)��
)���-�

F (Qk) 6= Qk F�0 � ����)�"�<���"�+�+%G���9%��(%��+�)�' "�)�:�+�������268���9� �/�9%(�����<�������3,)��������%(Q���
�)� C ����� �����"�� F8F ,�4 �)�2� �(� ��
��9J��P "�* "��
)�(
)������9�S#���%�� %��+�����-���-��
)�+�9%(QP�"�� C .M��%&�B�(� V �� �/��QP�"� � 0 ��0�E � K ,� �+� �2�)� F�0 � �/�B�)R�����"�����1��  �% =���)���+%����
N = 2

�$�54 �"�9%���%(�9�/�9%����Y "�	�+�����"�26O���9� �/�9%������
Q1

���)�9���)�  "�!� �-%(�����)� ���  ���� �-%(�"�S�/.��,S "��
Q����� ����-�����(�)�7Q����)�(,)���$Q��"�� C K 65�-,��7�"���B���-���-�(� > ���� F�0 �1���"�������"�7 ��@ "
)���-%(����������"���9�)��.���CM����� K " � � % 0
•
� ������� ��
�� ����� ����� � � ������<���"�+�+%N� ��%������)�<���"�	�$�-�+�9%��! ��

Ω
�)�

N = �+%��������)R����"�)�<���"�	�����+�9�	��
N = �9�),)�����"������7���I,)�����2�+�9�"%&�9�<�"���3��
)�9J"�P "�3 �4 
��
������9� #$��%�� ��
�(���"�����-���I����7 "���R!� C����� Pk

�)�
Qk 0�1���"�<�����"�@ "�! "
�����%�����$�������:�9��P.M�AC������3��",���9� K " � � % 0 •

� ������� ��
�� ����� ����� � � ����"�  "
)#���%&�  "�� 
��
������9� #���%�� %����9�)�9��
� �%(��%&�9�� �)�P�+�9�
Pk

�)�
Qk

��
 �%�������+%����

N = 3
�<�-�������
� �L
��
���)�P�9� #$�"%�� �"�9%��+� �/�9% Q��"��  �4 �-�� ��9�

k
� 0 �P���������+���"� Q����

Ω =
ω×]0, L[

��.M�),
ω
��������.M�)�+�7 "�

R2 0 � ��� ��%������ ω
�$�-�: "����+�9%(����������

Ti
���)�

]0, L[
�$�-�: "��I�+������)�P�9�

[zj , zj+1] 0 � �  "
�#$��%&� �����-�9�* "�)�<���9%��+����' ��
R3 ,�������'�(�!���9�P "��%&�

Ti × [zj , zj+1]
����.M�,	����9Q����)�(�

��� � �-%��(���
Ω 0 � � ,�����2�+�9��%&�@�-�����9�< "��I6O���",)�9%����"�@ "�';����+� %(���9�)�9��
 "%(��%&�9��3����+�9�<,�������< "� Pk

�)�
Qk�+���<,��@�"�9%��+���� 0 �1�����<�������< "�* "
)���-%(����������"�:�9��P.M�AC����"� K " � � % 0 •

��*�)�* 
 � O ��M Uv/21�S �B/;=RS T528�3 �2145���U$S
 'A��_XYC6X�Q&AD[WNeERADORNWU_C f4H [eA�a�XIORKLU}f6H�f4HpE�X�[WX�a�HYC0O&E\�LCLNWE�Z´f4HYE�E,`4E,OR�Ya�HpE¡fl] XYdjVLADORNWU_CLEADV4� f4XYQRNW�_XYHYEJMLADQRORNWH�[W[WHYE��rGIU0a�a�H�[WH�ER`4E>OS��a�H�f6H�[^] X�[eA_E,ORNeGINPORX�[PNWC6XYA_QRNeERX�Hp�#C6H�MFUjE,H�MLA_E�f4HM6QRU0�6[W��a�HYEbMLA_Q,OSNWG�V6[WNPHYQSEY�'®2H\C�] HYE,O#MLA_Eb[WH�G�A0ETMFU0V6QT[WH�E,`4E,OR��a�H�f4HpETXYdjVLADORNWU_CLETf6H)(jORU �_HYE���4� G}�¤��ZBG�A_VLE,H�f4H�[WABGIU0CLf4NPORNWU_C�fl] NWCLG�U_a�M6QSHYESE,NW�6NW[PNPORX�f4V �FV6NWf6Hb�rU_V�GIU_CFf4N�OSNPU0CJf4H�f4NW�_HYQR�0H�CLG�HCjVL[P[WH�MFU0V6Q-[eAb�jNPORHpERERHp�I�D �] NPa�M<U_QROSA_CLGIH�M6Q&AcOSNWdjV6H�G�U_CLERNWf6X�Q&AD�6[WH�f6HYE�ERNPaJV6[eAcORNWU_CFE§CjVLa�XYQRNedjV6HYEH�C�a�XYGYADC6NedjV6Hgf4HpE �LV6Nef4HpE9NWCLGIU0a�M6QRHpERERNW�6[PHpE�A>VLE,ORNP�LHJdjV6HJC6U_VLE�MLADQS[PNWU_CFE��6QSNP�Y�_H�a�HYC0OBf4HgGIHG�A_E�MLADQRORNeGIV6[WNWH�Q?��d0VLN0M<H�QSa�HIO'A_VLERERN_f4H2a�U_CjORQSH�QvdjV6H-[^] ADCLA_[P`4ERH-CjVLa�XYQRNedjV6H�C�] HYE,OvMLA0ElOSU_V'A>U0V6QSEGIHb[PU0C6� �LH�VL�_HBORQ&ADCLdjV6NW[W[PHTdjV6HT[^] U0C�NWa\AD�_NWC6HTZ�[WA�[WHYGIORV6QSHTf4H#GIHbM<U_[W`4GIU_MLNPX¤��
X9ADM6M<H�[WU_CLETdjV6H0��f6ADCFEbV6C�f6U_a\ADNWC6H��FU0QRCLX�G�U_C6C6H��4H

Ω ⊂ RN �lH�C�M6QSXYERH�CFGIH�f4H�«{U_Q&GIHYEHI�}ORXYQRNWH�V6QSHYE
f(x)

�4HIO�MFU0V6Q�f4HYE�GIU0CLf4NPORNWU_CLE�ADV6��[WNWa�NPORHpE�fl] A0f4K6XYQRHYCLGIHBf4V �LVLNWf4HbADV6��MFADQSU_NeE��[PHpE�XYdjVLAcOSNPU0CLE�f4HE(jOSU �0HYE�E�] XYG�QRNW�_HYCjO






∇p− µ∆u = f
f6A_CLE

Ω
divu = 0

f6A_CLE
Ω

u = 0
ERV6Q

∂Ω

� ¯ � ¯ �0�
U�&

µ > 0
HYE,O�[eA �}NeERG�U0ERN�OSX¡f4V �LV6Nef4H_�-@BADCLEJ[WA�(}U_VFE>��E,HpGOSNPU0C �4� µ6�0/�C6U0VLEJA¤�0U_CLE#M6QRU0MFUjE,XGIU_a�a�HB«{U_QSagV6[eAcOSNPU0C��cA_QRNeAcOSNPU0C6C6H�[W[WHBf4H�� ¯ � ¯ �0�
0'QRU0V6�_HYQ

u ∈ V ORHY[vdjV6H ∫
Ω

µ∇u · ∇v dx =

∫

Ω

f · v dx ∀ v ∈ V, � ¯ � ¯0¯ �



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

/ E)E ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

U'&
V
HpE>O�[^] HpE,MFA_GIHTf4H �9NP[W�<H�QRO9f4XI�LCLN�MLADQ

V =
{

v ∈ H1
0 (Ω)N ORH�['d0VLH

divv = 0
M�� Mv�Lf6ADCFE

Ω
}

.
� ¯ � ¯ GD�

®2U0a�a�H
V
GIU0C0OSNPHYCjO�[WA�G�U_CjORQ&ADNWCjORH�fl] NWCLGIU0a�MLQRHpERERNP�LNP[WN�OSX

divv = 0
�YNP[0HYE,O�ORQS�YE'f4N�W\G�NP[WH�HYCTM6QSAD�OSNWdjV6HBf4H;G�U_CLE,ORQSV6NWQRH;f4HYE�ADM6MLQRU¤�4NWa�ADORNWU_CLE��¤A_QRNeAcOSNPU0C6C6HY[P[WHYE?NPCjORHYQRCLHYE?f6HJ� ¯ � ¯0¯ �?GIU_a�a�H�C6U0VLE[^] A¤�_U_CFE§«rADNPO A>VLESdjV�] NeGIN^�j°�[PVFE?M6QSXYG�NWERX�a�HYC0Op�_[eA#f4N�W�GIV6[PORX;HYE,O2f4H;f6XI�LC6NWQ2ERNWa�ML[PHYa�HYCjOB�{H��4M6[PNeGINP�OSH�a�H�CjO�?VLC�ERU_VLE,� HYERMLA_G�H

Vh
f6H
V
f4HTf4NWa�H�CLERNPU0C��LCLNPHTf4U0C0O�[WHYE�X�[WX�a�H�CjO&E�EY] XYGIQSNW�_H�CjO��_Q-,_G�HA_V4��«{U_CFGORNWU_CFEBf6H��FA_ERHJf4HpEbX�[WX�a�H�CjOSE;�LCLNWE

Pk
U_V

Qk
�l°§A_QbHI�4H�a�M6[WH_�lERN Th = (Ki)1≤i≤nHpE>O�VLC�a\ADNW[W[WA_�_HBORQSNWA_C6�_VL[WA_NPQSHBf6HB[^] U_V6�0H�QRO�G�U_C6CLHI�4HbMFU0[P`0XYf4QSNWdjV6H

Ω
�6U0C�M<H�V4O9f6XI�LC6NWQ

Vh =
{

v ∈ C(Ω)N OSH�[vdjV6H
divv = 0

f6A_CLE
Ω, v |Ki ∈ PN

k

M<U_V6Q�OSU_V4O
Ki ∈ Th

}

,a\A_NWETNW[?Cv] HpE>O#MLA0E#GI[eADNWQgdjV6H
Vh

CLH�E,U0N�O#MLA0E9¨>ORQSU_M�MFH�ORNPO>©�HIO�f4H¡djV6H�[W[WH\a�A_C6NW��QSH\U_C�MFHYV4OGYADQ&A_GIORX�QSNeE,HYQBERHYETXY[PXYa�H�CjOSETHYC�ORHYQRa�HYETf6H¡f4H��0QRX\f4H\[WNW�FHYQ,OSX_�v�?C�MLADQRORNeGIV6[WNWH�Qp�l[WA�G�U_CLf4NPORNWU_C
divv = 0

f6A_CLE'[WABf4XI�FC6N�OSNPU0CJf4H
Vh

a�X�[eADC6�0H?OSU_V4OSHYE'[PHpE!G�U_a�M<U0ESADCjORHpE'f4H
v
�¤G�H�djV6N}QSH�CLfTORQS�YEf6NDW�GINW[WHgHIObGIU0a�ML[PNedjV6Xg[eA�G�A_QSA0GOSX�QSNWESAcOSNPU0C�fl] V6C6HJ�LA_ERH#H��}ML[PNeGINPORH�f4H

Vh
� �;C C�] V4OSNP[WNWERHJf6U_CLGMFA_E�[eAg«{U0QRaJV6[eAcORNWU_C��cADQSNWADORNWU_C6CLH�[W[PH�� ¯ � ¯ GD�2MFU0V6Q�f4X��LC6NWQ�V6C6Hba�XIOSK6U4f4H#fl] X�[WX�a�H�CjOSE��LC6NeE����C M6QSADORNedjV6H_��U0C�NPCjOSQRU4f4V6NPOgV6CLH¡ADV4OSQRH�«{U0QRaJV6[eAcORNWU_C��cADQSNeAcORNWU_CLC6H�[W[PH�f6HYE#XpdjVLAcOSNPU0CLE#f4H

(}ORU �0HYE!djV6N6GIU0CLE,NeE,ORH2Z;C6H�MLA0E�«{U0QSG�H�Q§[�] NWCLGIU0a�MLQRHpERERNP�LNP[WN�OSX2f6A_CLE![WABf4X��LC6NPORNWU_C�f4H2[^] HYERMLA_G�H2H�O§Z�jADQ&f4H�Q-[eA#MLQRHpERERNPU0C\GIU_a�a�H�NWCLGIU0C6C}V6H9f6A_CLE�[eAb«{U0QRaJV6[WADORNWU_C��cADQSNWADORNWU_C6CLH�[W[PH0�_��C�aJV6[PORNWM6[PNeADCjO[eA�M6QSH�a�NW��QSH�XpdjVLAcOSNPU0C¥f4H´� ¯ � ¯ �0�gMFADQ�V6CLH�«{U_CLGIORNWU_C¥ORHpE>O
v ∈ H1

0 (Ω)N HIO�[eA�f4H�V6�}NW��a�HXpdjVLAcOSNPU0C¥MFADQ�V6CLH³ADV4OSQRH�«{U0CLGOSNPU0C¥ORHYE,O
q ∈ L2(Ω)

�2U_C U_�6ORNWH�CjO�ADMLQR�pE�NPCjORXY�_Q&AcOSNPU0C¥MFADQMFADQRORNWH H6ORQSU_V6�0H�Q
(u, p) ∈ H1

0 (Ω)N × L2(Ω)/R
ORH�['d0VLH



















∫

Ω

µ∇u · ∇v dx−
∫

Ω

pdivv dx =

∫

Ω

f · v dx

∫

Ω

qdivu dx = 0,

� ¯ � ¯ � �

M<U_VLQ;OSU_V4O
(v, q) ∈ H1

0 (Ω)N × L2(Ω)/R
�Q��C�NPCjOSX�QS¦IO#E,VLM6M6[WX�a�H�CjOSA_NPQSHJf6H�� ¯ � ¯ � ��HpE>OTdjV6H[eA\M6QSHYESERNPU0C�C�] `�HpE>O9MFA_E�XY[PNWa�NPCLX�HJG�U_a�a�HJf6A_CLEg� ¯ � ¯_¯ ���D�[§ERH�Q&A\f4U_CLGgMFUjERERNW�6[PHJf4HJGYAD[eGIV6[WH�QG�HIORORH��cADQSNeAD�6[WH#�{M6K}`4ERNWdjV6HYa�HYCjO?NPa�M<U_QROSA_C0OSHp�-A¤�0HYGT� ¯ � ¯ � �I�_��U0VLE�[eADNeESE,U0CLE�ADV�[WHYGIORH�VLQ?[WH9E,U0NPCf6HT�_X�QSNP�LH�Q�H�C��_VLNWERHTfl] H��4H�Q&GINeGIHb[PHTQSXYERV6[POSADO�ERV6NW�cADCjOY�

;2|+3 3´| 	%] \%] \%^<`>b4cfe
(u, p) ∈ H1

0 (Ω)N × L2(Ω)/R w � j } b g |���j (u, p) jlp e p b � g eKcBb h m j
z ��w�� �u�)p c j e p	j	g ��jlt9j	h e p � c ��jlp e p b � g e~cBb h z0rlq c �	��j o qdg p	jlhNp m g � � �-b k + t9j � w �[w�u� m jlp � � gNq �e~cBb hNp m j `_e b�� jup9z �dw�� � ��w

D�[ªHYE,O�A_[PU0QSE�«rA_G�NP[WH;f4HBGIU0CLE>OSQRVLNPQSH�V6C6HBADM6MLQRU¤�4NWa�ADORNWU_C��cADQSNWADORNWU_C6CLH�[W[PH�NWCjORHYQRC6HBf4H�� ¯ � ¯ � ��
�;C�NWC0OSQRU4f4VLN�O�[WHYE�HpE,MLA0GIHpE�f4NWESGIQSHIO&E
{

V0h =
{

v ∈ C(Ω)N OSH�[vdjV6H
v |Ki ∈ PN

k

M<U_V6Q�OSU_V4O
Ki ∈ Th

H�O
v = 0

ERV6Q
∂Ω
}

,
Qh =

{

q ∈ C(Ω)/R
ORHY[vdjV6H

q |Ki ∈ Pk′
M<U_V6Q�OSU_V4O

Ki ∈ Th

}

,
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

/ E �
d0VLN4�_X�QSNP�LH�CjO§�6NPHYC�djV6H

V0h×Qh
HYE,O§VLC�ERU_VLE,� HYERMLA_G�H?f4H

H1
0 (Ω)N×L2(Ω)/R

f6H�f6NPa�H�CFE,NWU_C�LC6NWH_�L ?] A_M6M6QSU¤�}NWa\AcOSNPU0C��cADQSNWADORNWU_C6C6HY[P[WHbNPCjOSH�QSC6HTf4H�� ¯ � ¯�� �?HYE,O9E,NWa�M6[PHYa�H�CjO


















∫

Ω

µ∇uh · ∇vh dx−
∫

Ω

phdivvh dx =

∫

Ω

f · vh dx

∫

Ω

qhdivuh dx = 0,

� ¯ � ¯ �j�

MFU0V6Q�ORU_V6O
(vh, qh) ∈ V0h ×Qh

�4�-�4M6[PNedjV6U_CFE�G�U_a�a�H�CjO�U_C�QRXpE,U0V4OB� ¯ � ¯ �0�?H�C�M6Q&AcORNedjV6H_�}��CC6UDO&ADCjO
nV

[eAgf4NWa�H�CLERNPU0C�f4H
V0h

HIO
nQ

GIH�[W[WH;f4H
Qh

�jU0C�NWC0OSQRU4f4VLN�O�[WAJ�LA0E,H
(φj)1≤j≤nV

f4H
V0h

HIO#[eA¡�FA_ERH
(ψj)1≤j≤nQ

f4H
Qh

GIU0CLE>OSQRVLN�OSH�A¤�0HYGg[PHpEB«{U_CLGIORNWU_CLEbf4H��LA0E,H�f4HYEbXY[PXYa�H�CjOSE�LC6NeE#�{�0U_NWQ�[eA�°�QSU_M<U0ERN�OSNPU0C ¯ � µL�0G_�� �;C�f4XYG�U_a�MFUjE,H
uh

HIO
ph

E,V6Q�G�HYE��FA_ERHYE
uh(x) =

nV
∑

j=1

uh(âj)φj(x), ph(x) =

nQ
∑

j=1

uh(â′j)ψj(x),

��C C6U_OSA_C0O
Uh = (uh(âj))1≤j≤nV

H�O
Ph =

(

ph(â′j)
)

1≤j≤nQ

��U_C U_�4OSNPHYC0O�[PH�E,`4E,OR�Ya�H[PNWC6XYA_NPQSHTE,VLNP�cADCjO
(

Ah B∗
h

Bh 0

)(

Uh

Ph

)

=

(

bh
0

)

,
� ¯ � G E �

U�&
B∗

h

HpE>O�[eA�a\AcORQSNeGIHTA_f A>U0NPCjOSH��rU_V�ORQ&ADCLERM<U0ERX�Hp��f4H
Bh

�
bh =

(∫

Ω f · φi dx
)

1≤i≤nV

�6H�O
Ah =

(

µ

∫

Ω

∇φi · ∇φj dx

)

1≤i,j≤nV

, Bh =

(

−
∫

Ω

ψidivφj dx

)

1≤i≤nQ, 1≤j≤nV

.

 �HYE?G&K6U0ERHYE-ERH�GIU0a�ML[PNedjV6H�CjO�[WU_Q&ERdjV�] NP[FE�] AD�0N�O�f4H9ESA¤�_U0NPQ-ERN6U_C�M<H�V4O?ORU_V>A>U_V6Q&E-QSXYERU_VLf4QSH�[PH9ER`4E>�OR��a�H�[WNPC6XpADNWQRHT� ¯ � G E �'f4H�a\ADC6NW��QSH�V6C6NedjV6H_�dX�HYa\ADQ&d0VLU_CLE§djV6H�[WA;a\AcOSQRNeGIH
Ah

HpE>O?ER`}a�XIORQSNed0VLHf4XI�LCLNPH�MFUjE,NPORNW�_H¡f�] U0QSf4QSH
nV

�§djV6H�[eA�a\AcOSQRNeGIH
Bh

HYE,OgQRHpGO&ADC6�0V6[WA_NPQSH\f4H�O&ADNW[P[WH
nQ × nV

�HIO;djV6H0�LE,N'[WA�a\ADORQSNWG�HT�_[WU_�LA_[PHTf4H¡� ¯ � G E ��HYE,O9E,`}a�XIOSQRNedjV6H#fl] U_Q&f4QRH
nV + nQ

�LH�[W[WH#C�] HYE,O�MLA_Ef4XI�LCLNPHTM<U0ERN�OSNP�0H_�6�9XYADCLa�U0NPCFE�U_C�AJ[WHTQSXYERV6[�O&AcO�ERV6NP�cA_C0Op�
;?|+3 3´| 	%] \%] \ � � j�p � p e + t9j�� c h � q c kvjEz �dw�� �u� q m t9j e$e{b g �	b g k-p2g h�j�p b � g e~cBb h (Uh, Ph)

m q4hNp
RnV ×RnQ w � jsi8j-} e j	g k Uh jup e g h c � gNj o e q4h mdc p � gNj Ph jlp e g h c � gNj $ �R� q m'm4cfe~cBb h.|>k + p m � g h� � � t9jlh e�m j KerB∗

h wY�h+3´q<s'tYn�ycm4nporq<s#]#®2U_a�a�H
( KerBh)⊥ = ImB∗

h

��NW[�HYE,O\«rA_G�NP[WH f4H��_U0NPQ�djV6H´� ¯ � G E �gHpE>OXYdjV6NW�¤A_[PHYCjO�Z
ORQSU_V6�0H�Q

Uh ∈ KerBh
OSH�[�djV6H

AhUh ·Wh = bh ·Wh
M<U_V6Q�OSU_V4O

Wh ∈ KerBh.

D�['ERV W�O9AD[WU_Q&E�fl] A_M6M6[WNWdjV6HYQ�[WH 0�K6X�U0QR�Ya�Hbf6Hg vAD�j����NW[P�0QSA_a µ6� µ6�W�bMFU0V6Q�U_�6ORH�CLNPQ�[^] HI�4NWE,ORHYCLGIHHIO;[^] V6C6NeGINPORXJf6H
Uh

f6ADCLE
KerBh

�F°-ADQ;GIU_CFE,Xpd0VLH�CjOY�!� ¯ � G E ��A_f4a�H�OBADV�a�U0NPCLE9V6C6HgERU_[WV4OSNPU0C
(Uh, Ph)

f6ADCLE
RnV × RnQ

�!®2U0a�a�H
Uh

f4U_NPOgADM6MFADQRORH�CLNPQTZ
KerBh

��NP[?HYE,ObVLC6NWdjV6H�fLADCLE
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/ E / ���"�����	��
����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

RnV
�_°§A_Q�ADNW[P[WH�VLQSEY�cU_C��_XYQRNP�LH�ADNeE,XYa�H�CjO�d0VLH

Ph
HpE>O�V6CLNWdjV6H�ZB[^] A0f6f4NPORNWU_C�M6QS�YE-fl] V6C�X�[WX�a�H�CjOf6H

KerB∗
h

�
�

 'ZJU'&�[PHpE�G&K6U0ERHYE�ERH#GIU_a�M6[WNed0VLH�CjOY�6G_] HpE>O�djV6HT[WHBCLUc`0ADV
KerB∗

h

C�] HYE,O$A,ADa\A_NWE�QSXYf4VLN�O�ADV�0HYGIORH�VLQ?C}V6[LH�O�djV�] NP[FMFHYV4O�MLADQR«{U_NeE-¦IOSQRH�ORQS�YE'¨,�_QSU0E>©�*0vU0V4O�f4XYMFHYCLf�f4V�G&K6U_NP��djV6N<HYE,O�«rADNPO�f6HYEU0QSf6QRHpE
k
HIO
k′
f4HYE�XY[PXYa�H�CjOSE��FC6NWE�M<U_VLQ�[WA��}NPORHYESERHBH�O�MFU0V6Q�[eAJMLQRHpERERNPU0C��

;2|+3 3´| 	%] \%] \_\ � jnh b � q4g KerB∗
h } b h eKc j	h e qdg)t b4c hNp���jsi4j-} e jlg k 1I

m j RnQ
m'b h e�e{b g e jlp

� jup } b t�| b p	q4h e jlp7p b h e�� � q4� jup $ 1 w %"g e k@jlt9jlh e�mdcfe o ��q7|�kvjlp-p cBb h m4c p	}	k + e j ph jlp e q4g t b4c hNpm'� ' h c j $9g h>jE} b hNp e q4h e j�|�k + p	w
Y�h+3´q<s'tYn�ycm4nporq<s#]$(4U_NPO

rh ∈ Qh
H�O
wh ∈ V0h

�4°-A_Q�f4XI�LCLN�OSNPU0C
Wh · B∗

hRh = BhWh · Rh =

∫

Ω

rhdivwh dx.

�;Q
rh = 1

A_M6MLADQRORNWH�CjO�ORU0V'A>U_VLQSE�Z
Qh

�6HIO9G�U_a�a�H
∫

Ω

divwh dx =

∫

∂Ω

wh · n ds = 0

M<U_VLQ�ORU_V6O
wh ∈ V0h

�6U0C�HYC�f4XYf4VLN�O9djV6H
Rh = 1I = (1, ..., 1)

A_M6MLADQRORNWH�CjO�Z
KerB∗

h

�
�

 0 -1 +1  0

+1

-1

 0+1-1

-1 +1  0

-1 0+1

 0

� ����� ¯ � /_µ � ��U4f4HJNPCFE>O&AD�6[WHJf4HJ[WA¡M6QSHYESE,NWU_C ERV6Q9VLC³a\ADNW[P[eAD�0HTORQSNeADC6�0V6[WA_NPQSHTV6C6NP«{U_QSa�H��rX�[WXI�a�HYC0O&E��LC6NeE
P1

M<U_V6Q�[eA��}N�OSHYESE,HbHIO�[eA�M6QSHYESE,NWU_CF�I�
;2|+3 3´| 	%] \%] \ � ��b k-p � gNj k = 2 j e k′ = 1 z � � � t9jlh e p ' h c p P2 | b g k ��q i cfe jup-p	j j e P1| b g k)��q.|>kvjlp@p cBb hd� o ��j6h b � q4g KerB∗

h jlp esm j mdc t.j	h�p cBb h g h o jlh � j	h m k � |�qdk���j)i8j-} e j	g k 1I
z!qdg e kvj	t9jlh e�m4cfe o ��qs|�kvjlp-p cBb h mdc p	}lk + e j ph jlp e g h c � gNj $�g h�j�} b h�p e q4h e j�|�k + p{�dw�$b k-p � gNj k = k′ = 1 z � � � t9jlh e p ' h c p P1 | b g k�� q i cfe jup-p	j j e ��q�|>kvjup-p cBb h�� o ��j6h b � q4g
KerB∗

h jlp e j	h �'� h � kvqd� m j mdc t.j	h�p cBb h p e k c } e j	t.j	h e |>� g+p � kvq4h m j � gNjng h z!q4g e kvj	t.j	h e#mdcfe o ��q
|>kvjlp@p cBb h m4c p	}	k + e j ph hQ� jup e |Nq8p7g h c � gNj o t��	t9j $�g h�jE} b h�p e qdh e j2|>k + p{��w
Y�h+3´q<s'tYn�ycm4nporq<s#]$(4U_NPO

rh ∈ Qh
H�O
wh ∈ V0h

�4°-A_Q�f4XI�LCLN�OSNPU0C
Wh · B∗

hRh = BhWh ·Rh =

∫

Ω

rhdivwh dx = −
∫

Ω

∇rh · wh dx.
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

/ E µ
 �U_Q&ESd0VLH

k = 2
H�O
k′ = 1

�6[WHB�0QSA0f4NWH�CjO ∇rh HpE>O�GIU0CLE,OSADCjO�f6A_CLE�G&KLA_djV6Hba\ADNW[W[PH
Ki

�6f4U_CFG
∫

Ω

∇rh · wh dx =
n
∑

i=1

∇rh(Ki) ·
∫

Ki

wh dx.

�;Q�[WAJ«{U_QSagVL[PHTf4H#djVLA0f4QSADORV6QSHbf4Hb[�] �-�4H�Q&GINeGIH ¯ � µ6� GgC6U_VFE�f4N�O9djV6H0�4MFU0V6Q
wh ∈ P2

�
∫

K

wh dx =
|K|

N(N + 1)/2

∑

j

wh(aij)

U�&�[WHYE
(aij)

ERU_CjO?[WHYE
N(N +1)/2

M<U_NWCjOSE2a�NP[WNPHYV4��f4HYE�ADQS¦IOSHYE-QSH�[WNeADCjO?[WHYE2ERU_a�a�HIO&E
ai
H�O
ajf4H

K
�F��C QSH��0QRU0V6MLADCjO�[WA¡E,U0a�a�HgERV6NW�cADCjO;GIHpE�M<U_NWC0O&E�a�NW[PNWH�V4�´��d0VLN'ERU_CjO9GIU0a�aJV6C Z�f4HYV4�a�A_NP[W[WHYE&��4U_C�U0�4ORNWH�CjO

∫

Ω

∇rh · wh dx =
∑

aij

wh(aij) ·
( |Ki|
N(N + 1)/2

∇rh(Ki) +
|Kj |

N(N + 1)/2
∇rh(Kj)

)

.

��C M6QSH�CLA_CjO
wh

djV6N9�cA_V4O��³ERV6Q�[WH³M<U_NWCjO¡a�NP[WNWH�V
aij

H�O E A_NP[W[WH�V6Q&E��?U_C	H�C f6XYf4V6NPO�djV6H
Wh ·B∗

hRh = 0
NWa�ML[PNedjV6H#djV6H

|Ki|∇rh(Ki) + |Kj |∇rh(Kj) = 0.
� ¯ � G}�p�

 vA�«{U0CLGOSNPU0C
rh

Axf4U_CLG³V6C �0QSA0f4NWH�CjO�f4H�f4NWQRHpGORNWU_C GIU_CFE>O&ADCjORH a\A_NWE�f4U_CjO�[�] U_QSNPHYCjOSAcOSNPU0CG&KLADC6�0HTf4HgERH�CLE�f�] V6CLH#a\ADNW[P[WH#Z�[�] ADV6ORQSH_�<®2U0a�a�H
rh

ADMLMLADQRORNWH�CjO9Z
P1

H�O9HYE,O;GIU0CjORNWCjVLHbERV6Q
Ω
�DE,U0CJ�0QSA0f4NPHYCjO!O&ADC6�0H�CjORNWH�[}HpE>O?G�U_CjORNWC}V�ZB[^] NWCjORH�QR«rA_G�H�H�CjORQSH�f4H�V4�Ja�A_NP[W[WHYEY�c°§A_Q�GIU0CLE,XpdjV6H�CjOY�NP[ªHYE,O�C}V6[��}H�O�[eA�E,HYV6[PHBM<U0ESE,NW�6NW[PNPORXbf6ADCFEB� ¯ � G}�¤�-HYE,O�d0VLHB[WHB�_Q&A_f4NWH�CjO�f6H

rh
E,U0N�O�C}V6[ªMLADQRORU0V4OY�GD] HYE,O,��Zc��f4NPQSHTdjV6H

rh
E,U0N�O9VLC6Hb«{U_CLGIORNWU_C G�U_CLE,OSA_C0OSH_�6�?C GIU_CFGI[WVLE,NWU_Cv�6U_C�A�a�U_CjORQSX#djV6H

Wh ·
B∗

hRh = 0
MFU0V6Q�ORU0V4O

Wh
NWa�ML[PNedjV6H#djV6H

Rh =
®�E,ORH

1I
�6djV6N�HYE,O�[PHTQSXYERV6[POSADO�QSHYG&KLH�Q&G&K6X_�@;U_CLC6U_CLEBV6C�GIU0C0OSQRH��^H��4H�a�M6[WHgH�C�f4NWa�HYCLERNPU0C�f4HYV4�³fl] HYERMLA_G�Hg[WU_Q&ERdjV6H

k = k′ = 1
� �;CQRHYM6QRHYCLf�[PH9a�A_NP[W[eAD�_H�OSQRNeADC6�0V6[eADNWQRH�V6C6NP«{U_QSa�H9f4V�GYADQSQRX

Ω =]0, 1[2
�{�0U_NWQ�[eA �'NW�_VLQRH ¯ �P�8/_�� �;Cf4XI�LCLN�OB[WA�«{U0CLGOSNPU0C

p0 ∈ Qh
�FA¤�_HpG

k′ = 1
�LMFADQ;ERHYE��¤A_[PHYV6Q&E −1, 0,+1

ADV4��ORQSU_NeE�ERU_a�a�HIO&Ef4H#G&KLA_djV6H;ORQSNeADC6�0[PH
Ki

�r�_U_NWQ�[WA �!NW�_V6QSH ¯ �0/Dµ0�I�&0vU0V'A>U_VLQSE�MLA_Q�f4XI�LCLN�OSNPU0C��6U_C�A
BhWh · Rh =

∫

Ω

rhdivwh dx.

� ADNeE�G�U_a�a�H
wh

HYE,O�AdW�CLH³MLA_Q¡a�U_Q&GIHpADV4�	E,VLQ�G&KLA0djV6H a\ADNW[P[WH
Ki
��ERA f4NP�0H�QS�_HYCLGIH HpE>OGIU_CFE>O&ADCjORHTf6A_CLE�G&KLA_djV6H

Ki
H�O�U_C�A

∫

Ω

rhdivwh dx =

n
∑

i=1

divwh(Ki)

∫

Ki

rh dx

d0VLN-�¤A_V4O�J�XYQRU�M<U_V6Q
rh = p0

GYADQ ∫
Ki
p0 dx = |Ki|

3 (0 + 1 − 1) = 0
�l°-ADQ#G�U_CLERXYdjV6HYC0O

p0H�C6�0H�CLf4QSHbV6C�C6U_VL�_HYA_V¡�0HYGOSH�V6Q�f6H
KerB∗

h

�6HYC�M6[PVFE�f4H
1I
�

�
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����+� � �n����� �"� ���	�I��� �#� �����$� ���!���6�

@BADCLE�[eA�M6Q&AcORNedjV6H_��w$:}t¥ilk'| ��m w!oB3´|}s!tYo�qFs w!|
KerB∗

h

|jtYnxtYn�yco�¢DnY|+3´|}sªnx~!��k't
AFycm6s!w'|´ilk!| k!s ����m 3 h0np£'qvw'|�w!|jt�h}��h[3 |jsªnpt�Z§s'o�t�¢_qFy¤y¤|}tY~?q<s'w!m6sªnY|x|}t�n�orslk'nYo��rof=tpm��§�r|�]-��C´H	C<H�OY�§E,N

dim( KerB∗
h) > 1

��[PH�G�AD[eGIVL[?C}V6a�X�QSNWdjV6H�f4HYEJE,U0[PV4OSNPU0CLE#f4V´ER`4E>OS��a�H[WNWC6XYA_NPQSHJ� ¯ � G E �?�cAJG�U_CLf6V6NPQSH;Z�f4HpE2UjERG�NP[W[eAcORNWU_CFE?C}V6a�X�QSNed0VLHYE�E,V6Q�[eAgMLQRHpERERNPU0C H}[�] AD[W�_U0QRNPORKLa�HKLXYERN�OSH\H�CjORQSH�M6[PVFE,NWH�V6Q&ETM6QSHYESERNPU0CLEbf4NWESGIQS�IOSHYE
Ph

f4U0CjO#[WA�f4N�C<XYQRHYCLGIH�A_M6MLA_Q,OSNPHYC0O#Z
KerB∗

h

�
�;C�f4NPOgdjV6H�[WA�a�XIOSK6U4f4H\HYE,O#ors!t�npm��!��|<�%X�H�a\ADQ&djV6U_CFE5A>VFE>OSH�a�H�CjOgdjV6H�[�] X�[WX�a�HYC0O

p0
f4H�[WAf6X�a�U_CLE,ORQ&AcOSNPU0C³f4V� �H�a�a�H ¯ � µ6� µ>F¡EY] NPCjORHYQRMLQR��ORHJG�U_a�a�HJVLC6HJUjERG�NP[W[eAcORNWU_C�f4H�[WA¡M6QRHpERERNWU_C³Z[^] XYG&K6HY[P[WHBf6V¡a\ADNW[P[eAD�0H_� (}N

dim(KerB∗
h) = 1

�}U_C¡XY[PNWa�NPCLH9«rA0GINW[PHYa�HYCjO�[^] NWCLf4X�ORHYQRa�NWCLAcOSNPU0C�ERV6Q[eA�M6QSHYESE,NWU_C�f4NeERG�QR��ORH
Ph

H�C�NPa�M<U0ESADCjO#ERA��cAD[WH�VLQTH�C�V6C�C6U}H�VLf���U_V��6NWH�C�H�C�M6QSXYG�NWESADCjO#ERAa�Uc`0H�C6C6H�ERV6Q#[WH�f6U_a\ADNWC6H
Ω
�v@BADCLEBOSU_VLET[WHYETGYA_EY�lNP[?C�] `�A�MLA_ETfl] NWCLf4XIOSH�QSa�NPCLADORNWU_C�E,VLQT[WA�}NPORHpERERH

Uh
djV6N-HpE>Ogf4X��LC6NWH�f4H\a\ADC6NW��QSH�V6C6NedjV6H_��°§U0V6QTM6[WVLE#f4H�f4X�OSA_NP[eETE,VLQT[PHpETa�XIORKLU}f6HYEf�] XY[PXYa�HYCjOSE��LC6NeE�HYC�a�XpG�ADCLNWdjV6HTf4HpE �LV6Nef4HYEY�6C6U0VLE�QRHYC}�_Uc`_U0CLE�Z6F µ>FdH^�

�9U_VLE9C�] A¤�0U_CLE�QSNPHYC�f4N�O;MFU0V6Q�[^] NWCLE,OSADCjO;f6HT[WA�QSXYERU_[WV4ORNWU_C�M6Q&AcOSNWdjV6H#f4V ER`4E>OS��a�HT[WNPC6XpADNWQRH� ¯ � G E ��j°!U0V6Q�GIH�[eA#U0C�V4OSNP[WNWERHBV6C�A_[P�0U_QSN�OSK6a�H_�}f4N�O�fl] ��JpA ��AL�0NeERERV¡f4HB[eATORKLX�U_QSNWH;f4HB[�] U_M6ORNWa�NP�ESAcOSNPU0C��¤d0VLH2C6U0VLE'�_H�QSQSU_CLE'ADV�®2KFADM6NPORQSH9� E ��D�[}EY] AD�_NPO'[eZBfl] VLC#ORQS�YE!�<H�[}HI�4HYa�ML[PH�fl] NPCjORHYQSA0GOSNPU0CHYCjORQSH�[^] ADCLA_[P`4ERHJC}V6a�X�QSNed0VLH�H�O#[�] U_M6ORNWa�NeESAcORNWU_Cv���-�4M6[WNWdjV6U0CLEb�6QSNP�Y�_H�a�HYC0OT[^] Nef4XYH�MLQRNWCLGINWMLA_[PH�rC6U_VFET` QSH��}NPHYCLf4QSU_CLEbHYC�f4XIO&ADNW[?ADV´®2KLADMLN�OSQRH�� E �� �;C�ESADNPO#d0VLH\[PHpETXYdjVLADORNWU_CLETf4H)(}ORU �0HYEERU_CjO!XYdjV6NW�¤A_[PHYCjORHYE'Z�V6CJM6QSU_�6[W��a�H2f6H?a�NPCLNPa�NeERADORNWU_Cgfl] V6C6H�X�CLH�QS�_NWH9�{�0U_NWQv[^] �-�4HYQSG�NWG�H��4� µ6�W� E ���9U_VLE#�_H�QSQSU_CLEbdjV6H_�'f4H\[WA�a�¦Ya�H\a\A_C6NP�YQRH0�l[WA�QSXYERU_[WV4OSNPU0C�f4V´ER`4E>OS��a�H�[PNWC6XpADNWQRH � ¯ � G E �;HpE>OXpdjV6NP�cA_[PHYC0OSHTZJ[eA�a�NPC6NWa�NWESAcOSNPU0C�E,V6NW�cADCjORH
J(Uh) = min

Vh∈KerBh

J(Vh)
A¤�_HYG

J(Vh) =
1

2
AhVh · Vh − bh · Vh.

 ?] A_[P�0U_QSN�OSK6a�H#fl] ��JYA ��A\M<H�QSa�HIO;MLQRXpGINeE,XYa�HYCjOBf4HJQRXpE,U0VLf4QSH#GIHgMLQRU0�6[P�Ya�Hgf4Hga�NWC6NWa�NeESAcORNWU_CERU_VFE�GIU_CjOSQSA_NPCjORH0�
°§U_VLQ9f4HYE9QSA_NWERU_CFE�f6HgGIU0�4O9f4HgGYAD[eGIV6[^�6U_C�C�] V4OSNP[WNWERHgdjV6HTOSQR�pE�Q&ADQSH�a�H�CjO�[WA�a�X�ORK6U4f4Hgf6HYEXY[PXYa�H�CjOSE��FC6NWE

P2
M<U_V6Q�[eA��}N�OSHYESE,H�H�O

P1
M<U_VLQ�[WA�MLQRHpERERNPU0C�� �;C [PVLN9M6QSXI«{�YQRH�V6CLH³ADV4OSQRHa�X�ORK6U4f4H0�Lf4NPORH

P1 � �6V6[W[PHbM<U_V6Q�[eA��}N�OSHYESE,HbHIO P1
M<U_VLQ�[WA�M6QSHYESE,NWU_Cv��D�['E�] AD�0N�O�f4HT[eAJa�X�ORK6U4f4Hf6HYE'X�[WX�a�H�CjOSEv�LC6NeE

P1
M<U_VLQ'[eA��}NPORHYESERH?HIO![WA9M6QSHYESE,NWU_C#f6A_CLE'[WA0d0VLH�[W[PH2U_C#HYC6QRNeG&K6NPO'[^] HpE,MFA_GIH

V0hf6HYE��}N�OSHYESE,HpE2HYC�A>A>U_V4O&ADCjO�f6ADCLE�ESAg�FA_ERH;M<U_V6Q�G&KFA_djV6H9a\A_NP[W[PHbH�O�M<U_VLQ�G&KFA_djV6HbGIU_a�M<U0ESADCjORHfLADCLE
RN VLC6Hg«{U0CLGOSNPU0C �§k'���r|�f4XI�LCLNPH�GIU0a�a�HJ[PHJM6QRU4f4VLN�O

λ1(x)...λN+1(x)
�ªU�&³[PHpE

λj(x)ERU_CjOg[WHYEJGIU}U_Q&f4U0C6C6X�HpEb�LADQS`4GIHYC0OSQRNedjV6HYEgf4H
x
fLADCLEg[WA�a\A_NP[W[PH

Ki
�-®2U_a�a�H¡GIH�O,OSH�«{U_CFGORNWU_C�LV6[P[WH�HYE,O-CjVL[P[WH�E,V6Q-[WH��FU0QSfJf4H

Ki
HIO-M<U0ERN�OSNP�0H�ZB[^] NWCjORXYQRNWH�V6Qp�¤U_C�[PVLN6A_ESE,U4GINWH�GIU_a�a�H�f4H��0QRX�f4H[WNW�FHYQ,OSX�[WH��LADQS`4GIHYC0OSQRH�f4H�[WABa\ADNW[P[WH_�_®2H�O,ORH�a�X�ORK6U4f4H�HYE,O-E>O&AD�6[WH�GIU_a�a�H�[PH�a�U_CjORQSH�[�] HI�4H�Q&GINeGIHERV6NW�cADCjOY�

�;u�|jyc¢_or¢0| 	�] \�]�� � =�"���(%��)%$*�� � <>�"��% 7 2 & ;!� � � 9)� 9)���,;>7 ; & �>����� �3� � � P1 � ����787 � <>�"��% 7 2 �)� !
�����6�C� �#� P1 <>����%57 2 <>% �#�C� � �"�:���=2 dim(KerB∗

h) = 1 / vHYE2NPCLE,OSA_�6NW[PNPORXpE?f4H;M6QRHpERERNWU_C\C6HBE,U0C0O2MLA_E?[�] ADMLA_CLAD�0H�f4HYE?a�XIORKLU}f6HYE�fl] XY[PXYa�H�CjOSE?�LC6NeE���D�[H��4NWE,ORHBADVLESE,N<f4HYE?a�XIORKLU}f6HYE�f4H;f4N�CªX�QSH�CLG�HYE?�LC6NWHYE�d0VLNFM6QSXYERH�CjOSH�CjO?[WH9a�¦�a�H�O>`}M<H;fl] NWCLGIU0Cj�0XI�CLNPHYC0Op�LGIU0a�a�Hb[WHTa�U_CjORQSHb[�] HI�4H�Q&GINeGIHbERV6NP�cA_C0Op�
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�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

/ E �
�9u�|jyc¢_o�¢_| 	�] \�]��%^ � � �!����� � 9��)%�� 7 ��� ;�*�� 2�� � ����� 9����������(�#� + ��/ � ��1 �)�=9 � & �>� � � ��� N = 1 + �!�& � 9��)7 �=� � 2=2��'�'��� � ����;>% � � <�� � �C*���� �K2 �C�"78��� � �"�:��	@<�7 � � � ���:�#�6� u = 0 �!� p ��� � <>% � & � � � � � 9�� f �& 2 � � � 73<>�>% & �!�,9�� � � �>� �!� & <>%��)� 9�% � 7 �#�:<)%�����7 � & �#��9�� 9 � �C�'% ;!� � �K2�� � �"�>1!/ �"�"��% Ω = (0, 1) �"���
�!�"� � � 9 �>% �=7 � & 2 � 787 2 ���49�� <>� � ����� xj = jh 2 � ��� h = 1/(n+ 1) �!� 0 ≤ j ≤ n+ 1 / � � 9�;��3� � �
7 2 & ;#� ��� 9�� 9���9 � � ;)%��)� �#�#� �3� � �����!�>���(% ;#�#� + 9 � �@% 9�% ��0�1	�!� � � 2������







µ
−uj+1+2uj−uj−1

h2 +
pj+1−pj−1

2h = f(xj) <>�"��% 1 ≤ j ≤ n
uj+1−uj−1

2h = 0 <>�"��% 1 ≤ j ≤ n
u0 = un+1 = 0.

 �����(% �>%�*���� �!�I� � ��� � & �I9�� ;�*�� 2�� � ����� 2�7 ��; �>% � *������ �#�6� & 2�7?<>���6;�� �#�=�>� <'2>%�� � �'��7 � �>% *���� 7 2
<>%����6� � �"� (pj) �#�6�59); �3� � � # 7 � 2'9�9 � � � �"�:9 � ��� �4�#�"� ���62�������<>% �#�	�"�:9 � ��� & ��7 � � <�7 �49�� ��� ��<>% �#�C� � �"�
9); � � � � < 2)% �C�#� �!� & <>�)�K2�������� (1, 0, 1, 0, ..., 1, 0) /
.¡|+3´m4ycilk!| 	%] \%] \ �  �] NWf4XYH�f6H�[eA�«{U0QRaJV6[WADORNWU_C´�cA_QRNeAcOSNPU0C6C6H�[W[WH³� ¯ � ¯�� �#EY] XIORHYCLf ESADCFEgM6QSUD��6[P�Ya�H#ADV� vADML[WA0GINWH�C�U_V�ZgOSU_V4O�U0MFXYQSADORHYV6Q�H�[W[PNWM4ORNedjV6H_�L°!U0V6Q�QSXYERU_VLf4QSH

{

−div (A∇u) = f
f6A_CLE

Ω
u = 0

ERV6Q
∂Ω,H�C�MFUjERA_CjO

σ = A∇u �4U0C�NWCjORQSU4f4V6NPO�[eA�«{U_QSagVL[WADORNWU_C¡�cA_QRNeAcOSNPU0C6C6H�[W[WH














−
∫

Ω

divσv dx =

∫

Ω

fv dx

∫

Ω

A−1σ · τ dx+

∫

Ω

udivτ dx = 0,

MFU0V6QTORU0V4O
(v, τ) ∈ L2(Ω) × H(div)

�! vA�a�XIOSK6U4f4H�fl] X�[WX�a�H�CjOSE#�LC6NeE#djV6N?HYC�f4XYG�U_V6[WH\HYE,Of4NDCªX�QSH�CjOSH�f4H¡GIHY[P[WHYEgd0VLN?U_CjO#X�ORX\HI�4M<U0ERX�HpE#f6ADCFE#GIH�G&KLA_M6NPORQSH_����[W[WH�HYE,OgADM6M<H�[WX�H¡a�X�ORK6U4f4Hf4HYE�XY[PXYa�HYCjOSE��LCLNWE�a�NP�jOSHYEY� •

��*�)�*�� � =RS}8�P�OR=RS[P!16=>5?/ 7�U�S 3 ��S}8�O>1+P!1�S´/�8�M ��3F=RT�8�U�S
@BADCFETGIHIORORH\ERU_VLE,� ERHYGIORNWU_C CLU_VLEbf4NeE,U0CLEBQSA_M6Nef4H�a�H�CjObd0VLH�[ed0VLHYEBa�UDOSETERV6Qb[eA¡z�o�tYk!m6�ro�tYm =nYorq<s	f4HpETQRXpE,VL[�O&AcOSEBU0�4ORHYCjVFETMLADQb[eA�a�XIORKLU}f6H�f4HYEbXY[PXYa�HYCjOSEb�LCLNWEY�v �HpEB�L�_VLQRHpEBG�N���f4HpERERU_VLEU_CjO�XIORXbOSQSA0GIXYHYE�Z�[�] ADNef4H#f4V�[WU_�_NeGINWH�[-�r[PNW�6QSHp���_Q&ADMLK6NWdjV6H;�6f6µ_f�� 'A��}NWERVLA_[PNeERADORNWU_CTf4HpEvQSXYERV6[POSAcO&ElM<U_V6Q'V6C#M6QSU_�6[W��a�H�ESG�A_[WA_NPQSH��{U'&T[�] NPCFGIU_CLCjVLH�HYE,O!Z��cA_[PHYV6QSEf6ADCLE

R
��HYE,O9A_ESERH#J#ERNPa�M6[WH_�F��C³f4NWa�H�CLERNPU0C

N = 2
U_C�M<H�V4O;ORQ&A_GIHYQ9f4HpE�[PNW�_CLHYE9f�] NeE,Uc�cA_[PHYV6QSEHIO � U_V�f4HpE#G�A_Q,OSHYE#f4H\�0QRNeERX�f�] NWCjORH�CFE,NPORX0�'GIU0a�a�H¡U_C�MFHYV4Og[WH��_U0NPQ#ERV6Q#[WHYE �'NW�_VLQRHpE ¯ �W�p��HIO¯ �W� ¯ ��D�[�«rADV4O�C6XpADC6a�U_NWCLEJ«rADNWQSH�AcORORHYC0OSNPU0CxA_V4�´XYG&K6HY[P[WHYE�f4H��cAD[WH�V6Q&E�GIU_a�a�H¡[WH�M6QRU0V6�_H�[WA

�'NW�_VLQRH ¯ �W�p�gU�&�[WHYE�f4HYV4��ORQ&A_G�XYEb�rG�U_QSQRHpE,M<U_CFf6ADCjO�ADV�a�¦Ya�HTM6QRU0�6[W��a�HBERV6Q�f4HYV4�¡a\ADNW[W[WA_�_HYEf4NWE,ORNWCLGIOSE&�gERU_CjO�f�] A_[P[WV6QSH�GIU0a�MLADQ&AD�6[WH�a\ADNeE�fl] XpG&K6H�[W[WHYE�f4H¡QSXI«{XYQRHYCLGIH¡ORQS�YE�f4NDCªX�QSH�CjOSHYEY�'��Cf4NPa�HYCLE,NWU_C
N = 3

U0C³OSQSA0GIH\f4HpEbNWERU0ERV6QR«rA_GIHpE��rERV6Q,«rA0GIHpE;U'&�[�] NPCFGIU_CLCjVLH�HpE>O#G�U_CLE,OSA_C0OSHp�;U_V�6NPHYC�f4HYE�G�U_V6M<HYE�M6[eADCLHYEY�
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� ����� ¯ �0/'F ��®�ADQRORHbfl] NWERUc�cAD[WH�V6Q&E�f6ADCFE�V6C6H#GIU0V6M<HTM6[WA_C6HTfl] V6C�M6QRU0�6[W��a�HTf4H#f4N�C<VLERNWU_C�µc��@

��� 	���� � � ��� ��� 	�� � 
�� ��� ��� 	�������� ���

� ����� ¯ � /0� � D>E,UjE,VLQ,«rA0GIHYE�MFU0V6Q¡V6C M6QRU0�6[W��a�H³f4H�f4NDCªVLERNPU0C µc��@ �r�cAD[WH�V6Q&E¡f4NWa�NPC}VLA_CjO�f4H�jADVLG&KLHBZ�f4QSU_NPORH¤��



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�[�0 � ��� �#� �����$� ���!���6�6�#� �"�!� �#� �+�	���
N ≥ 2

/ E G

�?C��0V6NeE,H�fl] HI�4H�a�M6[WH_�cC6U0VLE§GIU0CLE,Nef4XYQRU0CLEvVLCJM6QSU_�L[P�Ya�H�f4H�f4N�C<VFE,NWU_C�f6ADCLE§[^] HYERMLA_G�H�fl] V6C6HGIU_CFGIH�CjOSQSADORNWU_C �rV6C�M<U_[W[WVLADCjObMLADQBHI�4H�a�M6[WHp�;XYa�NeEBMLADQbV6CLH�ERU_VLQSG�Hg[WU}GYAD[WNWERX�H�E,VLQB[WH�E,U0[��r[WA�LA_ERH?f4V�GIV6�<Hp�I���;C#QSXYERU_V6OvMLADQ![eA�a�XIORKLU}f6H�f4HpE�XY[PXYa�HYCjOSEv�LC6NeE
Q1

[PH2M6QRU0�6[W��a�H2f4H�@9NWQSNWG&K6[WHIO� ¯ � µ ¯ ��A¤�_HpGTV6C�E,HpGIU_CFf�a�HYag�6QSHgC}V6[!HIObV6C6H�GIU0CLf4NPORNWU_C³A_V4��[PNWa�N�OSHYEBf4HJ@;NPQSNeG&K6[PH�OBMFADQRORU_V6OERA_V4«�E,V6Q2[WA#�LA_ERH9f4V�G�V6�FH0�j±9V¡GIHYCjORQSH9f4H�[eAT�LA0E,H�U0C\NPa�M<U0ERH�V6C6HBGIU0CLf4NPORNWU_C�ADV6��[WNPa�NPORHpE2f4H@9NWQRNeG&K6[WHIO�¨>C6U0C4� K6U_a�U_�0��C6HI©
u = 1

�LHIObE,VLQ9[WHgQSHYE,ORHgf4HJ[WA¡�LA_ERH#V6CLHJGIU0CLf4NPORNWU_C A_V4��[PNWa�N�OSHYEf4HT��H�VLa�A_C6C��6 'A �!NW�_V6QSH ¯ � />FgQSH�M6QSXYERH�CjOSH;[WHYE��cAD[WH�V6Q&E�f4H
u
f6ADCLE�VLC6HTGIU_VLMFH0�jH�O�[WA �!NP�0V6QSH¯ �0/_�Jf4HYE�NeERU0ERV6Q,«rA0GIHpE2f4H

u
� 'A �}NeE,VFAD[WNWESAcOSNPU0C f4HYE�QSXYERV6[�O&AcO&E¡M<U_V6Q�V6C M6QRU0�6[W��a�H³�0HYGOSU_QSNPHY[J�rU�& [^] NPCLG�U_C6C}V6H�HYE,O�Z�¤A_[PHYV6Q&E!fLADCLE

RN �'HYE,O-f6NDCªX�QSH�CjORH0�c°�QSH�C6U0CLE��cMFADQ§HI�4H�a�M6[WH_�c[WH�G�A0E-f4V�ER`4E>OS��a�H�f4H�[�] X�[eA_E,ORNeGINPORX�{�_U0NPQ?[WAE(4U_VLE,� ERHYGIORNWU_C��4� µ6�W�p�I� �;C\M<H�V4O2ORQ&A_GIHYQ?f4HpE �L�pG&K6HYE-QSH�MLQRXpE,HYC0O&ADCjO�[WH��_HpGORHYV6Q?GYAD[eGIV6[WX_�a�A_NWE!GIH�O>`jM<H�fl] NWa\AD�0H�HYE,O!f4N�W�GINW[PH�Z�[WNPQSH?H�O!Z9NPCjORHYQRMLQRX�ORH�Qp�#D�[jHYE,O'�LNPHYC#M6[WVLEvMFADQS[WA_C0O!f4H�OSQSA0GIH�Q[WA ¨Rf4XI«{U0QRa�XYH© f4V f4U_a\A_NPC6H³H�C	V4OSNP[WNWESADCjO�[^] NWCjORHYQRM6QSXIO&AcOSNPU0C¥MLKj`4ERNWdjV6H�f4H [eA�E,U0[PV4OSNPU0C �{HYCf4NPa�HYCLE,NWU_C
N = 2

U_V
3
��'X9ADM6M<H�[WU_CLE2djV6H9[WH��_HpGOSH�V6Q2NPCLG�U_C6C}V

u(x)
HYE,O2[WH9f4XYM6[WA0GIHYa�HYCjO�f4VMFU0NPCjO

x
E,U0VLE§[^] A0GORNWU_C�f4HpE!«{U_Q&GIHYE§H��4H�Q&GIX�HpE HcMLADQ�G�U_CLERXYdjV6HYC0Op�c[PH�M<U_NWCjO?GIU_VLQSA_C0O-f4V�f4U_a\A_NPC6Hf4XI«{U0QRa�X�HYE,O

x+u(x)
�D�9U_VLE!NW[P[WVLE,ORQSU_CLE§GIHpE§f4H�V4�Ja�A_C6NW��QSHYE§f4H�QRHYM6QRXpE,HYCjORH�Q![WHYE§QSXYERV6[�O&AcO&E'ERV6Q[�] HI�4H�a�M6[WH#fl] V6C6HTM<U_V4OSQRHTHYCLG�A0E>OSQRXYHTE,V6Q�ERU_C��<U_Q&f��0H�QRORNeG�A_[l�0ADVFG&K6H���GIU0CLf4NPORNWU_C�ADV4��[PNWa�N�OSHYEf4H�@9NWQSNWG&K6[WHIO�!HIO�[WNP�LQRH�ERV6Q-[PHpE�ADV6ORQSHYE§�<U_Q&f6E��rG�U_CLf4NPORNWU_C�ADV6�J[WNPa�NPORHYE?f4H���H�VLa�A_C6CF�-ERU_VLa�NeERHZ¡ERU_C�M<U_Nef6E9MLQRU0M6QRH��{[eA\«{U_Q&GIH

f
HYE,O;V6C��_HYGIORHYV6Q;G�U_CLE,OSA_C0O;�_H�QRORNeG�A_[e� � �_U0NPQ;[WA��!NP�0V6QRH ¯ �0/ ¯ � �] A¤�¤A_CjOSAD�0Hgf4H�ORQ&A_G�H�Qb[eA�G�U_C4�L�0V6Q&AcORNWU_C�f4XI«{U0QRa�X�H�HYE,OTd0Vv] U0C�M<H�V4OT`³ERV6M<H�QSMFUjE,HYQ;[WH�ORQ&A_G�Xfl] VLC6H#ADV4OSQRHb�0QSA_CLf4H�VLQ�ESG�A_[WA_NPQSHbGIU_a�a�Hb[WA�C6U0QRa�HTf4V�ORHYCLERH�V6Q�f4HpE�GIU0C0OSQSA_NPCjOSHYEY�

����� �����	�� ��� ��� �������� ��� ��	 � ��� ����� ���� � �� � ���

������� ¯ � / ¯ ��@9H¡�0ADVFG&K6H�Z f4QSU_NPORH0�vf4X�ML[WA0GIH�a�HYC0Op�'G�U_C4�L�0V6Q&AcORNWU_C�f4X�«{U_QSa�XYH_�'HIOgC6U0QRa�H¡f6VORH�CFE,HYV6Q9f4HpE�GIU0C0OSQSA_NPCjOSHYEb�{[WHYE��cA_[PHYV6QSE�[PHpE�X�[WH��_XYHYE�ERU_CjO�[WHYE�M6[WVLE�«{U0CLGIXYHYE&��f6ADCFE�V6C6HTM<U_V4OSQRHH�CLGYA_E,ORQSX�HbE,U0V6a�NWERHTZ�ERU_C�M<U_Nef6E�M6QSU_M6QSH_�
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 � �
� � � � � � �

���� 	������������������ �!�"�!#$�&%('*)��,+
-/.102.10 354/687:9,;=<�>?6:@A9B4
C/DFEHGJILK:MONQPRDBDTS1NUE�V5WJSQILE�PQXBY=Z[IFNQG:X�V5PRM[D/SRK?DTE�NQPQILZ\D!]8DTS�XT^`_JIaNRM[VLWJS�Ia_8b�]8XTPRM[cLXTDTSdKJIaPRNRM[D�Z[Z\DeS�fEag DTS1N1hiYjhi]8M\PQD&Y�Zkg X�NR_J]:Dl]8DeSmcjIaZ[D�_JPQSBK:PRV5K:PQDTS2D�N!]8DeSmnoV5WJE�NQM\V5WJSmK:PQVLKJPRDeSm]8D�E�DTS/XT^`_JIaNRM[VLWJSTpLqdIr VLNRM[cjIjNRM[VLWs]8DtE�D�NRNRD$X�NR_J]8DuDTS1Nv]8VL_Jw:Z\D5pdxvg _:WJDyKJIaPRNTf�E�D�ZzI*cjI*W:VL_{S�K{DTP r D�N1NRPQDu]|g X�NQ_J]8M[D�P]8DTSvS1V5Z\_8NQM\V5WJS�KJILP1NQM[E�_:Z[M\}TPRDeS�fd]:MONQDTS�V`SRE�M\Z[ZzIaW`NRDeS�D�W~NQD r KJS��oVL_sc�M[w:PHIaW`NRDeSQ��fd]8DTS�K:PQVLw:Z[} r DTS]|g XTcLV5Z\_8NQM\V5WyILSQS1V8E�M\XeSmY�E�DTSmXe^`_JIjNQM\V5WJS�p`x�g Ia_:NRPQD=KJILP1NefLW:V5_JSBDTWu]8Xe]8_:M[PRV5WJSm_:WJD r X�NQG:V8]8D�]8DPRXeS1V5Z\_8NQM\V5W$�LXTW:X�PHIaZ[D=]8DlE�DTS r���r DTS/K:PQVLw:Z[} r DeS/]|g X�c5VLZ[_8NRM[VLWy^`_:DlW:V5_JS r D�N1NRPQVLW{SmD�WtV�D�_:c�PQD]:IaWJSFZ[DvC/GJILK:MONQPRD��Jpx�VLWJW:VLWJS�NQVL_8N�]8D�S1_:M\NRD�_:W�D�b8D r K:Z[Dv]8D��U���{�����������J�d���:�:���������t�U���{�U�����vK{V5_:P�Z\DqdIaKJZ[I5E�M[D�WuI�c5DTE&E�VLWJ]8M\NRM[VLWtIa_8byZ[M r M\NRDeS!]:Dlx�M\PQMzEHG:Z\D�NTp8��M Ω DTS1NF_:WuV5_:cLDTP1NBw?VLPQW:X�]8D RN

V5WEHG:D�PHEHG:DlZ\DeS&E�V5_:K:Z[DTS
(λ, u) ∈ R×H1

0 (Ω)
fJI�c5DTE

u 6= 0
f:S1V5Z\_:NRM[VLWJS,]8D

{

−∆u = λu
]JIaWJS

Ω
u = 0

SR_:P
∂Ω.

�k��p[�e�
q D�PRXTD�Z

λ
DeSAN$IaKJK{DTZ\Xt�:�:�������s���j�{���j�?f�D�N�Z[I�noVLWJE�NRM[VLW

u(x)
�¡� ¢��¡���j�{���j�£�?�¥¤¦�{§U¨j©ªT« �?§¬�U���{�U���?pJqBg DTWJSRD r wJZ\D�]8DeS,cjIaZ[D�_:PHSFK:PQVLK:PQDTS!DTS1N=IaKJK{DTZ\X�Z[D�S1K?DTE�NRPQD�]8Dy�k�8p\����p{�W*K?D�_8Nn�IaM[PRDlZ®g IaW{IaZ[VL�LM[D=DTW`NRPQD��¦��p[�e�BD�N,Z[DlKJPRV5w:Z\} r D�K:Z[_JS,SRM r K:Z[D�]8D�]8X�NQD�P r M\WJIaNRM[VLW�]8DTSFcjIaZ[D�_JPQS!D�NcLDTE�NRDT_:PQS!K:PQVLKJPRDeS!] g _:WJD r IaNRPQM[E�D A ]|g V5PQ]:PRD n f

Au = λu
I�cLDeE

(λ, u) ∈ R× Rn,
�k��p°¯L�

D�W�Ia±$P r IaW`N�^5_JDvZkg V5K{XTPQIaNRDT_:P −∆
DeSAN�_:W:D�²1�LX�WJX�PHIaZ[M[SQIjNQM\V5W�³�DTW�]8M r D�WJSRM[VLW�M[W8´JWJM\D$]|g _:W:Dr IaNRPQM[E�D A D�Wµ]8M r D�WJSRM\V5W£´JWJM\D5p&qdI¶PRXeS1V5Z\_8NQM\V5W·]8D¬�k�8p\���uSRD�PHI¡_:NRM[Z\D¸K{V5_:P*PRXeS1V5_J]8PQD�Z[DTS

¯L¹Lº
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	���������������������������! �"$#%�&���' (�������)�*������

KJPRV5w:Z\} r DTS�]|g X�c5VLZ[_8NRM[VLW f ]:D$N,+�K{D$KJILPQILw{V5Z\Mz^`_:D�VL_~G-+`K?D�PQw?VLZ[M[^`_:D5fdILSQS1V8E�M\XeSlIL_sqdIaKJZ[I5E�M[D�W fELg DeSANRh¦Yah¦]:M\PQDvZkg XT^`_JIjNQM\V5W�]8D$ZzI*EHGJIaZ[D�_JP��¦��p/.L��VL_¸Zkg Xe^5_{IjNRM[VLW~]8DeS�VLWJ]8DeS$�k�8p°�L��p10&XeIaW r V5M\WJSTfZ[DTS�S1V5Z\_8NQM\V5WJS�]8D��¦��p[�e�lV5W5N�IL_JSQS1M2_:WJD$M\W`NRDTPRKJPRX�NQIjNQM\V5W~K:G-+�SRMz^5_JD�^`_:M/Z\DT_:P�DTS1N�K:PQVLKJPRD5f|KJIaPD�b8D r K:Z[D�E�V r�r D r V�]:DTSFK:PQVLK:PQDTSF]8D�c�M[w:PHIjNRM[VLWdpqdD�K:ZzIaW�]:DvE�D�EHGJIaKJMONQPRD�DeSANlZ\D�S1_JM\cjIaW`Nep32&KJPR}eS�I�c5VLM[P r VaNRM[cLX�K:Z\_{S�I r KJZ\D r DTW`N�Z[D�K:PQVahwJZ\} r D$IL_8b�cjIaZ[D�_:PHSlK:PQVLK:PQDTS��k�8p\����f|W:V5_JS�]8X�c5D�Z[VLK:K?VLW{Sl]JIaWJSlZzI*�8DTE�NQM\V5Ws�8p ¯u_:W:D ª54(6 �{� « ��T�B��¨ ª �j�:���t�8�U� ª �j� «�ª ��]:ILWJSmZ[DTSBDTSRKJILE�DTSB]:D&7&M[Z\w?D�PRNTp�q D�w:_8NF]8D�E�D�N1NQD=SRDTE�NQM\V5WyDTS1N/]8D��LXTW:X�hPHIaZ[MzS1DTP&D�W�]:M r D�W{S1M[VLW M[W8´JW:M[D�Z[D�PQXTSR_:Z\NQIaN=w:M[D�W�E�VLW:W�_ D�W�]8M r DTWJS1M[VLW*´{W:M\D�^`_:MUIa±$P r D�^`_:DNQVL_8NQD r IjNRPQMzE�D�S8+ r X�NRPQM[^`_:D�PQX�D�Z[Z[D�DTS1N=]8M[IL�LV5WJIaZ[M[SQIawJZ\D�]:IaW{SF_:W:D�wJI5S1D�V5P1NQG:VLW:V5P r XTDLp{C/D�NRNRDSRDTE�NRM[VLW PQD�Z[}�c5D�D�W�KJIaPRNRM[Dv]|g _:W¸E�VL_JPQS�]8D r IaNRG:X r IaNRMz^`_:DTSF²AKJ_:PRDeSi³�f{IL_JSQS1MUW:VL_{S=M[WJSRM[S1NRV5WJS=YWJVL_:c5DTIa_�S1_JPUZ[D!n�IaM\NB^`_:D,Eag DTS1N�Zkg DTSRK:PRM\N2]8DTS�PQXTSR_:Z\NQIjNHS�K:Z[_JS2^`_:DFZ[I�Z\D�N1NQPRD,]8DeS2]8X r VLW{SANQPQIaNRM[VLWJS^`_:M2M r K{V5P1NQD�M[E�M®p�0=VL_JS�ILK:K:Z[M[^`_:V5WJS�E�D�N1NRD�NQG:X�V5PRM[D$S1K?DTE�NRPHIaZ[D�IL_8b�Xe^5_{IjNRM[VLW{SlIL_8b�]8XTPRM[cLXTDTSK{IaPRNRM[D�Z[Z\DeS/DTZ\Z[M[K8NRMz^`_:DTS&]JIaWJSFZzI$��DTE�NRM[VLW ��p 9:p%:mW*KJILP1NQM[E�_:Z\M[D�Pef�W:VL_{S,]8X r VLW`NQPRV5WJSF^5_JD�Z\D�K:PQVahwJZ\} r D SRK{DeE�NQPQILZ��¦��p[�e�v�:¢U��� ª �U§�� « §(;U§ «oª56 ¢ 6 §U�{���U���:�U�®� ¢��£�e�?��� ªT« �?§U�Lp<:mW8´JWdf2Z[I�8DTE�NQM\V5W¡��p =tDeSAN�E�VLWJSQILE�PRXTD�IL_8b�^`_:DTS1NRM[VLW{S�¢�>[�8���U�j��� « ��� ªT« �?§ §|�U� 6 � «@? ��� ]:DTS�cjIaZ[D�_JPQSKJPRV5K:PRDeS�D�N�noV5WJE�NQM\V5WJSvK:PRV5K:PQDTS�]|g _JW:DtXe^`_JIjNQM\V5W¶Ia_:bs]:X�PQM\c5X�DTSvKJILP1NQM\DTZ\Z[DTSTp(:BW¶KJILP1NQM[E�_:Z[M\DTPTfWJVL_JS�M[W`NRPQV�]:_:M[SRVLW{S�Z[I*W:VLNRM[VLW~]8Dy��� ª � « ¨L�¡¢��¶���:�e�T� M ^5_JMmc�M\DTW5N�E�V r K:Z[X�NQD�P�E�DTZ\Z[Dy]8Dr IaNRPQM[E�D!]8D,PQM[�LMz]8MONQX K faD�N2W:VL_JS r V5W5NQPRV5WJS�^`_:D,]8DTS�cjIaZ[D�_JPQSUK:PQVLK:PQDTS�ILK:K:PQV�EHGJX�DTSU]8D��k�8p\���US1DETIaZzE�_:Z[D�W`N�E�V r�r D!Z\DeSdcjIaZ[D�_JPQS�K:PQVLK:PQDTS�]8_vS8+8SANQ} r D Ku = λMu
feE�D!^`_:M8E�VLW8´JP r DBZkg ILWJIaZ[VL�5M\DDTW`NRPQD��¦��p[�e�/D�N=SQI�cLDTPQSRM\V5Wt]8MzSQE�PQ}�NRD$�¦��p°¯L��p

-!.102.@A BDC�E`9�F1<&68@19B4 ;�G�E�H=7:9�IJF,K�LMG�Es@R4&E56%NU68@19B4=4&N2@A7OG�E
2�cjIaW`N�]8D�W:VL_JS�ZzIaW{E�D�P�]:ILWJS�Z[DTS�]8XTcLD�Z[VLKJK{D r DTW`NQS�IawJS1NRPHIaM\NQS�]8D�ZzIuKJPRV8EHGJILM\W:D�SRDTE�NQM\V5W fr V5W5NQPRV5WJS�D�Wy^`_:V5M:ZzI�PRXeS1V5Z\_8NQM\V5W$]|g _JW$K:PRV5w:Z[} r D,Ia_8b�c�ILZ\DT_:PHS2K:PQVLK:PQDTS�K?D�P r D�N/]8D=PRXeS1V5_J]8PQDIL_JSQS1M:_JWyK:PQVLw:Z[} r D&]|g X�c5VLZ[_8NRM[VLW pQP�VL_:P!E�D�ZzI�W:V5_JSBILZ\Z[VLWJS2n�IaM[PRD&_JW:D=IaW{IaZ[VL�LM[D&I�cLDeE!Z[I�PQXTSRVLZ[_8hNQM\V5W�]:D�S8+8SANQ} r DTSF]8MSR X�PQD�W`NRM[D�ZzSFD�W*]8M r DTWJSRM\V5Wy´JW:M[DLp{x�ILWJS/NRVL_:N,E�D�^5_JM S1_:M\N A ]8XTSRM\�5W:D�_:W:Dr IaNRPQM[E�D�ST+ r X�NQPRMz^`_:D�PRXTD�Z[Z\D5fJ]8X�´{W:M\D�K?V5SRM\NRM[cLDLf{]|g V5PQ]:PRD n p �W*W:VLNRD λk

S1DeS,cjIaZ[D�_:PHSFK:PQVLK:PQDTSD�N
rk
SRDTSFcLDeE�NQD�_:PHS!K:PRV5K:PQDTSTf

1 ≤ k ≤ n f8NRDTZ[S,^`_:D Ark = λkrk
p�W E�V r�r DTWJE�D�KJILP,_:W ST+8S1NR} r D�]8MSR X�PQD�W`NRM[D�Z ]8_*K:PQD r M[D�P,V5PQ]8PQD







∂u

∂t
+Au = 0

K?VL_:P
t ≥ 0

u(t = 0) = u0,

�¦��p 95�
VQU

u(t)
DeSANl_:W:DvnoVLWJE�NRM[VLW�]:D�E�Z[I5SRSRD

C1
]8D

R+
]:IaW{S

Rn
f D�N

u0 ∈ Rn
pWViZ�DTS1Nlw:M[D�W�E�VLWJW`_^`_:D��¦��p 95�$I5] r D�Nu_JW:D S1V5Z\_:NRM[VLW _:W:Mz^`_:D VLw:NRD�W�_:D�D�W ]8MzIa�LV5WJIaZ[MzSRILW5N$ZzI r IjNRPQMzE�D A p�PmZ[_JSKJPRXeE�MzS1X r DTW`NTf|ZzI�]:VLW:W:XTD�M\W:M\NRMzIaZ[D$S1D$]8XeE�V r K?V5SRD$S1V5_JSlZ[ItnoV5P r D u0 =
∑n

k=1 u
0
krk
fdE�D$^`_:M]:VLW:W:D

u(t) =

n
∑

k=1

u0
ke

−λktrk .
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��� ��	���"&�������1�*� ¯8�5�
� W ]8D�_:b�M[} r D�D�b8D r KJZ\D�DeSAN,Z[D�ST+8S1NR} r D�]8MSR?XTPRDTW`NRM[D�Zd]8_*]8DT_8b8M\} r D�V5PQ]:PRD























∂2u

∂t2
+Au = 0

K?VL_:P
t ≥ 0

u(t = 0) = u0,

∂u

∂t
(t = 0) = u1,

�k��p =`�

V U
u(t)
DeSAN2_:WJDFnoVLWJE�NRM[VLW�]8D&E�ZzILSQS1D

C2 ]8D R+ ]:ILWJS Rn faD�N u0, u1 ∈ RN p :mW$]8XTE�V r K{V`SRILW`NZ\DeS�]8V5W:W:XTDTS�M\W:M\NRMzIaZ[DTSlSRVL_JS=Z[IynoVLP r D u0 =
∑n

k=1 u
0
krk
D�N
u1 =

∑n
k=1 u

1
krk
fU�¦��p =`�=IL] r D�NE�V r�r D�S1V5Z\_:NRM[VLW�_:W:Mz^5_JD

u(t) =

n
∑

k=1

(

u0
k cos

(

√

λkt
)

+
u1

k√
λk

sin
(

√

λkt
)

)

rk .

ViZ,DTS1N$E�Z[ILM\PySR_:P$E�DeS$]8D�_:b¡D�b8D r K:Z[DTS$^`_:D*ZzI~E�VLWJWJIaMzSRSQIaW{E�Dt]:_ SRK{DeE�NQPRD ]8D*ZzI r IaNRPQM[E�D AK{DTP r D�N�]8DvPRXeS1V5_J]8PQD�Z\DeS=KJPRV5w:Z\} r DTS=] g XTcLVLZ[_8NQM\V5W¡�k�8p 9`�,D�N��k�8p =���p 2&_JSQS1M�XTc`Mz]8DTW5N�S1V5M\DTW`N1h¦M\ZzS�fE�DTS�D�b�D r K:Z\DeS$S1V5W`NvNQVL_8NyY�n�IaM\N�PQD�KJPRXeS1DTW5NHIjNQMOn�S�]8D*ZzI�]8X r IaPHEHG:D�^`_:D*W:V5_JS�IaZ[Z\V5WJS�S1_JM\c�PQD]:IaWJS�Z[I�S1_:M\NRD5p(0=VL_JSvIaZ[Z\V5WJS�PQD r K:ZzILE�DTP�ZzI r IjNRPQMzE�D A K{IaP�Zkg VLK?X�PHIjNRDT_:P −∆
fdZkg DeS1K{ILE�D

RnKJIaP2Zkg DeS1K{ILE�D,]8D�7=M\Z[w?D�PRN
L2(Ω)
faD�NBW:VL_{S2IaZ[Z\V5WJS ²1]:M[IL�LVLW{IaZ[M[SRD�P1³mZ\D&q�IaK:ZzILE�M\DTWvK?VL_:PBPRXeS1V5_J]8PQDZ®g XT^`_JIaNRM[VLW*]8D�Z[I�EHGJILZ\DT_:PFVL_*Zkg Xe^5_{IjNRM[VLW*]8DeSFVLWJ]8DeS�p

2&´JW�]:DvSRD�E�V5W`cjILM\WJE�PRD�^`_:D��k�8p\���FDTS1N�w:M[D�W�Z[I�²1w?VLW:W:D�³�noVLP r _:ZzIjNQM\V5W ]8_ K:PQVLw:Z[} r D�IL_8bc�ILZ\DT_:PHS�K:PQVLKJPRDeS�K?VL_:P�Z[D qdIaKJZ[I5E�M[D�W fUVLW¶K{DT_8N$KJILSQS1DTPvK{IaP�_:W¶ILPR�5_ r D�W`N$]8D�²RSRX�KJILPQIaNRM[VLW]8DTSlcjIaPQM[ILw:Z[DTSA³v]:IaWJSlZkg Xe^`_JIjNQM\V5W�]8D�ZzItEHGJILZ\DT_:PlVL_¸Z®g XT^`_JIaNRM[VLW�]:DTSlVLWJ]:DTS�^`_:D�W:VL_JS�]8XeE�PQMOhcLVLW{S2noVLP r D�Z[Z\D r D�W`NTpQ:mWuZkg ILwJSRD�WJE�D=]8D&NQD�P r D�SRVL_:PHE�D5faD�NFD�Wv²1VL_Jw:Z\MzIaW`N1³���K:PRVjc�MzS1V5M\PQD r DTW5N��UZ[IE�VLW{]8MONQM\V5W M\WJMONQM[ILZ\DvD�N=Z[DTS�E�VLW{]8MONQM\V5WJS=IL_8b*Z\M r MONQDTSTf{W:V5_JS=EHGJD�PHEHG:VLWJS&_:W:D�SRVLZ[_8NRM[VLW
u

]8D�E�DTSXT^`_JIjNQM\V5WJS,^`_:M STg XeE�PQM\c5DlSRVL_JSFZzIvnoVLP r D
u(x, t) = φ(t)u(x),Eag DTS1N1hiYjhi]8M\PQDy^`_:DuZkg VLW¡SRX�KJILPRDuZ\DeS�cjIaPQM[ILw:Z[DTS�]:DyNRD r KJS�D�N�] g DeS1KJI5E�D5pU��M

u

DeSAN�S1V5Z\_:NRM[VLW¡]8DZ®g XT^`_JIaNRM[VLW*]8D�Z[I�EHGJILZ\DT_:P
∂u

∂t
−∆u = 0,

�¦��p/.L�
VLWtNRPQVL_:c5D��®Ia_ r VLM[WJS!noVLP r D�Z[Z\D r DTW`NH�F^`_:D

φ′(t)
φ(t)

=
∆u(x)

u(x)
= −λ

V U
λ ∈ R

DTS1N,_:W:D�E�VLWJS1NQILW5NQD�M[WJ]8XTK{DTWJ]:ILW5NQD�]8D
t
D�N=]8D

x
p �WtDTW�]8Xe]8_:M\N�^`_:D

φ(t) = e−λtD�N=^`_:D
u
]8VLM\N � NQPRD�SRVLZ[_8NRM[VLW*]8_*K:PQVLw:Z[} r D�Ia_:bucjIaZ[D�_:PHSFK:PQVLK:PQDTS

−∆u = λu
�¦��p �5�

r _:W:M�]8D�E�VLW{]8MONQM\V5WJS,Ia_:btZ[M r M\NRDTS,I5]8XT^`_JIaNRDeS�p
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¯:�e¯ ���������
	���������������������������! �"$#%�&���' (�������)�*������

x�D�Z[I r��Tr D r IaWJM\}TPRD5f:S1M
u

DeSAN=SRVLZ[_8NQM\V5W�]8D�Zkg XT^`_JIjNQM\V5W�]:DTSFVLW{]8DTS
∂2

u

∂t2
−∆u = 0,

�k�8p°�L�
V5WuNQPRV5_:cLD�^`_:D

φ′′(t)

φ(t)
=

∆u(x)

u(x)
= −λVQU

λ ∈ R
DTS1N�_:WJD*E�VLWJS1NQILW`NRDLpmC/D�NRNRDtnoVLMzSAhiE�M!VLW¶D�W ]8XT]8_JMONy^`_:DLf2SRM

λ > 0
�®E�D*^5_JMFSRD�PHID
R?DeE�NQM\c5D r D�W`N�Z\D$ETILSH��f IaZ[VLPHS φ(t) = a cos(

√
λt) + b sin(

√
λt)
D�N�^5_JD

u
]8V5MON�D�W{E�VLPQD � NRPQDSRVLZ[_8NQM\V5Wu]8D$�k�8p �`��p��,D r ILPQ^`_:V5WJSB^`_:D5f�SRM Z\D�E�V r K{V5P1NQD r D�W`NFD�WuDeS1K{ILE�Dl]8DlZ[I�S1V5Z\_:NRM[VLW

u

DeSANZ[D r��Tr DlK?VL_JP!Zkg XT^`_JIjNQM\V5Wt]8DlZzIvEHGJILZ\DT_:PFD�NFK{V5_:PFZ®g XT^`_JIaNRM[VLW�]8DTS!VLW{]8DTSTf�M\Z|W g D�W�DTS1NFKJILSF]8Dr��Tr D�K?VL_:P�SRVLW~E�V r K{V5P1NQD r D�W`N�D�W¸NRD r K{S�� D�Z[Z\D�V`SRE�M\Z[Z\D�D�W¸NQD r KJS�K?VL_:P�Z[DTS�V5WJ]8DTS�ILZ\V5PQS^`_ g D�Z[Z[D�]:XTE�PQV��zN,D�b8K?VLW:DTW5NQM\DTZ\Z[D r DTW5N&DTWuNQD r KJS��®E�ILP λ > 0
�!K{V5_:P,Z[I�EHGJILZ\DT_:Pep

� �����8� ? �����
	��	��D0&V5_JS!cLD�WJVLWJS!]8DlcLVLM[P/^`_:DlZkg Xe^5_{IjNRM[VLW�]8DTS!V5WJ]8DTS!IL] r D�NF]:DTSFS1V5Z\_:NRM[VLWJSV`SRE�M\Z[ZzIaW`NRDeS/K?X�PQM[V�]:M[^`_:D r DTW`N&D�WtNRD r KJS=]8_�N,+`K?D
u(x, t) = e−iωtu(x),VQU

ω =
√
λ
D�N�ZzI�noPRXe^5_JD�WJE�D�]8DeS�V5SQE�M[Z\ZzIjNQM\V5WJSvD�N

u(x)
DTS1N�Z[D�_JPyI r K:Z[MONQ_J]8DLp ViZ,STg IL�LM\N�ZzY] g _:WJD�ETIaPHILE�NQX�PQM[S1NRMz^`_:D��LXTW:X�PHIaZ[D�]8DeS=Xe^`_JIjNQM\V5WJS�IL_8b ]8X�PQM\c5X�DeS&KJILP1NQM\DTZ\Z[DTS�Z\M[W:XeIaM[PRDeS=]8DvN,+�K{DG-+�K?D�PQw{V5Z\Mz^`_:DLpLC/DTS2SRVLZ[_8NQM\V5WJSUV5SQE�M[Z\ZzIaW`NRDeSUVLW`NU_JWvM[W`NRX�P � N2K:G-+8SRM[^`_:D!X�c�Mz]8D�W`N2D�NmM[WJ]8XTK{DTWJ]:IaW`N]:DyZ[I PRXeS1V5Z\_8NQM\V5Ws�LXTW:X�PHIaZ[D$]|g _JW:DuXe^5_{IjNRM[VLW�] g XTcLVLZ[_8NQM\V5W¸G-+�K?D�PQw{V5Z\Mz^`_:DLp(:mZ\Z[DTS r V8]8X�Z[M[SRD�W`NN,+�K:Mz^`_:D r DTW5NB]:DTS2c�M[w:PQIaNRM[VLWJS,��KJIaP2D�b8D r K:Z[DLfaXTZ[I5SANQM[^`_:DeSQ�UV5_�]8DeS2VLW{]8DTS&��KJIaP2D�b8D r K:Z[DLfaXTZ\DeE�hNQPRV r Ia�LWJX�NRMz^`_:DTSH��f5D�NFD�Z[Z\DeS/SRDlPRDTWJE�V5W5NQPRDTW`NB�LXTW:X�PHIaZ[D r D�W`NBDTWyZkg ILwJS1DTWJE�Dl]8D�NRD�P r D�SRVL_:PHE�D�D�NILK:PQ}TS!_:W�NRD r K{S&]|g X�NQILw:Z[M[SQS1D r D�W`N&^5_JM K{DTP r D�N/²1]|g VL_Jw:Z\M[D�P1³�ZzI�E�VLW{]8MONQM\V5W*M\W:M\NRMzIaZ[DLp •

� � �`�j¨ « ¨5���
	��	�������� �
Ω = RN ��� ��������� �!#"��

u(x) = exp(ik ·x) �%$&�'"(�)�*$&�#+,"-�.� �#�0/(�2143 � 576$�� |k|2 = λ �98 �)�:�;�<+,+ �:$&�#+,"-�.� �#�=�%$;�'>7?(?<� + @%�:����/(�A?7+ >7�)� �
PmPQD�WJVLWJS,_JW*IL_8NRPQD�D�b8D r KJZ\D5f:Y$SRI�c5VLM[PF�T> 6-? �U� ªT« �{§¬¢U��B ¨ 4 ��C ¢ « §ED?�`��MzSRSR_:D�]8D�ZzI r X�hETIaW:Mz^`_:D�^`_JIaW`NRMz^`_:D$�oc5VLM[P,Z\D�C/GJILK:MONQPRD�����p

� � �`�j¨ « ¨5���
	��	GFH����� ��"7�I?<�<�;� �-�.� � +J��@-K�"7+ � �<�
V (x) �L� �������G�<�M!�")�(NO$P�

u(x, t) = e−iωtu(x)�-$;�Q$&��+,"��.� ���2/(�
i
∂u

∂t
+ ∆u− V u = 0

/(>7�)$
RN × R+

∗ ,
�¦��p �5�

>7+ ���G$
u(x)

�%$&�L$R��+,"��.� ���2/ �

−∆u+ V u = ωu
/7>7�)$

RN .
�¦��p º5�

�WyPQD�NQPRV5_:cLD=Z\D r��Tr D&N,+�K{D�]8D�K:PRV5w:Z[} r D=SRK{DeE�NRPHIaZ ^`_:Dv�¦��p �5��f`Y�Zkg IL]:]8M\NRM[VLWt]|g _JWyNRDTP r D] g V5PQ]8PQDTS�X�PQV K:PR}eS�pP�V5_:P Z®g XT^`_JIaNRM[VLW ]8D¡�8EHG:P.U8]8M\WJ�LD�P�ZzI¶cjILZ\DT_:P K:PQVLK:PQD
ω
S�g M[W5NQD�PQK:PQ}�NRDE�V r�r D/_JW:DFX�W:DTPR�5M\D5p�q�I=KJZ\_JSUK?D�NQMONQD,c�ILZ\DT_:P�K{V`SRSRM[w:Z\DF]8DFE�D�N1NRDFXTW:D�PQ�LM[D!E�VLPQPRDeS1K?VLW{]�Y�Zkg X�W:DTP1h�5M\DF]8DFZkg X�NQIjN�noV5WJ]:I r DTW5NHIaZ8]8_�ST+8S1NR} r D,]8XeE�PQMON2KJILP,�k��p �5��pjq DTS2IL_8NRPQDTS�cjIaZ[D�_:PHSTfeKJZ\_JS��5PQILWJ]8DeS�f
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�5� �O� 	��������� � �-���J�	����&��� ¯8�59
]8VLW:WJD�W`NmZ\DeS2X�WJD�PQ�LM[DTS2]8DeS2X�NHIjNQSmD�b:E�M\NRXeS�p5�8VL_JSm]:DTSmE�VLWJ]8M\NRM[VLW{Sd²APHIaMzSRVLW:WJILw:Z[DTSA³/S1_:PBZ\D,K?VaNQD�W8hNRM[D�Z

V
f|E�DTS�W:M[cLDeIa_8b ]|g X�W:DTPR�5M\D�SRVLW`N�]:M[SQE�PQD�NHS�DTW�W:V r w:PQD�M\W8´{W:Mm]8X�WJV r wJPQILw:Z\D*��E�D�^`_:M2DeSANE�VLGJX�PQD�W`NFI�c5DTElZzIvc�MzS1M[VLW�K:G-+8S1Mz^`_:D�]8DTS������
	���T��p

� � �`�j¨ « ¨L���
	��	�� ����� �
V (x) = Ax · x >������

A � >������ � � $�� � @ ����� !#"�� �G@%�<+,+ ��/(@�� �<� � ?<� $�� �.� ��� �
� �#�-���G�<�J!�")�

u(x) = exp(−A1/2x · x/2)
�-$;�:"7���A$&��+,"��.� ��� /(� 1 3 � �(6 $�� ω = tr(A1/2) �O8 ����;�<+,+ �:$&�#+,"-�.� �#�:�-$;�'>7?(?<� + @%�:@ �&>���� ����/(> � �<���&>7+ �

���� ���! �#"���� +d'��%$B�&"U��)��
xlIaW{S�E�D�NRNRDySRDTE�NRM[VLW�WJVL_JS�M[W`NRPQV�]:_:M[SRVLW{S�_JW:D�NRG:XTVLPQM\D�S1K?DTE�NRPHIaZ[D�ILwJS1NRPHIaM\NRD�]:IaWJS�Z[DTS�DeSAhKJILE�DTSU]8D�7=M\Z[w{DTP1N,�oc5VLM[PdKJILP�D�b8D r K:Z[D�'°¯ �)(o��pjq D/w:_8N�_:Z\NRM r DF]8DeS�]8XTcLDTZ\V5K:K{D r D�W`NQSU^`_:M`SR_:M[cLDTW5NDTS1N=]8D��LXTW:X�PHIaZ[M[SRD�P,Y�ZzI$]8M r DTWJS1M[VLW*M[W8´JW:M[D�Z[D�PRXeS1_:Z\NQIaN&w:M[D�W E�V5W:W�_�DTW ]8M r DTWJS1M[VLW�´JWJM\D�^`_:MIj±$P r D$^`_:D�NRV5_8NRD r IaNRPQM[E�D�S8+ r X�NRPQMz^5_JD$PRXTD�Z[Z\D�DTS1N�]8MzIa�5VLWJILZ\MzSRILw:Z[Dv]:ILWJS�_:W:D$w{ILSRD�V5P1NQG:VahW:VLP r X�DLp%:BW�KJPRD r M[}�PQD�Z\DeE�NQ_:PRD�V5WtK?VL_:PQPHIvI5] r D�N1NQPRD�NQVL_JSFZ[DTSFPQXTSR_:Z\NQIaNQS,]8D�E�D�N1NQD�S1DeE�NQM\V5W p

-/.@AF.10 * Cd4�C 7 N�FR@i6%C�E
xlIaW{SyNQVL_8NtE�D�^`_:M�S1_:M\N

V
]8XTSRM\�5W:D _:W£DeS1K{ILE�D ]:D 7&M[Z[w{DTP1N�PRXTD�Z r _:W:M�]|g _JW£K:PQV�]:_:MONSRETIaZzIaM[PRD 〈x, y〉 p

+ 6 ;�§ «�ªT« �?§ �9	 F9	4�-,/.
01�
A
�2	435��67698:0<;=�>�?0<.>	@8:01	9A=�
01B�3C;=.>	��D01	���35E73

V
EF�>	HG

V I�J 	K�=6F6�3�818�3L �>8M3��2BN64BO.�64BO35E73 A �2	PBOA=3�8
λ ∈ R

�3�8Q���SR 018&3�T70UG=�V3W�2	XA�8MA�YZ3�	��S	4.
	P	��28
x ∈ V ���20 L A�B[0 \�3

Ax = λx IW] 	^�V3�8 L 3=;��3��2B x 3�G[����676H3�8MA L 3�;��V3��2B�64BO.�64BO3_�
G=G�.�;�0<AC`a8M� L �>8M3��2B�64BO.�64BO3 λ I
b 4(6 �{�j�`�¡� �
	GF
	GFc,4.>01�

A
�2	93d��6F648:0<;=�
�D0<.
	P8:01	4A��>01BO3W;=.
	��D01	���3eEF3

V
E7�
	HG

V IHf 8�3�T70UG[�3g�2	93�2	�0<����35��67698:0<;=�>�?0<.>	K8h01	9A=�
01BO3Z;=.
	��?01	���3
A∗ E73

V
EF�
	�G

V i E
01�V3Z�FE�j�.
01	��V3 i �V3�818M3C����3

〈Ax, y〉 = 〈x,A∗y〉 ∀x, y ∈ V.
+ 6 ���?§�� ª �j� ªe« �?§ 	(P�VL_:P

y ∈ V ´Jb�X5fJSRVLM\N L ∈ V ′ ZzIvnoVLP r D�Z[M[W:XTILM\PQD�E�VLW`NQM\W�_:D�]8X�´JW:M[D�KJIaP
L(x) = 〈Ax, y〉 p(P2ILPvIaKJK:Z\MzE�IaNRM[VLWs]8_lkFG:XTVLPQ} r D �e¯:p\�5p\�e�*]8D �,M[DTSRSLf�M\Z/D�b8M[S1NRD$_JW�_:W:Mz^`_:D
z ∈ V

NRDTZ!^`_:D
L(x) = 〈z, x〉 p2�W�]8X�´JW:M\N�ILZ\V5PQS�Zkg ILK:K:Z[M[ETIjNQM\V5W A∗ ]8D V ]:ILWJS V ^`_:Mkf�YEHGJIL^`_:D

y
ILSQS1V8E�M[DBZ[D

z
E�VLPQPRDeS1K?VLWJ]JIaW`NTpj�W�cLXTPRM\´JDBn�ILE�M[Z[D r D�W`N2^5_JD A∗ DTS1NUZ[M[W:XTILM\PQD/E�VLW`NRM[W�_:DLfD�N&VLW*I�w:M[D�W

L(x) = 〈Ax, y〉 = 〈x,A∗y〉 p �

+ 6 ;�§ «�ªT« �?§ �9	 F9	U�m,/.
01�
A
�2	435��67698:0<;=�>�?0<.>	@8:01	9A=�
01B�3C;=.>	��D01	���35E73

V
EF�
	�G

V I�J 	nE>01�%����3
A
3�G=�o�
�2�V. � �7EVj�.
01	��35G[0p3�818M3Z;�.>q1	9;�0<EF3Z� L 3=;5G�.>	K�7EVj�.
01	��3 i ;�R 3[G[� � ` � E>01BO3Z����3 A∗ = A I

+ 6 ;�§ «�ªT« �?§ �9	 F9	�rc,/.
01�
A
�2	435��67698:0<;=�>�?0<.>	@8:01	9A=�
01B�3C;=.>	��D01	���35E73

V
EF�
	�G

V I�J 	nE>01�%����3
A
3�G=�oEFA?\S	�0<3%6�.)G[01�D0 L 35G[0 〈Ax, x〉 > 0

6H.>�2B#�.>�2�
x ∈ V 	9.>	X	��28 I
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�W SQIaM\N=^`_ g DTW ]8M r DTWJSRM\V5Wt´{W:M\D�NRVL_:NRDTS&Z\DeS=IaKJK:Z\MzE�IaNRM[VLWJSFZ[M[W:XTILM\PQDTS&IL_8NRVLh¦I5]��AVLM[W`NRDeS!SRVLW`N]:M[IL�LVLW{IaZ[M[SQIaw:Z[DTSF]:ILWJS,_:WJD�wJILSRD�VLPRNRGJVLW:V5P r X�D5p%0&VL_{S=IaZ[Z[VLWJSFc5VLM[P&^5_dg DTW ]8M r DTWJS1M[VLW*M[W8´JW:M[DE�D�PRXeS1_:Z\NQIaN�S1D��LXTW:X�PHIaZ[MzS1D�Ia_8b¸IaK:K:Z[MzE�IjNQM\V5WJSlZ\M[W:XeIaM[PRDeS�E�VLW`NQM\W�_:DeSlIL_8NRVLh¦I5]��AVLM[W`NRDeSl^`_:MmSRVLW`NDTWyK:Z[_JS!¨L�?�s�U�J¨ ª ���5pQViW`NQPRV8]8_:MzSRVLWJS r ILM\W`NQD�WJILW5N/Z\DeSBW:VLNRM[VLWJS/^`_:M K{DTP r D�NRNRDTW5NF]8D�]:X�´JW:M[P!Z[IE�V r KJI5E�M\NRX�]|g _:W:D�IaKJK:Z\MzE�IaNRM[VLW�Z\M[W:XeIaM[PRD�E�V5W5NQM\W�_:D5p
+ 6 ;U§ «oªe« �?§ �9	 F9	�� ] 	ZG�.>� G � 3�	HG�3�Y���8M3

K ⊂ V 3[G[�&E
01� ;=.
Y�6H�7;��/G[0 i EF3%�.>�2�3�G[�201�V3 (un)n≥1E&R A�8�A�Y 3�	��<G5E73
K i .
	 6�3��2��3�TF�DBO�>01BO3��2	43WG�.
� G � G[�201�V3 un′

;=.
	 L 3�B�� 3�	��3_EF�
	�G K I
] 	XG�.
� G � 3�	HG�3�Y���8M3

K ⊂ V
3[G[�%E
01�%BO3�8M�
�D0 L 3�Y 3�	��g;�.>Yg6��F;��oG[0 i E735�V.
�2�V35G[�201�3 (un)n≥1E&R A�8�A�Y 3�	��<G5E73

K i .
	 6�3��2��3�TF�DBO�>01BO3��2	43WG�.
� G � G[�201�V3 un′
;=.
	 L 3�B�� 3�	��3_EF�
	�G V I

ViZ�DTS1N�wJM\DTWvE�V5W:W�_�^`_:DLf�SRM
V
DTS1N�]:D/]8M r D�WJSRM\V5W�´JW:M[DLfjILZ\V5PQSdZ\DeS�SRVL_JS1h¦D�WJSRD r w:Z\DeSdE�V r KJILE�NQS]:D

V
SRVLW`NUZ\DeS noDTP r XTS�w?VLPQW:XTSTp	��IaZ[G:D�_:PQD�_{S1D r DTW`NTfTE�DBPQXTSR_:Z\NQIjNUW g DTS1N�K:Z[_JSUc�PQILMLD�Wv]8M r DTWJS1M[VLWM[W8´JWJM\D5p
:mW�D
R?D�NTfT_:W�SRVL_JS1hkDTWJSRD r wJZ\D2E�V r KJILE�N DTS1N NRV5_
�AVL_:PHS noDTP r Xmw?VLPQW:X r IaMzS ZzIFPRXeE�M[K:PQV�^`_:DWdg DeSAN&KJI5SFc�PQILM\D�E�V r�r D�Z[D r V5W`NRPQDlZ[D�Z\D r�r D�SR_:M[cjIaW`NTp

� ������� �9	 F9	���C�
	HGW�2	X3�G?6��F;=3CEF3��#018��=3�B[�
V
E735E
01Y 3�	HG[0<.
	n01	 \S	�0<3 i 8����=.
�28M3��2	�01�VA���3�B �

Y A=3�	/R 3�G[��j��
Y �
0UG_;=.>Yg6��F;��3 I
+ 6 ���?§�� ª �j� ªe« �?§ 	dC/V r�r D=Zkg DTSRKJILE�D&DTS1N!]8D�]8M r D�WJSRM\V5WyM[W8´JW:M[DLf�VLW$K?D�_:NFE�VLWJS1NRPQ_:M[PRD&K{IaP!Z\DKJPRV8E�Xe]8X�]8D��lPHI r hA�8EHG r Mz]�N=_:W:DvS1_:M\NRD�VLPRNRG:V5W:VLP r X�D�M\W:´JW:M[D (en)n≥1

p C/D�NRNRD�SR_:M\NRD�ILK:KJILP1hNQM\DTW`N&w:M\DTW YvZzI�w{V5_:Z[D�_:W:M\NRX�noD�P r X�D5p%P�ILP&IaM[Z\Z[D�_JPQSTf8K{V5_:P n 6= p
VLW*I

‖en − ep‖2 = ‖en‖2 + ‖ep‖2 − 2〈en, ep〉 = 2,E�D�^5_JM K:PQVL_:c5Dl^`_ g Ia_JE�_:W:D�SRVL_JS1hiS1_:M\NRD�]8D
en
Wdg DeSAN&_:WJD�S1_:M\NRD�]:D�C!IL_JEHG-+Lp

�

+ 6 ;U§ «oªe« �?§ �9	 F9	 � ,4.>01�
V

3��
W

E73��FTP3�G?6��F;=3�G_EF3��#018���3�B[�%3��
A
�2	93C��67698:0<;=�>�?0<.>	@8:01	9A=�
01B�3

;=.>	��D01	���3�E73
V
E7�
	HG

W INJ 	XE
01������3 A 3�G[�N;=.
Y�6H�7;��V3�G=0 8 R 01Y ��� 3%6H�>B
A
EF3�8M���=.
�28M3��2	�01�VA

E73
V

3[G[�NBO3�8��
�D0 L 3�YZ3�	��%;=.
Y�6H�7;��V3ZEF�>	HG W Ix�D r ILW:M\}TPRD�XT^`_:M[cjIaZ[D�W`NRD5f`_JW:D�ILK:K:Z[M[ETIjNRM[VLWuZ\M[W:XTILM\PQD�E�VLW`NRM[W�_:D A DTS1N,E�V r KJI5E�NQD�SRM®f`K{V5_:PNQVL_8NQDvSR_:M\NRD�w{V5PRW:XTD
xn
]8D

V
f{V5W K{DT_8N�D�b�NRPHIaM[PRD�_:W:DvSRVL_{SAhiS1_JMONQD�NRDTZ\Z[D�^`_:D

Axn′
E�VLW�cLDTPR�5D]JIaWJS

W
p �8M

W
V5_

V
DeSAN�]8Dv]8M r D�WJSRM[VLW ´JWJM\D5f ILZ\V5PQS,NRVL_:NRD�IaK:K:Z[MzE�IjNQM\V5W Z\M[W:XeIaM[PRD�E�VLW`NRM[W�_:DDeSANmE�V r KJILE�NRD5paC/DFW g DTS1NmK:Z[_JS�c�PQILM8S1M W D�N V S1V5W5N2]8D,]8M r D�WJSRM\V5WvM[W8´JWJM\D5fLE�V r�r DFZ[D r V5W5NQPRDZkg D�b8D�PHE�MzE�D�SR_:M\cjILW5Nep

� � �`�j¨ « ¨5���
	GF
	�� � �#�-���G�<� !#"�� +�� >7?7?7+ � �%>��.� ��� � / � �-�.� �;@
Id

/7>7��$A"7���-$ ?�>
� � / ��� � + �<�<���
V

/ �
/�� � � ��$�� ���A� � � � � ���!� �%$&�#" > � > � $%� � � ?)>
� �;� 1&"-�.� + � $R�<� + ��$�� �5� �23 � %#� 5(6%�
� � �`�j¨ « ¨5���
	GF
	GFH����� � +�� �-$ ?�>
� �I/(�&� � + �<�<���

`2
/(�%$ $%"<� �;�-$ ��@-�<+,+ �%$

x = (xi)i≥1
�;� +,+ �%$ !#"��

∑

i≥1 |xi|2 < +∞ N � "(� �/#" ? ����/#"<� � $��%>7+ > � �G� 〈x, y〉 =
∑

i≥1 xiyi
� ����� � (ai)i≥1

"(�)� $%"<� �;�
/(� �G@%� + $'�<��� ��@-$-N |ai| ≤ C < +∞ ?<��"7� �;��"��

i ≥ 1 �)( ��/ @�� �<� �=+�� >7?(?7+ � �%>��.� �#� + � �)@-> � �G�
A

?�><�
Ax = (aixi)i≥1

��* @ � � ��� �!#"�� A �%$&� �%�����.� �(")� ��� ��������� �#!�")�
A

�%$&� � � � ?�>
���;�'$P��� �J$&�<"7+ � � �<���$��
limi→+∞ ai = 0 �
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�5� �O� 	��������� � �-���J�	����&��� ¯8��.
� � �`�j¨ « ¨L���
	GF
	�� ����� �

U
N
V

�%�
W

���G��� $:�%$%?)>
�%�%$2/(� � � + �<� � �=/(� /�� � � ��$�� ��� � ��� �<� �7N
A

"7���
>7?(?7+ � �%>��.� �#�T+ � �)@-> � �G� � �#�-�.� �7"�� /(�

V
/7>7�)$

W
N � �

B
"7��� >7?7?(+ � �->��.� ��� + � �)@-> � �G�P�%�����.� �(")� / �

U
/7>7��$

V � � ��������� � !�")� +�� >7?7?(+ � �->��.� ���
AB

�%$&�d� � � ?)>
� �;� / � $:!#"��
A

��"
B

�%$;�e� � � ?)>
� �;� �� � /(@-/#"<� �G�0!#"!� "7��� >7?7?7+ � �%>��.� ��� + � ��@�> � �����%�����.� �(")���%� � ?�>
���;�=� � �%$;�)" > � > � $'� ����� ��$����(+ �0/ �,� � �)�<�G$&�
� �����.� �7":� �A/�� � �<�)$P� �#� � ��� �<� � �
-/.@AF.@A � Cd> 9�L H�9�E`@A6:@A9B4 E H)Gd>?687ON F,G�;���<=4 9�H)C 7ONU6%Gd<&7 > 9�LMH�N�>?6
qdD�PRXeS1_JZONHIjN,K:PQM\WJE�M\K{IaZ ]8D�E�D�N1NQD�S1V5_JS1h¦SRDTE�NRM[VLWyDeSAN&Z[D�S1_JM\cjIaW`Nep

b 4(6 �{�j�`�¡� �
	GF
	���,4.>01�
V

�2	 3[GD6��F;=3KEF3 �#018��=3�B[�_BOA=3�8dEF3KE
01Y 3�	HG[0<.
	 01	 \p	�0<3X3��
A

�2	93
��6F648:0<;=�
�D0<.
	l8h01	9A=�
01BO3 ;=.>	��D01	���3 i EFA?\S	�0<3�6H.
G[01�?0 L 3 i �
�2�V. � �7EVj�.>01	��V3 i ;=.
Y�6H�7;��V3 EF3 V EF�>	HG

V I� 8M.
B=Ge8M3[G L �
8M3��2B=Gp64BO.�64BO3�G#E73 A ��.>B[YZ3�	��N�2	93dG[�201�3
(λk)k≥1

E73#BOA=3�8 GdG[�DB[0<;��V3�YZ3�	��96�.)G[01�D0 ��G
���20g�V3�	9E L 3�B=G
	 i 3��W018%3OT70UG[�V3 �2	43 ���
G�3�� 018��=3�B[�?0<3�	�	43

(uk)k≥1
EF3

V
��.
B[Y A�3 E73 L 3=;��3��2B=G

69BO.=69BO3�G_EF3
A i � L 3=;

Auk = λkuk
6�.
�2B

k ≥ 1.

� �����8� ? �U�I�9	 F9	��C/V r�r D�E�VLWJSRXT^`_:DTWJE�D�]8_^kFGJX�VLPQ} r D���p°¯8p �:fJD�N�I�c5DTElZ\DeS r���r DeS&W:VLNQIjhNRM[VLWJSTf8VLW*VLw:NRM[D�W`N,Z[I�¢ 6 ¨5�{���B�{� «oªe« �?§¡�T�B��¨ ª ���J���y]8D�NQVL_8N,XTZ\X r DTW`N v ∈ V
v =

+∞
∑

k=1

〈v, uk〉uk
I�c5DTE ‖v‖2 =

+∞
∑

k=1

|〈v, uk〉|2.

•
� � �`�j¨ « ¨L���
	GF
	Mr ( � �G�<? ��� �)/ + �%$M�)�<�&>��.� �#��$ �%�Q+ �-$����(?<� ��� � $&�%$ /#"�����@-��� � � � 3 � %#� � �#� �#�-���G�<�
!�")�(N?<�#"(�

v ∈ V N +�� @�!�"�>��.� ���
Au = v

>�/ � �%�0"7��� "7�<� !#")� $R��+,"��.� ���
u ∈ V $P��� �Q$&�<"7+ � � �<���L$P�

v
��@ � � ���

+∞
∑

k=1

|〈v, uk〉|2
λ2

k

< +∞.

qdVLPHSR^`_:D�Zkg ILK:K:Z[M[ETIjNRM[VLW¸Z[M\W:XeIaM[PRD
A
W g DTS1N�KJILS�E�V r KJILE�NRD�Z[DZkFGJX�VLPQ} r Dy��p°¯8p �yNQV r w{D$DTW]8X�n�IL_8N=E�V r�r D�Z[D r V5W`NRPQDlZkg D�b8D�PHE�MzE�D�S1_JM\cjIaW`Nep

� � �`�j¨ « ¨L���
	GF
	�H����� �
V = L2(0, 1)

�%�
A

+�� >7?7?(+ � �->��.� ��� + � ��@�> � ����/(�
V

/7>7��$
V

/ @��� � � ?)> �
(Af)(x) = (x2 +1) f(x) �
* @ � � ��� � !#"�� A �%$&� �%�����.� �(")�(N / @��� � �2?<�($P� �.� �)�(N<>7"��;��� >�/ " ��� ���;� � > � $?)>)$��%� � ?�>
���;� � � �#�-���G�<�'!�")�

A
� � >I?�>)$2/(� �)>7+ � "(�G$ ?<�G��? ���-$ � ( ��?<��"7�4� >!��@ � � ��� �'>7")$&$��
!#"��

(A− λ Id)
�%$&�*� ���)�<�G$P���7+ �:/)�,� � �)�<�G$&�#� �#�-�.� �7"2$P��� �'$&� "(+ � � �<��� $P� λ /∈ [1, 2] �

��������� �"!#��$&%'�)(*�,+-(/.102�*�3�)4"!#(/5&6 7�6 8#$2����9,:�;<��$�9>=?(*9'��@-$A��(B��("� CD+-("!#!#(*91E��)�"+-@-!#@-$F:G@-�)(*9"6
HJI�KLK
INMPORQPOTS�UWV?X3Y�Z

V [ \L]_^a` b<cd]fe&]/g YTh-i ]_j Z j'k)] hml \ X \
j)k'e3[ Y�Z b3[A^*]_[ hon ]'c Z ]_[�j�\2[ h p ] Z A [�\P]
bd`<` h Y c)b ZTYaX \ h Y \Pk'b Y j']qc X \ ZTY \2[2]�b3[ ZrX�s b<eut X3Y \ Z ]vc XGw ` b<c Z ]fe&] V e<b3\�^ V x1ym\Ne&k�zJ\ Y�Z

m = inf
u∈V \{0}

〈Au, u〉
〈u, u〉 , ] Z M = sup

u∈V \{0}

〈Au, u〉
〈u, u〉 .

{ h-X j_^)| ‖A‖ = max(|m|, |M |) |}] Z ^ X3Y�Z m |~^ XGY�Z M |m]_^ Zmn b h ]_[�j}`Fj X `2j)]�e&] A x
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¯:� � ���������
	���������������������������! �"$#%�&���' (�������)�*������

����K������
	����	������~O�� $ ;<��@ %��T:��*@ +-("!#(*$�%��&�2( |〈Au, u〉| ≤ ‖A‖‖u‖2 � ���3$�� max(|m|, |M |) ≤ ‖A‖ 6��� :3��%'�)(�E2:G�'% � �"�3!#!#(
A

("9 %�:G��%)�� :3��! �3@-$�% � ��$ ��=�%)@-("$&%,E?�3���,%)��� %
u, v ∈ V

4〈Au, v〉 = 〈A(u + v), (u + v)〉 − 〈A(u− v), (u− v)〉
≤M‖u + v‖2 −m‖u− v‖2
≤ max(|m|, |M |)

(

‖u + v‖2 + ‖u− v‖2
)

≤ 2 max(|m|, |M |)
(

‖u‖2 + ‖v‖2
)

.

��� � ‖A‖ = sup‖u‖=‖v‖=1〈Au, v〉 E��2@-9"�&�2( ‖Au‖ = sup‖v‖=1〈Au, v〉 6#� $ ("$ ���"���2@ %v���3$��$�&�2(
‖A‖ ≤ max(|m|, |M |) � �%� ��& +'� �
(<:G+ @ %)�q("$&%'�)()�"("9���(*��C#%)(*�)!#("9"6

� :G�D:3@-+-+-("���)9 � �"��!#!#(
m ≤ M � �2$ ��("9�� ("��C*��:G9 9'�2@-;�:G$&%)9 :
+-@-("�,+ 9'��@ % ‖A‖ = M ≥ 0 �9'��@ % ‖A‖ = −m

:�;<(
�
m ≤ 0

6.-m��$29'@ � �*�)��$�9#+ (���:39 ‖A‖ = M ≥ 0 / +'� :3� %'�)(0��:39 ‖A‖ = −m("9 %1�"��!#E�+-4*%)("!#("$&%}932 !#�*%'�)@4�&�2(>("$D�)(*!#E2+ :�5�:G$&%
A

EF: � −A 6 6�7���@ %>�2$�( 9'�2@ %)( (un)n≥1
��(B;<(��*%)("���)9

�2$2@ %d:G@-�)(*9�� (
V
�&��@ (*9 %�! : C @ !#@-9):G$�%)( �2:G$29,+ :f����82$2@ %)@-��$ ��(

M � �9� ("9 %: <;= u� @ �)(>����(

lim
n→+∞

〈Aun, un〉 = M
(*% ‖un‖ = 1.

-m��!#!#(
A

(*9 %?�*��!#EF:��*%)( � @-+m(*C @-9 %)( �2$2(�9'���293 r9'��@-%)(#%)("+-+-(@�&�2(
Aun′

�"��$�;<(*�"(3( �2:G$29
V

;<(_�)9q��$2(
+ @-!#@ %)(

v
6���� :3� %'�)(�EF:G�'% � ��$ :

〈Aun, un〉 ≤ ‖Aun‖ ≤ ‖A‖ = M,

�%� �9& +'� ��$ ����� �2@ %��&�2(
limn→+∞ ‖Aun‖ = M � �9� ("9 %: <;� ��@ �)(>�&�2( ‖v‖ = M

6BA�@-$F:G+-("!#("$&% � �"��!#!#(

‖Aun −Mun‖2 = ‖Aun‖2 + M2 − 2M〈Aun, un〉,
��$ ��= %)@-("$&%C�&�2(

limn→+∞ ‖Aun −Mun‖ = 0
6~����� ��+ : 9'�3�293 r9'�2@ %)(

n′ � �"("+ :A@-!#E2+-@4�&�2(D�&�2(
un′�"��$�;<(*�"(3( ;<(*�)9

v/M / � �L!#��@-$�9 � 9'@ M 6= 0 E + ($��:G9 M = 0
(*9 %v%'�)@-;�@ :3+mE��2@-9"�&�F� @-+m@-!#E2+-@4�&�2(D�&��(

A = 0 6 6�� : ���"�3$&%)@ $���@-%)�>� ( A � ��$#(*$D� ������@ %1� ��$����&�2(
Aun′

�"�3$�;<(*�"(�(�:3��9'9'@F;<(*�)9
Av/M / ("$#E2+-��9

��(f;<(_�)9
v 6 6�GH� �2$2@I�"@ %)� � (�+ : +-@-!#@-%)(�!#��$&%'�)(C�&�2(

Av/M = v � �9� ("9 %: <;= u� @ �)(D�&�2( v
("9 %/��$
;�(
�*%)("� �

E��)��E �)( / $2�3$ $��2+���: � ‖v‖ = M 6= 0 6 :G9'9'�J�"@-��;v+R:v;�:G+ (*���>E��)�3E��)( M
6

�

H I�KLK
INM?ORQ OTSFS V?XGY�Z
V [�\ ]_^r` b�c_]Be<]}g Y�h-i ]_j Z ] Z A [�\?] b_`<` h Y cdb ZTYaX \ h Y \Pk'b Y j']�c X \ ZTY \2[2] c X3w ` b<c Z ]

e&] V e<b3\�^ V xFK X [�j ZrX [ Z j)k)] h δ > 0 | YTh \�L ]:M Y ^ Z ]fb3[#` h [�^?N*[OL [�\
\ X3w#i j']1zJ\ Y e&] n b h ]_[ jd^,`Fj X `Fj)]_^
]_\Ne&]"P X jd^/e&] h L Y \ Z ]_j n b h�h ] ]− δ, +δ[ | ] Z h ]�^ X [�^ s ]_^a` b<cd]fe&]_^ n ]'c Z ]_[ jd^}`Fj X `Fj)]_^qbG^d^ X c Y k_^RQ�cSP b<c*[�\P]
e&]vcd]_^ n b h ]_[�jd^}`Fj X `Fj)]_^v]_^ Z e&]qe Y�w ]_\2^ YaX \qz~\ Y ]�x
����K������
	����	������~O�T �3$&%'�)��$29��&�F� ��$ $�(�E?("��%�EF:G9 :�;<�3@ � ��$2(�@-$�82$2@ %)�/�%� �"+-�"!#("$&%)9>��(

V � +-@-$2��:G@ �)(� !#("$&% @-$F� �"E?("$2�2:3$&%)9 � �&�2@o9'��@-("$&%�;<(
�_%)("���)9BE �)��E �)("9���( A
E?��������("9B;3:3+-("� �)9BE��)�3E��)("9

λ
%)("+-+-("9>�&�2(

|λ| ≥ δ > 0
6U� $ E��)�J�*4���(�EF: �D�"��$&%'�d:3��@I�*%)@-��$ 6U7 �2E�E?��9'�3$29f� ��$��V�&�F� @-+1(*C @-9 %)( ��$2(�9'�2@ %)(�@ $W8F$�@ (

(uk)k≥1
�%� �"+-�"!#("$&%)9 ��(

V � +-@ $���:3@ �)("!#(*$�% @-$F� �"E?("$F��:3$&%)9 � (*%m��$2(}9'��@-%)(���(};3:3+-("� �)9 E �)��E �)("9 (λk)k≥1%)("+-9X�&��(
Auk = λkuk

(_% |λk| ≥ δ
E?�3���}%)�3��%

k ≥ 1.� $�$��3%)(
Ek

+-( 9'�3�293 r("9'EF:��"( ;�(
�*%)�3�)@-("+P("$�(�("$2� �)�>EF: �}+ :>��:3!#@-+-+ (
(u1, u2, ..., uk)

6Y-m��!#!#(
Ek−1

("9 %
@ $��"+-�29,9 %'�)@I�*%)("!#("$&%,��:3$�9

Ek
� @-+ (*C @ 9 %)( �2$ ;�(
�*%)("� �,�2$2@ %d:G@-�)(

vk ∈ Ek
�&�2@P("9 %>�3�'%)0��9(��3$F:G+#;

Ek−1
6

-m��!#!#( |λk| ≥ δ � + :N9'�2@ %)(
vk/λk

("9 %f=?�3�)$2�*( �2:G$29
V � (*% � E��2@-9"�&�2( A

("9 %D�"�3!#EF:��_% � ��$ E?("��%
(*C�%'�d:3@ �)(��2$�(B9'����93 9'��@ %)(B%)("+-+ (>�&��(

Avk′/λk′
�"��$�;<(_�"(�(/�2:G$29

V
6Z-m(*E?("$F��:3$&% � E?�3��� j < k

�3$ E?("� %
�
�*�)@ �)(

Avk

λk
− Avj

λj
= vk + (A− λk Id)

vk

λk
− Avj

λj
. / 5�6I[�\ 6
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�5� �O� 	��������� � �-���J�	����&��� ¯8�j�
��� � ��$#;<�_�)@I82( �T:��*@ +-("!#(*$�%��&�2(

AEk ⊂ Ek
(*%.����(

(A−λk Id)Ek ⊂ Ek−1
� � ��$��,+-("9 ��("� C#� (*�)$2@-(*�)9

%)(_�)!#("9O;q���)��@ %)(>��( / 5�6I[
\ 6 :GE2E2:G�'%)@-("$2$�("$&%U; Ek−1
6Y-m�3!#!#(

vk
("9 % �3�'%)0��9(3��$F:G+�;

Ek−1
� �3$ ����� �2@ %

� ( / 5�6I[
\ 6
∥

∥

∥

∥

Avk

λk
− Avj

λj

∥

∥

∥

∥

≥ ‖vk‖ = 1,

�*(>����@P("9 %>�2$2(��"��$&%'�d:�� @I�*%)@-��$A:�;<(
��+ :��*��$�;<(*�"(3("$��"(/� (B+ :�9'����93 r9'�2@ %)(
Avk′/λk′

6
�

�@��K������
	
�=�	������ ������� �Y�B�	�2KNIDMPORQ O�
 O�G (1G ("!#!#(}5&6 7�6I[�\/!#��$&%'�)( �&�2(m+ � ("$�9'("!�=�+-(,��("9J;�:G+-("���)9
E �)��E �)("9/��(

A
$%� (*9 %/EF:39�;�@ ��( � %d:3$F� @-9>����(�+-(DG ("!#!#(f5&6 7�6I[9[#!#�3$&%'�)(C�&�2(?�"(*%�("$�9'("!�=�+-(�("9 %/9'�3@-%

82$2@ � 9'��@ %q@-$�8F$�@~���"$���!v=��d:3=�+-(f:�;<(
�D\@�"��!#!#(v9'("�2+~E?�3@ $&%q��� :��
�"��!��2+ : %)@ �3$ 6 � :G�q:G@-+ +-("� �)9 � �"�3!#!#(
A

(*9 %���� 8F$2@-(/E?��9'@ %)@-;<( � %)����%)(*9 +-("9 ;3:3+-("� �)9�E �)��E �)("9 9'�3$�%�9 %'�)@I�*%)("!#("$&%�E?��9'@ %)@-;<("9"6���3%)�3$29
(λk)

+-("9
;3:3+-("� �)9vE �)��E �)("9f� (

A
(_%

Vk = Ker(A − λk Id)
+ (*9�9'����93 r("9'EF:��"( E �)��E��)(*9�:G9'9'�J�"@-�"9 / +-(VG ("!#!#(

5&6 7�6I[9[�$2�3�29 ��@ %1:G�29'9'@��&�2( �d0F:��&�2(
Vk

("9 %m��(>��@-!#("$�9'@ �3$C8F$�@ ( 6 6Y� $��)("! : �S�&�2(1�&�2(,+-("9m9'�3�293 r("9'E2:��"(
E �)��E �)("9

Vk
9'��$&%>�3�'%)02��(��3$F:3� C � ("��CV;f� ("��C +2(*$ (��P(*% � 9'@ vk ∈ Vk

(*%
vj ∈ Vj

:�;<(
�
k 6= j � :G+-�3�)9 ��*��!#!#(

A
("9 %�:3� %)�� :��=! ��@-$&% � �3$ :

〈Avk, vj〉 = λk〈vk, vj〉 = 〈vk, Avj〉 = λj〈vk, vj〉,

��� �9&�+ � �3$ � ������@-%��&�2( 〈vk, vj〉 = 0
E2��@-9"����(

λk 6= λj
6�7 ��@ %

W
+'� :�� 02�*�)("$��"(���:3$29

V
��(�+ � ��$2@-��$D��("9

Vk

W =

{

u ∈ V, ∃K ≥ 1
%)("+%�&�2(

u =

K
∑

i=1

uk, uk ∈ Vk

}

.

� $$�"�3$29 %'�)��@-%U�T:��"@-+ (*!#("$&%}�2$�(>=2:39'(�02@-+-=?(*�'%)@-("$2$�(B��(
W

EF: �1�)�"�2$�@-��$���("9 =F:G9'("91�G�'%)02��$��3�)! :G+ (*9}��(
�d0F:��&�2(

Vk / �_02:��"��$�� (1� @ !#(*$29'@-��$>8F$�@ (m(*%~�3�'%)0��9(��3$F:G��Cq("$&%'�)(m("� C 6 6�T ��$&%'�)��$�9U�&�%� (*$ ��:3@ %
W = V

/ �*(��&�2@oE��)����;<(*�d: :3��9'9'@H�&�2(/+ :�9'��@-%)(
(λk)

("9 %�@-$�82$2@-(qE2�2@-9"�&�2(
V

("9 %���(v��@-!#("$29'@-�3$A@ $W8F$�@ ( 6 6%� $@-$&%'�)������@ %,+ � �G�'%)02�9(3��$2:3+ � (
W

��� 8F$2@PE2:G�

W⊥ = {u ∈ V
%)("+%����( 〈u, v〉 = 0 ∀ v ∈W} .

-m�3!#!#(
W

("9 %�9 %d:G=2+-(AEF: �
A / AW ⊂ W 6 � ��$ ;��*�)@ 8F( �&�2(

W⊥ ("9 %D:3��9'9'@ 9 %d:G=2+-(AEF: �
A
��:G�

〈Au, v〉 = 〈u, Av〉 = 0
9'@

u ∈ W⊥ (*%
v ∈ W

6O� $ E?("� %#� ��$��D��� 8F$2@ �v+ :��)("9 %'�)@I�*%)@-�3$ � (
A
;

W⊥ �&�2@ ("9 % :3��9'9'@o�2$�(�:3E�E2+-@I��:G%)@-�3$N+-@-$2�":3@ �)(>�"��$&%)@-$��2(/:3� %)�� :��=! �3@ $&%)(>�"�3!#EF:��_%)(�6F� : �B:GE2E�+ @I��: %)@-��$
� � G ("!#!#(N5&6 7�6I[�\ � 9'@ W⊥ 6= {0} � �"(*%'%)(��)("9 %'�)@I�*%)@-��$ :3��!#(*% :3��9'9'@��2$2(�;3:3+-("� � E��)�3E��)(N(*% ��$
;�(
�*%)("� �/E��)��E �)(

u ∈ W⊥ �&��@J9'�3$&%�:G�29'9'@ ;�:G+ (*���q(*%q;<(
�*%)(*���/E��)�3E��)("9q� (
A
6#-X� (*9 %�=�@ (*$ 9����q��$2(

�*��$&%'�d:�� @4�_%)@ �3$ :�;<(�� +-(X��:3@ %��&�2( � E2:G�,� ��8F$�@-%)@-�3$ � W �"��$&%)@-("$&%}� � !:;/%)���29m+ (*91;<(
�*%)(*���)91E �)��E �)("9}��(
A(_%>�&�2(

W ∩W⊥ = {0} 6�� : �R�"�3$29'���&�2(*$�% � ��$
:D$2���"("9'9):3@ �)("!#(*$�%
W⊥ = {0} � (*%R�*��!#!#(

W
(*9 %

��(*�)!#�B�3$ ("$ � ������@ %�����(
W = {0}⊥ = V

6
�

�#I�K����� � I
MPORQPOTS Q Go:����"!#�3$29 %'�d: %)@ �3$N���N.102�"�G�)4"!#(�5�6 7�6 8 ("9 % ("$��*�3�)(�;3:3+ :G=2+-(�9'@
A

$F� ("9 % EF:39
� ��8F$�@-(mE?��9'@ %)@-;<(m:3��C �)("9 %'�)@I�*%)@-��$29~9'��@ ;3:3$&%)("9 E��)4"9�+ +-("9 ;3:3+-("� �)9�E��)�3E��)("9o$2(J9'��$&% EF:G9 $2�
�*("9'9):3@ �)("!#("$&%
E?�39'@ %)@ ;�("9 � +-("9m;3:3+-("� �)9 E �)��E �)("9 $���$#$��2+-+-("9JE?("�2;�("$&%��_%'�)(>(*$#$2��!v=��)(.82$2@ � (_% KerA / +-(,9'���293 r("9'E2:��"(E �)��E �)(�:39'9'�J�"@-�?;�+ :�;3:3+-("���>E �)��E��)( $ ��+-+ ( 6 E?(*��%��*%'�)(/� (���@-!#("$�9'@ �3$ @-$�82$2@-(�6 •
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¯:�T� ���������
	���������������������������! �"$#%�&���' (�������)�*������

���� � ��)����!"U+ '!"���' "U�,+������t� ' "��
	�)��&% � �,)�)���'t������t�
-!.��F.10 ��7:9�I�F,K(L G��<N�7J@TNU68@19B4=4&G�F

0=VL_JSBPRDTcLD�WJVLWJS2IL_�ETIL]8PQD,cjIaPQM[IaNRM[VLW:WJD�Z8M[W5NQPRV8]8_JMON/IL_uC/GJIaK:M\NRPQD�9:p5qmg M\W`NRXTP � N/]8D&E�D=E�I5]8PRDI5SRSRD%S=�LX�WJX�PHIaZ:DeSANF^5_dg M[Z?STg IaK:K:Z[Mz^5_JD�PHI�Y�]8D=WJV r wJPRDT_8b r V8]8}TZ\DeSB]8MSR?XTPRDTW`NQSTp`xlIaWJS/_:WyDeS1K{ILE�D]:D 7=M\Z[w{DTP1N
V
W:VL_JS�E�VLWJSRM[]:X�PQVLWJS=_:W:DvnoVLP r Dvw:M[Z\M[W:XTILM\PQD a(·, ·) f ��� � 6`ª � «@? ���?f{E�VLW`NRM[W�_:D�D�NE�V�D�PHE�M[cLDLf8ELg DeSANRh¦Yah¦]8M[PQDl^`_:D

a(w, v) = a(v, w)
f{D�N&M[Z D�b8MzSANQD

M > 0
D�N
ν > 0
NRD�ZzS,^`_:D

|a(w, v)| ≤M‖w‖V ‖v‖V
K?VL_:P&NRVL_:N

w, v ∈ VD�N
a(v, v) ≥ ν‖v‖2V

K{V5_:PFNRV5_8N
v ∈ V.

P�V5_:P�K?VL_:c5VLM[P�IaK:K:Z[Mz^5_JD�P�Z[DTS�PRXeS1_:Z\NQIaNQS�]:DyZ[I SRDTE�NRM[VLW~K:PQXTE�XT]8DTW5NQDLf�W:VL_JS�M\W`NRPQV8]8_:MzS1V5WJS�_:WWJVL_:c5D�ZmM[W:�LPQXT]:M\DTW5Nef�Y SQI�cLV5M\P�_JW�Ia_8NQPRDyDeS1K{ILE�Dy]:D 7&M[Z\w?D�PRN
H
p(0&V5_JS�n�ILM[SRVLW{S�Z®g G-+�K{VLNRG:}eS1DnoV5WJ]:I r DTW`NQIaZ[D�S1_JM\cjIaW`NQD

{

V ⊂ H I�cLDTE�M[W
�ADTE�NRM[VLW E�V r K{ILE�NQD
V
DTS1N,]:D�WJSRD�]:IaW{S

H.

�¦��p[�L�e�
qBg D�b8K:PRDeSRSRM[VLW�²AM[W
�ADeE�NRM[VLWtE�V r KJI5E�NQD�³&cLDT_8N!]8M[PQD=K:PQXTE�M[SRX r D�W`N/^`_:D�Z®g VLK?X�PHIjNQD�_:P!]|g M\WJE�Z\_{S1M[VLW I^`_:M!Y

v ∈ V
ILSQS1V8E�M\D Iv = v ∈ H

DeSANvE�VLW`NRM[W�_~D�NvE�V r KJILE�Nu�oc5VLM[P�Z[I x�X�´{W:MONQM\V5W ��p°¯8p �a��p
2=_8NRPQD r DTW5N�]8M\NTf|Zkg G +�K?VaNQG:}TSRD��¦��p[�L���,M r KJZ\Mz^`_:D$^5_JD�]8DvNRV5_8NRD$SR_:M\NRD�w{V5PRWJX�Dv]:D V VLW�K{DT_8ND�b�NRPHIaM[PRD�_:WJD�S1V5_JS1h¦SR_:M\NRD�E�VLW�cLDTPR�5D�W`NRD�]:IaW{S

H
p q DeS&DTSRKJI5E�DTS

H
D�N
V
W:D�KJILP1NHIa�LDTW`N&KJILS=Z\Dr��Tr DBK:PRV8]8_JMON�SQE�ILZ[ILM\PQDLf�D�NdW:V5_JS Z[DTSdW:VaNQD�PQVLWJS 〈·, ·〉H D�N 〈·, ·〉V K?VL_:P�X�c�MONQD�P|NQVL_8NQDBE�V5W8no_JSRM\V5W p0=VL_JS2E�VLWJSRM[]:X�PQVLWJSdZ\D!K:PQVLw:Z[} r D!c�ILPRMzIjNQM\V5W:W:DTZ`]8DFcjIaZ[D�_JPQS�K:PQVLK:PQDTSUS1_JM\cjIaW`N,�oV5_vK:PQVLwJZ\} r DSRK?DTE�NQPQILZz�0�8NQPRV5_:cLDTP

λ ∈ R
D�N
u ∈ V \ {0} NQD�ZzS,^5_JD
a(u, v) = λ〈u, v〉H ∀ v ∈ V. �k�8p\��¯L�

�W ]8M[PHI�^`_:D
λ
DTS1N&_:W:D�cjIaZ[D�_:P,KJPRV5K:PRD�]8_*K:PQVLwJZ\} r D�cjIaPQMzIjNRM[VLWJW:D�Zm�¦��p[�e¯L�l��VL_ ]8D�ZzI�noV5P r DwJM\Z[M\WJXTIaM[PQD

a
�!D�N,^`_:D

u
DeSAN&Z[D�cLDTE�NRDT_:P,K:PQVLK:PQDlI5SRSRV8E�M[XLp

� �����8� ? �����
	��O	�� ��VL_{S�Zkg G +�K?VaNQG:}TSRD��k��p[�L���|Z[DTS�DeS1KJI5E�DeS
H
D�N
V
W:D/K?D�_JcLD�W`N �1I r ILM[S�I�cLV5M\PZ[D r���r D�K:PQV�]:_:MON=SQE�ILZ[ILM\PQDLp8��M[W:VLW*M[Z[S,SRD�PHIaM[D�W`NFX��`Ia_8buKJ_:M[SQ^`_:D V DTS1N=]8D�WJSRD�]:IaW{S H p � IaMzSE�D�ZzI DeSAN�M r K?V5SQS1M[w:Z[D�ETIaPvILZ\V5PQS�Z®g M[W
�ADTE�NRM[VLW¶]:D

V
]:IaWJS

H
SRD�PHIaM\N�Zkg Mz]8DTW5NQMONQX�^`_:MFW g DTS1NvK{ILSE�V r KJI5E�NRD$��cLVLM[PFZ®g :2b8D�PHE�MzE�Dv�8p ¯:p\����p •x�VLW:WJVLWJS�NRV5_8N�]8DvSR_:M\NRD�_:W�D�b�D r K:Z\D�E�V5WJE�PQD�NlD�NlN,+�K:M[^`_:D�]|g _:W:DvNRD�Z[Z[D�SRMONQ_JIjNQM\V5W pWPUV5_:P_JW�V5_:cLDTP1N2w?VLPQW:X

Ω
faV5W�K?V5SRD

V = H1
0 (Ω)
f
H = L2(Ω)

fLD�NmZ[IlnoV5P r DFw:M[Z\M[W:XTILM\PQD&S8+ r X�NRPQM[^`_:DDeSAN=]:X�´JW:M[D�KJIaP
a(u, v) =

∫

Ω

∇u · ∇v dx.
C/V r�r D C∞

c (Ω)
DTS1N=]8D�WJSRD�Y�Z[I�noV5M[S,]JIaWJS

H1
0 (Ω)
D�N=]:IaW{S

L2(Ω)
f:D�N&�LP��LE�DlIL_PkFGJX�VLPQ} r D

={p 9Jp ¯:��]8D��,D�Z[Z[M[EHG f Zkg G-+�K?VaNRGJ}TSRD��¦��p[�L�e�&DTS1N�cLX�PQM\´JX�D5f{D�NlV5W�Iyc�_~Ia_¸C/G{IaK:M\NRPQD!.t^`_:D�E�D�NRNRD
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�5���%� #%�&���' (��� �����*����������  � ���)�����1�����D���(�1� ��	<���  (� ¯8�eº
noVLP r Dlw:M[Z\M[W:XeIaM[PRD a DTS1N!w:M[D�W�E�V5W5NQM\W�_:DlD�N&E�V`DTPQE�M\c5D=SR_:P V p-P2IaPF_:W:D�S1M r K:Z[DlM[W`NRXT�LPHIjNRM[VLWuKJIaPKJIaPRNRM[DLf8V5Wtc5VLM\N!n�I5E�M[Z\D r D�W`N=^`_:D$�k��p[�e¯5�/DTS1N&XT^`_:M[c�ILZ\DTW`N,Y

{

−∆u = λu
]JIaWJS

Ω
u = 0

SR_:P
∂Ω,Eag DTS1N1hiYjhi]8M\PQD�^5_JD

λ
D�N
u
SRVLW`N,c�ILZ\DT_:P,K:PQVLK:PQD�D�N,noV5WJE�NQM\V5WtK:PQVLKJPRD�]8_ qdILK:Z[I5E�M[D�W pqdDTS&SRVLZ[_8NQM\V5WJSF]8Dy�k�8p\��¯L�!S1V5W`N,]:VLW:W:XTDTSFKJILP,Z\D�PQXTSR_:Z\NQIjN&SR_:M[c�ILW`NTp

b 4(6 �{�j�`�¡� �
	��O	GFc,4.>01�
V
3��
H

EF3��FT 3�G?6��F;=3�GeEF3 ��018��=3�B[� BOA=3�8 GeE73eE>01YZ3�	HG[0<.>	 01	 \S	�0<3 ISJ 	G=��676H.
G�3�����3
V ⊂ H � L 3=;%01	�j�3=;��?0<.>	!;=.
Y�6H�7;��V3�3�� ����3 V 3�G=� EF3�	HG�3gEF�>	HG

H I ,4.>01� a(·, ·) �2	43��.
B[Y 3 ��018:01	9A=�>01BO3 G��
Y A��DB[0<����3 ;=.
	��?01	���3 3��d;=. 3�BO;�0 L 3aG[�2B V I � 8M.
B=GZ8M3�G L �
8M3��2B=Gd69BO.=69BO3�G EF3	�
 I����� ��.
B[Y 3�	��o�2	935G[�201�3C;�B�.
0UG=G��
	��V3
(λk)k≥1

EF3_BOA=3�8 Go6�.)G[01�?0 ��GZ���20S�V3�	9E L 3�B=G�8 R 01	 \p	�0 i 3��018 3OT70UG[�V3W�2	93����
G�3v� 018���3�B[�D0<3�	�	93CEF3
H (uk)k≥1

EF3 L 3�;��V3��2B=Gp69BO.=69BO3�G5�)G=G�. ;�0<A[G i ;�R 3�G=� � ` � E>01BO3����3
uk ∈ V,

3��
a(uk, v) = λk〈uk, v〉H ∀ v ∈ V.

�_3o698:� G i (uk/
√
λk)k≥1

3[G[���2	93����
G�3��2018��=3�B[�D0<3�	�	93CEF3
V
6�.
�2B#8M3%69B�. E>�201�pG�;=�
8M�>01BO3

a(·, ·) I
+ 6 ���?§�� ª �j� ªe« �?§ 	3P�VL_:P

f ∈ H fJW:VL_JSFPQXTSRVLZ[cLV5WJS/Z\D�K:PQVLwJZ\} r D�cjIaPQMzIjNRM[VLWJW:D�ZNQPRV5_:cLDTP
u ∈ V NQD�Z ^`_:D a(u, v) = 〈f, v〉H

K?VL_JPFNRVL_:NRD�noVLW{E�NRM[VLW
v ∈ V. �¦��p[� 95�

ViZ|DTS1N!n�I5E�M[Z\D�]8D�c5X�PQMO´JDTP/Z[DTSFG-+�K?VaNRGJ}TSRDTSF]8_PkFG:X�V5PR} r D�9:p 9:p[��]8Dlq�Ijb�h � M\Z[�LPHI r K?VL_:P��¦��p[� 9`�^5_JM�IL] r D�N�]8V5WJE�_:W:D�_JW:M[^`_:D�S1V5Z\_:NRM[VLW u ∈ V p �W ]8X�´JW:M\N=_:W:DvIaK:K:Z[MzE�IjNQM\V5W Z\M[W:XeIaM[PRD A ]8D
H
]:ILWJS

V
^`_:M|Y

f
ILSQS1V8E�M[D=ZzI�S1V5Z\_8NQM\V5W

u = Af p%2&_8NQPRD r DTW`N,]:MONef8Z®g IaK:KJZ\MzE�IaNRM[VLWyZ[M\WJXTIaM[PQD ADTS1N=]8X�´JWJM\D�KJILP
Af ∈ V NQD�Zd^`_:D a(Af, v) = 〈f, v〉H

K{V5_:PFNRV5_8N
v ∈ V. �¦��p[�
=`�

:mW*K:PRDTWJIaW`N
v = Af ]:ILWJS��k�8p\� =`��f8VLW�VLw8NQM\DTW5N

ν‖Af‖2V ≤ a(Af,Af) = 〈f,Af〉H ≤ ‖f‖H‖Af‖H ≤ C‖f‖H‖Af‖VE�IaP=Z®g VLK?X�PHIjNQD�_:P=] g M[W
�ADTE�NRM[VLW I ]8D V ]JIaWJS H DTS1N�E�V5W5NQM\W�_ p3P2IaP�E�VLWJSRXT^`_:DTW`NTfJZkg IaK:K:Z[MzE�IjNQM\V5WZ\M[W:XTILM\PQD A DTS1N�E�VLW`NRM[W�_:D�]8D H ]:IaW{S V p|�W ]8X�´JWJMON r ILM\W`NQD�WJILW5N&_JW:D�IaKJK:Z\MzE�IaNRM[VLW*Z[M\W:XeIaM[PRD
A = IA ]8D H ]:IaWJS H f8^`_:M?DTS1N!w:M[D�W�E�V5W5NQM\W�_:D5p8C/V r�r D I DeSAN,E�V r KJI5E�Nef5Z[D=K:PQV8]8_:M\N A DTS1NIa_JSQS1M E�V r KJI5E�N��ocLV5M\P,Zkg :2b8D�PHE�MzE�D���p°¯8p 95��p%P�V5_:P r VLW`NRPQD�P,^`_:D A DTS1N&Ia_8NQVahiIL]��AV5M\W`NTf�V5WtK:PQD�W{]
v = Ag ]:ILWJS��¦��p[�
=`�BD�N&V5WtV5w8NRM[D�W`Nef:K{V5_:PFNRV5_8N f, g ∈ H f

〈f,Ag〉H = 〈f,Ag〉H = a(Af,Ag) = a(Ag,Af) = 〈g,Af〉H = 〈g,Af〉H ,YyE�IL_JS1Dv]8D�ZzIyS8+ r X�NRPQM\D�]:D a f E�Dv^5_JM�K:PQVL_JcLD�^`_:D A DTS1N�Ia_:NRVahiIL]
�AVLM[W5N=]:X�´JW:MUK?V5SRMONQMOnB]:ILWJS
H
p8�W$K?D�_:N!]8V5WJE=ILK:K:Z[M[^`_:DTPBZ[D�kFG:X�V5PR} r Dl��p°¯8p ��Y�Zkg V5K{XTPQIaNRDT_:P A ^`_:M?D�WucLX�PQM\´JD,NRV5_8NRDeSmZ[DTSG +�K?VaNQG:}TSRDTSTp ViZUD�b8MzSANQD�_:W:D�S1_JMONQDv]8XeE�PQVLMzSRSQIaW`NRD

(µk)k≥1
]8D�PQX�DTZ[S,K?V5SRM\NRM\n�Sl^`_:MdNRDTWJ] c5D�PHS&¹:fD�NFM\Z?D�b8MzSANQD=_:W:DlwJI5S1D�G:M\Z[w?D�PRNRM[D�W:W:D

(uk)k≥1
]8D
H
noVLP r X�D=]8DlcLDeE�NQD�_:PHSmK:PQVLKJPRDeSB]8D A f�I�cLDeE

Auk = µkuk
K{V5_:P

k ≥ 1.
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¯5¯a¹ ���������
	���������������������������! �"$#%�&���' (�������)�*������

�&D r IaPH^`_:VLWJS=^5_JDLf?KJIaPlE�D�NRNRDvX��5ILZ\M\NRX5fJZ[DTS�cLDeE�NRDT_:PHS,K:PQVLK:PQDTS uk
ILK:KJIaPRNRM[D�WJW:D�W`N=W:V5W S1DT_:Z[D�hr DTW5N$Y H r IaMzS�Ia_JSQS1M,Y V p �,DTcLD�WJVLWJS r IaM[W5NQD�WJILW`N�IL_¡K:PQVLw:Z[} r D�Ia_8b�cjIaZ[D�_JPQSvK:PQVLK:PQDTS�¦��p[�e¯5�/^`_:M|K?D�_:N�S�g XTE�PRM[PQD

a(u, v) = λ〈u, v〉H = λa(Au, v) ∀ v ∈ V,Y�ETIa_JSRD�]8D�Z[I�]8X�´JW:M\NRM[VLWs�k�8p\� =`��f:Eag DTS1N1hiYjhi]8M\PQD
a(u− λAu, v) = 0

f:]:VLWJE
u = λAu = λAu.

P2ILPUE�VLWJSRXT^`_:DTW5NefTZ[DTS�cjIaZ[D�_:PHS�K:PRV5K:PQDTS
(λk)k≥1

]8_�K:PQVLwJZ\} r D/cjIaPQM[IaNRM[VLW:W:DTZ?�¦��p[�e¯5� SRVLW`N�D�b8I5E�hNQD r D�W`N�Z\DeSlM\W�cLDTPQSRDTSl]8DeS�cjILZ\DT_:PQS�K:PQVLK:PQDTS (µk)k≥1
]:D

A
f|D�N�Z\DT_:PQSlc5DTE�NQD�_:PHS�K:PRV5K:PQDTS=SRVLW`NZ[DTS r��Tr DeS�p �WtK?V5SRD

λk =
1

µk

D�N
vk =

uk√
λk

.

P2ILP�E�VLWJS1NRPQ_JE�NQM\V5W f�Z\DeS�c5DTE�NRD�_JPQS�K:PQVLK:PQDTS
uk
noVLP r D�W`Nv_:WJD�w{ILSRDuG:M[Z\w?D�PRNRM[D�WJW:D ]8D H pm�Wc5X�PQMO´{D�^`_:D

a(vk , vj) =
a(uk, uj)
√

λkλj

= λk
〈uk, uj〉H
√

λkλj

= δkj ,

D�NFE�V r�r D�Zkg VLPRNRG:V5�LVLW{IaZ{]:DTS (vk)k≥1
]JIaWJS

V
DTS1N,E�VLW`NRDTW�_u]:IaW{S/Zkg VLPRNRG:V5�LVLW{IaZ{]:DTS

(uk)k≥1]JIaWJS
H
�®^`_:M{DeSAN/PRXe]8_:M\N/Ia_�cLDeE�NQD�_:P/W`_JZz��fLVLW$DTWy]8XT]:_:MON!^5_JD&Z\DeS

(vk)k≥1
noV5P r DTW5Nm_JW:D=wJI5S1DGJM\Z[w{DTP1NQM\DTW:W:D�]8D

V
K?VL_:P,Z[D�K:PQV8]8_:M\N=SRETIaZzIaM[PRD

a(u, v)
p

�

� �����8� ? �����
	��O	�� ViWJSRM[S1NRV5WJSFS1_:P,Z[D�n�IaM\N=^5_JD�Zkg V5K{XTPQIaNRDT_:P A f:]8X�´JWJM|KJIaP��k�8p\� =`��f`DeSAN,Zkg V5K{X�hPHIjNQD�_:P&]:D�PRXeS1V5Z\_:NRM[VLW*]8D�ZzI�noVLP r _:ZzIjNQM\V5W�cjILPRMzIjNQM\V5W:W:D�Z[Z[DLf:Eag DTS1N1hiYjhi]8M[PRD�^`_ g M\Z�DTS1N&D�W ^`_:DTZ[^`_:DSRVLPRNRDF�,> « § �?�5�j�e��]8DFZzI=noV5P r DFw:M[Z\M[W:XeIaM[PRD a p5C�g DeSANmK?VL_:PmE�D�NRNRD,PHIaMzS1V5W�^`_:D,Z\DeS�cjIaZ[D�_:PHSUK:PRV5K:PQDTS
λk
]8D ZzI¸noVLP r _JZ[IaNRM[VLW¬cjIaPQM[IaNRM[VLW:W:DTZ\Z[D SRVLW`NyZ\DeS$M[W`c5D�PHS1DeS$]8DTSucjIaZ[D�_:PHS$K:PQVLK:PQDTS µk

]:D A pP2ILP�D�b8D r KJZ\D5fdD�W¶]8M r DTWJS1M[VLW~´{W:M\DtZ[I noVLP r Duw:M\Z[M[W:XTILM\PQDuSTg XeE�PQMON a(u, v) = Ku · v D�NvV5W�I
A = K−1

p`x�D r��Tr D5f�K{V5_:PFZ\DlqdIaKJZ[I5E�M[D�WyV5WuI A = (−∆)−1
�®S1DT_:Z Z®g M[W`c5D�PHS1D�]8_tq�IaK:ZzILE�M\DTWDeSAN�E�V r KJILE�NTf KJILSlZ[D$qdIaKJZ[I5E�M[D�W Z[_:M\h r���r D�� c5VLM[P�Zkg :mb�DTPQE�M[E�Du��p°¯8p 95��pW:mW�n�IaM\NTf ELg DeSAN�Z\D��`IaM[W]:DtPQX��5_:Z[ILPRM\NRXt]8DtZzI�SRVLZ[_8NQM\V5W¡]8_¶q�IaK:ZzILE�M\DTW�KJILPvPHIaK:K?VLPRNvIL_¶SRDTE�V5WJ] r D r w:PQDt^`_:MFDTS1N�YZkg VLPQM\�5M\W:D�]8D�ZzI�E�V r KJI5E�M\NRX�]8D�Zkg V5K{XTPQIaNRDT_:P (−∆)−1 p •

� � �`�j¨ « ¨5���
	��O	����J@ � �#�-���G�<��"(�)� ��><��� >7�-�;�L/�"B�B��@-��� � � � 3 � ��� % ��� +�� ��� �G� � ?(+ >
�%�M+��-���7?<�<��� � $&�
/(�X�%�7� �U�)� �<� �;@�/(� + >n� ��� � � �<� + � �)@-> � �G�

a(·, ·) ?�><�A+��-���(?<� ��� � $&� ?7+,"�$Z��> ���7+ �I!#"!�,� +J���(� $;�;�I/(�<"	�
�%���)$;�&>7���;�%$0?<� $�� �.� ���-$

η > 0
� �
ν > 0

�;�<+,+ �-$'!#")�

a(v, v) + η‖v‖2H ≥ ν‖v‖2V
?<�#"(�9�;�#"-�

v ∈ V.
1
� >7��$e� �C�%>)$=+ �-$g��>7+ �<"7��$ ?<���#?<�G�%$

(λk)k≥1
�)� $R����� ?�>)$g� ���1� @ � �<���:?<� $�� �.� ���-$-N � > � $%�)@<��� ��� �-�$R�<"7+ � � � �-� λk + η > 0 � 6

0=VL_JSm]:VLW:W:V5WJS�Ia_�KJI5SRSQIa�5DB_:W:D&ETIaPHILE�NRX�PQMzSRIaNRM[VLW�NQPR}eS�_:NRM[Z\D&]8DeS2cjIaZ[D�_:PHSUK:PQVLK:PQDTS�]8_�K:PQVahwJZ\} r DlcjIaPQM[IaNRM[VLW:WJD�Z2�k�8p\��¯L��f�IaKJK{DTZ\XTDl�U� « §U¨ « �B�t¢U�¬� « §d©Q�¡�8���?�¬¢����v�{���j�:§ ª ©� « � 4 �`��p
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�5���%� #%�&���' (��� �����*����������  � ���)�����1�����D���(�1� ��	<���  (� ¯L¯:�
PUV5_:P�E�D�ZzI&V5W�M[W5NQPRV8]8_JMON�Z\DF^`_:VaNQM\DTW`NU]8D'�&I�+�Z\DTM\�5G�]8X�´{W:M®f�K?VL_:P2EHGJI5^`_:D2noVLW{E�NRM[VLW

v ∈ V \{0} fKJIaP
R(v) =

a(v, v)

‖v‖2H
.

� ���{�B�?� «�ªT« �{§��9	U�
	�r��
�v�{���j�:§ ª ©� « � 4 �`���l,4.
01�
V
3��
H

EF3��FTa3�GD6H�7;�3�GeE73 �#018��=3�B[� BOA=3�8 GWEF3
E
01Y 3�	�G=0<.>	P01	 \S	�0<3 ISJ 	 G[��6F6�.)G�3#����3 V ⊂ H � L 3=;e01	 j�3�;��D0<.
	^;=.
Y�6H�7;��V3�3�� ����3 V 3�G[�SEF3�	HG�3
EF�
	�G

H I ,4.
01� a(·, ·) �2	93���.>B[YZ3 ��018:01	9A=�
01B�3�G��
Y A��DB[0<����3_;=.
	��?01	���3�3���;=. 3�BO;�0 L 3�G[�2B V I�� .>�2B
k ≥ 0

.
	 	9.>�3 Ek 8 R 3�	�G�3�Y ��8�3^EF3�GaG�.
� G � 3�G?6��F;=3�G L 3�;��V.
B[0<3�8 GPE73 E
01Y 3�	�G=0<.>	 k E73
V I5J 		9.
�V3

(λk)k≥1
8M��G=�201�V3/¨a�j� « �T�e�:§ ª �^EF3�G L �>8M3��2B=G 64BO.�64BO3�GdE
�W64BO. ��8���YZ3 L �
B[0<�>�?0<.>	�	93�8 	�
 I�����>I� 8M.
B=G i 6�.
�2B#�V.
�2� k ≥ 1 i 8M� k � ��Y 3 L �
8M3��2B�69B�.�69B�3C3�G[��E7.
	�	4A=3o6��
B

λk = min
W∈Ek

(

max
v∈W\{0}

R(v)

)

= max
W∈Ek−1

(

min
v∈W⊥\{0}

R(v)

)

.
�¦��p[�5.5�

	 	 6��
B[�D0<;��28h0<3�B i 8��e69B�3�YC0
��B�3 L �
8�3��2B�64BO.�64BO3 L A�B[0 \N3

λ1 = min
v∈V \{0}

R(v),
�¦��p[� �5�

3��N�.>�2�/6�.
01	��%EF3_YC01	�01YC�2Y E7�
	HG 	 
 I����� 3�G[�N�2	 L 3=;��V3��2Bp64BO.�64BO3Z�)G=G�. ;�0<AZ` λ1 I
+ 6 ���?§�� ª �j� ªe« �?§ 	 ��VLM\N

(uk)k≥1
Z[I�w{ILSRD,G:M\Z[w?D�PRNRM[D�W:W:D�]8D

H
noVLP r X�D&]8DeSmc5DTE�NQD�_:PHS�K:PQVLK:PQDTS]8D �k�8p\��¯L��p|xvg ILK:PQ}TS�Z[DakFG:X�V5PR} r Dy��p°¯8p �:f (uk/

√
λk)k≥1

DTS1N�_:W:D�wJILSRD�G:M[Z\w?D�PRNRM[D�W:WJDy]8D
V
p�W�K?D�_:N/]8VLW{E&E�ILPQI5E�NRXTPRMzSRD�PUZ\DeSmDTSRKJI5E�DTS

H
D�N
V
Y�KJILP1NQM\Pm]8D=Z\DT_:PB]8XeE�V r K?V5SRMONQM\V5W$S1K?DTE�NRPHIaZ[D�ocLV5M\PFZzI �,D r ILPQ^`_:D���p°¯8p º5�

H =

{

v =

+∞
∑

k=1

αkuk, ‖v‖2H =

+∞
∑

k=1

α2
k < +∞

}

,

V =

{

v =

+∞
∑

k=1

αkuk, ‖v‖2V =

+∞
∑

k=1

λkα
2
k < +∞

}

.

�W�PQD r ILPQ^`_:D,Ia_�KJI5SRSQIa�5D!^`_:D5fLE�V r�r D,Z[DTSBcjIaZ[D�_:PHS�K:PQVLK:PQDTS λk
S1V5W5N r M[W:VLPQX�DeS�KJIaP λ1 > 0

fE�D�NRNRD*E�ILPQI5E�NRXTPRMzSQIjNRM[VLW~n�ILMON�w:M[D�W¬IaK:K{IaPHI)�zNRPQD
V
E�V r�r Dt_JW SRVL_JS1h¦DTSRKJILE�Du]8D H pB�W¡K?D�_8NIaZ[VLPHS/PQX�XeE�PQM\PQDlZ\D�^`_:VaNQM\DTW`N=]8D=�&I�+�Z\DTM\�5G

R(v) =

∑+∞
k=1 λkα

2
k

∑+∞
k=1 α

2
k

,

E�D�^`_:M ]8X r V5W5NQPRDlM r�r Xe]8M[IaNRD r DTW`NFZ[D�PRXeS1_JZONHIjNFK{V5_:P,Z[I�K:PQD r M[}�PQD�cjILZ\DT_:PFK:PRV5K:PQDLp ViW5NQPRV8]8_JMOhS1V5WJSFZ\D�SRVL_JS1h¦DTSRKJILE�D
Wk ∈ Ek

D�W:�5D�WJ]:PRX�KJILP
(u1, u2, ..., uk)

p?�W I
R(v) =

∑k
j=1 λjα

2
j

∑k
j=1 α

2
j

∀ v ∈Wk
D�N

R(v) =

∑+∞
j=k λjα

2
j

∑+∞
j=k α

2
j

∀ v ∈W⊥
k−1,
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¯5¯L¯ ���������
	���������������������������! �"$#%�&���' (�������)�*������

] g VQUtZkg V5W ]8XT]8_JMON
λk = max

v∈Wk\{0}
R(v) = min

v∈W⊥
k−1

\{0}
R(v).

�8VLM\N
W
_:W¸S1V5_JSAh¦DTSRKJI5E�D�^`_:D�ZzE�V5WJ^`_:D�]:ILWJS Ek pdC/V r�r D W DTS1Nl]8D�]8M r DTWJS1M[VLW k D�N Wk−1]:Dl]8M r D�WJSRM[VLW k− 1

f�Z®g M[W5NQD�PHS1DeE�NQM\V5W
W ∩W⊥

k−1

Wdg DeSAN,KJI5SBPQXT]8_JMONQD�Y {0} pQP2ILPFE�VLWJSRXT^`_:DTW`NTf
max

v∈W\{0}
R(v) ≥ max

v∈W∩W⊥
k−1

\{0}
R(v) ≥ min

v∈W∩W⊥
k−1

\{0}
R(v) ≥ min

v∈W⊥
k−1

\{0}
R(v) = λk ,

E�D=^`_:M?K:PRV5_:cLD,ZzI�KJPRD r M[}�PQD,X��`IaZ[MONQX=]:ILWJS=�¦��p[�5.L��p5x�D r���r D5f`SRM W DeSAN!_:WuSRVL_JS1hkDeS1K{ILE�D,]:ILWJS
Ek−1
f:ILZ\V5PQS

W⊥ ∩Wk
W g DTS1N&KJI5SFPRXe]8_:M\N=Y {0} f�D�N

min
v∈W⊥\{0}

R(v) ≤ min
v∈W⊥∩Wk\{0}

R(v) ≤ max
v∈W⊥∩Wk\{0}

R(v) ≤ max
v∈Wk\{0}

R(v) = λk,

E�D/^`_:M�K:PQVL_:c5DBZzI=]8DT_8b8M\} r D/XT�5IaZ[M\NRXB]:ILWJSF�k�8p\��.L��pj��V5MON r ILM\W`NQD�WJILW5N u _:W�K?VLM[W`N�]8D r M\W:M r _ r]JIaWJSF�k�8p\� �5��p5P�V5_:P
v ∈ V fjVLWvM\W`NRPQV8]8_:M\N2Z[I=noVLWJE�NRM[VLW f(t) = R(u+tv)

]|g _:W:DFcjIaPQM[ILw:Z\D!PQX�D�Z[Z[D
t ∈ R
^`_:M�I5] r D�N&_:W r M[W:M r _ r D�W t = 0

pOP2IaP�E�VLW{S1Xe^5_JD�W`N&SRI$]8XTPRM[cLXTD�S�g IaWJW`_JZ\D�DTW
t = 0
p

:BWtNQD�WJILW`N=E�V r K8NQD�]8D�E�D�^`_:D f(0) = λ1
fJ_:W�SRM r KJZ\D�ETIaZzE�_:Z r VLW`NQPRD�^`_:D

f ′(0) = 2
a(u, v)− λ1〈u, v〉H

‖u‖2H
.

C/V r�r D v DTS1N�^`_:DTZ[E�VLWJ^`_:D*]:ILWJS V f2Z[I¸E�V5WJ]8M\NRM[VLW f ′(0) = 0
W g DTS1N$PRM[D�W¶]|g IL_8NRPQD*^5_JDtZzInoV5P r _:ZzIjNRM[VLWuc�ILPRMzIjNQM\V5W:W:DTZ\Z[D��k�8p\��¯L��f`ELg DeSANRh¦Yah¦]8M[PQD�^`_:D u DeSANF_:Wuc5DTE�NRD�_JP/K:PQVLKJPRD=I5SRSRV8E�M[X�Y�Z[IcjILZ\DT_:P,K:PQVLK:PQD

λ1
p

�

-!.��F.@A � N F,Gd<=7 E H�7:9�H=7 G�E¡;�<�� N�H�F,N2>|@TGd4
�W�K{DT_8NlM r�r XT]8MzIjNQD r D�W`N�IaK:K:Z[Mz^5_JD�PlZ\DZkFG:X�V5PR} r D���p°¯8p �yYuZ[IunoVLP r _:ZzIjNQM\V5W cjIaPQM[IaNRM[VLW8hWJD�Z[Z\D¸]8_·qdILK:ZzILE�M[D�W£I�c5DTE E�VLWJ]8M\NRM[VLW{StIL_8b Z[M r M\NRDeSt]:D�x�M\PQM[EHGJZ\D�NTfFE�D�^`_:MlW:V5_JSu]8V5W:W:D�Z\DPQXTSR_:Z\NQIaN,SR_:M[cjIaW`NTp

b 4(6 �{���������
	��O	�c,4.>01�
Ω
�2	 .>� L 3�B[� �=.
B[	4ACBOA �>�28:0<3�BCE73a;�8M�)G=G�3 C1 E73

RN I f 8 3�TF0UG[�V3_�2	93G[�201�V3P;�BO.>0UG=G��>	��V3
(λk)k≥1

EF3!BOA=3�8 G#6�.)G[01�D0 ��G ���20d�3�	9E L 3�B=Ga8 R 01	�\S	�0 i 3��W018o3�T70UG=�V3!�2	93 �=�)G�3
�2018��=3�B[�D0<3�	�	93ZE73

L2(Ω) (uk)k≥1 i �3�818M3C����3C;*���F����3 uk
��676H�>B[�?0<3�	��g`

H1
0 (Ω)

3�� L A�B[0 \�3

{

−∆uk = λkuk
6 I 6 I EF�>	HG Ω

uk = 0
6 I 6 I G[�2B ∂Ω.

�¦��p[���a�
+ 6 ���?§�� ª �j� ªe« �?§ 	3PUV5_:PmZ[D&qdILK:Z[I5E�M[D�W$I�cLDeEFE�VLW{]8MONQM\V5WJSmIL_8bvZ[M r M\NRDeSB]8D=x�M[PRMzEHG:Z[D�NTf5VLW$EHG:V5MOhSRM\N

V = H1
0 (Ω)
f
H = L2(Ω)

fJD�N&ZzI�noV5P r D�w:M[Z\M[W:XeIaM[PRD�S8+ r X�NRPQM[^`_:D�DTS1N=]8X�´JW:M[DlK{IaP
a(u, v) =

∫

Ω

∇u · ∇v dx,
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�5���%� #%�&���' (��� �����*����������  � ���)�����1�����D���(�1� ��	<���  (� ¯L¯ 9
D�N&Z[DlKJPRV8]8_:M\N=SQE�IaZzIaM[PQDlSR_:P

L2(Ω)
DTS1N,w:M[D�W S��JP
〈u, v〉H =

∫

Ω

uv dx.

�W�c5X�PQMO´{D�ILM[SRX r DTW5N,Z[DTS,G-+�K?VaNRGJ}TSRDTS,]8_^kFG:XTVLPQ} r D���p°¯8p �:p �lP��LE�D�IL_ kFG:X�V5PR} r D�={p 9Jp ¯:�l]8D�,D�Z[Z\MzEHG f
V
DTS1N�wJM\DTW�E�V r K{ILE�NQD r D�W`N=M[WJE�Z\_JSl]:ILWJS H p|C/V r�r D C∞

c (Ω)
DTS1N�]8DTWJSRDvY$ZzI�noVLMzS]:IaWJS

H
D�Nv]:ILWJS

V
f
V
DTS1N�w:M[D�W�]:D�WJSRDu]:ILWJS

H
p(:mW8´JW f�VLW�I*c�_�Ia_¡C/GJILK:M\NRPQD . ^`_:D$Z[InoVLP r D�w:M[Z\M[W:XeIaM[PRD a DTS1N�wJM\DTW¸E�VLW`NRM[W�_:DvD�N�E�V�D�PHE�M[cLD�S1_:P V p P2ILP�E�VLWJSRXT^`_:DTW`NTf M\Z�D�b�MzS1NRD�_:W:DS1_:M\NRD�E�PQVLMzSRSQIaW`NQD

(λk)k≥1
]8DtPRXTD�ZzS�K?V5SRMONQMOn�S�^`_:MmNQD�WJ]sc5D�PHS�Zkg M[W8´JW:Mkf�D�N�M[Z!D�b8M[S1NRDu_:W:Duw{ILSRDG:M\Z[w?D�PRNRM[D�W:W:D�]:D

L2(Ω) (uk)k≥1
f:NRD�ZzS&^`_:D

uk ∈ H1
0 (Ω)
D�N

∫

Ω

∇uk · ∇v dx = λk

∫

Ω

ukv dx ∀ v ∈ H1
0 (Ω).

P�ILPy_:W:D�S1M r K:Z\D�M\W`NRXT�LPHIjNQM\V5W¶KJILPuKJILP1NQM\D��®]8_ r���r D N,+�K?D�^`_:D�E�DTZ\Z[D K:PHIjNQM[^`_:XTD ]:IaW{S$Z[I]8X r VLW{SANQPQIaNRM[VLW�]8_5kFGJX�VLPQ} r D�.:p ¯:p ¯5� VLW�VLw8NQM\DTW5NF�k�8p\�j�a��p��,D r ILPQ^`_:V5WJSd^`_:DmWJVL_JS�W g _8NRM[Z\MzSRVLWJSZ[I�PQX��5_:Z[ILPRM\NRX�]8D
Ω
^`_:D�K{V5_:P&K?VL_:c5VLM[P&IaK:KJZ\Mz^`_:D�P,Z[D�kFG:X�V5PR} r D�]8D�NRPHILE�DJ={p 9Jp\�59�D�N�]8V5W:W:D�P_:W S1DTWJSm²AKJPRDeSR^`_:DlKJIaPRNRV5_8NA³�Y�Z[I�E�V5WJ]8M\NRM[VLW Ia_:buZ\M r MONQDTS&]:D�x�M[PRMzEHG:Z[D�NTp

�

� �����8� ? �U�I�9	U�
	�£qmg G-+�K{VLNRG:}eS1DySR_:P�Z[DyE�IaPHILE�NR}TPRD�w{V5PRWJX�]:D$Z®g VL_:c5D�PRN
Ω
DeSAN�ILwJS1V5Z\_ r DTW`NnoVLWJ]:I r D�W`NQILZ\D�]:ILWJS&Z[D5kFG:XTVLPQ} r Dv��p 9:p/.8p?��MdDTZ\Z[D�W g DTS1N=KJI5S=SQIjNRMzS1n�IaM\NRDLf{Z\D_kFG:X�V5PR} r D)={p 9Jp ¯:�]8D=�,D�Z[Z\MzEHG~��SR_:P,Z®g M[W
�ADTE�NRM[VLW*E�V r KJI5E�NQD�]:D H1(Ω)

]:ILWJS
L2(Ω)
�!DeSAN,DTWt�5X�W:XTPQILZ{n�IL_8b|f8D�N,VLWK{DT_8N r V5W`NRPQD�P�^`_:D�Z[DCkFG:XTVLPQ} r D��8p 9Jp .yW g IuKJI5S=Z[M[D�_ p :mW�n�IaM\NTf M[Z�SRD�K{DT_8N�^5_dg M[Z�D�b8M[S1NRD�_:W:DM\W8´{W:MONQXt��W:VLW�]:X�W:V r w:PHIaw:Z[De�&]8D�cjIaZ[D�_:PHS&KJPRV5K:PRDeSB²1�LX�WJX�PHIaZ[M[SRX�DeSi³�Ia_ SRD�WJS�V U Z[DTS&noVLWJE�NRM[VLWJSK:PRV5K:PQDTS!W g IaK:KJILP1NQM\DTW:W:DTW5N,KJI5S,Y

L2(Ω)
p32µZzI�Z\_ r M[}�PQD�]8D�Zkg :mb�DTPQE�M[E�D���p[�Lp[��V5W r Xe]8MONQD�PHI�Z\DE�ILS,]:_*q�IaK:ZzILE�M\DTWt]:ILWJS

Ω = RN p •
� � �`�j¨ « ¨L���
	��O	GF � � /�� � � ��$�� ��� N = 1

NE��� � �#��$�� / � ���
Ω =]0, 1[ ��� >7+ ��"7+ �<�'����?(+ � �)� �;� � � �-��;��"��;�%$ + �-$���>7+ �<"7��$ ?<�G��?<�G�%$A� � + �-$5� �#�)� �.� ���)$ ?<�G��?<�G�%$ /�" $<>7?7+ >
��� � � >��)� � � �#�)/�� �.� ���)$ >7"	�T+ � �

� � �;�%$ /(� � � ��� �&�7+ � �=143 ��� 3 6%��� +�� > � /(� /(� + >�/ @�� � � ?<� $�� �.� ���2$ ?<������� >7+ � /(�5� � ? ��� �(+ � � � 1 �)��� �L+ >
� � � > �G!#"��=3 � %�� �76 N � �������G�<�E!#"�� + >A$&@ � � �

+∞
∑

k=1

ak sin(kπx)

� �����)�<�GK � /7>7��$
L2(0, 1)

$�� �%�$R�<"7+ � � � �-� $P� ∑+∞
k=1 a

2
k < +∞ N��%� /7>7��$

H1(0, 1)
$P� � �9$&� "(+ � � �<���$P� ∑+∞

k=1 k
2a2

k < +∞ �
� � �`�j¨ « ¨L���
	��O	�� ( � �%���)$P� / � �G� "(��?)> � >7+,+ @<+ @<? � ? � /(�

Ω =]0, L1[×]0, L2[× · · · ×]0, LN [
NO� �

+ �%$
(Li > 0)1≤i≤N

$&�#�-� /(�%$p�%���)$;�&>7���;�%$'?<� $�� �.� ���-$ �	� >7+ ��"7+ �<�����?(+ � �)� �;� � � �-�J�;�#"-�;�-$'+ �%$ ��>7+ �<"7��$?<���#?<�G�%$ �%� + �-$ � ���
���.� �#��$�?<���#?<�G�%$ /#" $<>7?7+ >
��� � ��>������X�%����/�� �.� �#��$ >7"	� + � � � �;�-$ /(� � � � � ���(+ �%�
143 �
� 3 6 �qdDCkFGJX�VLPQ} r D��8p 9Jp .yS1D��LXTW:X�PHIaZ[M[SRD�IaMzSRX r D�W`NlIL_�E�I5S�] g IL_8NRPQDTSlE�V5WJ]8M\NRM[VLWJSlIa_8b Z[M r M\NRDeS�p
0&VL_{SFZ[ILM[SQS1V5WJSFIa_*Z[DTE�NQD�_:P,Z[D�SRVLM[W�]8D�]8X r VLW`NRPQD�P,Z[D�E�VLPQVLZ[ZzIaM[PRDlS1_:M[cjIaW`NTp
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¯5¯ = ���������
	���������������������������! �"$#%�&���' (�������)�*������

�v�{�j�{�®��� « �����
	��O	G�c,4.>01�
Ω

�2	m.>� L 3�B[����.>B[	9AnBOA �F�28:0<3�B EF3
RN EF.>	�� 8M� �=BO.
	��?0
��BO3

∂Ω
G�3

E7A=;�.>Yg6�.)G�3 3�	 E73��FTZ6H�>B[�?0<3�GaE
0UG1j�.
01	��3�GCB�A �F�28:0
��BO3�G
∂ΩN

3��
∂ΩD

	 L .
01BZ8M���p0��F�2BO3�� I� �FI f 83�T70UG[�3W�2	43dG[�201�3�;�BO.>0UG�G��>	��V3
(λk)k≥1

EF3#B�A�3�8 Gp6H.
G=01�D0 ��G�.
�P	��28 GW���20 �V3�	4E L 3�B=Gd8 R 01	�\S	�0 i 3��S0183�T70UG[�3g�2	93 �=�
G�3B� 018���3�B[�D0<3�	�	93WEF3
L2(Ω) (uk)k≥1 i �V3�818�3d����3�;"�H�7����3 uk

��6F6��
B[�D0<3�	�� `
H1(Ω)3�� L A�B[0 \N3







−∆uk = λkuk
E7�
	�G

Ω
uk = 0

G[�2B
∂ΩD

∂uk

∂n = 0
G[�2B

∂ΩN .

� �����8� ? �����
	��O	���x�ILWJSvZ\D�E�ILSv]|g _:W:DtE�VLWJ]:MONQM\V5W¡Ia_8b~Z[M r M\NRDTSvK:_:PQD r DTW5N�]8D 0=D�_ r ILW:W fELg DeSANRh¦Yah¦]:M\PQD�^`_:D
∂ΩD = ∅ f2ZzI�noV5P r D*w:M[Z\M[W:XeIaM[PRD*W g DTS1NyK:Z[_JS$E�V�D�PHE�M[cLD*SR_:P H1(Ω)

p�P�V5_:P]:X r VLW`NRPQD�PFZ[DvC/VLPQVLZ[Z[ILM\PQD��8p 9Jp°��M[Z|n�Ia_8N=ILZ\V5PQS!_8NQM\Z[MzS1DTP,Z®g :2b8D�PHE�MzE�Dv�8p 9Jp\�5p •
� � �`�j¨ « ¨5���
	��O	Mr ( �^� ���)$P� / � �G��� �)��"��)�->7"T"(� ��"��)�<���

Ω
?)> � >7+,+ @<+ @<? � ? � /�� !#"�� �%� ��� � /7>7��$

+�� � ���<�1��� � �23 � ��� ��� � >7+ �<"(+ � �O����?7+ � ��� �;� � �<��� �;��"��;�%$:+ �-$o�)>7+ � "(�G$:?<�G��?<�G�%$'�%� + �-$o� ���
���.� �#��$ ?<�G��?<�G�%$
/#"�$<>7?7+ >
��� �<� >��)� �#�%����/�� �.� �#��$Q>7" � + � � � �;�%$M/(��� � " � >7�7�2$ "7�
�;�#"-�0+ ���<��� /

∂Ω �q�IuE�ILPQI5E�NQX�PQM[SQIjNQM\V5W�]8DeS&cjIaZ[D�_JPQS=K:PRV5K:PQDTS&K{IaP=Z[D�K:PQM[WJE�M[K{D�]8D�C/V5_:PHIaW`N1h��UM[SRG:D�P=DTS1NlSRVL_8hc5D�W`NFnoVLPRN,_8NRM[Z\D5f{E�V r�r DlZ[D r VLW`NRPQD�Z®g D�b8D�PHE�MzE�D�SR_:M[c�ILW`NTp
� � �`�j¨ « ¨5���
	��O	� ( � �G�<?<�G�<��/ + �-$M�)�<�&>��.� ���)$ � �'+ �-$�� �7?<�<��� � $R�%$ /#"��B�)@%��� � � � 3 � �#� 	#��� �������G�<�
!#")� + > � ��� +,+ �<"7��� 1 � � � � + > ?(+,")$ ?<� �.� �;� 6 � �#��$&�&>7�-�;� C /(>7�)$ +�� � �)@%K7>7+ � �;@ / ��
���� �)�-><�G@ 1 �)��� �A+ >

E�G��?<� $�� �.� ���� � �#�
���76 �-$;�0?<��@���� $R@ � � �-�0+ > ?<�G� � � � ���W��>7+ �<"7� ?<�G��? ��� λ1

/ ��143 ��� 3 6%��W�K?D�_8N/IL_JSQS1M r VLW`NQPRDTPm^5_JD,Z\DeSUnoVLWJE�NRM[VLWJS2KJPRV5K:PRDeS�]8_$qdIaKJZ[I5E�M[D�W fLI�c5DTE!E�V5WJ]8M\NRM[VLWJS2IL_8bZ[M r M\NRDeS&]8D�x�M\PQMzEHG:Z\D�N,VL_*]8D'0&DT_ r IaW:W f{S1V5W5N,PQX��5_:Z\M[}�PQDTSTp
� �j�{�B�?� «�ªT« �?§��9	U�
	�c,/.
01�

Ω
�2	 .>� L 3�B[� �=.
B[	9AeB�A �F�28:0<3�BdEF3#;�8M�
G�G�3 C∞ I � 8M.>B=G�8M3�G ��.
	4;��D0<.
	�G

64BO.�64BO3�G#G�.>8:�2�D0<.
	HG�EF3 	 
 I� 
 � �=6F6��
B[�D0<3�	�	93�	��%` C∞(Ω) I
+ 6 ���?§�� ª �j� ªe« �?§ 	,��VLM\N

uk
ZzI
k
h¦} r D�noVLW{E�NRM[VLW~K:PQVLKJPRD$SRVLZ[_8NRM[VLWs]:ILWJS H1

0 (Ω)
]8D��¦��p[���L��p�W�K?D�_8N�E�VLWJSRMz]8X�PQD�P,^`_:D

uk
DTS1N=SRVLZ[_8NRM[VLW*]8_*K:PQVLw:Z[} r D�Ia_8b�Z\M r MONQDTS,SR_:M\cjILW5N
{

−∆uk = fk
]:ILWJS

Ω
uk = 0

SR_:P
∂Ω,I�c5DTE

fk = λkuk
p{C/V r�r D fk

ILK:KJILP1NQM\DTW5N&Y
H1(Ω)

f:K{IaP,IaK:KJZ\MzE�IaNRM[VLW*]8_ kFGJX�VLPQ} r D'.8p°¯8p°¯ �]:D�PQX��5_:Z[ILPRM\NRX�VLWyDTW�]:XT]8_:M\N,^5_JD�ZzIvSRVLZ[_8NQM\V5W
uk
IaK:K{IaPRNRM[D�W`N!Y

H3(Ω)
p:x�_�E�VL_:K f`Z[D�SRDTE�VLWJ]r D r w:PQD fk

DTS1NmK:Z\_{S2PRXT�L_:Z[M[D�P2E�D&^`_:M:K?D�P r D�NB]|g Ia_J� r D�W`NRDTP2D�WJE�VLPQD/ZzI�PQX��L_JZ[ILPRM\NRXF]8D uk
p P2IaP_JW:DvPQXTE�_:PQPRDTWJE�D�n�I5E�M[Z\DvVLW r V5W5NQPRDvIaM[WJS1M�^`_:D uk

ILK:KJIaPRNRM[D�W`N�Y
Hm(Ω)

K{V5_:P=NQVL_8N
m ≥ 1

p
:BW�c5D�PRNR_�]8_ kFGJX�VLPQ} r D�=Jp 9:p°¯ .�S1_JP!ZzI�E�V5W5NQM\W�_:M\NRX�]8DeS!noVLWJE�NRM[VLWJSF]8D Hm(Ω)

��cLVLM[P,Ia_JSQSRM?ZzI
�&D r IaPH^`_:D�=Jp 9:p°¯ �5��f�VLW�D�W ]8XT]:_:MON=^`_:D uk

ILK:KJILP1NQM\DTW5N&]8V5WJE
C∞(Ω)

p
�

0=VL_JS,]8X r VLW`NRPQVLWJS r IaM[W`NRDTWJIaW`NF_:W*PRXeS1_:Z\NQIaNF^`_JILZ\M\NQIaNRM\ndNQPR}eSFM r K?VLPRNQIaW`N&YvK:PRV5K{V`SF]8D�Z[IKJPRD r M[}�PQD�cjIaZ[D�_:P,K:PQVLKJPRD5p
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b 4(6 �{�j�`�¡� �
	��O	������A¢U���*��� « § © � � ª ���:§ � J 	aB�364BO3�	4E#8M3�G%	9.>��>�?0<.>	HGg3�� 8M3[G�� ��6H.>�T� �[G�3�GE
�����HA=.
B ��Y 3 
 I�� I	�FI%J 	XG=��676H.
G�3C����358 R .
� L 3�B[� Ω

3�G[�o;=.
	�	93�T 3 I � 8M.>B=G#8M�W64BO3�Y_0
��BO3 L �>8M3��2B69BO.=69BO3
λ1

3�G[�pG[01Y�698M3 	 0 I 3 I 8M35G�.
� G � 3[GD6��F;=3%69BO.=69BO3 ;=.
B[B�3[GD6�.
	9E7�
	��o3�G[�oE73CE>01YZ3�	HG[0<.>	 ��� 3��8M3o64BO3�Y_0<3�B L 3�;��V3��2BN69B�.�69B�3%6�3��2��
��?BO3_;*��.
0UG[0/6�.)G[01�D0 ��69B�3[G�����3o6��
B[�V.
�2�oEF�
	�G Ω I

� �����8� ? �U�I�9	U�
	4��� q D kFG:X�V5PR} r D$�8p 9Jp\�e¹u]8D��PQD�M[W8h �&_8N r IaW�DTS1N�S1K?XTE�MO´{^`_:D�Ia_~E�I5S�]8DTSXT^`_JIjNQM\V5WJSm²RSRETIaZzIaM[PRDeSi³��®Eag DTS1N1hiYjhi]8M[PRD�^`_:D�Zkg M[WJE�V5W:W�_:D
u
DeSAN�Y�cjILZ\DT_:PQS,]JIaWJS

R
��p C/D�PQXTSR_:Z\NQIjNDTS1N�n�IL_8b�D�W��LXTW:X�PHIaZ�SRM`Zkg M\WJE�VLW:W�_:D

u
DTS1NmY=cjIaZ[D�_JPQSUcLDeE�NQVLPQM\DTZ\Z[DTS!�oc5VLM[P�K:Z[_JS�Z[VLM[W�Zkg D�b8D r K:Z[DF]:_ST+8S1NR} r D�]8D�Z®g X�ZzILS1NRMzE�M\NRX���p{q�I�PQILM[SRVLW ]8D�E�D�NRNRDv]:M R X�PQD�WJE�D�D�W`NRPQD�Z[D�E�I5S&SRETIaZzIaM[PRD�D�N=cLDeE�NRV5PRM[D�ZDTS1Nl^`_:DvE�D�NRGJX�VLPQ} r D�STg IaK:K:_JM\D�S1_:P�Z\DvK:PQM\WJE�M\K?Dv]:_ r Ijb8M r _ r �oc5VLM[P=Z[D_kFG:XTVLPQ} r D .8p°¯8p°¯L¯5�^5_JM W g DTS1NFcjILZ[ILw:Z\D�^`_:D�]:ILWJSFZ[D�E�ILSFSQE�ILZ[ILM\PQDLp •

+ 6 ���?§�� ª �j� ªe« �?§ 	,��V5MON
u ∈ H1

0 (Ω)
_:W~cLDTE�NRDT_:P�K:PQVLK:PQD�W:VLW~W�_:ZBI5SRSRV8E�M[X�Y�ZzI*K:PQD r M\}TPRDc�ILZ\DT_:P�K:PRV5K:PQD

λ1
p�x�g IaK:PQ}TSvZ[Dtq D r�r D�.8p°¯8p°¯ = V5W¡SQIaM\N�^`_:D u+ = max(u, 0)

ILK:KJIaPRNRM[D�W`NY
H1

0 (Ω)
D�N ∇u+ = 1u>0∇u

�®]8D r���r D K{V5_:P u− = min(u, 0)
��p P�ILPyE�V5WJS1Xe^`_:D�W`NTf2ZzInoVLWJE�NRM[VLW |u| = u+−u− IaK:KJILP1NQM\DTW`N!Y H1

0 (Ω)
D�NFVLWtI ∇|u| = sign(u)∇u p-:mWuc5D�PRNR_u]:D�ZzIPmPRV5K{V`S1M\NRM[VLW ��p 9:p =�]8DvC/VL_:PHIaW`NRh �UMzS1G:DTP/V5W�I

λ1 = min
v∈H1

0 (Ω)\{0}

{

R(v) ≡
∫

Ω |∇v|2dx
∫

Ω
v2dx

}

,

D�N�NRV5_8N�K{V5M\W`N�]8D r M[W:M r _ r DeSAN�c5DTE�NQD�_:P�K:PQVLKJPRD5p �P λ1 = R(u) = R(|u|) f ]8V5WJE |u| DTS1NIa_JSQS1M|c5DTE�NRD�_JP,K:PRV5K:PQD�I5SRSRV8E�M[XlY
λ1
p C/V r�r D u+

D�N
u−
SRVLW`N&E�V r w:M[WJILM[SRVLWJSFZ[M[W:XTILM\PQDTSF]8D uD�N |u| f:E�D�SRVLW`N&Ia_JSQSRM ]:DTSFnoV5WJE�NQM\V5WJSFK:PQVLK:PQDTSFILSQSRV�E�M\XTDTSFY λ1
p

:BW£n�IaM\NTf!VLW·K{DT_8N r VLW`NQPRDTPt^`_:D u W:D�STg IaW:W�_:Z[D KJI5St]:ILWJS Ω
�5P �5E�D IL_£K:PQM\WJE�M\K?D�]:_r Iab8M r _ r ²AnoVLPRNA³�^`_:M�Ij±$P r D�^`_:DLfJSRM w ∈ C2(Ω)

c5X�PQMO´{D
−∆w ≥ 0

]:ILWJS
Ω,
D�N
w = 0

SR_:P
∂Ω,IaZ[VLPHS!SRVLM\N

w ≡ 0
]:IaWJS

Ω
f{S1V5MON

w > 0
]:IaW{S

Ω
p �W*IaK:K:Z[Mz^5_JD�E�D�PQXTSR_:ZONHIjN=Y

u+
D�N
u−
��^`_:MS1V5W5N2PQX��5_:Z\M[}�PQDTS�Y�ETIa_JSRD,]8D,Z[I�PBPRV5K{V`S1M\NRM[VLWy��p 9:p º5�U^`_:M:W:D,K?D�_JcLD�W`NmKJI5S � NQPRD!NRV5_8NRDeS2Z[DTSm]8DT_8bW:VLW W�_:Z[Z[DTSTf{]8V5WJE�Zkg _JW:Dv]8DeS�]:D�_8b DTS1N=W�_:Z[Z\D5p �8_:K:K?V5SRVLWJSlIaZ[VLPHS&^`_:D�Z[D�SRVL_JS1h¦DTSRKJILE�D�K:PRV5K:PQDILSQS1V8E�M[X&Y

λ1
SRVLM\N/]8Dl]8M r DTWJSRM\V5WuSANQPRMzE�NQD r D�W`NBKJZ\_JS/�LPHIaW{]8D&^`_:D��5p��WyK?D�_8N*+�NRPQVL_:c5D�PB]8DT_8bnoVLWJE�NRM[VLWJSFK:PQVLKJPRDeS

u1
D�N
u2
VLPRNRG:V5�LV5WJIaZ[DTSTf`ELg DeSANRh¦Yah¦]:M\PQDl^`_:D

∫

Ω

u1u2 dx = 0,

E�D�^`_:M DTS1N&M r K?V5SQSRM\w:Z[D�K:_:MzSR^`_ g D�Z[Z[DTS,SRVLW`N&]8D�S1M[�LWJD�E�VLWJS1NQILW`NTf8KJILP1NQVL_8N,W:V5WtW�_:Z[Z\DeS�p
�

� � �`�j¨ « ¨L���
	��O	�� ����� �
Ω

"7� ��"��)�<��� �<���4�)@ �G@%K�"7+ � �<�Q� ��� �#�(�)����� �L� �#�-���G�<�'!�")� + >�?<�G� � � � ����)>7+ � "(�0?<���#?<�G��/#" $<>7?7+ >
��� � � /(>7�)$
Ω

>������a� �#�)/�� �.� ��� >7"	��+ � � � �;�-$:/(� � �<" � >7�7� �%$&�A�7"(+,+ � �%�
!�" � � +,+ �:�%$;�Q$P� � ?7+ � �
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	���������������������������! �"$#%�&���' (�������)�*������

� �����8� ? �����
	��O	���F£qBg DTWJSRD r wJZ\D�]:DTS&PQXTSR_:Z\NQIaNQS=]:DvE�D�N1NQDvSRVL_JS1h¦SRDTE�NRM[VLW SRD��LXTW:X�PHIaZ[M[SRD�SQIaWJS]:MO±yE�_JZONQXBIa_8b�VLK?X�PHIjNQD�_:PHS D�Z[Z[M\K8NQM[^`_:DeS �5X�W:XTPQIL_8bl]8_�SRDTE�VLWJ]lV5PQ]8PQDLfTEag DTS1N1hiYjhi]8M\PQD2Ia_�K:PQVLwJZ\} r DIL_8bucjIaZ[D�_JPQSFK:PQVLKJPRDeS!SR_:M[cjIaW`N
{

−div(A∇u) = λu
]:IaWJS

Ω
u = 0

SR_:P
∂ΩVQU

A(x)
DTS1N&_:W:D r IjNQPRMzE�D�ST+ r X�NQPRMz^`_:D�E�V�D�PHE�M[cLD$��cLVLM[PFZ[I$��V5_JS1h¦SRDTE�NRM[VLW�.8p°¯8p 95��p •

-!.��F.�� � <,687OG�E�L 9,;&K�F,G�E
qBg D�b`NQD�WJSRM[VLW¶]:DTS�PRXeS1_JZONHIjNQS�]8D�ZzI�SRVL_JS1hiS1DeE�NRM[VLWsKJPRXeE�XT]:D�W`NRD*Y�]:DTS�XT^`_JIaNRM[VLWJS�Ia_8b¡]:X�hPQM[cLX�DeS�KJIaPRNRM[D�Z[Z[DTS�D�Z[Z[M\K8NQM[^`_:DeSyK:Z[_JSyE�V r K:Z[M[^`_:XTDTSy^`_:D Z[D qdILK:ZzILE�M[D�W¬W:D K?V5SRD KJI5Sy]8D K:PQVahwJZ\} r DeSvE�VLWJE�D�K8NQ_:D�ZzSvW:VL_:c5DTIL_8b|p(0&V5_JS�]8XTE�PRM[cLV5WJS�w:PQM\}TcLD r DTW`N�E�D�N1NQDu�LXTW:X�PHIaZ[MzSRIaNRM[VLW~K{V5_:P]:D�_8b�D�b�D r K:Z\DeSvSRM[�LW:M\´{E�IaNRM\n�S �UZ[DtS8+8SANQ} r D*]8DtZkg X�ZzILS1NRMzE�M\NRX�Z\M[W:XTILPRMzSRX�DyD�N�Z[DTS�XT^`_JIaNRM[VLWJS�]8D��NRV��5DTSTpqdDTS�XT^`_JIjNQM\V5WJS!�@.8p/. �`�|]8D/Z®g X�ZzILS1NRMzE�M\NRX/Z\M[W:XTILPRMzSRX�D/]:XTE�PQM[cLD�W`NdDTW�n�IaM\N�Z\D/PRXT�LM r D/SANHIjNRM[VLWJWJIaM[PRD]:DTSFXT^`_JIaNRM[VLWJS,]O+`W{I r M[^`_:DeS,S1_JM\cjIaW`NQDTS�� NQPR}eS,S1D r w:ZzIawJZ\DeS,YvZkg XT^`_JIjNQM\V5W�]:DTS,V5WJ]8DTSH�

{

ρ∂2u
∂t2 − div (2µe(u) + λ tr(e(u)) Id) = f

]:ILWJS
Ω× R+

∗
u = 0

SR_:P
∂Ω× R+

∗ ,

�¦��p[�T�5�
VQU

ρ > 0
DTS1N/ZzI�]8DTWJS1M\NRX�cLV5Z\_ r Mz^`_:D=]8_ r IaNRXTPRMzIa_$D�N e(u) =

(

∇u+(∇u)t
)

/2
p7�&IaKJK{DTZ\V5WJS^`_:D=Z\DeSBE�V�D�±$E�M\DTW`NQSB]:D=qdI r X�]8_ r IjNRXTPRMzIa_$c5X�PQMO´{D�W`N µ > 0

D�N
2µ+Nλ > 0

p :mWyZkg IawJSRD�WJE�D]:D=noV5PQE�DTS/D�b�NRXTPRM[D�_:PQDTS
f
��D�N,D�WtW:DlNRD�W{IaW`N!K{ILS!E�V r K8NQD�]|g XTcLDTW5NQ_:D�Z[Z[DTS!E�VLW{]8MONQM\V5WJS!M\WJMONQM[ILZ\DeSQ�V5W�K?D�_8NmIL_JSRSRM8EHG:D�PHEHG:DTP�]8DeSUSRVLZ[_8NQM\V5WJSUV5SQE�M[Z\ZzIaW`NRDeSdDTW�NQD r KJS2]8D��k�8p\�e�5��E�V r�r D!W:VL_JSUZkg I�c5VLWJS]:XTE�PQM\NFK?VL_JP!Zkg XT^`_JIjNQM\V5Wt]8DeSFVLWJ]:DTSF]:IaW{S&��VL_JS1hiS1DeE�NRM[VLW*��p[�Lp°¯8pJC/D�ZzIvE�VLWJ]:_:MON&Y�EHG:DTPQEHG:DTP!]:DTSSRVLZ[_8NQM\V5WJS

(`, u)
]8_*K:PQVLw:Z[} r D�Ia_8btc�ILZ\DT_:PHSFK:PRV5K:PQDTSFS1_JM\cjIaW`N
{

−div (2µe(u) + λ tr(e(u)) Id) = `u
]:ILWJS

Ω
u = 0

SR_:P
∂Ω,

�¦��p[�Tº5�
VQU
` = ω2

DTS1NUZ[DFE�IaPQPQX/]8D!Z[I=noPQXT^`_:D�W{E�D/]:D!c�M[w:PHIjNRM[VLWt�oW:V5_JS�I�cLVLW{SdEHGJILW:�LX/Z[I�W:VaNHIjNQM\V5W�]8D!Z[IcjILZ\DT_:PmK:PQVLK:PQDFK{V5_:PmXTc`M\NRDTPm_:W:D�E�VLW:no_JS1M[VLW$I�c5DTE!Z\D�E�V�D�±yE�M[D�W`NB]8D�qdI r X λ ��pQ:mW r XTE�ILW:Mz^5_JDLfZzIvnoVLWJE�NRM[VLW*K:PQVLK:PQD
u
DTS1N=Ia_JSQS1M ILK:K?D�Z[X�D���� ¢U�u�U�j�J�U�j� ¢U� � « �U�j� ªT« �{§/p

:mW�S1_:M[cjIaW`NtZzI r X�NQG:V8]8D�ILK:K:Z[M[^`_:XTD�E�M\h¦]:DTSQS1_JSuIa_£qdILK:ZzILE�M[D�W V5W K{DT_8N�]:X r VLW`NRPQD�PuZ\DPQXTSR_:Z\NQIaN,SR_:M[cjIaW`N��oW:V5_JS,ZzIaMzSRSRVLWJS!Z[DTS,]8X�NQILM\ZzS,Ia_*Z[DTE�NQD�_:P,DTW*�L_:MzS1D�]|g D�b8DTPQE�M[E�De��p
� �j�{�B�?� «�ªT« �?§��9	U�
	4� �c,4.
01�

Ω
�2	 .
� L 3�B[� �=.
B[	4A B�A �F�28:0<3�B!EF3 ;�8M�
G�G�3 C1

E73
RN ISf 8�3�T70UG=�V3�2	43%G[�201�V3W;�BO.>0UG=G��>	��V3

(`k)k≥1
E73eBOA=3�8 G 6�.)G[01�D0 ��Ge���20&�V3�	4E L 3�B=Gg8OR 01	 \S	�0 i 3�� 01843�T70UG=�V3d�2	93 �=�)G�3

�2018��=3�B[�D0<3�	�	93ZE73
L2(Ω)N (uk)k≥1 i �V3�818�3_����3_;"�H�7����3 uk

��6F6��
B[�D0<3�	��g`
H1

0 (Ω)N 3�� L A�B[0 \N3
{

−div (2µe(uk) + λ tr(e(uk)) Id) = `kuk
6 I 6 I EF�>	HG Ω

uk = 0
6 I 6 I G[�2B ∂Ω.
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¯5¯a� ���������
	���������������������������! �"$#%�&���' (�������)�*������

qdD/PQXTSR_:Z\NQIjN2]8D!PRXT�L_:ZzIaPQM\NRXBSR_:PUZ\DeSdnoV5WJE�NQM\V5WJSUK:PQVLK:PQDTS
uk
]:D/ZzI&PBPRV5K{V`S1M\NRM[VLW��8p 9Jp º�S�g X�NQD�WJ]IL_JSQS1M|n�I5E�M[Z\D r D�W`N�Ia_ ETILS&]:D�Z®g X�ZzILS1NRMzE�M\NRX�D�N�]8_�K:PRV5w:Z[} r Dy�k�8p\�eº5��p3P2IaP=E�VLW`NRPQD�Z\D_kFG:X�V5PR} r D�8p 9Jp\�e¹ S1_JP�ZzI S1M r K:Z[M[E�MONQX�]8DuZ[I�K:PRD r M\}TPRDycjILZ\DT_:P�K:PQVLKJPRD$D�NvZzI K?V5SRMONQM\c�M\NRXt]:DyZ[I�K:PQD r M\}TPRDnoV5WJE�NQM\V5W�K:PQVLK:PQD2DTS1Ndn�IL_8b�D�W��5X�W:XTPQILZ{�®E�V r�r DBDeSAN�n�Ia_8b�Z[DBK:PQM[WJE�M[K{D!]8_ r Ijb8M r _ r ��pjC/V r�r DD�b8D r K:Z[D$W:VL_JS�E�IaZzE�_JZ\V5WJS�KJILP�Z[I r X�NRG:V8]8Du]:DTS�XTZ\X r DTW`NQS�´JWJM[S Q1

Z\DeS'= K:PQD r M[D�PHS r V�]:DTSKJPRV5K:PRDeS2]|g _:W:D/²ANRV5_:PA³&]8V5W5N/Z[I�wJI5S1D,DeSANB´:b8X�D��®E�VLW{]8MONQM\V5W$Ia_8b�Z\M r MONQDTS/]8D=x�M\PQM[EHGJZ\D�NH��D�N/]8VLW`NZ[DTSdIa_8NQPRDeS|KJIaPQVLMzS|SRVLW`N Z\M[w:PQDTSm�®E�V5WJ]8M\NRM[VLW�Ia_8b�Z[M r M\NRDTSd]8D�0&DT_ r IaW:W?��pTqdDTSd¯,K:PRD r M\DTPQS r V8]8DTSTf]:MONHSm]8DFwJIjNRNRD r DTW`NTfLE�VLPQPRDeS1K?VLWJ]:D�W`N�YlZzI r��Tr D!cjILZ\DT_:P2K:PQVLK:PQDl��M\ZzSmSRVLW`N2M\W{]8X�K?D�WJ]JIaW`NQS r IaMzSS8+ r X�NRPQMz^5_JDTS K{IaPUPRVLNQIjNQM\V5W�]8D 90◦
S1_JM\cjIaW`NUZ®g Ijb8D

z
�m��cLVLM[PUZ[I �UM[�L_:PQDF�8p\�BD�N�Z\D�k�ILw:Z\DeIa_��8p 9Jp 9`��pq�I�K:PRD r M\}TPRD�cjIaZ[D�_:P,KJPRV5K:PRDlDTS1N&]8VLW{E&²1]8V5_:w:Z[D�³�p

�&ILW:�$]8_ r V8]8D�KJPRV5K:PRD � ¯ 9 =
� IaZ[D�_:P,KJPRV5K:PRD �T¹5¯:p . = �T¹`¯8p/. = �T�5�Q.8p°¯ ¯aº �:�Lp°¯

����� � ��p[� � � ILZ\DT_:PQS!K:PQVLKJPRDeS!E�VLPQPRDeS1K?VLW{]:IaW`N,Ia_8b r V8]8DeSFK:PRV5K:PQDTSF]8D�ZzI �UM[�L_:PQD���p[�Lp
0=VL_JSuKJILSQS1V5WJS r IaM[W`NRDTWJIaW`NtIL_8b¶Xe^5_{IjNRM[VLW{Su]8D���NRV��5DTS � .8p ������^5_JMlSRVLW`Ny_:W:D�cLD�PHSRM\V5WS1NQIaNRM[VLW:W{IaM[PRDB] g _:WvK:PQVLw:Z[} r D/] g XTcLVLZ[_8NQM\V5W�]8DmN,+�K?D/K{IaPHIaw?VLZ[M[^`_:D=��cLV5M\PUK:Z[_JSdZ[VLM[Wt�®�:p°¯L�R��p5PUV5_:PPQXTSRVL_{]8PRD�E�D�K:PQVLw:Z[} r D�]|g X�c5VLZ[_8NRM[VLW*M[ZUSRD�PHI�M[W5NQX�PQDTSQSRILW`N,] g _8NQM\Z[MzS1DTP�Z[DTS=c�ILZ\DT_:PHS,D�N&noV5WJE�NQM\V5WJSKJPRV5K:PRDeS

(λ, u, p)
]8_*K:PQVLwJZ\} r D�SR_:M[c�ILW`N







∇p− µ∆u = λu
]:ILWJS

Ω
divu = 0

]:ILWJS
Ω

u = 0
SR_:P

∂Ω,

�¦��p°¯a¹5�
VQU

µ > 0
DTS1N/ZzI�c�MzSRE�V5SRMONQXLf

u
Z[I�c`M\NRDeSRSRD&D�N

p
ZzI�K:PQDTSQS1M[VLWy]:_��J_:Mz]8DLp-:mWuSR_:M[cjIaW`NBZzI r X�NQG:V8]8DILK:K:Z[M[^`_:XTD�E�M\h¦]8DeSRSR_JS,IL_�q�IaK:ZzILE�M\DTW f8Z\D�Z[DTE�NRD�_JP&K{V5_:PQPQIvPRXeS1V5_J]8PQD�Zkg D�b8D�PHE�MzE�D�S1_JM\cjIaW`Nep

� � �`�j¨ « ¨5���
	��O	G�H����� �
Ω

"7�A��"��)�<��� �<���4�)@ �G@%K�"7+ � �<� � �#�(�)����� /(�_��+ >)$R$&� C1
/(�

RN �E� �������G�<�
!#" � � +����(� $;�;� "(�)� $%"<� �;�d���G��� $&$.>7�-�;�

(λk)k≥1
/ � ��@-�<+ $*?<�($P� �.� � $ !#" � �;�<��/#�)�<�G$ +��,� � � � ��N �%�M"(�)� ��>)$&�

� � + �<�<���.� �<�7�)�
(uk)k≥1

/�" $&�#"�$d� �-$ ?�>
� � /(�
L2(Ω)N /(�%$5� ���
���.� �#��$ � /�� �)�<�GK �<�
� �I�("7+,+ �(N
�;�<+,+ �

!#")�d�&��>�!#"��
uk

>7?7?�><���.� �<��� �
H1

0 (Ω)N N7� �Q� + � � � $&�;�2"7������> � � +,+ �:/ � ?<���-$&$�� ���)$
pk ∈ L2(Ω)

!#"<�
�)@<��� ���<���







∇pk − µ∆uk = λkuk
? � ? � /(>7�)$ Ω

divuk = 0
? � ? � /7>7�)$ Ω

uk = 0
? � ? � $%"(� ∂Ω.qdD�PQXTSR_:ZONHIjN�]8D�PQX��5_:Z[ILPRM\NRX�SR_:PlZ\DeS&noV5WJE�NQM\V5WJS&KJPRV5K:PRDeS=]8DvZ[I PmPQVLK?V5SRMONQM\V5W���p 9:p ºyS�g X�NQD�WJ]IL_JSQS1M{n�ILE�M\Z[D r D�W`NFIa_tETILS!]8DTS/XT^`_JIaNRM[VLWJS!]8D��`NRV �LDTSl�k�8p ¯L¹5��pQP2IaPFE�V5W`NRPQD&Z\DWkFG:XTVLPQ} r D��8p 9Jp\�e¹SR_:P&ZzIySRM r K:Z[MzE�M\NRX�]8D�Z[I$KJPRD r M[}�PQD�cjIaZ[D�_:P=K:PRV5K:PQD�D�N=ZzI$K?V5SRMONQM\c�M\NRX�]8D�Z[I$KJPRD r M[}�PQD�noVLW{E�NRM[VLWKJPRV5K:PRDlDTS1N,n�Ia_:buD�W*�LXTW:X�PHIaZ2�®E�V r�r D�DTS1NFn�Ia_8b�Z\D�K:PQM[WJE�M[K{D�]:_ r Iab�M r _ r ��p

� � �`�j¨ « ¨5���
	��O	�� ( �W�%���)$P� / � �G�=+ �2? ��� �(+ � � � >7"	�e��>7+ �<"7��$ ?<�G��?<�G�%$M?<�#"(� +�� @-!#")>��.� �#� /(�0�2�&�7�	���
/�� �)K �<�Q>������ "(��?<�<�;� �-�.� � + !#")>�/#� >��.� !�")�

V (x) = Ax · x ���
A

�-$;��"(�)� � >������ � � $ � � @ ����� !�")�/(@�� � � � ?<� $P� �.� �)��1 � ��/ � + �2/(� +�� �($O��� +,+ >��;� "(�1��><� � �#�<� !#"�� 6
−∆u+ V u = λu

/(>7�)$
RN .

�¦��p°¯8�e�
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�5� �O���^��	�� � ����� �  <� ������  (��� ¯L¯Lº
( �A/(@�� �<� �0+ �%$'�%$%?)>
�%�%$

H = L2(RN )
�%�

V =
{

v ∈ H1(RN )
�;� +7!#"�� |x|v(x) ∈ L2(RN )

}

.

� �#�-���G�<�O!#"��
V

�-$;� "7� �-$ ?�>
� �=/ � � � + �<�<��� ?<��"7� + ��?<����/#"<� �Q$O�->7+ > � ���

〈u, v〉V =

∫

RN

∇u(x) · ∇v(x) dx +

∫

RN

|x|2u(x)v(x) dx,
� �Q!#")� +��,� � " � � �.� ���2/ �

V
/7>7��$

H
�-$;�N�%� � ?�>
���;� � � �=/(@-/#" � ���=!#"!�,� + ���(� $;�;� "7���:$%"<� �;�W���G��� $R$R>7���;�

(λk)k≥1
/(�:��@-�<+ $Q?<� $�� �.� � $ !�" ���;� �)/#��� ��$'+��,� � � � ���%�L"7�)���)>)$R�f�<� + �<� � �.� � �(�)�M/ �

L2(RN ) (uk)k≥1!�" �#$&����� + �%$%��>7+ �<"7��$2?<���#?<�G�%$M� �:+ �-$o� ���
���.� ���)$:?<�G��?<�G�%$*/(� 1 3 � % ��6%� � >7+ ��"7+ �<�O� �7?7+ � ��� �;� � �<���'$&�%$�)>7+ � "(�G$M� ��� ���
���.� �#��$0?<�G��?<�G�%$:1��#�_�&�)�<�1�&�)�<� >
uk

$&�#"�$ + >#� ��� � � pk(x) exp(−Ax · x/2)
� �

pk�%$;�0"(� ?<��+ �7��� � � /(�2/(�%K��G@
k − 1 6%��� �-�;� �4?<�G@ �;� � ?2� �)$P� !#"�� � �<���*+ �-$:��@-$ "7+ �&>��;$ �

� � �`�j¨ « ¨L���
	��O	� ����� �
Ω

"(� ��"���� � ���<��� ��@ �G@%K#"(+ � � �L/ �
RN � ( �!� �#��$�� / � ��� + � ? ��� �(+ � � � / �

�<���<� >��.� ���)$ ?<��"7� +�� @�!�"�>��.� ���2/(�%$:?7+ >�!�")�%$'>��)� �#� �#�)/�� �.� ���2>7"	� + � � � �;�-$Q/)� � �)�->)$;���G� � � �-�
{

∆ (∆u) = λu
/(>7�)$

Ω
∂u
∂n = u = 0

$ "7�
∂Ω.

� �#�-���G�<�#!#"!�,� +-� � � $&�;� "(�)�'$ " � �;���<����� $&$R>7���;�
(λk)k≥1

/(�o�)>7+ � "(�G$Q?<���#?<�G�%$L?<� $P� �.� �)�%$ !#"<�)�;�<��/d��� ��$
+�� � ��� �<�-�%� "(�)� ��>)$&�/� � + �<�<���.� �<�7�)� /(>7�)$

L2(Ω)
/ �p� ���
���.� �#��$J?<�G��? ���-$

(uk)k≥1
!�" ��>7?7?)> � �.� � �(�)�<���

�
H2

0 (Ω) �

���� �  � � � ���,+ ����%  "�����t�,+
-/.	�&.10 �£@8E`> 7 C|6:@TE NU68@19B4 H�N�7 C(F,C�LMGd4/6OE�
l4�@TE
�W~cjI E�V5WJSRM[]8XTPRDTP�_:W:DyILK:K:PQV�b�M r IjNQM\V5W�M[W5NQD�PQW:Dy]8D$ZzI�noVLP r _:ZzIjNQM\V5W�cjILPRMzIjNQM\V5W:W:D�Z[Z[D�M[W8hNRPQV�]:_:MONQD=Y�ZzI���V5_JSAhiSRDTE�NQM\V5W$�8p 9Jp\�5p�2NHIaW`N!]8V5W:W:X&_JWyS1V5_JSAh¦DTSRKJI5E�D

Vh
]8D&Zkg DTSRKJILE�D&]8D&7&M[Z[w{DTP1N

V
fJ]8D�]8M r D�WJSRM[VLW�´JW:M[DLf:V5W�EHGJD�PHEHG:D�Z[DTS=S1V5Z\_8NQM\V5W (λh, uh) ∈ R× Vh

]:D
a(uh, vh) = λh〈uh, vh〉H ∀ vh ∈ Vh.

�¦��p°¯L¯5�
k�+�K:Mz^`_:D r D�W`Nef Vh

DeSANB_JWyDTSRKJILE�D=]|g X�Z[X r D�W`NHS2´JW:MzSBE�V r�r D=E�DT_8b$M\W`NQPRV8]8_:M\NQSBKJIaPBZ\DeS/x�X�´JWJMOhNRM[VLWJS �Jp 9Jp .=D�N �Jp 9Jp ¯Q.8fjD�N
H
DeSANmZkg DTSRKJILE�D

L2(Ω)
p5qdIlPQXTSRVLZ[_8NRM[VLW�]8D,Zkg ILK:K:PQV�b8M r IjNQM\V5W�M[W`NRD�PQW:D�k��p°¯L¯5�/DTS1N!n�I5E�M[Z\D�E�V r�r D�Z\D r VLW`NQPRDlZ\D�Z[D r�r D�SR_:M\cjILW5Nep

� ������� �9	�rO	4� J 	^G�3%698M�7;=3�G�.>� Ge8M3�Gv� ��6�.
�a� ��G�3[GCE>�����HA=.
B ��Y 3 
 I��7I � I � 8M.>B=GW8�3[G L �
8M3��2B=G69BO.=69BO3�G_EF3 	 
 I � ��� ��.
B[Y 3�	��N�2	43WG[�201�V35;�BO.
0UG=G��
	��3�\S	�0<3

0 < λ1 ≤ · · · ≤ λndl

� L 3�; ndl = dimVh,
3��%018 3OT70UG[�V3C�2	93��=�)G�3aEF3

Vh i .>B[�T��.
	9.>B[YZ�>8M3aE7�
	HG H i (uk,h)1≤k≤ndl

EF3 L 3=;��V3��2B=Gg69BO.=69BO3�G
�)G=G�. ;�0<A[G i ;�R 3�G=� � ` � E>01BO3Z����3

uk,h ∈ Vh,
3��
a(uk,h, vh) = λk〈uk,h, vh〉H ∀ vh ∈ Vh.
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¯ 9L¹ ���������
	���������������������������! �"$#%�&���' (�������)�*������

+ 6 ���?§�� ª �j� ªe« �?§ 	�C/D Z[D r�r D K{DT_8N � NRPQD E�VLW{S1Mz]8X�PQX E�V r�r D _:WJD c�ILPRMzIaW`NQD�XTc�M[]8DTW`NRD�]8_
kFGJX�VLPQ} r D���p 9:p°¯u�®Y�Z[I�]8MSR X�PQD�WJE�DlKJPR}eS,^5_dg DTW�]8M r D�WJSRM[VLWt´JW:M[D�M\Z D�b8M[S1NRD�_:W*W:V r w:PQD=´{W:Md]8DcjILZ\DT_:PQS�K:PQVLK:PQDTSH��p�0&XeIaW r V5M\WJSUW:V5_JSUD�W�]8VLW:WJVLWJS�_:W:D,]8X r V5WJS1NRPHIjNRM[VLWv]8M R X�PQD�W`NQDLf�K:_:PQD r D�W`NILZ\�5X�w:PQMz^5_JDLfa^`_:MJE�VLPQPRDeS1K?VLWJ]vK:Z[_JSBY�ZzI�]8X r ILPQEHGJDFSR_:M[c�M\D,DTW$K:PQIaNRMz^`_:DLp5�8VLM\N (φi)1≤i≤ndl

_:W:Dw{ILSRD�]8D
Vh
�oKJILP�D�b8D r K:Z[DLf Z[DTSlnoVLW{E�NRM[VLW{Sl]:D�w{ILSRD�]|g _:W:D r X�NQG:V8]8D$]|g X�Z[X r D�W`NQS�´JWJM[STf|cLV5M\PZzI PmPQVLK?V5SRMONQM\V5W �Jp 9Jp°�L��p{�W*EHG:D�PHEHG:D

uh
SRVLZ[_8NRM[VLW ]8D$�¦��p°¯L¯L�!SRVL_JSFZzIvnoVLP r D

uh(x) =

ndl
∑

i=1

Uh
i φi(x).

ViW`NQPRV8]8_:MzSQIaW`N,Z[I���� ª � « ¨L� ¢U� ���:�e�e� Mh
]8X�´JWJM\D�KJILP

(Mh)ij = 〈φi, φj〉H 1 ≤ i, j ≤ ndl,D�N&Z[I���� ª � « ¨5� ¢��*� « D « ¢ «oª56 Kh
]8X�´{W:M\D�KJILP

(Kh)ij = a(φi, φj) 1 ≤ i, j ≤ ndl,Z[D�K:PQVLw:Z[} r D��k�8p ¯5¯L�/DTS1N&XT^`_:M[cjIaZ[D�W`N&Y�NQPRV5_:cLDTP (λh, Uh) ∈ R× Rndl
SRVLZ[_8NRM[VLW*]8D

KhUh = λhMhUh.
�¦��p°¯ 95�

qdDTSvIaK:K?D�Z[Z[IaNRM[VLWJSl² r IaNRPQM[E�DTS�]8D r I5SRSRDyD�N�]8DyPQM[�LMz]8MONQX�³yK:PQVjc�M\DTW:W:D�W`N�]8DeS�ILK:K:Z[M[ETIjNRM[VLW{S�D�Wr XeE�IaWJM[^`_:D�]:DTSlS1V5Z\Mz]8DTSTp �,D r IaPH^`_:VLW{S&^`_:DLf ]:IaW{S=Z[DvETILS&VQU Vh
DeSANl_:W�DeS1KJI5E�D�] g XTZ\X r DTW`NQS´{W:M[STf?Z[I r IaNRPQM[E�Dv]8DvPRM[�LMz]8M\NRX Kh

DTS1NlD�b:ILE�NQD r D�W`N=ZzI r��Tr D r IjNQPRMzE�D�^`_:D�E�DTZ\Z[DvPQD�W{E�VLW`NQPRXTDIL_�C/GJIaKJMONQPRD ��]:IaW{SuZkg ILK:K:Z[M[ETIjNQM\V5W£]8D�ZzI r X�NQG:V8]8D�]8DeSuXTZ\X r D�W`NQSu´JW:MzSuIL_8b K:PRV5w:Z[} r DTSDTZ\Z[M[K8NRMz^`_:DTSTp��W~cLXTPRM\´JD$M r�r Xe]8MzIjNRD r D�W`N�^`_:DyZ[DTS r IjNQPRMzE�DeS Mh
D�N Kh

S1V5W`N�ST+ r X�NQPRMz^`_:DTSD�NF]:X�´JW:M[DTSFK?V5SRM\NRM[cLDTSTp�q D�ST+8S1NR} r D��k�8p ¯ 95�BDTS1N!_:W�K:PQVLw:Z[} r D r IaNRPQM[E�M\DTZ|Ia_8bycjIaZ[D�_JPQS/K:PQVLK:PQDTS²1�LXTW:X�PHIaZ[MzS1X�³Hpjq D&NRG:XTVLPQ} r D&]8D&PQXT]8_{E�NRM[VLWySRM r _:Z\NQILW:X�D���cLVLM[PmKJILPmD�b8D r KJZ\D&Z[D,NQG:X�V5PR} r D=¯:p 9Jp �]JIaWJSW'°¯)(o�FIj±$P r D�^`_ g M\Z|D�b8M[S1NRD�_:WJD r IaNRPQM[E�DlM[W�cLDTPQSRM\wJZ\D Ph
NRDTZ\Z[D�^5_JD

Mh = PhP
∗
h ,
D�N Kh = Ph diag(λk)P ∗

h .

P2ILP�E�V5WJS1Xe^`_:D�W`NTfdZ\DeS�SRVLZ[_8NRM[VLWJS�]8D��k�8p ¯ 95��SRVLW`N�Z[DTS�cjIaZ[D�_JPQS�KJPRV5K:PRDeS
(λk)
D�N�Z[DTS�c5DTE�NRD�_JPQSKJPRV5K:PRDeS

(Uk,h)1≤k≤ndl

^`_:M=SRVLW`N$Z[DTS$c5DTE�NQD�_:PHS$E�V5Z\V5W:W:DeS$]8D
Ph
p!C/DeS$cLDeE�NRDT_:PHS$E�VLZ[VLWJW:DTSnoV5P r DTW5N�]8V5WJE�_JW:D�wJILSRDLf VLPRNRGJVL�LV5WJIaZ[D�K?VL_:P Kh

D�N�VLPRNRGJVLW:V5P r IaZ[D�K?VL_JP Mh
��W:VL_JS�M[WJ]8M\h^`_:DTPRV5WJS�w:PRM[}�c5D r D�W`N�Y&ZzI0�,D r IaPH^5_JD!��p =Jp 9=E�V r�r D�W`N�ETIaZzE�_:Z[D�PUE�D�N1NRDFwJI5S1D���p �UM\WJILZ\D r D�W`NTf�Z[DTSc5DTE�NRD�_JPQS

Uk,h
SRVLW`N=SRM r K:Z[D r DTW5NlZ\DeS,cLDeE�NQD�_:PHS&]8DeS=E�V�V5PQ]8V5W:W:XTDTS,]:ILWJS&ZzI�wJILSRD (φi)1≤i≤ndl]:DTS,noV5WJE�NQM\V5WJS
uk,h
^`_:MdnoVLP r D�W`N&_:W:D�w{ILSRD�VLPRNRG:V5W:VLP r IaZ[Dl]:D Vh

K{V5_:P=Z[D�K:PQV8]8_:M\N�SQE�IaZzIaM[PQD]:D
H
p

�

� �����8� ? �����
	MrE	GF·x�ILWJS Z[DBqdD r�r D!��p =Jp[�2VLW�I,PQD�K:PQMzS|Z\DeS G-+�K{VLNRG:}eS1DeS ]8_�kFG:XTVLPQ} r D/��p 9:p°¯ �DTW£KJILP1NQM[E�_:Z\M[D�Pef!Z[I~noV5P r D�w:M\Z[M[W:XTILM\PQD a(u, v) DeSAN*S1_:KJK{V`S1XTD���� � 6`ª � « ? �U�?pF�W£c5VLM\Ntw:M[D�WZkg M r K?VLPRNQIaW{E�Dy]8DuE�D�NRNRDuG-+�K?VaNRGJ}TSRDy]:IaWJS�Z[I ]:X r VLWJS1NRPHIjNQM\V5W p1:mW¡D R D�NTfUS1M/D�Z[Z\DuW g X�NQILMON�K{ILSS8+ r X�NRPQMz^5_JDLf?VLW W:D�SRIL_:PHIaM\N=KJILSlSRMUZ[DvS8+8SANQ} r Dt�¦��p°¯ 9`�,DTS1Nl]:M[IL�LVLW{IaZ[M[SQIaw:Z[DLf{Eag DTS1N1hiYjhi]8M\PQD�STg M[ZD�b8M[S1NRD�]8DeS&S1V5Z\_:NRM[VLWJSF]8_*K:PQVLw:Z[} r D�Ia_:bucjIaZ[D�_:PHSFK:PQVLK:PQDTS��k�8p ¯5¯L��p •
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�5� �O���^��	�� � ����� �  <� ������  (��� ¯ 9J�
qBg ILK:K:Z[M[ETIjNQM\V5W ]8_ q D r�r D$��p =Jp[��YyZ®g IaK:KJPRV�b8M r IaNRM[VLW�cjIaPQM[IaNRM[VLW:W:DTZ\Z[D�KJILP=X�Z[X r DTW5NHS,´JWJM[S]8_�KJPRV5w:Z\} r D�]8D$x�M\PQMzEHG:Z\D�Ny�k��p[���L�&DeSAN�M r�r Xe]8MzIjNRD5pU�W�KJPRDTWJ] V = H1

0 (Ω)
f
H = L2(Ω)

fD�N&Zkg DeS1KJI5E�D�]8MzSRE�PRD�N
V0h
]8D�ZzI�x�X�´{W:MONQM\V5W �:p 9:p/.u��PQILK:K?D�Z[VLWJSF^`_:D

V0h
E�VLW`NRM[D�W`N,ZzI�E�VLWJ]:MONQM\V5WIa_8buZ[M r M\NRDeS&]8D�x�M\PQMzEHG:Z\D�NH��p

� � �`�j¨ « ¨L���
	MrE	�� ( �5� �#��$�� / � ��� + � ?<�G� �7+ � � �=>7"	�5��>7+ �<"7��$ ?<�G��?<�G�%$'� � /�� � � ��$�� ��� N = 1

{

−u′′k = λkuk
?<��"7�

0 < x < 1
uk(0) = uk(1) = 0.

( � $R�2?<�G��?<�($&� /(�d�->7+ ��"7+ �<�E+ > � >���� � �%�0/(� � >)$R$&�=?<�#"(� + > � @%������/(� / �-$ @ + @ � � �-�;$ � � � $ P1
� ( �

��� ?<��� �)/ + �-$*�)�<�&>��.� ���)$L/(�2+ >A��� � �.� ��� 5#� %#�� �#�-���G�<�
!#"��A+ > � >������ � �:/ � � >)$&$R� Mh
�%$&�L/(���7��@-�

?)> �

Mh = h















2/3 1/6 0
1/6 2/3 1/6� � � � � � � � �

1/6 2/3 1/6
0 1/6 2/3















,

� �Q!#")�=$&�%$���>7+ �<"7��$:? ���#?<���-$L$R�����

λk(Mh) =
h

3
(2 + cos(kπh))

?<�#"(�
1 ≤ k ≤ n.

� �#�-���G�<��!#"��7N-$������:"��.� + � $&�0+ >o� ��� � "(+ �'/(�Q!#")>�/#� >���"(�G�:1 5#� � 	76 N)>7+ ���G$O���'���G��"����'!#"�� Mh = h Id �� >7��$%� �2/(�<� � � �<�&�%>)$�NH�%>7+ �<"(+ � � + �%$���>7+ �<"7��$:?<�G��? ���-$Q/#" ?<�G� �7+ � � � $ ?<������� >7+�/�� $O�<���%� �
� �����8� ? �U�I�9	�rO	U� P�VL_:P,ETIaZzE�_:Z[D�P!Z\DeS!c�ILZ\DT_:PHSBD�N!c5DTE�NQD�_:PHS/K:PRV5K:PQDTS!]8_uK:PQVLwJZ\} r D�SRK{DeE�NRPHIaZr IaNRPQM[E�M\DTZ{�¦��p°¯ 95�?M[Z5n�Ia_8Nef�D�W��LX�WJX�PHIaZkf�E�V r�r DTWJE�DTP KJIaPUE�ILZ[E�_:Z\DTP ZzIFn�ILE�NRVLPQMzSRIaNRM[VLW�]8D!C/G:V5Z\DeS �-+]8D�Z[I r IjNQPRMzE�D�]8D r ILSQSRD Mh = LhL∗h

f:K?VL_JP&S1D�PHI r D�W:DTP&Ia_*E�I5S,E�ZzILSQS1Mz^`_:D
K̃hŨh = λhŨh

I�c5DTE K̃h = L−1
h Kh(L∗h)−1 D�N Ũh = L∗

hUh,K{V5_:P�Z\De^`_:D�Z2V5W¸]8MzSRK{V`S1D$]|g IaZ[�LV5PRM\NRG r DeSl]:DyE�IaZzE�_JZm]8D�c�ILZ\DT_:PHS�D�N�cLDeE�NRDT_:PHS�KJPRV5K:PRDeS�p 0=VL_JSPRDTW`c5V +LV5WJS�YlZzI���DTE�NRM[VLW*� 9Jp ¯=K?VL_:PmKJZ\_JSB]8D&]8X�NHIaM[Z[S2SR_:PBE�DTS2ILZ\�5VLPQMONQG r DTS'�L]8MzSRVLWJS2SRD�_:Z[D r DTW5N^5_JD�ELg DeSAN&Zkg X�NQILK{D�ZzI�K:Z[_JS&E�V	�8NRDT_JSRDlDTWuNQD r KJS&]:D�E�IaZzE�_JZ®p�WvK{DT_8N2X�c�M\NRD�P�]8DFE�V5WJSANQPR_JM\PQDmZzI r IjNQPRMzE�D K̃h
D�N�n�ILM\PQDBZkg XeE�V5W:V r M[D/]8D!Z[I=n�ILE�NRV5PRMzSRIaNRM[VLW�]8DC/G:VLZ[DTS �-+l]8D Mh

SRMLV5W�_8NQM\Z[M[SRDB_JW:DmnoV5P r _:Z\D!]8D/^`_JI5]8PHIjNR_JPRD2K?VL_:PUX�cjILZ\_:DTPdZ[DTS�E�V�D�±yE�M[D�W`NHS�]8DZ[I r IaNRPQM[E�D Mh
^`_:M`Z[I=PRDTWJ]8DF¢ « ��D{�?§U�:���?paC/DBK:PQV8E�XT]:X/]|g M\W`NQX��LPHIjNQM\V5W�W�_ r X�PQM[^`_:D/DTS1N�ILK:K{DTZ\X¨L�?§�¢U��§��e� ªT« �{§¡¢������:�e�T�t�oV5_�² r I5SRSBZ\_ r KJM\W:�a³=D�WuILW:�LZzIaMzSH��D�N!DTS1NBnoPQXT^`_:D r�r D�W`NF_8NRM[Z[M[SRXLp

P�ILPFD�b8D r K:Z[DLfJSRM|VLW�_8NQM\Z[M[SRD�Z[IvnoV5P r _:Z\D�]8D�^`_JI5]8PQIaNR_:PQD�� �:p = .5�=�®^`_:M _8NQM\Z[M[SRD�_:W:Mz^`_:D r DTW5N,Z[DTSc�ILZ\DT_:PHS2Ia_8b�W:V�D�_J]:S/]|g _:W:DFnoVLW{E�NRM[VLW$K?VL_JPBE�ILZ[E�_:Z\DTP2_:W:D,M[W`NRX��5PQILZ\D���faV5W�cLVLM\N2n�ILE�M\Z[D r DTW5NB^`_:DZ[I r IjNQPRMzE�D�]8D r ILSQSRD Mh
ILM\W{S1M|V5w8NRDTW`_JDlDeSAN=]:M[IL�LVLW{IaZ[D���cLVLM[PFZ®g :2b8D�PHE�MzE�D��8p ={p\����p •

0=VL_JSvcLDTPRPQVLW{S�]:IaW{S�ZzI�SRVL_JS1hiS1DeE�NRM[VLWsSR_:M[c�ILW`NRDt^`_:D��T���U�������®��� �U����� « �`����� �:�J�����d�j����j�{���j���,]8MzSRE�PR}�NRDTS
λk,h
�oZ[DTS�KJZ\_JS�K?D�NQMONQDTSH�US1V5W5N2]8DeS2IaK:K:PQV�b8M r IaNRM[VLWJS�E�VLPQPQDTE�NQDTSU]8DTS�cjILZ\DT_:PQS
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KJPRV5K:PRDeSdD�b:ILE�NQDTS
λk
� r��Tr DFEHG:V`S1D/K{V5_:P�Z\DeS�c5DTE�NRD�_JPQS�K:PQVLK:PQDTSH��p�ViZ`n�Ia_8N2]8V5WJEmn�ILM\PQDFIjN1NQD�W`NRM[VLWIL_yn�ILMON,^`_:D�Z[DTS!]8DTPRW:M[}�PQDTS/cjIaZ[D�_:PHS/K:PRV5K:PQDTS=��Z\DeS!K:Z\_{S/�5PQILWJ]8DeSQ�B]8_uK:PQVLwJZ\} r Dl]8MzSRE�PRD�N��¦��p°¯ 95�Wdg V5W5N2Ia_{E�_:W:D!S1M[�LWJMO´{ETIjNQM\V5W�K:G-+8S1Mz^`_:D���P2IaP�E�VLW{S1Xe^5_JD�W`NTf�S1M�V5W�DTS1N�M\W`NRXTPRDeSRSRXBK{IaPUZ[I r M[Z[Z\M[} r DcjILZ\DT_:P K:PQVLK:PQD2]8_�K:PQVLw:Z[} r Dm]8D/x=M[PRMzEHG:Z[D�NB�¦��p[���a��f�M[Zan�Ia_:NdK:PQD�WJ]8PQD2_:W r IaM[Z[Z[IL�LD2S1_:±$SQI r�r D�W`N´{W*]:_ ]8V r IaM[W:D Ω Ij´JW ^`_:D�ZzI$]8M r DTWJS1M[VLW ]8D�Zkg DTSRKJILE�D�] g XTZ\X r DTW`NQSF´JWJM[S Vh

SRVLM\N,w:M[D�W K:Z[_JS�5PQILWJ]8D�^`_:D r M\Z[Z\D5p
0=VL_JS�M[Z[Z\_JS1NRPQVLW{SlE�D�NRNRDySRVL_JS1h¦SRDTE�NRM[VLW�KJIaP�Z[DyE�IaZzE�_JZm]8DTS ��K:PQD r M[D�PHS r V8]8DeS�K:PQVLK:PQDTS�]8Dc�M[w:PHIjNRM[VLW�]|g _:W�NHI r w{V5_:P/� r V8]8XTZ\MzSRX/E�V r�r DB_:W:D r D r w:PHIaW:D/E�M[PQE�_:Z[ILM\PQD�´:b8X�D/S1_:PUS1V5W�w{V5PQ]{��p�WtPRXeS1V5_8N,]8VLWJElZ[D�KJPRV5w:Z\} r Dl]8D�x�M\PQMzEHG:Z\D�N��k��p[���L�B]JIaWJS!_:W*]8MzSR^`_:D�]8D�PQI�+5VLW �5pJ�Wt_8NQM\Z[MzS1D_JW:D r X�NRG:V8]8D�]|g X�Z[X r DTW5NHS/´JW:MzS P1

p:q DeS/PQXTSR_:Z\NQIaNQSFS1V5W`N!K:PQXTSRD�W`NQXTSF]:IaW{S/ZzI ��M[�L_JPRD���p°¯�D�N,Z\D
kUIawJZ\DeIa_¸�8p ={p\����p �W PRD r IaPH^5_JD�^`_:DvZzIyKJPRD r M[}�PQD�cjILZ\DT_:P�KJPRV5K:PRDvDTS1NlSRM r K:Z[DvNQIaW{]8M[S�^`_:DvZ[I]:D�_8b8M[} r D�D�N,ZzI�NRPQVLMzS1M[} r D�S1V5W5NB²R]8VL_Jw:Z\DeSi³�p

�&ILW:�$]8_ r V8]8D�KJPRV5K:PRD � ¯ 9 = . �

� IaZ[D�_:P,KJPRV5K:PRD .8p �j� � =Jp �Lº �
={p �5º ¯ �:p =`¯ ¯ �:p =`¯ 9L¹Jp . 9
����� � ��p°¯ � � ILZ\DT_:PQS!K:PQVLKJPRDeS!E�VLPQPRDeS1K?VLW{]:IaW`N,Ia_8b r V8]8DeSFK:PRV5K:PQDTSF]8D�ZzI �UM[�L_:PQD���p°¯8p
-!.	�&.@A ��9B4 ��G 7���Gd4=> G G|6 G�E568@8LMN�6:@19B4&E~; � G 7:7OGd<=7
xlIaWJS�E�D�N1NQDtSRVL_JS1hiS1DeE�NRM[VLWdfdW:V5_JS�WJVL_JS�E�V5W5NQD�W`NRV5WJS�] g XTW:VLWJE�D�Pv_:W¡PQXTSR_:Z\NQIjN�]8DtE�VLW�cLDTP1h�5D�WJE�D�]8DvZ[I r X�NRG:V8]8D�]8DTS=X�Z[X r D�W`NHS&´JWJM[S=NRPQM[ILW:�L_JZ[ILM\PQDTS Pk

K?VL_:PlZ\D�E�ILZ[E�_:Z�]8DeS=cjILZ\DT_:PQS=D�Nc5DTE�NRD�_JPQS�K:PQVLK:PQDTSl]8_�KJPRV5w:Z\} r D�]8D�x�M\PQM[EHGJZ\D�N��¦��p[���a��p3ViZ2DeSAN�w:M[D�W¸E�ZzIaM[Pl^`_:D$E�D�PQXTSR_:ZONHIjN�S1D�5X�W:XTPQILZ\MzSRDlILM[SRX r D�W`N&Y�]|g Ia_8NQPRDeSFK:PRV5w:Z[} r DTS!D�N=Y�]|g Ia_:NRPQDTS!N,+�K{DeS&]|g X�Z[X r D�W`NHS!´JW:MzS�p
b 4(6 �{���������
	MrE	Mr ,4.>01�

(Th)h>0

�2	93 G[�201�3PE73 YZ�>01818M��� 3[GP�DB[0<�
	 �F�28M�>01BO3[G!BOA �>�28:0<3�B=G!EF3
Ω I,/.
01�

V0h
8M3PG�.>� G � 3[GD6��F;=3XE73

H1
0 (Ω) i E7A<\p	�0N6H�>BP8M� Y A��a�H.�EF3nEF3�G^A�8MA�YZ3�	��?Ge\p	�0UG

Pk i E73E>01YZ3�	HG[0<.>	
ndl I ,4.
01� (λi, ui) ∈ R×H1

0 (Ω) i 6H.>�2B i ≥ 1 i 8M3�G L �>8M3��2B=G_3�� L 3�;��V3��2B=G�69B�.�69B�3[G	 .>B[�T��.
	9.>B[YZA�G�EF�>	HG
L2(Ω) � E
�d69B�. ��8���Y 3eEF3 ��01B[0<;"� 8M3�� 	 �FI���� ��i BO�
	!�7A�G&6��
B�.>BOE
B�3�;�BO.
0UG=G��
	��

0 < λ1 ≤ λ2 ≤ ... ≤ λi ≤ λi+1...

,/.
01��8M3�G L �
8�3��2B=G�69B�.�69B�3[G

0 < λ1,h ≤ λ2,h ≤ ... ≤ λndl,h,

E73�8OR ��6F64BO.�T701Y �
�D0<.
	 L �
B[0<�
�D0<.
	�	93�818M3 	 
 I � � � E7�
	HG V0h I � .>�2BW�.>�2� i ≥ 1
\ T A i .
	K�

lim
h→0
|λi − λi,h| = 0.

�k�8p ¯ =`�
f 8&3OT70UG[�V3#�2	93 ���
YC01818M3ZEF3 L 3=;��V3��2B=GS69B�.�69B�3[G (ui,h)1≤i≤ndl

E73 	 
 I � � � E7�
	HG V0h
�3�818M3_����3 i G=0

λi
3[G[�p�2	43 L �
8M3��2B�69B�.�69B�3�G[01Y�698M3 i .>	K�

lim
h→0
‖ui − ui,h‖H1(Ω) = 0.

�k�8p ¯Q.L�
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¯ 9 = ���������
	���������������������������! �"$#%�&���' (�������)�*������

�C3 698h� G i G[0_8M3nG�.>� G � 3�GD6H�7;=3l3�	!�73�	9E>BOA 6��
B
(u1, ..., ui)

3�G[� 01	9;�8:� GKE7�
	HG
Hk+1(Ω)

3��_G[0
k + 1 > N/2 i �
8�.
B=G_.
	 � 8 R 3�G[�?01Y �
�D0<.
	@EQR 3�B[BO3��2B

|λi − λi,h| ≤ Cih
2k,

�¦��p°¯ �5�
.��

Ci
	93CEFAV6�3�	4EW6��)G5EF3

h i 3��NG[0 λi
3[G[���2	93 L �
8�3��2B�64BO.�64BO35G=01Y�698�3 i .>	K�

‖ui − ui,h‖H1(Ω) ≤ Cih
k.

�¦��p°¯5�a�
� �����8� ? �����
	MrE	�·qdI�E�V5WJSANHIaW`NRD

Ci
]:IaW{Sl�¦��p°¯ �`�mV5_��k�8p ¯`�a�mNRDTWJ]:SFcLDTPQS

+∞ Z\V5PQSQ^`_:D i→
+∞ f!E�D�^`_:Mln�IaM\N�^`_ g M[ZlWdg + I¡IL_JE�_JW:D��`IaPHIaW`NRM[D ^`_:D�Z[DTStK:Z[_JSt�LPHIaWJ]8DeSycjIaZ[D�_JPQSuK:PRV5K:PQDTS]:M[SQE�PQ}�NQDTS��oK{IaP,D�b8D r KJZ\D5f λndl,h

�FSRVLM[D�W`N,K:PRV8EHG:DeS,]8DTSFcjILZ\DT_:PQSFKJPRV5K:PRDeS!D�b:ILE�NRDTS
λi
pqBg V5PQ]8PQD,]8D&E�V5W�cLD�PQ�LDTWJE�DF]8DeS2cjIaZ[D�_:PHS�K:PQVLK:PQDTS�DeSANmZ[D&]8VL_Jw:Z\D&]:D&E�D�Z[_:MJ]:D&Z[I�E�VLW�cLDTPR�5D�WJE�D]:DTSlcLDeE�NRDT_:PHS=K:PQVLKJPRDeS�pWViZmS�g Ia�5MONlZ[Y�]|g _:W¸K:G:X�WJV r }�W:D��LXTW:X�PHIaZ�]|g IaK:KJPRV�b8M r IaNRM[VLW�SRK?DTE�NQPQILZ\D] g V5K{XTPQIaNRD�_JPQSmIL_8NRVLh¦I5]��AVLM[W`NQSm^`_ g VLW$PQD�NQPRV5_:cLDTPQI�IL_JSRSRMJ]:ILWJSmZ[DTS/IaZ[�LV5PRM\NRG r DeS2W�_ r X�PQM[^`_:DeSB]8DZzI$��DTE�NRM[VLW~� 9Jp ¯t�oc5VLM[PFZ[I!PmPQVLK?V5SRM\NRM[VLW��59:p°¯8p[�e��pq�I¡E�V5W�cLD�PQ�LDTWJE�D ]8DeSuc5DTE�NRD�_JPQS$KJPRV5K:PRDeSyW:D�K{DT_8N*STg VLw8NQD�W:M[Pt^`_:D¸S1MlZ[I�c�ILZ\DT_:PuKJPRV5K:PRDE�VLPQPRDeS1K?VLW{]:IaW`NRDvDTS1N�S1M r K:Z[DLp1:mWsD
R?D�NTfdSRMmZzI�c�ILZ\DT_:P�K:PQVLK:PQD λi
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Ω
_:WtV5_:cLDTP1N!w{V5PRWJXl]8D

RN
]8D�noPRV5W`NRM[}�PQD

∂Ω
p P�V5_:P]:DTS,E�V5WJ]8M\NRM[VLWJS,IL_8buZ[M r M\NRDeS&]8D�x�M\PQM[EHGJZ\D�N=E�D r V�]:}�Z[D�S�g XTE�PRM\N







∂u
∂t −∆u = f

]:ILWJS
Ω× R+

∗
u = 0

SR_:P
∂Ω× R+

∗
u(x, 0) = u0(x)

K?VL_:P
x ∈ Ω.

�®�:p[�e�
qdD K:PQVLw:Z[} r D IL_8b Z[M r M\NRDeS��®�:p[�e� r V8]8XTZ\MzS1D Zkg X�cLV5Z\_:NRM[VLW£]8D ZzI~NQD r K{XTPQIaNR_:PQD u(x, t) ]:ILWJS_JW£E�VLPQKJS�NQG:D�P r M[^`_:D r D�W`NtE�V5WJ]8_JE�NRDT_:Pu^`_:M=V8ETE�_:K?D Z[D ]8V r IaM[W:D Ω

p!qdIs]8MzS1NRPQM\w:_:NRM[VLW£]8DNQD r K?X�PHIjNR_JPRD�M[W:MONQM[ILZ\D5f{Y t = 0
f:DTS1N=]8VLWJW:X�D�KJILP,Z[I�noV5WJE�NQM\V5W

u0
p{��_:P&Z[D�w{V5PQ]

∂Ω
]:_*E�VLPQKJSE�VLWJSRMz]8X�PQXLf�ZzI=NQD r K?X�PHIjNR_JPRDFDTS1N r IaM[W5NQD�W�_:D,Yl_:W:DFcjIaZ[D�_:PmE�VLWJS1NQILW`NRDLf�_8NQM\Z[MzS1XTD&E�V r�r DFcjIaZ[D�_:P]:D�PRX�noX�PQD�WJE�D$��Eag DTS1N=ZzIyE�V5WJ]8M\NRM[VLW ]8D�x�M[PRMzEHG:Z[D�N=G:V r VL�L}TW:D u(x, t) = 0

S1_:P
∂Ω× R+

��p{qdDTSSRVL_JPQE�DTS!]8DlEHG{IaZ[D�_:PFS1V5W`N r V8]8X�Z[MzS1XTDTS!KJIaP!ZzI�noV5WJE�NQM\V5W�]8V5W:W:XTD f = f(x, t)
pO0=VaNQVLWJSF^`_:DlZ\DeScjILPRMzIaw:Z[DTS

x ∈ Ω
D�N
t ∈ R+

�AV5_:D�W`N�]8DeS�P��5Z\DeS=NQPR}eS�]8M R X�PQD�W`NHS�]:IaWJS$�®�:p[�e�=K:_:MzSR^`_ g M[ZBS�g Ia�5MON] g _:WJDlXe^`_JIjNQM\V5WuIa_8bu]:X�PQM\c5X�DTS/KJILP1NQM\DTZ\Z[DTSF]8_�K:PQD r M\DTP/V5PQ]:PRD�D�W t D�N&]8_�]8D�_8b8M[} r D�VLPH]8PQD=D�W
x
��Z\D�q�IaK:ZzILE�M\DTWtWJDlK?VLPRNRD�^`_:D�SR_:P,ZzIvcjILPRMzIaw:Z[D�S1K{IjNRMzIaZ[De��p
ViWJ]:M[^`_:V5WJS=^`_ g M\ZUD�b8MzSANQD�]|g Ia_8NQPRDeS&V5PRM[�LM[W:DTSFKJG +8SRM[^`_:DeS=]8_ S8+8SANQ} r Du�®�:p[�e��p3P2IaP=D�b8D r K:Z[DLf�®�:p[�e� r V8]8XTZ\MzS1DtIa_JSQS1M/Z[I�]8M R _JSRM\V5W¡]|g _:W:D�E�VLW{E�D�W`NQPQIaNRM[VLW u ]:ILWJS�Z[Dt]:V r IaM[W:D Ω

f�VL_�w:M[D�WZkg X�cLV5Z\_:NRM[VLW·]8_µEHGJI r K�]8D�KJPRDeSRSRM\V5W u ]|g _:W �{_:M[]:D¸STg XeE�V5_:Z[ILW`N�]:ILWJS�_:W r M[Z\M[D�_ K{V5PRDT_8b�®ST+8S1NR} r D�]8D�xlIaPHE +:��f8VL_�D�WJE�VLPQDlZzI�Z\V5M ]|g _:W r V5_:cLD r D�W`N,w:PRV
	,WJM\DTW�]:ILWJSFZ[D�]8V r IaM[W:D Ω p�W�K{DT_8NTfJw:M\DTW S��:Pef8ILSQS1V8E�M\DTPF] g IL_8NRPQDTSFE�V5WJ]8M\NRM[VLWJS,IL_8byZ[M r M\NRDTS=Y�Zkg Xe^`_JIjNQM\V5W�]8D�ZzI�EHGJIjhZ[D�_JPy�oKJILP�D�b8D r K:Z[DLf _JW:DyE�V5WJ]8M\NRM[VLW~]8D 0&DT_ r IaW:W~G:V r V5�L}TW:D�SRMmZzI�KJIaPQVLMm]8_sE�VLPQKJS Ω DeSANI5]8MzIawJIaNRMz^5_JDe��p
� W:D�K:PQD r M\}TPRDl�LXTW:X�PHIaZ[MzSRIaNRM[VLWyXTc`Mz]8DTW5NQD�]8D�Z®g XT^`_JIaNRM[VLWt]:D�Z[I�EHGJIaZ[D�_JPFSTg VLw8NQM\DTW5N,Z[VLPHSR^`_:DZkg VLW�PRD r K:Z[I5E�D,Z[D=qdILK:ZzILE�M[D�W�KJILP2_:W$VLK?X�PHIjNQD�_:PBD�Z[Z\M[K8NRMz^`_:D=]8_y]:D�_8b8M[} r D,VLPH]8PQD,K:Z\_{S2�LXTW:X�PHIaZ��cLV5M\P ZzI��8VL_JS1h¦SRDTE�NRM[VLW'.8p°¯8p 95��p�C/D�N1NRD/�LXTW:X�PHIaZ[M[SQIjNQM\V5WlSRDmPQD�WJE�VLW`NRPQDLf�KJIaP�D�b8D r K:Z[DLf�S1M5VLW�X�NR_J]8M[D
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u
ZzIyc�M\NRDTSQSRD�D�N

p
ZzIyKJPRDeSRSRM\V5W�]|g _:W �{_:M[]:Dvc�MzSR^`_:DT_8b�S1V5_ r M[SlYu]:DTSnoVLPHE�DTS

f
f:E�D�ST+8S1NR} r D�STg XeE�PQMON















∂u
∂t +∇p− µ∆u = f

]JIaWJS
Ω× R+

∗
divu = 0

]:IaWJS
Ω× R+

∗
u = 0

S1_JP
∂Ω× R+

∗
u(x, t = 0) = u0(x)

]:IaW{S
Ω

���:p°¯L�
V U

µ > 0
DTS1NmZ[I�c�MzSRE�V5SRMONQXF]:_ �{_:M[]:DLp �&ILK:K?D�Z[VLWJSm^`_:D,ZzI�E�V5WJ]8M\NRM[VLW$Ia_8bvZ\M r MONQDTSB]:D&x=M[PRMzEHG:Z[D�NG:V r VL�5}�W:D r V8]8X�Z[MzS1D�Zkg I5]8G:XTPRDTWJE�D�]8_ �{_:M[]:D�Y�Z[I�KJILPRV5M ]8D Ω

�oc5VLM[P&Z\DvC/G{IaK:M\NRPQD$�e��f:D�N�^`_:DZ\D*ST+8S1NR} r D ]8D �`NQV��LDeS�W g DeSAN�cjIaZzIaw:Z[D*^5_JD�K?VL_JP�]:DTS�c�MONQDTSQS1DeS�n�ILM\wJZ\DeS���cLV5M\P�ZzI��,D r IaPH^5_JD
.8p 9:p �a��p?qdIuK:Z\_JKJIaPRN�]8DeS=PQXTSR_:Z\NQIjNHS�^`_:DvW:VL_{S&cLDTPRPQVLW{S&]:IaW{S�E�DvEHGJILK:MONQPRDvS1Dv�LX�WJX�PHIaZ[M[SRD�Yu]8DNRD�ZzS r V8]8}�Z[DTSTp
� .102.�� � 9,;�C(F1@TE NU6:@A9B4 G|6�G ��G(L HJF,G�E¡; � C��F<&N�6:@19B4&E ��� H)G 7 I�9�F1@��!<&G�E

PBPRXeS1DTW5NQVLWJS=PQILK:Mz]8D r D�W`NlZ\DeS=]8DT_8b K:PRM[WJE�M\KJIL_8b r V8]8}TZ\DeS=G-+�K?D�PQw{V5Z\Mz^`_:DTS�^5_JD�W:VL_{S=X�NR_8h]8M\DTPRV5WJSm]:ILWJSBE�D=EHGJILK:MONQPRD5pLq D=K:PRD r M\DTP r V�]:}�Z[D&DTS1N/�,> 6-? ��� ªe« �?§s¢������?§�¢U���&]8V5W5N/Z®g VLPQM\�5M\WJDK:G-+�SRMz^5_JDFI�]:X �1Y�X�NQX&]8MzSRE�_8NRXTD&Ia_uC/GJIaKJMONQPRD��5p5��VLM\N
Ω
_:W�VL_:c5D�PRN�w?VLPQW:X&]8D

RN
]8DFnoPRV5W`NRM[}�PQD

∂Ω
p%P�VL_JP&]8DTS&E�VLWJ]:MONQM\V5WJS,Ia_8btZ\M r MONQDTS&]8D�x�M\PQMzEHG:Z\D�N=E�D r V8]8}�Z[D�S�g XTE�PRM\N















∂2u
∂t2 −∆u = f

]:ILWJS
Ω× R+

∗
u = 0

SR_:P
∂Ω× R+

∗
u(t = 0) = u0(x)

]JIaWJS
Ω

∂u
∂t (t = 0) = u1(x)

]JIaWJS
Ω.

���:p 95�
q D K:PQVLwJZ\} r D IL_8b¬Z\M r MONQDTS��®�:p 95� r V8]8XTZ\MzS1D5fBKJILPyD�b8D r KJZ\D5fBZzI~K:PRV5KJIa�`IjNQM\V5W IL_£E�VL_JPQSy]:_NRD r KJS�]8_·]:X�K:ZzILE�D r D�W`Nuc5D�PRNRMzE�IaZl]|g _:W:D r D r w:PHIaW:D XTZ[I5SANQM[^`_:D5fBV5_£w:M[D�W·]8D�Z®g I r K:Z[MONQ_J]8D]|g _JW�EHGJI r K XTZ\DeE�NRPQMz^5_JD�]8Dv]:M\PQDTE�NRM[VLW E�V5WJS1NQIaW`NQDLp{qBg M[WJE�VLW:W�_:D u(t, x) DeSANlM[E�Md_:WJD�noVLW{E�NRM[VLWSRETIaZzIaM[PRD5pqdD�]8DT_8b8M\} r D r V�]:}�Z[D DTS1Nt�,> 6 ���:� ª � ¢ � §U�:� « ? �U�s^`_:M=DeSANtZ[Isc5D�PHS1M[VLW¬]|g X�c5VLZ[_8NRM[VLW DTWNRD r KJSU]8DeSdXe^5_{IjNRM[VLW{Sd]8D/Z®g X�ZzILS1NRMzE�M\NRX/Z\M[W:XTILPRMzSRX�D=��cLVLM[PdZ[DTS2C/GJILK:MONQPRDeSm�/D�N�.5��p5P2IaP�IaK:K:Z[MzE�IjNQM\V5W]8_ K:PQM\W{E�M[K{D�noVLWJ]:I r D�W`NQILZU]8DvZ[Iu]%+�WJI r Mz^5_JDLf?Z®g ILETE�X�Z[X�PHIjNQM\V5W*X�NQILW`N�ZzIu]8XTPRM[cLXTD�S1DeE�V5WJ]8D�DTWNRD r KJS�]8_ ]8X�K:ZzILE�D r D�W`Nef�V5W�VLw8NQM\DTW`Nv_:W�KJPRV5w:Z\} r Dt]|g X�c5VLZ[_8NRM[VLW�]|g VLPH]8PQDu]8DT_8bsD�W�NQD r KJSE�V r�r D¶�®�:p 95��p�0=XTILW r VLM[WJS�f!_:W:D¸]8MSR?XTPRDTWJE�D¸M r K?VLPRNQILW5NQD�I�c5DTE��®�:p 95�$DeSAN ^`_:D�Zkg M\WJE�VLW:W�_:D
u(t, x)

DTS1N!]8XeS1V5P r IaMzS2_:WJD&noVLW{E�NRM[VLWyY�c�ILZ\DT_:PHSmcLDeE�NQVLPQM\DTZ\Z[DTSm]JIaWJS
RN p PmZ[_JS/K:PRXeE�MzS1X r D�W`NTf`S1MVLWyW:VLNRD

f(t, x)
ZzI�PRXeS1_JZONHIaW`NRD���cLDeE�NRV5PRM[D�Z[Z[De�m]:DTS2noV5PQE�DTSBD�b�NRXTPRM[D�_:PQDTSTfLZ[D�]:X�K:ZzILE�D r D�W`N u(t, x)DTS1N=S1V5Z\_8NQM\V5W�]:D















ρ∂2u
∂t2 − div (2µe(u) + λ tr(e(u)) Id) = f

]:ILWJS
Ω× R+

∗
u = 0

SR_:P
∂Ω× R+

∗
u(t = 0) = u0(x)

]JIaWJS
Ω

∂u
∂t (t = 0) = u1(x)

]JIaWJS
Ω,

���:p =`�
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VQU
u0
DeSAN�Z[Dy]8X�KJZ[I5E�D r DTW5N�M[W:M\NRMzIaZkf u1

Z[I�c�M\NRDTSQSRD$M\W:M\NRMzIaZ[DLfdD�N
e(u) = (∇u + (∇u)t)/2

Z[DNQD�WJSRD�_JP/]8DeSB]8X�noVLP r IaNRM[VLWJSTp`�8_:K:K?V5SQIaW`NBG:V r V5�L}TW:D,M[SRVaNQPRV5K{D=Z\D r IaNRX�PQMzIa_y^`_:MJV8ETE�_:K?D Ω f�SRI]:D�WJSRMONQX�DeSAN&E�VLWJS1NQILW5NQD
ρ > 0
f8]8D r���r D�^5_JDlSRDTS r V8]8_:Z[DTS,]8D�qdI r X�^`_:M cLXTPRM\´JD�W`N µ > 0

D�N
2µ+Nλ > 0

p
� �����8� ? ��� �O	��	��£�WuK?D�_8N,I
�AV5_8NRDTP!IL_8b$XT^`_JIaNRM[VLWJSl���Jp 9`�2D�N����Jp =��2_:WuNRDTP r D�]8_uK:PQD r M[D�PV5PQ]:PRDlD�W�NRD r KJS�f{E�D�^`_:Md]8V5W:W:D

∂2u

∂t2
+ η

∂u

∂t
−∆u = f

]:ILWJS
Ω× R+

∗ .qdVLPHSR^`_:DlZ[D�E�V�D�±yE�M[D�W`N
η
DTS1N&K{V`S1M\NRM\nAfJE�D�NQD�P r D�]:_ K:PRD r M\DTP,VLPH]8PRD�E�V5PRPQDTSRK?VLWJ]tY�_:W:D�noVLPHE�D]:D�noPQD�M[WJIa�5D�K:PQVLK?VLPRNRM[VLW:W:DTZ\Z[D�YuZ[I$c�M\NRDeSRSRDLp �W�]8M\N�IL_JSQS1MU^5_dg M[ZUSTg Ia�LM\Nl] g _:W NRD�P r Dv]|g I r V5P1hNQM[SQSRD r D�W`NTp{�W*KJILPRZ[D�IaZ[VLPHSF¢�> 6 ? �U� ªe« �?§ ¢U�����{§U¢������:���{� ªT« �`�5p •

� �����8� ? ��� �O	��	GF ViZdD�b�MzS1NRD�]|g Ia_8NQPRDeS r V8]8}�Z[DTS=K:G-+�SRMz^5_JDTS,]8V5W:WJIaW`N&Z[M\DT_ Y$]8DTS=XT^`_JIaNRM[VLWJSIL_8b$]8X�PQM\c5X�DeS�KJIaPRNRM[D�Z[Z\DeSmG-+�K{DTPRw?VLZ[Mz^5_JDTSTp`C/D�K?D�WJ]JIaW`NTfLNRVL_:N r V8]8}�Z[D&G-+�K{DTPRw?VLZ[M[^`_:D,Wdg DeSANBK{ILSWJXTE�DeSRSQIaM[PQD r D�W`Nv_JW¶K:PQVLwJZ\} r D*]|g X�c5VLZ[_8NRM[VLW ]|g V5PQ]:PRD�]8D�_8b|p/C�g DTS1N$Z\D E�I5S�W:VaNHI r�r D�W`N�]:DTSXe^`_JIjNQM\V5WJS=]|g :m_:Z[D�PlZ[M\W:XeIaPQM[SRX�DeS,D�W�ILE�V5_JS1NRMz^5_JDLf:V5_�]8DTS=XT^`_JIaNRM[VLWJS�]8D�� Iab 	/DTZ\Z DTW X�Z[DTE�NRPQVahr IL�LW:X�NRMzS r DLf�^5_JMBS1V5W`N�]:DTS�S8+8SANQ} r DTS�] g Xe^5_{IjNRM[VLW{S�G +�K?D�PQw{V5Z\Mz^`_:DTS�]|g V5PQ]:PRD�_:W�SRD�_:Z[D r D�W`NDTW¸NRD r KJSTp�qdDTS�Mz]8X�DeS�E�V5W`NRD�W�_:DeS�]:IaW{S�E�DyEHGJILK:M\NRPQD�STg X�NRDTWJ]8DTW5N�Y E�DTS�KJPRV5w:Z\} r DTSTf r IaMzS�Z[I]:M R X�PQD�WJE�D�]|g V5PQ]:PRD�D�WtNRD r KJS,D�W EHGJILW:�LDlZzI�K:PRXeS1DTW`NQIjNQM\V5W p •

� ��� � #y��+ ���,� $/� �!�����t��$/�H�  �t����+")�� $!��+ '*�#"��
	���)�����t�
0=VL_JS2ILZ\Z[VLWJS�SR_:M[c`PQD!_:W:D&]8X r ILPQEHGJD/SRM r M[Z[ILM\PQD,]:IaWJSUZkg DeS1KJPRM\NmY�E�D�Z[Z\D,^`_:M8W:V5_JS2Il�L_:Mz]8X�DFIa_C/G{IaK:M\NRPQD�.lK?VL_:P/X�NQILw:Z[M\P/Z®g D�b8MzSANQD�WJE�D&D�NBZkg _:W:MzE�M\NRX�]:D&Z[I�S1V5Z\_8NQM\V5W$]|g _JWyK:PQVLw:Z[} r D,D�Z[Z[M\K8NQM[^`_:D5pC/D�N1NQD�]8X r ILPQEHGJD&S1D=]:XTE�V r K{V`S1D,DTW$NRPQVLMzS2X�NHIaK?DTS �5K:PQD r M[}�PQD r D�W`NefLX�NHIaw:Z[M[Pm_:W:D=noVLP r _:ZzIjNQM\V5WcjILPRMzIjNQM\V5W:W:D�Z[Z[D*�k��VL_{SAhiS1DeE�NQM\V5W~�Jp ¯:p\����f ]8DT_8b8M\} r D r D�W`NTfU]8X r V5W5NQPRDTP�Z®g D�b8MzSANQD�WJE�DyD�N�Zkg _:W:MzE�M\NRX]:DyZ[I SRVLZ[_8NQM\V5W�]8DuE�D�N1NQD$noVLP r _:ZzIjNQM\V5W~c�ILPRMzIjNQM\V5W:W:DTZ\Z[D�D�Ws_8NQM\Z[M[SQIaW`N�_JW:DywJI5S1D$G:M[Z[w{DTP1NQM\DTW:W:D]:D�noV5WJE�NQM\V5WJSlK:PRV5K:PQDTS��®��V5_JSAhiSRDTE�NQM\V5W��:p°¯8p°¯L��fJNQPRV5M[SRM[} r D r D�W`Nef r V5W5NQPRDTPl^`_:D�E�D�N1NQD�SRVLZ[_8NRM[VLWc5X�PQMO´{DlwJM\DTWtZ[D�K:PQVLw:Z[} r D�Ia_8btZ\M r MONQDTS,X�NR_J]8M[Xy�®�8VL_JS1h¦SRDTE�NRM[VLW��:p°¯8p 95��p

� .@AF.10 �,9m7 L <&F,NU6:@A9/4 ��N�7J@,NU6:@A9B4�4�G�F8F,G
qBg Mz]8X�DuDTS1Nv]|g XTE�PQM[PRD�_:W:DynoVLP r _:ZzIjNQM\V5W�cjIaPQMzIjNRM[VLWJW:D�Z[Z\Dy^`_:M/PRDeSRSRD r w:Z[D�Y*_JW:D 6-? ��� ªT« �?§¢ « ��6 �j��§ ªT« �������¸�{��¢ « §U� « ����]8_~K:PRD r M\DTPlV5PQ]:PRD5f SRM r M[ZzIaM[PRD�Y��¦��p 95��p PUV5_:P�E�DTZ[ItW:V5_JS r _:Z\NRM\hKJZ\M[VLWJS&Z®g XT^`_JIaNRM[VLW*]8D�Z[I$EHG{IaZ[D�_:P��®�:p[�e�/KJIaP=_:W:D�noVLW{E�NRM[VLW�NQDTS1N

v(x)
^`_:M W:D�]:X�K?D�WJ]*KJI5S&]8_NQD r KJS t pQ2£ETIa_JSRD&]8D,ZzI�E�V5WJ]8M\NRM[VLW$Ia_8b�Z\M r MONQDTSBW:VL_JSBIaZ[Z\V5WJSm]8D r ILWJ]8DTPBY�E�D=^`_:D v S�g IaWJW`_JZ\DSR_:P�Z[Dyw?VLPH]s]8DyZkg V5_:cLDTP1N

Ω
fUE�Du^`_:M/cjI W:VL_{S�K{DTP r D�N1NRPQDu]|g D R DTE�NR_:DTP�_:WJDyM\W`NQX��LPHIjNQM\V5W~KJIaPK{IaPRNRM[D&S1M r K:Z\D��®SRILWJS�NQD�P r D�]8D,w{V5PQ]{��p P�V5_:PmZkg M[WJS1NQIaW`NBE�D=E�ILZ[E�_:Z:DTS1NmK:PQM\W{E�M[KJIaZ[D r D�W`N2noV5P r D�Zkp

0=VL_JSFV5w8NRDTW:VLW{S,]8VLWJE
∫

Ω

∂u

∂t
(x, t)v(x) dx +

∫

Ω

∇u(x, t) · ∇v(x) dx =

∫

Ω

f(x, t)v(x) dx.
���Jp .5�
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�<�
	 � �&� ������� ���J� � �����&�)�������  �� ¯ 95º
C/V r�r D�W:M Ω W:M v(x) WJD�cjIaPQM\DTW5NlI�cLDTElZ[D�NRD r KJS t f?VLW*K?D�_8NlPRXTXTE�PQM[PRD�E�D�N1NQD�XT^`_JIaNRM[VLW SRVL_JSZ[IvnoVLP r D

d

dt

∫

Ω

u(x, t)v(x) dx +

∫

Ω

∇u(x, t) · ∇v(x) dx =

∫

Ω

f(x, t)v(x) dx.

:2b8K:Z\V5MONHIaW`NmZ[DFn�IaM\NB^5_JD,Z\DeS2cjIaPQM[ILw:Z\DeS
x
D�N
t

�AVL_JD�W`NB]8DTSmP��5Z\DeSUNRPQ}TS2]8MSR?XTPRDTW`NQSTfaW:VL_{SmS1XTKJIaPQVLW{SE�DTSdcjIaPQM[ILw:Z\DeS|D�W�E�VLWJSRMz]8X�PHIaW`Nd]8XeS1V5P r IaMzS|ZzI&SRVLZ[_8NRM[VLW u(t, x) E�V r�r DB_:W:DmnoV5WJE�NQM\V5W�]8_�NQD r KJS
t �
�:�:����������¢U�:§U����§~�������:¨5�y¢��$¤¦�?§�¨ ªT« �{§U�,]8X�´{W:M\DeSmSR_:P

Ω
� r��Tr D&EHG:V5SRDFK{V5_:P f(t, x)

��p
PmZ\_{SFK:PRXeE�MzS1X r D�W`NTf8SRM|Z®g VLW�S1D�]8V5W:W:Dl_:WuNQD r KJSF´{WJIaZ T > 0

�oX�c5D�W`NR_JD�Z[Z\D r DTW`NFXT�5ILZ Y +∞ ��fVLW*E�VLW{S1Mz]8}�PQD�^`_:D
u
DTS1N=]8X�´JWJM\D�KJILP

u : ]0, T [ → H1
0 (Ω)

t → u(t),D�NvWJVL_JSvE�VLW`NQM\W�_:DTPRV5WJS�Y W:VLNRDTP
u(x, t)

ZzI cjIaZ[D�_:P
u(t) (x)

p2q DuEHG:V5MObs]8DtZ®g DTSRKJILE�D
H1

0 (Ω)DTS1N�XTc�M[]8D r�r DTW`N$]:M[E�NRX KJILP�ZzI¸WJIjNQ_:PQD*]:_¶K:PQVLwJZ\} r D*D�N�K?D�_:Nyc�ILPRM[D�P$]|g _:W r V8]8}�Z[D Y�_JWIa_8NQPRD5pO:mW �LXTW:X�PHIaZ|M[Z�STg Ia�LM\N&]8D�Zkg DeS1K{ILE�D�^`_:MUE�VLW�c�M[D�W`N&K{V5_:P&ZzI�noVLP r _:ZzIjNQM\V5WtcjILPRMzIjNQM\V5W:W:D�Z[Z[D]8_�K:PRV5w:Z[} r D,SANHIjNRM[VLWJWJIaM[PRD,I5SRSRV8E�M[XLpax�D r��Tr DLfaZ[DFNRDTP r D&SRVL_:PHE�D f DeSANB]:XTSRVLP r ILM[S�E�VLWJSRM[]:X�PQXE�V r�r D�_:W:D�noV5WJE�NQM\V5W�]8D t Y�cjIaZ[D�_:PHS,]:IaW{S L2(Ω)
p�W�M[W5NQPRV8]8_JMONBILZ\V5PQS�Z\DFK:PQV8]8_:M\NBSRETIaZzIaM[PRD!]8D

L2(Ω)
D�N2ZzI=noV5P r DFw:M[Z\M[W:XeIaM[PRD a(w, v) ]8X�´JW:MzSKJIaP

〈w, v〉L2(Ω) =

∫

Ω

w(x)v(x) dx
D�N

a(w, v) =

∫

Ω

∇w(x) · ∇v(x) dx.
:mW�EHG:V5M[SRMzSRSQIaW`N�ZzI$noV5WJE�NQM\V5W NQDTS1N�]:ILWJS�Z®g DTSRKJILE�D

H1
0 (Ω)
f|V5W K?D�_8N�IaZ[VLPHS r D�N1NRPQD*���:p/.L��SRVL_JSZ[I�noVLP r D ]|g _:W:D SRVLPRNRD ¢�> 6-? ��� ªe« �?§"¢ « ��6 �j��§ ªT« ���®��� �{��¢ « §U� « ����D�W t p!�W¬VLw8NQM\DTW`N$ILM\W{S1MZ[I�noV5P r _:ZzIjNRM[VLW cjILPRMzIjNQM\V5W:W:D�Z[Z[D�S1_:M[cjIaW`NRD �JNQPRV5_:cLDTP u(t) noVLWJE�NRM[VLW�]:D ]0, T [

Y$cjIaZ[D�_:PHS&]:ILWJS
H1

0 (Ω)
NQD�Z[Z\D�^`_:D







d

dt
〈u(t), v〉L2(Ω) + a (u(t), v) = 〈f(t), v〉L2(Ω) ∀ v ∈ H1

0 (Ω), 0 < t < T,

u(t = 0) = u0.

���:p �5�
ViZ/PQDTS1NRDyKJZ\_JSRM[D�_:PHS�K?VLM[W`NQS�Y K:PQXTE�MzSRD�P�]:ILWJS�ZzI noV5P r _:ZzIjNRM[VLW~cjIaPQMzIjNRM[VLWJW:D�Z[Z\D����:p �5��K{V5_:PvZ[_:M]8VLW:WJD�P,_:W SRD�WJS r IaNRG:X r IjNRMz^`_:D�K:PQXTE�M[S:�?^5_JD�Z[Z\D�DeSAN&ZzI�PRXT�L_:ZzIaPQM\NRXlD�W*NRD r KJS&]8D f D�N�]:D u fD�Nl^`_:DTZUSRD�W{S�]8V5W:W:DTP�YyZzIu]:X�PQM\c5X�D�DTW NRD r K{S�� :mW�K{IaPRNRMzE�_:Z[M\DTPTf{M\Z�n�Ia_{]8PQItIawJSRVLZ[_ r D�W`N�^`_:D
u(t)
SRVLM\N&E�V5W5NQM\W�_:D�DTW

t = 0
K?VL_:P=]:VLW:W:DTP,_:W*S1DTWJS&E�V5PRPQDTE�NFY�ZzI�]8VLW:WJX�D�M\WJMONQM[ILZ\D

u0
p

P�V5_:PtE�D�ZzI~W:VL_JSuI�cLVLW{S�w{DeS1V5M\W£]|g M[W5NQPRV8]8_JM\PQD _:W:D n�I r M\Z[Z\D�]|g DeS1K{ILE�DeS�noVLW{E�NRM[VLWJW:D�ZzSu]8DnoVLWJE�NRM[VLWJS,]8D
t
Y�cjIaZ[D�_:PHSF]:IaWJS,]:DTS,DeS1KJI5E�DeS!]:D�noVLWJE�NRM[VLWJS,]8D

x
p

+ 6 ;�§ «�ªT« �?§ �
	 F9	4�-,/.
01�
X

�2	 3[GD6��F;=3 EF3 �#018��=3�B[� i .>� 648:� G �7A�	9A�BO�>8M3�Y 3�	�� i �2	 3[GD6��F;=3 EF3
� �>	9�F;"� EFA?\S	�04G=�2B

Ω
	 � ��690<����3�Y 3�	�� i X = L2(Ω) i H1

0 (Ω) i .>� C(Ω) �FI ,/.
01� �2	 �V3�Y�6�GQ\S	4�
8
0 < T ≤ +∞ I � .
�2BC�2	l3�	��?0<3�B

k ≥ 0 i .
	@	4.
�V3
Ck([0, T ];X)

8 R 3[GD6��F;=3 EF3�G ��.
	4;��D0<.
	�G
k��.
0UG ;=.
	��D01	��2Y 3�	��gEFA�B[0 L � ��8�3[G!E73

[0, T ]
E7�
	�G

X I ,�0g.
	@	4.
�V3 ‖v‖X 8M�P	4.
B[Y 3aEF�>	HG
X i 018
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¯ =5¹ ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

3�G[��;�8M�)G=G[0<����3 	 L .
01B�� � 	�� � ����3 Ck([0, T ];X)
3[G[�p�2	K3[GD6��F;=3ZEF3 � �>	9�F;"�Z6H.>�2B#8M� 	4.
B[Y 3

‖v‖Ck([0,T ];X) =
k
∑

m=0

(

sup
0≤t≤T

∥

∥

∥

∥

dmv

dtm
(t)

∥

∥

∥

∥

X

)

.

J 	 	9.
�V3
L2(]0, T [;X)

8 R 3�G?6��F;=3 E73[G ��.>	9;��?0<.>	HG E73
]0, T [

E7�
	�G
X

�3�818M3�G ����3a8M� ��.>	9;��?0<.>	
t→ ‖v(t)‖X

G�.
01��YZ3�G[�2BO� ��8M3C3��oEF3C;=�
B[BOA501	��VA �>BO� ��8�3 i ;�R 3�G=� � ` � E>01BO3Z����3

‖v‖L2(]0,T [;X) =

√

∫ T

0

‖v(t)‖2Xdt < +∞.

� �2	�0/E73�;=3��?�V3%	4.
B[Y 3
L2(]0, T [;X)

3[G[� �>� G�G[04�2	 3�G?6��F;=3eEF3 � �>	9�7;*� I �_3 698:� G i G[0 X 3�G[�&�2	
3�GD6H�7;=3_E73 ��018��=3�B[� i �
8�.
B=G L2(]0, T [;X)

3[G[���2	n3[GD6��F;=3CEF3��#018��=3�B[�/6�.
�2B#8M3%69B�. E>�201�pG�;=�
8M�>01BO3

〈u, v〉L2(]0,T [;X) =

∫ T

0

〈u(t), v(t)〉Xdt.

� �����8� ? ��� �O	GF
	GF���M
X
DTS1NdZ®g DTSRKJI5E�D

L2(Ω)
feILZ\V5PQS

L2(]0, T [;L2(Ω))
STg Mz]8D�W`NQMO´JD!Y,Zkg DeS1KJI5E�D

L2(]0, T [×Ω)
K:_:MzSQ^5_JDLf:KJILPFZ\D�NQG:X�V5PR} r D�]8D��J_:w:M[W:Mkf:VLW*I

‖v‖2L2(]0,T [;L2(Ω)) =

∫ T

0

(∫

Ω

|v(t)|2(x) dx
)

dt =

∫ T

0

∫

Ω

|v(x, t)|2dx dt = ‖v‖2L2(]0,T [×Ω).

P�V5_:P
1 ≤ p < +∞ f:V5WtK?D�_8N��LX�WJX�PHIaZ[M[SRD�PFZzI�x�X�´{W:MONQM\V5W �:p°¯8p[�lDTW*M\W`NRPQV8]8_:MzSRILW`NFZkg DTSRKJILE�D�]:D� ILWJILEHG
Lp(]0, T [;X)

]8DTS�noV5WJE�NQM\V5WJSm]8D
]0, T [
]:ILWJS

X
NRDTZ\Z[DTS/^5_JD,Z[IlnoV5WJE�NQM\V5W

t→ ‖v(t)‖XSRVLM\N r DTSR_:PQILw:Z[DlD�N=]8D�K:_:MzSRSQIaW{E�D p h¦} r D�M\W`NQX��LPHIawJZ\D5p •xlIaWJS�ZzIuSR_:MONQD�V5W K:PQD�WJ]8PHI$Z[D�NQD�P r D�S1V5_:PHE�D f ]:ILWJS&Zkg DTSRKJILE�D L2(]0, T [;L2(Ω))
f D�NlVLWEHGJD�PHEHG:D�PHIlZ[IvS1V5Z\_8NQM\V5W

u
]:ILWJSB�T>\���T�U�:¨5�y¢�> 6 §��`��D « �

L2(]0, T [;H1
0 (Ω))∩C([0, T ];L2(Ω))

pC/DlEHG:VLM\b$K{DT_8N,KJIaPHI)�zNRPQD=ILPRw:M\NRPHIaM[PQDLf r IaMzS/M\Z|SRD�PHI��e��� ªT« ; 6 f`W:VLWtS1DT_:Z\D r D�W`N!K{IaPBZzI�]8X r VLW{SAhNQPQIaNRM[VLW¬]8D Zkg D�b8M[S1NRDTWJE�D ]|g _:W:D SRVLZ[_8NQM\V5W K?VL_JPyZ[I�noV5P r _:Z[IaNRM[VLW cjIaPQM[IaNRM[VLW:W:DTZ\Z[Ds���Jp �`��f r IaMzSIL_JSQS1M?�U�:���e�{§¶� « �`§¡�L�?�`¨�¢U�`�v��� ªe« ��� ªe« �?§���¢�> 6 §U�5��D « ���oc5VLM[PBZkg :2b8DTPQE�M[E�D��:p°¯8p[�e��pQ0=VaNRV5WJS]:X �1Yy^`_:D5fJZ[DTS,noV5WJE�NQM\V5WJS&]8DvE�D�NlDTSRKJILE�D�X�NHIaW`N�E�V5W`NRM[W`_JDTS,DTW*NRD r KJS�Y$cjIaZ[D�_:PHS&]:ILWJS L2(Ω)
fZzI�E�V5WJ]8M\NRM[VLW�M\W:M\NRMzIaZ[D�I�w:M[D�W*_:W S1DTWJSTp

�UM[WJIaZ[D r D�W`Nef:Z[I$]:X�PQM\c5X�D�D�W�NRD r KJS&]:ILWJS,ZzI�noV5P r _:ZzIjNRM[VLW�cjIaPQM[IaNRM[VLW:WJD�Z[Z\D$���Jp �`�!]8VLM\N � NQPRDKJPRMzS1D�Ia_¡SRD�W{S�n�ILM\w:Z[D�K:_:MzSR^`_ g I K:PQM[VLPQMBZzI noVLW{E�NRM[VLW
t → 〈u(t), v〉L2(Ω)

W g ILK:KJILP1NQM\DTW5N�^5_dg Y
L2(0, T )

��cLVLM[P2Z[D&q D r�r D=Jp =Jp[�e¯�K?VL_:PB_:W:D&]8X�´JW:M\NRM[VLW�K:PQXTE�MzSRD&]8D&E�D�N1NRD=W:VaNQM\V5W�]8D�]8X�PQM\c5X�D���p
�JVLPRN!GJD�_:PQD�_JSRD r DTW5Nef`STg M\Z D�b8MzSANQD�_JW:D�S1V5Z\_8NQM\V5Wu]8D����Jp �`��f8IaZ[VLPHSBZkg X��5ILZ\M\NRXl]:IaW{Sl�®�:p �5�BW:VL_{S/]8M\N^`_:D,E�D�N1NQD&]8X�PQM[cLX�D!D�W�NQD r KJS2DeSAN�NRV5_8NBE�D,^`_ g M\Z +�I�]8DFK:Z\_{SmE�ZzILSQS1Mz^`_:D!K:_:MzSR^`_ g D�Z[Z\D&ILK:KJILP1NQM\DTW5NY
L2(]0, T [)

p
� .@AF.@A �£4 7OC�E�<�Fi6%NU6 ��Cd4�Cd7ON F

P�VL_JP�]8X r V5W`NRPQD�P,Zkg D�b�MzS1NRD�W{E�D�D�N=Z®g _:W:MzE�M\NRX�]8D�ZzIySRVLZ[_8NRM[VLW ]8D�ZzI�noV5P r _:Z[IaNRM[VLW�cjIaPQM[IaNRM[VLW8hWJD�Z[Z\D$���Jp �`��f8W:V5_JSFPQD�cLDTW:VLW{S/IL_�ETIL]8PQD��5X�W:XTPQILZ M\W`NRPQV8]8_:M\N&]:IaWJSFZzI$��DTE�NRM[VLW ��p 9:p%0&V5_JS,IaZ[Z[VLWJS
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�%� �O� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J� � �����&�)�������  �� ¯ ={�
K{V5_:cLV5M\P�IaM[WJS1M,²R]8M[IL�LV5WJIaZ[M[SRD�P1³�Zkg VLK?X�PHIjNRDT_:Ptq�IaK:ZzILE�M\DTW D�N*W:VL_{SyPHI r D�W:DTPtY¡Z[I¡PRXeS1V5Z\_8NQM\V5W]|g _JW:D�n�I r M[Z\Z[D�]8DvS1M r K:Z\DeS&Xe^5_{IjNRM[VLW{S&]8MSR?XTPRDTW5NQM\DTZ\Z[DTS=VLPH]8M[WJIaM[PRDeSF]8_ K:PQD r M[D�P&V5PQ]8PQDLp{�W M[W8hNRPQV�]:_:MON=]:VLWJE�]8DT_8btDeS1KJI5E�DeS!]:D'7&M[Z\w?D�PRN

V
D�N
H
NRDTZ[S&^`_:D

V ⊂ H I�c5DTE�M\W
�ADeE�NQM\V5W*]:D�WJSRD�D�NE�V r KJI5E�NQD���cLV5M\P&�¦��p[�L�e��D�NmZ®g D�b8K:Z[M[ETIjNQM\V5W�^`_:MJSTg D�W$S1_JMON���pFk�+�K:M[^`_:D r D�W`NmVLW�Ia_:PHI V = H1
0 (Ω)D�N

H = L2(Ω)
p

b 4(6 �{�j�`�¡�L�O	GF
	���,4.>0<3�	��
V

3��
H

EF3��FT 3[GD6��F;=3[GPEF3��#018��=3�B[�W�3�8 G!����3
V ⊂ H

� L 3=; 01	 �
j�3�;��D0<.
	n;=.
Y�6��F;��3_3��

V
3[G[�NE73�	�G�3_EF�>	HG

H I ,4.
01� a(u, v) �2	43���.
B[Y 3 ��018:01	9A=�>01BO35G �
Y A��?B[0<����3
;�.>	��D01	���3C3��%;=. 3�BO;�0 L 3 E7�
	�G V I ,/.
01���2	X�V3�Y�6�Gp\p	9�
8 T > 0 i �2	93_EF.
	�	9A=3_01	�01�D0<�
8M3 u0 ∈ H i3��N�2	^�3�B[Y 3#G�.
�2B�;�3

f ∈ L2(]0, T [;H) I � 8M.>B=GW8�3o64BO. ��8���YZ3










d

dt
〈u(t), v〉H + a (u(t), v) = 〈f(t), v〉H ∀ v ∈ V, 0 < t < T,

u(t = 0) = u0,

���:p �a�
	 .��@8 R A=�����>�?0<.>	 E73 	�� I 
 � �X8:0<3�� �
� G�3�	�G ���
0 ��8M3 EF�>	HG

]0, T [ � � �2	93 �2	�0<����3aG�.>8:�2�D0<.
	
u ∈

L2(]0, T [;V )∩C([0, T ];H) I �C3S698:� G i 01843�T70UG=�V3e�2	93W;=.
	�G[��>	��V3 C > 0
	 ���20 	93#E7A6�3�	4E ����3

EF3
Ω � �V3�818M3_����3

‖u‖L2(]0,T [;V ) + ‖u‖C([0,T ];H) ≤ C
(

‖u0‖H + ‖f‖L2(]0,T [;H)

)

.
���:p �5�

� �����8� ? �U� �
	 F9	�r � >[��� ªe« ��� ªe« �?§ ¢�> 6 §U�5��D « � ���Jp �`�$K:PQVL_:c5D�^`_:D¸Z[I¶S1V5Z\_8NQM\V5W·]8D ���:p �a�]8X�K?D�WJ]*E�VLW`NRM[W � r D�W`N&]8DTS,]8V5W:W:XTDTSTf`D�N=]8VLW{El^`_:D�Z[D�K:PRV5w:Z[} r D�KJIaPHIaw?VLZ[M[^`_:D����Jp°�L�mDeSAN&wJM\DTWK{V`S1X�Ia_*SRD�WJS&]:D�7�IL]:I r IaPH]|p •
� �����8� ? �U� �
	 F9	�� xlIaWJS!Z[DdkFG:XTVLPQ} r D��Jp ¯:p 9�V5WuK?D�_8N,I R|IaM[w:Z[M\P!Zkg G-+�K{VLNRG:}eS1Dl]8D�E�V�D�PHE�M[c�MONQX]8D�ZzI�noVLP r D�wJM\Z[M\WJXTIaM[PQD�ST+ r X�NQPRMz^`_:D a(u, v) ��E�V r�r D�VLW*Z®g Iy]8X �1Y$K:PQVLK?V5SRX�]:IaWJS&Z®g :2b8D�PHE�MzE�D��p 9:p[�e��p2�W¡V5w8NRM[D�W`NvZ[DTS r���r DTS�E�VLWJE�Z\_JSRM[VLWJS�D�W¡SR_:K:K?V5SQIaW`N�SRD�_JZ\D r DTW`N�^`_ g M\ZFD�b8MzSANQDt]8DT_8bE�VLW{SANHIaW`NRDeS/K?V5SRM\NRM[cLDTS

ν > 0
D�N
η > 0
NQD�Z[Z\DeS&^`_:D

a(v, v) + η‖v‖2H ≥ ν‖v‖2V
K{V5_:PFNRV5_8N

v ∈ V.
:mW�D
R?D�NTf SRM�Zkg V5W�D
R?DeE�NR_JDvZ[D�EHG{IaW:�5D r D�W`N�]8DvnoVLW{E�NRM[VLW�M\W{E�VLWJW`_JD u(t) = eηtw(t)

f|V5W cLV5MON^5_JD��®�:p �a�!DeSAN,XT^`_:M[cjIaZ[D�W`N=Y






d

dt
〈w(t), v〉H + a (w(t), v) + η〈w(t), v〉H = 〈f(t), v〉H ∀ v ∈ V, 0 < t < T,

w(t = 0) = u0,V U¡ZzI�noVLP r D�w:M[Z\M[W:XeIaM[PRD a(w, v) + η〈w, v〉H
DeSAN�w:M[D�W¬E�V�D�PHE�M[cLD�S1_:P

V
p/C/D�N1NQDtG-+�K{VLNRG:}eS1DI R|IaM[w:Z\M[D�DTS1N&_8NRM[Z[DLf:KJILP,D�b8D r K:Z[DLf:]JIaWJSFZzI�PRXeS1V5Z\_:NRM[VLWt]:D�Z®g :2b8D�PHE�MzE�D��:p°¯8p =Jp •

+ 6 ���?§�� ª �j� ªe« �?§ 	!qdI�]8X r V5WJSANQPQIaNRM[VLW¸DTS1N�]8M\c�MzS1XTD�D�W~]8D�_8b�X�NQILK{DeS�p xlIaW{S�_:W:D$K:PQD r M[}�PQDX�NQILK{D5f�D�WtSR_:K:K?V5SQIaW`N!Z®g D�b8MzSANQD�WJE�D�]|g _:W:D�S1V5Z\_:NRM[VLW
u
f�W:VL_JS/VLw:NRD�WJVLWJS/_:W:D�noVLP r _:Z[D=D�b8K:Z\MzE�M\NRDK{V5_:P

u
SRVL_JS&Z[I�noV5P r D�]|g _:W:D�SRX�PQM[D�VLw8NQD�W�_:D�KJILP=]8XTE�V r K?V5SRMONQM\V5W*SRK?DTE�NQPQILZ\D�]8DeS&DeS1KJI5E�DeS H
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���

D�N
V
p :mWtKJIaPRNRMzE�_:Z[M[D�PefLE�D�N1NRD=noVLP r _:Z[D&K:PQVL_JcLD,Zkg _:WJM[E�MONQXl]8D=Z[IvS1V5Z\_8NQM\V5W p5xlIaW{Sm_:W:Dl]8D�_:b�M[} r DX�NQILK{D5f!WJVL_JS�]8X r V5W5NQPRV5WJSu^`_:D~E�D�N1NQD¸SRX�PQM\D¸E�V5W`c5D�PQ�LD ]:ILWJStZ\DeStDeS1K{ILE�DeS L2(]0, T [;V )

D�N
C([0, T ];H)

f8D�N=^`_:D�ZzI�SRV r�r D�DTS1N&w:M[D�W*_:W:D�SRVLZ[_8NRM[VLW*]8D$���Jp°�L��p
� ª �:�B� �	B��_:KJK{V`S1V5WJS�^`_:D

u ∈ L2(]0, T [;V ) ∩ C([0, T ];H)
DeSAN�S1V5Z\_8NQM\V5Ws]8D��®�:p �a��p�q DTSG-+�K?VaNRGJ}TSRDTSlK{DTP r D�N1NRDTW`N�] g ILK:K:Z[M[^`_:DTP�Z\D kFG:XTVLPQ} r D��8p 9Jp ¯tS1_JPlZzI�PRXeS1V5Z\_:NRM[VLW�]8_~K:PQVLwJZ\} r DIL_8b*c�ILZ\DT_:PHS,K:PQVLK:PQDTS&I5SRSRV8E�M[X�Y$ZzI�noVLP r D�w:M\Z[M[W:XTILM\PQD�S8+ r X�NRPQM[^`_:D a(u, v) p3P2IaP�E�VLWJSRXT^`_:DTW`NTfM[Z D�b�MzS1NRD�_:W:D�wJI5S1D�G:M[Z[w{DTP1NQM\DTW:W:D

(uk)k≥1
]8D

H
E�V r K{V`S1XTD�]:D�cLDTE�NRDT_:PQS!K:PQVLKJPRDeS!]:Dy�k��p[�e¯5�

uk ∈ V,
D�N
a(uk, v) = λk〈uk, v〉H ∀ v ∈ V.�W*]8X�´JW:M\N

αk(t) = 〈u(t), uk〉H , α0
k = 〈u0, uk〉H , βk(t) = 〈f(t), uk〉H .

PB_:M[SQ^`_:D
u ∈ L2(]0, T [;V )∩C([0, T ];H)

D�N
f ∈ L2(]0, T [;H)

faV5W$D�Wy]8Xe]8_:M\N/^`_:D
αk(t) ∈

C([0, T ])
D�N
βk(t) ∈ L2(]0, T [)

p{C/V r�r D (uk)k≥1
DTS1N&_:W:D�wJI5S1D�G:M[Z\w?D�PRNRM[D�WJW:D�]8D

H
f:V5W�I

u(t) =

+∞
∑

k=1

αk(t)uk,

D�N=EHG:VLMzSRM[SQSRILW`N
v = uk

]:ILWJS����Jp°�L�/VLW�VLw8NQM\DTW5N






dαk

dt
+ λkαk = βk

]:IaW{S
]0, T [

αk(t = 0) = α0
k.

�®�:p º5�
�W�cLXTPRM\´JD�M r�r Xe]8M[IaNRD r DTW`N=^5_JDlZkg _:W:Mz^5_JD�S1V5Z\_8NQM\V5W�]:Dy���:p º5�/DeSAN

αk(t) = α0
ke

−λkt +

∫ t

0

βk(s)e−λk(t−s)ds
K?VL_:P

t > 0,

E�D�^5_JMd]8VLWJW:D�_:W:D�noVLP r _JZ\D�D�b8K:Z[MzE�M\NRD�K?VL_:P,ZzI�S1V5Z\_8NQM\V5W u �®^`_:M DTS1N=]8V5WJEl_:W:Mz^5_JDe��p� ª �:�B�IF9	 0=VL_JS&ILZ\Z[VLW{S!]:X r VLW`NRPQD�P&^`_:D�ZzI�S1XTPRM[D
+∞
∑

j=1

(

α0
je

−λjt +

∫ t

0

βj(s)e
−λj(t−s)ds

)

uj
�®�:p[�T¹5�

E�VLW�cLDTPR�5D&]:IaW{S
L2(]0, T [;V )∩C([0, T ];H)

D�N,^5_JDlSQI�SRV r�r DLf`W:VaNQX�D u(t) DeSAN,S1V5Z\_:NRM[VLWu]8D�®�:p �a��p{C/VLWJSRM[]:X�PQVLWJS!ZzI�SRV r�r D�KJILP1NQM\DTZ\Z[D�YvZkg VLPH]8PRD k ]8D�E�D�N1NRD�SRX�PQM\D
wk(t) =

k
∑

j=1

(

α0
je

−λjt +

∫ t

0

βj(s)e
−λj (t−s)ds

)

uj .
�®�:p[�L�e�

C/ZzIaM[PQD r D�W`N wk
IaK:K{IaPRNRM[D�W`N&Y

C([0, T ];H)
KJ_:M[SQ^`_:D�EHGJI5^5_JD

αj(t)
DeSAN=E�VLW`NRM[W�_ p � V5W5NQPRV5WJS^`_:D�ZzI�S1_:M\NRD

wk DeSAN=]:D�C!IL_JEHG-+y]:IaW{S C([0, T ];H)
p%P�VL_:P

l > k
f8D�W*_8NQM\Z[M[SQIaW`N,Z[D�E�IaPHILE�NR}TPRD
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�%� �O� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J� � �����&�)�������  �� ¯ = 9
VLPRNRG:V5W:VLP r Xl]8DeS!noVLWJE�NRM[VLWJSFKJPRV5K:PRDeS uj

f:V5W�I
‖wl(t)− wk(t)‖H ≤

∥

∥

∥

∥

∥

∥

l
∑

j=k+1

α0
je

−λjtuj

∥

∥

∥

∥

∥

∥

H

+

∥

∥

∥

∥

∥

∥

l
∑

j=k+1

∫ t

0

βj(s)e
−λj(t−s)ds uj

∥

∥

∥

∥

∥

∥

H

≤





l
∑

j=k+1

|α0
j |2e−2λjt





1/2

+





l
∑

j=k+1

(∫ t

0

βj(s)e
−λj(t−s)ds

)2




1/2

≤





l
∑

j=k+1

|α0
j |2




1/2

+





l
∑

j=k+1

1

2λj

∫ T

0

|βj(s)|2ds





1/2

≤





l
∑

j=k+1

|α0
j |2




1/2

+
1√
2λ1





l
∑

j=k+1

∫ T

0

|βj(s)|2ds





1/2

,

K:_:MzSR^`_:DFZzI�SR_:M\NRD,]8DTS�cjILZ\DT_:PQSUK:PQVLKJPRDeS
(λj)
DeSANmE�PQVLMzSQSRILW5NQDBD�N2S1NRPQMzE�NRD r D�W`N2K{V`S1M\NRM[cLD5paC/V r�r D

u0 ∈ H
D�N
f ∈ L2(]0, T [;H)

VLW*I
‖u0‖2H =

+∞
∑

j=1

|α0
j |2 < +∞, ‖f‖2L2(]0,T [;H) =

+∞
∑

j=1

∫ T

0

|βj(s)|2ds < +∞,

E�Dt^`_:MFDTW5NQPQI��zWJDu^`_:DuZzI�SR_:M\NRD
wk(t)
DTS1N�]:D C!IL_JEHG-+¸]:ILWJS

H
p(PBZ\_JS�K:PQXTE�M[SRX r DTW5Nef�V5W�D�W]8XT]8_JMON=^`_:D�ZzI�S1_:M\NRD

wk
c5X�PQMO´{D

lim
k,l→+∞

(

sup
0≤t≤T

‖wl − wk‖H
)

= 0,

Eag DTS1N1hiYjhi]8M\PQD�^5_dg DTZ\Z[D�DTS1N=]8DvC!Ia_JEHG-+y]:ILWJS
C([0, T ];H)

p
� VLW`NRPQVLWJSF^`_:D�ZzI�S1_:M\NRD

wk DeSAN&Ia_{SRSRM ]8D�C!Ia_JEHG-+y]:ILWJS L2(]0, T [;V )
p{�W r _:WJMON V ]8_K:PRV8]8_JMON�SRETIaZzIaM[PRD

a(u, v)
��XT^`_:M[c�ILZ\DTW`N�Ia_ KJPRV8]8_:M\NlSQE�ILZ[ILM\PQD�_JSR_:D�ZUYuETIa_JSRD�]8D�ZzIuE�V�D�PHE�M[c`M\NRX]8D

a
��pOP�VL_JP

l > k
V5W�I

‖wl(t)− wk(t)‖2V = a(wl(t)− wk(t), wl(t)− wk(t)) =

l
∑

j=k+1

λj |αj(t)|2

≤ 2

l
∑

j=k+1

λj |α0
j |2e−2λjt + 2

l
∑

j=k+1

λj

(∫ t

0

βj(s)e
−λj (t−s)ds

)2

.

�PTf8KJILP&IaK:KJZ\MzE�IaNRM[VLWt]:D�Z®g M\WJX��5ILZ\M\NRX�]8DvC!IL_JEHG-+`hi�8EHG 	FIaP.S&VLW*I
(∫ t

0

βj(s)e
−λj(t−s)ds

)2

≤
(∫ t

0

|βj(s)|2e−λj(t−s)ds

)(∫ t

0

e−λj(t−s)ds

)

≤ 1

λj

(∫ t

0

|βj(s)|2e−λj(t−s)ds

)

.
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¯ = = ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

P2ILP&IaM[Z\Z[D�_:PHSTf`DTW*cLD�PRNR_*]8_�NRGJX�VLPQ} r D�]8D��J_:w:M[W:M
∫ T

0

(
∫ t

0

|βj(s)|2e−λj(t−s)ds

)

dt =

∫ T

0

|βj(s)|2
(

∫ T

s

e−λj(t−s)dt

)

ds

≤ 1

λj

∫ T

0

|βj(s)|2ds.

P2ILP&E�VLW{S1Xe^5_JD�W`NTf8V5WtDTW�]8Xe]8_:M\N�^`_:D
∫ T

0

‖wl(t)− wk(t)‖2V dt ≤
l
∑

j=k+1

|α0
j |2 +

l
∑

j=k+1

2

λj

∫ T

0

|βj(s)|2ds,

E�D�^5_JM M r K:Z[Mz^5_JD�^5_JDlZzI$SR_:MONQD wk
cLXTPRM\´JD

lim
k,l→+∞

∫ T

0

‖wl(t)− wk(t)‖2V dt = 0,

ELg DeSANRh¦Yah¦]:M\PQDl^`_ g D�Z[Z[DlDeSAN=]:DvC!Ia_JEHG-+y]:ILWJS
L2(]0, T [;V )

pC/V r�r DtZ\DeSv]8DT_8bsDTSRKJILE�DTS C([0, T ];H)
D�N
L2(]0, T [;V )

SRVLW`NvE�V r K:Z[D�NQSTfUZ[I�S1_:M\NRD�]8DC!IL_JEHG-+
wk
E�V5W�cLD�PQ�LD�D�N&V5WtK?D�_8N=]:X�´JW:M[P=SQI�Z\M r MONQD u

lim
k→+∞

wk = u
]:ILWJS

C([0, T ];H) ∩ L2(]0, T [;V ).

:BW KJIaPRNRMzE�_:Z[M[D�PefBE�V r�r D wk(0)
E�VLW�cLDTPR�5Dtc5D�PHS

u0
]:IaW{S

H
fmV5W DTW£]8XT]:_:MONtZ[IsE�VLWJ]8M\NRM[VLWM[W:M\NRMzIaZ[DBc5VL_:Z[_:DLf

u(0) = u0
��^`_:M`DTS1N�_:WJDBX��`IaZ[MONQXBDTW5NQPRDmnoVLWJE�NRM[VLWJSU]8D

H
��p�x�g Ia_8NQPRD/KJIaPRNTfeM[Z5DeSANE�Z[ILM\P2^`_:D

u(t)
fjD�W�NQILW5Nm^`_:DFS1V r�r DF]8DFZzI�SRX�PQM\D����Jp\�e¹5�dcLXTPRM\´JDBZzI�noVLP r _:ZzIjNQM\V5W�cjIaPQM[IaNRM[VLW:WJD�Z[Z\D�®�:p �a�&K{V5_:PlEHG{IL^`_:D�noV5WJE�NQM\V5W NRDeSAN

v = uk
p|C/V r�r D (uk/

√
λk)
DeSAN�_:W:DvwJILSRD�G:M[Z[w{DTP1NQM\DTW:W:D]:D

V
f
u(t)
cLXTPRM\´JD,]8VLW{EFZ[I�noVLP r _JZ[IaNRM[VLW�c�ILPRMzIjNQM\V5W:W:DTZ\Z[Dl�®�:p �a�UK?VL_:P�NQVL_8N v ∈ V fLEag DTS1N1hiYjhi]8M[PRD^`_:D

u(t)
DTS1N&w:M[D�W*ZzI�SRVLZ[_8NQM\V5WtPQDTEHG:DTPQEHGJX�D�]:Dy���:p �a��p

P�VL_JP&VLw8NQD�W:M[P=Zkg DTS1NRM r IaNRM[VLW ]|g X�W:DTPR�5M\Dy�®�:p �5��f:M\ZUS1_:±�Nl]8D�PRD r IaPH^5_JD�P&^`_:D�Zkg V5W I�K:PRV5_:cLXZ[DTS r I �AVLPHIjNRM[VLW{S
‖wl(t)− wk(t)‖H ≤ ‖u0‖H +

1√
2λ1

‖f‖L2(]0,T [;H)

D�N
∫ T

0

‖wl(t)− wk(t)‖2V dt ≤ ‖u0‖2H +
2

λ1
‖f‖2L2(]0,T [;H).

:BW�K:PQD�W{IaW`N
k = 0

D�N*D�W�n�IaMzSQIaW`NuNQD�WJ]8PQD
l
c5D�PHSuZkg M[W8´JWJM®fFVLW�VLw8NQM\DTW`N*M r�r XT]8MzIjNQD r D�W`NZkg DTS1NRM r IaNRM[VLW*]8XTSRM[PRXTDLp

�

� I�K��� � � I�
PORQ O���� � �������9�	*I	� ����� �J+ (}+-(
�_%)("���J�"E �)@ 9J� (m�)@I(��2(*���J! :G%)0��"! :G%)@4�&�2( � $�����9��)(";<("$���$299'��� + (>9'("$�91��(>+ :/���*�)@-;<�"(,("$f%)(*!#E29 �2:3$�9 + :R���G�)!��2+ : %)@ �3$#;�: �)@ :G%)@-��$�$2("+-+-( / 8�6 5 6 6�
��f;�� � ("9m("9'E2:��"(*9
�2:3$�9/+ (
����("+m$�����9 �d02(_�"�_0���$29/+ : 9'��+-� %)@ �3$

u(t) � + :V���3$��*%)@-��$ t → 〈u(t), v〉H
$F� ("9 %qE2:39v���*�)@-;3:3=2+-(
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�%� �O� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J� � �����&�)�������  �� ¯ =-.
:G� 9'("$29 �"+ :39'9'@4�&�2( +o("+-+ (D:3E�EF: �'%)@ (*$�%q9'("��+-("!#("$&%?;

L2(0, T )
(*%C;

C[0, T ])
6#� $LE?("� %q$2��:G$2!#��@-$�9

� ��8F$�@ � 9):�� �*�)@-;<�"(,:G�f9'("$29H�T:G@-=2+-(>���DG ("!#!#(�� 6 � 6I[ 7 / ���#:G�f9'("$29 ��(*9 � @-9 %'�)@ =���%)@-��$�9 6 6&�~+-�29JE��)�
�"@-9'�� !#(*$�% � d
dt
〈u(t), v〉H

("9 %m����82$2@W�"��!#!#(m�2$f�"+-�"!#(*$�% � (
H−1(0, T ) / ��� (*9 %: ;= ��@ �)(,�2$2(����3�)!#(}+-@-$2��:G@ �)(

�*��$&%)@-$ ��(B9'���
H1

0 (0, T ) 6 EF: �>+R: ���3�)!v�2+-(
〈

d

dt
〈u(t), v〉H , φ(t)

〉

H−1,H1
0
(0,T )

= −
∫ T

0

〈u(t), v〉H dφ

dt
(t) dt ∀φ ∈ H1

0 (0, T ).

� : �1�"��$�9'���&�2("$&% � ��@ �)(R�&��( +'� ���&�F:G%)@-�3$A��( / 8�6 5 6 :�+-@-("� :G� 9'("$�9��T:G@ =�+-(v��:3$�9
]0, T [

("9 %,���&�2@-;3:3+-("$&%1;
� @ �)(>����(

−
∫ T

0

〈u(t), v〉H dφ

dt
(t) dt +

∫ T

0

a(u(t), v)φ(t) dt =

∫ T

0

〈f(t), v〉Hφ(t) dt

E?�3����%)����%
v ∈ V

(*% %)�3��%
φ ∈ C∞

c (]0, T [)
E2��@-9"����(

C∞
c (]0, T [)

("9 %/��(*$29'(v�2:3$�9
H1

0 (0, T )
6 �������

�*��$��*+ � �)( � �d:39'9'� �)��$�9}+ (�+-(
�*%)("� �)+�9'@ u
("9 %}��$2(>9'��+-��%)@-�3$ � ( / 8 6 5 6 � :G+-�3�)9 � EF: �}+'� ��(<:3+-@ %)��! �"!#(��&�F� ("9 %

/ 8�6 5 6 � +R:
���*�)@-;<�*( d
dt
〈u(t), v〉H

:3E�EF: �'%)@ (*$�%D;
L2(0, T )

(*% �3$ E?("� % ���3$�� ��@ �)( �&�2( / 8�6 5 6 :
+-@-("�
E �)("9"�&�2(BE2:G�'%)�3��%>�2:G$29

]0, T [
6 •

� .@AF.�� �DH&HJF1@R> N�6:@19B4&E
0=VL_JS�ILK:K:Z[M[^`_:V5WJS r IaM[W`NRD�W{IaW`NlZ[D�PRXeS1_JZONHIjN�IawJS1NRPHIaM\N�]8_@kFG:X�V5PR} r D��:p°¯8p 9�YuZkg Xe^`_JIjNQM\V5W]8DyZzI EHGJIaZ[D�_:Pef D�N�W:VL_{S�K:PQVL_:c5VLWJS�^`_:DuE�D�NRNRDuILK:K:PQV�EHGJD�cjILPRMzIjNQM\V5W:W:D�Z[Z[DyI*w:M\DTWsK{DTP r MzS�]8DPRXeS1V5_J]8PQD�Zkg Xe^`_JIjNQM\V5W�IL_8bt]8XTPRM[cLXTDTS!KJIaPRNRM[D�Z[Z[DTS,]|g VLPQM\�5M\WJDLp

b 4(6 �{�j�`�¡�L�O	GF
	G�c,4.>01�
Ω
�2	 .>� L 3�B[� �=.
B[	4AWBOA �>�28h0<3�B�EF3

RN I ,4.>01�S�2	P�3�Yg69G \p	9�
8 T > 0 i�2	93 EF.>	�	9A=3n01	�01�D0<�
8�3
u0 ∈ L2(Ω) i 3��Z�2	 �V3�B[Y 3XG�.>�2BO;=3

f ∈ L2(]0, T [;L2(Ω)) I � 8M.>B=G8 R A=�����>�?0<.>	 E73�8M�!;*���
8M3��2B










∂u

∂t
−∆u = f

6 I 6 I EF�>	HG Ω×]0, T [

u = 0
6 I 6 I G[�2B ∂Ω×]0, T [

u(x, 0) = u0(x)
6 I 6 I EF�>	HG Ω.

�®�:p[�e¯5�
�FE
Y 3��N�2	43W�2	�0<����3WG�.
8h�2�?0<.>	

u ∈ L2(]0, T [;H1
0 (Ω)) ∩C([0, T ];L2(Ω)) I �_3o698:� G i 018 3�T70UG=�V3�2	935;=.>	HG[��>	��V3

C > 0
	 ���20 	93CEFAV6H3�	9E!����3CEF3

Ω � �3�818M3C����3 i 6H.>�2B#�.>�2� t ∈ [0, T ] i
∫

Ω

u(x, t)2dx+

∫ t

0

∫

Ω

|∇u(x, s)|2dxds ≤ C
(∫

Ω

u0(x)
2dx+

∫ t

0

∫

Ω

f(x, s)2dxds

)

.�®�:p[� 9`�
+ 6 ���?§�� ª �j� ªe« �?§ 	(0&VL_{S!ILK:K:Z[M[^`_:V5WJS!Z\D#kFG:XTVLPQ} r D��:p°¯8p 9�Y�Z[I�noVLP r _JZ[IaNRM[VLWucjILPRMzIjNQM\V5W:W:D�Z[Z[D���:p �5�!]8D�Zkg XT^`_JIjNQM\V5W�]:DlZzI�EHGJIaZ[D�_JP����:p[�e¯5�*�{S1DeSFG +�K?VaNQG:}TSRDTS,SRVLW`NFn�ILE�M\Z[D r D�W`N,cLXTPRM\´JXTDTSFI�cLDeE
H = L2(Ω)

D�N
V = H1

0 (Ω)
�oDTW�KJILP1NQM[E�_:Z\M[D�PefdE�V r�r D Ω

DeSANvw{V5PRW:XuZ\D kFGJX�VLPQ} r D ={p 9Jp ¯:�]8D��,DTZ\Z[MzEHG·Ij±$P r D�^5_JD�Zkg M[W
�ADTE�NRM[VLW ]8D
H
]JIaWJS

V
DTS1N�E�V r KJI5E�NRD���p*ViZ�PQDTS1NRD¸Y r VLW`NRPQD�P^5_JD�Zkg _:W:Mz^5_JD*SRVLZ[_8NQM\V5W

u ∈ L2(]0, T [;H1
0 (Ω)) ∩ C([0, T ];L2(Ω))

]8D E�D�N1NQD�noVLP r _:ZzIjNQM\V5Wc�ILPRMzIjNQM\V5W:W:DTZ\Z[D�DTS1N=w:M[D�W _:WJD�S1V5Z\_:NRM[VLW ]8Du�®�:p[�e¯L��p�k�VL_8Nl]|g ILw{V5PQ] f:Z[I$E�VLWJ]:MONQM\V5W Ia_8b*Z\M r MONQDTS
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¯ = � ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

]:D�x=M[PRMzEHG:Z[D�N&SRDlPQD�NQPRV5_:cLDlKJILP&IaK:K:Z[MzE�IjNQM\V5W�]:_PkFGJX�VLPQ} r DJ=Jp 9:p[� 9�]8D�NRPHILE�D�Y u(t) ∈ H1
0 (Ω)K?VL_JP�K:PRDeSR^`_:D�NQVL_8N

t ∈]0, T [
f|D�N�Z[I*E�V5WJ]8M\NRM[VLW¸M\WJMONQM[ILZ\D�DTS1N �A_JS1NRM\´JX�D$K{IaP�Z[I E�VLW`NRM[W�_:M\NRX$]8D

u(t)
DTW

t = 0
��E�V r�r D�noVLWJE�NRM[VLW*Y�c�ILZ\DT_:PHS,]:IaWJS L2(Ω)

��p��M8ZzIlS1V5Z\_8NQM\V5W
u
DTS1NmS1_:±$SQI r�r D�W`N�PRXT�L_:Z[M[}�PQD��oK{IaP�D�b8D r K:Z[DLfjSRM ∂u

∂t

D�N
∆u
IaK:KJILP1NQM\DTW:W:DTW5NY

L2(]0, T [×Ω)
f�E�D!^5_JM`DeSAN�c�PQILM5]|g IaKJPR}eSdZzI�PmPQVLK?V5SRM\NRM[VLW��Jp ={p �`��feKJIaPUM\W`NQX��LPHIjNQM\V5W�KJIaPUKJILP1NQM\D5fZzIvnoVLP r _:ZzIjNQM\V5WtcjILPRMzIjNQM\V5W:W:D�Z[Z[D��®�:p �5�/DTS1N&XT^`_:M[cjIaZ[D�W`NRD�Y

∫

Ω

(

∂u

∂t
−∆u− f

)

v dx = 0,
���Jp\� =`�

K?VL_JP�NRVL_:NRD�noVLWJE�NRM[VLW
v(x) ∈ H1

0 (Ω)
D�N�K:PRDeSR^`_:DvNRV5_8N�NRD r KJS t ∈]0, T [

p P2IaP�E�VLWJSRXT^`_:DTW5NefV5W�]:XT]8_:M\N=]8Dy�®�:p[�
=`�!^`_:D
∂u

∂t
−∆u− f = 0

K p KdpJ]:IaW{S
]0, T [×Ω.

7 @}+ :�9'��+-��%)@-�3$
u
$F� ("9 %#E2:39fE�+ ��9v�)�
(3�2+-@-4*�)( �&�2(

u ∈ L2(]0, T [; H1
0 (Ω)) ∩ C([0, T ]; L2(Ω)) � ��$��=�%)@-("$&%�%)��� % � (N! �*!#( �"(*%'%)(N�
(<:G+ @ %)�N! :3@-9 + :0! ��9 %)@ 8B��: %)@ �3$ ("$ ("9 % +-�
(34*�)("!#("$&%DE2+-�29D���*+ @I��: %)(�6

-m��$����3�)!#�"!#(*$�%�;v+R:���("! : �S�&�2(B8�6 7�6 �f+-(�9'("$29,E��)���"@-9�� ( / 8 6 � 6 ("9 %

−
∫ T

0

∫

Ω

uv
dφ

dt
dxdt +

∫ T

0

∫

Ω

∇u · ∇vφdxdt =

∫ T

0

∫

Ω

fvφ dxdt / 8 6I[�� 6
E?�����,%)�3��%)(R���3$��*%)@-��$

v(x) ∈ C1
c (Ω)

(*%
φ(t) ∈ C1

c (]0, T [)
6�� $ �)�"9'��+ %d:G%X�"+ :39'9'@4�&�2(v�%� :3$2:3+ 2 9'(q$�����9

��@ %O�&�2(m+'� ("$�9'("!�=�+ (,� ("9 �"�3!�=2@-$2:3@-9'��$�9 + @-$���:3@ �)("9 ��(1E �)������@-%J� (m%)("+-+-("9 ���3$��*%)@-��$�9
v(x)φ(t)

("9 % ��("$�9'(
�2:3$�9

C1
c (]0, T [×Ω)

6�� $ $2�G%)(
σ = (u,−∇u)

+ : ���3$��*%)@-�3$0;v;3:3+-("� �)91;<(
�_%)�3�)@-("+-+-("9,�2:G$29
RN+1 ���3$�%

+R:v��@-;<(*�"(3("$��*(�("$�� ("9'EF:��"(� a%)("!#E�9
	,("9 % ∂u
∂t
−∆u

6WGO� @ ��("$&%)@ %)� / 8�64[�� 6 $����291��@ %1�&�2(��"(*%'%)( ��@-;<(*�"(3("$��"(:�=�@-("$ �2$ 9'("$�9?�T:G@-=2+-( / ;<�3@-�v+ : � ��8F$�@-%)@-�3$ � 6 7�6 � 6 (_%f("9 %��
(<:G+ (0;�+ : ���3$��*%)@-��$
f
�&��@1:3E�EF: �'%)@ (*$�%

;
L2(]0, T [; L2(Ω)) � ��� ��& + � �
(�:3+-@ %)� E �)("9"�&�2(�EF: �'%)����% �2:G$29

]0, T [×Ω
6�u+���:3� %0�"("E?(*$F�2:G$&%@��:3@ �)(

:G%'%)("$&%)@-��$��&�2(q$2����9�:�;<��$�9 !#�3$�%'�)�?�&�2(q+ : ��@ �P�*�)(*$��"( ∂u
∂t
−∆u

:GE2E2:G�'%)@-("$&%>;
L2(]0, T [; L2(Ω)) �! :3@-9}EF:G9��d0F:��&�2( %)(*�)!#( @ $2��@-;�@ ���2(*+ +-("!#(*$�%�6

�

� �����8� ? ��� �O	GF
	�� � >[�`� ªT« ��� ªe« �?§ ¢�> 6 §U�`�)D « �����:p[� 9`�!M\W{]8M[^`_:Dv^5_JD�Z[I$WJVLP r D�]:D�Z[IySRVLZ[_8hNQM\V5Wt]:ILWJS/Z®g DTSRKJILE�D�]|g X�WJD�PQ�LM[D&DTS1NFE�VLW`NRP �LZ[X�D=KJIaP!Z[I�W:VLP r D�]8DeS/]:VLW:W:XTDTSTpQViZ DeSAN,Y�W:VLNRDTP!^`_:DE�D�NRNRD�W:V5P r D�W:DvE�VLPQPQDTSRK{V5WJ]uK{ILSFNQVL_
�AV5_:PQS=Y�Z[I�²1c�PQILM\D�³lXTW:D�PQ�LM[D�K:G-+�SRMz^5_JDy��]:ILWJS&Z[D�E�I5S&]8DZzI EHGJILZ\DT_:P�Z®g X�WJD�PQ�LM[D�NRG:DTP r Mz^5_JD$DTS1N�K:PRV5K{V5P1NQM\V5W:W:DTZ\Z[D$Y ∫
Ω u(t, x) dx

��pUqBg M[W:XT�5IaZ[M\NRX ���Jp\�595�IyX�NRX�VLw8NQD�W�_:DvE�V r�r D�E�V5WJSRXT^`_:D�W{E�D�]8D����:p �5��f{E�D�^`_:M�ETI r VL_ �{D�S1V5W VLPQM\�5M\WJD�D�NlSRVLW M[W`NRDTP1hKJPRX�NQIjNQM\V5W*K:G-+�SRMz^5_JDLpJqdDTS&D�b8D�PHE�MzE�DTS,SR_:M[cjIaW`NQS=K{DTP r D�NRNRDTW5Nl]|g V5w8NRDTW:M[P�]8M[PRDeE�NQD r D�W`N����Jp\�595�FYK{IaPRNRM[Pm]8D,Z®g XT^`_JIaNRM[VLW�]8D,ZzI�EHGJIaZ[D�_:P,�®�:p[�e¯L��DTW�_:NRM[Z\MzSRILW`Nm_:W:D 6 D{�J� «oª56 ¢�> 6 §U�`��D « ��^`_:M:W:DFn�ILMON^`_ g D�b8K:PQM r DTP�_:W~w:M[Z[ILW¸KJG +8SRM[^`_:D5p :mWsKJILP1NQM[E�_:Z\M[D�Pef E�DeS�DTS1NRM r IjNRM[VLW{S�VL_~X��`IaZ[MONQXTS�]|g X�W:DTPR�5M\D
�A_{SANQMO´JDTW`NFZ[D�EHG:VLM\by]8D�Z®g DTSRKJI5E�D

L2(]0, T [;H1
0(Ω)) ∩C([0, T ];L2(Ω))

K{V5_:P�+yEHG:D�PHEHG:DTP!]8DeSSRVLZ[_8NQM\V5WJSFE�IaP&ELg DeSAN,K:PQXTE�M[SRX r DTW5N&�T>\�������:¨5��¢�> 6 §U�`�)D « �$ELg DeSANRh¦Yah¦]:M\PQD�Zkg DTSRKJILE�Dl]8D�PQX��5_:Z[ILPRM\NRXr M[W:M r _ r ]:IaWJSFZ[DT^`_:DTZ Z[DTSFX��`IaZ[MONQXTS,]|g X�WJD�PQ�LM[D�V5W5N&_JW�SRD�WJSTp •
� � �`�j¨ « ¨5� �O	GF
	�� ( �2$ "7?(?<�($&�=!#"�� + �%$f���7?<�<��� � $&�-$Q/#"D�B�)@%��� � � ��� � %�� 3A$&�#�-�N��@ � � ��@-�%$ �
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�%� �O� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J� � �����&�)�������  �� ¯ =8�
�(� � �*$%"(?7?<� $.>7�-�J!�")�:+ >*$R��+,"��.� ���

u
/(�=1 � �
� %76 �%$;� >)$&$R� � �G@%K�"7+ � � �G�M/(>7�)$ ]0, T [×Ω

N � ��������� �!#"��7N?<��"7�9�;��"��
t ∈ [0, T ]

N(�#� > +�� @%K7>7+ � �;@ /)� @<�)�<�GK�� �:$ " � �)>7���;�

1

2

∫

Ω

u(x, t)2dx+

∫ t

0

∫

Ω

|∇u(x, s)|2dx ds =
1

2

∫

Ω

u0(x)
2dx

+

∫ t

0

∫

Ω

f(x, s)u(x, s) dx ds.

�®�:p[� �`�

%#� �J@ � ��������� � + >:?<�G��?<��� @ �;@L$ " � �)>7���;�(N)>7?7?<�<+ @%���.+ � ��� �Q/ ��� �G����� >7+,+ �
	-$�� z �%$&� "(�)�N� ���
���.� ���
�%�����.� �(")� /(�

[0, T ]
/7>7��$

R+ �;�<+,+ �2!#"��

z(t) ≤ a+ b

∫ t

0

z(s) ds ∀ t ∈ [0, T ],

���
a, b

$R�����L/ � " �Z� ���)$;�&>7���;�%$0?<� $�� �.� ���-$'��" �7"(+,+ �-$-N�>7+ ���G$

z(t) ≤ aebt ∀ t ∈ [0, T ].

�#� � �:>7?(?7+ � !�"�>7���Q+ � + � ��� �0/(��� �G����� >7+,+�>��)� � z(t) = 1
2

∫

Ω
u(x, t)2dx

N�/(@-/#"<� �G�0/(� 1 � �
�-5(6!#"��7N?<��"7�9�;��"��
t ∈ [0, T ]

N

1

2

∫

Ω

u(x, t)2dx+

∫ t

0

∫

Ω

|∇u(x, s)|2dx ds ≤ et

2

(∫

Ω

u0(x)
2dx

+

∫ T

0

∫

Ω

f(x, s)2dx ds

)

.

�®�:p[���L�

� � �`�j¨ « ¨L� �O	GF
	GF � "d�7"2/ �A1 � ��� �(6 N(� �A+ >�� �#��$&�&>7�-�;�
C

�%$;�Q� ��/(@<?<�<��/7>7�-�;� / �
T
N<�#�d�)��� � !#"��

+ ���;�<� � � et �!� �%$&�W�%�<���&> � ��� � �<��� ?�>)$:��?��.� � >7+/7>7�)$A+ > � > " ���G>��.� �#��1 � �
� 3 6 � � � � �;���%$&�.� � >��.� ���?<�<"��� ���G� > � @<+ � ���G@%� �<� � > � $&�#�(��>7���0/ � + >a��>�� ��� $%"<� ��>7�-�;�7N9>������ "(�)�C�)> � � >7���;� /�" + � ��� � / �
� ���#��� >7+,+ �

�(� ����� � a ∈ R+
�%�
g ∈ L2(]0, T [)

�;�<+�!#"��
g ≥ 0 �E� �#�-���G�<�J!�")�(N#$P�

z(t)
�%$&�g� �����.� �7"��2/(�

[0, T ]
/7>7�)$

R+
�%�p�)@<��� ���

z(t) ≤ a+ 2

∫ t

0

g(s)
√

z(s)ds ∀ t ∈ [0, T ],

>7+ ���G$
z(t) ≤

(√
a+

∫ t

0

g(s)ds

)2

∀ t ∈ [0, T ].

%#� �J@�/�" � ���=/(��1 � �
�-576 !�")�(N?<�#"(�
�;�#"-� t ∈ [0, T ]
N

∫

Ω

u(x, t)2dx+ 2

∫ t

0

∫

Ω

|∇u(x, s)|2dx ds ≤
(

(∫

Ω

u0(x)
2dx

)1/2

+

∫ t

0

ds

(∫

Ω

f(x, s)2dx

)1/2
)2

.

�®�:p[�T�`�
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¯ =5� ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

qBg XT�5IaZ[M\NRX�]|g X�WJD�PQ�LM[Dy���:p[� �`�!W g DTS1N�KJI5S,Z[IuS1DT_:Z\D�K{V`SRSRM\wJZ\D�K?VL_JP&Z®g XT^`_JIaNRM[VLW ]8D�Z[IyEHG{IaZ[D�_:PE�V r�r D�Z\D r VLW`NQPRD�Zkg D�b�DTPQE�M[E�DlSR_:M[cjIaW`NTp
� � �`�j¨ « ¨5� �O	GF
	�� ( � $ "7?(?<�($&� !�")� + �%$D� �7?<�<��� � $R�%$:/�"N�B�)@%��� � � � � � %�� 3 $&�#�-�g�)@<��� ��@%�-$-N9!#"��
u0 ∈ H1

0 (Ω)
N9� �0!#")� + > $&��+,"��.� ���

u
/(� 1 � �
� %76 �-$;�0>)$R$&� � �G@%K�"7+ � � �G��/(>7�)$

]0, T [×Ω � � ��������� �
!#")�(N?<��"7�
�;�#"-�

t ∈ [0, T ]
N���� > +�� @-K(>7+ � �;@=/ � @<�)�<�GK�� � $ " � ��>7�-�;�

1

2

∫

Ω

|∇u(x, t)|2dx+

∫ t

0

∫

Ω

∣

∣

∣

∣

∂u

∂t
(x, s)

∣

∣

∣

∣

2

dxds =
1

2

∫

Ω

|∇u0(x)|2dx

+

∫ t

0

∫

Ω

f(x, s)
∂u

∂t
(x, s)dxds.

�®�:p[�Tº5�

� M[D�W¡S �:PefdZ[D!kFG:XTVLPQ} r Du]|g D�b8MzSANQD�WJE�Du�:p°¯8p ��S1Dt�LXTW:X�PHIaZ[M[SRD�n�ILE�M\Z[D r DTW5N�Ia_¡ETILS�] g IL_8NRPQDTSE�VLWJ]:MONQM\V5WJSBIL_8b$Z\M r MONQDTS/VL_y]|g _:WuV5K{XTPQIaNRDT_:PmD�Z[Z[M\K8NQM[^`_:D��LXTW:X�PHIaZ?E�V r�r D&Z[D r VLW`NQPRD&Z[DTS/D�b8DTP1hE�M[E�DTS,SR_:M[c�ILW`NTp
� � �`�j¨ « ¨5� �O	GF
	Mr ����� �

Ω
"(� ��"��)�<�����<���4�)@��G@%K#"(+ � � �*/ �

RN � ����� � "7� �;� � ?)$5� ��>7+
T > 0

N
"7�)��/(���7�)@%� � �<� �.� >7+ �

u0 ∈ L2(Ω)
N9� �A"(� �;� � � � $&��"7�1� �

f ∈ L2(]0, T [;L2(Ω)) ��� +�� > � /(��/(�
+ > � � � > �G!#"�� � � %#� 	 � ��������� � !�")�I+�� @-!#"�>��.� ����/ ��+ >X���)>7+ � "(�*>��)� �P� �#�)/�� �.� ��� >7" � + � � � �;�%$�/ �
� � " � >7�7�











∂u
∂t −∆u = f

/(>7�)$
Ω×]0, T [

∂u
∂n = 0

$ "7�
∂Ω×]0, T [

u(x, 0) = u0(x)
/7>(�)$

Ω

�®�:p°¯a¹5�
>�/ � �%� "7��� "7�<� !#"��:$R��+,"��.� ���

u ∈ L2(]0, T [;H1(Ω)) ∩ C([0, T ];L2(Ω)) �
� � �`�j¨ « ¨5� �O	GF
	�H����� �

Ω
"(� �#" �)�<��� �<���4�)@'�G@%K�"7+ � �<��/ �

RN � ����� � A(x)
"7��� � �#�)� �.� ���L/(�

Ω
/(>7�)$

+�� �<�)$&� � �7+ �:/(�%$ � >���� � �%�%$M$�� � @%��� � !#"��-$:��@-�<+,+ �-$L�;� +,+ �%$*!#"!�,� +(� � � $&�;�2/ � " � � �#��$&�&>7�-�;�-$
β ≥ α > 0�)@<��� ��>7�-�

β|ξ|2 ≥ A(x)ξ · ξ ≥ α|ξ|2 ∀ ξ ∈ RN ,
? � ? � x ∈ Ω.

����� � "7� �;� � ?)$5� ��>7+
T > 0

N "7�)� /(���7��@-� � � � �.� >7+ �
u0 ∈ L2(Ω)

NJ�%� "7� �;� � � � $R��"7�U�%�
f ∈

L2(]0, T [;L2(Ω)) �O� ��������� �O!�")� + ��?<��� �(+ � � �:>7" � + � � � �;�%$






∂u
∂t − div (A(x)∇u) = f

/7>7��$
Ω×]0, T [

u = 0
$ "7�

∂Ω×]0, T [
u(x, 0) = u0(x)

/(>7�)$
Ω,

>�/ � �%� "7��� "7�<� !#"��:$R��+,"��.� ���
u ∈ L2(]0, T [;H1(Ω)) ∩ C([0, T ];L2(Ω)) ��W*K?D�_8N&X�NRD�W{]8PRD�Z[D#kFG:X�V5PR} r D��Jp ¯:p°��Ia_:buXT^`_JIaNRM[VLWJS,]8D��`NQV��5DTSFM[WJSANHIjNQM\V5W:WJIaM[PQDTSTp
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�%� �O� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J� � �����&�)�������  �� ¯ =`º
b 4(6 �{�j�`�¡�L�O	GF
	��,4.>01�

Ω
�2	 .
� L 3�B[� �=.
B[	4A%BOA �F�28:0<3�Bg;=.
	�	93�T 3�EF3

RN I ,/.
01� �2	 �3�Yg69G4\p	9�>8
T > 0 i �2	93 EF.
	�	9A=3!01	�01�D0<�
8M3 u0 ∈ L2(Ω)N �3�818M3P����3

divu0 = 0
EF�>	HG

Ω i 3��W�2	 �V3�B[Y 3
G�.>�2BO;=3

f ∈ L2(]0, T [;L2(Ω))N I � 8M.
B=G#8M3�G5A=�����>�?0<.>	HG�EF35,��V.��73[GW01	HG[�V�
�D0<.
	�	9�
01B�3[G














∂u
∂t +∇p− µ∆u = f

E7�
	HG
Ω×]0, T [

divu = 0
E7�
	�G

Ω×]0, T [
u = 0

G=�2B
∂Ω×]0, T [

u(x, t = 0) = u0(x)
EF�
	�G

Ω

�®�:p°¯8���
�FE
Y 3��?�V3�	��p�2	43#�2	�0<����3WG�.>8:�2�?0<.>	

u ∈ L2(]0, T [;H1
0 (Ω))N ∩ C([0, T ];L2(Ω))N I

�@��K������
	
�=�	������JO �������1��=�%)(*$2@ �,�2$�(����3�)!���+ :G%)@-��$D;�: �)@R: %)@-��$2$�("+-+-(���( / 8�6 7Y[ 6 $�����9��"��!v=2@-$2�3$291+-("9: �"(���!#("$&%)9,��(�+ :D7 �3�293 r9'(
�*%)@-�3$�8 6 7�6I[/(*%���(�+ :f� �"!#��$�9 %'�d:G%)@-��$ ��� .10��"�3�)4*!#( ��6 � 6 8 6�� $ @-$&%'�)�����2@ %
+-("9,("9'E2:��"(*9 � (�� @-+-=?(*�'%

V =
{

v ∈ H1
0 (Ω)N %)("+F�&�2(

divv = 0
E 6 E 6F��:3$�9

Ω
}

,

(_%
H =

{

v ∈ L2(Ω)N %)("+F�&�2(
divv = 0

E 6 E 6F��:3$�9
Ω
}

,��&
H

("9 %f�2$ 9'����93 r("9'EF:��"(���(*�)!#� � (
H(div)

�&�F� �3$ E?("��%f:3�29'9'@1����82$2@ �C�"�3!#!#(#+'� :3��0��*�)("$��*( ��(
V

�2:G$29
L2(Ω)N / ;<�3@-��+ : 7����293 r9'(
�_%)@ �3$ ��6 � 6 7 6 6 � �3�29 ��= %)("$2�3$29#+ : ���G�)!���+R: %)@-��$ ;3:G�)@ :G%)@-�3$2$2(*+ +-(

9'��@-;�:G$�%)(






d

dt

∫

Ω

u(t) · v dx + µ

∫

Ω

∇u(t) · ∇v dx =

∫

Ω

f(t) · v dx ∀ v ∈ V, 0 < t < T,

u(t = 0) = u0,

/ 8�6 7�7 6

��& +'� �
���2:G%)@-��$ � ( / 8 6 7�7 6 : +-@ (*� :3� 9'("$�9?�T:G@-=2+-( ��:3$�9
]0, T [

6H� $ :GE2E�+ @4�&�2(#+-(D.102�"�G�)4"!#(�8 6 7�6 � ;
�*(*%'%)(����G�)!��2+ : %)@ �3$f;3:G�)@ :G%)@-��$�$2("+-+-( / 8 6 737 6 / 9'("9~0Y2 E?�G%)024"9'("9~9'�3$�% ��:��"@-+-("!#("$&%J;<�*�)@ 82�"("9 6 (*%~��$���=�%)@-("$&%
+'� (*C @-9 %)("$��*(�(*%>+ � ��$2@I�"@ %)�/��(�9):�9'�3+-��%)@-��$

u ∈ L2(]0, T [; H1
0 (Ω))N ∩ C([0, T ]; L2(Ω))N 6

.o��� %)(�+ :/��@��D�"��+ %)�>�)�"9'@ � ( ��:3$29J+ :qE �)("�2;�(1����(1�"(*%'%)(>9'��+-��%)@-��$�� ( / 8�6 7�7 6 ("9 %1=�@ (*$#�2$2(,9'�3+ � %)@-��$
� ( / 8 6 7Y[ 6 6.G : �"��$2��@ %)@-��$ :3� CL+-@-!#@-%)(*9f��($�B@ �)@I�d02+-(*%f9'( �)(*%'�)�3�2;<( EF: �#:GE2E2+-@I��: %)@ �3$ � � .102�"�G�)4"!#(
� 6 � 6I[��L� (D%'�d:��"( ;

u(t) ∈ H1
0 (Ω)N E?�3���#E �)("9"�&�2(�%)����%

t ∈]0, T [ � (*% + : �*��$F� @ %)@ �3$ @-$2@ %)@ :3+-(A("9 %
!u�29 %)@ 8F�*(�EF:G�>+ :��"�3$&%)@ $���@-%)�B��(

u(t)
("$

t = 0
��:G�

u0 ∈ H
6

�������m�)(*%'�)����;<(*�1+'� ���&�F: %)@-��$ � �3$�E �)�J�"4�� (��"�3!#!#(���:3$�9m+ :v� �"!#��$�9 %'�d:G%)@-��$D��� .10��"�3�)4*!#(B8 6 7&6 5&6
7�@ + :�9'�3+-��%)@-��$

u
(*9 %�9'���#9):3!#!#(*$�%m�)�
(���+ @-4*�)( � ��$D��= %)@ (*$�%

∫

Ω

(

∂u

∂t
− µ∆u − f

)

· v dx = 0 / 8 6 7�� 6
E?�3��� E��)("9"�&��(1%)����%

t ∈]0, T [ � (_%��&�2(*+B�&�2(}9'�3@-% v(x) ∈ C1
c (Ω)N %)(*+Z�&�2(

divv = 0
�2:3$�9

Ω
6Y-m��!#!#(

E?�3���m+ (�E��)�3=2+-4"!#(���(R7&%)�
	<(*9m9 %d:G%)@-�3$2$F:G@ �)( / ;<��@ �m+R:�7 �3�293 r9'(
�*%)@-��$ �&6 ��6 7 6 � @ +B��:3� %,����� �2@ �)(���( / 8�6 7�� 6+'� (*C @-9 %)("$��*(v��� �2$2()����$��*%)@-��$
p(t, x)
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;�(
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/ (*$��"�G�)(vE�+ ��9 9'@�+ :#9'��+-� %)@ �3$

u
$F� ("9 % EF:G9��)�
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p
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ViZ5D�b8MzSANQD2_:W:D2NQG:X�V5PRM[D2K:_:PQD r D�W`NcjILPRMzIjNQM\V5W:W:D�Z[Z[D��oc5VLM[PP' 95¹)( ��ILM\WJSRM,^`_ g _JW:D�NRG:XTVLPQM\D5f�]:MONQD*]:DTS$SRD r MOh¦�LPQVL_JK{DeSt��cLVLM[P '°�)( ��p/C/DTSNQG:X�V5PRM[DTS2SRVLW`Nm_:W�K?D�_�K:Z[_JSBE�V r K:Z[M[^`_:XTDTSTf r IaMzS2K:Z[_JS2K:_:MzSQSRILW5NQDTS�K:_JM[SQ^`_ g DTW�KJIaPRNRMzE�_:Z[M[D�P2D�Z[Z[DTSK?D�P r D�NRNRD�W`N=]8D�STg I R PQILWJEHG:M[PF]:DTS,G-+�K{VLNRG:}eS1DeS,S1_JP&Z\D�ETIaPHILE�NR}�PQD=w?VLPQW:X�]8D�Zkg VL_:c5D�PRNFD�N=S1_JP,Z[IS8+ r X�NRPQM[D�]:D�Z[IvnoVLP r D�w:M\Z[M[W:XTILM\PQD�]8D�Z[I�noV5P r _:Z[IaNRM[VLWtc�ILPRMzIjNQM\V5W:W:DTZ\Z[DLp •

� ��� � #y��+ ���,� $/� �!�����t��$/�H�  �t����+")�� $!��+ ��� '��o" 	���)�����t�
C/V r�r DF]:IaW{S�ZzIlS1DeE�NRM[VLWvK:PQXTE�Xe]8D�W`NQD/W:V5_JS�S1_JM\c5VLWJS�Z[I r���r DF]8X r IaPHEHG:D/D�WvNRPQVLMzSdX�NQIaK?DTSTp

PBPRD r M[}�PQD r DTW5N��k��VL_JS1hiS1DeE�NRM[VLW��:p 9:p[�e��f8VLW�X�NQILw:Z[MON&_:WJD�noVLP r _:ZzIjNQM\V5WucjIaPQM[IaNRM[VLW:WJD�Z[Z\D5f�]:D�_8b8M[}�hr D r DTW`N/�®��V5_JS1h¦SRDTE�NRM[VLW��:p 9:p°¯L��f�VLW�]8X r VLW`NRPQDmZkg D�b�MzS1NRD�W{E�DmD�NdZ®g _:W:MzE�M\NRX!]8DmZzI&SRVLZ[_8NRM[VLW�]8D!E�D�NRNRDnoV5P r _:ZzIjNRM[VLW�c�ILPRMzIjNQM\V5W:W:DTZ\Z[DmD�Wv_8NRM[Z[M[SQIaW`N�_:W:D!wJILSRDBG:M[Z[w{DTP1NQM\DTW:W:DF]8DBnoV5WJE�NQM\V5WJS�K:PRV5K:PQDTSTf�NQPRV5MOhSRM[} r D r D�W`NF�®��V5_JSAhiSRDTE�NQM\V5W��:p°¯8p 95��f�VLW r V5W5NQPRD/^5_JD/E�D�N1NQD!SRVLZ[_8NRM[VLW�cjILPRMzIjNQM\V5W:W:D�Z[Z[DmcLXTPRM\´JDmw:M[D�WZ[D�K:PQVLw:Z[} r D�Ia_8b�Z\M r MONQDTSTp
� .��F.10 �,9m7 L <&F,NU6:@A9/4 ��N�7J@,NU6:@A9B4�4�G�F8F,G
qBg Mz]8X�DuDTS1Nv]|g XTE�PQM[PRD�_:W:DynoVLP r _:ZzIjNQM\V5W�cjIaPQMzIjNRM[VLWJW:D�Z[Z\Dy^`_:M/PRDeSRSRD r w:Z[D�Y*_JW:D 6-? ��� ªT« �?§¢ « ��6 �j��§ ªT« ���������{��¢ « §U� « ���v]8_y]8DT_8b8M\} r D,V5PQ]:PRD5faS1M r M\ZzIaM[PRD&Y$�¦��p =`��p 0&V5_JS r _JZONQM\K:Z[M[VLWJSm]:VLWJEZkg XT^`_JIjNQM\V5Wt]8DeS!VLWJ]8DeS����:p 95�BKJILP/_:WJD�noV5WJE�NQM\V5WyNQDTS1N

v(x)
^`_:M §U�*¢ 6 �B��§U¢¡���:��¢�� ª �`���U�

t
p 2·ETIa_JSRD=]8D&ZzI�E�VLWJ]8M\NRM[VLWyIL_8b�Z\M r MONQDTSmWJVL_JS/]8D r IaW{]8VLWJS/Y�E�D�^5_JD v STg ILW:W�_:Z[D&S1_:P/Z\D=w{V5PQ]]:D�Z®g VL_:c5D�PRN

Ω
p � W E�ILZ[E�_:Z noVLP r D�Z E�V5WJ]8_:M\N=Y

d2

dt2

∫

Ω

u(x, t)v(x) dx +

∫

Ω

∇u(x, t) · ∇v(x) dx =

∫

Ω

f(x, t)v(x) dx.
���:p°¯ =��

ViZ{DTS1N/E�ZzIaM[P/^`_:D=Z®g DTSRKJILE�DB²AW{IjNR_JPRDTZ ³,K{V5_:PBZzIlnoVLW{E�NRM[VLW�NQDTS1N
v
DTS1N

H1
0 (Ω)
p8�W$M\W`NRPQV8]8_:M\N/IaZ[VLPHSZ[D�K:PQV8]8_:M\N,SQE�ILZ[ILM\PQD�]8D

L2(Ω)
D�N,ZzI�noVLP r D�w:M[Z[M\W:XeIaM[PRD a(w, v) ]8X�´JWJM[SFKJILP

〈w, v〉L2(Ω) =

∫

Ω

w(x)v(x) dx
D�N

a(w, v) =

∫

Ω

∇w(x) · ∇v(x) dx.�8VLM\N�_:W*NQD r KJS=´JWJIaZ T > 0
��X�c5D�W`NR_:DTZ\Z[D r DTW5NlX��`IaZdY +∞ ��f{VLW SRDv]8V5W:W:D�Z[D�NQD�P r D�S1V5_:PHE�D

f ∈ L2(]0, T [;L2(Ω))
pl�W S1D~]8VLWJW:D¸IL_JSQS1M�]8DeS�E�VLWJ]:MONQM\V5WJS�M\W:M\NRMzIaZ[DTS

u0 ∈ H1
0 (Ω)
D�N

u1 ∈ L2(Ω)
p�qdI�noVLP r _JZ[IaNRM[VLW~cjIaPQM[IaNRM[VLW:W:DTZ\Z[D$]8XT]:_:MONQDt]8D �®�:p°¯ =��lDTS1Nv]8VLW{E � NQPRV5_:cLDTP�_:W:DSRVLZ[_8NQM\V5W

u
]:ILWJS

C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω))

NRDTZ\Z[D�^`_:D










d2

dt2
〈u(t), v〉L2(Ω) + a (u(t), v) = 〈f(t), v〉L2(Ω) ∀ v ∈ H1

0 (Ω), 0 < t < T,

u(t = 0) = u0,
du

dt
(t = 0) = u1.

�®�:p°¯ .L�
qdDTSm]:VLW:W:XTDTS2M[W:M\NRMzIaZ[DTS2V5W`Nmw:M\DTW$_:W$S1DTWJSm]:ILWJS&�®�:p°¯ .L�U�5P �5E�D,Ia_$EHG:V5MOb�]8D=�,>[�������:¨L�$¢�> 6 §U�`�T©
D « �

C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω))

K{V5_:P�Z[I*SRVLZ[_8NRM[VLW
u
p10&VL_{S �A_JSANQMO´{D�PQVLWJS�DTWJE�V5PRDE�D�EHG:VLM\bu_:W*K?D�_*K:Z[_JS,Z[VLM[WtDTW�X�NQILw:Z\MzSQSRILW5N,SRVLW�Z\M[D�W I�cLDeE�]:DTS,XT�5IaZ[M\NRXTSF]|g X�WJD�PQ�LM[DLp



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�%���%� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J�������������)���1���  (� ¯ .:�
�UM[WJIaZ[D r DTW5NefFZ[I¶]8X�PQM\c5X�D DTW£NQD r KJS*]:IaW{SuZzIsnoV5P r _:Z[IaNRM[VLW cjIaPQMzIjNRM[VLWJW:D�Z[Z\D¶���:p°¯ .5�y]8V5MON� NRPQD�K:PRMzSRD�IL_¶SRD�WJSvn�IaM[w:Z[DtKJ_:M[SQ^`_ g I�K:PQM[VLPQM/ZzI noV5WJE�NQM\V5W t → 〈u(t), v〉L2(Ω)

W g DTS1N$^`_ g _:W:DnoVLMzS=]8XTPRM[cjIaw:Z[D�D�W*NQD r KJS&KJ_:M[SQ^`_ g D�Z[Z\D�ILK:KJILP1NQM\DTW5NlY C1(0, T )
��cLV5M\P&Z[D�qdD r�r D'=Jp =Jp[�e¯vD�N�Z[I�,D r IaPH^`_:D��:p°¯8p ��K?VL_JP,K:Z\_{S&]8D�K:PQXTE�MzSRM\V5WJSQ��p

� .��F.@A �£4 7OC(E`<�Fi6%NU6 ��Cd4&C 7ON F
P�V5_:P�]8X r VLW`NRPQD�P&Zkg D�b8M[S1NRDTWJE�D�D�N=Zkg _:WJM[E�MONQXv]8D�ZzIySRVLZ[_8NRM[VLW ]8D�Z[I�noV5P r _:ZzIjNRM[VLW�cjIaPQM[IaNRM[VLW8hW:D�Z[Z\D����Jp ¯Q.L��f?W:V5_JS=PQD�c5D�W:V5WJS&DTWJE�V5PRDvIa_�ETIL]8PQD��5X�W:XTPQILZ�]8DvZ[I���DTE�NRM[VLW~�8p 9yK{V5_:PF²R]8MzIa�5VLWJIahZ\MzS1DTPA³�Zkg V5K{XTPQIaNRDT_:Plq�IaK:ZzILE�M\DTW D�N�W:VL_{S=PHI r D�WJD�P�YuZ[IuPRXeS1V5Z\_:NRM[VLW ]|g _:W:Dvn�I r M[Z\Z[D�]:DvSRM r K:Z[DTSXT^`_JIjNQM\V5WJSl]8M R X�PQD�W`NQM\DTZ\Z[DTSlVLPH]8M[WJIaM[PQDTSl]8_�]8DT_8b8M\} r D�V5PQ]:PRD5p ��V5MON V D�N H ]8DT_8b�DeS1KJI5E�DeS�]8D7&M[Z\w?D�PRN�NQD�ZzS�^5_JD

V ⊂ H
I�c5DTE�M[W
�ADeE�NRM[VLW¸]8D�W{S1D�D�N�E�V r K{ILE�NQDt�oN,+`KJM[^`_:D r DTW`N V = H1

0 (Ω)D�N
H = L2(Ω)

��p
b 4(6 �{�j�`�¡�L�O	��O	�� ,4.>0<3�	��

V
3��
H

EF3��FT 3[GD6��F;=3[GPEF3��#018��=3�B[�W�3�8 G!����3
V ⊂ H

� L 3=; 01	 �
j�3�;��D0<.
	 ;=.
Y�6H�7;��V3l3��

V
3[G[� EF3�	HG�3lE7�
	�G

H I ,4.
01� a(u, v) �2	93���.>B[YZ3 ��018:01	4A��>01BO3 G��
Y A �
�?B[0<����3!;=.>	��D01	���3 3��#;=. 3�BO;�0 L 3 E7�
	HG V I ,4.>01�d�2	 �3�Y�6�Gg\S	4�
8

T > 0 i �2	93 EF.>	�	4A�3 01	�01�D0<�
8�3
(u0, u1) ∈ V ×H i 3��N�2	^�V3�B[Y 3#G�.>�2BO;=3 f ∈ L2(]0, T [;H) I � 8�.
B=G#8M3%69BO. ��8���Y 3











d2

dt2
〈u(t), v〉H + a (u(t), v) = 〈f(t), v〉H ∀ v ∈ V, 0 < t < T,

u(t = 0) = u0,
du

dt
(t = 0) = u1,

�®�:p°¯ �`�
	 .��n8OR A������
�D0<.
	 E73 	 � I � ��� �P8:0<3�� �>�^G�3�	�G ���>0 ��8M3!EF�>	HG

]0, T [ � � �2	43C�2	�0<����3CG�.
8:�2�D0<.
	 u ∈
C([0, T ];V )∩C1([0, T ];H) I �_3S698h� G i 01843�T70UG[�3d�2	93W;=.
	�G[��>	��V3 C > 0

	 ���20 	93WEFAV6H3�	9EZ����3
EF3

Ω
3��oEF3

T � �V3�818M3Z����3

‖u‖C([0,T ];V ) + ‖u‖C1([0,T ];H) ≤ C
(

‖u0‖V + ‖u1‖H + ‖f‖L2(]0,T [;H)

)

.
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� �����8� ? �U� �
	U�
	U��C/V r�r D�]JIaWJS/Z\D�E�I5SmKJILPQILw{V5Z\Mz^`_:D���cLVLM[PBZzI �&D r IaPH^`_:D��Jp ¯:p .5��fLV5WyK?D�_8NI R|IaM[w:Z\M[P&Zkg G-+�K?VaNRGJ}TSRD�]8_^kFG:X�V5PR} r D��Jp 9Jp\��SR_:P&ZzI$E�V�D�PHE�M[c�MONQX�]8D�ZzI�noVLP r D�w:M\Z[M[W:XTILM\PQD�ST+ r X�hNRPQM[^`_:D

a(u, v)
p|�W�V5w8NRM[D�W`N=Z[DTS r��Tr DTS=E�VLWJE�Z\_{S1M[VLWJSFDTW S1_JK:K{V`SRILW`N=S1DT_:Z\D r D�W`N=^`_ g M[ZdD�b8M[S1NRD]8D�_8b*E�V5WJSANHIaW`NRDeS!K{V`S1M\NRM[cLDeS

ν > 0
D�N
η > 0
NQD�Z[Z\DeS,^`_:D

a(v, v) + η‖v‖2H ≥ ν‖v‖2V
K{V5_:PFNRV5_8N

v ∈ V.q D�EHGJIaWJ�LD r DTW5N&]|g M[WJE�V5W:W�_:D u(t) = e
√

ηtw(t)
NRPHIaWJS1noVLP r D�Zkg Xe^`_JIjNQM\V5W�]8Dy�®�:p°¯ �`�mDTW

d2

dt2
〈w(t), v〉H + 2

√
η
d

dt
〈w(t), v〉H + a (w(t), v) + η〈w(t), v〉H = 〈f(t), v〉H ,

�®�:p°¯a�`�
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¯Q.L¯ ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

VQU�Z[I�noV5P r D,w:M[Z[M\W:XeIaM[PRD a(w, v)+η〈w, v〉H
DeSANBwJM\DTWyE�V�D�PHE�M[cLD&SR_:P

V
p5qmg XT^`_JIaNRM[VLW ���Jp ¯L�5�UDeSAN_JW:D,XT^`_JIaNRM[VLW$]8DTSmVLWJ]8DeS2I r VLPRNRM[DTS,��cLV5M\P2ZzI=�,D r ILPQ^`_:D,�:p[�Lp[�e��p ViZJSR_8±�N/IaZ[VLPHS�]8D,�LXTW:X�PHIaZ[M[SRD�PZ[D�kFG:XTVLPQ} r D��:p 9:p[��Y$]8D�NRDTZ\Z[DTS,Xe^`_JIjNQM\V5WJS���E�D�^`_:MdDeSAN,n�I5E�M[Z\D�w:M[D�W ^`_:D�WJVL_JS,WJD�Z\D�n�I5SRSRM[VLWJSK{ILSFMzE�M ��p •

+ 6 ���?§�� ª �j� ªe« �?§ 	lqdI¸]8X r VLW{SANQPQIaNRM[VLW¡DeSAN�NRPQ}TS$SRD r w:ZzIaw:Z[D�Y¸E�DTZ\Z[D*]8_ kFGJX�VLPQ} r D*�:p°¯8p 9:fIL_JSQS1MlW:VL_{StWJD�ZzI¶]:X�NQILM\Z[Z[VLWJS�KJI5S�IL_8NQILW`NTpFx�ILWJS*_:W:D¸K:PQD r M\}TPRD�X�NHIaK?DLf,VLW r VLW`NRPQD�^`_:DNQVL_8NQD$S1V5Z\_8NQM\V5W
u
DeSAN�_:W:D$SRX�PQM\D$]8D�noV5WJE�NQM\V5WJSlK:PRV5K:PQDTSTp xlIaW{S�_:W:D$]8D�_:b�M[} r D�X�NHIaK?DLf|W:V5_JS]:X r VLW`NRPQVLW{SdZzI�E�VLW�cLDTPR�5D�WJE�Dm]8D,E�D�N1NRDFSRX�PQM\DF]:IaW{SdZ[DTSUDTSRKJI5E�DTS C([0, T ];V )

D�N
C1([0, T ];H)

p
� ª �:�B� ��	2��_:KJK{V`S1V5WJS�^5_JD

u ∈ C([0, T ];V ) ∩ C1([0, T ];H)
DTS1N�S1V5Z\_8NQM\V5W�]8D �®�:p°¯ �5��p ViW8hNQPRV8]8_JM[SRVLWJS�ZzI*wJI5S1D$G:M[Z[w{DTP1NQM\DTW:W:D

(uk)k≥1
]8D

H
E�V r K?V5SRX�Dy]:DTS�noV5WJE�NQM\V5WJS�K:PQVLK:PQDTS�]:D$Z[InoV5P r _:ZzIjNRM[VLWtcjIaPQM[IaNRM[VLW:W:DTZ\Z[D$�k�8p\��¯L�!^`_:M|cLXTPRM\´JD�W`N

uk ∈ V,
D�N
a(uk, v) = λk〈uk, v〉H ∀ v ∈ V.

�W¡XTE�PQM\N
u(t) =

+∞
∑

k=1

αk(t)uk
I�cLDTE

αk(t) = 〈u(t), uk〉H
p�:mW¶EHG:V5M[SRMzSRSQIaW`N

v = uk
]:ILWJS

�®�:p°¯ �`��fBD�N�DTW£W:VLNQIaW`N
βk(t) = 〈f(t), uk〉H

f
α0

k = 〈u0, uk〉H
f!D�N

α1
k = 〈u1, uk〉H

f!VLWV5w8NRM[D�W`N










d2αk

dt2
+ λkαk = βk

]:ILWJS
]0, T [

αk(t = 0) = α0
k,

dαk

dt
(t = 0) = α1

k.

�®�:p°¯aº5�
�@2!N1NQD�W`NRM[VLW*Y�_JW:D�E�VLW:no_JS1M[VLW�K?V5SQS1M[w:Z[Dl]:ILWJS!Z\DeSFW:VaNHIjNQM\V5WJS �8Z[I�]8VLWJW:X�DlM\WJMONQM[ILZ\D

u1
Wdg IvPRM[D�WYvcLV5M\PFI�cLDeE&ZzI�noV5WJE�NQM\V5WuK:PQVLKJPRD

uk
K{V5_:P

k = 1
p°��P�V`SRILW5N

ωk =
√
λk
f`Zkg _:W:Mz^5_JD�SRVLZ[_8NQM\V5Wt]8D�®�:p°¯aº`�BDeSAN

αk(t) = α0
k cos(ωkt) +

α1
k

ωk
sin(ωkt) +

1

ωk

∫ t

0

βk(s) sin(ωk(t− s))ds, ���:p 9L¹`�
E�D�^5_JMd]8VLWJW:D�_:W:D�noVLP r _JZ\D�D�b8K:Z[MzE�M\NRD�K?VL_:P,ZzI�S1V5Z\_8NQM\V5W u �®^`_:M DTS1N=]8V5WJEl_:W:Mz^5_JDe��p� ª �:�B�IF9	 P�VL_JP&]8X r VLW`NQPRDTP&^5_JDlZzI�S1XTPRM[D

+∞
∑

j=1

(

α0
j cos(ωjt) +

α1
j

ωj
sin(ωjt) +

1

ωj

∫ t

0

βj(s) sin(ωj(t− s))ds
)

uj
�®�:p 9:�e�

E�VLW�cLDTPR�5D ]:IaW{S
C([0, T ];V ) ∩ C1([0, T ];H)

fuV5W cjI r VLW`NQPRDTP�^`_:D Z[I S1_:M\NRD wk =
∑k

j=1 αj(t)uj
]8DTSFSRV r�r DTS!KJILP1NQM\DTZ\Z[DTS!]8D�E�D�N1NRD�SRX�PQM\DlDTS1NF]:D�C!IL_JEHG-+Lp8x�ILWJS V WJVL_JSFE�V5WJSRMOh]:X�PQVLWJStZ\D¸K:PQV8]8_:M\N�SQE�IaZzIaM[PQD

a(u, v)
K?VL_:P�Z[DT^`_:D�Z�ZzIsn�I r M[Z[Z\D (uj)

DTS1N�V5P1NQG:VL�5VLWJILZ\D5p�P2IaPV5P1NQG:VL�5VLWJILZ\M\NRX�]:ILWJS
H
D�Nv]:ILWJS

V
]8D

(uj)
��cLV5M\P�Z[DakFG:X�V5PR} r Dy�8p 9Jp ¯5��f|V5W¸V5w8NRM[D�W`Nef K{V5_:P

l > k
f:D�N,K?VL_:P&NRVL_:N!NQD r KJS t f
a
(

wl − wk, wl − wk
)

+

∥

∥

∥

∥

d

dt

(

wl − wk
)

∥

∥

∥

∥

2

H

=

l
∑

j=k+1

(

λj |αj(t)|2 +

∣

∣

∣

∣

dαj

dt
(t)

∣

∣

∣

∣

2
)

.
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�%���%� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J�������������)���1���  (� ¯ . 9
�PTf8DTW r _:ZONQM\KJZ\MzIaW`N����Jp ¯Lº5�/KJILP dαk/dt

D�N&D�W*M\W`NQX��LPHIaW`NFD�W�NRD r KJS�fJVLW�VLw8NQM\DTW5N
∣

∣

∣

∣

dαj

dt
(t)

∣

∣

∣

∣

2

+ λj |αj(t)|2 =
∣

∣α1
j

∣

∣

2
+ λj

∣

∣α0
j

∣

∣

2
+ 2

∫ t

0

βj(s)
dαj

dt
(s)ds.

x=D�ZzIvnoVLP r _:Z[D$���:p 9L¹`�/VLW�M\W8no}TPRD�^`_:D
∣

∣

∣

∣

dαj

dt
(t)

∣

∣

∣

∣

≤ ωj

∣

∣α0
j

∣

∣+
∣

∣α1
j

∣

∣+

∫ t

0

|βj(s)|ds.

:mW E�V r w:M[WJIaW`N&E�DeS,]8D�_8b�PRXeS1_JZONHIjNQSFV5WtDTW ]8XT]8_JMON
∣

∣

∣

∣

dαj

dt
(t)

∣

∣

∣

∣

2

+ λj |αj(t)|2 ≤ 2
∣

∣α1
j

∣

∣

2
+ 2λj

∣

∣α0
j

∣

∣

2
+ 2t

∫ t

0

|βj(s)|2ds.
�®�:p 95¯L�

C/V r�r D u0 ∈ V
f
u1 ∈ H

D�N
f ∈ L2(]0, T [;H)

f8VLW*I
‖u0‖2V = a(u0, u0) =

+∞
∑

j=1

λj |α0
j |2 < +∞, ‖u1‖2H =

+∞
∑

j=1

|α1
j |2 < +∞,

‖f‖2L2(]0,T [;H) =

+∞
∑

j=1

∫ T

0

|βj(s)|2ds < +∞,

E�D�^`_:M M r K:Z\Mz^`_:D�^5_JD=ZzI�SRX�PQM\D5f`]8V5W`N/Z[D&NRDTP r Dl�LXTW:X�PHIaZ{DTS1N/Z[D r D r w:PRDl]8Dl�5Ia_{EHG:D=]8D����Jp 9`¯L��fDTS1N=E�VLW�c5D�PQ�LD�W`NQDLf�Eag DTS1N1hiYjhi]8M\PQD�^5_JDlZzI�S1_JMONQD
wk
cLX�PQM\´JD

lim
k,l→+∞

max
0≤t≤T

(

‖wl(t)− wk(t)‖2V +

∥

∥

∥

∥

d

dt
(wl(t)− wk(t))

∥

∥

∥

∥

2

H

)

= 0,

Ia_8NQPRD r DTW`N!]8M\NTf�D�Z[Z[D�DeSAN,]8D�C!Ia_JEHG-+�]:IaWJS C1([0, T ];H)
D�N,]:ILWJS

C([0, T ];V )
p:C/V r�r DlE�DeSDTSRKJILE�DTSFS1V5W`N,E�V r K:Z[D�NHS�f8ZzIvSR_:M\NRD�]8D�C!IL_JEHG-+ wk E�VLW�c5D�PQ�LD=D�N,VLW�K{DT_8N=]8X�´{W:M\P&SQIvZ\M r MONQD u p:mWtK{IaPRNRMzE�_:Z[M\DTPTf�E�V r�r D (wk(0), dwk

dt (0))
E�VLW�cLDTPR�5D&cLDTPQS

(u0, u1)
]:IaWJS

V ×H f�VLWuV5w8NRM[D�W`NZ\DeS,E�VLW{]8MONQM\V5WJS!M\WJMONQM[ILZ\DeSFcLVL_JZ\_:DeS�p8xvg IL_8NRPQD�KJIaPRNTf�M[Z|DTS1N&E�ZzIaM[PF^`_:D
u(t)
fJD�WtNQIaW`N,^`_:D�S1V r�r D]8D�ZzI�SRX�PQM\D¡�®�:p 9:����cLXTPRM\´JD ZzI~noVLP r _JZ[IaNRM[VLW cjIaPQM[IaNRM[VLW:WJD�Z[Z\D¡�®�:p°¯ �`��K{V5_:PtEHG{IL^`_:D noV5WJE�NQM\V5WNRDTS1N

v = uk
p2C/V r�r D (uk/

√
λk)
DeSAN�_:WJDywJILSRD�G:M[Z\w?D�PRNRM[D�W:WJDu]8D

V
f
u(t)
cLXTPRM\´JD$]8VLW{E�Z[InoVLP r _:ZzIjNQM\V5Wsc�ILPRMzIjNQM\V5W:W:DTZ\Z[D����Jp ¯ �5��K?VL_JP�NQVL_8N v ∈ V

fUELg DeSANRh¦Yah¦]:M\PQDu^`_:D
u(t)
DTS1Nvw:M[D�W¡Z[IS1V5Z\_8NQM\V5WtPQDTEHGJD�PHEHG:X�D�]8D$���Jp ¯ �5��p%P2ILP&IaM[Z\Z[D�_:PHSTf8VLW*IvDTW�n�IaM\N r V5W`NRPQXl^`_:D

a(wl − wk, wl − wk) +

∥

∥

∥

∥

d

dt
(wl − wk)

∥

∥

∥

∥

2

H

≤ C
(

‖u0‖2V + ‖u1‖2H + T‖f‖2L2(]0,T [;H)

)

,

D�N�Zkg DTS1NRM r IaNRM[VLW�]|g X�WJD�PQ�LM[D=���Jp ¯`�a�|STg V5w8NRM[D�W`N�IaZ[VLPHS n�ILE�M\Z[D r D�W`NdDTW�K:PQD�WJILW`N k = 0
D�N�D�W�n�IaMzSRILW5NNRD�W{]8PRD

l
cLDTPQSFZkg M\W8´{W:M®p

�
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¯Q. = ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

� .��F.�� �DH&HJF1@1> NU6:@A9/4&E
0=VL_JS�IaK:K:Z[Mz^5_JVLWJS r ILM\W`NRDTWJIaW`N Z[DmPQXTSR_:ZONHIjNdILwJSANQPQILMONd]:_�kFG:X�V5PR} r D2�Jp 9Jp\�mYFZkg Xe^`_JIjNQM\V5W�]:DTSV5WJ]8DeS�f:D�N&W:VL_{S,K:PQVL_:c5VLWJSF^`_:D�E�D�N1NQD�IaK:KJPRV8EHG:D�cjIaPQM[IaNRM[VLW:WJD�Z[Z\D�I�w:M[D�W*K?D�P r MzS&]8D�PRXeS1V5_J]8PQDZkg XT^`_JIjNQM\V5W�IL_8bt]8XTPRM[cLXTDTS!KJILP1NQM\DTZ\Z[DTS,]|g VLPQM[�LM[W:DLp

b 4(6 �{������� �O	��O	Mr ,4.>01�
Ω
�2	 .>� L 3�B[���=.
B[	4AZBOA �F�28:0<3�B EF3

RN i 3��g�2	 �3�Y�6�G�\p	9�>8
T > 0 I

J 	l;=.
	�G=0<E ��B�3 �2	93 E7.
	�	9A=3 01	�01�?0<�>8M3
(u0, u1) ∈ H1

0 (Ω) × L2(Ω)
3��%�2	@�V3�B[YZ3_G�.
�2B�;�3

f ∈
L2(]0, T [;L2(Ω)) I � 8M.
B=G#8 R A=�����
�D0<.
	@EF3�G5.
	9E73[G



























∂2u

∂t2
−∆u = f

6 I 6 I E7�
	�G Ω×]0, T [

u = 0
6 I 6 I G[�2B ∂Ω×]0, T [

u(x, 0) = u0(x)
6 I 6 I E7�
	�G Ω

∂u

∂t
(x, 0) = u1(x)

6 I 6 I E7�
	�G Ω.

�®�:p 9 95�

�7E
Y 3��N�2	93W�2	�0<����3WG�.>8:�2�D0<.
	
u ∈ C([0, T ];H1

0 (Ω)) ∩C1([0, T ];L2(Ω)) I �C3N698:� G i 018&3�TF0UG[�V3�2	435;=.
	�G[��>	��V3
C > 0

	 ���20 	435E7A6�3�	4E ����35E73
Ω
3���EF3

T � �3�818M3C����3 i 6H.>�2B#�.>�2� t ∈ [0, T ] i
∫

Ω

(

∣

∣

∣

∣

∂u

∂t
(x, t)

∣

∣

∣

∣

2

+ |∇u(x, t)|2
)

dx ≤ C

(
∫

Ω

(

|u1(x)|2 + |∇u0(x)|2
)

dx

+

∫ t

0

∫

Ω

|f(x, s)|2 dxds
)

.

�®�:p 9 =`�

+ 6 ���?§�� ª �j� ªe« �?§ 	�0=VL_JSFILK:K:Z[M[^`_:V5WJS!Z\D#kFG:XTVLPQ} r Dl�Jp 9Jp\�lY�Z[I�noVLP r _:ZzIjNQM\V5WucjIaPQMzIjNRM[VLWJW:D�Z[Z\D�®�:p°¯ .5��]8DyZkg Xe^`_JIjNQM\V5W�]8DTSvVLWJ]:DTS�V5w8NRDTW�_:DuY ZzI���V5_JSAhiSRDTE�NQM\V5Ws�:p 9:p[� ��SRDTSvG +�K?VaNQG:}TSRDTS�SRVLW`Nn�I5E�M[Z\D r D�W`N�c5X�PQMO´JXTDTS�I�cLDTE H = L2(Ω)
D�N
V = H1

0 (Ω)
��pWViZUPQDTS1NRD�Y r V5W`NRPQD�P�^`_:DvZ®g _:W:Mz^`_:DSRVLZ[_8NQM\V5W

u ∈ C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω))

]8D$E�D�N1NQD�noVLP r _:ZzIjNQM\V5W�cjIaPQM[IaNRM[VLW:WJD�Z[Z\DDeSAN�wJM\DTWs_:W:DuSRVLZ[_8NRM[VLWs]8D����:p 9 9`��pQk�VL_8N�]|g ILw{V5PQ] f Z[I E�VLWJ]:MONQM\V5W~IL_8b�Z[M r M\NRDeS�]8Dtx=M[PRMzEHG:Z[D�NSRD�PRD�NRPQVL_:c5DvK{IaP�IaKJK:Z\MzE�IaNRM[VLW~]8_@kFG:X�V5PR} r D ={p 9Jp\�59t]8D�NQPQI5E�D$Y u(t) ∈ H1
0 (Ω)
K{V5_:P�NRV5_8N

t ∈ [0, T ]
fLD�N/Z[I�E�VLWJ]:MONQM\V5W$M\W:M\NRMzIaZ[D=DeSAN �A_JSANQMO´{X�D=K{IaPBZzI�E�VLW`NRM[W�_:MONQX=]8D

u(t)
D�W
t = 0
E�V r�r DnoV5WJE�NQM\V5WuY�cjILZ\DT_:PQS!]:ILWJS

H1
0 (Ω)
D�NF]8D

du/dt(t)
D�W
t = 0
E�V r�r D�noVLW{E�NRM[VLWtY�cjIaZ[D�_:PHSB]JIaWJS

L2(Ω)
p��M�ZzI&SRVLZ[_8NRM[VLW

u
DTS1NUSR_8±ySRI r�r DTW`NdPRXT�L_:Z[M[}�PQDLf�K{IaPdM[W`NRXT�LPHIjNRM[VLW�KJILPdKJILP1NQM\DBZ[I&noVLP r _:ZzIjNQM\V5WcjILPRMzIjNQM\V5W:W:D�Z[Z[D��®�:p°¯ .L�/DeSAN&Xe^5_JM\cjIaZ[D�W`NQD�Y

∫

Ω

(

∂2u

∂t2
−∆u− f

)

v dx = 0,

K?VL_JP�NRVL_:N
v(x) ∈ C1

c (Ω)
D�N�K:PRDeSR^`_:DvNRV5_8N

t ∈]0, T [
p��W¸D�Ws]8Xe]8_:M\N�]8VLW{E�Z®g XT^`_JIaNRM[VLW~]8D�®�:p 9 9`��pJ��M ZzI$SRVLZ[_8NRM[VLW

u
W g DTS1N&KJILS,KJZ\_JS&PRXT�L_:Z[M\}TPRD�^`_:D�E�D�^`_:M|DeSAN=]:VLW:W:X�K{IaP,Z[D�kFG:X�V5PR} r D�Jp 9Jp\�5f5V5WuV5w8NRM[D�W`N!NRVL_:N,]:D r���r D�Zkg Xe^5_{IjNRM[VLWtIa_tSRD�W{S�²1K:PQDTSQ^`_:D=KJILP1NQVL_8N1³Hf�DTWuPQD�K:PQD�WJILW`N/Z[DTSILPR�5_ r D�W`NQS�]8D�ZzIy]8X r VLWJS1NRPHIjNQM\V5W ]8_XkFG:XTVLPQ} r D��:p°¯8p �*�®^5_JD�W:V5_JS=WJDv]8X�NQIaM[Z[Z\V5WJS&KJI5SQ��p|�WWJVaNRD

σ = (∂u
∂t ,−∇u)

Z[I�noVLWJE�NRM[VLW�Y�cjIaZ[D�_JPQS!cLDeE�NQVLPQM\DTZ\Z[DTS!]:IaW{S
RN+1 f�D�N,VLWtK{DT_8N r VLW`NRPQD�P
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�%���%� ��"&�T�1	<� � �<� ��	  ���
�<�
	 � �&� ������� ���J�������������)���1���  (� ¯ .Q.
^5_dg DTZ\Z[D=IL] r D�N/_:WJD=]8M[cLD�PQ�LDTWJE�DFn�ILM\wJZ\D&DTWv²1DTSRKJILE�D�hkNRD r KJSA³F^`_:M?DTS1N#�A_JS1NRD r D�W`N ∂2u

∂t2 −∆u
^`_:MIaK:KJILP1NQM\DTW`N,]:VLWJE�Y

L2(]0, T [;L2(Ω))
p

�

:BW¸Zkg IawJSRD�WJE�D�]:DvnoV5PQE�DTSTf
f = 0
f VLW¸K{DT_8N�I r X�Z[M[VLPQD�PlZ®g DTS1NRM r IjNRM[VLW~]|g X�W:DTPR�5M\D*���Jp 9 =`�=D�NVLw8NQD�W:M[P,_:W:D�K:PQVLKJPRM[X�NQXl]8D�¨5�{§U�e�5���:� ªe« �?§¬¢�� �T> 6 §U�5��D « � ª � ª �:�®�y^`_:M DeSANFNRPQ}TSFM r K{V5P1NHIaW`NRD]8_ K?VLM[W5N�]8Dvc`_JDv]8DeS�ILK:K:Z[M[ETIjNRM[VLW{S�p?qmg X�W:DTPR�5M\D�NQVaNHIaZ[D�DTS1N�MzE�M�ZzIyS1V r�r D�]8Dv]:D�_8b*NRDTP r DeS �]|g _JW:D�KJIaPRN,Z®g X�WJD�PQ�LM[D�E�M\WJX�NRMz^`_:D |∂u

∂t |2
D�N&]|g Ia_8NQPRD�K{IaPRNFZkg X�W:DTPR�5M\D r XTE�ILW:Mz^5_JD |∇u|2 p

� ���{�B�?� «�ªT« �{§ �
	U�
	�� J 	nG�3d698M�7;=3CG�.
� G58M3�G#� ��6H.>�T� �[G�3�G E>� ���HA=.>B ��Y 3 � I��7I � � L 3=; f = 0 I
� �nG�.
8h�2�?0<.>	 EF3 8OR A������
�D0<.
	 E73[G^.
	4EF3�G 	 � I�� ��� L A�B[0 \�3 i 6�.
�2B �.>�2� t ∈ [0, T ] i 8 R A � �
8:01�VAXE73;�.>	HG�3�B L �>�?0<.>	 E73�8 R A�	93�B��F0<3

∫

Ω

(

∣

∣

∣

∣

∂u

∂t
(x, t)

∣

∣

∣

∣

2

+ |∇u(x, t)|2
)

dx =

∫

Ω

(

|u1(x)|2 + |∇u0(x)|2
)

dx .
�®�:p 9Q.L�

+ 6 ���?§�� ª �j� ªe« �?§ 	J:mW PQD�K:PQD�W{IaW`N$Z[I~]8X r V5WJS1NRPHIjNRM[VLW¬]8_ kFG:XTVLPQ} r D �:p 9:p[�*I�c5DTE f = 0
fEag DTS1N1hiYjhi]8M\PQD

βk = 0
f!VLW�]8XT]8_JMON ]8M[PRDeE�NRD r D�W`N�]8D ���Jp ¯Lº5�$^`_:D¸Z®g X�WJD�PQ�LM[D�]8D�Zkg V5SQE�M[Z\ZzIjNQD�_:PGJIaP r VLW:Mz^`_:D�DeSAN=E�VLWJSRD�PQcLXTDLf8Eag DTS1N1hiYjhi]8M[PRD�^`_:D
∣

∣

∣

∣

dαj

dt
(t)

∣

∣

∣

∣

2

+ λj |αj(t)|2 =
∣

∣α1
j

∣

∣

2
+ λj

∣

∣α0
j

∣

∣

2
,E�D�^`_:Md]8V5W:W:D�Z®g X��`IaZ[MONQX$�oK:Z[_8N��LN�^`_:D�Z®g M[W:X��`IaZ[MONQXe�

a(wl − wk , wl − wk) +

∥

∥

∥

∥

d

dt
(wl − wk)

∥

∥

∥

∥

2

H

=

l
∑

j=k+1

∣

∣α1
j

∣

∣

2
+ λj

∣

∣α0
j

∣

∣

2
,

D�N��®�:p 9Q.5�FS�g VLw8NQM\DTW`N�D�W KJPRDTWJIaW`N
k = 0
D�NlD�W n�ILM[SQIaW`N&NQD�WJ]8PQD

l
c5D�PHS,Zkg M[W8´JW:Mkp ��MdZzIySRVLZ[_8NRM[VLW

u
DeSAN�PRXT�L_:Z[M[}�PQDLfJV5W K?D�_8N�]8X r V5W`NRPQD�P=KJZ\_JS�]8M[PQDTE�NQD r D�W`N����:p 9Q.5�,DTW r _JZONQM\K:Z[MzIaW`N�Zkg Xe^`_JIjNQM\V5W]8DTSFV5WJ]8DTS��®�:p 9 9`�BK{IaP ∂u

∂t

D�N&D�W�M\W`NRXT�LPHIaW`N,KJIaPFKJILP1NQM\D$��cLVLM[P,Zkg :2b8DTPQE�M[E�D��Jp 9Jp\����p
�

0=VL_JStPQD�cLDTW:VLW{S r IaM[W5NQD�WJILW`N�SR_:Pt�T>\��� ªe« ��� ªT« �?§"¢�> 6 §U�5��D « �����:p 9 =��$]:ILWJSuZ[D�ETILSu�LX�hW:X�PHIaZ
f 6= 0

p2qmg D�b8D�PHE�MzE�D�S1_JM\cjIaW`N r VLW`NRPQDtE�V r�r D�W`N*�®�:p 9 =���K?D�_8N � NRPQDtV5w8NRDTW`_JD�]8M[PQDTE�NQD�hr DTW`NuY�K{IaPRNRM[P�]:D~�®�:p 9 9`�vY¸Zkg ILM[]:D*] g _:W ILPR�5_ r D�W`N�SRM r M[ZzIaM[PRD Y~E�DTZ\_:M&]:D Z[I PmPQVLK?V5SRMONQM\V5W�:p 9:p/.t^`_:M/X�NHIaw:Z[MONv_:W:D 6 D?�:� «�ª 6 ¢�> 6 §U�`�)D « ��^5_JMmW:D$n�ILMONv^`_ g D�b8K:PQM r DTP�_:Wsw:M[ZzIaW~K:G-+8S1Mz^`_:DLp
:mW·KJILP1NQM[E�_:Z[M\DTPTfFE�DeSuDeSANQM r IjNQM\V5WJStVL_£XT�5IaZ[M\NRXTS�]|g X�W:DTPR�5M\D��A_JSANQMO´{D�W`N Z\D¸EHG:VLM\b£]8D�Zkg DTSRKJILE�D
C([0, T ];H1

0 (Ω))N ∩ C1([0, T ];L2(Ω))N
K{V5_:P�+*EHG:D�PHEHG:D�P&]:DTS=SRVLZ[_8NQM\V5WJS&E�ILP=Eag DTS1N=K:PQXTE�MOhS1X r DTW`N��T>\���T�U�:¨5��¢�> 6 §��`��D « � Eag DTS1N1hiYjhi]8M[PRD�Zkg DeS1KJI5E�D�]8D$PQX��L_JZ[ILPRM\NRX r M\W:M r _ r ]:ILWJS�Z\De^`_:D�ZZ\DeSFX��5ILZ\M\NRXeS,]|g X�W:DTPR�5M\D�VLW`N,_:W SRD�WJSTp

� � �`�j¨ « ¨L� �O	��O	�� ( �2$ "7?7?<� $&�=!#"�� + �-$f� �7?<�<��� � $R�%$'/�"D����@-��� � � ��� � �#� �A$R�����p�)@<��� ��@-�%$ �
�(� � �*$%"(?7?<� $.>7�-�J!�")�:+ >*$R��+,"��.� ���

u
/(�=1 � � � �76 �%$;� >)$&$R� � �G@%K�"7+ � � �G�M/(>7�)$ ]0, T [×Ω

N � ��������� �!#"��7N?<��"7�9�;��"��
t ∈ [0, T ]

N(�#� > +�� @%K7>7+ � �;@ /)� @<�)�<�GK�� �:$ " � �)>7���;�
∫

Ω

∣

∣

∣

∣

∂u

∂t
(x, t)

∣

∣

∣

∣

2

dx+

∫

Ω

|∇u(x, t)|2 dx =

∫

Ω

u1(x)
2dx+

∫

Ω

|∇u0(x)|2 dx

+2

∫ t

0

∫

Ω

f(x, s)
∂u

∂t
(x, s)dxds.
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¯Q. � ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

%#� � � / @�/�" � �G��!#" � � +#� � � $&�;� "(�)� � ���)$;�&>7���;�
C(T )

1 � ��/ @ ?<�<��/(>7���;� / �-$ /(���7��@-�%$:>7"-���G� !�")�
T 6 �;�<+,+ �2!#"��
∫

Ω

∣

∣

∣

∣

∂u

∂t
(x, t)

∣

∣

∣

∣

2

dx+

∫

Ω

|∇u(x, t)|2 dx ≤C(T )

(
∫

Ω

u1(x)
2dx+

∫

Ω

|∇u0(x)|2 dx

+

∫ t

0

∫

Ω

f(x, s)2dxds

)

.

�#�:� �#�-���G�<�#!#" � � +����(� $;�;� "(�)�%� �#��$&�&>7�-�;�
C

1 � �)/(@<?<� �)/7>7���;�Q/(�Q�;��"��;�%$L+ �%$ / �#�(�)@%�-$&�e� � � ?<� � $
T 6 �;�<+,+ �2!#"��
∫

Ω

∣

∣

∣

∣

∂u

∂t
(x, t)

∣

∣

∣

∣

2

dx+

∫

Ω

|∇u(x, t)|2 dx ≤ C

(∫

Ω

u1(x)
2dx+

∫

Ω

|∇u0(x)|2 dx

+

(

∫ t

0

(∫

Ω

f(x, s)2dx

)1/2

ds

)2


 .

ViZ D�b8M[S1NRD�]|g Ia_8NQPRDeS,^`_JIaW`NRM\NRXeS,E�V5WJS1DTPRc5X�DeS!E�V r�r D�Z®g M\W{]8M[^`_:D�Zkg D�b8D�PHE�MzE�D�SR_:M\cjILW5Nep
� � �`�j¨ « ¨5� �O	��O	GF ( � $ "7?(?<�($&� !�")� + �%$D� �7?<�<��� � $R�%$:/�"N�B�)@%��� � � � � � ��� � $&�#�-�g�)@<��� ��@%�-$-N9!#"��
+ �0�;�<� � � $&�#"(�1� � �%$&�*�("7+

f = 0
� �L!#"��A+ >=$R��+,"��.� ���

u
/(� 1 � � � �76 �-$;�*�G@%K#"(+ � � ���:/(>7�)$

[0, T ]×Ω �
� �������G�<�O!#"��7N ?<��"7�9�;��"��L� �-�.� � �

m ≥ 1
N����A>

d

dt

∫

Ω

(

∣

∣

∣

∣

∂mu

∂tm

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∇∂
m−1u

∂tm−1

∣

∣

∣

∣

2
)

dx = 0.

� M[D�W¡S �:PefdZ[D!kFG:XTVLPQ} r Du]|g D�b8MzSANQD�WJE�Du�:p 9:p = S1Dt�LXTW:X�PHIaZ[M[SRD�n�ILE�M\Z[D r DTW5N�Ia_¡ETILS�] g IL_8NRPQDTSE�VLWJ]:MONQM\V5WJSmIa_:b�Z[M r M\NRDeS=�oK{IaPBD�b8D r K:Z[DLf5]:D&0&DT_ r IaW:W{��f5V5_$Ia_yE�I5Sm]|g Ia_8NQPRDeSmV5K{XTPQIaNRD�_JPQS2^`_:DZ[D�qdILK:ZzILE�M[D�W�E�V r�r D
∂2u

∂t2
− div (A(x)∇u) = f.C�g DTS1N&_:W�D�b8D�PHE�MzE�D�]8D��5X�W:XTPQILZ\MzSRD�PFE�D�PRXeS1_JZONHIjN&Ia_8btXT^`_JIjNQM\V5WJS,]8D�Zkg XTZ[I5SANQV8]%+�WJI r Mz^5_JDLp

� � �`�j¨ « ¨5� �O	��O	�� ����� �
Ω

"7�*��"���� � � �<���4�)@ ��@-K�"7+ � �<�H� �#�(�)�����M/ �
RN � ����� �L"(�)�M/ �#�(�)@%�*� �<� �.� >7+ �

(u0, u1) ∈ H1
0 (Ω)N ×L2(Ω)N

N(� �'"(�0�;�<� � � $R��"7�U�%� f ∈ L2(]0, T [;L2(Ω))N ��� �#�-���G�<� !�" �,� +
� � � $&�;� "(�)��"(� � !#"��:$&�#+,"-�.� �#�

u ∈ C([0, T ];H1
0 (Ω))N ∩ C1([0, T ];L2(Ω))N

/ �


















ρ
∂2u

∂t2
− div (2µe(u) + λ tr(e(u)) Id) = f

/(>7�)$
Ω×]0, T [,

u = 0
$ "7�

∂Ω×]0, T [,
u(t = 0) = u0(x)

/(>7�)$
Ω,

∂u
∂t (t = 0) = u1(x)

/(>7�)$
Ω.

�®�:p 9 �5�
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�%� �O� �����*����V��	 ��� �  <�&�1�
	3��	<��#(�*� �&� ��� ��� ����� � �&�������������  �� ¯ .`�
� �2$ "7?(?<�($R>7���Q!#"���+ >A$&�#+,"-�.� �#�

u
�%$;�M>)$&$R� � ��@-K�"7+ � � �G�(N � ��������� �E!�")�(N?<�#"(�O�;��"�� t ∈ [0, T ]

N7���
> +�� @%K7>7+ � �;@ /)� @ ��� ��K�� �:$ " � �)>7���;�

ρ

2

∫

Ω

∣

∣

∣

∣

∂u

∂t

∣

∣

∣

∣

2

dx+ µ

∫

Ω

|e(u)|2 dx+
λ

2

∫

Ω

(divu)2dx =
ρ

2

∫

Ω

|u1|2dx

+µ

∫

Ω

|e(u0)|2 dx+
λ

2

∫

Ω

(divu0)
2dx+

∫ t

0

∫

Ω

f · ∂u
∂t
dxds.

� � / @�/�" � ��� "7���=�-$;�.� � >��.� �#�2/ � @<�)�<�GK�� � �
� �����8� ? �U� �
	U�
	��C/V r�r D K?VL_:PuZ\DeSyK:PQVLw:Z[} r DeS$KJIaPHIaw?VLZ[Mz^5_JDTSTf2Z®g IaK:KJPRV8EHG:Dy²RS1K?DTE�NRPHIaZ[D�³_8NRM[Z\MzSRX�D�M[E�M K?VL_:P,V5w8NRDTW:M\PFZkg D�b8M[S1NRDTWJE�D�D�N&Zkg _:W:MzE�M\NRX�]|g XT^`_JIaNRM[VLWJSFIa_:bt]8X�PQM[cLX�DeS!KJIaPRNRM[D�Z[Z\DeSFG-+5hK{DTPRw?VLZ[M[^`_:DeS�W g DTS1N�K{ILS�ZzI�SRD�_JZ\D�K?V5SQS1M[w:Z[DLpdC/MONQVLWJS�ZzItNRG:XTVLPQM\D�K:_JPRD r DTW`N�cjILPRMzIjNQM\V5W:W:D�Z[Z[D�]8D
' 95¹)(FILM\W{S1M!^5_JDuZzI NRGJX�VLPQM[DLf�]:MONQDt]8DeSvSRD r M\hk�5PRV5_:K{DeSy�oc5VLM[P ' � (o��pBC/DTS�NRG:XTVLPQM\DeS�SRVLW`N�_:W�K?D�_K:Z\_{S&E�V r KJZ\Mz^`_:X�DeS�f r IaMzSFK:Z[_JS,K:_:MzSQSRILW5NQDTSFK:_JM[SQ^`_ g DTWtK{IaPRNRMzE�_:Z[M\DTP,D�Z[Z\DeSFK{DTP r D�N1NRDTW`N=]8D�S�g Ijn hnoPQILWJEHG:M[P�]8DeS=G-+�K{VLNRG:}eS1DeS=SR_:PlZ\D�E�IaPHILE�NR}TPRD�w?VLPQW:Xv]:D�Zkg V5_:cLDTP1N

Ω
D�NlSR_:PlZ[IuST+ r X�NQPRM[Dv]8DvZ[InoVLP r D�w:M[Z[M\W:XeIaM[PRD a(u, v) ]8D�Z[I�noV5P r _:ZzIjNRM[VLWtcjIaPQM[IaNRM[VLW:W:DTZ\Z[DLp •

� ��� � "���' "U�  �  +������)��H�����������,+ �t����+ )�� $!��+ '*�#"U� 	���)��� ���
0=VL_JSlD�b8I r M\W:V5WJS r ILM\W`NQD�WJILW5N�Z[DTS�K:PRM[WJE�M\KJILZ\DeS=KJPRV5K:PRM[X�NQXTSl^`_JIaZ[MONHIjNQM\c5DTSl]8DvZzIuSRVLZ[_8NQM\V5W]8DtZkg XT^`_JIjNQM\V5W¡]8D�Z[I¸EHGJILZ\DT_:PTf�W:VaNHI r�r D�W`N�Z\DeSvKJPRV5K:PRM[X�NQXTSv]8DtPQX��5_:ZzIaPQMONQXLf�E�V r K?VLPRNRD r DTW`NILS8+ r K8NQVaNQM[^`_:DeSFK{V5_:P,Z\DeSF�LPHIaWJ]:DTS!cjIaZ[D�_:PHS,]8D t D�N&K:PQM\WJE�M\K?D�]8_ r Ijb8M r _ r p

� .	�&.10 ��9�LMH�9m7:6-G(L G�4B6 N E � LMH&68926:@ �F<�G
0=VL_JSmX�NR_{]8M\V5WJS�Z[D&E�V r K?VLPRNRD r DTW`N2]:D,Z[I�SRVLZ[_8NRM[VLW�]8D,Zkg Xe^5_{IjNRM[VLW�]8DFZzIlEHG{IaZ[D�_:P2DTWvNQD r KJSZ\V5W:�Jf ELg DeSANRh¦Yah¦]8M[PQDvZ[VLPHSR^`_:D

t
NRD�W{]�c5D�PHS

+∞ p�0=VL_JS�ILZ\Z[VLWJS�c5X�PQMO´{D�P�^`_:DLfdE�VLW8noV5P r X r DTW`N�YZ®g M\W`NQ_:MONQM\V5W~K:G-+�SRMz^5_JDLf|S1MBZ\D$SRDTE�V5WJ] r D r w:PQD f(x)
DeSAN�M[WJ]8X�K?D�W{]:IaW`N�]8_¸NRD r KJS t fdIaZ[VLPHS�Z[IS1V5Z\_8NQM\V5Wt]8D�Zkg XT^`_JIjNQM\V5Wt]8D�ZzI�EHGJIaZ[D�_:P!NQD�WJ]*ILS8+ r K8NRVLNRMz^5_JD r D�W`NFcLD�PHS!Z[I�SRVLZ[_8NRM[VLW¸��S1NQIaNRM[VLW8hWJIaM[PRD��d]:_�q�IaK:ZzILE�M\DTW p 0&V5_JS�E�V r�r D�W���VLW{S�K{IaP2D�b:I r M[W:DTPUZ[D,E�I5SU]:D!Zkg XT^`_JIjNQM\V5Wv]8DFZzI�EHGJIaZ[D�_:PG:V r VL�5}�W:D5p

� ���{�B�?� «�ªT« �{§ �
	�rO	4� ,/.
01�
Ω
�2	@.
� L 3�B[� �=.
B[	4ACBOA �>�28h0<3�B_E73

RN I ,4.>01� u0 ∈ L2(Ω)
3��
u
8M�

G�.>8:�2�D0<.
	KE>�C69BO. ��8 ��Y 3






∂u
∂t −∆u = 0

E7�
	HG
]0,+∞[×Ω

u(x, t) = 0
G[�2B

]0,+∞[×∂Ω
u(x, 0) = u0(x)

EF�
	�G
Ω.

�®�:p 9`�L�
� 8M.
B=G i u(t) ;=.
	 L 3�B�� 3 L 3�B=G���A�BO. E7�
	�G L2(Ω)

8M.>B=G�����3
t
�3�	9E L 3�B=G +∞

lim
t→+∞

‖u(t)‖L2(Ω) = 0.
�®�:p 9L�5�
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¯Q.a� ���������
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+ 6 ���?§�� ª �j� ªe« �?§ 	|�W�PQD�KJPRDTWJ]�Z[I�]8X r VLWJS1NRPHIjNQM\V5W�]8_akFGJX�VLPQ} r D,�:p°¯8p 9�]:ILWJS2Z[D&E�ILS f = 0
fELg DeSANRh¦Yah¦]:M\PQD

βk = 0
p?�W�VLw:NRM[D�W`N,n�ILE�M\Z[D r D�W`N&^`_:D�ZzI�SRV r�r D�KJIaPRNRM[D�Z[Z[Dlc5X�PQMO´{D

‖wl(t)− wk(t)‖2H =

l
∑

j=k+1

|α0
j |2e−2λjt,

I�c5DTE
H = L2(Ω)

f?E�D�^`_:MdE�VLWJ]8_JMONef8D�W*K:PQD�WJILW5N
k = 0
D�N
l = +∞ f8D�N&D�W r I �AVLPHIaW`NTf8Y

‖u(t)‖2H ≤ ‖u0‖2He−2λ1t

^`_:M NRD�W{]tc5D�PHSQS�X�PQV�Z\V5PQSQ^`_:D
t
NRDTWJ]�cLDTPQSFZkg M[W8´JWJM K:_:MzSR^`_:D

λ1 > 0
p

�qdD&E�ILS2] g _:W$SRDTE�VLWJ] r D r w:PRDFW:V5W�W`_JZ®faM[WJ]8XTK{DTWJ]:ILW5NB]:_vNQD r KJSTfaDTS1Nm_:W$SRM r K:Z[D,D�b8D�PHE�MzE�D^`_:D�W:V5_JS,ZzIaMzSRSRVLW{S!IL_tZ[DTE�NRDT_:PTp
� � �`�j¨ « ¨5� �O	MrE	�� ( � �G�<?<�G�<��/I+ �%$#���(?<� ��� � $&�-$ / � + > 
O�G��?<�($P� �.� ��� � � � �
�(� ����� � f(x) ∈ L2(Ω)�%�
u(t, x)

+ >2$R��+,"��.� ���2/(�






∂u
∂t −∆u = f

/7>7��$
]0,+∞[×Ω

u(x, t) = 0
$ "7�

]0,+∞[×∂Ω
u(x, 0) = u0(x)

/7>7��$
Ω.

����� �
v(x) ∈ H1

0 (Ω)
+ >2$&�#+,"-�.� �#�2/ �

{

−∆v = f
/(>7�)$

Ω
v = 0

$ "7�
∂Ω.

� �������G�<�O!#"��
limt→+∞ ‖u(x, t)− v(x)‖L2(Ω) = 0 ��WsK?D�_8N�D�W~n�ILMON�K:PRXeE�MzS1DTP�Z[I�E�VLW{E�Z[_JS1M[VLWs]8DuZ[I�PBPRV5K{V`S1M\NRM[VLWs�:p =Jp[�yE�V r�r DuZ\D r V5W5NQPRDZkg D�b8D�PHE�MzE�D�SR_:M\cjILW5N&]8V5W`NFZkg M\W`NRDTPRKJPRX�NQIjNQM\V5WtDeSAN,ZzI$S1_JM\cjIaW`NQD
u(t, x) ≈

(∫

Ω

u0u1 dx

)

e−λ1tu1(x)
Z\V5PQSQ^`_:D

t→ +∞,

VQU
u1(x)

DeSANtZzIsK:PQD r M[}�PQD noVLW{E�NRM[VLW KJPRV5K:PRD¶�oW:V5P r IaZ[MzS1XTDe�$]8_�qdIaKJZ[I5E�M[D�W���p[���8p�2=S8+ r K8hNQVaNQM[^`_:D r DTW`NTf�NRV5_8NRDeS�Z\DeS$S1V5Z\_:NRM[VLWJS$]8D*Zkg Xe^`_JIjNQM\V5W¶]8D ZzI�EHG{IaZ[D�_:P�G:V r V5�L}TW:D�]:XTE�PQVLMzSQS1DTW5ND�b8K{V5W:D�W`NRM[D�Z[Z[D r D�W`N=DTW*NRD r KJSlI�cLDeE�Z\D r��Tr D�K:PQVa´JZUS1KJIaNRMzIaZU^5_JMdDTS1N�]8V5W:W:X�K{IaP u1
�®^5_JD�Z[Z\D^`_:D�SRVLM\N&Z[I�]8V5W:W:XTDlM[W:M\NRMzIaZ[De��p

� � �`�j¨ « ¨5� �O	MrE	GF ( � ��� ?<�G�<��/ + �%$v� �7?<�<��� � $R�%$M/ � + > 
E�G��?<� $�� �.� ��� � � � �
�(� � ��������� �O!�" �,� + ���(� $;�;�
"7�)�W�%���)$;�&>7���;� ?<� $P� �.� �)�

C
�;� +,+ �=!�")�

‖u(t)− α0
1e

−λ1tu1‖L2(Ω) ≤ C e−λ2t ∀ t > 1,
>��)� �

α0
1 =

∫

Ω

u0u1 dx,
���Jp 95º5�

���
λk

/(@%$�� K��)� + >
k
� � � �o�)>7+ � "(�
? ���#?<���*/#" $<>7?7+ >
��� � �0>������%� ����/�� �.� ���*>7" � + � � � �;�%$ /(� � � � � ���(+ �%� �
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�%� �O� �����*����V��	 ��� �  <�&�1�
	3��	<��#(�*� �&� ��� ��� ����� � �&�������������  �� ¯ .Lº
� .	�&.@A ��7{@14=>|@TH)G�;�< L N �&@TL <&L

P�V5_:P�Z®g XT^`_JIaNRM[VLW~]8D$ZzI�EHG{IaZ[D�_:Pef|Z\D�K:PQM[WJE�M[K{Dy]:_ r Iab�M r _ r K:PQD�WJ]�_:W:D�noV5P r D�cLV5M[SRM\WJD]8D�E�DTZ\Z[D�^5_JD�W:VL_JS,I�c5VLWJS/X�WJVLWJE�X�D�Ia_ kFG:XTVLPQ} r D�.:p ¯:p ¯5¯�K?VL_JP,Z\D�q�IaK:ZzILE�M\DTW p
� ���{�B�?� «�ªT« �{§ �
	�rO	 Fm,/.
01�

Ω
�2	X.>� L 3�B[� �=.
B[	4AWBOA �F�28:0<3�B�E73

RN i 3��S�2	 �V3�Yg69G \S	4�
8 T > 0 I,4.
01�
u0 ∈ L2(Ω) i f ∈ L2(]0, T [;L2(Ω)) i 3�� u ∈ C([0, T ];L2(Ω)) ∩ L2(]0, T [;H1

0 (Ω))8 R �2	�0<����3eG�.
8:�2�D0<.
	XE73 	 � I� � �FI ,�0 f ≥ 0
69BO3�G�����3N6��
B[�V.
�2��EF�
	�G

]0, T [×Ω
3��
u0 ≥ 0

64BO3�G�����3
6H�>B[�.>�2��EF�>	HG

Ω i �>8M.
B=G u ≥ 0
69BO3�G�����3%6��
B[�V.
�2��E7�
	�G

]0, T [×Ω I
+ 6 ���?§�� ª �j� ªe« �?§ 	���V5MON

u− = min(u, 0)
^`_:M�ILK:KJILP1NQM\DTW5N$w:M[D�W£Y

L2(]0, T [;H1
0 (Ω))

D�WcLD�PRNR_*]8_ q D r�r D'.:p ¯:p ¯ =vD�N=^5_JM cLXTPRM\´JDLf�K?VL_:P 0 < t < T
f

∫

Ω

∇u(t) · ∇u−(t)dx =

∫

Ω

|∇u−(t)|2dx. �®�:p =5¹5�
� WsPHIaMzS1V5W:W:D r DTW5N�SRM r M[ZzIaM[PRDyY E�D�Z[_:M/^`_:M!I K{DTP r MzS�]8Du]:X r VLW`NRPQD�Pt���:p =5¹`� r VLW`NRPQDy^`_:DLfUS1M
∂u
∂t ∈ L2(]0, T [;L2(Ω))

fJIaZ[VLPHS
∫

Ω

∂u

∂t
(t)u−(t)dx =

1

2

d

dt

(
∫

Ω

|u−(t)|2dx
)

.
�®�:p =J���

0&VL_{S�I5] r D�NRNRPQVLWJS�^`_:D�Zkg M[]8DTW`NRM\NRX ���Jp ={�e�uPRDeSANQD�c�PQILM\D r���r DsS1M ∂u
∂t

W g IaK:KJILP1NQM\DTW`N�KJI5StY
L2(]0, T [;L2(Ω))

p P�ILPlE�VLWJSRXT^`_:DTW`NTf?D�W K:PQD�W{IaW`N
v = u−

]:IaWJS�ZzI$noVLP r _JZ[IaNRM[VLW cjIaPQM[IaNRM[VLW8hW:D�Z[Z\Dy�®�:p �5�!]8D�Zkg Xe^`_JIjNQM\V5W�]8D�ZzI$EHGJIaZ[D�_JP!V5WtV5w8NRM[D�W`N
1

2

d

dt

(∫

Ω

|u−|2dx
)

+

∫

Ω

|∇u−|2dx =

∫

Ω

fu− dx,

E�D�^`_:Md]8V5W:W:D�KJIaP,M[W`NRXT�LPHIjNRM[VLWtD�W�NRD r KJS
1

2

∫

Ω

|u−(t)|2dx+

∫ t

0

∫

Ω

|∇u−|2dx ds =

∫ t

0

∫

Ω

fu− dx ds+
1

2

∫

Ω

|u−(0)|2dx.

C/V r�r D u−(0) = (u0)
− = 0

V5WtDTW ]8XT]8_JMON
1

2

∫

Ω

|u−(t)|2dx+

∫ t

0

∫

Ω

|∇u−|2dx ds ≤ 0,

Eag DTS1N1hiYjhi]8M\PQD�^5_JD
u− = 0

K:PQDTSQ^`_:D�KJIaPRNRV5_8NF]JIaWJS
]0, T [×Ω

p
�C/V r�r Dv]:IaWJS=Z\DvE�ILS=D�Z[Z\M[K8NQM[^`_:D5fJZ[D�K:PQM\W{E�M[K{D�]:_ r Ijb8M r _ r noV5_:PQW:MdKJILP=ZzI PmPQVLK?V5SRMONQM\V5W�:p =Jp°¯&DeSANmE�V5W8noVLP r D!Y�Zkg M[W`NR_:M\NRM[VLW�K:G-+8S1Mz^`_:DLpjxlIaWJS�Z[D,E�I5]8PRDF]8_ r V�]:}�Z[DF]:D/NQG:D�P r M[^`_:D,]8XeE�PQMONIa_tC/GJILK:MONQPRD��Lf5SRMJZzI�NQD r K{XTPQIaNR_:PQD,M[W:MONQM[ILZ\D u0(x)

DTS1NBD�W�NQVL_8N!K{V5M\W`N/SR_:K?X�PQM\DT_:PQD=Y�ZzI�cjIaZ[D�_:P
0
Y�Z[I5^5_JD�Z[Z\D�VLW r ILM\W`NQM\DTW5N�ZzI NQD r K{XTPQIaNR_:PQDtSR_:P�ZzI�KJILPRV5M ∂Ω

D�N�SRMFZ\DtNRDTP r D*S1V5_:PQE�DuDeSANK{V`S1M\NRM\n��®E�V5PRPQDTSRK{V5WJ]:ILW5N�Y�_:W¸D R D�N�]8DyEHGJIL_%R|Ia�LD���f|IaZ[VLPHSlM\ZBDTS1N�E�Z[ILM\P�^`_:D�ZzItNRD r K?X�PHIjNQ_:PRDDTS1NUK?V5SRMONQM\c5DBDTW�NRV5_8N�K{V5M\W`N�D�N2Y,NRV5_8N�M\WJS1NQILW`NTp 0&V5_JSdWdg I�c5VLWJS n�IaM\N�^`_:D!cLXTPRM\´JD�PU^`_:D/Z[D r V8]8}TZ\Dr IaNRG:X r IjNRMz^`_:D�PRDTK:PQV�]:_:MON,w:M[D�W E�D�N1NQD�K:PQVLK:PQM\X�NRX�M[W5NQ_:M\NRM[cLDLp
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���

ViZ|DeSANFw{V5W�]:D�PQXTILZ\MzS1DTP!^`_:D�E�DeS!PRXeS1_:Z\NQIaNQS/K{DT_:cLDTW`N!XT�5IaZ[D r DTW5N,STg XTW:VLWJE�D�PFS1V5_JS/K:Z\_{S1M[D�_:PHSnoV5P r DeSvXe^`_:M\cjILZ\DTW5NQDTSTp2�W¶K{DT_8NTf2K{IaP�D�b8D r K:Z[DLf2E�V r KJIaPQD�P�]8DT_8b¡S1V5Z\_:NRM[VLWJS�]8D~���Jp\��¯L� ��SRM
u0 ≤ ũ0

]:IaW{S
Ω
D�N
f ≤ f̃

]:IaW{S
]0, T [×Ω

f|D�N�S1M
u
D�N
ũ
]8XeS1M[�LW:DTW`N�PRDeS1K?DTE�NRM[cLD r DTW`N�Z\DeSSRVLZ[_8NQM\V5WJSB]8D����Jp\��¯L�2E�VLPQPRDeS1K?VLWJ]JIaW`NBIa_8by]8V5W:W:XTDTS

(u0, f)
D�N

(ũ0, f̃)
PQDTSRK?DTE�NQM\c5D r D�W`Nef5IaZ[VLPHSV5W�I

u ≤ ũ ]:IaW{S ]0, T [×Ω
pqdDTS&]8DT_8buD�b�DTPQE�M[E�DTSFSR_:M\cjILW5NHS,M[Z\Z[_JS1NRPQD�W`N&^5_JD�Zz^5_JDTS,IaKJK:Z\MzE�IaNRM[VLWJSFM[W`NRXTPRDeSRSQIaW`NRDeS/]:_�KJPRM[W8hE�M\K?D�]8_ r Ijb8M r _ r p

� � �`�j¨ « ¨5� �O	MrE	�� ����� �
Ω

"7� �#" �)�<��� �<��� �)@0�G@%K#"(+ � � ��/(�
RN � ( � �)�<�;�

u1
+ > ?<�G� � � � ���o� �#�)� �.� ���? ���#?<���=/#"�$<>7?(+ >
�)� �<� /7>7��$

Ω
>������W� ����/�� �.� ���2/ � � � ��� �&�7+ � �%N

λ1
+ >5�)>7+ � "(� ?<�G��? ���=>)$&$R�2��� @%� � ( �

� >7?7?<�<+,+ �:!�")� +�� �#� ?<� "-�o�&�)��� $�� �
u1 > 0

/(>7�)$
Ω

1 �)��� � + �f�B�)@%��� � � �=/(��� �G�)� ��� � "�� � >7�:3 � ����� �(6�%�E�#� >�/ � �%� ���G>0!�")� +�� �#� >0>7")$&$��
∂u1/∂n > 0

$%"(�
∂Ω � ����� � f = 0

N
u0 ∈ L2(Ω)

�%�
u
+�� "(� � !#"��

$R��+,"��.� ��� 1�$%"(?7?<� $R@%� �G@%K�"7+ � � �G� 6 /(��1 � �
� %76 ������ �
ε > 0 �9� �������G�<�O!#"���+�� ��� ?<� "-�L�����#" �)�<� "7�)��� ���)$;�&>7���;�A?<� $P� �.� �)�

K
�;�<+,+ �=!�")�

−Ku1(x) ≤ u(x, ε) ≤ Ku1(x) ∀x ∈ Ω,
���Jp =�¯L�

�%�L� �A/ @�/�" � �G�:!#" � � +7���(� $;�;��"7���#� �#��$&�&>7�-�;�A?<� $�� �.� ���
C

�;�<+,+ �=!#"��

max
x∈Ω
|u(x, t)| ≤ Ce−λ1t ∀ t > ε.

���Jp = 95�
� � �`�j¨ « ¨5� �O	MrE	Mr ����� �

Ω
"(� �#" �)�<��� �<���4�)@'�G@%K�"7+ � �<�7/ �

RN � ����� � u0 ∈ L∞(Ω)
N
f ∈ L∞(R+×

Ω)
N(�%�

u ∈ C([0, T ];L2(Ω))∩L2(]0, T [;H1
0 (Ω))

+�� "7�<� !#"��0$&�#+,"-�.� �#�:/(� 1 � �
� %(6%� � �#�-���G�<�9!�")�

‖u‖L∞(R+×Ω) ≤ ‖u0‖L∞(Ω) +
D2

2N
‖f‖L∞(R+×Ω),

�®�:p = =`�
���

D = supx,y∈Ω |x − y| �%$;� + �I/�� > � � ���G��/(�
Ω � ( � ?<��"7�4� > / � > �<���G/ � ���)$P� /(@<�G�<� + �^�%>)$

?7+,")$���>
�)� + � � �
f ≡ 0

NE?(" � $-N /7>7��$ + �C�->)$0K(@<�)@<� >7+ NO"��.� + � $&� �L+ > � ���
���.� ���
ψ ∈ H1

0 (Ω)
�;�<+,+ � !�")�

−∆ψ = 1
/7>7��$

Ω �
� .	�&.�� ��7:9�H&N ��NU6:@A9B4�� �&@A6-G(E E Gµ@14 
l4=@TG

0=VL_JS2I�c5VLWJSU]8X �1YlXTcLV8^`_:X!Y�ZzI �&D r IaPH^`_:D��5p ¯:p º�E�D�N1NRD,KJPRV5K:PRM[X�NQX/SR_:PQK:PRDTWJIaW`NQD!]8DFZkg Xe^`_JIjhNQM\V5W�]8D$ZzI EHGJIaZ[D�_JP �dZzI EHGJIaZ[D�_:PvS1D$K:PQVLK{Ia�LD$Y _JW:D$c�MONQDTSQS1DyM[W8´JWJM\D��2C/D$PRXeS1_JZONHIjN�]8XeE�VL_JZ\D] g _:W���� « §U¨ « �B��¢U�£���:� « �¸��� ¤¦�{� ª ^`_:D�W:V5_JS&XTW:VLW���VLW{S r IaM[W5NQD�WJILW`N�SRILWJS&]8X r VLWJS1NRPHIjhNQM\V5W p(0=VL_JS�Z\Dyc5X�PQMO´{D�PQVLWJS�K:Z[_JS�n�ILE�M[Z[D r D�W`N�Z[VLPHSR^`_:D�Z[Du]8V r ILM\WJD Ω
DeSANvZ®g DTSRKJILE�D

RN NQVL_8NDTW`NRM[D�P��oc5VLM[P,Z[I$��V5_JS1h¦SRDTE�NRM[VLWt�Jp ={p .5��p
� �j�{�B�?� «�ªT« �?§ �
	�rO	U�c,/.
01�

Ω
�2	m.
� L 3�B[� �=.
B[	4AKBOA �>�28h0<3�BnE73@;�8��)G=G�3 C2 E73

RN I ,4.
01� �2	�V3�Yg69Go\p	9�
8
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∂u
∂t −∆u = 0
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u(x, t) = 0
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Ω
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G�0<EF3�	��D0 �
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u(x, ε) > 0 ∀x ∈ Ω.
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u(x, ε) > 0
wJM\DTW¬^`_ g M[W:MONQM[ILZ\D r D�W`N u0(x) = 0
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∂u
∂t −∆u = 0

EF�>	HG
]0, T [×Ω

u(x, t) = 0
G[�2B

]0, T [×∂Ω
u(x, 0) = u0(x)

E7�
	HG
Ω.
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Ω = RN f:cLV5M\P,Zkg :mb�DTPQE�M[E�D��:p =Jp º5��p%P�V5_:P k ≥ 1

VLW*W:VLNRD
v = ∂ku

∂tk
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∂v
∂t −∆v = 0
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v(x, t) = 0
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v(x, 0) = ∂ku
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% �����$��� % ' �#�!� ���&;!�

H2m(Ω)
2�� � ����,�������;4��' % ' ;!���	�-�#" �:��'��/� �-� ;4 ��	���:�!��
���� 0-2 �-2  ��� �������:��'!���

�  �� % ' "� .� �$� (wk)
;!�:"�"@�-� �	�:" ,�'.���/� ��% % �:" �:" ��;!��� '< �6���� ;!'<�#"

C`([ε, T ], W 2m(Ω))
2

� .	�&.�� � �F<�NU6:@A9B4 ;�G FTN > � N�FTGd<&7¬;�N24�Es689B<,6 F � G�E H�N�> G
������� %)(*�)!#@-$�(*�$�"(*%'%)(A9'(
�_%)@ �3$ � $2����9#@-$F��@4�&�2�3$29 =��)@-4";�("!#("$&%D�"�3!#!#("$&%��)�"9'�3�F� �)(A+'� ���&�F: %)@-��$

� (�+ :$�_02:3+-("���BE?��9'�"(��2:3$�9 %)��� %�+'� ("9'EF:��"(
RN 6 � :GE2E?("+-��$�9)�&�2(v+'� :GE2E �)�J�_0�(�9'E?(
�*%'�d:G+-(f9'�2@-;�@-(f�2:G$29

�*(D�_02:3E2@ %'�)(f(*9 %v+-@-!#@ %)�"( :3� ��:39q��(*9q�3�2;<(_�'%)9�=?�3�)$2�*9 / �*(*%'%)(#+-@ !#@ %d: %)@ �3$L("9 %q("$ �T:3@ %�:G�'%)@ 8B�*@ (*+ +-( (*%
:G=29'�3+ ��!#("$&%>EF:39�$2�
�*("9'9):3@ �)(qE?�������*%d:G=2+-@ �B+'� (*C @ 9 %)(*$��"(q(*%�+ � ��$2@I�"@ %)��� (/+R:f9'�3+-��%)@-��$N�%� ��$2(/���&�F: %)@ �3$
E2:G�d:G=?��+-@4����( 6 6�-m�3$29'@ ���_�)��$29�+'� �
���2:G%)@-��$N� (�+R:C�d0F:G+-("����02�3!#�9(�4*$2(q�2:G$29}%)��� % +'� ("9'EF:��"(

RN ,
!���$2@-(

��� �2$2(B����$�$2�"( @ $�@ %)@R:G+-(
{

∂u
∂t
−∆u = 0

��:3$�9
]0, +∞[×RN

u(x, 0) = u0(x)
��:3$29

RN .
/ 8�6 � � 6

G (q�)�*9'�2+ %d:G%��"+ :39'9'@4�&�2(�9'��@-;�:G$�%�!#��$&%'�)( �&�2(/+ :�9'�3+-��%)@-��$
���AE �)��=2+-4"!#( / 8�6 �
� 6 (*9 %����3$2$��"(v(_C�E�+-@4�*@I %)(*!#("$&%1�"��!#!#(�+ (/E �)�����2@ %���(��"��$�;<�3+ � %)@-��$A� (�+R:#� ��$�$2�"(�@-$2@ %)@ :3+-(
u0

:�;<(
����$2(��B:3��9'9'@-("$2$�(/����$&%
+'� �
��: �'%: a% 2 E?(R�*�)��� %��"�3!#!#( √

t
6

��� �Y�B�	��K
I�
 O�� O�
 y1\ ^)[ `<` X ^*]0N*[2] u0 ∈ L2(RN ) x { h-X jd^ h ]/`Fj X<i"h��_w ] l�� x ��� p bN[�\?]�^ X�h [ ZTYaX \
[�\ Y N*[2] u ∈ C(R+, L2(RN )) ∩ C1(R+

∗ , L2(RN )), e X \�\Pk)]>` b3j
u(x, t) =

1

(4πt)N/2

∫

RN

u0(y)e−
|x−y|2

4t dy. / 8�6 ��\ 6
�@��K������
	
�=�	������JO������ �

t ≥ 0,
$2����91@-$&%'�)�����2@-9'�3$291+ :�%'�d:3$293���3�)!#�"(���(XA2�3���)@-(*�,� (

u(t) / ;���@ � � ��� 6 ���� (*9 %: ;= ��@ �)(/��(B+ :�����$��_%)@ �3$
x 7→ u(x, t) � ����82$2@-(�EF: �

û(k, t) =
1

(2π)N/2

∫

RN

u(x, t)eik·xdx,

E?�3���
k ∈ RN .

7 @
u ∈ C(R+, L2(RN )) ∩ C1(R+

∗ ; L2(RN ))
;<�*�)@ 8F( / 8 6 �
� 6 � ��$�E?("� %B:GE2E�+ @4�&�2(_� + :

%'�d:G$293���3�)! :G%)@-�3$A��(>A2�3���)@-(*��:3� CD��("� C ���&�F:G%)@-�3$29 / 8 6 � � 6 E?�3���,�3=�%)("$�@-�






û ∈ C(R+, L2(RN )) ∩ C1(R+
∗ , L2(RN )) ,

∂û
∂t

+ |k|2û = 0
E?��� �

k ∈ RN , t > 0 ,
û(k, 0) = û0(k)

E?��� �
k ∈ RN ,

/ 8�6 �Y[ 6

��&
û0(k) = 1

(2π)N/2

∫

RN u0(x)eik·xdx
(*9 %B+ :f%'�d:3$293���3�)!#�"(q� (?A������)@-(*�B��(

u0
6�G (/932�9 %)4*!#( / 8�6 �Y[ 69'(��)�"9'��� %>��(���:�5"�3$ �"+-�"!#("$&%d:G@-�)( E2�2@-9"�&�F� �3$ :���$2(����&�F:G%)@-�3$ � @ �P�_�)("$&%)@ (*+ +-(�E?�3��� �d0F:�����( ;3:3+-("� �>��(

k
6B� $ ��= %)@-("$&%

û(k, t) = û0(k)e−|k|2t E?��� �
(k, t) ∈ R

N ×R
+,(_%m@-+?("9 %O�T:��"@-+ (B�%� ("$ ���"���2@ �)( / 8 6 ��\ 6 E2:G�J%'�d:3$293���3�)! : %)@ �3$���(XA2��� �)@ (_�m@-$�;<(*�)9'( / E2��@ 9"�&��( �"(*%'%)(,%'�d:3$293 ���3�)! : %)@ �3$0�"�3$ ;�(*�'%)@ %,�2$ E �)������@-%>� (R�"��$�;<�3+-��%)@-��$D("$ E��)��� �2@ %,9'@-!#E2+-( 6 6 �

�#I�K����� � I�
 O�� O � GO� ��%)@-+-@-9):G%)@-��$ � (f+ :D%'�d:3$�93���G�)! :G%)@-��$ ��(DA2�3���)@-(*�q: E?(_�)!#@ 9B��(��u��@ :�(���$2:3+-@-9'(*� 	
+'� ���&�F: %)@-��$N��(/+ :C�_02:3+-("� � / 8 6 �
� 6 (_%B� (q9'(/�d:3!#(*$2(*�X;#+ :#�)�*9'��+-��%)@-��$N��� ��$2(�9'@-!#E2+-(/���&�F: %)@-��$���@ �P�� 
�)(*$�%)@-("+-+-(��3�d� @-$F:3@ �)( / 8�6 �J[ 6 6Z-m(*%'%)(B!#�*%)0�����( (*9 % � ��$�� %'�)4"9}9'("!v=2+ :3=�+ ( � ��:3$�9}+ � ("9'E �)@ % � ;v+'� :3E�E��)�J�d02(
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¯ � = ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

9'E?(
�*%'�d:3+-(/E��)���"����(*!#!#("$&%1��%)@-+-@-9'�"(/(*%��&�2@?�)("E?�39'(v:G�29'9'@ 9'���>�2$ :G�"(3�2!#("$&%>��(B��@ :�(3��$F:G+-@ 9): %)@-��$ 6��~$
�%� :3� %'�)("91%)(*�)!#("9 � |k|2 (_%

eik·x 9
� @-$�%)(_�)E��)4*%)("$&%1�"�3!#!#( � ("919'�G�'%)("9>��( ;3:3+-("� �)9}(*%�����$��_%)@ �3$29,E��)�3E��)("9
��� Go:GE2+ :��"@-("$ �2:G$29

RN 6 �>("! :G�S�&�2�3$29�����(vE�+-�29 +-(f!#��� (�� (�A������)@-(*� |k| ("9 %R(G�d:3$F� � E2+-�29 +R:����  
�*�)��@-9'9):3$��"(/(*C E?��$�("$&%)@ (*+ +-(B(*$D%)("!#E�9}��(

û(k, t)
("9 %,�d:GE2@ ��(�+��"(*%>:G!#�3�'%)@-9'9'("!#("$&%}E�+-�29}�d:3E�@R� (BE?��� �

+ (*91E?(*%)@ %)("91+-��$�(���("���)9m�%� ��$2��( / k (G�d:3$2� 6 (*9 %}+-@ ��;�+ � (��P(_%1�)�
(���+ :G�)@-9):3$&%>��(>+'� ���&�F:G%)@-�3$ � (�+ :>�_02:3+-("���
/ ;<��@ �>+'� � C (*�"�"@I�"(/8�6 � 6 �$�*@I � ("9'9'����9 6 6 •

� I�K��� � � I�
PO��oOTS�U G (��)�"9'�2+ %d:G% / 8�6 ��\ 6 E?("� %}9
� @-$�%)(_�)E��)�*%)(*�,(*$D%)(*�)!#( ��(X����$��*%)@-��$A� ( ���)("("$ 6��~$
E?��9):3$&%

G(x, t) = 1

(2πt)N/2 e−
|x|2
4t
� �3$ �
�*�)@ % / 8 6 ��\ 6 9'���29,+ :?���3�)!#(

u(t) = G(t) ∗ u0
� �9� ("9 %: <;� � @-�)(

u(x, t) =

∫

RN

G(x− y, t)u0(y) dy.

Go:?����$��_%)@ �3$���(����)("(*$ ("9 %>+ :f9'��+-��%)@-��$A�*+ �*!#("$&%d:3@ �)(/��(�+'� ���&�F: %)@ �3$A��(�+ :C�d0F:G+ (*�����2:G$29
RN × R+

∗
��"(>�&�2@P9'@I(�$2@ 82(>����(B+'� ��$ E?("� %>;<�*�)@ 8F(*���&��(

{

∂G
∂t
−∆G = 0

�2:G$29
]0, +∞[×RN

G(x, 0) = δ0(x)
�2:G$29

RN .

:3��9'("$29,� ("9,��@-9 %'�)@-=2� %)@ �3$29 � �9& δ0
(*9 %,+R:q! :39'9'( ��()�B@ �d:��);v+'� �3�)@I(3@ $�(�6�-m( E?��@-$&%,��(�; ��( E?("� %,:3��9'9'@

�*%'�)(>���";<(*+ �3E2E?�>�2:G$29J�2$#� ��! :G@ $�(,=?�3�)$2�,(*%U�"�3$F����@ %�;B��$2(}!#�*%)0�����(>��(1�)�"9'�3+-��%)@-��$���(*9m���&�F: %)@-��$29
EF:G�d:G=?��+-@4�&�2("9>��@ �P�*�)(*$�%)(/� (B+'� :3E2E �)�J�_0�( � 9'E?(
�*%'�d:3+-( 	B9'�2@-;�@ ( @4�*@a6 •

GO� (*C (*�"�"@I�"(/9'��@ ;3:3$&%,E?(*�)!#(_%,��(B�)�"9'�3�F���)(�+ � ���&�2:G%)@-��$A� (B+ :C�_02:3+-("� �,$2��$ 02��!#��(�4"$�(�6
�	� IW� � � ��I 
 O��oO�� (-�� !�

u0 ∈ L2(RN )
���

t > 0
=��-�1�#���$�

S(t)u0
% '����-��6��/� ��� ; ���!���7� ,�'.� % �	"$�76:�-��;

������������;!��� 0-2 5
	��:2� ����� ����� �  �� S(t)
�:" �  !� �-, ����'��$�� !��% �����7'.����� 6:�-���/���! ;!�

L2(RN )
;!'<�#"

L2(RN )
2��B�

,.��"$'<���
S(0) = Id

�$% C � ;!�����/� �@� ;!�
L2(RN ))

= ����� � �4��� �  �� (S(t))t≥0
��" �  !�	"@��� � 9 ���+�� !,.� ; C �-, ��� '��$�� !��"

�  .�<;!��,.����;!����� 6:�-���/�����!�	������;!� t
=-6.C �:" � 9��#9 ;-����� �  <C �D% " ����� � �4�����

S(t + t′) = S(t)S(t′)
,��� !�

t, t′ ≥ 0
2

� �<� �
f ∈ C1(R+; L2(RN ))

2�� �-���:����� �  �� % � ,������!% 
��	�
{

∂u
∂t
−∆u = f

;!'<�#"
]0, +∞[×RN

u(x, 0) = u0(x)
;!'<�#"

RN .

'�;4�	���	 !���  !�.� �  ��	" ��%  ��A� ��� u ∈ C(R+; L2(RN )) ∩ C1(R+
∗ ; L2(RN ))

=�; ���!���7� ,�'.�

u(t) = S(t)u0 +

∫ t

0

S(t− s)f(s) ds,

6.C �:" � 9���9 ;-�����

u(x, t) =

∫

RN

u0(y)e−
|x−y|2

4t
dy

(2πt)N/2
+

∫ t

0

∫

RN

f(y, s)e
−

|x−y|2
4(t−s)

dy ds

(2π(t− s))N/2
.

Go:D���G�)!��2+-(v(*C E2+-@I�"@ %)( / 8 6 ��\ 6 E?(*�)!#(*% ��(q�)(*%'�)����;<(*� 9):3$29B��@��D�"��+-%)� � E?�����B+ (vE��)�3=2+-4"!#( / 8 6 � � 6E?��9'�/�2:G$291%)�3��%,+'� ("9'EF:��"( � +-("9}E �)��E �)@ �_%)�"9����2:3+-@ %d:G%)@-;<("9,�*%)�2��@-�"("9}E �)�
�"��� ("!#!#("$&%�6W-X� ("9 %>+'� ��=Y! (*% ��("9
(*C (*�"�"@I�"("9#9'��@ ;3:3$&%)9f��& +'� ��$ $2�G%)(*�d:

u
+R:�9'��+-� %)@ �3$ / 8�6 ��\ 6 ��� E �)��=2+-4"!#( / 8 6 � � 6 � : ;�(
� + : � ��$�$2�"(

@ $�@ %)@R:G+-(
u0 ∈ L2(RN )

6
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�%��� � �����*����V��	 ��� �  <�&�1�
	3��	<��#(�*� �&� ��� ��� ��������� �������)���1���  (� ¯ � .
��� IY� � ���3I 
PO��oO�M � ���B � ��	
� ��� ��� IY���Z��I � � �����:����� �  ��.=B,.�- !�B�@�� �� T > 0

=

1

2

∫

RN

u(x, T )2dx +

∫ T

0

∫

RN

|∇u(x, t)|2dxdt =
1

2

∫

RN

u0(x)2dx.

��� IY� � ���3I 
PO��oO�
����F��� � � �	� I � � K�4�F�TK � K � � ����������� �  ��.=�"/� u0 ∈ L∞(RN )
=�'<% �<�+"

u(t) ∈
L∞(RN )

���
‖u(t)‖L∞(RN ) ≤ ‖u0‖L∞(RN ) ∀ t > 0.

� ����������� �  ���=-"A� u0 ≥ 0
,.���:" �  �� ,�'.�+� �� �� ;!'<�#"

RN =4'!% �!�+"
u ≥ 0

;!'!�#"
RN × R+ 2

��� IY� � ���3I 
PO��oO ���uI�
 IY	��=��� � ��������
Z�Z	 � � ������� ��� �  �� u ∈ C∞(RN × R+
∗ )

2

��� IY� � ���3I 
PO��oOTS�U � �9�PK�� �B�=	"I�K
I��Z	DB��oK���	
�B	
� � � I	� � ������� ��� �  ��

lim
|x|→+∞

u(x, t) = 0 ∀ t > 0,
�/�

lim
t→+∞

u(x, t) = 0 ∀x ∈ R
N .

��� IY� � ���3I 
PO��oOTSFS ������	*I����"I � I��F��������B�	������ � ���O����I � � �-���:����� �  ��.= "A� u0 ≥ 0
�/�

u0 6≡ 0,'!% �!�+"
u(x, t) > 0

;!'!�#"
RN × R+

∗
2

� ��� � "���' "U�  �  +������)��H�����������,+ �t����+ )�� $!��+ ��� '��o" 	���)��� ���
� .��F.10 BDC ��G 73E`@TI�@8F1@i6%C Gd4 6%G�LMHJE

0=VL_JSlD�b8I r M\W:V5WJS r ILM\W`NQD�WJILW5N�Z[DTS�K:PRM[WJE�M\KJILZ\DeS=KJPRV5K:PRM[X�NQXTSl^`_JIaZ[MONHIjNQM\c5DTSl]8DvZzIuSRVLZ[_8NQM\V5W]8D�Z®g XT^`_JIaNRM[VLWt]:DTS!VLWJ]:DTSTf�^`_:M SRVLW`N!NRPQ}TSF]8MSR?XTPRDTW`NRDTS,]:DlE�D�Z[Z\DeS,]8D�ZzI�S1V5Z\_:NRM[VLWt]:D�Zkg Xe^`_JIjNQM\V5W]8D�ZzI¡EHGJILZ\DT_:Pep/qdI¡K:PQVLK:PQM\X�NRX ZzI�KJZ\_JSunoPHIaK:KJILW`NRDLf!]8X �1Y¶X�c5V8^5_JX�D�IL_ C/GJIaKJMONQPRD��5f/DeSAN�Z[I� 6 �?�5�j� « � « � «oª 6 ��§ ª ���s����]8D�E�D�N1NRD�Xe^`_JIjNQM\V5W p
� ���{�B�?� «�ªT« �{§ �
	��9	4� ,/.
01�

Ω
�2	 .>� L 3�B[���=.>B[	9A!BOA �>�28h0<3�B E73

RN i 3��d�2	 �3�Yg69G�\S	4�
8
T >

0 I ,/.
01� (v0, v1) ∈ H1
0 (Ω) × L2(Ω) i 3��#�2	 �V3�B[Y 3!G�.
�2BO;=3

f ∈ L2(]0, T [;L2(Ω)) I � 8M.>B=G8 R A=�����>�?0<.>	nEF3�G#.>	9E73[G!� 6`ª ���D{���J¢��*��§ ª ���s�U� 	 01	��VA �>B�A�353�	 BO3�Y .
	��V�
	�� 8M3#�V3�Yg69GW`�6��
B[�D01B
EF3
T �















∂2v
∂t2 −∆v = f

6 I 6 I E7�
	�G Ω×]0, T [
v = 0

6 I 6 I G=�2B ∂Ω×]0, T [
v(x, T ) = v0(x)

6 I 6 I EF�
	�G Ω
∂v
∂t (x, T ) = v1(x)

6 I 6 I EF�
	�G Ω

�®�:p/.L¯5�
�FE
Y 3�� �2	43g�2	�0<����3�G�.
8h�2�?0<.>	

v ∈ C([0, T ];H1
0 (Ω))∩C1([0, T ];L2(Ω)) I �C3S698:� G i G[0 u(t, x)3[G[�58�� G�.
8:�2�D0<.
	mEF3X8 R A=�����>�?0<.>	 E73[GX.
	4EF3�G 	�� I���� 3���G[0

v0(x) = u(x, T )
EF�>	HG

H1
0 (Ω)

3��
v1(x) = ∂u

∂t (x, T )
EF�>	HG

L2(Ω) i �
8M.>B=G�.>	K� v(t, x) = u(t, x) I
+ 6 ���?§�� ª �j� ªe« �?§ 	&�W�n�IaM\N�Z\DyEHG{IaW:�5D r D�W`N�]|g M\WJE�VLW:W�_:D w(x, t) = v(x, T − t) D�Nt���Jp .5¯L�]8D�c�M[D�W`Nv_:WJDuXT^`_JIaNRM[VLW¡]:DTSvVLWJ]8DeS�²1K:PQVL�LPQDTSQSRM\c5D�³�I�c5DTE$]8V5W:W:XTDuM[W:MONQM[ILZ\DtD�W

t = 0
E�V r�r DZ®g XT^`_JIaNRM[VLW&²A_{S1_:DTZ\Z[D�³=�®�:p 95����E�V r�r DmZzI&]8X�PQM[cLX�D2DTW�NRD r K{SdDeSAN�] g V5PQ]8PQDB¯8f�M\Z5W g +�IFKJI5Sd]8D/EHGJIaW8h�LD r DTW5N�]:DyS1M[�LW:Dy]JIaWJS�Zkg XT^`_JIjNQM\V5W¸ILK:PQ}TS�E�DtEHGJIaW:�5D r D�W`N�]|g M\W{E�VLWJW`_JDe��p�P�ILP�IaKJK:Z\MzE�IaNRM[VLW f
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¯ � � ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

]:_!kFG:XTVLPQ} r D��Jp 9Jp =����:p/.L¯5�mI5] r D�N,]8VLWJE=w:M[D�Wu_JW:D�_JW:M[^`_:D�SRVLZ[_8NRM[VLW p:��M v0(x) = u(x, T )
D�N

v1(x) = ∂u
∂t (x, T )

fJZzIyS1V5Z\_:NRM[VLW
u(t, x)

]8Du�®�:p 95�FDeSANlIa_JSQS1M�S1V5Z\_8NQM\V5W ]8Du�®�:p/.L¯L��pOP2IaP&_JW:M[E�MONQXV5WtDTW ]8XT]8_JMON
v(t, x) = u(t, x)

p
�qdDvE�ILPQI5E�NQ}�PQD�PRXTcLDTPQSRM\wJZ\D�DTW NRD r K{Sl]:D�Zkg Xe^5_{IjNRM[VLW�]8DTS�VLWJ]:DTS=It]8D�WJV r wJPRDT_JS1DeS=E�VLWJSRX�h^`_:DTWJE�DeS�p`qdI�K:Z[_JSBM r K?VLPRNQIaW`NQD&DTS1N/^`_ g M\Z{W g +�I�IL_JE�_:Wy� � � ª � 6 D{�U���8� « �T�:§ ª K{V5_:PmZkg Xe^5_{IjNRM[VLW]:DTS�V5WJ]8DeS�Ia_�E�VLW`NRPHIaM[PQD�]:DtE�Dt^5_JM/SRDyKJILSQSQIaM\N�K{V5_:P�Zkg XT^`_JIjNQM\V5W�]8DyZzI EHGJILZ\DT_:PTp�:mW�D R D�NefSRM�ELg X�NQILMONlZ\D�E�ILSTf:DTW�EHGJIaWJ�LDTILW`N&Z\D�S1DTWJS=]8_ NRD r KJS�E�V r�r D�]:IaWJS=Z[I PmPRV5K{V`S1M\NRM[VLW �Jp .:p\�5f:VLWV5w8NRM[D�W{]8PQILMON,_:W�D R D�N/²R]8XTPRXT�L_:ZzIaPQM[SQIaW`N1³&E�VLW`NRPHIL]:M[E�NRVLM[PQDv�oZzI�S1V5Z\_:NRM[VLWtSRD�PHIaM\N r VLM[WJS!PRXT�L_:Z[M\}TPRD^`_:D�ZzI ]8VLWJW:X�D�´JWJILZ\D�DTW

T
f E�D$^`_:MmW g DTS1N�KJILS�K?V5SQSRM\w:Z[D�K:_:MzSR^`_:D�Zkg D
R?D�N�PQX��L_JZ[ILPRMzSRILW`Nl]8V5MONIL_JSQS1M�S�g IaKJK:Z\Mz^`_:D�P���p P2IaP�E�VLWJSRXT^`_:DTW5Nef « �=§�> �·� § « D?� « §µ§ « �B�`� ª �s¢U�¸� 6 D?�U���8� «oª56 K{V5_:PZzI*S1V5Z\_:NRM[VLW�]:D�Zkg XT^`_JIjNQM\V5W�]8DeS�VLWJ]:DTSlKJIaP�PHIaKJK{V5P1N�Ia_8b�]:VLW:W:XTDTSlM[W:MONQM[ILZ\DeS�p��W¸K?D�_8N�NQVL_8NIL_¶KJZ\_JSuIj±$P r DTPTf2E�V r�r D ]JIaWJS�Z[D E�ILS�DTZ\Z[M[K8NRMz^`_:DLfB^`_:D ZzI¸PRXT�L_:ZzIaPQM\NRX*]8D Z[I~SRVLZ[_8NRM[VLW¬]8DZkg XT^`_JIjNQM\V5W�]:DTSFVLW{]8DTSFDeSAN=]8M[PQDTE�NQD r D�W`N,Z[M\XTD�Y�E�D�Z[Z\D�]:DTS,]8V5W:W:X�DeS�p

�)�����H�B����	������ 
 O�
 ORQ VFX3Y�Z
Ω [�\ X [ n ]_j Z,i)X jd\Pk/j)k��3[ h Y ]_jqe&] RN x V?X3Y�Z [�\ Z ] w `F^~z~\?b h T > 0 |~[ \?]

e X \2\?k)] Y \ Y�ZTY b h ] u0 ∈ H1
0 (Ω) ∩H2(Ω) ] Z u1 ∈ H1

0 (Ω) |J[ \ Z ]_j w ]v^ X [�j'cd] f ∈ L2(]0, T [; L2(Ω)) |
] Z u ∈ C([0, T ]; H1

0 (Ω))∩C1([0, T ]; L2(Ω))
h bv^ X�h [ ZTYaX \A[ \ Y N*[2]�e&] h L k:N*[2b ZTYaX \�e&]_^ X \?e<]_^ l�� x���� p x{ h-X j_^)| u b_`<` b3j ZTY ]_\ Z Q C([0, T ]; H1

0 (Ω) ∩H2(Ω)) ∩ C1([0, T ]; H1
0 (Ω)) ∩ C2([0, T ]; L2(Ω)) x

� �3�29f:3��!#(*%'%)�3$29q+ :
� �)��E?�39'@-%)@-�3$ 8�6 �&6 7��&�2@ ("9 %f9'@-!#@-+ :3@ �)(0;A+ :
� �)��E?�39'@ %)@ �3$ 8�6 ��6 � �&�2( $����29
: ;���$29J:G�29'9'@?:3��!#@-9'(�6Y� $�E?("��%J=2@-("$�9���� �u!#�3$&%)(*� 	m(*$��)�
(���+ :G�)@ %)��;BE2:G�'%)@ �m��( �"(}�)�"9'��+-%d: %m(_%m�3=�%)("$�@-�
����(�+ :/9'��+-��%)@-�3$

u
� (�+'� ���&�F: %)@-��$D��("91�3$F� ("9 / 8 6 ��� 6 ("9 %,:G�29'9'@F�)�
(3�2+-@-4*�)(R�&�2(>+'� ��$ ;�("��% � E?�3���);��$�&�2(+ (*9f���3$2$��"("9

u0
� u1

(*%
f
+-( 9'��@-("$&%f:3�29'9'@ / : ;�(
� ��� �";<("$&%)�2(*+ +-("9 �"�3$F��@ %)@-��$�9f� (��"�3!#EF: %)@ =�@-+ @ %)�D��("9

����$�$2�"(*9 � ;<�3@ ��+ : �>("! : �S����(B8�6 � 6 5 6 6

� .��F.@A ��9�LMH�9m786%G�LMGd4/6 N E � LMH&68926:@��!<&G G|6 C��F<=@TH&N�786:@i6:@19B4 ;�G F � Cd4&G 7��
�B@,G

� �U§�> ���u�U�J��¢����U� « §U¨ « �/��¢U�s���8� « ���U� K?VL_:P2Zkg Xe^`_JIjNQM\V5W�]8DeS2VLW{]8DTSTp :mW$Zkg ILwJS1DTWJE�D]:D�NRD�P r D�S1V5_:PHE�D$� f = 0
��f r��Tr D�SRM ZzI�c`M\NRDeSRSRD�M[W:MONQM[ILZ\D�DeSAN&W�_:Z[Z[Dy� u1 = 0

�!D�N�SRM ZzI�]8VLW:WJX�DM[W:M\NRMzIaZ[D�DTS1N=K?V5SRMONQM\c5Dy�
u0 ≥ 0

��f{Z[I$SRVLZ[_8NRM[VLW
u
K?D�_8N�EHGJIaWJ�LD�P,]8DvS1M[�LW:D�IL_ E�VL_JPQS,]8_*NQD r KJSTpC/D�N1NQD!ILwJS1DTWJE�D/]8D/KJPRM[WJE�M[K?D/]8_ r Iab8M r _ r DTS1N�E�VLW8noV5P r DBY=Z®g M\W`NQ_:MONQM\V5W�K:G-+8SRM[^`_:D5p V r Ia�5M\WJVLWJS_JW:D,E�VLPH]8D/VL_�_:W:D r D r w:PHIaWJD/XTZ[I5SANQM[^`_:D �aS1M8V5W�ZzI�]:X�noVLP r D/M[W:M\NRMzIaZ[D r D�W`Nm]:ILWJSU_:W:DFK{V`S1M\NRM[VLWIL_ ]8DTSQSR_JS=]8DvS1V5W K:Z[ILW ]8D�PQD�K?V5STf:DTZ\Z[D�cjIyc�M[w:PRDTP&D�N�KJILSQS1DTP=IaZ\NRDTPRW{IjNRM[cLD r D�W`N&D�W�]:DTSQS1_JS=D�NIL_£]8DTSQSRVL_JSt]8D�E�D�K:ZzIaW �®Ia_8NQPRD r DTW`N�]8M\N u EHGJIaW:�5D�]8D¸S1M[�LW:D���p � IjNQG:X r IjNQM[^`_:D r D�W`NTfFE�DE�VLW`NRPQD�h¦D�b8D r KJZ\DFK?D�_8N/STg XTE�PQM[PRD,SRM r K:Z[D r D�W`N/SRVL_{S�Z[IlnoV5P r D&SR_:M\cjILW5NQDLp5�8VLM\N w(x)

ZzI�K:PRD r M\}TPRDnoV5WJE�NQM\V5W K:PQVLK:PQD�]8_¸qdILK:Z[I5E�M[D�W ]:ILWJS�_:W�]8V r ILM\WJD�w?VLPQW:XvE�VLW:W:D�b8D Ω I�cLDeE�E�V5WJ]8M\NRM[VLW�IL_8bZ[M r M\NRDeS�]8D/x�M\PQMzEHG:Z\D�NTp�x�g IaKJPR}eSdZ[DNkFG:XTVLPQ} r DF�8p 9Jp\�e¹:f�V5W�K?D�_8N�W:VLP r IaZ[M[SRD�P w ]8DBNRDTZ\Z[D r ILW:M\}TPRD^`_:D
w(x) ≥ 0

]:IaW{S
Ω
p-:mWtW:VaNHIaW`N

λ = ω2
ZzI�K:PQD r M[}�PQD=cjIaZ[D�_:P!K:PQVLK:PQD=I5SRSRV8E�M[X�D=Y w f�M\Z DeSANn�I5E�M[Z\D$]8D$c5X�PQMO´{D�P�^5_JD

u(t, x) = cos(ωt)w(x)
EHGJIaW:�5D�]:DyS1M[�LW:D�Ia_~E�V5_:PHSl]:_�NQD r KJS�NQVL_8NDTW$X�NHIaW`NmZ[I�SRVLZ[_8NQM\V5W�_JW:M[^`_:D�]:IaWJS

C([0, T ];H1
0 (Ω))∩C1([0, T ];L2(Ω))

]8D&Zkg Xe^5_{IjNRM[VLW$]8DeSV5WJ]8DeS����:p 9 9`�!SRILWJS/NRD�P r D�S1V5_:PHE�DlD�N=I�cLDeE=Z[DTS=]8VLW:WJX�DTSFM[W:M\NRMzIaZ[DTS
u(x, 0) = w(x) ,

∂u

∂t
(x, 0) = 0

]:ILWJS
Ω.
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�%��� � �����*����V��	 ��� �  <�&�1�
	3��	<��#(�*� �&� ��� ��� ��������� �������)���1���  (� ¯ ���
� �m§�> �s� ¢��?§�¨y�U�:�v§��?§s�����U��¢U�t¨5�{�s�/�J� ª ������§ ª �:��� �s� ª � ªe« ? �U��DTW$NRD r K{S/Z[VLWJ�K{V5_:P/Zkg XT^`_JIjNQM\V5Wu]8DeSBV5WJ]8DTS/D�Wt]8V r IaM[W:D�w{V5PRW:X5p 2=_8NRPQD r DTW5N,]8M\NTf r���r D�SRM Z\D=NRDTP r D�SRVL_JPQE�D

f
W:D�]8X�K?D�W{]uKJI5S,]8_tNRD r KJSTf8ZzIvSRVLZ[_8NRM[VLW u WJD�E�VLW�cLDTPR�5D=KJI5S!cLD�PHS/_:W:D�Z\M r MONQD�SANHIjNRM[VLWJWJIaM[PRDZ\V5PQSQ^`_:D,Z\D=NRD r K{S t NRDTWJ]$c5D�PHS2Z®g M[W8´JW:MkpQ:BWyKJIaPRNRMzE�_JZ\M[D�Pef5SRM f = 0

f5Z®g M\W �J_:D�W{E�D�]:DTSBE�VLWJ]:MONQM\V5WJSM\W:M\NRMzIaZ[DTS�DTS1N�ZzI r���r DyYtNRV5_8N�NRD r K{S�K:_:MzSR^`_:D�Zkg XTW:D�PQ�LM[D�DTS1N�E�V5WJS1DTPRc5X�D�D�N�W:D$]8XeE�PQV��zN�KJILS�ocLV5M\PtZ®g :2b8D�PHE�MzE�D~�:p 9:p[�e��p/qdD r���r D~E�V5W5NQPRD�hkD�b8D r K:Z[D u(t, x) = cos(ωt)w(x)
K?D�P r D�N*]:DcLVLM[P�^5_dg M[Z,W g +¡I�K{ILS�]8D*Z\M r MONQD SANHIjNRM[VLWJWJIaM[PRD r IaMzS�]:DTS�V5SQE�M[Z[Z[IaNRM[VLWJS�^`_:M,K{DTPQ]:_:PRDTW`N�SQIaWJSI r VLPRNRMzSRSRD r DTW5NepC/DTZ[I�W g DTS1NBX�c�Mz]8D r�r D�W`N/K{ILSmZ[D�ETILSBK{V5_:PBZkg Xe^`_JIjNQM\V5Wy]8DTS/VLWJ]:DTSBI r VLPRNRM[D����:p/. 9`�2E�V r�r DZ\D r VLW`NQPRDlZ®g D�b8DTPQE�M[E�D�SR_:M[cjIaW`NTp

� � �`�j¨ « ¨L� �O	�
	�������� �
η > 0 � ( �_�%���)$P� / � �G� +�� @-!#"�>��.� ��� /(�%$'����/ �-$Q> � ��� �.� �














∂2u
∂t2 + η ∂u

∂t −∆u = f
/7>7��$

Ω× R+
∗

u = 0
$ "7�

∂Ω× R+
∗

u(x, 0) = u0(x)
/7>7��$

Ω
∂u
∂t (x, 0) = u1(x)

/7>7��$
Ω.

�®�:p/. 9`�

( � $ "7?7?<� $&�M!#"��
u
�%$;�Q"7���M$R��+,"��.� ���*$ "���$R> ��� � �-� ��@-K�"7+ � � �G�*/ �=1 � � 	 �(6 �%�J!#")� f �%$&�L�7"(+�>7?<� � $

"(�=�;� � ?�$�� � � �
� �#�-���G�<� N � +�� > � /(� /)� "(� + � ��� �=/(� � �G����� >7+,+�1<����� � +�� � ���<�1��� �%��� � %#�
��6 N�!#")� u �%�
∂u
∂t

/ @����G��� $R$&�<��� � �7?<�#��� �-�.� � +,+ � � � �-�S�)�<�G$ � @ ��� + ���G$R!#"��A+ �:�;� � ?�$
t
�;�<��/C��� ��$:+��,� � � � � �q�I PmPRV5K{V`S1M\NRM[VLW��:p 9:p/.�I�X�NHIaw:Z[M\NF_JW:D�K:PRV5K:PQM\X�NRX�]8DlE�VLWJSRD�PQcjIjNQM\V5Wt]8D�Zkg XTW:D�PQ�LM[D&NQVaNQILZ\D�DTWZ®g IawJSRD�W{E�DF]8D!NRD�P r D,S1V5_:PQE�DLp � W�PQXTSR_:Z\NQIjN�K:Z[_JS�K:PQXTE�M[STfa]8M\N2¢�> 6-? � « ���8� ªT«�ªT« �?§¸¢����,> 6 §��`��D « �?fIj±$P r D�^`_:DvZkg X�W:DTPR�5M\DvNRVLNQIaZ[D�S1D�KJILP1NHIa�LDvXT^`_:M\NQILw:Z\D r D�W`NlDTW�XTW:D�PQ�LM[DvE�M\WJX�NRMz^`_:D�D�N�X�WJD�PQ�LM[Dr XeE�ILW:M[^`_:D5f:ILS8+ r K:NRVaNQM[^`_:D r D�W`N,K{V5_:P,Z\DeSFNRD r KJS,�LPHIaW{]:S�p

� � �`�j¨ « ¨L� �O	�
	GFH����� �
u(t, x)

+ > $&�#+,"-�.� �#��N�$%"(?7?<� $R@%�=$%"���$R> ��� �<��� �G@%K�"7+ � � �G�(N�/ � +�� @�!�"�>��.� ���
/ �-$Q�#�)/(�%$:1 � � � �(6%� � � +�� > �)$&� �)�%�=/ � �;�<� � �=$R��"7�U�%�(N � �#�-���G�<�O!#"��

lim
t→+∞

1

t

∫ t

0

∫

Ω

∣

∣

∣

∣

∂u

∂t

∣

∣

∣

∣

2

dx = lim
t→+∞

1

t

∫ t

0

∫

Ω

|∇u|2 dx =
1

2
E0,

>������
E0

+�� @ ��� ��K�� � � �<� �.� >7+ �

E0 =

∫

Ω

|u1(x)|2 dx +

∫

Ω

|∇u0(x)|2 dx.

���"7�&� � + >2��� � "(+ �.� ?7+ � �<� > +�� @-!#")>��.� �#� 1 � � � �76 ?)> � u � �Q��� � ���;@%K#��� �G> ?)> � ?�><���.� � �
� .��F.�� �·@i6%G�E-E Gµ;�G H=7:9�H�N ��NU68@19B4 
l4�@,G

� W:Dv]:D�PQW:M\}TPRD�K:PQVLKJPRM[X�NQX�M r K?VLPRNQIaW`NQD�]8D�Zkg Xe^5_{IjNRM[VLW ]:DTS,V5WJ]8DTS&DTS1N�E�DTZ\Z[DLf?]8MONQD�]8D��U�j�:©�U��D?� ªe« �?§ � � «�ª ���T�e� ;U§ « �?p30=VL_JSlI�cLV5WJS&]8X �1Yyc�_ Ia_~C/GJIaK:M\NRPQDu�t�oD�W�]8M r DTWJS1M[VLW N = 1D�Nl]JIaWJS&NRVL_:N�Zkg DeS1KJI5E�D
Ω = R

�&^`_ g M\ZUD�b8MzSANQD�_:W¸E �LWJD�]8D�Z[_ r M[}�PQDu�oV5_�]8V r ILM\W:Dv]8Dv]8XTK{DTW8h]:IaWJE�De�B^5_JM{DTW:�LZ[VLw?D&NQVL_8NQD=Zkg M[W8noVLP r IjNQM\V5WuS1_JP/ZzI�SRVLZ[_8NRM[VLWy]:D�Zkg Xe^`_JIjNQM\V5Wy]8DTS/VLWJ]:DTSl�ocLV5M\P/Z[I
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���

�UM[�L_:PQD��Lp 95��p PBZ\_JS�K:PRXeE�MzS1X r D�W`NTf|ZzItSRVLZ[_8NQM\V5W u DTW (t, x)
W:Dy]:X�K?D�WJ]~^`_:D$]8DTS�cjILZ\DT_:PQS�]8DeS]:VLW:W:XTDTSBM\W:M\NRMzIaZ[DTS

u0
D�N
u1
S1_:P/Z\DlS1DT� r D�W`N [x− t, x+ t]

p��W$DTWu]8Xe]8_:M\NF^`_:D=SRM?Z\DeSB]8V5W:W:X�DeSM[W:M\NRMzIaZ[DTS/S1V5W5NBY�SR_:K:K?VLPRN/E�V r KJILE�N K = [kinf , ksup] ⊂ R
f`IaZ[VLPHS�Z[I�S1V5Z\_8NQM\V5W$Ia_�NRD r KJS t DTS1NY�SR_:K:K?VLPRN�E�V r KJILE�Nl]:ILWJS [kinf − t, ksup + t]

p :mW�NRDTP r DeS�KJG +8SRM[^`_:DeS�E�D�ZzIuc5D�_8N�]8M[PRD�^`_:D]:DTSlK{DTP1NQ_:PQwJIjNQM\V5WJS=M[W:M\NRMzIaZ[DTS�SRDvK:PQVLK{Ia�LDTW`N�Yuc�M\NRDeSRSRD�´JWJM\D�w{V5PRWJX�D�KJIaP��LpdC/D�NRNRD�S1M\NR_{IjNRM[VLWDeSAN�D�WJE�VLPQDu_:WJDynoVLMzS�w:M[D�W¡]8MSR X�PQD�W`NRD*]8D*E�Dt^`_:MFSRDtKJI5SRSRDyK?VL_:P�Zkg Xe^5_{IjNRM[VLW¶]8DtZzI�EHG{IaZ[D�_:P�®E�V r K{IaPQD�P�I�cLDTEvZzI PBPRV5K{V`S1M\NRM[VLW¸�:p =Jp 95��p|qBg D�b�DTPQE�M[E�D�SR_:M[cjIaW`N�K{DTP r D�N�]:D��5X�W:XTPQILZ\MzSRD�P�E�D�NRNRD]:M[SQE�_JSQSRM\V5W�IL_8bt]8M r D�WJSRM\V5WJS N = 2, 3
p

� � �`�j¨ « ¨5� �O	�
	�� ( �5� �#��$�� / � ��� +�� @-!#")>��.� �#�=/(�%$M�#�)/(�%$'/7>7��$Q�;��"�� +�� �%$%?)>
�%�
RN







∂2u
∂t2 −∆u = 0

/(>7�)$
RN × R∗

+

u(x, 0) = u0(x)
/7>(�)$

x ∈ RN

∂u
∂t (x, 0) = u1(x)

/7>(�)$
x ∈ RN ,

�®�:p/. =`�
>��)� � "7���:/ �#�(�)@%�2� � � �.� >7+ �

(u0, u1)
��@-K�"7+ � � �G� � � �=$ "7?7?<��� �N�%� � ?�>
��� �� ��������� �9!#")� + > $&��+,"��.� ���

u(t, x)
?<�<"��'$&� � � � ���G�=$&�#"�$0+ >5� ��� � �

u(x, t) = (Mu1)(x, t) +

(

∂(Mu0)

∂t

)

(x, t),

���
M

�-$;� "(�2�#?<@<� >��;�<"7�E/ � � �)�-�<�7���:/ @�� �<�9?)> �

$P�
N = 1, (Mv)(x, t) =

1

2

∫ +t

−t

v(x− ξ)dξ,

$P�
N = 2, (Mv)(x, t) =

1

2π

∫

|ξ|<t

v(x− ξ)
√

t2 − |ξ|2
dξ,

$P�
N = 3, (Mv)(x, t) =

1

4πt

∫

|ξ|=t

v(x− ξ)ds(ξ),

���
ds(ξ)

�%$;�:+ > � �%$%"(�G�2$%"(����>
��� !#"��2/(��+ > $ ?2� � ��� � � �A/(@-/#"<� �G�2!#"�� + >A$&�#+,"-�.� �#�
u
�<�

(t, x)
�)�

/(@<?<� �)/ !#"�� / �-$g��>7+ �<"7��$ / �-$0/(���7��@-�%$ � � � �.� >7+ �%$
u0

� �
u1

$ "7�Q+ > �<��"7+ � |x| ≤ t � 1 
���"7� $.>������ ��%� ��� �<���
���'�����#" �)�0+ �%$ ����?<���-$&$�� ���)$&��� � / �-$&$%"�$ / �0+�� �#?<@<� >��;�<"7� M N �)��")$ �G�<���)�)�%���)$E>7"g�&��>7? � �����
� /(��� 5��;� 6
� � �`�j¨ « ¨5� �O	�
	Mr ( �P�%���)$P� / � �G� +�� @-!#")>��.� �#� /(�%$ �#�)/(�%$ 1 � � 	 � 6 /7>7��$ "(� / � � > � �)� Ω ⊂ RN>��)� � /(�%$o� ����/�� �.� ���)$ >7" � + � � � �;�-$Q/(� � � � � ���(+ �%� ��"2/ ��� �<" � >7�7� 1d��� � � K � �)�%$ 6 N �%�*"7���:/ �#�(�)@%�
� � � �.� >7+ �

(u0, u1)
��@-K�"7+ � � �G� �%���I$ "7?(?<����� � � � ?)>
� �A/(>7�)$

Ω � * @<��� ���<�:!�" � � + ���(� $;�;� "7� �;� � ?)$
T > 0

�;�<+J!�")� $ "7�=+�� � ���;�<���)>7+,+ �
[0, T ]

+ > $R��+,"��.� ��� �%$&�A�<�
� ���G� /(���7�)@%��?)> �=+ �%$_� ��� � "(+ �-$ /(�
+�� � ���<�1��� � ��� � 	�� ���qBg D�b�DTPQE�M[E�D,S1_:M[cjIaW`N r D�NmDTW�PQD�Z[M[D�n{ZzI�]8MSR?XTPRDTWJE�DFDeSRSRD�W`NRM[D�Z[Z[D!DTW`NRPQD,Z[I�]8M r D�WJSRM\V5W$]|g DeS1K{ILE�D
N = 2

V5_
3
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�%��� ���^��	�� � ����� �  <� ������  (������� �����1� ����� � �&�&�&�)���1���  (� ¯ �5º
� � �`�j¨ « ¨L� �O	�
	� �A�8�U��� « ¨5� ªT« �{§ �¸�U� « ¨L�:�®� � � � >�/ � � � �&>7���2!�")� + � $R��� $R� ?<�G��?�>)K � $R�<+ ���
+�� @�!�"�>��.� ��� / �-$0�#�)/(�%$�N � ��������� � !�" � � +O�!� �%$&�2?)>)$A?<� $R$P���7+ �A/)� @�� �#"-�;� � /(� + > � ")$P� !#"�� 14>7"�/����7+ � 6/(>7�)$'"(� � ����/(�*/ � /�� � � ��$�� ��� $%?)>��.� >7+ � N = 2

N >7+ ���G$ !�")��� � �%$&�Q1<� ��� ���)�<"7�G�<")$&� � �<��� 6 ?<� $&$����(+ ��<� /�� � �<�)$P� �#� N = 3 �

� ��� �  � � � ���,+ ����%  "�����t�,+ �t���t+ )�� $!��+ '*�#"��
	���)�����t�
xlIaW{S�E�D�NRNRDySRDTE�NRM[VLW f W:V5_JS r VLW`NRPQVLWJSlE�V r�r DTW`N�ZzI r X�NRGJV�]:D�]:DTS�X�Z[X r DTW5NHS�´JW:MzS$�oK:PQX�hS1DTW5NQX�DlIa_�C/GJILK:M\NRPQD �5�/STg I5]:IaK8NQD�Y�Z[I�PRXeS1V5Z\_8NQM\V5WyW�_ r X�PQM[^`_:Dl]8D=Zkg XT^`_JIjNQM\V5Wu]8DlZ[IvEHGJIaZ[D�_JP0�VLW�_8NQM\Z[MzS1D*]8DTS�XTZ\X r DTW`NQSv´JW:MzS�K{V5_:PvZzI�]:M[SQE�PQX�NQM[SQIjNQM\V5W¡S1K{IjNRMzIaZ[DLfUD�N$]8DeS�]:M R X�PQD�WJE�DTS�´JW:M[DTSK{V5_:P,Z[I�]8MzSQE�PQX�NRMzSQIjNRM[VLWtNRD r K{V5PRDTZ\Z[DLp

� .��F.10 �*G(L @ ��;�@TE�> 7OC|6:@TE NU6:@A9B4 Gd4 G�E H&N2> G
ViZ/S�g Ia�5MON�]8D$]8MzSRE�PRX�NRMzS1DTPl��§ �������:¨5���T���U��������§ ª ZzItnoVLP r _:ZzIjNQM\V5W�cjIaPQM[IaNRM[VLW:WJD�Z[Z\D����:p �5�]8DvZkg XT^`_JIjNQM\V5W�]8D�ZzItEHG{IaZ[D�_:P����Jp\����p P�VL_:P�E�DTZ[IJf|E�V r�r D�]:IaWJSlZ[D$E�ILSl]8DeS�K:PRV5w:Z[} r DTS�D�Z[Z\M[K8hNRMz^5_JDTSTfLW:V5_JSmE�V5WJS1NRPQ_:M[SRVLW{S�_:W:D&IaKJK:PRV�b8M r IjNRM[VLW�cjIaPQM[IaNRM[VLW:WJD�Z[Z\DFM[W5NQD�PQW:D,D�W$M[W`NRPQV8]8_:MzSRILW5Nm_JWS1V5_JSAh¦DTSRKJI5E�D

V0h
]8D
H1

0 (Ω)
f:]8D�]8M r DTWJS1M[VLWt´JW:M[DLp2k�+�K:M[^`_:D r D�W`NTf V0h

S1DTPQI�_:W�SRVL_{SAh¦DTSRKJILE�D]|g XTZ\X r D�W`NQS�´JW:MzS Pk
��VL_

Qk
��SR_:Pv_:W r IaM[Z[Z[IL�LD$NQPRMzIaW:�5_:ZzIaM[PRD ��VL_¡PQDTE�NQILW:�L_:ZzIaM[PQDe��E�V r�r DK:PRXeE�MzS1X�IL_8btx�X�´JW:M\NRM[VLW{S �:p 9:p/.�D�N �:p 9:p°¯ .:pq�ItSRD r M\h¦]:M[SQE�PQX�NQM[SQIjNQM\V5W ]8D��®�:p �5�=DTS1N�]:VLWJE�Z®g IaK:KJPRV�b8M r IaNRM[VLW cjIaPQMzIjNRM[VLWJW:D�Z[Z\D�S1_JM\cjIaW`NQD �NRPQVL_:c5D�P

uh(t)
noV5WJE�NQM\V5W�]8D

]0, T [
Y�c�ILZ\DT_:PHS,]:IaWJS

V0h
NRDTZ\Z[D�^`_:D







d

dt
〈uh(t), vh〉L2(Ω) + a (uh(t), vh) = 〈f(t), vh〉L2(Ω) ∀ vh ∈ V0h, 0 < t < T,

uh(t = 0) = u0,h

�®�:p/. .5�
V U

u0,h ∈ V0h
DeSAN�_:W:DyILK:K:PQV�b8M r IjNQM\V5W�]8D�ZzI�]:VLW:W:XTD�M\W:M\NRMzIaZ[D u0

pUC/D�NRNRD r X�NQG:V8]8D$]|g IaK8hK:PRV�b8M r IjNRM[VLWtDTS1N&Ia_JSQS1M E�VLW:W�_:D�SRVL_JSFZ[D�W:V r ]8D=² r X�NRG:V8]8D�]8DeS,Z[M\�5W:DTSA³Hp�W K?D�_8NyIL]JIaK8NQD�P�Z\D*E�I5]8PQD�ILwJSANQPQILMON$]8_ kFG:X�V5PR} r Dt�:p°¯8p 9�K{V5_:P r V5W`NRPQD�P�^5_JD~�®�:p/. .5�IL] r D�N/_:W:D&_:WJM[^`_:DlS1V5Z\_8NQM\V5W f r IaMzSmM[ZJDeSAN/w{DeIa_JE�VL_:K$K:Z[_JS/S1M r K:Z\D=D�NBKJILPRZzIaW`NB]8D=cLX�PQM\´JD�PB^`_:D���:p/. .5�!DTS1N=D�W*n�ILMON�_:W ST+8S1NR} r Dv¢�> 6 ? �U� ªe« �?§��$¢ « ��6 �j��§ ªT« �`�®�������J�j¢ « §U� « �j����Y$E�V`D�±yE�M[D�W`NQSE�VLW{SANHIaW`NQSy]:VLW`NyVLW£ETIaZzE�_:Z[D*n�ILE�M\Z[D r D�W`NuZkg _:W:Mz^5_JD�S1V5Z\_:NRM[VLW pBx�D r IaWJM\}TPRD K:PHIjNQM[^`_:D5fmK?VL_:PPRXeS1V5_J]8PQD*�®�:p/. .5�=V5W~M\W`NRPQV8]8_:M\N�_:W:DuwJILSRD
(φi)1≤i≤ndl

]8D
V0h
� N,+�K:Mz^`_:D r D�W`Nef Z[I*w{ILSRDy]8DTSX�Z[X r D�W`NQS!´{W:M[SH��fJD�N&VLW*EHG:DTPQEHG:D uh(t)

S1V5_JS!Z[I�noV5P r D
uh(t) =

ndl
∑

i=1

Uh
i (t)φi,

�®�:p/. �`�
I�cLDTE

Uh = (Uh
i )1≤i≤ndl

Z\D�cLDeE�NQD�_:P�]8DTS�E�V�VLPH]8VLW:WJX�DTSl]8D
uh
p ViZ2DTS1N�M r K?VLPRNQIaW`N�]8D�W:VLNRD�P^5_JD�]:IaWJS��®�:p/. �`�BZ[DTS,noVLWJE�NRM[VLWJS,]8D�w{ILSRD

φi
WJD�]8X�K?D�WJ]:D�W`N=KJI5S,]8_�NRD r KJS&D�N=^`_:D�SRD�_:Z[DTSFZ[DTSE�V�VLPH]8VLWJW:X�DeS

Uh
i (t)
SRVLW`N&]8DeS!noVLWJE�NRM[VLWJS,]8_�NQD r KJS t pJx�D r���r DLfJVLW�K{V`S1D

u0,h =

ndl
∑

i=1

U0,h
i φi,
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¯`�j¹ ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

D�N����Jp .Q.L�!]8D�c�M[D�W`NTf8K?VL_JPFNRVL_:N
1 ≤ i ≤ ndl

f










ndl
∑

j=1

〈φj , φi〉L2(Ω)
dUh

i (t)

dt
+

ndl
∑

j=1

a(φj , φi)U
h
i (t) = 〈f(t), φi〉L2(Ω)

Uh
i (t = 0) = U0,h

i

ViW`NQPRV8]8_:MzSQIaW`N��®E�V r�r D�]:ILWJS!Z[I�]8X r V5WJSANQPQIaNRM[VLW�]8_�qdD r�r D���p =Jp[�e�BZ[I���� ª � « ¨L�*¢U� ���:�e�T�
Mh
]:X�´JW:M[D�KJILP

(Mh)ij = 〈φi, φj〉L2(Ω) 1 ≤ i, j ≤ ndl,D�N&Z[I���� ª � « ¨5� ¢��*� « D « ¢ «oª56 Kh
]8X�´{W:M\D�KJILP

(Kh)ij = a(φi, φj) 1 ≤ i, j ≤ ndl,Zkg IaK:K:PQV�b8M r IaNRM[VLW�cjILPRMzIjNQM\V5W:W:D�Z[Z[D��®�:p/. .5�dDeSANmXe^`_:M\cjILZ\DTW5NQD,Ia_$ST+8S1NR} r D,Z[M[W:XTILM\PQD,¢�> 6 ? �U� ªe« �?§��¢ « ��6 �j��§ ªT« ���������v�J�j¢ « §U� « �j����Y�E�V�D�±yE�M[D�W`NHS,E�VLW{SANHIaW`NQS






Mh
dUh

dt
(t) +KhU

h(t) = bh(t), 0 < t < T,

Uh(t = 0) = U0,h

�®�:p/.5�a�
I�c5DTE

bhi (t) = 〈f(t), φi〉L2(Ω)

p8qmg D�b8MzSANQD�WJE�D�D�N!Zkg _JW:M[E�MONQXLf8IaM[WJSRM|^5_dg _:WJD=noV5P r _:Z\D�D�b8K:Z[M[E�MONQDLf8]8DZzI�S1V5Z\_:NRM[VLW�]8D����Jp .`�a�US�g VLw:NRM[D�W:W:DTW`N2E�Z[I5SRSRMz^5_JD r D�W`N2KJIaP2SRM r K:Z[D&]8MzIa�5VLWJILZ\MzSRIaNRM[VLW�SRM r _:Z\NQILW:X�D]:D Mh
D�N Kh
�ocLV5M\P,ZzI$��VL_{SAhiS1DeE�NQM\V5W*��p =Jp[��Y�E�D�S1_
�AD�NH��p?C/V r�r D�M\Z|DeSAN=]:MO±yE�M[Z[D�D�N&E�V	�8NRDT_8b]:D�]8MzIa�5VLWJILZ\MzS1DTP=���Jp .`�a��f5DTWuK:PHIjNQM[^`_:D&V5WyPQXTSRVL_8N!W`_ r XTPRMz^`_:D r DTW5N����Jp .`�a��KJILP!]:M[SQE�PQX�NQM[SQIjNQM\V5WD�N r IaPHEHG:D,DTW$NRD r K{S�p ViZJD�b�MzS1NRD=]8D�W:V r w:PQD�_JSRDTS r X�NRG:V8]8DeS/E�Z[I5SRSRM[^`_:DeSm]8D=ETIaZzE�_:Z{W�_ r X�PQM[^`_:D]:DTS�S1V5Z\_8NQM\V5WJS�]|g Xe^`_JIjNQM\V5WJSt]:M R X�PQD�W`NRM[D�Z[Z[DTS�VLPH]8M[WJIaM[PRDeS�p*0&V5_JSuDTW·c5D�PQPRV5WJSu^`_:DTZ[^`_:DeSu_:WJDTS]JIaWJS�Z[I�SRVL_JS1h¦SRDTE�NRM[VLW SR_:M[c�ILW`NRDLp 2�cjIaW`N�E�D�ZzI:f?W:VL_{S�XTW:VLW���VLW{S=_:W�PRXeS1_JZONHIjNl]:D�E�VLW�cLDTPR�5D�WJE�D]:DTS,SRVLZ[_8NRM[VLWJSm²RSRD r MOhi]8MzSRE�PR}�NRDeSi³l]:D��®�:p/. .5�Bc5D�PHS!Z[I$SRVLZ[_8NRM[VLW�D�b:I5E�NRD�]8D$�®�:p �5��p

�)�����H�B����	������ 
 O�� OTS VFX3Y�Z
(Th)h>0 [�\P]m^)[ Y�Z ]}e&] w b Y�h�h b �&]_^ Z j Y b3\ �3[ h b Y j']_^mj'k �3[ h Y ]_jd^me&] Ω x V?X3Y�Z V0hh ]�^ X [ ^ s ]_^a` b<cd]�e&] H1

0 (Ω) |~e&k�z~\ Y ` bGj h b w k Z P X e&]/e&]_^Bk h k w ]_\ Z ^�zJ\ Y ^ Pk |~e&]�e Y�w ]_\2^ YaX \ ndl x V?X3Y�Z
f(t) ∈ L2(]0, T [; L2(Ω)) | u0 ∈ H1

0 (Ω) | ] Z u ∈ L2(]0, T [; H1
0 (Ω))∩C([0, T ]; L2(Ω)) | h b�^ X�h [ ZTYaX \

[ \ Y N*[2] e&] h L k"N*[�b ZTYTX \ e<] h b cSP b h ]_[�j l�� x���� p x V?XGY�Z uh
h b ^ X�h [ ZTYaX \ [�\ Y N*[2] e&] h L b_`<`Fj X M Y�w b ZTYaX \n b3j Y b ZTYaX \�\P] h�h ] l�� x���� p e�b3\2^ V0h x V2Y limh→0 ‖u0,h − u0‖L2(Ω) = 0 | b h-X j_^ X \ b

lim
h→0
‖u− uh‖L2(]0,T [;H1

0
(Ω)) = lim

h→0
‖u − uh‖C([0,T ];L2(Ω)) = 0.

Go:����*!#��$29 %'�d: %)@-��$ ��( + :A� �)��E?��9'@ %)@-��$ 8 6 ��64[D("9 %q%)��� %C;0�T:G@ %f9'@-!#@-+R:G@ �)(V; �"("+-+-(D��("9/�)�"9'�2+ %d: %)9
E��)�
�"�"��("$&%)91��� :3E2E �)��C�@-! : %)@ �3$#;�: �)@ :G%)@-��$�$2("+-+-(�6 �J+-+-( E?(*��% 9'(�%'�)����;<(*�1�2:3$�9m+'� ����;��d:�(�( � � ���a6�� $#E?("��%
:3�29'9'@ ��= %)("$2@ �v��("9q("9 %)@-! :G%)@-�3$29v�%� (*�'�)("� �)9q(_%�� ("9q; @ %)("9'9'(*9�� (D�"��$�;<(*�"(3("$��*(#(*C E2+-@I�"@ %)("9 � ! :3@-9>�"("+ :
$2����9}("$&%'�d: �R$2(_�d:3@ %�%'�)�3E +-��@-$ 6 6-6
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� .��F.@A �£@8E`> 7 C|6:@TE NU68@19B4 68926%N F,G Gd4$G�E H&N2> G �e6%G�LMH�E

2=K:PQ}TS�I�c5VLM[Pl]8MzSQE�PQX�NRMzSRX�Zkg XT^`_JIjNQM\V5W¸]:D�ZzI*EHGJIaZ[D�_JP�D�W¸DTSRKJILE�D�K{IaP�_:W:D r X�NQG:V8]8Dy]|g X�Z[X�hr DTW`NQS�´JW:MzSTf2VLW¶NRD�P r M\WJD�ZzI~]8MzSRE�PRX�NRMzSRIaNRM[VLW¶]:_¶K:PQVLwJZ\} r D*DTW¶_8NQM\Z[MzSRILW5N$_:WJD r X�NRG:V8]8D ]8D¢ «���6 ����§U¨L��� ;�§ « �`� ��§ ª ���s�U�5pdC/VLWJE�PR}�NRD r DTW`NTf|VLW~_8NQM\Z[MzS1Dy]8DeS�SQEHG:X r ILS�]8Dy]:M R X�PQD�WJE�DTS´JW:M[DTS�K{V5_:P=PQXTSRVL_J]:PRD�Z[DvS8+8SANQ} r D�]|g XT^`_JIaNRM[VLWJSl]8MSR?XTPRDTW5NQM\DTZ\Z[DTS=VLPH]8M[WJIaM[PRDeS����Jp .`�a�FMzSQS1_ ]8DvZ[IS1D r M\hi]8M[SQE�PQX�NQM[SQIjNQM\V5WtDTW*DTSRKJILE�DLpO0&V5_JS&ILZ\Z[VLWJS,]:VLWJE�PQD�NQPRV5_:cLDTPF]:D�W:V r w:PQD�_8btSQEHG:X r I5S,]8X �1YX�NR_{]8M\XeS�IL_¸C/GJILK:MONQPRD�¯$IaM[WJSRMU^`_:D�]8DTS�W:VLNRM[VLWJS=NRDTZ\Z[Dv^`_:DvZ[ItSANHIaw:M[Z\M\NRXvVL_ Zkg VLPH]8PRD�]:DvK:PQXTE�MOhS1M[VLW p%P�V5_:P,S1M r K:Z\M\´JDTP,Z\DeSFW:VaNHIjNRM[VLW{S�f�W:V5_JSFPRXTXTE�PRM[cLV5WJSBZ[D�ST+8S1NR} r D$�®�:p/.5�a�/SQIaWJS r D�W`NRM[VLWJW:D�PZ[I�]8XTK{DTWJ]:IaW{E�D�KJILP,PQILK:K{V5P1N,Ia_�KJILPQI r }�NRPQD h ]8_ r ILM\Z[ZzIa�LD�SRKJIjNQM[ILZ






MdU

dt
(t) +KU(t) = b(t)

U(t = 0) = U0

�®�:p/.a�`�
PUV5_:P�S1M r K:Z[MO´JDTP�Z®g IaW{IaZ +�SRD�VLW¸c�I*SR_:K:K?V5SRD�P�^`_:D b(t) DTS1N�E�V5W5NQM\W�_~S1_JP [0, T ]

pd�W~]8XTE�VL_:K?DZ®g M\W`NQD�PQc�ILZ\Z[D�]8D�NRD r KJS [0, T ]
DTW

n0
M[W`NRDTPRcjIaZ[Z[DTSFVL_�KJI5S,]8D�NRD r K{S ∆t = T/n0

D�N&VLW*K?V5SRD
tn = n∆t 0 ≤ n ≤ n0.�W W:VaNQD

Un
Zkg IaK:K:PQV�b8M r IaNRM[VLW ]8D U(tn)

ETIaZzE�_:Z[X�K{IaP=_JW�SREHGJX r I:p3PUV5_:P�E�IaZzE�_JZ\DTP=W�_ r X�PQMOh^5_JD r D�W`N&]8DTS,SRVLZ[_8NQM\V5WJSFIaK:K:PQV8EHG:X�DeSF]8D$���:p/.a�`�mZ[D�SREHGJX r I�Z[D�K:Z[_JS,SRM r K:Z[D�D�N,Z\D�K:Z[_JS,_:NRM[Z\MzS1XDTS1N&Z\D
θ
©H�T¨ 4<6 �¡���®]8X �1Y�c�_ f:c5VLM[P��®¯8p/.L�R�
MUn+1 − Un

∆t
+K

(

θUn+1 + (1− θ)Un
)

= θb(tn+1) + (1− θ)b(tn).
�®�:p/.aº`�

q VLPHSQ^5_JD
θ = 0
fJV5W�IaK:K?D�Z[Z[Du���Jp .Lº5�&�e¨ 4(6 ���~�`�|��� « ¨ «oª �{f{Z\V5PQSQ^`_:D

θ = 1
f{�e¨ 4(6 ��� « �s��� « ©¨ «oª �?fJD�NlK{V5_:P

θ = 1/2
fJ�T¨ 4<6 ���~¢�� ���j�:§�� ©�� « ¨ 4 �?���e�{§/p �W K?D�_:N�PQX�XTE�PRM[PQD��®�:p/.aº`�,S1V5_JSZ[IvnoVLP r D

(M+ θ∆tK)Un+1 = (M− (1− θ)∆tK)Un + ∆t(θb(tn+1) + (1− θ)b(tn)).
�®�:p �L¹`�

�,D r IaPH^`_:VLW{S2^5_dg DTW��5X�W:XTPQILZ8Z[I r IjNQPRMzE�D M W g DTS1NmKJILSB]8M[IL�LV5WJIaZ[DLf�D�N!]8VLWJE,^`_:D5f r���r D,K?VL_:PZ\DBSQEHG:X r I&D�b8K:Z[M[E�MONQDLf�M[Z`DTS1NdW:XTE�DTSQSRILM\PQDm]8DmPQXTSRVL_{]8PRD2_JW�ST+8S1NR} r DmZ[M[W:XTILM\PQDmK?VL_:PUE�IaZzE�_JZ\DTP Un+1D�W$noV5WJE�NQM\V5Wy]8D
Un D�N!]8_tS1DeE�VLW{] r D r w:PQD b �®SRIL_8ndS1M?VLW$_:NRM[Z\MzS1D�_:W:D=noVLP r _:Z[D=]|g M\W`NQX��LPHIjNQM\V5WW`_ r XTPRMz^`_:Dt^`_:M!PQD�WJ]8D M ]8MzIa�LV5WJIaZ[DLfdcLVLM[P�ZzII�&D r IaPH^`_:D���p =Jp 95��p �mc�Mz]8D r�r D�W`NefUV5W�K?D�_8NE�VLW{SANQPR_:M[PQD�_JW:D$noVL_JZ\Du]:DuSREHGJX r ILS�DTW�S�g M[WJS1KJM\PHIaW`N�]8DyE�D�_8bs]8_¶C/GJILK:MONQPRDu¯:p�C/M\NRV5WJS �A_JS1NRDK{V5_:P r X r VLM[PRD�_:W*D�b�D r K:Z\D�]8D�SQEHG:X r I�Y!9�W:M[cLDTIL_8bt]8DlNQD r KJSTf:Z\D��e¨ 4(6 ����¢��������8��f

M3Un+1 − 4Un + Un−1

2∆t
+ KUn+1 = b(tn+1).

�®�:p �:���
C/DTS,SQEHG:X r ILS!SRVLW`N,w:M\DTW�S �:P,E�V5WJSRM[S1NQILW5NHS��ocLV5M\PFZzI�x=X�´JW:M\NRM[VLW ¯8p°¯8p =`�BD�N,VLW�K{DT_8N,n�ILE�M\Z[D r DTW5NIaWJILZS+8SRD�PFZ\DT_:P,K:PQXTE�M[SRM\V5W¸��_:W:Mz^`_:D r D�W`N&KJILPFPQILK:K{V5P1N&Y�ZzIvcjILPRMzIaw:Z[D�]8D�NRD r KJSQ��p
� � �`�j¨ « ¨L� �O	��O	�� � �#�-���G�<��!#"��0+ �'$O����@ � >*/(� � �G>7��� � � � �&�)��+ $&�#�L�%� � � +,"<��/ ���E�-> ��$&�#�-�E/)� ���G/#���
% 14�<�2�;� � ?)$ 6 N7�&>7��/�� $'!#")��+ �

θ
� $��&�)@ � > ?<��"7�

θ 6= 1/2
�%$&�Q/)� ��� /#��� �(�
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¯`�a¯ ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

� �����8� ? ��� �O	��O	GF ViZ2DTS1N�K{V`SRSRM\wJZ\D�]8D r D�N1NQPRD�DTW�V�D�_Jc`PQD�_:W:D r X�NRGJV�]:D�] g XTZ\X r DTW`NQSl´JW:MzS��§¬�������:¨5� � ª ��§ ª ���s���Lf r IaMzS,E�D�ZzIvW:D�K:PQXTSRD�W`NRDlKJILSF]|g M[W5NQX�P � N,KJILP1NQM[E�_:Z\M[D�P,SQIa_8n�]:IaW{SFZ\DETILSFVQUtZ[D�]8V r ILM\W:D Ω(t)
cjILPRM[D�D�WtnoVLWJE�NRM[VLW ]8_�NRD r K{S�p •

0=VL_JS/]8VLW:WJVLWJS r ILM\W`NQD�WJILW5N/_:W:D=]8X�´JW:M\NRM[VLWu]:D&Z[I�SANHIaw:M[Z\M\NRXl]8D=E�DTSBSQEHG:X r I5Sm^`_:MJDeSAN!_:W:DcjILPRMzIaW`NRD�]8D�ZzI�x=X�´JW:M\NRM[VLW ¯8p°¯8p �:p
+ 6 ;U§ «oªe« �?§ �
	�
	U� ] 	^G�;"�HA�Y �!�>�FT!E>0 ��A�B�3�	4;�3�\p	�0<3�Gp6�.
�2B 	 � I	� � � 3�G[�oE>01�pG[�V� ��8M3#G[0

MUn · Un ≤ C 6H.>�2B#�.>�2�
0 ≤ n ≤ n0 = T/∆t,

.�� 8M� ;�.>	HG[�V�
	��V3
C > 0

3�G[��01	9E7A6�3�	9EF�>	��V3^EF3
∆t

3��_EF3P8��@E
01Y 3�	�G=0<.>	 E
� G���G[� ��Y 3
ndl	 E7.
	9;CE
�_6��)G5E
� Y �
01818���� 3

h �)i YZ�>0UG�6H3��2��E7A6�3�	4E
BO3ZE73�8M�!EF.>	�	9A=3�01	�01�D0<�
8M3 U0 i E
� G�3�;=.>	9EY 3�Y���BO3
b i 3��%EF3 T I

� �����8� ? ��� �O	��O	Mr q DlEHG:VLM\b�]8D�Z[I�W:VLP r D √MU · U ]:IaWJSBZ[I�x=X�´JW:M\NRM[VLWu�Jp �Jp 9�STg D�b8K:Z\Mz^`_:DK{IaPBZ[D,n�ILMONF^5_JD MU ·U =
∫

Ω |u|2dx
I�cLDeE

u ∈ V0h
ZzI�noV5WJE�NQM\V5Wu]8D=E�V`V5PQ]:VLW:W:XTDTS

U
]JIaWJSBZ[Iw{ILSRDvEHG:V5M[SRM\Dv]8D

V0h
�M DTS1N�w:M[D�W¸]8X�´{W:M\DvK{V`S1M\NRM[cLD���p �&IaKJK{DTZ\V5WJS�^`_:D5f?]JIaWJS�Z[Itx=X�´JW:M\NRM[VLW¯:p ¯:p �¡]8D�ZzI¡S1NQILw:M\Z[M\NRX�IL_£S1DTWJS�]8DTS�]8MSR?XTPRDTWJE�DeSy´JWJM\DeS�f!VLW K?VLWJ]:X�PHIaM\NtKJILP

∆x
ZzI�WJVLP r DDT_JE�Z[Mz]8M\DTW:W:D�]8D

U
K?VL_:P,PQD�NQPRV5_:cLDTP!IL_JSRSRM|Zkg ILWJIaZ[VL�5M\D�I�cLDeE=ZzI�W:VLP r D�]:D u ]:IaWJS L2(Ω)

p •
� �������L�
	�
	�� ,�0

1/2 ≤ θ ≤ 1 i 8�3 θ � G�;"�HA�YZ� 	 � I	��� � 3[G[�d01	9;=.
	4E
01�D0<.
	�	43�818�3�Y 3�	��eG=�V� ��8M3 i�V�
	4E
0UG5����3 i G[0 0 ≤ θ < 1/2 i 018 3�G[�pG[�V� ��8M3�G�.>� G#8M� ;=.
	4E
01�D0<.
	�� � �

max
i
λi ∆t ≤ 2

1− 2θ
,

�®�:p �5¯L�
.�� 8M3�G

λi
G�.>	���8M3[G L �
8M3��2B=G�69BO.=69BO3�G5EF3 KU = λMU

	 L .
01B 	 
 I � ��� �FI
� �����8� ? ��� �O	��O	��µ�W$W:D&PQDTE�VLW:WJI��[NmK{ILS2M r�r Xe]8MzIjNRD r D�W`N!]:ILWJS&�®�:p �5¯L�UZzI�E�VLWJ]8M\NRM[VLWtC ��q�¦C/VL_:PHIaW`NRh �JPRM[DT]8PQMzEHGJSAhiq D 	+:�&_JSR_:DTZ\Z[D

∆t ≤ Ch2
K?VL_JP�Zkg Xe^5_{IjNRM[VLW�]:DyZ[I�EHGJIaZ[D�_:Pt�ocLV5M\P�Z[I�8VL_JS1h¦SRDTE�NRM[VLW*¯8p°¯8p 95��p-:mW�n�ILMONef:VLW�K{DT_8N r VLW`NRPQD�P,^`_:D5f:S1M|Z[D r ILM\Z[ZzIa�LD Th

DeSAN,_:W:M\noVLP r X r D�W`NPQX��5_:Z[M\DTP�IL_¸SRD�W{S�V U�NRVL_:NRD r IaM[Z\Z[D$E�V5W5NQM\DTW`N�_JW:D$w{V5_:Z[Dy]8D�PQI�+5VLW Ch �®I�cLDeE C > 0
M[WJ]8X�hK?D�W{]:IaW`N$]8DtZzI r ILM\Z[Z[De��fmILZ\V5PQS�VLW I�D
R?DeE�NRM[cLD r D�W`N maxi λi = O(h−2)

pm�W¶K:PQVLK?V5SRDtIa_Z[DTE�NRDT_:Pl]:Dvc5X�PQMO´JDTP�E�D�n�IaM\N�D�W�]8M r D�WJSRM[VLW N = 1
Z\V5PQS�]8D�Z®g :2b8D�PHE�MzE�D��:p �:p =uE�M\h¦]:DTSQS1V5_JS�p3:mWKJPQIaNRMz^5_JD=VLWtW g _8NRM[Z\MzSRDlK{ILS/Z\D

θ
hiSREHGJX r I�K?VL_:P θ < 1/2

E�ILPFZ[IvE�VLW{]8MONQM\V5Wt]8D�S1NQIawJM\Z[MONQX$���:p �5¯5�DeSAN&w?DTIL_JE�V5_:K�NRPQVLK SRX�cL}TPRD �JDTZ\Z[D�VLwJZ\M[�LD�Zkg _JSQIa�5D�]8D�NRPQ}TS&K{D�NRM\NQS,KJI5S&]8D�NQD r KJS=^`_:MdPRDTWJ]8D�W`NZ[D�E�ILZ[E�_:Z|w?DTIa_{E�VL_JKuNQPRV5K�E�V �8NQD�_8b|p •
+ 6 ���?§�� ª �j� ªe« �?§ 	U�W*PQX�XeE�PQMON,Z[D�SQEHG:X r I*�®�:p �L¹5�!]:ILWJSFZzI�wJILSRD�V5P1NQG:VLWJVLP r ILZ\DlK?VL_:P M D�N]:M[IL�LVLW{IaZ[D�K?VL_:P K �oc5VLM[P,Z[I�]8X r V5WJS1NRPHIjNRM[VLW�]8_ q D r�r Dv�8p ={p\���

( Id + θ∆t diag(λi))Ũ
n+1 = ( Id− (1− θ)∆t diag(λi))Ũ

n + ∆tb̃n,
�®�:p � 95�

I�c5DTE M = PP ∗ f K = P diag(λi)P
∗ f Ũn = P ∗Un

f�D�N
b̃n = P−1(θb(tn+1)+(1−θ)b(tn))

p�W*]8Xe]8_:M\N=]8Dy���Jp �Q95�!^`_:D�Z\DeS&E�V r K?V5SQIaW`NQDTS Ũn
i

]:D
Ũn
c5X�PQMO´{D�W`N

Ũn
i = (ρi)

n
Ũ0

i +
∆t

1 + θ∆tλi

n
∑

k=1

(ρi)
k−1b̃n−k

i .
�®�:p � =`�
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�%��� ���^��	�� � ����� �  <� ������  (������� �����1� ����� � �&�&�&�)���1���  (� ¯5� 9
I�cLDTE

ρi =
1− (1− θ)∆tλi

1 + θ∆tλi
.x�ILWJS�E�D�N1NRD�wJI5S1D�ZzI�E�VLWJ]:MONQM\V5W¸]8D$S1NQILw:M\Z[M\NRX�DTS1N ‖Un‖M = ‖Ũn‖ ≤ C

p�P�ILP�E�VLW{S1Xe^5_JD�W`NTf_:W:D�E�VLW{]8MONQM\V5WuW:XeE�DeSRSQIaM[PRD�D�N&SR_8±ySRILW5NQD�]8D�S1NQILw:M\Z[M\NRXlDTS1N |ρi| ≤ 1
K?VL_:P!NQVL_8N

i
f�E�Dl^`_:M|Wdg DeSANPRM[D�Ws]|g Ia_8NQPRD$^`_:D$ZzI E�V5WJ]8M\NRM[VLW ���Jp �`¯L�lS1M

0 ≤ θ < 1/2
f|D�N�^5_JMmDTS1N�NRV5_
�AVL_:PHS�SQIjNQM[S1n�IaM\NRD$SRM

θ ≥ 1/2
p

�

� �����8� ? �U� �
	�
	 �DViZBDeSAN�E�Z[ILM\Pv]:IaWJS�Z®g DTS1NRM r IjNRM[VLW �®�:p � =`�l^`_:DyKJZ\_JS θ DTS1N��LPHIaWJ]|f|KJZ\_JS�Z\DE�V�D�±yE�M[D�W`N�]8D�cjIaW`N�Z\DuNRD�P r D b̃n−k
i

DTS1NvK?D�NQMONep�:mW�n�ILMONefUE�D�N1NQDtKJPRV5K:PRM[X�NQXuE�V5PRPQDTSRK?VLWJ]~Y _JWI r VLPRNRMzSRSRD r DTW5N,D�b�K?VLWJD�W`NRM[D�Z�KJIaP&Z[D�SQEHG:X r I$]8DeS=E�VLW`NRPQM\wJ_8NRM[VLWJS&KJILSQS1XTDTS,]8_*NQD�P r D�S1V5_:PHE�DLp
P�ILPtE�VLWJSRXT^`_:DTW5Nef r���r D¸S1MlK{V5_:PtNRVL_:NRD�cjILZ\DT_:P 1/2 < θ ≤ 1

Z\D
θ
h¦SQEHG:X r I�DTS1N�S1NQIawJZ\D5fS1V5W r Iab�M r _ r ]8D�SANHIaw:M[Z\M\NRX DeSAN�IjN1NQD�M[W`NuK{V5_:P θ = 1

�oZ[DTSuD�PQPRDT_:PHS�W`_ r XTPRMz^`_:DTSyKJILSQS1XTDTSS�g I r VLPRNRMzSQS1DTW5N���p?C�g DTS1N=K?VL_:PH^`_:VLMdZ\D�SQEHG:X r I�M r K:Z[M[E�MONQD�DTS1N=K:Z[_JS&PQVLwJ_JSANQD�D�NlS1V5_:cLDTW5N&_:NRM[Z\MzS1XK{V5_:Pu]8DeSyK:PQVLw:Z[} r DeS�²APHIaMz]8DTSA³�wJM\DTW£^5_dg M[Z�SRVLM\N r VLM[WJS$K:PQXTE�M[Sy^`_:D Z[D�SQEHG:X r Is]8D�C/PHIaW �5h
0&MzEHG:VLZzS1V5W p •
� �����8� ? �U� �
	�
	��£q D&S8+8SANQ} r D&]|g XT^`_JIaNRM[VLWJSm]:M R X�PQD�W`NRM[D�Z[Z[DTS2V5PQ]8M[WJILM\PQDTS,�®�:p/.a�5��DeSAN/]:MON�²1PQILMOh]8D�³,E�IaPefjS1DeS�S1V5Z\_8NQM\V5WJS�n�IaMzSRILW`N�M[W`NRDTPRc5D�W:M[PU]:DTSUNRDTP r DeS2]8_�N,+�K?D exp(−λit)

fjX�c5VLZ[_:D�W`NmSR_:P2]8DTSXTEHG:DTZ\Z[DTS ]:D2NRD r K{S|NRPQ}TSd]8M R X�PQD�W`NQDTSB��PQILK:K?D�Z[VLWJS ^`_:D mini λi = O(1)
D�N

maxi λi = O(h−2)
��p

ViZdD�b8MzSANQD�]8DeS r X�NQG:V8]8DTS=W`_ r XTPRMz^`_:DTS=]|g M[W`NRXT�LPHIjNRM[VLW ]|g XT^`_JIaNRM[VLWJS=]8M R X�PQD�W`NQM\DTZ\Z[DTS=VLPH]8M\W{IaM[PRDeSPQILM[]8DeS�K:Z[_JSvD�±yE�I5E�DeS�D�N�K:Z[_JSvE�V r K:Z[M[^`_:XTDTSv^5_JDuZ[D θ hiSREHGJX r I:p2C/MONQVLWJS�K{V5_:P r X r V5M\PQDyZ[DTSr X�NRG:V8]8DeS,]8D=�,_:W:�5D�h ��_8N1NHIt��cLV5M\Pef�KJIaPFD�b8D r KJZ\D5f8Z\D�EHGJILK:MONQPRD���� ]:DC'[����( ��pO0&XTILW r VLM[WJSTf8M\Z
+�I*_:WsE�V r K:PRV r M[S�Y�NQPRV5_:cLDTP�D�W`NRPQD�Z®g _8NRM[Z[M[SQIjNQM\V5W�]|g _JW:D r X�NRGJV�]:DyW�_ r X�PQM[^`_:D$]|g M\W`NQX��LPHIjhNRM[VLW$D�W�NQD r KJSmPQVLwJ_JSANQDLf r ILM[SmEHGJ}�PQDLfaD�NmZ[I�NHIaM[Z\Z[DFNRPQ}TSmM r K?VLPRNQIaW`NQD&]8DTS/ST+8S1NR} r DeS2Y�PRXeS1V5_J]8PQD�oPHIaK:K?D�Z[VLWJS,^`_:D�ZzIvNQIaM[Z[Z\D�DeSAN&K:PQVLK?VLPRNRM[VLWJW:D�Z[Z\D�Ia_�W:V r w:PQD�]8D r ILM\Z[Z[DTSH��p •�W$K?D�_:N/_8NQM\Z[M[SRD�PBZ\D=ETIaPHILE�NR}�PQDFcjIaPQM[IaNRM[VLW:W:DTZ:]8D&ZzI�]8MzSRE�PRX�NRMzSRIaNRM[VLW�KJIaPBX�Z[X r D�W`NQSm´JW:MzSB^`_:MI�E�VLWJ]:_:MON=Y*�®�:p/.a�5�BK?VL_:P r VLW`NQPRDTPFIL_8NRPQD r DTW5N,ZzI�SANHIaw:M[Z\M\NRX�M[WJE�VLWJ]8M\NRM[VLWJW:D�Z[Z\D�]8_ θ hiSQEHG:X r I:p
� � �`�j¨ « ¨L� �O	��O	GF ( �_�%���)$P� / � �G�A+ �

θ
� $��&�)@ � > 1 � � 	7�(6 >������ 1/2 ≤ θ ≤ 1 � ( � �)�<�;� ‖U‖M =√

MU · U � �J@ � �#�-���G�<� +�� @-!#"<� ��>7+ �<���Q/�� $O�<���%�L$%"<� ��>7�-�M/(�A+��,� �)@%K(>7+ � �;@:/)� @ ��� ��K�� � 1 � �
� 3 6

‖Un0‖2M + ∆t

n0
∑

n=0

KÛn · Ûn ≤ C
(

‖U0‖2M +

∫ T

0

‖f(t)‖2L2(Ω)dt+O(1)

)

.


���"7�&� � + >�N���� ?<�G�<��/�� > + �A? ����/#"<� �Q$O�%>7+ > � �G�=/ � 1 � � 	F�76 >��)� � Ûn = θUn+1 + (1− θ)Un �
� � �`�j¨ « ¨L� �O	��O	�� � �#�-���G�<�O!#")�A+ �=$��&�)@ � >A/ � �E��><� 1 � � 5 �)6 �-$;�*� �)�%����/�� �.� �#�(�)�<+,+ � � �<��� $;�&> �7+ � �
� � �`�j¨ « ¨L� �O	��O	Mr ( � �G@%$R��"��L?�> ��@<+ @ � �<���;$ � � � $ P1

� � $O����@ � >0����?(+ � �)� �;�*�<�0�;� � ?)$'+�� @�!�"�>��.� ���
/ ��+ >C�&��>7+ �<"7� 1 � ���	%(6 � �A/�� � �<�)$P� ��� N = 1 � ( � "-�.� + � $R��"(�)�W� ��� � "(+ �2/(�2!#")>�/#�G>���"7�G�2!�" � �G�<��/
+ > � >���� � �%� M /�� >)K ����>7+ � 1 �)��� �Q+ > � � � > �G!#")� 3 � � � � � �=+�� � �)� �U�)� � � 3 � � ���)6 � ( � � >7?7?<�<+,+ �A!#")� + >
� >���� � �%� K �%$&�M/(���7�)@%��?�><�Q1 5#�
� %76 � �*!#"!� ��� > �%>7+ ��"7+ @=$&�-$%��>7+ �<"7��$=? ���#?<���-$=+ ���G$*/ � +�� � ���<�1��� � �
�	�#�
�(� �#� � ��������� �O!�")�=/(>7�)$g� �#�->)$0+ >C� �#�)/�� �.� ��� ��� $ 1 � � 5 %76 �%$;���<� � �A/#"=�?�7?<�

∆t ≤ Ch2 �
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�*�)�*%)@-9):G%)@-��$ �&��(�$2����9,$2����91(<:G�d� (*�)��$�9�=�@-("$A��(B���"!#�3$�%'�)(_� / +R:#� �"!#��$�9 %'�d:G%)@-��$ ��(B+ :#� �)��E?��9'@ %)@-��$
8 6 � 6 �f("9 % �2:G$29}+'� ("9'E��)@ % ��("9>���*!#��$29 %'�d: %)@-��$29}E �)�
�"��� ("$&%)("9 6 62�������>E�+ ��9>��(�� �*%d:3@-+-9 � :G@ $�9'@#�&�2( E?�������("9,("9 %)@-! :G%)@-�3$29>�%� (*�'�)("� �)9,(*%>��("9,;�@ %)("9'9'("9>��(R�*��$�;<(*�"(3("$��"( (*C E2+-@I�"@ %)("9 � $����29}�)("$�;<��2&�3$29 ; � � ���a6
�)�����H�B����	������ 
 O�� O � VFX3Y�Z

u
h b ^ X�h [ ZTYaX \���^d[ � ^*b w�w ]_\ Z j'k �3[ h Y�� j']��fe<] h L k:N*[�b ZTYaX \ e<] h b�cSP�b h ]_[�jl�� x�� � p x VFX3Y�Z (Th)h>0 [ \?]�^)[ Y�Z ] e&] w b YTh�h b �&]_^ Z j Y bG\ �3[ h b Y j']_^�j'k��3[ h Y ]_j_^�e&] Ω x V?XGY�Z V0h

h ]#^ X [ ^ s
]_^r` b�c_]ve&] H1

0 (Ω) | e&k�z~\ Y ` b3j h b w k Z P X e&]ve&]_^/k h k w ]_\ Z ^Jz~\ Y ^ Pk x V?XGY�Z (∆t) [�\P]/^)[ Y�Z ]qe&],` b3^�e&]Z ] w `F^�N*[ YoZ ]_\?e n ]_jd^��Gk_j X x V?XGY�Z un
h ∈ V0h

h b�� X \Fc ZTYaX \ e X \ ZJh ]_^�c X�X j'e X \2\?kd]_^ Un e<bG\2^ h b i b3^*]�e&]_^
k h k w ]_\ Z ^Jz~\ Y ^Be&] V0h ^ X \ Z c)b h c*[ h k)]_^1` b3j h ] θ

s ^_cSP2k w b&x V2Y limh→0 u0
h = u0 e<bG\2^ L2(Ω) |1] Z ^ Y h

] Z ∆t
Z ]_\Fe&]_\ Z}n ]_jd^	��]_\�j)]_^a`�]'c Z b3\ Z,h b�c X \?e Y�ZTYaX \
e&]/^ Z b i*Y�h Y�Z k l�� x�
�� p |1b h-X j_^ X \Nb

lim
h→0, ∆t→0

max
0≤n≤n0

‖u(tn)− un
h‖L2(Ω) = 0.

P�VL_JP$NRDTP r M[W:D�P$W:V5_JS$M[Z\Z[_JS1NRPQVLWJS�WJVaNRPQD*K:PQVLK?V5S�D�W¬PQD�K:PQD�W{IaW`N$Z®g D�b8D r K:Z[D ]8D ZzI���VL_{SAhSRDTE�NRM[VLW �:p 9tSR_:P�Z[I�]8MSR?_{S1M[VLW~]:IaW{S�Z®g IjN r V`S1KJG:}�PQDv]|g _:W¸K{V5Z\Z[_JILW5N�X r MzSlKJIaP�_:WJD�SRVL_JPQE�DvZ[VahETIaZ[M[SRX�Dt�ocLV5M\PlZ[D r IaM[Z\ZzIa�5DvYuZ[I ��M[�L_JPRD �Jp°�$D�N�Z\D�S1DeE�V5WJ] r D r w:PRD f YyZzI��UM[�L_:PQD �Jp\� =`��p?qdI]:VLW:W:XTD&M[W:MONQM[ILZ\D
u0
DTS1N/K:PQMzS1D&W�_:Z[Z[D�]:ILWJSmZ[D�]8V r IaM[W:DLp�qdI��UM[�L_:PQD=�Jp\�&KJPRXeS1DTW5NQD&Z[DTS/PRXeS1_:Z\NQIaNQSK?VL_JP<=lNQD r KJS2]8MSR?XTPRDTW`NQSTpaC/V r�r DFZ[D!NRD�P r D!SRVL_JPQE�D/DeSAN2M[WJ]8X�K?D�W{]:IaW`Nm]8_vNRD r KJSTfjZzI�SRVLZ[_8NRM[VLWE�VLW�cLDTPR�5D=w:M[D�W*c5D�PHS/_JW�PQX��5M r D�S1NQIjNQM\V5W:WJILM\PQD�Z[VLPHSQ^5_JD�Z[D�NRD r K{SFNRDTWJ]�cLD�PHS!Z®g M[W8´JW:Mkp

��� � � ����� ��� ����� � � �������

��� � � ����� ��� ����� ������������


��� � �Jp\� � ViWJS1NQIaW`NHIaW:XeS,Ia_8byNQD r KJS t = 1
f
2
f
3
f
5
]8D�ZzI�E�V5WJE�DTW5NQPQIaNRM[VLW p

� �H �  � � � ���,+ � �*%  "�����t�,+ ������+")�� $!��+ ��� '��o" 	���)��� ���
qdDTS r X�NRG:V8]8DeSBW�_ r XTPRMz^`_:DTSBK{V5_:PBPQXTSRVL_J]:PRD,Zkg Xe^`_JIjNQM\V5Wy]8DTS/VLWJ]:DTSBSRVLW`N/NRPQ}TSBSRD r w:ZzIaw:Z[DTS�®]:IaW{S�Z\D�K:PQM[WJE�M[K{D5f r IaMzS�KJI5SlNRVL_ �AVL_:PHS�]:IaW{S�Z[I*K:PHIjNQM[^`_:D��lY E�D�Z[Z[DTS�^`_:D$W:V5_JS�I�cLV5WJSlc`_JDTSK?VL_JP,Z®g XT^`_JIaNRM[VLW*]8D�Z[I�EHGJILZ\DT_:Pep
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�%� �5���^��	�� � ����� �  <� ������  (������� �����1� ������� �������&���������  �� ¯5� .
� .¦-/.10 �*G(L @ ��;�@TE�> 7OC|6:@TE NU6:@A9B4 Gd4 G�E H&N2> G
�W�]8MzSRE�PRX�NRMzS1D!�`§��������:¨L���e�`�U��������§ ª ZzI&noV5P r _:ZzIjNRM[VLW�cjILPRMzIjNQM\V5W:W:D�Z[Z[D����Jp ¯Q.L�d]8D/Zkg XT^`_JIjhNRM[VLWu]8DeSBV5WJ]8DeS=���Jp 9`��p P�VL_:P!E�D�ZzI:f5VLWuE�VLWJS1NRPQ_:M\N/_:WJD�IaKJK:PRV�b8M r IjNRM[VLW�cjIaPQMzIjNRM[VLWJW:D�Z[Z\D,M[W`NRDTPRW:DD�WsM[W5NQPRV8]8_JM[SQIaW`N�_:W¡SRVL_{SAh¦DTSRKJILE�D

V0h
]8D

H1
0 (Ω)
fU]:Du]8M r DTWJSRM\V5W~´JW:M[D�� N,+�K:Mz^`_:D r D�W`Nef�_:WS1V5_JSAh¦DTSRKJI5E�Dv] g XTZ\X r DTW`NQS�´JW:MzSQ��pdqdI�SRD r MOhi]8MzSRE�PRX�NRMzSRIaNRM[VLW�]:D*�®�:p°¯ .5�&DeSAN�]8V5WJE�Zkg IaK:K:PQV�b8M r IahNRM[VLW cjIaPQM[IaNRM[VLW:WJD�Z[Z\D�SR_:M[c�ILW`NRD �:NQPRV5_:cLDTP

uh(t)
noVLWJE�NRM[VLW ]8D

]0, T [
Y$cjIaZ[D�_JPQS&]JIaWJS

V0h
NQD�Z[Z\D^5_JD















d2

dt2
〈uh(t), vh〉L2(Ω) + a (uh(t), vh) = 〈f(t), vh〉L2(Ω) ∀ vh ∈ V0h, 0 < t < T,

uh(t = 0) = u0,h,
∂uh

∂t
(t = 0) = u1,h

�®�:p �Q.5�
V U

u0,h ∈ V0h
D�N
u1,h ∈ V0h

S1V5W`N,]:DTS&ILK:K:PQV�b�M r IjNQM\V5WJS/]:DTS,]8V5W:W:X�DeSFM\WJMONQM[ILZ\DeS u0
D�N
u1
p

P�V5_:P r V5W5NQPRDTPt^`_:D ���:p �Q.5�$IL] r D�Nt_:WJD�_:W:Mz^`_:D�SRVLZ[_8NQM\V5W£D�N�Z[I¶E�IaZzE�_JZ\DTPt]8D r ILW:M[}�PQDK:PQIaNRMz^`_:DLf:V5WtM[W`NRPQV8]8_:M\N=_:W:D�wJI5S1D
(φi)1≤i≤ndl

]:D
V0h
�®^5_JMdW:D�]8XTK{DTWJ]*KJI5S,]8_*NRD r K{SQ��fJD�NVLW*EHG:D�PHEHG:D

uh(t)
SRVL_JSFZzIvnoVLP r D

uh(t) =

ndl
∑

i=1

Uh
i (t)φi,

I�cLDTE
Uh = (Uh

i )1≤i≤ndl

Z[D�cLDeE�NRDT_:P,]8DTS=E�V�VLPH]8VLWJW:X�DeS/]8D
uh
p%:mW K{V`SRILW`N

u0,h =

ndl
∑

i=1

U0,h
i φi, u1,h =

ndl
∑

i=1

U1,h
i φi, bhi (t) = 〈f(t), φi〉L2(Ω), 1 ≤ i ≤ ndl,

Z®g IaK:KJPRV�b8M r IaNRM[VLWvc�ILPRMzIjNQM\V5W:W:DTZ\Z[D����:p �Q.5��DTS1NmXT^`_:M[c�ILZ\DTW`NRD,Ia_$S8+�S1NR} r D,Z\M[W:XTILM\PQD,¢�> 6-? ��� ªe« �?§��¢ «���6 ����§ ªe« �����®�`�v�J�j¢ « §U� « �j����]|g VLPH]8PQD�¯�Y$E�V�D�±$E�M\DTW`NQS,E�V5WJS1NQIaW`NHS














Mh
d2Uh

dt2
(t) +KhU

h(t) = bh(t), 0 < t < T,

Uh(t = 0) = U0,h,
dUh

dt
(t = 0) = U1,h,

�®�:p � �`�
V U¡V5W�PQD�NRPQVL_JcLDyZ[DTS r���r DTS���� ª � « ¨5�`�¸¢U� ���:�e�T� Mh

� ª ¢U�¬� « D « ¢ «�ª 6 Kh
^5_JDuK?VL_:PZ®g XT^`_JIaNRM[VLW*]8D�Z[I�EHGJILZ\DT_:P

(Mh)ij = 〈φi, φj〉L2(Ω), (Kh)ij = a(φi, φj) 1 ≤ i, j ≤ ndl.qmg D�b8M[S1NRDTWJE�D�D�N�Zkg _JW:M[E�MONQXLfdILM\W{S1M2^`_ g _:W:D�noVLP r _:Z[D�D�b8K:Z[M[E�MONQDLf ]8D�ZzItSRVLZ[_8NRM[VLW¸]8D ���Jp � �5��S�g VLw8hNRM[D�W:W:DTW`N�n�I5E�M[Z\D r D�W`N�K{IaP�S1M r K:Z\D*]8MzIa�5VLWJILZ\MzSRIaNRM[VLW�SRM r _:Z\NQIaWJX�Dt]:DTS r IjNRPQMzE�DTS Mh
D�N Kh
pC/V r�r D�M\Z DeSANl]8MO±yE�M\Z[D�D�N�E�V �8NQD�_8b*]8D�]8MzIa�5VLWJILZ\MzS1DTP����:p � �`��f:DTW*K:PQIaNRMz^`_:D�VLW*PQXTSRVL_8N,W�_ r X�hPRMz^`_:D r D�W`N����Jp � �5�/KJILP&]8M[SQE�PQX�NQM[SQIjNQM\V5WuD�N r ILPQEHGJD�DTWtNQD r KJSTp

� � �`�j¨ « ¨L� �O	G�
	����2����� ���T+ � $ ��$&� � � �T+ � �)@-> � �G��/ � @-!#")>��.� �#��$�/�� �@ ��� �-�.� � +,+ �%$����G/�� ��> � ���-$ � �-�;� �("
?)> �
$&� � � � /�� $O�<��@%�.� $R>��.� �#�=/(� +�� @�!�"�>��.� ���2/(�%$M�#�)/(�%$'> � �����.� � 1 � � 	 �76 �
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�Ws_8NQM\Z[MzS1Dy_JW:D r X�NQG:V8]8Du]8Dt¢ «���6 ����§U¨L����;�§ « ��� ��§ ª ���s����K?VL_:PvPRXeS1V5_J]8PQD�Z[DuS8+8SAhNQ} r D$]|g XT^`_JIjNQM\V5WJS�]8MSR?XTPRDTW`NRM[D�Z[Z\DeS�V5PQ]:M\WJILM\PQDTS��®�:p � �5��p PUV5_:P�S1M r K:Z[MO´JDTP�Z\DeS�W:VaNHIjNQM\V5WJS�f W:V5_JSPQX�XeE�PQM\c5VLWJS/Z[D�ST+8S1NR} r D$���Jp � �5�!SQIaWJS r D�W`NQM\V5W:W:D�P,ZzI�]8X�K?D�W{]:IaWJE�D�S1KJIaNRMzIaZ[D�D�W h















Md2U

dt2
(t) +KU(t) = b(t)

U(t = 0) = U0,
dU

dt
(t = 0) = U1,

�®�:p �`�a�
VQU*VLW S1_JK:K{V`S1D�^`_:D

b(t)
DTS1N�E�VLW`NRM[W�_*SR_:P

[0, T ]
p?�W ]8XeE�V5_:K{D�Zkg M\W`NRDTPRcjILZ\Z[D�]8D�NQD r KJS [0, T ]DTW

n0
KJILS�]8DtNRD r KJS ∆t = T/n0

f2VLW�K?V5SRD
tn = n∆t 0 ≤ n ≤ n0

f2D�N�VLW¶W:VaNQD
UnZkg IaK:K:PQV�b8M r IaNRM[VLWs]8D U(tn)

E�IaZzE�_JZ\XtKJIaPv_:W¶SQEHG:X r IJp�P�VL_:P 0 ≤ θ ≤ 1/2
V5W�K:PQVLK?V5SRDyZ[D

θ
©Q�e¨ 4<6 ���

MUn+1 − 2Un + Un−1

(∆t)2
+K

(

θUn+1 + (1− 2θ)Un + θUn−1
)

= θb(tn+1) + (1− 2θ)b(tn) + θb(tn−1).

�®�:p �L�5�
qdVLPHSR^`_:D

θ = 0
faVLW�IaKJK{DTZ\Z[D����Jp �5�5�U�e¨ 4<6 ���u�`�|��� « ¨ «oª �y�oM[ZJWdg DeSANBDTW�n�IaM\Nmc`PHIaM r D�W`NmD�b8K:Z[MzE�M\NRD^`_:D!S1M`ZzI r IjNQPRMzE�D!]8D r ILSQSRD M DTS1NU]:M[IL�LVLW{IaZ[De��p P�VL_:P�]8X r ILPRPQD�P Z[D/SQEHG:X r I=M\Z5n�Ia_:N�E�VLW:WJI��[NQPRD

U0 D�N U1 f{E�D�^`_ g VLW�VLw8NQM\DTW5N,�5P �5E�D�Ia_8btE�VLWJ]:MONQM\V5WJSFM\WJMONQM[ILZ\DeS
U0 = U0

D�N U1 − U0

∆t
= U1.

� W�SREHGJX r IFK:Z[_JS noPQXT^`_:D r�r DTW`Nd_8NRM[Z[M[SRXBE�ILP K:Z[_JS��LX�WJX�PHIaZjDTS1NdZ[D/�e¨ 4(6 ���v¢�� � ���$���8� �2p
P�V5_:P,PRXeS1V5_J]8PQD�Z[D�ST+8S1NR} r D=²RI r V5P1NQM ³

Md2U

dt2
(t) + C dU

dt
(t) +KU(t) = b(t)

V5W�ILK:K:PQV8EHG:D
U(t), dU/dt(t), d2U/dt2(t)

KJILPFNRPQVLMzS!SR_:M\NRD
Un, U̇n, Ün























MÜn+1 + CU̇n+1 +KUn+1 = b(tn+1)

U̇n+1 = U̇n + ∆t(δÜn+1 + (1− δ)Ün)

Un+1 = Un + ∆tU̇n +
(∆t)2

2

(

2θÜn+1 + (1− 2θ)Ün
)

�®�:p �Lº5�

I�c5DTE
0 ≤ δ ≤ 1

D�N
0 ≤ θ ≤ 1/2

p8qdVLPHSR^`_:D�Z[I r IjNQPRMzE�D�]|g I r VLPRNRMzSRSRD r DTW5NFDTS1N,W�_:Z\Z[D$� C = 0
��fV5WtK?D�_:N=X�Z[M r M[W:D�P,Z[DTS,SR_:M\NRDeS U̇n, Ün

D�N��®�:p �Lº`�BDeSAN,Xe^5_JM\cjIaZ[D�W`N=Y
MUn+1 − 2Un + Un−1

(∆t)2
+K

(

θUn+1 + (
1

2
+ δ − 2θ)Un + (

1

2
− δ + θ)Un−1

)

= θb(tn+1) + (
1

2
+ δ − 2θ)b(tn) + (

1

2
− δ + θ)b(tn−1).�®�:p �j¹5�
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�%� �5���^��	�� � ����� �  <� ������  (������� �����1� ������� �������&���������  �� ¯5�5�
�,D r IaPH^`_:VLW{S,^5_JD�K{V5_:P δ = 1/2

Z[D�SQEHG:X r I�]8D 0=D 	 r IaP �uPQDT]:VLW:W:D�Z[D θ hiSREHGJX r I:pO:BW K:PQIahNRMz^5_JDLfaK:Z[_JS
δ
DeSANm�5PQILWJ]|fjK:Z[_JS2Z[D&SREHGJX r IlDTS1NB]8M[SQSRM\KJIaNRM\n|D�NmPQVLw:_JS1NRD���Z\DeS2D�PQPRDT_:PHS�W`_ r XTPRMz^`_:DTSKJILSQS1XTDTSFSTg I r V5P1NQM[SQSRD�W`N!KJZ\_JS&c`M\NRD���f r��Tr D�STg M\Z|DeSAN r VLM[WJSFK:PQXTE�M[STp

� � �`�j¨ « ¨L� �O	G�
	GF � �#�-���G�<�:!�")� + ��$O����@ � > / � �E� � � > � � �-$;� /)� ��� /#��� � 1�� ���;� � ?�$ 6 ?<�#"(�
δ 6= 1/2

N(/)� ��� /#��� % ?<��"7�
δ = 1/2

�%�
θ 6= 1/12

N �%�L/ � ��� /��G� �A$��
δ = 1/2

� �
θ = 1/12

1��#�=$&�
+ � � � �;�<� > � +�� @�!�"�>��.� ���=$.>7��$M> � �����.� $&$R� � � �-� 6%��W~X�NR_J]8M[D$ZzI SANHIaw:M[Z\M\NRX$]8DyE�DTS�SQEHG:X r I5S�Ia_sS1DTWJS�]8D$ZzI*x=X�´JW:M\NRM[VLW��:p �:p 9:p P�VL_JP�X�c�MONQD�P]8DTS/E�IaZzE�_JZ[SmNRPQVLK$Z[VL_:PH]:STfaVLWuSRD=E�VLW`NRDTW5NQD&]|g X�NR_{]8M\DTP/ZzI�E�VLWJ]8M\NRM[VLW$WJXTE�DeSRSQIaM[PQD&]8D=S1NQIawJM\Z[MONQX�]8D
� VLW 0=D�_ r ILW:W���cLVLM[P!Z[I �,D r ILPQ^`_:D�¯8p°¯8p°¯ =`��p`qdD�PQXTSR_:Z\NQIaN!SR_:M\cjILW5NFDTS1N,]:IaWJS!Z[D r��Tr DlDTSRK:PQMON^5_JDlZ[D�q D r�r D�¯:p 9Jp �Jp
� �������L�
	 �9	4� J 	 ;=.
	�G=0<E ��B�3%8M3�G�;"�HA�YZ�5EF3��_3�� Y �
B � 	�� I 
 	 �>I ,90 δ < 1/2 i 018H3[G[�Q�V.
�[j�.>�2B=G01	HG[�� ��8�3 I ,���676H.
G�.>	HG E7A[G�.>B[YZ�>0UG ����3 δ ≥ 1/2 I � �@;�.>	9E>01�?0<.>	 	4A=;�3�G=G��
01BO3^E73!G[�� ��018:01�VA^E73
� .
	��_3��2Y �
	�	n3�G=���V.
�[j�.
�2B=G L A�B[0 \�A�35G[0 δ ≤ 2θ ≤ 1 i ��>	9E>0UG_����3 i G[0 0 ≤ 2θ < δ

3�818M35	/R 3[G[�
G��>�?0UG ���>01�3Z����3#G�.
� GW8M� ;=.
	9E>01�?0<.>	 � � �

max
i
λi (∆t)2 <

2

δ − 2θ
,

�®�:p �����
. � 8M3�G

λi
G�.>	���8M3�G L �
8�3��2B=G�69B�.�69B�3[G_E73 KU = λMU

	 L .
01B 	�
 I � � ���FI
� �����8� ? �U� �
	 �9	 F·�W$W:D&PQDTE�VLW:W{I)�zNmKJILS2M r�r XT]8MzIjNQD r D�W`N!]JIaWJS&�®�:p �����UZ[I�E�VLWJ]:MONQM\V5WtC �Uq�kC/VL_JPQILW5NRh �JPRM[DT]:PRMzEHGJS1h¦qdD 	+:� _JSR_:D�Z[Z[D

∆t ≤ Ch K?VL_:P�Zkg Xe^`_JIjNQM\V5W�]8DeS�VLWJ]:DTSF�oc5VLM[PUZ[D,q D r�r D¯8p 9:p �5��pW:mW�n�IaM\NTf|V5W�K?D�_8N r VLW`NRPQD�P�^`_:DLf|SRM�Z\D r IaM[Z\ZzIa�5D Th
DTS1N�_:W:M\noVLP r X r D�W`NlPQX��5_:Z[M\DTPlIL_S1DTWJS&VQU*NRVL_:NRD r IaM[Z[Z\D�E�VLW`NRM[D�W`N=_JW:D�w?VL_:Z[D�]8DvPQI�+5VLW Ch �®I�cLDTE C > 0

M\WJ]:X�K?D�WJ]:ILW`Nl]8D�ZzIr ILM\Z[Z[De��fUIaZ[VLPHS�VLW�I D R DTE�NQM\c5D r D�W`N maxi λi = O(h−2)
p�q DuZ\DeE�NRDT_:PvI K:_�cLXTPRM\´JDTP�E�Dyn�ILMOND�W�]8M r D�WJSRM\V5W N = 1

Z\V5PQS�]8DuZkg :mb�DTPQE�M[E�Du�:p �:p =Jp�C/VLW`NRPHIaM[PRD r D�W`N�Ia_�ETILS�KJILPQILw{V5Z\Mz^`_:DLfdZ[IE�VLW{]8MONQM\V5W�C �Uq �®�:p �����!W g DeSAN&K{ILSFNQPRV5K*SRX�c5}�PQD�K:_:MzSR^`_ g VLW*K?D�_8N=KJPRDTWJ]8PQD�]:DTS,KJI5S&]8D�NQD r KJS
∆t
]:DBZkg V5PQ]8PQDm]8_�K{ILSU]|g DeS1K{ILE�D

h
pjC/D�K?D�WJ]:ILW`NTf�^5_JMONRNRDFY,M\W�c5D�PHS1DTP _:W�S8+8SANQ} r DmZ[M\W:XeIaM[PRD��oK?VL_:PK{V5_:cLV5M\PBETIaZzE�_:Z[D�P

Un+1
DTW�noVLWJE�NRM[VLWy]8D

Un, Un−1
D�N/]8_ySRDTE�V5WJ] r D r w:PRD���f`Ia_8NHIaW`Nm_8NRM[Z[M[SRD�PZ\D&SQEHG:X r I�]8D�0=D 	 r IaP ��K?VL_:PB]:DTS2cjIaZ[D�_JPQS2]8D δ D�N θ NQD�Z[Z\DeSm^`_ g M[ZJSRVLM\NmM\W{E�VLW{]8MONQM\V5W:W:DTZ\Z[D r D�W`NSANHIaw:Z[DLp|q D$SRD�_:ZmETILS�M\W`NQX�PQDTSQSRILW5N�K?VL_:P�_:W~SREHGJX r ItS1NQILw:Z[D�SRVL_JS�E�VLWJ]8M\NRM[VLWsC ��q¶DeSAN�Z[D$E�ILSV U$M[ZJDTS1N/�`�|��� « ¨ «oª �{f5Eag DTS1N1hiYjhi]8M\PQD&^`_ g M\Z{W g +�I�KJI5SB]8D�ST+8S1NR} r D&Z[M[W:XTILM\PQD&Y�PQXTSRVL_J]8PQD,Y�EHGJI5^5_JDKJILS/]8D,NRD r KJS�p :mWyD
R?D�NTf`_:WuSQEHG:X r I�D�b�KJZ\MzE�M\NRD�W:XTE�DTSQS1M\NRD,NQPR}eS2K?D�_u]|g VLK?X�PHIjNQM\V5WJS2KJILPBKJI5SB]8DNRD r KJS&D�N&E�V5WJ]8_:M\N=]8VLW{ElY�]8DeS,E�ILZ[E�_:Z[SFK?D�_ E�V �8NQD�_8b|p:qdI�SRD�_:Z[D�K{V`SRSRM[w:M\Z[M\NRX�K{V5_:P,Z[D�SREHG:X r I]8D 0&D 	 r IaP �����Jp°�a¹5�F]|g � NQPRD�D�b8K:Z[M[E�MONQD�DTS1N�^`_:D θ = 0
D�N�^`_:D�ZzI r IjNRPQMzE�D�]8D r I5SRSRD M SRVLM\N]8M[IL�LV5WJIaZ[D��LP��LE�DvYt_:W:DvnoVLP r _:Z[Dv] g M[W`NRX��5PQIaNRM[VLW�ILK:K:PQV8EHG:X�D��ocLV5M\PlZzI �,D r IaPH^5_JD���p =Jp 95��p|C/DSREHG:X r IvD�b8K:Z\MzE�M\NRD�DeSAN=SRVL_:c5D�W`NF_8NRM[Z\MzSRX�D�W*K:PHIjNRMz^`_:D�I�cLDeE δ = 1/2

p •
+ 6 ���?§�� ª �j� ªe« �?§ 	�:mZ\Z[D�DTS1NFNRPQ}TS,SRD r wJZ[ILw:Z\D�Y�E�DTZ\Z[D�]8_�qdD r�r D��:p �:p/. r IaMzSFI�cLDeE�]8DeS,E�V r hK:Z\MzE�IaNRM[VLWJS=NRDeEHG:W:Mz^`_:DTSl^`_:M�PQILK:K{DTZ\Z[D�W`N�Z\D�q D r�r D$¯8p 9:p �:p �W�]8XeE�V r K?V5SRD Un

D�N�Z\D�S1DeE�V5WJ]r D r w:PQDt]:D¸�®�:p �j¹5�v]:ILWJS�ZzI�wJILSRDuV5P1NQG:VLW:V5P r ILZ\DyK?VL_JP M D�N�V5P1NQG:VL�5VLWJILZ\D$K?VL_JP K p P2IaP
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¯`�j� ���������
	�����O� ���)�����1������� � � �)#����& *	<�
���

E�VLWJSRXT^`_:DTW`NTf ���Jp°�a¹5�BDTS1N&XT^`_:M[cjIaZ[D�W`NTf:E�V r K{V`SRILW`NRD�KJIaP,E�V r K{V`SRILW`NRDLf:Y
Un+1

i − 2Un
i + Un−1

i

(∆t)2
+λi

(

θUn+1
i + (

1

2
+ δ − 2θ)Un

i + (
1

2
− δ + θ)Un−1

i

)

= bni ,
�®�:p �a¯L�

I�c5DTE ]8DeSyW:VLNQIaNRM[VLWJS$XTc�M[]8DTW`NRDTS��oZ[DTS
λi
S1V5W5NtZ\DeSycjIaZ[D�_:PHS$K:PQVLKJPRDeSy]8_·S8+8SANQ} r D r IjNRPQMzE�M[D�Z

KVi = λiMVi
��p!C/V r�r D*Z\D SQEHG:X r I ���:p �a¯5��DeSANyY�NRPQVLMzS�W:M[cLDTIL_8b·�oc5VLM[P�Z[I~��VL_{SAhiS1DeE�NQM\V5W¯:p ¯:p .5��f8V5WtM[W`NRPQV�]:_:MON&_JW:D r IaNRPQM[E�D�]|g M\NRXTPQIaNRM[VLWJS Ai

NRDTZ\Z[D�^`_:D
(

Un+1
i

Un
i

)

= Ai

(

Un
i

Un−1
i

)

+
(∆t)2

1 + θλi(∆t)2

(

bni
0

) I�cLDeE
Ai =

(

a11 a12

1 0

)

,

a11 =
2− λi(∆t)

2( 1
2 + δ − 2θ)

1 + θλi(∆t)2
, a12 = −1 + λi(∆t)

2( 1
2 − δ + θ)

1 + θλi(∆t)2
.

�W�D�W ]8Xe]8_:M\N=^`_:D
(

Un+1
i

Un
i

)

= An
i

(

U1
i

U0
i

)

U0
i +

(∆t)2

1 + θλi(∆t)2

n−1
∑

p=0

Ap
i

(

bn−p
i

0

)

.
�®�:p � 95�

q�I�E�VLW{]8MONQM\V5W*W:XTE�DTSQSRILM\PQDl]:D�SANHIaw:M[Z\M\NRX�]:D � VLW�0&DT_ r IaW:W*DTS1N ρ(Ai) ≤ 1
p{�W E�ILZ[E�_:Z\D�]8V5WJEZ[DTSFcjILZ\DT_:PQSFKJPRV5K:PRDeSF]8D

Ai
^`_:MdSRVLW`N,Z[DTSFPHILE�M[W:DeS,]8_tK?VLZ +�W � r D�DTW µ S1_JM\cjIaW`N

µ2 − a11µ− a12 = 0]:VLW`N,Z\D�]8MzSQE�PQM r M[WJIaW`N,DTS1N
∆ =

−4λi(∆t)
2 + λ2

i (∆t)
4
(

( 1
2 + δ)2 − 4θ

)

(1 + θλi(∆t)2)2
.

�W�cLX�PQM\´JD�IaMzS1X r D�W`Nl^`_:D�Z[DTS�PHILE�M[W:DeS=]8D�E�D�K?VLZ +�W � r DvSRVLW`N�]:D r V8]8_:Z[D�M[W8noX�PQM\DT_:P=V5_ X��`IaZYu�lSRM?D�N&S1DT_:Z[D r D�W`N!SRM VLWtDTS1N!]:ILWJS!Z®g _:Wt]:DTSF]8D�_:b$ETILSFSR_:M\cjILW5NHS �8SRVLM\N ∆ ≤ 0
D�N
a12 ≥ −1

fSRVLM\N
∆ > 0

D�N
1−a12 ≥ |a11|

p � W�E�ILZ[E�_:Z�n�ILS1NRMz]8M[D�_8b r ILM[S2SRM r KJZ\D,]:ILWJSUZ\D,K:PQM[WJE�M[K{D,E�VLWJ]8_JMONILZ\V5PQS�Y*ZzI E�VLWJ]8M\NRM[VLW �®�:p ���e����cLV5M\P�SRMmW:XeE�DeSRSQIaM[PRD$Z[D�NRGJX�VLPQ} r D �Jf�SRDTE�NQM\V5W 9:fdEHGJILK:M\NRPQD ���]JIaWJSW'[��� (o��p
�

� � �`�j¨ « ¨5� �O	G�
	�� ( �n� �#��$�� / � ���T+ �^�->)$ + � � � �;� /�"&$�� ��� � � � 3 ��� N � � �%$;�'����� /�� �G�
δ = 1/2

� �
λi (∆t)2 = 4

1−4θ
��� ��������� �#!�")� + �'$O�&�)@ � > /(� � � � � > � �'�%$&� � �)$;�&> �7+ �Q/7>7�)$ �%�g�%>)$J�<�%�)@<��� ��>7�-�

!#")�

Ai =

(

−2 −1
1 0

)

,
� �
An

i = (−1)n

(

n+ 1 n
−n 1− n

)

.

� � � ><� !#"�� � !�" � � +�$	� >)K�� � /)� "(�)� � �)$;�&> � � + � �;@ �?��> ���7+ � �:?7"<� $.!�")�:+ >#���G��� $R$R>7�
� �*/(�
An

i

�%$;�M+ � �)@-> � �G�*�%�
�)���2� �7?<�#��� �-�.� � +,+ � �
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�%� �5���^��	�� � ����� �  <� ������  (������� �����1� ������� �������&���������  �� ¯5�aº
� �����8� ? �U� �
	 �9	U� :mW�Zkg IawJSRD�WJE�Du]8DuNRD�P r DTSvS1V5_:PQE�DTS�Z[DTSvS1V5Z\_:NRM[VLWJSv]8_¡S8+�S1NR} r Du]|g XT^`_JIjhNRM[VLWJS�]:M R X�PQD�W`NRM[D�Z[Z[DTS�V5PQ]8M[WJILM\PQDTS����Jp ���a��SRVLW`N�]8DTS�noVLWJE�NRM[VLWJS�V`SRE�M\Z[ZzIaW`NRDeS�]8_¸N,+`K?D

cos(ωit)
fI�cLDTE

ω2
i = λi

p�C/V r�r D$Z[DTS�SQEHG:X r ILSlW�_ r X�PQMz^5_JDTS�]|g M\W`NQX��LPHIjNQM\V5W�]8D �®�:p �`�a��V5W5N�NQD�WJ]:ILWJE�DY�I r V5P1NQM\P�_:W¡K?D�_ E�DeS�V`SRE�M\Z[Z[IaNRM[VLWJS��oV5W¡]8M\Ny^5_dg M[Z[S�SRVLW`N�]8MSR _JS1M\n�S�VL_¶]8M[SQSRM\KJIaNRM\n�S ��cLV5M\PvZ[I]8M[SQE�_{SRSRM\V5W IaK:PQ}TS=Z[Itx=X�´JW:M\NRM[VLW�¯:p 9Jp .5��f{VLW K?D�_8N�Z[D�_:PlK:PQX�noX�PQD�P�_:W:D�Ia_8NQPRD r X�NRG:V8]8D�]8D�PQX�hS1V5Z\_8NQM\V5Wu]8D����Jp ���a��wJI5S1XTD�SR_:P!_:W:D�]8XTE�V r K{V`S1M\NRM[VLWt]8D=ZzIvSRVLZ[_8NQM\V5WuS1_JP/Z[DTS/cLDeE�NRDT_:PHSmK:PQVLK:PQDTS
Vi
]:_ ST+8S1NR} r D r IjNQPRMzE�M[D�Z KVi = λiMVi

p �W EHG:D�PHEHG:D�ZzI$S1V5Z\_8NQM\V5W
U(t)
]8Dy�®�:p �`�a�FSRVL_{SFZ[InoVLP r D

U(t) =
∑

i∈I

xi(t)Vi,

V U
I
DTS1N�_:W:D�E�V5Z\Z[DTE�NRM[VLW ]|g M\W{]8M[E�DTSl]8D r V8]8DTS�K:PQVLK:PQDTS=EHG:VLMzS1MzS&K?VL_JP=PQD�K:PQXTSRD�W`NRDTP=E�V5PRPQDTE�NRD�hr DTW`NmZ[I�SRVLZ[_8NRM[VLWdfaD�N xi(t)

DTS1NmZ[I�SRVLZ[_8NRM[VLW$]|g _:W:D,Xe^`_JIjNQM\V5W�]:M R X�PQD�W`NRM[D�Z[Z[D,VLPH]8M\W{IaM[PRD,SQE�IaZzIaM[PQD
d2xi

dt2
(t) + λixi(t) = bi(t)^5_dg V5W�K?D�_:NBM\W`NQX��LPQD�P�n�I5E�M[Z\D r D�W`NTfaPHIaKJM[]8D r D�W`NTfaD�NmK:PQXTE�MzSRX r D�W`NmKJILP2Z[I r X�NQG:V8]8D,W�_ r X�PQM[^`_:D]8DlSRVLWtEHG:VLM\b|p8C/D�N1NRD r X�NQG:V8]8DLf:]8M\NRD�]8D��T���B�`���B�?� «�ªT« �?§U��¢������ ¢U���Lf5DTS1NBNRPQ}TS!_8NQM\Z[MzS1XTD�DTWr XeE�ILW:M[^`_:D�c�M[w:PQIaNRV5M\PQDLpW:mZ[Z\DyI�Zkg I�cjIaW`NHIa�LD�]|g � NRPQD�K{DT_s]8M[SQSRM\KJIaNRM[cLD5f Eag DTS1N1hiYjhi]8M\PQDv] g I r V5P1NQM\PNRPQ}TS�K?D�_¸Z\DeS�V5SQE�M[Z\ZzIjNQM\V5WJS�p � M[D�W~S��:Pef|ZzI�^`_JILZ\M\NRXeS�]8DTS�PQXTSR_:Z\NQIaNQS�]8X�K?D�W{]�K?VL_JP�_:W:D��LPHIaWJ]:DKJIaPRNB]8_uEHG:V5MOb�]8DTS r V8]8DeSmDTW5NQPQILW`NB]:IaWJSBZ[I�]:XTE�V r K{V`S1M\NRM[VLW f`EHG:VLM\b�SRVL_JcLD�W`N r VaNQM\c5X,KJIaP/]8DTSE�VLW{S1Mz]8X�PHIjNQM\V5WJS!K:G-+8S1Mz^`_:DTSTp •

A�@ $2:3+-("!#("$&% � $2����9�E?�3�2;<�3$29,�"$���$��*(*� ��$ �)�"9'��+-%d: %�� (R�"��$�;<(*�"(3("$��*(v� (>�"(*%'%)(/!#�*%)02��� (���(q� @ 93 
�_�)�*%)@-9):G%)@-��$ �&�2(�$�����9>$�����9�(�:G�d� (*�)��$�9�=�@ (*$A��(�� �"!#��$&%'�)(*� / + :#� �"!#��$�9 %'�d:G%)@-��$A� (B+ :#�~�)�3E?��9'@ %)@-��$
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�"��� ("$&%)("9 6 6F���3���>E2+-��9�� (����_%d:3@-+-9 � :3@-$�9'@#�&�2(BE?�3���� ("9,("9 %)@-! :G%)@-��$�9>�%� (*�'�)("� �)9>(_%>��("9,;�@ %)("9'9'("9>��(R�"�3$�;<(*�"(�(*$��"(B(_C�E�+-@4�*@-%)(*9 � $2�3�29}�)("$�;<��2&�3$29 ;1� � ���a6
�)�=� � �Z��� 	������ 
 O�MPO�� VFX3Y�Z

u
h b ^ X�h [ ZTYaX \ �T^)[ � ^_b wvw ]_\ Z j'k��3[ h Y � j)]�� e&] h L k:N*[�b ZTYaX \ e&]_^ X \?e<]_^l�� x � � p x VFX3Y�Z (Th)h>0 [�\?]�^)[ Y�Z ] e&] w b YTh�h b �&]_^ Z j Y b3\ �3[ h b Y j)]_^ j'k �3[ h Y ]_jd^�e&] Ω x V?X3Y�Z V0h

h ] ^ X [�^ s
]_^a` b<cd]�e<] H1

0 (Ω) | e&k�z~\ Y ` b3j h b w k Z P X e<]ve&]_^qk h k w ]_\ Z ^Jz~\ Y ^ Pk x V?X3Y�Z (∆t) [�\?]�^)[ Y�Z ]ve<],` b3^/e<]Z ] w `F^$N*[ Y,Z ]_\?e n ]_j_^	� k_j X x VFX3Y�Z un
h ∈ V0h

h b � X \?c ZTYaX \ e X \ ZBh ]_^fc X�X j'e X \2\Pk)]_^ Un e<b3\�^ h b i bG^"]
e<]_^/k h k w ]_\ Z ^~zJ\ Y ^ e&] V0h ^ X \ Z c)b h c*[ h kd]_^m` b3j h ] ^_cSP2k w b�e&]��q]�� w bGj��<x V2Y limh→0 u0

h = u0 e<b3\�^
L2(Ω) | limh→0 u1

h = u1 e<bG\2^ L2(Ω) |}] Z ^ Y h ] Z ∆t
Z ]_\Fe&]_\ Z,n ]_jd^ � ]_\ j']_^a`�])c Z bG\ Z�h b c X \?e Y�ZTYaX \

e<]/^ Z b i*YTh Y�Z k l�� x�� � p |mb h-X jd^ X \
b
lim

h→0, ∆t→0
max

0≤n≤n0

‖u(tn)− un
h‖L2(Ω) = 0.

P�V5_:PmNQD�P r M[W:DTP/W:V5_JSmM[Z[Z\_JS1NRPQVLW{SmW:VLNRPQD,K:PRV5K{V`SmDTWuS1M r _JZ[ILW5N/Z[I�KJPRV5KJIa�`IjNRM[VLW�]|g _:W:D�VLWJ]8DS1K:GJX�PQM[^`_:D�]:ILWJSF_:W:D�ETI�c`M\NRX�ETIaPQPRXTDlSR_:P,Z[DTS,KJILPRV5M[SF]8D�ZzIL^`_:DTZ\Z[D�D�Z[Z\D�SRD�PRX �JXTEHGJMONep{�W�PQXTSRVL_:N]8VLWJE/Zkg Xe^5_{IjNRM[VLW�]8DTS�V5WJ]8DeSU]JIaWJS
Ω =]0, 1[2

I�cLDTEB_:W:D,E�V5WJ]8M\NRM[VLW�Ia_8b�Z[M r M\NRDeS2]8D0&D�_ r ILW:W f_:W:D c�MONQDTSQS1D M[W:M\NRMzIaZ[D W�_:Z\Z[D*D�Nu_JW¬]:X�K:ZzILE�D r D�W`NyM[W:MONQM[ILZ=Y~S1_JK:K{V5P1NuE�V r KJI5E�N$D�NuS8+ r X�NRPQM\DS1K:GJX�PQM[^`_:D�E�DTW5NQPRX$SR_:P�Z\D�K?VLM[W`N
(0.3, 0.4)

p|x�ILWJS�ZzI �UM[�L_:PQD��:p°¯yV5W�NQPQI5E�D�Z\D r V8]8_:Z[D�]:D�ZzI]8X�noV5P r IjNQM\V5W ∇u Y$Zkg M[WJS1NQILW5NlM\WJMONQM[ILZdD�N�Y .$M[WJS1NQILW5NHS&_:Z\NRXTPRM[D�_JPQSv��E�D�N,+`K?Dv] g M r Ia�LD5f{ILK:K{DTZ\X]8M[IL�LPHI r�r D ]8D��8EHG:Z[M[D�PQD�W fmPQD�KJPRXeS1DTW5NQD E�D�^`_:D Zkg V5W K{V5_:PQPQILMON$cLV5M\Py]JIaWJSu_:W:D D�b8K?X�PQM\DTWJE�DPRXTD�Z[Z\D���p
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��� � �:p°¯ � ViWJSANHIaW`NQILW:XTS,IL_8byNQD r KJS t = 0.0
f
0.1
f
0.2
f
0.3
f
0.4
f
0.5
]8D |∇u| p
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� ��� � ����������������� �!�"�!#$�&%('*)��,+
� .102.10 354/687:9,;=<�>?6:@A9B4
qBg V5K8NRM r M[SQIjNQM\V5WtDeSANF_:W*S1_ �AD�N,NRPQ}TSFILWJE�M[D�W�^5_JM E�VLWJWJI)�zN,_:WtWJVL_:c5D�Z DTSQS1V5P!]:D�K:_:MzSFZkg ILK:KJIjhPRM\NRM[VLW¸]8DTSlVLPH]8M[WJIjNQD�_:PHS�D�N�]8VLW`N�Z\DeS r X�NRG:V8]8DeS�S�g IaKJK:Z\Mz^`_:D�W`N�]:IaW{Sl]:D�NQPR}eS�WJV r wJPRDT_8b�]8Vahr ILM\WJDTS ��XTE�V5W:V r M[DLf`�LDeSANQM\V5W f�K:Z[ILW:M\´{E�IaNRM[VLW f`Z\V5�LMzSANQM[^`_:D5f8Ia_8NQV r IjNQM[^`_:D5f5PQVLw?VaNQM[^`_:D5f�E�VLWJE�D�K8hNRM[VLW¡V5K8NRM r IaZ[DLf2SQE�M[D�WJE�DTS�]8D*Z®g M\WJ�LX�WJM\DT_:PTf�NRPHIaM\NRD r D�W`N�]:_ SRM\�5WJIaZkfUD�NQELp2qmg VLK8NQM r MzSRIaNRM[VLW¡DeSANIa_JSQS1M/_:W¶SR_
�AD�NvNQPR}eS�cjILS1NRD�^5_JM/NQVL_JEHGJDuIa_JSQSRM/w:M[D�W¶Ia_¡ETIaZzE�_:ZF]8DTSvcjIaPQM[IaNRM[VLWJSTf�^`_ g Y ZzI PQD�hEHG:D�PHEHG:D�V5K{XTPQIaNRM[VLW:WJD�Z[Z\D ��]8V r ILM\WJD�]8D~Zkg V5K8NRM r M[SQIjNQM\V5W·]8DTS�K:PQV8E�DeSRSR_JS�]8D��5DTS1NRM[VLW£V5_�]8D]8XTE�M[SRM\V5W{��fJD�W KJI5SRSQIaW`N,KJIaP,Z[D�E�VLW`NRP �LZ[D�V5K8NRM r IaZkp30=VL_JS,WJD�noD�PQVLWJS&SRVL_JcLD�W`N&^`_ g D	�$D�_:PQD�P&E�DTSS1_
�AD�NQS$ETIaP�M\Z!n�Ia_{]8PQILMON�_:W K{V5ZS+8E�VLK:M[X�E�V r K:Z[D�N�K{V5_:P$EHGJILE�_:W¶] g DT_8b¡S1MFW:V5_JS�cLV5_:Z\M[VLW{S�Z[DTSNRPHIaM\NRD�P&YvnoV5WJ]|pxvg _:W:D�E�D�PRNQILM\W:D r ILW:M\}TPRD5fBZkg V5K8NRM r M[SQIjNQM\V5W¬K{DT_8N � NRPQD c�_:D�E�V r�r D�_:W:D�]8MzSQE�M[K:Z\M[W:D M[W8h]8X�K?D�WJ]JIaW`NRD�]8DuZkg ILWJIaZ +8S1D$W�_ r XTPRMz^`_:Dt]8DeS�Xe^5_{IjNRM[VLW{S�Ia_:bs]:X�PQM\c5X�DTS�KJIaPRNRM[D�Z[Z\DeS�^`_:D�I�cLVLW{SX�NR_{]8M\X�]:ILWJSmZ[DTS!EHGJIaKJMONQPRDeSBK:PQXTE�XT]8DTW`NQSTp�C/D�K?D�W{]:IaW`NTf`Z[DTS!M\W`NQD�PHILE�NQM\V5WJS2DTW5NQPRDlE�DeS/]8DT_8by]8MzSRE�MOhK:Z\M[W:DeSBSRVLW`NmD�b�NRP ��r D r DTW`NmW:V r w:PRDT_JSRDTS�D�NBnoXTE�V5WJ]8DeSmD�NmM[ZJDeSAN/w{DeIa_JE�VL_:K�K:Z[_JSmW{IjNR_JPRDTZJ]8D&Z[DTSPRDTZ\M[D�PF]:IaW{SB_:W r���r D�E�VL_JPQSTp :mW�D R D�Nef:IaK:PQ}TSBZ®g X�NHIaK?Dl]:Dl���d¢ 6 � « �T� ªT« �?§ ]|g _:WtK:G:X�WJV r }�W:DK:G-+�SRMz^5_JD,VL_y]|g _:WuS8+8SANQ} r D,M\W{]8_JS1NRPQM\DTZ��oXTcLDTW5NQ_:D�Z[Z[D r D�W`N/Y�Zkg IaMz]8D&]|g XT^`_JIjNQM\V5WJSBIL_8b�]:X�PQM\c5X�DTSKJIaPRNRM[D�Z[Z\DeSQ��f?ILK:PQ}TS&Zkg X�NQILK{D�]8Dv� « �¸�U��� ªe« �?§ §|��� 6 � « ? �U��S1_:P�E�D r V�]:}�Z[DLf?Z[It]8X r IaPHEHG:D�]:_r IaNRG:X r IjNRMzE�M[D�W~IaKJK:Z\Mz^`_:X*��^`_ g M\ZmSRVLM\NlM[W:�5X�W:M[D�_:P�V5_¸EHG:DTPQEHGJD�_:P��,W:D$STg ILPRP � NQD�KJI5SlZ[Y��|M\Z2Z[_:Mn�Ia_8N�SRVL_:c5D�W`N���D « �tSR_:P�Z[D$K:G:XTW:V r }�WJD$VL_~S1_:P�Z\DyS8+8SANQ} r D$Ij´JWs]|g D�WsI r XTZ\M[VLPQD�P�E�DTP1NHIaM[W:DTSK{DTP1noV5P r IaW{E�DTSTpJC/D�NRNRDlNRPQVLMzS1M[} r DlX�NHIaK?DlDeSAN&E�D�Z[Z\D�]8D��,>[�J� ªT« � « �e� ªe« �?§Bf`Eag DTS1N1hiYjhi]8M\PQD�E�D�Z[Z\D�]8DZ[I r M\WJM r MzSRIaNRM[VLW~�oVL_ ]8D�ZzI r Iab8M r MzSRIaNRM[VLW{�!]|g _:W:D�noV5WJE�NQM\V5W�^`_:Md]:X�K?D�WJ]*]8D�ZzI�S1V5Z\_8NQM\V5W�]:_r V8]8}TZ\D5p
P2ILP=ZzIyS1_JMONQD�W:VL_{S r X�ZzIaW:�5D�PQVLWJS,]:VLWJE�Z[DTS=D�b8D r K:Z[DTS�]8D�K:PQVLwJZ\} r DeS&]|g VLK8NQM r MzSRIaNRM[VLW VQU

¯L�:�
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Z[DTS r V8]8}�Z[DTS�S1V5W5N�]8D�W{IjNR_JPRD�NQPR}eS=]8MSR X�PQD�W`NRD5p?xlIaWJS�Z[DvE�I5S&Z[D�K:Z[_JSlS1M r K:Z[DLf?Z\D r V8]8}TZ\D�S1DTPQI_JW:DvSRM r K:Z[D�Xe^5_{IjNRM[VLW ILZ\�5X�w:PQMz^5_JD�D�N=M[ZUSTg Ia�LM[PHI�SRM r KJZ\D r DTW`Nl]|g VLK8NQM r MzS1DTP=_:WJD�noVLW{E�NRM[VLW ]:X�h´{W:M\D�S1_JPv_:W¡DTSRKJILE�Du]8Dt]:M r D�W{S1M[VLWs´{W:M\D¸��]8MzSRVLWJS
Rn ��p k�+`KJM[^`_:D r DTW`NTf�Eag DTS1N�Z[I�S1M\NR_{IjNRM[VLWZzItK:Z\_{SlnoPRXe^5_JD�W`NRD�D�W�PRDeEHG:D�PHEHG:D�V5K{XTPQIaNRM[VLW:WJD�Z[Z\D5p � W:D$]8D�_8b8M[} r D$E�IaNRX��5VLPQM\Dv]8D�K:PRV5w:Z[} r DTSE�VLPQPRDeS1K?VLW{]¸IL_�E�I5S�V UsZzI*noV5WJE�NQM\V5W�Y VLK8NQM r MzS1DTPv]8XTK{DTWJ]�]8DtZ[I�S1V5Z\_8NQM\V5W�]|g _:W:DuXe^`_JIjNQM\V5W]:M R X�PQD�W`NRM[D�Z[Z[D�V5PQ]8M[WJILM\PQD¶�®Ia_8NQPRD r DTW`N*]8M\NTf,E�D�N1NQD¸noVLWJE�NRM[VLW·DeSAN ]8X�´JW:M[D¸SR_:P*_:W DTSRKJILE�D�]8D]:M r D�W{S1M[VLW$M[W8´JW:M[DLf�]8MzS1V5WJS C[0, T ]

��p��W$KJILPRZ[D=ILZ\V5PQSm]:D�E�V r�r ILWJ]8D&V5K8NRM r IaZ[DLf5D�N/Z[DTS/IaK:KJZ\M\hETIjNQM\V5WJS�S1V5W5N�NQPR}eS�W:V r w:PRDT_JSRDTSlD�W~Ia_8NQV r IjNQM[^`_:D�D�N�PQVLw?VaNQM[^`_:D5p qdItNRPQVLMzSRM\} r D�D�N�]:D�PQW:M\}TPRDETIjNQX��LV5PRM[D�E�V5PRPQDTSRK?VLWJ]*Y$Zkg V5K8NRM r M[SQIjNQM\V5W�]8D�noVLWJE�NRM[VLWJS�]8D�ZzIuSRVLZ[_8NRM[VLW ] g _:WJD�XT^`_JIaNRM[VLW IL_8b]:X�PQM\c5X�DTS�K{IaPRNRM[D�Z[Z\DeS�p ViZ?S�g Ia�5MONBILZ\V5PQS2]:D&Z[I�NRG:XTVLPQM\D&]8_yE�VLW`NRP �LZ[DFVLK8NQM r ILZ{]8DeSmST+8S1NR} r DeSm]8MzSANQPRM\hwJ_:XTS&^`_:MUI$]8D�W:V r w:PQD�_{S1DeS,IaK:K:Z[MzE�IjNQM\V5WJSTf8KJIaP&D�b8D r K:Z[D�D�W E�V5WJE�DTK8NRM[VLW*V5K8NRM r IaZ[D�VL_*K{V5_:PZzI�S1NQIawJM\Z[M[SQIjNQM\V5W$]8D=S1NRPQ_JE�NQ_:PRDeS r XTETIaW:Mz^`_:DTSTpLqdI�KJPRV8EHGJILM\W:D&SRVL_{SAhiS1DeE�NQM\V5W�n�ILMONB_JW$KJIaW:V5PQI r I]:D�^`_:DTZ[^`_:DeS!D�b8D r K:Z[DTS/N,+�K:Mz^5_JDTSF]8D�E�DeS/KJPRV5w:Z\} r DTS!]|g V5K8NRM r M[SQIjNQM\V5W p��,D r ILPQ^`_:V5WJS!^5_JDlE�DTSETIjNQX��LV5PRM[DTSvW:D SRVLW`N$KJILS�G:DTP r X�NRMz^5_JD r D�W`NyE�Z[VLMzS1V5W:W:XTDTS�K:_:MzSR^`_ g IaKJPR}eS�]:M[SQE�PQX�NQM[SQIjNQM\V5W¶SRKJIjhNQM[ILZ\D�D�N��jVL_*NQD r K{V5PRDTZ\Z[D�_:WJD�XT^`_JIaNRM[VLW ]8MSR?XTPRDTW`NRM[D�Z[Z\DvVLPH]8M\W{IaM[PRD�V5_ Ia_8b ]8X�PQM[cLX�DeS,KJILP1NQM\DTZ\Z[DTSSRD�PQI r }�W:D�Y�_:W ST+8S1NR} r D�]|g XT^`_JIaNRM[VLWJS,ILZ\�5X�w:PQMz^5_JDTSTp�WtK{DT_8NFIL_JSQS1M S1XTKJIaPQD�PBZ®g VLK8NQM r MzSRIaNRM[VLWyDTWt]8DT_8by�LPHIaW{]8DTS2wJPQILWJEHG:DTS!Ia_:b r X�NRG:V8]8DeSmnoV5P1N]:M R X�PQD�W`NRDeS�SRD�Z[VLW¡^`_:DtZ\DeS�cjIaPQMzIaw:Z[DTSvS1V5W5N�E�VLW`NQM\W�_:DeS�VL_¶]8M[SQE�PQ}�NQDTSTp k�+�K:M[^`_:D r D�W`NTfUS1M!Z®g VLWr M[W:M r MzSRD _:W:D*noV5WJE�NQM\V5W f(x)
I�c5DTE

x ∈ Rn fmM[Z�STg Ia�LM\Ny¢�>[�J� ªT« � « �e� ªe« �?§ ��§ �:�8� « �8�������¨5�{§ ªe« §|�U���Lf�NHIaWJ]8MzS,^`_:D�S1M
x ∈ Zn VLWtI�I R ILM\PQD�Y�]8D��,>[�J� ªT« � « �e� ªe« �?§s¨L�?��� « §U� ª � « �j��VL_DTW$cjIaPQM[ILw:Z\DeS2]8MzSRE�PR}�NRDTSTp � ILZ\�5PRXFZ[DTSmILK:KJILPRDTWJE�DeS�fjZkg V5K8NRM r M[SQIjNQM\V5W�D�W$cjIaPQM[ILw:Z[DTS2E�V5W`NRM[W`_JDTS2DeSANSRVL_JcLD�W`N�K:Z[_JS&²in�I5E�M[Z\D�³�^`_:D�Zkg V5K8NRM r M[SQIjNQM\V5W�DTW�cjIaPQMzIaw:Z[DTS�]8MzSRE�PR}�NRDeSlETIaP�VLW¸K?D�_8N�_8NQM\Z[MzS1DTP�Z[IWJVaNRM[VLW ]:D�]8X�PQM[cLX�D�^`_:M�DTS1N&noVLPRN=_8NQM\Z[D�NHIaW`N�]8_ K?VLM[W`N�]8D�c�_:D�NRG:XTVLPQM[^`_:D�^`_ g IaZ[�LV5PRM\NRG r Mz^`_:DLpqBg V5K8NRM r M[SQIjNQM\V5W�E�V r w:M\W{IjNRV5M\PQD�DTS1N&WJIjNQ_:PQD�Z[Z\D�D�N�DTSQS1DTW5NQM\DTZ\Z[D�]:IaW{S&]8D�W:V r w:PQD�_8btK:PRV5w:Z[} r DTS]:DyZ[I*PQDTEHGJD�PHEHG:D�VLK?X�PHIjNRM[VLWJW:D�Z[Z\D5pUC�g DTS1N�_:W�]8V r ILM\WJD$V U fUY E�VaNQXu]8DyPQXTSR_:Z\NQIaNQS�NQG:X�V5PRMz^`_:DTSPQM[�LVL_JPRDT_8b|f �JDT_:PRMzSQS1DTW5N2]8D!W:V r w:PQD�_JSRDTS ²AGJD�_:PQM[S1NRMz^`_:DTSA³BDTSQSRD�W`NRM[D�Z[Z\DeSdK?VL_JPUV5w8NRDTW:M[P�]:D/w?VLW:WJDTSK?D�PRnoVLP r IaWJE�DTSFIaZ[�LV5PRM\NRG r Mz^`_:DTSTp

P�VL_JP�´JWJM\P�E�D�NRNRDtw:PR}TcLDyM[W`NRPQV8]8_JE�NQM\V5WsW:VL_{S�M[WJ]8Mz^5_JVLWJSvZ\DuK:Z[ILW¡]8DtZ[I SR_:M\NRD�]8_¡E�V5_:PHS�pC/D EHG{IaK:M\NRPQD cjI~K:PRM[WJE�M\KJILZ\D r D�W`NyK{V5P1NQD�PuSR_:PyZzIs^`_:DTS1NRM[VLW ]8D�Z®g D�b8MzSANQD�WJE�D D�Nt]8D Zkg _:W:MzE�M\NRXDTW¶V5K8NRM r M[SQIjNQM\V5W E�VLW`NRM[W�_:DLf2^`_:D E�D SRVLM\N$D�W¬]8M r DTWJS1M[VLW¶´JW:M[D VL_¶M\W:´JW:M[DLp�:mW¬KJILP1NQM[E�_:Z[M\DTPTfWJVL_JSvcLDTPRPQVLWJS�Z[D�P��5Z\DuE�PR_{E�MzIaZ/]:DuZzI�¨L�?§ �{�`� «�ª 6 K?VL_:PvVLw8NQD�W:M[P�]:DTSvPRXeS1_:Z\NQIaNQSv]|g D�b8M[S1NRDTWJE�DDTW¶]8M r D�WJSRM[VLW¡M[W8´JWJM\D5p�qdD C/G{IaK:M\NRPQD��e¹�]8XTcLD�Z[VLKJK{DTPQI Z[DTS�E�VLWJ]8M\NRM[VLW{Sv]|g VLK:NRM r ILZ\M\NRX�D�N�Z[DTSILZ\�5VLPQMONQG r DTS!W�_ r X�PQM[^`_:DeS&^`_:M DTW*]:XTE�V5_:Z[D�W`NTpJqdDvC/GJIaKJMONQPRD$�5��E�VLWJS1NRM\NR_JD�_:W:D�M[W5NQPRV8]8_{E�NRM[VLWIL_8b r X�NQG:V8]8DTS�]8D$Z[I*PQDTEHGJD�PHEHG:DvV5K{XTPQIaNRM[VLW:WJD�Z[Z\D5f|M\WJE�Z\_{IaW`N�Z[I�K:PQVL�5PQI r�r IaNRM[VLW�Z\M[W:XTILM\PQD�D�N]:DTS r X�NRGJV�]:DTS�E�V r w:M[WJIjNQVLM[PRDeS�pWP�VL_:P�K:Z[_JS�]8D�]8X�NHIaM[Z[S�SR_:PlZ®g VLK:NRM r MzSQIjNRM[VLW�W:VL_{S�PQD�W�c5V +LVLW{SZ[D�Z[DTE�NQD�_:P&IL_8buV5_:c�PQIL�LDTSd'/.)(¦f/' º>(kfQ'[�e¯)(kfQ'[�
=>(kf/'°¯a¹>(kf/'°¯L¯�(¦fQ' 9 9)(¦p
� .102.@A � ��G(L HJF,G�E

P2ILSQSRVLWJS=D�W PQD�c�_:D�^`_:DTZ[^`_:DeS&K:PQVLwJZ\} r DeS,N,+�K:Mz^`_:DTS�]|g V5K8NRM r M[SQIjNQM\V5W f ]|g M r K{V5P1NHIaWJE�D�K:PHIjhNQM[^`_:D�V5_yNRGJX�VLPQMz^5_JD�M[W:X��`IaZ[DLf r IaMzSF^5_JM|K{DTP r D�NRNRDTW5N&]8Dln�ILM\PQD�Z[D�NRVL_JPF]:DTS,]8MSR?XTPRDTW`NRDTS2²1w:PHIaW8hEHGJDTSA³�]8D�Zkg V5K8NRM r M[SQIjNQM\V5W pC/V r�r DTW ��V5WJS=K{IaP�^`_:D�Zz^`_:DTS�D�b8D r K:Z[DTSlDTW��j��¨ 4 �`�j¨ 4 ���{� 6 �j� ªT« �{§U§����®���?f{ELg DeSANRh¦Yah¦]8M[PQDDTW*VLK8NQM r MzSRIaNRM[VLW*]8D�Z[I��5DTS1NRM[VLWuV5_ ]8D�Z[I�K:PQVL�5PQI r�r IaNRM[VLWt]:DTSFPQDTSQS1V5_:PQE�DTSTp
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� � ���s�����L
	4��	4� �A���j�{�U�®�����*¢�� ª �j�:§��T�B�{� ª � ViZlSTg Ia�LM\Nt]|g _:W£D�b8D r K:Z[D�]8D�K:PRV5�LPHI r�r DZ\M[W:XTILM\PQD*�oVL_�K:PQVL�LPHI r�r IjNQM\V5W Z\M[W:XeIaM[PRD���p|q D�w:_8N�DeSAN�]|g VLK8NQM r MzS1DTP�Z[ItZ\M[c�PQILM[SRVLW�]|g _JW:D r ILP1hEHGJIaWJ]:M[SRD �o_:W~K:PQVLw:Z[} r D�E�ZzILSQS1Mz^`_:D�D�W¸Z\V5�LMzSANQM[^`_:D���p��W~]8MzS1K?V5SRD$]8D M DTW5NQPRDTK �LNQSTf|M\W{]8M[E�XTSKJIaP

1 ≤ i ≤M f5]8MzS1K?V5SQIaW`N/EHG{ILE�_JWu]|g _:WyW:M[cLDeIa_y]8DlSANQV�E �8S si
p-ViZ{n�Ia_8N!Z\M[c�PRDTP

N
E�Z[M[D�W`NQSTf5M[W8h]8M[E�XTSBKJIaP

1 ≤ j ≤ N f5^`_:MJV5W`NBE�V r�r IaW{]8X=EHGJI5E�_:W�_:W:D�^5_{IaW`NRM\NRX rj p`q D=E�V �8N/]:D,NRPHIaWJSRK?VLPRN_:W:M\NQIaM[PQD$D�W`NRPQD$Z®g D�W`NQPRDTK �LN
i
D�N�Z[DyE�Z[M[D�W`N

j
DeSAN�]:VLW:W:X$K{IaP

cij
pdqdDTS�cjIaPQMzIaw:Z[DTS�]8Dy]:XTE�MzSRM\V5WS1V5W5NFZ[DTS,^`_JIaW`NQMONQXTS

vij
]8D r IaPHEHGJIaWJ]:M[SRD=KJILP1NHIaW`N,]8D�Z®g D�W`NRPQD�K �aN i c5D�PHSBZ[D�E�Z[M\DTW5N j p{�Wuc5D�_8Nr M[W:M r M[SRD�P$Z[D E�V	�8Ny]8_ NRPHIaWJSRK{V5P1N�NQVL_8N$D�W SQIjNQM[S1n�IaMzSRILW`N�Z[DTSyE�V r�r IaWJ]:DTS�]8DTSuE�Z[M\DTW5NHS �oV5WS1_:KJK{V`S1D�^`_:D ∑M

i=1 si ≥
∑N

j=1 rj
��p 2=_8NRPQD r D�W`N=]8M\NTfJVLW�cLD�_:N&PRXeS1V5_J]8PQD

inf
(vij )





M
∑

i=1

N
∑

j=1

cijvij





S1V5_JSFZ\DeS,E�V5W5NQPQILM\W`NQDTSF]8D�Z[M r M\NRDTS=]8DTS,S1NRV8E �8SFD�N&]8D�SQIjNQM[S1n�ILE�NRM[VLW*]8DTS,E�Z\M[D�W`NQS
vij ≥ 0,

N
∑

j=1

vij ≤ si,

M
∑

i=1

vij = rj
K?VL_JP

1 ≤ i ≤M, 1 ≤ j ≤ N.

C/DlKJPRV5w:Z\} r DlDeSAN&_JW*ETILSFKJILP1NQM[E�_:Z[M\DTPF]:D�K:PRV5w:Z[} r D�]8D�NRPHIaWJSRK?VLPRNTp •
� � ���s�����L
	4��	 F �A���j�{�U�®�����*¢�>[� � ��¨ ª � ªT« �{§ ��ViZ�STg IL�LM\N�]|g _:W D�b8D r KJZ\D¡] g V5K8NRM r M[SQIjNQM\V5WE�V r w:M[WJIjNQVLM[PRD&V5_uDTWucjIaPQM[ILw:Z[DTSmDTW`NRM[}�PQDTSTpQV r Ia�5M\WJD%S=c5VL_JS!Y�ZzI�N � NQDl] g _:WJDlIL�LD�W{E�D r IaNRPQM r VahW:M[ILZ\D5p\p[p8��VLM\N

N
noD r�r DeS�f`M\W{]8M[E�X�DeSBKJILP 1 ≤ i ≤ N f`D�N N G:V r�r DTSTf5M[WJ]8MzE�XeSmKJILP 1 ≤ j ≤ N p��M�Z[I=noD r�r D i D�NUZkg G:V r�r D j SRVLW`N2]|g ILE�E�VLPH]�K{V5_:P2S1D r IaPQM\DTPdZ[D�_:P�cjIaPQMzIaw:Z[D/]|g ILETE�V5PQ] aij

cjIa_8N���T]:ILWJS Z[DBETILSdE�VLW`NRPHIaM[PQDUDTZ\Z[DBcjIL_8N�¹:p��,DTS1NRV5WJSdE�Z[I5SRSRMz^5_JDTS ��S1DT_:ZzS Z[DTS r ILPRMzIa�5DTS G:X�NRX�PQV5SRD�b8_:DTZ[SS1V5W5N�Ia_8NQVLPQM[SRXTS�D�N�ZzI=K?VLZ +��5I r M[DBW g DTS1N�KJILSUIL] r MzS1D5p\p[p8�k�WvcLD�PQPHI&]:IaW{SdZzIl�8VL_JS1h¦SRDTE�NRM[VLWy�5�Lp 9:p �^5_JD�E�D�NRNRD�G-+�K{VLNRG:}eS1D�]8D r V5W:VL�`I r M\D�W g DTS1N&KJI5SFW:XTE�DTSQSRILM\PQD��°�/qdD�w:_8N=]8_ �ADT_ DTS1N=]8D r Ijb8MOhr MzSRD�P=Z[D�W:V r w:PQD�]8D r ILPRMzIa�5DTSFD�W`NQPRDeS=E�DeS N noD r�r DTS�D�N N G:V r�r DTSTp32=_8NRPQD r D�W`N�]:MONef{V5WEHG:D�PHEHG:Dy_:WJDtK?D�P r _8NHIjNQM\V5W σ ]:IaW{S�Zkg DTWJSRD r wJZ\D�]8DTSvK{DTP r _8NQIaNRM[VLWJS SN
]8D {1, ..., N} ^`_:MPRXeIaZ[M[SRD�Z[D r Ijb8M r _ r ]:D

max
σ∈SN

N
∑

i=1

aiσ(i).

� W:D&cjILPRMzIaW`NRD,E�VLWJSRM[S1NRD&Y�IL_8NRV5PRMzSRD�Pm]8DeS2cjIaZ[D�_:PHSm]8D
aij
DTW`NRPQD&¹�D�N=�5p`C/D,N,+�K{D&]:D&K:PQVLw:Z[} r DTSDTS1NuIaK:K?D�Z[X K:PQVLw:Z[} r D ]|g I R DTE�NQIaNRM[VLW �oM[Z=M[W`NRD�PQc�M\DTW`Nu]:IaWJSu]8DTSyE�VLW`NRD�b�NRDTSyM\WJ]:_JSANQPRM[D�ZzS$K:Z[_JSS1XTPRM[D�_8b�E�V r�r DBZkg I R?DeE�NQIaNRM[VLW�]8DTS�XT^`_:M[KJIa�5DTS�D�N2]8DTSUI�c�M\V5WJSU]:IaWJS�_:W:DFE�V r KJIa�5W:M\D!IaXTPRM[D�W:WJDe��p

� M[D�W�^`_:D�E�DlW:DlSRVLM\NFKJILS/noVLPHE�X r D�W`N!ZzI r DTM\Z[Z[D�_:PQD r ILW:M\}TPRD�]8DlK{V`S1DTPFZ\DlK:PQVLw:Z[} r DLf�V5WuK?D�_8NZ®g XTE�PRM[PRD!S1V5_JS�_:W:D/noVLP r D!cLV5M[SRM[W:D/]8D!Zkg :2b8D r KJZ\DFº:p[�Lp[�Lp�q DeS�cjILPRMzIaw:Z[DTS�]8D,]8XTE�M[SRM[VLW�SRVLW`N�WJVaNRXTDTS
vij
^`_:M!cjIa_8N��uSTg M[Z�+sI r ILPRMzIa�5D$D�W`NRPQDuZzI*noD r�r D i D�NvZkg G:V r�r D j D�N�¹�S1M[W:V5W p��W�c5D�_8Nr Iab8M r MzS1DTP

sup
(vij )





N
∑

i=1

N
∑

j=1

aijvij
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SRVL_{SFZ\DeS,E�VLW`NQPQILM\W`NRDeS
vij = 0

V5_
1,

N
∑

j=1

vij ≤ 1,

M
∑

i=1

vij ≤ 1
K?VL_JP

1 ≤ i, j ≤ N.

�W�K?VL_JPRPHIaM\N�E�PQVLM[PQD�^`_:D!E�DmKJPRV5w:Z\} r DB]|g I R DTE�NHIjNQM\V5W�DTS1NUSRM r K:Z[DmK:_:MzSQ^5_dg M[ZQ+�I,_:W�W:V r w:PRDm´JW:M]:D&K{V`SRSRM[w:M\Z[M\NRXTS/^`_ g M[Z`²RSR_8±�NA³&]|g XTW�_ r X�PQD�PmK?VL_:PBNRPQVL_:c5D�P2Zkg V5K8NRM r _ r p ViZ{STg Ia�LM\Nmw:M[D�WyS �:PB]|g _:WZ[D�_JPRPQD�E�ILP=ZzIyE�ILPQI5E�NRXTPRMzS1NRMz^5_JD�]:DTS&KJPRV5w:Z\} r DTS=E�V r w:M\W{IjNRV5M\PQDTSFDeSANlZ\DT_:P&NQPR}eS&�5PQILWJ]�W:V r w:PRD]:D E�V r w:M[WJIaMzS1V5WJS�K{V`SRSRM[w:Z\DeSy^`_:M&D r K � EHGJD*NRVL_:NRD X�W�_ r XTPQIaNRM[VLW¡D�b8GJIa_JS1NRM[cLD*DTW KJPQIaNRMz^5_JDLp
0=XTILW r VLM[WJSlK{V5_:P�E�D�K:PQVLw:Z[} r D�M\ZBD�b8M[S1NRD�]8DeSlNRDTEHGJW:M[^`_:DeS�]8D�PRXeS1V5Z\_:NRM[VLW�D�±yE�ILE�DTS��oc5VLM[P�Z[I�8VL_JS1h¦SRDTE�NRM[VLW��L�Lp 9:p �a��p •
� � ���s�����L
	4��	U� �A���j�{�U�®�`�¡��¢U� �e�:¨j©

�
©Q¢U�{� � � WyK:PQVLwJZ\} r D�E�ZzILSQS1Mz^`_:D&DTS1N/E�D�Z[_:M?]:_uSRI5E�hYah¦]:V5STp���V5MON

n
VLw �AD�NQS¸]8D K{V5M[]JS�PQDTSRK?DTE�NQMOn�S

p1, . . . , pn ∈ R
f�D�N~]|g _8NQM\Z[MONQXTS~PQDTSRK{DeE�NQM\c5DTS

u1, . . . , un ∈ R
f|D�N

P ∈ R
_:W¸K?VLMz]:S r Ijb8M r ILZm^5_JD�Zkg VLW¸DTS1N�]:M[SRK{V`S1X$Y�K?VLPRNRD�Pepd�W�K?V5SRD

xi = 1
S1M V5W r D�NFZ\D i hk} r D=VLw �AD�N,]:IaWJS/Z[DlSQILE�h¦Yah¦]8V`S�fLD�N xi = 0

SRM[W:VLW p:�Wuc5D�_8N r Ijb8M r MzSRD�PZkg _8NRM[Z\M\NRX�]:_*SQILE�Y�]8V`S,S1V5_JS,E�V5W5NQPQILM\W`NQDl]8D�K?VLMz]:S:�

max
x ∈ {0, 1}n

∑

1≤i≤n
xipi ≤ P

∑

1≤i≤n

xiui .

:BWJE�V5PRD2_:WJD2noVLMzS|ZzI,]8MO±yE�_:ZONQXmc�M\DTW`N�]8DmE�D/^5_JD2Z\DeS cjIaPQM[ILw:Z[DTS|]|g VLK8NQM r MzSRIaNRM[VLW xi
S1V5W`Nd]8M[SQE�PQ}�NQDTS��cLV5M\PFZkg :2b8DTPQE�M[E�D$�L�Lp =Jp/.�K?VL_JP&_:W:D r X�NQG:V8]8D�]8D�PQXTSRVLZ[_8NRM[VLW{��p •


����� º:p[��� k�VL_:PQW:XTDlK?VL_JP,_:W*cLV +5IL�LDT_:P/]8D�E�V r�r D�PHE�D�]:IaW{SFZ®g :2b8D r K:Z[D�º:p[�Lp =Jp
� � ���s�����L
	4��	�r�� ª �?�d�j§ 6 ��¢��¬�?� �{��D?���d�*¢�� ¨5�{�¡���`��¨5� � � W D�b8D r K:Z[D E�X�Z[}�w:PQD D�WV5K8NRM r M[SQIjNQM\V5WvE�V r wJM\WJIaNRV5M\PQD/DeSAN2Z[DFK:PRV5w:Z[} r D!]:_vc5V +5Ia�5D�_:PU]8D,E�V r�r DTPQE�DLp � W�PQD�K:PQXTSRD�W`NQILW`N��VL_ � �P/�&]:VLM\N=c�M[SRMONQD�P

n
c�M[Z\Z[DTS�S1_{E�E�DeSRSRM[cLD r DTW5N,D�N�PQD�cLDTW:M[P&YyS1V5W*K{V5M\W`Nl]:D�]8X�K{IaPRN&D�W _:WNQD r KJS r M[W:M r _ r p{�WtWJVaNRD tij Z[D�NQD r KJSFK?VL_:PFPQD �AV5M\WJ]:PRDlZ[Ivc�M\Z[Z[D i ]:DlZzIvc`M[Z[Z\D j �oXTcLDTW5NQ_:D�Z\hZ[D r DTW5N,]8MSR?XTPRDTW`N!]8D tji
��pJ�W$NRPHILE�D�IaZ[VLPHSmZ[D=�5PQILK:G:D&V5PRM[D�W`NQX�]8DeS

n
c�M[Z\Z[DTS/PQD�Z[M\XTDTSmDTW`NRPQD=D�Z[Z[DTS
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��� ��	���"&�������1�*� ¯a� .
KJIaP=]:DTSlIaPHE�S,K?VLWJ]:X�PQXTS,KJILP=Z[DTS

(tij)
�oc5VLM[P=ZzI �UM\�5_:PQD�º:p[�e��p3ViZdn�IL_8N�ILZ\V5PQSFNQPRV5_:cLDTP&_:W E
+�E�Z\D]:IaWJS�E�D��5PQILK:G:D�^`_:MdK{ILSQS1D�_:WJD�D�Nl_:W:D�SRD�_:Z[D�noV5M[S,K{IaP&NQVL_8NQDTS=Z\DeS,c�M\Z[Z\DeS�p3ViZdDeSAN=K?V5SQSRM\w:Z[D�]8Dr D�N1NQPRD�E�D�K:PQVLw:Z[} r D�SRVL_JS&_:W:D�noV5P r D�]8D�N,+�K?D�K:PQVL�5PQI r�r DlZ\M[W:XeIaM[PRD�DTW c�ILPRMzIawJZ\DeS,D�W`NRM[}�PQDTS�ocLV5M\PFZzIy��VL_{SAhiS1DeE�NQM\V5W��L�5p �Jp\�lK?VL_:P,_:WJD r X�NRG:V8]8D�]:DlPQXTSRVLZ[_8NQM\V5W{��p •

� � ���s�����L
	4��	�� �1¨ 4 ��� « § ¢U� ¨5��� ª � « § « �¸�����u��V5MON&_JWt�5PQILK:G:DlVLPQM\DTW5NQX G = (N ,A)
fV U N DTS1NdZkg DTWJSRD r wJZ\DB]:DTS W���_J]:S D�N A ⊂ N×N DTS1Nd_:W�DTWJSRD r wJZ\DB] g ILPQETS PQD�Z[M[ILW5NdE�DTSdW���_J]:STp�W�ILSQS1V8E�M\D!Y=EHGJI5^5_JD/IaPHE

(k,m) ∈ A _:WvE�V �8N w(k,m)
p5�W�´:b8D!_:W�W���_{]�]|g VLPQM\�5M\WJD

i
D�N�_:WW���_J] ]8D�]8DTS1NRM[WJIjNQM\V5W

j
p{q D�K:PRV5w:Z[} r D�]8_ EHG:D r M\W�]:D�E�V	�8N r M\WJM r _ r E�VLW{S1MzSANQD�Y�NQPRV5_:cLDTP_:WsEHG:D r M[W¸]8_~�5PQILK:G:D�IaZ[Z[ILW5N�]8D i Y j DTW�_JW¸WJV r wJPRD$^`_:D�ZzE�V5WJ^`_:D�]|g X�NQILK{DeS�^5_JMBS1V5MON�]8DE�V �:N2NRVaNHIaZ r M[W:M r _ r p 2=_8NRPQD r D�W`NB]8M\NTf5VLW$EHG:DTPQEHG:DF_:WJD&S1_:M\NRD&]:D,W���_J]:S i = `0, . . . , `T = jNRD�Z[Z[D�^`_:D

(`r, `r+1) ∈ A
K{V5_:PlNRV5_8N

r = 0, 1, ..., T − 1
D�N
w(`0, `1) + · · · + w(`T−1, `T )DTS1N r M[W:M r IaZkpqdVLPHSR^`_:D�Z[DTS=W���_J]:S�S1V5W`N�]8DTS=c�M\Z[Z\DeS�f?^`_:D A DTS1N�Zkg DTWJSRD r wJZ\D�]:DTS&PQVL_:NRDTS=]8M\PQDTE�NRDeS=]|g _:W:Dc`M[Z[Z\D¸Y�Zkg IL_8NRPQDLf/D�N ^5_JD

w(k,m)
DeSAN�Z[I¶]8M[S1NQILWJE�D�PRV5_8NRM[}�PQD D�W`NQPRD�Z\DeSuc�M[Z\Z[DTS

k
D�N
m
f!VLWPRD�NRPQVL_:c5D!Z[D&K:PQVLwJZ\} r D&E�Z[I5SRSRMz^5_JDF]:_$K:Z\_{SBE�V5_:PRNBEHG:D r M[W p � ILZ\�5PRX,SRVLW$ILSRK?DTE�NBE�V r w:M\W{IjNRV5M\PQDLfE�D�K:PQVLw:Z[} r D�DTS1N,n�ILE�M\Z[D�YvPQXTSRVL_{]8PRDJ+tE�V r K:PQM[SFK?VL_JP&]8DTSFM[WJS1NQIaW{E�DTS,]:D��LPHIaWJ]8D�NQILM\Z[Z[DLp •

� V5M[E�M _:W D�b�D r K:Z\D�ILZ\�5X�w:PQM[^`_:DlNQPR}eS,S1M r K:Z\D�^`_:MdK:PRVjc�M[D�W`NTf8K{IaP,D�b8D r KJZ\D5fJ]8D�ZzI$]8M[SQE�PQX�NQMOhSRIaNRM[VLW�KJIaP,XTZ\X r DTW`NQS!´JW:MzS&]8DeSFXT^`_JIaNRM[VLWJS,]8D��`NQV��5DTS��oc5VLM[P,Z[I$��V5_JS1h¦SRDTE�NRM[VLW �Jp 9Jp =���p
� � ���s�����L
	4��	� �1�J� ªT« � « �e� ªe« �?§ ? �U�:¢d�j� ªe« ? �U� � ¨L�?§ ª �j� « § ª ���$� « § 6 � « �j�`� � �8VLM\N A_:W:D r IjNRPQMzE�D�E�IaPQPQX�D�] g V5PQ]8PQD n f:S8+ r X�NRPQMz^5_JDl]8X�´JW:M[D�K?V5SRM\NRM[cLDLpJ�8VLM\N B _:W:D r IjNQPRMzE�DlPRDeE�NHIaW8h�L_:ZzIaM[PRD�]8D�NHIaM[Z\Z[D

m× n pJ�8VLM\N b _:W*c5DTE�NQD�_:P&]:D Rn p{�W*cLD�_:NFPQXTSRVL_{]8PRDlZ[D�K:PRV5w:Z[} r D
inf

x∈KerB

{

J(x) =
1

2
Ax · x− b · x

}

.

qdIyE�VLW`NRPHIaM[W`NRD�]|g IaK:K{IaPRNRD�W{IaWJE�D�Y
KerB
PRDTWJ] E�D�N1NQD r M\W:M r M[SQIjNQM\V5W W:V5W X�c�M[]:D�W`NRD��ocLV5M\P=Z[I��VL_JS1hiS1DeE�NRM[VLW��T¹Jp ¯:p ¯�K{V5_:P&SQIvPQXTSRVLZ[_8NQM\V5W{��p •

� W Ia_8NQPRD�D�b8D r KJZ\D�IaZ[�LXTw:PQM[^`_:DlS1M r K:Z\D�DeSAN&E�D�Z[_:M ]8_*^5_JVaNRM[D�W`N&]8D2�&I�+�Z[D�M[�LGu^`_:MdK{DTP r D�N]8D�E�ILZ[E�_:Z\DTPFZ\DeS,cjIaZ[D�_:PHS!D�N&cLDeE�NQD�_:PHSFK:PQVLK:PQDTSF]|g _:W:D r IjNQPRMzE�D�S8+ r X�NRPQM[^`_:D5p
� � ���s�����L
	4��	 � �A���j��� « �5�j���:�:�®�`���y�U�j�J�U�j� �¸��V5MON

A
_:W:D r IjNRPQMzE�D*E�IaPQPQX�Du]|g VLPH]8PQD n fST+ r X�NQPRMz^`_:DLp{�W�cLDT_8N=E�ILPQI5E�NRXTPRMzSRD�P!D�N&E�ILZ[E�_:Z\DTP,Z\DeS,S1V5Z\_:NRM[VLWJS,]8D

inf
x∈Rn,‖x‖=1

Ax · x,

V U ‖x‖ DeSAN�Z[I�W:V5P r D�DT_JE�Z[M[]:M\DTW:W:D�]8D x p30=VL_JS&cLD�PQPQVLWJS,^`_ g M\ZUS�g Ia�5MON&wJM\DTW*S �:Pl]8DTS,c5DTE�NRD�_JPQSK:PRV5K:PQDTSF]8D
A
ILSQSRV�E�M\XeSFY�SQI�K:Z[_JSFK{D�NRM\NRD�cjILZ\DT_:P,K:PQVLK:PQD��®E�nAp:ZzIy��V5_JSAhiSRDTE�NQM\V5W��e¹:p°¯8p°¯L��p •C/V5WJSRM[]8XTPRV5WJS!_:W*D�b8D r K:Z[D�E�ZzILSQSRM[^`_:DlD�W*XTE�VLW:V r M\D5p
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� � ���s�����L
	4��	�� �1¨L�?§��e�{�¡��� ªT« �{§¶¢������ 6 §U��D{��� � �W E�VLW{S1Mz]8}�PQDµ_:W r X�WJIL�LD ^`_:MK?D�_:N2E�VLWJSRV r�r D�P n N,+�K{DeS�]:D r IaPHEHGJILWJ]8MzS1D!]8VLW`N�Z[DTSUK:PQM\blnoV5P r DTW5N�_:WvcLDTE�NRDT_:P p ∈ Rn
+

pa��VLWPQD�c5D�W�_uY�]8X�K?D�W{S1DTP!DeSANF_:W�PRXTD�Z
b > 0
f�D�NFSRDTSFEHG:V5MObu]8D�E�V5WJSRV r�r IjNRM[VLWtS1V5W5N,SR_:K:K?V5SRXTS � NRPQDr V8]8XTZ\MzS1XeSlKJIaP�_:W:D�noV5WJE�NQM\V5W�]|g _8NRM[Z[MONQX u(x) ]8D Rn

+

]:ILWJS
R
��E�PRV5M[SQSQIaW`NRDvD�N�E�V5WJE�I�c5De��f ^`_:Mr DeS1_:PQD,Z[D&w{XTW:X�´?E�D=^`_:D&Z[D r X�W{Ia�LDFNQM\PQD=]8D=Z[I�E�VLWJSRV r�r IjNQM\V5W�]:D&Z[I�^5_{IaW`NRM\NRX x ]8DTS n r ILP1hEHG{IaWJ]8MzSRDTSTp:qdI$E�V5WJSRV r�r IjNRM[VLW ]8_ r X�W{Ia�LD�SRD�PHI�Z\D�cLDTE�NRDT_:P x∗ ^`_:M PQXTIaZ[MzS1DTPQI�Z[D r Iab8M r _ r]:D

max
x∈Rn

+
,x·p≤b

u(x),ELg DeSANRh¦Yah¦]:M\PQD ^`_:M r Ijb8M r M[SRD Zkg _8NQM\Z[M\NRX�SRVL_{S$_:W:D¸E�VLW`NQPQILM\W`NRD ]:D w:_J]8�5D�N r Iab�M r IaZ��ocLV5M\PuZ[I�8VL_JS1h¦SRDTE�NRM[VLW��T¹:p 9:p°¯�K{V5_:P,Z[I�PQXTSRVLZ[_8NRM[VLW?��p •
P2ILSQSRVLWJStYs_:W£D�b�D r K:Z\D¸]|g VLK8NQM r MzSRIaNRM[VLW£]|g _:W�S8+8SANQ} r D r V8]8X�Z[MzS1X�KJIaPt_:W:D�Xe^`_JIjNQM\V5W]:M R X�PQD�W`NRM[D�Z[Z[D�VLPH]8M\W{IaM[PRD5f`ELg DeSANRh¦Yah¦]8M[PQDlY�_:W�K:PQVLw:Z[} r D�]8D�¨5�{���¡�:§�¢U���J� ªT« ���:���?p

� � ���s�����L
	4��	� �1¨L�?�����:§U¢��*�{� ªe« ���J��� � �W E�V5WJSRM[]8}TPRDs_JW ST+8S1NR} r D¡]:M R X�PQD�W`NRM[D�ZvZ\M\hWJXTIaM[PQD!I�c5DTE!E�PQMONQ}�PQDF^`_JI5]8PHIjNRMz^`_:DLpjqdD!wJ_8NmDTS1NB]8DF�L_:Mz]8DTP2_:W�PRV5w{VLNF��VL_�_:W�D�W:�5M\W�SRKJIjNQM[ILZ®fj_:Wc5X�G:MzE�_JZ\D5fjD�NQELp ��Ia´JW�^5_dg M[Z:S1_JM\c5D2²RIa_�K:Z[_JS�K:PQ}TSA³/_:W:DFNQPQI �ADTE�NRVLM[PQD/K:PQXT]:X�´JW:M[DLpaqBg X�NQIaN2]:_�PQVLw?VaNY�Zkg M\WJS1NQILW`N
t
DeSAN=PQD�KJPRXeS1DTW5NQX�KJIaP,_:WJD�noVLWJE�NRM[VLW

y(t)
Y�cjIaZ[D�_:PHS&]:ILWJS

RN � N,+�K:Mz^5_JD r D�W`NTfJZ[IK?V5SRM\NRM[VLW�D�NBZzI�c�MONQDTSQS1D���p`�W$IL�LM\NBS1_:PBZ\D&PQVLw?VaN2KJILPmZkg M[W`NRD�P r XT]8MzIaM[PQDF] g _:WJD=E�V r�r ILWJ]8D v(t) YcjILZ\DT_:PQS,]JIaWJS
RM � N,+�K:Mz^5_JD r D�W`NTfJZ[I�K:_:MzSQSRILWJE�D�]8_ r VaNQD�_:Pef8ZzI$]8M\PQDTE�NRM[VLW*]8DTS&PRV5_:DTSTf�D�NQELp ��p

:BWsK:PRXeS1DTWJE�Dy]:D$noVLPHE�DeS
f(t) ∈ RN Z[DTS�Z\V5M[S�]8DyZzI r XeE�ILW:M[^`_:DyE�VLWJ]:_:M[SRD�W`NvY*_JW�ST+8S1NR} r D] g Xe^5_{IjNRM[VLW{S,]8M R X�PQD�W`NQM\DTZ\Z[DTSFV5PQ]8M[WJILM\PQDTS���SR_:K:K?V5SRX�DeSFZ\M[W:XeIaM[PRDeS/K?VL_JP&S1M r K:Z\M\´JDTPH�






dy

dt
= Ay +Bv + f

K{V5_:P
0 ≤ t ≤ T

y(0) = y0

�®º:p[�e�
VQU

y0 ∈ RN
DTS1N�Zkg X�NQIjNvM\W:M\NRMzIaZ/]8_�ST+8S1NR} r D5f A D�N B S1V5W`N�]8D�_8b r IjNQPRMzE�DeS�E�VLW{SANHIaW`NRDeS�]8D]:M r D�W{S1M[VLWJS�PQDTSRK{DeE�NRM[cLDeS N ×N D�N N ×M p|�W WJVaNRD z(t) _:W:DvNRPHI
�ADeE�NQVLM[PRD�²RE�M[w:Z[D�³�D�N

zT_JW:D�K{V`S1M\NRM[VLW�´JWJILZ\D�²1E�M\wJZ\D�³Hp P�VL_JP�ILK:K:PQV8EHG:D�P�Ia_ r M[D�_:b�E�DeS�E�M[w:Z\DeS�D�N�K?VL_:P r M\WJM r MzS1DTP�Z\DE�V �8NF]8_uE�VLW`NRP �LZ[DLf5VLWyM[W`NRPQV�]:_:MON/NRPQVLMzS r IjNQPRMzE�DeSBS8+ r X�NRPQM[^`_:DeSBK?V5SRM\NRM[cLDTS R,Q,D ]:VLW`N!SRD�_:Z[D
R
DTS1N=S1_:KJK{V`S1XTDlDTW*K:Z\_{S � NRPQD�]8X�´JW:M[DlK?V5SRM\NRM[cLDLp �W�]8X�´JW:M\N=IaZ[VLPHS!_:W E�PQMONQ}�PQD�^`_JI5]8PHIjNRMz^`_:D

J(v) =

∫ T

0

Rv(t) ·v(t)dt+
∫ T

0

Q(y−z)(t) · (y−z)(t)dt+D (y(T )− zT ) · (y(T )− zT ) .

�&D r IaPH^`_:VLWJS=^5_JD�Z[I$noVLWJE�NRM[VLW y(t) ]8XTK{DTWJ] ]8D�Z[I$cjILPRMzIaw:Z[D v Y�NRPHI�cLD�PHS���ºJp\����p|C/V r�r D�Z\DeSE�V r�r IaWJ]:DTS�I5] r M[SQSRM\w:Z[DTSvS1V5W`NvX�c5D�W`NR_JD�Z[Z\D r DTW`N�Z\M r MONQX�DeS���Z[I�K:_:MzSRSQIaW{E�Du]|g _:W r VLNRD�_JPvDeSANSRVL_JcLD�W`N=w?VLPQW:XTDLp[p\p°��f{VLW M[W`NRPQV�]:_:MON�_:W�E�V5W�cLD�b8D�noDTP r X�WJVLW c�M[]:D K ]8D RM ^5_JMdPQD�K:PQXTSRD�W`NRDZkg D�WJSRD r w:Z\D�]8DeS&E�V r�r ILWJ]8DeS!I5] r M[SQSRM\w:Z[DTSTp:q D�KJPRV5w:Z\} r DlDeSAN&]8V5WJE�]8D�PQXTSRVL_J]8PQD
inf

v(t)∈K, 0≤t≤T
J(v).

ViZmn�Ia_J]8PHI:f w:M[D�WsS �:Pef|K:PRXeE�MzS1DTP�]:IaWJS�^`_:DTZ[S�DeS1K{ILE�DeSlnoVLWJE�NRM[VLW:WJD�ZzS�VLW r M[W:M r M[SRD J(v)
D�N�VLW]:X�´JW:M\N&ZzI�SRVLZ[_8NQM\V5W

y
]8D$��º:p[�e����cLV5M\PFZzI��8VL_JS1h¦SRDTE�NRM[VLW¸�T¹Jp ={p ¯�K{V5_:P&ZzIvPQXTSRVLZ[_8NQM\V5W{��p •
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	4��	4� ���A� « § « � « �T� ªe« �?§s¢�>[��§U� 6 §��`��D « � � 6 ¨L�J§ «@? ��� � ViZ STg IL�LM\N!]8D r M[W:M r MOhS1DTPdZkg XTW:D�PQ�LM[D r XTETIaW:Mz^`_:DB]|g _:W:D r D r w:PQILW:DmV5_�w:M[D�W�Zkg X�W:DTPR�5M\DmXTZ\DeE�NQPRV`SANHIjNRMz^`_:DB]|g _:W�E�VLW{]8_JE�hNRD�_JPTp%0&V5_JS/PRDTW`c5V +LV5WJSmIa_:buC/G{IaK:M\NRPQDTS��=D�N.�K{V5_:PFK:Z\_{S!]:Dl]8X�NQILM\ZzS/SR_:P!Z[I r V8]8X�Z[M[SQIjNQM\V5WyD�NS1_:P�Z[DTSUW:VLNQIjNQM\V5WJS r IjNRGJX r IjNQM[^`_:DeS�pa��V5MON Ω _:W�VL_JcLD�PRN�w?VLPQW:XF]8D RN

D�N
f ∈ L2(Ω)

pLxvg IaK:PQ}TSZ[I PmPQVLK?V5SRMONQM\V5W .8p°¯8p ��f`K{V5_:P!PRXeS1V5_J]8PQD=Z[D�K:PQVLwJZ\} r Dl]8D�x=M[PRMzEHG:Z[D�NFK{V5_:PFZ\D�qdILK:ZzILE�M[D�Wdf5M[Z n�Ia_8Nr M[W:M r M[SRD�P,Zkg XTW:D�PQ�LM[D J(v)
]:X�´JW:M[D�K?VL_:P

v ∈ H1
0 (Ω)
KJILP

J(v) =
1

2

∫

Ω

|∇v|2dx−
∫

Ω

fv dx.

2&_8NQPRD r DTW`N=]8MONef:VLW�cLDT_8N&PQXTSRVL_J]8PQD
inf

v∈H1
0 (Ω)

J(v).

�W£K{DT_8N S1D¸K?V5SRD�PuZ[D r��Tr D�K:PQVLwJZ\} r D�K{V5_:P ]8DTStXT^`_JIaNRM[VLWJStK:Z[_JS*E�V r KJZ\Mz^`_:X�DeSt^`_:D¸Z\DqdIaKJZ[I5E�M[D�W�E�V r�r DuZ\DeS�XT^`_JIaNRM[VLWJSv]8D���NRV��5DTSTpU��DTZ\V5WsZ®g :2b8D�PHE�MzE�D�.8p 9:p[�T¹:fdZ[I�PRXeS1V5Z\_8NQM\V5Ws]8DTSXT^`_JIjNQM\V5WJS,]8D��`NQV��LDeSFDTS1N&XT^`_:M[cjIaZ[D�W`NRD�Y�Z[I r M[W:M r MzSRIaNRM[VLW
inf

v∈H1
0 (Ω)N

%)(*+��&�2(
divv=0

{

J(v) =
µ

2

∫

Ω

|∇v|2dx−
∫

Ω

f · v dx
}

.

�,D r IaPH^`_:VLW{S2^5_dg M[Z +�I�_:W:D�E�VLW`NQPQILM\W`NRDm²R]|g M\WJE�V r K:PQDTSQS1M[w:M[Z\M\NRX�³,]JIaWJS/E�D�NRNRD r M[W:M r MzSQIjNRM[VLWdfLD�N^5_JD�Z[I�K:PQDTSQS1M[VLWtDTS1N=IawJSRD�W`NQD�]:D�Z®g X�W:DTPR�5M\D5p%0&VL_{S,cLDTPRPQVLWJS!^`_:D�E�DeS,]8D�_:bun�IaM\NQS=S1V5W5N,X�NRPQVLM\NRD�hr DTW`N&Z\M[XTSTp •x�VLWJW:VLWJS r ILM\W`NQD�WJILW5N&_JW�D�b8D r K:Z[D�M[SQS1_ ]8_ ETIaZzE�_:Zd]:DTS,cjIaPQMzIjNRM[VLW{S�p%7&MzS1NRVLPQMz^5_JD r D�W`NTfJM\ZS�g Ia�5MON2]|g _:W�]:DTS�K:Z[_JS�c�M\DT_8b�K:PQVLw:Z[} r DeSU] g V5K8NRM r M[SQIjNQM\V5W f�PRXeS1V5Z\_vKJIaP��?XTW:V8]8VLPQDBDTW`c�M[PRV5Wv]8DT_8bS1M[}TE�Z\DeS=I�cjIaW`N=W:VLNRPQD�}�PQD�D�Nl]8V5W5N�Z[Iy]:X r VLWJS1NRPHIjNQM\V5W E�V r KJZ\}�NRD�DeSAN�]8_:DvY���DTM\DTPQS1NRPHILSQS,cLDTPQSZ[Iv´JW ]8_ ]8M\b�hkW:DT_:c�M\} r D�SRM[}TE�Z[DLp
� � ���s�����L
	4��	4��� �i�U�j�J���������*¢U� + « ¢��?§ � � M\PQ�LM[Z[D�PHILE�VLW`NRD�]:IaW{S,Z®g �mW:XTM[]:D�^5_JDlZ[VLPHSQ^5_JDZ[I*PQD�M[W:Dyx�M[]8V5W¸noVLWJ]:I*ZzI*c�M\Z[Z[Dy]8D�C!IaPRNRG{Ia�LD5f M\Z/W:D$Z\_JMmno_8NvILZ\Z[VL_JX�E�V r�r DyS1_JK{DTP1´{E�M\Dy^`_:D²1E�D�^`_:D�K?VL_:PQPQILMON=E�VLW`NRDTW:M[P&_:W:DvK{DeIa_ ]8D�w?V�D�_8nA³HpW:mZ[Z\D�]8XTE�VL_:KJI$ILZ\V5PQS=E�D�NRNRD�K?DTIL_ D�W*´{W:DTSZ[ILW:M\}TPRDeS�D�N$D�WJE�D�PHE�ZzI�]8D E�D�N1NQD E�VLPH]8DTZ\D�N1NRD*SQI no_8NQ_:PQD�c�M[Z\Z[D*S1M\NR_:X IL_¶w?VLPH]¡]8D*ZzI r DTPTp2qdI^5_JDTS1NRM[VLW X�NQILMON�]8VLWJE*]8D*NQPRV5_:cLDTP$Z[I¸K:Z[_JS$�5PQILWJ]8D SR_:P1n�I5E�D*K?V5SQS1M[w:Z[D S�g IaK:KJ_O+5ILW5N$SR_:Py_:W:D]8PRV5MONQD��oZ[D=PQM[c�IL�LD���D�NF]8D&noPQVLW`NRM[}�PQD,NQD�PQPRDeSANQPRD=]:D=Z[VLW:�5_:D�_:P/]8VLW:WJX�DLp�qdI�PRXTK{V5WJS1D=DTS1N/w:M[D�WuS �:P_:Wu]8D r M ]8MzSR^`_:Dv�ocLV5M\P/Z®g :2b8D�PHE�MzE�D��T¹:p°¯8p[�T¹`��p :mWuNRDTP r DTS r IjNRGJX r IjNQM[^`_:DeSm_:WyK?D�_tS1M r K:Z\M\´JXeS�fZ\D�KJPRV5w:Z\} r D�DTS1N�]8D�NRPQVL_:c5D�P,ZzIyE�V5_:PRw?D�K:ZzIaWJD�]8D�Z[VLW:�5_:D�_JP&´:b8X�D l ≥ 0

^`_:M�D�WJE�Z\VLN�I�cLDeE�Z\DS1DT� r D�W`N,PRDTZ\MzIaW`N&SRDTS,]8DT_8buD�b�NQPRX r M\NRXeSFZ®g IaM[PQD r Iab�M r _ r p32&_8NQPRD r DTW`N,]:MONefJVLW�PQXTSRVL_8N
sup

∫ ξ

0

y(x) dx,

I�cLDTE�Z[DTS,E�V5W`NRPHIaM[W5NQDTS
ξ ≥ 0, y(0) = 0,

∫ ξ

0

√

1 + y′(x)2dx = l,
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VQU
ξ
DTS1NFZkg D�b�NRPQX r M\NRX�]8_�SRD�� r D�W`N!D�N y(x) ZzI�K?V5SRMONQM\V5Wt]8D�ZzIvE�VL_:PQw?DlIL_�]8DeSRSR_JSF]8_�K{V5M\W`N x]:_*SRD�� r D�W`NTp •

� DTW:VLWJS�DTW�Y�Zkg V5K8NRM r M[SQIjNQM\V5W�]|g _:W���� � ª �����v¢ « � ª � « ��� 6 fjEag DTS1N1hiYjhi]8M[PRD r V8]8XTZ\MzSRX!K{IaP�_:W:DXe^`_JIjNQM\V5W�IL_8bt]8XTPRM[cLXTDTS!KJIaPRNRM[D�Z[Z[DTSTp
� � ���s�����L
	4��	4��F �A¨5�{§ ª ���?����¢�>[��§U� �������U�j�:§U� ���W E�VLW{S1Mz]8}�PQD�_:W:D r D r w:PHIaW:D�XTZ[I5SAhNQM[^`_:D5f`´:b8X�D�SR_:PFS1V5WuE�V5W`NRVL_JPTf5D�N!SRD�]:X�noVLP r IaW`N!SRVL_{SBZkg I5E�NQM\V5Wu]|g _:W:D&noV5PQE�D f p:C/V r�r D=W:V5_JSZkg I�cLVLW{S/c�_*Y�Z[I$��V5_JS1h¦SRDTE�NRM[VLW��5p 9Jp 9Jf8E�D�K:PQVLw:Z[} r D�DTS1N r V�]:X�Z[M[SRX�KJIaP

{

−∆u = f + v
]:ILWJS

Ω
u = 0

SR_:P
∂Ω,VQU

u
DeSANBZ[D=]8XTK:ZzILE�D r D�W`NBcLDTP1NQM[ETIaZJ]:D=ZzI r D r wJPQILW:D,D�N v DTS1NB_:W:D=noVLPHE�D&]8DlE�V5W5NQP��5Z\D&Y�W:VaNQPRD]:M[SRK{V`S1M\NRM[VLWdp�C/D�E�VLW`NRP �LZ[DvDeSAN�N,+�K:Mz^`_:D r D�W`N�_:W~ILE�NRM[VLW:W:DT_:P�K:M[X%S�VLhkXTZ\DeE�NQPRMz^`_:Dv^`_:MmIL�LM\N�SR_:P_JW:D�K{IaPRNRM[D

ω
]8_�]8V r IaM[W:D Ω I�cLDTE&_:W:DlM\W`NRDTWJSRMONQX�Z[M r M\NRXTDLpJ�Wt]8X�´JW:M\NF]:VLWJE�Z®g D�W{S1D r w:Z[D�]8DeSE�VLW`NRP �LZ[DTSFI5] r M[SQS1M[w:Z[DTS

K = {v(x) NQD�Zd^`_:D vmin(x) ≤ v(x) ≤ vmax(x)
]:ILWJS

ω
D�N
v = 0
]:ILWJS

Ω \ ω} ,VQU
vmin
D�N
vmax
SRVLW`Nu]8DT_8b¶noV5WJE�NQM\V5WJSu]:VLW:W:XTDTSTpF�W£EHG:DTPQEHGJD Z\D�E�VLW`NRP �LZ[D ^`_:M=PQD�W{]¬Z\D]:X�K:ZzILE�D r D�W`N u IL_JSQS1M K:PQV8EHG:Dl^`_:DlK?V5SQS1M[w:Z[Dl]|g _:W*]8X�KJZ[I5E�D r DTW5N&]8XeS1M[PQX u0

f8D�N&^`_:M|SRVLM\NF]|g _:WE�V �8N r V8]8X�PQXLp{�W ]8X�´JW:M\N=]8VLW{E�_JW*E�PRM\NR}TPRD
J(v) =

1

2

∫

Ω

(

|u− u0|2 + c|v|2
)

dx,

I�c5DTE
c > 0
p:qdD�K:PRV5w:Z[} r D�]8D�E�V5W5NQP��5Z\D�STg XeE�PQMON

inf
v∈K

J(v).

ViZ`PQDTS1NRDmw:M[D�W�S��JP�Y&KJPRXeE�MzS1DTPdZ[D/EHG:V5MOb�]8DTS�DTSRKJI5E�DTS noVLWJE�NRM[VLW:WJD�ZzS K?VL_:P
v
D�N�Z[DTSUIa_8NQPRDeSd]8V5W:W:XTDTS]:D�E�D�K:PQVLw:Z[} r D$�oc5VLM[P!ZzIy��V5_JSAhiSRDTE�NQM\V5W��e¹:p =Jp 9�K?VL_:P,ZzI�PRXeS1V5Z\_:NRM[VLW{��p •

� .102.�� � C�
�4=@i6:@19B4&E G|6¬4&926%NU6:@A9B4�E
qBg V5K8NRM r M[SQIjNQM\V5W¡I _:W¶cLV8E�ILw:_:ZzIaM[PRD$KJILP1NQM[E�_:Z[M\DTP �UM\W`NRPQV8]8_:MzS1V5WJS�^`_:DTZ[^`_:DeS�W:VLNQIaNRM[VLWJSvD�N]:X�´JW:M\NRM[VLW{SdE�ZzILSQSRM[^`_:DeS�p
0=VL_JS�E�V5WJS1Mz]8XTPRV5WJS K:PQM\WJE�M\K{IaZ[D r D�W`N�]8DeS K:PQVLwJZ\} r DeS ]8D r M[W:M r MzSQIjNRM[VLW�®SRI5EHGJIaW`Nm^`_ g M\ZJSR_8±�N/]|g D�W$EHGJILW:�LDTP�Z\D=SRM[�LW:DFK?VL_:PmV5w8NRDTW:M[P2_:W$K:PQVLw:Z[} r D,]8D r Ijb8M r M[SQIjNQM\V5W{��p
k�VL_8Nl]|g ILw{V5PQ] f8Z®g DTSRKJILE�D�]:IaW{S,Z\De^`_:D�Z DeSAN&K?V5SRX�Z[D�K:PQVLw:Z[} r DLf8WJVaNRX V f:DeSAN=SR_:K:K?V5SRX � NQPRD_JWsDTSRKJILE�D$cLDTE�NRV5PRM[D�Z2W:V5P r X5fdEag DTS1N1hiYjhi]8M[PRD r _JW:M/]|g _:W:DuW:VLP r D$W:VaNQX�D ‖v‖ pdxlIaW{S�Z[I���VL_JS1hSRDTE�NRM[VLW$º:p[�Lp =

V
SRD�PHIlZ®g DTSRKJILE�D

RN
fLNQILWJ]8MzSB^`_:D=]:ILWJS2ZzI�S1DeE�NQM\V5WyS1_:M[cjIaW`NRD

V
S1DTPQI�_:W$DeS1K{ILE�D]:D�7=M\Z[w?D�PRN&PRXTD�Zm�oV5WtK?VL_JPRPHIaM\N!XT�5ILZ\D r DTW`N,E�VLWJSRMz]8X�PQD�P!Z\D�ETILSTf�K:Z\_{S,�LXTW:X�PHIaZkf8]|g _JWtDeS1KJI5E�D�]8D

� ILWJILEHG f?Eag DTS1N1hiYjhi]8M[PRD�_JW�DTSRKJI5E�D�c5DTE�NQVLPQM\DTZdW:V5P r X�E�V r K:Z[D�N���pd�W�SRDv]8V5W:W:DvX��5ILZ\D r D�W`N�_:WSRVL_{SAh¦D�WJSRD r w:Z[D K ⊂ V V U�Z®g VLW$cjI�EHG:DTPQEHGJD�P2ZzI�S1V5Z\_8NQM\V5W �aVLW$]8M\N/^`_:D K DTS1NBZkg DTWJSRD r wJZ\D&]8DeSXTZ\X r D�W`NQSm�J¢�� « �T� « �������!]8_�K:PQVLw:Z[} r DLfLVL_�w:M[D�Wy^`_:D K ]8X�´JW:M\NBZ\DeSm¨L�?§ ª �j� « § ª ���=STg D�b8D�P ��ILW5N
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� ��� ��� �)	<��#-��	<�
��� ��	���"&�������1�*� ¯a�5º
S1_:PvZ\DtK:PQVLw:Z[} r DuE�VLWJSRM[]:X�PQXLp1:mW:´JW f�Z\D�¨a� «oª �`���?fUVL_sZzI�¤¦�?§�¨ ªT« �?§ ¨5��� ª fUVL_¡Z[I ¤¦�?§�¨ ªT« �{§�J� �e�`¨ ªT« ¤RfUY r M[W:M r M[SRD�PefdW:VLNRX J f DeSAN�_JW:D�noVLWJE�NRM[VLWs]8X�´JW:M[DuS1_JP K Y*c�ILZ\DT_:PHS�]:IaW{S R

pdq DK:PRV5w:Z[} r D�X�NR_{]8M\X�SRD�PHI�]8VLWJElW:VLNRX
inf

v∈K⊂V
J(v).

�®º:p°¯L�
q VLPHSQ^5_JDvZkg V5W�_:NRM[Z\MzS1D$ZzI�W:VaNHIjNQM\V5W

inf
K?VL_:P�_:W~K:PQVLwJZ\} r D$]8D r M[W:M r MzSRIaNRM[VLW f�E�D�ZzI�M\W{]8M[^`_:D^5_JDyZ®g VLWsWJDuSRILMONvKJILSTfdI K:PQM[VLPQM®fdSRMBZzI cjIaZ[D�_JP�]8_ r M\WJM r _ r DTS1NvIjNRNRD�M[W`NRD5f�Eag DTS1N1hiYjhi]8M[PRDySTg M\ZD�b8M[S1NRD

v ∈ K NRDTZd^`_:D
J(v) = inf

v∈K⊂V
J(v).��MdZkg V5W cLDT_8N=M[WJ]8Mz^5_JD�P�^`_:D�Z[I$cjILZ\DT_:P=]8_ r M[W:M r _ r DTS1N�IjNRNRDTM\W`NRD5fJV5W _8NRM[Z\MzSRDv]8D�KJPRX�noX�PQD�WJE�DZ[I�W:VLNQIjNQM\V5W

min
v∈K⊂V

J(v),

r ILM[S�M[ZBWJDyS�g Ia�5MON�KJI5S�]|g _JW:DuE�V5W�cLD�W`NQM\V5W�_:W:M[cLDTPQSRD�Z[Z[D*�®^`_:VLMz^`_:D�noVLPRN�PRXTKJIaWJ]:_:De��p1P�VL_:P�Z[DTSK:PRV5w:Z[} r DTS&]:D r Ijb8M r MzSQIjNRM[VLWdf:Z\DeS&W:VLNQIaNRM[VLWJS sup
D�N

max
PRD r KJZ[I5E�D�W`N inf

D�N
min
f?PQDTSRK{DeE�hNRM[cLD r DTW5NepOPmPQXTE�M[SRVLWJSF^`_:DTZ[^`_:DeS,]8X�´JWJMONQM\V5WJS&]8D�wJI5S1D5p

+ 6 ;�§ «�ªT« �?§ 
	4��	4� J 	nE>01�%����3 u 3[G[���2	^YC01	�01YC�2Y 	 .
� �2	Z6�.
01	��oE73�YC01	�01YC�2Y � 8�. ;=�
8 EF3
J
G[�2B

K
G[0p3��pG�3��28M3�Y 3�	��SG[0

u ∈ K 3�� ∃δ > 0 , ∀v ∈ K , ‖v − u‖ < δ =⇒ J(v) ≥ J(u) .

J 	 E
01�5����3
u
3[G[�#�2	 YC01	�01YC�2Y 	 .
�l�2	X6�.
01	��5E73 Y_01	�01Y_�2Y � �F8M. �=�
8gE73

J
G[�2B

K
G[0W3��

G�3��28M3�YZ3�	��pG[0
u ∈ K 3��

J(v) ≥ J(u) ∀v ∈ K .

+ 6 ;�§ «�ªT« �?§ 
	4��	 F J 	 ��676H3�818M3 01	 \pY_�2Y E73
J
G[�2B

K
	 .
� i 698:� G@;�.>�2BO�
YCY 3�	�� i L �>8M3��2BY_01	�01Y_�2Y �)i ����3P8 R .>	 EFA�G[0��>	43C6��
BP8M� 	4.
�V�
�D0<.
	 	

�7I ����i 8�� ��.>B[	93 G=��6�A�B[0<3��2BO3XEF�
	�G
R

EF3�G
;�.>	HG[�V�
	��V3�Ge���20 YC01	9.
B�3�	��

J
G[�2B

K I ,90 J 	4R 3�G[�96H�
GdYC01	9.>BOA=3eG[�2B
K i �
8�.
B=GW8 R 01	 \pY_�2Y L �
�2�

−∞ I ,�0 K 3[G[� L 0<EF3 i 6��
B_;=.>	 L 3�	��?0<.>	X8 R 01	�\SYC�2Y 3�G=�
+∞ I

] 	93�G[�201�3�Y_01	�01Y_0UG��
	��3CEF3 J EF�>	HG
K

3�G[�p�2	93#G[�201�3
(un)n∈N

�V3�818M3Z����3

un ∈ K ∀n 3��
lim

n→+∞
J(un) = inf

v∈K
J(v).

P2ILP�ZzI ]8X�´JWJMONQM\V5W r���r D~]8D~Z®g M[W8´ r _ r ]8D J S1_:P K M\Z�D�b�MzS1NRD�NRVL_ �AVL_:PHS*]8DTS*SR_:MONQDTSr M[W:M r M[SQIaW`NRDeS�p
� .102.	� � H&6:@TL¥@8EQNU6:@A9/4 Gd4 ;�@TLMGd4&E�@19B4 
�4=@TG

ViW`NQX�PQDTSQS1V5WJSlW:VL_JS r IaM[W`NRDTWJIaW`N�YuZzI*^`_:DTS1NRM[VLW~]8D�Z®g �`� « � ª ��§U¨L�s¢U��� « § « �¡�tK?VL_JP�]8DTSK:PRV5w:Z[} r DTS2]|g VLK:NRM r MzSQIjNRM[VLW�K?V5SRXTS�D�W�]8M r D�WJSRM\V5W�´JW:M[DLp 0=VL_JS2SR_:K:K?V5SRD�PQVLWJS�]:ILWJS2E�D�N1NQD&S1V5_JSAhS1DeE�NRM[VLWt��SQIaWJS�K{DTP1NQD/]8D/�LXTW:X�PHIaZ[MONQXe�d^5_JD
V = RN

^`_:D/Z®g VLW r _:W:M\N�]:_�K:PQV8]8_:M\NUSQE�IaZzIaM[PQDm_JSR_:D�Z
u · v =

∑N
i=1 uivi

D�N=]8D�ZzI�W:VLP r DlDT_JE�Z[Mz]8M\DTW:W:D ‖u‖ =
√
u · u p

� W PRXeS1_JZONHIjN&ILSQS1D-S��5X�W:XTPQILZ �5IaPHIaW`NQM[SQSRILW`N/Zkg D�b�MzS1NRD�W{E�D�]|g _:W r M[W:M r _ r DTS1N,Z\D�SR_:M[cjIaW`NTp
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¯LºL¹ ���������
	������ � � � 	��)� �  ��	<�
����� � � �*��	<�,���T�%��	<�
���

b 4(6 �{������� O	��	���� � � « � ª ��§U¨L� ¢�>\�U§ � « § « �¸���(��§¬¢ « ����§�� « �?§ ;�§ « � � ,4.>01�
K

�2	
3�	HG�3�Y���8M3 ��3�B[Y A5	9.
	 L 0<E73ZEF3

RN i 3�� J �2	93 ��.
	4;��D0<.
	 ;�.>	��D01	���3#G=�2B
K

` L �
8M3��2B=G5EF�
	�G
RL A�B[0 \N�
	��N8��e69B�.�69B[0<A��VA i E
01�V3�� 01	�\S	�0<3C` 8OR 01	 \S	�0�� i

∀(un)n≥0
G[�201�3_EF�
	�G

K , lim
n→+∞

‖un‖ = +∞ =⇒ lim
n→+∞

J(un) = +∞ .
��ºJp 9`�

� 8�.
B=G#018 3�TF0UG[�V35�>� Y .
01	�G#�2	Z6H.>01	��%EF35Y_01	�01Y_�2Y EF3
J
G=�2B

K I �C3�648:� G i .
	a6H3��2��3�T7�?BO�>01BO3E73 �V.
�2�V3CG[�201�3 Y_01	�01Y_0UG��
	��3!EF3
J
G[�2B

K
�2	43CG�.
� G � G[�201�3 ;�.>	 L 3�B �73=�
	�� L 3�B=GZ�2	!6H.>01	��eE73

YC01	�01YC�2Y G[�2B
K I

+ 6 ���?§�� ª �j� ªe« �?§ 	��8VLM\N
(un)
_:W:D*S1_:M\NRD r M\W:M r M[SQIaW`NQD�]8D J S1_JP K pUq�I�E�V5WJ]8M\NRM[VLW·�®º:p 95�DTW`NRPHI)� W:D�^`_:D

un
DTS1N$w{V5PRW:XTDtKJ_:M[SQ^`_:D

J(un)
DeSAN�_:W:D SR_:MONQD ]8DtPQX�DTZ[S r I
�AV5PRXTDLp�x=V5WJEaf2M[ZD�b8M[S1NRD�_:W:D�SRVL_{SAhiS1_JMONQD

(unk)
^`_:MdE�V5W�cLD�PQ�LD�cLDTPQS!_:W K?VLM[W`N

u
]8D

RN
p � IaMzS

u ∈ K K:_:MzSR^`_:D
K
DeSAN�noD�P r XLf D�N J(unk )

E�VLW�c5D�PQ�LD�c5D�PHS
J(u)
KJILP�E�V5W5NQM\W�_:M\NRX5f ]|g V U

J(u) = infv∈K J(v)] g ILK:PR}eSFZ[I�x�X�´JWJMONQM\V5W*ºJp\�5p ¯:p
�

� �����8� ? ��� O	��	Mr 0&VLNRVLW{S�^`_:DvZ[I$KJPRV5K:PRM[X�NQXu��ºJp 9`��f ^`_:MUI5SRSR_:PQD�^`_:D�NQVL_8NQDvSR_:MONQD r M[W:M r M\hSQIaW`NQD�]8D
J
S1_:P

K
DTS1N�w{V5PRWJX�DLf|DeSAN�IL_8NRV r IaNRMz^`_:D r D�W`N�cLXTPRM\´JXTD�SRM K DeSAN�w?VLPQW:X5p qdVLPHSR^`_:DZkg D�WJSRD r w:Z\D K W g DTS1N�K{ILS�w{V5PRW:X5f{E�D�N1NQD�E�VLWJ]:MONQM\V5W D�b8K:PQM r D�^5_JDLf ]:IaWJS K f J DTS1N « §�;�§ « � ��T> « §�;�§ « p •

� � �`�j¨ « ¨5� O	��	�� � �#�-���G�<� ?)> �M/ �-$ ����� � ?(+ �-$ !�")��+ � ��> � �A!#"��
K

�%$&�#� �<� � @ �#" !#")�
J

�%$&�
�%�����.� �(")�*�-$;� �<�:K @ ��@ �G>7+��)@ �%�%$R$R> � �G�2?<��"7� +�� � � � $&�;�<�
� �0/)� "(� � � � � � " � � �J�#�(�)�<� "(�:����� � ?(+ � / �
� �#�)� �.� ����� �#�-�.� �7")� �%� � � �)���G@%�=/ �

R
/(>7�)$

R
� � >�/ � �%� �&>7�-�0?)>)$M/(� � � �<� � " � $ "7�

R �
� � �`�j¨ « ¨5� O	��	GF � �#�-���G�<��!#")�=+�� �#�2?<�<"��'��� � ?7+ >
� �<�E+ >A?<���#?<��� @ �;@ �&� � � � � � �A+�� � ��� �<� �:1 ��� �76 ?)> �+ >_� �#�)/�� �.� ����?7+,"�$���> ���7+ �

inf
v∈K

J(v) < lim
R→+∞

(

inf
‖v‖≥R

J(v)
)

.

� � �`�j¨ « ¨5� O	��	�� � �#�-���G�<� !#")� +�� �#� ?<� "-� �G� � ?7+ >
� � �I+ >m� �#�-�.� �7"<� �;@ /(�
J

?)> �I+ > $R� � � ��%�����.� �(" � �;@2� � � @ � � � "(�G�2/ �
J

/ @��� � ��?�><�

∀(un)n≥0
$ " � �;�:/7>7�)$

K , lim
n→+∞

un = u =⇒ lim inf
n→+∞

J(un) ≥ J(u) .

� � �`�j¨ « ¨5� O	��	Mr � �#�-���G�<��!�" �,� + ���(� $;�;�*"7� � � �<� � " � ?<�#"(�+ �%$ � �)� � ?7+ �%$ �����7��� N �����7� 5 �%� �#�
�(� 3 �
� � �`�j¨ « ¨5� O	��	�H����� �

a
�%�
b
/ � " � ��@-�<+ $O>��)� �

0 < a < b
N �%�J?<��"7�

n ∈ N∗ N%$R��� � Pn
+�� �<�)$&� � �(+ �

/(�%$*?<��+ �7��� � �%$ P /(� /(�%K��G@ � ��� @<��� �<"7��#"0@-K(>7+ �
n
�;� + $ !#"��

P (0) = 1 � 
��#"(� P ∈ Pn
N(��� �)�<�;�

‖P‖ = maxx∈[a,b] |P (x)| �
�(�:� �#�-���G�<� !�")� + �A? ��� �(+ � � �

inf
P∈Pn

‖P‖ �®º:p =`�
> "7�)� $R��+,"��.� ��� �
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� � �O� ��"&�T�1	<� � �<� � �  � ��� ���,�  <� � � ���,��� ���%�
��� � ���<� ��� � ¯aºJ�
%#� ( � � >7?7?<�<+,+ �2!#"�� + �%$ ?<�#+ �(� � � �-$M/ �#�4�&�)� ���
�&�)� �

Tn(X)
$&�#�-�'/ @�� � � $ ?)> � + �%$ �G�<+ >��.� �#��$

T0(X) = 1 , T1(X) = X , Tn+1(X) = 2XTn(X)− Tn−1(X) .

� ��������� �'!#")��+ � /(�%K#��@ / �
Tn

�%$&�2@%K(>7+ �
n

�%�A!#"��I?<��"7�Q�;�#"-�
θ ∈ R, Tn(cos θ) =

cos(nθ) � � �A/(@-/#" � ��� +�� ���(� $;�;�<�
� �=/(�
n+ 1

��@-�<+ $
ξn
0 = 1 > ξn

1 > ξn
2 > · · · > ξn

n = −1�;� + $'!#")�
Tn(ξn

k ) = (−1)k ?<��"7�
0 ≤ k ≤ n � �M!#"��

max−1≤x≤1 |Tn(x)| = 1 �
�#�=� ��������� �O!�")� +�� "7� � !�")�:$&��+,"��.� ���2/(��1 �#� � 6 �-$;�0+ �A?<�#+ �(� � � �

P (X) =
1

Tn

(

b+ a

b− a

)Tn







b+ a

2
−X

b− a
2






.

� ��� � #$��+|���,� $/� � � ��� % ���t��% ��% �,� ����% �,��+d����� �����������
� .@AF.10 � �G�LMH�F,G(E�;�Gµ4&9B4 �5G��&@8EL6%Gd4�> G
C/D�N1NQDtSRVL_JS1h¦SRDTE�NRM[VLW�DTS1NvE�V5WJSRI5E�PQX�D$Y ]8DT_8b¸D�b8D r K:Z[DTS r VLW`NQPQILW5N�^`_:DyZkg D�b8M[S1NRDTWJE�Dy] g _:Wr M[W:M r _ r D�Wv]:M r D�W{S1M[VLWvM\W8´{W:M\D!W g DTS1Nm�8�U�e�?���U����§ ª ���:� D{�:���J§ ªT« ��KJIaP�]8DTS�E�VLWJ]8M\NRM[VLW{SU]:_N,+`K?DB]8D/E�D�Z[Z[DTS|_8NQM\Z[MzS1XTDTSd]JIaWJS|Zkg X�W:V5WJE�Xm]8_�kFGJX�VLPQ} r DmºJp\�5p 9JpTC/D�N1NQDB]8M\±yE�_:Z\NRX/DTS1N M\W`NRM r D r D�W`NZ\M[X�D�IL_un�ILMON=^`_ g D�W*]8M r DTWJSRM\V5W�M[W8´JWJM\D�Z[DTS!noDTP r XTSFw?VLPQW:XeSFW:D�S1V5W`NFK{ILS,E�V r KJILE�NQS �C/V r�r DTW ��V5WJS&K{IaP�]8VLW:WJD�P=_JW D�b8D r K:Z[DvILwJS1NRPHIaM\N�^`_:M�D�b8K:Z\Mz^`_:D�w:M[D�W�Z\D r XeE�ILW:M[S r Dv]8D²ino_:M\NRD�Y�Zkg M[W8´JWJM ³�^`_:M D r K � EHG:D�Zkg D�b8M[S1NRDTWJE�D�]|g _:W r M\WJM r _ r p

� � ���s�����L
	 F9	4�¬�8VLM\N�Zkg DeS1K{ILE�D*]8D 7&M[Z\w?D�PRN ��]8D ]8M r D�WJSRM[VLW¡M[W8´JWJM\D��v]:DTS�S1_JMONQDTS�]8D E�ILPRPQXS1V r�r ILw:Z\D�]:ILWJS
R

`2(R) =

{

x = (xi)i≥1
NRDTZd^`_:D +∞

∑

i=1

x2
i < +∞

}

,

r _:W:Mm]:_�K:PQV8]8_:M\N�SRETIaZzIaM[PRD 〈x, y〉 =
∑+∞

i=1 xiyi
p��W~E�V5WJS1Mz]8}TPRDvZ[ItnoVLW{E�NRM[VLW

J
]8X�´JW:M[D�SR_:P

`2(R)
KJILP

J(x) =
(

‖x‖2 − 1
)2

+

+∞
∑

i=1

x2
i

i
.

PmPRDTWJIaW`N
K = `2(R)

fJVLW E�V5WJS1Mz]8}TPRDlZ\D�KJPRV5w:Z\} r D
inf

x∈`2(R)
J(x) ,

�®º:p/.L�
K{V5_:P�Z\De^5_JD�Z!W:VL_JS�ILZ\Z[VLWJS r VLW`NRPQD�P�^`_ g M\ZFW g D�b8MzSANQDuKJI5S�]:DtK?VLM[W`N�]8D r M\WJM r _ r p � X�PQM\´JVLWJSNRVL_:N=]|g ILw{V5PQ]�^`_:D

(

inf
x∈`2(R)

J(x)

)

= 0.
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ViW`NQPRV8]8_:MzSRVLWJS=Z[ItS1_:M\NRD
xn ]JIaWJS `2(R)

]8X�´JW:M[D�KJILP
xn

i = δin
K?VL_:P�NRV5_8N

i ≥ 1
p �W cLXTPRM\´JDILM[SRX r DTW5N&^`_:D

J(xn) =
1

n
→ 0
^`_JILWJ]

n→ +∞.C/V r�r D J DeSAN/K{V`S1M\NRM[cLD5fLVLW$DTWu]8Xe]8_:M\N!^`_:D xn DTS1N/_:W:D�S1_:M\NRD r M\W:M r M[SQIaW`NQD&D�NF^5_JD&Z[I�cjIaZ[D�_:P]:_ r M[W:M r _ r DTS1NmW`_JZ\Z[DLp`C/DTK{DTWJ]:ILW5NefaM[Z:DTS1N2X�c�M[]:D�W`NB^`_ g M[Z:W g D�b8MzSANQD,Ia_JE�_:W x ∈ `2(R)
NRDTZJ^`_:D

J(x) = 0
p P2IaP�E�V5WJS1Xe^`_:D�W`NTf M[Z2W g D�b8M[S1NRD�KJI5S�]8D�K{V5M\W`N�]8D r M\W:M r _ r K?VL_:P$��ºJp .5��p��W�cLVLM\N]JIaWJS�E�D�N�D�b8D r KJZ\D�^`_:DvZ[ItS1_JMONQD r M\WJM r MzSRILW5NQD xn

²AK{IaPRN�YyZkg M[W8´JWJM ³�D�N�W g DTS1N�KJI5S�E�V r KJI5E�NRD]JIaWJS
`2(R)
�ow:M[D�W ^`_ g D�Z[Z\D�SRVLM\N,w{V5PRWJX�De��p •

� V5M[E�M r IaM[W`NRDTWJIaW`Nt_JW£D�b8D r K:Z[D r V8]8}TZ\D¸^5_JM�W g DTS1N*KJILStSRILWJSyPQDTSQS1D r w:ZzIaW{E�D�I�c5DTE*Z[DTSKJPRV5w:Z\} r DTS=]:D r M\WJM r MzSRIaNRM[VLW�]|g X�WJD�PQ�LM[D�^`_:D�W:V5_JS�I�c5VLWJS&PRDTWJE�V5W5NQPRXeS,Z[VLPHS=]8DvZ[I$PQXTSRVLZ[_8NQM\V5W] g Xe^5_{IjNRM[VLW{SlIL_8b�]8XTPRM[cLXTDTS�KJIaPRNRM[D�Z[Z[DTS��oc5VLM[PTf KJILPlD�b8D r K:Z[DLf|ZzI PBPRV5K{V`S1M\NRM[VLW .8p°¯8p �a��p � ILZ\�5PRXSRVLW E�ILPQI5E�NR}TPRDtS1M r K:Z\M\´JX5fmE�D�N$D�b�D r K:Z\D�DTS1N�NRPQ}TS�PQD�K:PQXTSRD�W`NQIaNRM\n=]8D*K:PQVLw:Z[} r DTSvPQXTIaZ[MzSANQDTS�D�NKJPQIaNRMz^5_JDTSU]8D r M[W:M r M[SQIjNQM\V5Wv]|g X�W:DTPR�5M\DeS�]:DBNQPQILWJS1M\NRM[VLW�]8D!K:GJILSRDTSUDTWvSQE�M[D�WJE�D!]8DeS r IaNRXTPRMzIa_8b|p
� � ���s�����L
	 F9	 F��W�E�VLWJSRM[]:}�PQD�Zkg DTSRKJILE�Dy]8Dt��V5w{V5Z\DTc

V = H1(0, 1) r _:WJM/]8DyZzI W:V5P r D
‖v‖ =

(

∫ 1

0

(

v′(x)2 + v(x)2
)

dx
)1/2 ��^`_:M?DTS1NF_:WuDeS1KJI5E�D=]:DJ7=M\Z[w{DTP1N,]8Dl]8M r DTWJS1M[VLWuM\W8´{W:M\D5fc5VLM[PFZ\DvC/GJILK:M\NRPQDJ=���p{�W*K?V5SRD
K = V

D�NTf8K?VL_JP
1 ≥ h > 0

f:VLW*E�V5WJSRM[]8}TPRD
Jh(v) =

∫ 1

0

(

(|v′(x)| − h)2 + v(x)2
)

dx .

qBg ILK:K:Z[M[ETIjNQM\V5W
J
DeSAN=E�VLW`NRM[W�_:D�S1_JP

V
f:D�NFZzI$E�V5WJ]8M\NRM[VLW~��ºJp 9`�BDeSAN&c5X�PQMO´{X�DlK:_:MzSR^`_:D

Jh(v) = ‖v‖2 − 2h

∫ 1

0

|v′(x)|dx + h2 ≥ ‖v‖2 − 1

2

∫ 1

0

v′(x)2dx− h2 ≥ ‖v‖
2

2
− h2 .

� VLW`NRPQVLWJSF^`_:D
inf
v∈V

Jh(v) = 0 ,
��ºJp �`�

E�D�^5_JM|M r K:Z[M[^`_:DTPQI�^`_ g M\Z|W g D�b8MzSANQD�KJILS,]8D r M[W:M r _ r ]8D Jh
SR_:P

V
�8D�W�D R D�NefJSRM��®º:p �5�!I�Z\M[D�_D�N�SRM

u
X�NQILMON�_:W r M[W:M r _ r ]8D Jh

SR_:P
V
fdVLW¶]8D�c�PHIaM\N�I�cLVLM[P

Jh(u) = 0
fU]|g V U

u ≡ 0
D�N

|u′| ≡ h > 0
��K:PRDeSR^`_:D�KJILP1NQVL_8N��FS1_JP

(0, 1)
f:E�D�^`_:MdDTS1NFM r K{V`SRSRM[w:Z\D5p

0 1k/n

h/n


����� º:p°¯ �t��_JMONQD r M[W:M r M[SQIaW`NRD un K?VL_JP,Z®g :2b8D r K:Z[D�º:p°¯8p°¯8p
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� � �O� ��"&�T�1	<� � �<� � �  � ��� ���,�  <� � � ���,��� ���%�
��� � ���<� ��� � ¯aºQ9
PUV5_:P,VLw:NRD�WJM\P��®º:p �5��f8V5W E�VLW{SANQPR_:M\N,_:W:D�SR_:M\NRD r M\W:M r M[SQIaW`NQD (un)

]8X�´JWJM\D�K?VL_:P
n ≥ 1
KJILP

un(x) =











h(x− k

n
)

SRM k
n
≤ x ≤ 2k + 1

2n
,

h(
k + 1

n
− x) SRM 2k + 1

2n
≤ x ≤ k + 1

n
,

K?VL_JP
0 ≤ k ≤ n− 1 ,

E�V r�r D~Z\D r VLW`NQPRD~ZzI �UM[�L_:PQDsº:p°¯8p=�W�c5VLM\N*n�ILE�M[Z[D r D�W`N ^`_:D un ∈ V
D�N�^`_:D~ZzI¬]8X�PQMOhcLX�D

(un)′(x)
W:D�K:PQD�WJ]µ^`_:D¡]:D�_8bµcjIaZ[D�_:PHS �

+h
D�N −h p&P2IaP�E�VLWJSRXT^`_:DTW`NTf Jh(un) =

∫ 1

0 u
n(x)2dx = h2

4n

fFE�D¸^`_:M=K:PQVL_JcLD¡�®º:p �5��f!Eag DTS1N1hiYjhi]8M[PRD ^`_:D
Jh
Wdg I5] r D�NtK{ILSu]:D�K?VLM[W5N]8D r M\WJM r _ r S1_:P V p :mN�K?VL_:PRNQILW5NefJSRM h = 0

fJM[ZdDeSAN�E�Z[ILM\P�^5_JD
J0
I5] r D�N=_JW _:W:Mz^`_:D�K?VLM[W5N]8D r M\W:M r _ r v ≡ 0

� •
� � �`�j¨ « ¨L� O	GF
	�� � ��/�� ���<� + >e�%���)$;��� ")� �.� ���A?<��@�� @�/ � �-�;�=?<�#"(� � �#�-���G�<�9!�" �,� +7� � ���(� $;�;�2?�>)$*�)���
?(+,")$M/ � � � � � � " � /(�

J
$%"(�

C1[0, 1] �
2 ZzI¸Z\_ r M[}�PQD�]:D�E�DTS$E�V5W`NRPQD�h¦D�b8D r K:Z[DTSTfdD�b8I r M\W:V5WJS�Z[I¸]8M\±yE�_:Z\NRX ^`_:M&SRDtK:PQXTSRD�W`NQDtDTW]8M r DTWJS1M[VLWuM\W8´{W:M\D�D�NFS1V5_JSB^`_:DTZ\Z[DTS/G-+`K?VaNQG:}TSRDTSBW:VL_{SBK?VL_:c5VLWJSBDTSRK{XTPRDTPBV5w8NRDTW:M\P/_:WyPQXTSR_:Z\NQIjN]|g D�b8M[S1NRDTWJE�D K?VL_:P$_JW KJPRV5w:Z\} r D ]8D r M\W:M r M[SQIjNQM\V5W¶K?V5SRX ]:ILWJS�_:W¬DTSRKJILE�D ]8D 7&M[Z\w?D�PRNt]8D]8M r DTWJS1M[VLW�M[W8´JW:M[DLp�8VLM\N

V
_:W�DTSRKJILE�D!c5DTE�NRVLPQM[D�Z:]8DFW:V5P r D ‖v‖ pL��V5MON J _:W:DFnoVLW{E�NRM[VLW$]8X�´JW:M[D&S1_JP2_:W:D,KJILP1NQM\D

K
]8D

V
Y$cjIaZ[D�_:PHS=]JIaWJS

R
f?cLXTPRM\´{ILW5N&ZzIuE�VLWJ]:MONQM\V5W���º:p 95���oM[W8´JW:M[D�YyZ®g M\W:´JW:M ��p 2&Z[VLPHS�fJNRV5_8NRDS1_:M\NRD r M[W:M r MzSQIaW`NRD (un)
]8_*K:PQVLw:Z[} r D

inf
v∈K

J(v)
�®º:p �a�

DTS1Nyw{V5PRW:XTDLp :mW£]:M r D�W{S1M[VLW¶´JW:M[D���SRM V = RN
��fBVLW¬E�VLW{E�Z[_8NuIaMzS1X r D�W`NyE�V r�r D ]:ILWJS�Z[I��VL_JS1hiS1DeE�NRM[VLW�º:p[�Lp =�D�W$_8NQM\Z[MzSRILW5NmZzI�E�V r KJILE�MONQX,]8DTSmnoD�P r XeS2w?VLPQW:XTS&��D�NBDTW$S1_:KJK{V`SRILW5NB^`_:D KDTS1N&noD�P r X�D�N�^5_JD J DeSAN�E�V5W5NQM\W�_:D�V5_ S1D r MOhiE�V5W5NQM\W�_:D�M\W8noXTPRM[D�_JPRD r DTW`NH��p)� IaZ[G:DT_:PRDT_JSRD r D�W`NTf_:W�NRD�Z�PRXeS1_JZONHIjN,DTS1N,n�Ia_8b�D�W ]8M r D�WJSRM\V5W*M\W8´{W:M\D5f{E�V r�r D�W:VL_JSFc5D�W:V5WJS,]8D�Z[D�E�V5WJS1NQIjNQD�Pep:x=Dr ILW:M[}�PQD&�LXTW:X�PHIaZ[DLfaV5W$K{DT_8N!E�VLWJE�Z\_JPRD&SRM{Z[D,NQPRM[K:Z[D�N (V,K, J)

cLX�PQM\´JD,Z[I�E�VLW{]8MONQM\V5WuSR_:M\cjILW5NQD2�K{V5_:PFNRV5_8NRD�SR_:M\NRD
(un)n≥1

]:ILWJS
K
NRD�Z[Z[D�^5_JD

supn∈N ‖un‖ < +∞ VLW*I
lim

n→+∞
J(un) = ` < +∞ =⇒ ∃u ∈ K NRD�Z�^5_JD J(u) ≤ ` . ��º:p �5�

2&M[WJS1MkfJSRVL_JSFZ[DTS,E�VLWJ]:MONQM\V5WJS���ºJp 9`�BD�N���ºJp �`��f8Z[D�K:PRV5w:Z[} r D$��º:p �a�!I5] r D�N&_:W:D�SRVLZ[_8NQM\V5W p
��IaZ[G:D�_:PQD�_{S1D r DTW`NTfjZzIlE�VLWJ]:MONQM\V5W��®º:p �5��DTS1N2M\W�_8NQM\Z[M[SQIawJZ\D,E�ILP�M\W�cLXTPRM\´{ILw:Z\D!D�W��LXTW:X�PHIaZ �L�WK{DT_8N�E�DTK{DTWJ]:ILW5N&ZzI�cLXTPRM\´JD�P,K?VL_JP&_:W:D�E�Z[I5SRSRD�KJIaPRNRMzE�_:Z[M[}�PQD�]:D�K:PRV5w:Z[} r DTSTf�NRPQ}TS,M r K{V5P1NHIaW`NQSD�W�NRG:XTVLPQM\D,E�V r�r D!DTW�K:PQIaNRMz^`_:D:�aZ\DeS�K:PQVLw:Z[} r DTS2]:D r M[W:M r MzSQIjNRM[VLW$¨5�{§ �?�5� �?p8C/V r�r D!WJVL_JSZ\D�cLDTPRPQVLWJSl]:ILWJS=ZzI*��VL_JS1hiS1DeE�NRM[VLW¸º:p°¯8p 9:f S1M

V
DTS1N�_:W�DeS1KJI5E�D�]8D!7&M[Z\w?D�PRNTf

K
_:W~¨L�?§ �{�`� �noD�P r X�]8D V f!D�N�^5_JD J DTS1Nu_:W:D noV5WJE�NQM\V5W·¨L�?§ �{�`� � D�N*E�V5W5NQM\W�_:D SR_:P K f/ILZ\V5PQS �®º:p �5�$IZ\M[D�_ D�NuZ\D�K:PRV5w:Z[} r D���ºJp°�L��IL] r D�Nt_:W:D�SRVLZ[_8NRM[VLWdpBq DeS r VaNQM\cjIjNQM\V5WJS$K?VL_:PuM\W`NRPQV8]8_:M[PRD E�DTSE�VLW{]8MONQM\V5WJS�S1V5W`NTf ]|g _JW:D�KJIaPRNTf ^`_:D�Z\DeS=G-+�K{VLNRG:}eS1DeS�]8D�E�VLW�cLD�b8MONQXvSRVLW`N�SRVL_JcLD�W`NlWJIjNQ_:PRDTZ\Z[DTS]:IaWJS�w?DTIa_{E�VL_JK�]|g IaK:K:Z[MzE�IjNQM\V5WJSTf{D�N�]|g Ia_:NRPQD�KJILP1Nef ^`_ g M[ZUSTg IL�LM\Nl]|g _:W:D�]8DeS�PHIaPQDTS�E�ZzILSQS1DeS=]8DK:PRV5w:Z[} r DTS�K?VL_:P2Z[DTSQ^`_:D�ZzS�ZzI=NQG:X�V5PRM[DFDTS1NBS1_:±$SQI r�r D�W`N2�LXTW:X�PHIaZ[D!D�NBE�V r K:Z\}�NRD5p � IaMzS2E�DeE�M:W:D
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SRM[�LW:M\´JDlKJILSF^`_:D�E�DeS!E�VLWJ]:MONQM\V5WJS,S1V5W`N!Z[DTSFSRD�_:Z[DTSF^`_:M ILSQSR_:PRDTW`N!Zkg D�b8M[S1NRDTWJE�D�]|g _:W r M[W:M r _ r �
0=XTILW r VLM[WJS�fTD�W�]:D�G:V5PQS ]:_�E�I5]8PRDmE�VLW�cLD�b8Dm]8X�c5D�Z[VLK:K?XB]:ILWJS Z[DTSUS1V5_JS1h¦SRDTE�NRM[VLWJS|SR_:M[c�ILW`NRDTSTfT]:DTS]:MO±yE�_JZONQXTS=]:_*N,+`K?D�]8DvE�D�Z[Z[DTS,PQD�WJE�VLW`NRPQX�DeS,]:IaW{S,Z\DeS=E�VLW`NRPQD�h¦D�b8D r K:Z[DTSFKJPRXeE�XT]:D�W`NQS,K?D�_JcLD�W`NSR_:PQcLDTW:M\Pep
� .@AF.@A � 4�N F � E G > 9B4 ��G��G
xlIaWJSmNRV5_8N/E�D�^5_JM{SR_:MONefLW:V5_JSmSR_:K:K?V5SRD�PQVLWJSB^5_JD

V
DTS1NB_:W$DeS1KJI5E�D&]8D�7&M[Z\w?D�PRN r _JW:M{]|g _:WKJPRV8]8_:M\N&SRETIaZzIaM[PRD 〈u, v〉 D�N&]|g _:W:D�W:V5P r D�ILSQS1V8E�M[X�D ‖v‖ p��&ILK:K{DTZ\V5WJS,^`_ g _:WtDTWJSRD r wJZ\D K DTS1NE�VLW�cLD�b8D�STg M[Z|E�VLW`NQM\DTW5N!NRV5_JS!Z\DeSFS1DT� r D�W`NQS/PQD�Z[M[ILW5N,]8DT_8bu^`_:D�ZzE�V5WJ^`_:DTSF]8D�S1DeS!K{V5M\W`NQS���cLVLM[P!Z[Ix�X�´{W:MONQM\V5W~�e¯8p[�Lp º5��p8x=V5W:W:VLW{S,^5_JD�Zz^5_JDTSFK:PQVLK:PQM[X�NRXeS,]8DTS!noV5WJE�NQM\V5WJS,E�V5W�cLD�b8DeS�p

+ 6 ;U§ «oªe« �?§ 
	 F9	4� J 	 E>01� ���SR �2	93 ��.
	4;��D0<.
	
J
E7A<\p	�0<3�G[�2Bo�2	!3�	�G�3�Y ��8�3e;=.>	 L 3OT 3�	9.
	 L 0<E73

K ∈ V 3��o` L �>8M3��2B=G�E7�
	�G
R
3�G[��;=.
	 L 3�T 3#G[�2B K G[0N3��SG�3��28�3�Y 3�	��SG[0

J(θu+ (1− θ)v) ≤ θJ(u) + (1− θ)J(v) ∀u, v ∈ K , ∀ θ ∈ [0, 1] .
�®º:p º5�

�C3�648:� G i J 3�G[�NE
01�V3#G[�DB[0<;��V3�YZ3�	��N;=.>	 L 3OT 3WG[0 8 R 01	4A � �
8h01�A 	
�7I ��� 3�G[�SG[�?B[0<;��V3#8M.>B=G�����3 u 6= v

3��
θ ∈]0, 1[ I
� �����8� ? ��� O	GF
	GF���M

J
DTS1NB_:WJD&IaK:K:Z[MzE�IjNQM\V5W$]8X�´JWJM\D=SR_:P

K
Y�c�ILZ\DT_:PHSm]:IaW{S

R
fLVLW$ILK:K{DTZ\Z[D

6 � « D{�j�8� 4 ��]8D
J
Zkg D�WJSRD r w:Z\D Epi(J) = {(λ, v) ∈ R × K , λ ≥ J(v)} p�2&Z[VLPHS J DTS1NE�VLW�cLD�b8DlSRM|D�N=SRD�_:Z[D r DTW5N=SRM Epi(J)

DeSAN,_:WJD�KJIaPRNRM[D�E�VLW�c5D�b8Dl]:D
R× V p •

� � �`�j¨ « ¨5� O	GF
	GFH����� � �-�
J1

� �
J2

/(�<"	��� �#�)� �.� ���)$ �%������� �)�-$ $ "7�
V, λ > 0

N��%�
ϕ

"7���o� �#�)� �.� ���
�%������� �)�S�<����� $&$.>7�-�;�J$ "7�#"7�'� ���;�<���)>7+,+ � /(�

R
� �#�-�;� �)>7���O+�� �<�)$&� � �(+ �

J1(V ) � � �������G�<�(!#"��
J1+J2

N
max(J1, J2)

N
λJ1

� �
ϕ ◦ J1

$&�������%������� �)�-$ �
� � �`�j¨ « ¨5� O	GF
	�� ����� �

(Li)i∈I
"7�)�P��> � � +,+ � 1�@���� �-��")�<+,+ � � �<��� � ��� �<� � 6 / �^� ���
���.� ���)$ >�� �)�%$

$%"(�
V � � ��������� � !#")�

supi∈I Li
�%$&�e� �#� �)������$ "7�

V � � @���� ?<�G��!�")� � � �-�%N�$&��� � J "7�)�_� �#�)� �.� ���
�%������� �)�W� �#�-�.� �7")�*$ "7�

V � � �#�-���G�<�
!#"��
J
�%$&� @%K7>7+ �0>7"

supLi≤J Li
� � + �%$N� ���
���.� ���)$

Li
$R�����

>�� �)�%$ �
P�VL_JP�Z[DTSunoVLW{E�NRM[VLW{S�E�VLW�cLD�b8DTSyM[Z�W g +£I¡KJI5St]:D¸]8MSR X�PQD�WJE�D�DTW5NQPRD r M\W:M r I¡Z[V8E�IL_8b£D�N�5Z\V5wJIa_:buE�V r�r D�Z\D r V5W5NQPRD�Z[D�PRXeS1_JZONHIjN,X�Z[X r D�W`NHIaM[PRD�S1_JM\cjIaW`Nep

� �j�{�B�?� «�ªT« �?§ 
	 F9	U�c,90
J
3[G[�o�2	93 ��.>	9;��?0<.>	@;=.>	 L 3OT 35G[�2B��2	 3�	HG�3�Y���8M3Z;=.
	 L 3�T 3 K i �V.
�2�6�.
01	���EF3ZYC01	�01YC�2Y 8M.�;=�
8SEF3
J
G=�2B

K
3[G[�%�2	KY_01	�01Y_�2Y �F8M. �=�>8p3��%8 R 3�	HG�3�Y���8M3aE73[G�6H.>01	��?G

E73�YC01	�01YC�2Y 3[G[�p�2	K3�	�G�3�Y ��8M3C;=.
	 L 3�T 3 	 A L 3�	��D��3�818�3�Y 3�	�� L 0<EF3 �FI,90 E73N698:� G
J
3�G[� G=�DB[0<;��3�YZ3�	��p;=.>	 L 3OT 3 i �>8M.
B=GW018Q3OT70UG[�3#�>��648:� Gd�2	56�.
01	���EF3#YC01	�01YC�2Y I

+ 6 ���?§�� ª �j� ªe« �?§ 	2��VLM\N
u
_:W r M\WJM r _ r Z\V8E�ILZ�]8D J SR_:P K p{xvg IaK:PQ}TS,ZzIyx�X�´JWJMONQM\V5W�º:p[�Lp[�LfWJVL_JSFK?VL_:c5VLWJSFXeE�PQM\PQD

∃ δ > 0 , ∀w ∈ K , ‖w − u‖ < δ =⇒ J(w) ≥ J(u) .
��ºJp\�e¹5�
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� � �O� ��"&�T�1	<� � �<� � �  � ��� ���,�  <� � � ���,��� ���%�
��� � ���<� ��� � ¯aº .
��VLM\N

v ∈ K pQP�VL_:P θ ∈]0, 1[
S1_8±ySQI r�r D�W`N/K?D�NQMONef wθ = θv+(1− θ)u cLXTPRM\´JD ‖wθ−u‖ < δD�N

wθ ∈ K
KJ_:M[SQ^`_:D

K
DTS1N!E�VLW�cLD�b�D5pLx�VLWJELf

J(wθ) ≥ J(u)
]|g ILK:PQ}TS=�®º:p[�T¹`��fLD�N!ZzI�E�VLW�cLD�b�M\NRX]8D

J
M r KJZ\Mz^`_:D ^`_:D J(u) ≤ J(wθ) ≤ θJ(v) + (1 − θ)J(u)

fBE�D ^5_JM r VLW`NRPQDtwJM\DTW¬^`_:D
J(u) ≤ J(v)

fJEag DTS1N1hiYjhi]8M[PRD�^`_:D
u
DTS1N,_:W r M\W:M r _ r �5Z\V5wJIaZ|SR_:P K pxvg Ia_8NQPRDFKJILP1NefaS1M

u1
D�N
u2
SRVLW`Nm]8D�_:b r M\W:M r IlD�NmS1M θ ∈ [0, 1]

fjIaZ[VLPHS
w = θu1+(1−θ)u2DTS1N&_:W r M[W:M r _ r K:_:MzSR^`_:D w ∈ K D�N=^`_:D

inf
v∈K

J(v) ≤ J(w) ≤ θJ(u1) + (1− θ)J(u2) = inf
v∈K

J(v) .

q D r���r D�PHIaMzS1V5W:W:D r DTW`N,I�c5DTE θ ∈]0, 1[ r VLW`NRPQD�^`_:DLf?S1M J DTS1N=S1NRPQM[E�NRD r DTW5NlE�VLW�c5D�b8DLf:ILZ\V5PQSW:XTE�DTSQSRILM\PQD r D�W`N u1 = u2
p

�

0=VL_JSUW:V5_JSUS1DTPRc�M[PRV5WJS|KJILP�ZzI=SR_:M\NRD/] g _:WJD/W:VLNRM[VLW�]:DU²AnoVLPRNRD/E�VLW�cLD�b8MONQX�³m�U�®���&����� ª � « ¨ ªT« �{�^5_JDlZzI$S1NRPQM[E�NRD�E�V5W`c5D�b8M\NRXLp
+ 6 ;�§ «�ªT« �?§ 
	 F9	�r J 	 E>01�W���SR �2	93 ��.
	9;��D0<.
	

J
E7A<\p	�0<3aG=�2BC�2	 3�	HG�3�Y���8M3 ;�.>	 L 3OT 3 K 3[G[�

��.
B[�V3�Y 3�	��o;=.>	 L 3OT 3WG[0p3��pG�3��28M3�YZ3�	��pG=0 018 3OT70UG[�3 α > 0
�3�8 ����3

J

(

u+ v

2

)

≤ J(u) + J(v)

2
− α

8
‖u− v‖2 . �®º:p[�L���

J 	KE
01�%�
� G=G[0pEF�
	�G5;�3C;=�)G5����3 J 3[G[�
α
� ;=.>	 L 3OT 3 IxlIaW{S&ZzIyx=X�´JW:M\NRM[VLW�ºJp ¯:p ={f8Z[I$noVLPRNRD�E�V5W�cLD�b8M\NRX�]8D

J
W g DTS1N&NQDTS1NRX�Dv^5_JD�K{V5_:P�]:DTS=E�V r w:MOhWJIaMzS1V5WJSlE�VLW�c5D�b8DTS&]:DvK?VLMz]:S

θ = 1/2
p C/D�ZzIyW g DTS1NlK{ILS�_:W:D�PRDeSANQPRMzE�NQM\V5W K{V5_:P�Z\DeS&noV5WJE�NQM\V5WJSE�VLW`NQM\W�_:DeS,E�V r�r D�Z\D r V5W5NQPRDlZkg D�b�DTPQE�M[E�D�S1_:M[cjIaW`NTp

� � �`�j¨ « ¨L� O	GF
	Mr �#�
J

�%$&��� �#�-�.� �7")� �%�
α
��%������� �)�7N � �#�-���G�<�O!#"��7N ?<��"7�9�;��"�� θ ∈ [0, 1]

N

J(θu+ (1− θ)v) ≤ θJ(u) + (1− θ)J(v) − αθ(1− θ)
2

‖u− v‖2 . �®º:p[�e¯5�
� � �`�j¨ « ¨L� O	GF
	�H����� �

A
"7��� � >������ � � $ � � @ ����� !�")� / � ��� /��G�

N
� �
b ∈ RN � 
���"7� x ∈ RN N

���T?<� $&�
J(x) = 1

2Ax · x − b · x �'�
�#�-���G�<�'!�")�

J
�-$;�5� �#� �)����� $��E� �2$&� "(+ � � �<���2$P�

A
�%$;�

$&� � � � /(@�� � � � ?<� $P� �.� �)�(N
� �2!�")�
J

�%$&�:$&��� � � �;� � � �-�#� �#� �)����� $��9�%�:$R�<"7+ � � � �-�:$P�
A

�-$;�2/(@�� �<� �
?<� $P� �.� �)� � � >7��$��%� / � �4� � �<�o�%>)$�N � �������G�<�Q!#")� J �-$;�2>7"�$R$P�/� ��� �;� � �<���#� �����)����� � �:�����#" �)�<�0+ >
� �)� +,+ � "(�G�#� ���)$;�&>7���;� α �
� � �`�j¨ « ¨L� O	GF
	�� ����� �

Ω
"7� �#" �)�<���'/(�

RN
� �
H1(Ω)

+�� �%$ ?�>
� �=/(� ��� �<�#+ ��� >)$R$&�2��� @�1 �)��� � + >
�J@�� �<� �.� �#��� � �#�
��6%� ����� � + >#� ���
���.� �#�

J
/(@�� �<� �=$%"(�

Ω
?�><�

J(v) =
1

2

∫

Ω

(

|∇v(x)|2 + v(x)2
)

dx−
∫

Ω

f(x)v(x) dx ,

>������
f ∈ L2(Ω) �O� �������G�<�O!#"��

J
�-$;�N� ��� �;� � �<�����%������� �)�=$%"(�

H1(Ω) �
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¯Lº � ���������
	������ � � � 	��)� �  ��	<�
����� � � �*��	<�,���T�%��	<�
���

qdD$PRXeS1_:Z\NQIaN�S1_:M[cjIaW`N�SRD�PHIuDeSRSRD�W`NRM[D�Z/]:IaWJS�Zkg VLw8NQD�W`NRM[VLW~]|g _:WsPRXeS1_JZONHIjN�]|g D�b8M[S1NRDTWJE�D$]|g _:Wr M[W:M r _ r DTW�]:M r D�W{S1M[VLW�M\W:´JW:M[DLp :mW�KJIaPRNRMzE�_JZ\M[D�Pef�M\Z8K?D�P r D�Nm]8D,E�V5WJE�Z[_:PQD/^`_ g _:W:D!noVLWJE�NRM[VLW JnoV5P1NQD r D�W`N,E�V5W`c5D�b8D=D�NFE�VLW`NRM[W�_:D�S1_:PF_:WtD�WJSRD r w:Z[D K E�V5W`c5D�b8D&noDTP r XlW:VLWtc�M[]8DlDTS1NB²AM[W8´JWJM\DY�Zkg M[W8´JWJM ³�]:IaW{S
K
f:Eag DTS1N1hiYjhi]8M[PRDlcLXTPRM\´JD�ZzIvKJPRV5K:PRM[X�NQX$��º:p 95��p

� �j�{�B�?� «�ªT« �?§ 
	 F9	��m,90
J
3�G=�S;=.
	 L 3�T 3W;�.>	��D01	���3�G[�2Bg�2	 3�	HG�3�Y���8M3

K
;=.
	 L 3�T 3 ��3�B[YZAe	4.
	

L 0<EF3 i �>8M.
B=G�018 3�TF0UG[�V3��2	43 ��.>B[YZ3_8:01	4A=�
01BO3 ;=.
	��?01	���3
L ∈ V ′ 3����2	93C;=.
	HG[�V�
	��3 δ ∈ R

�V3�818M3[G
����3

J(v) ≥ L(v) + δ ∀ v ∈ K .
�®º:p[� 9`�

,90dEF3�648:� G
J
3[G[����.
B[�V3�Y 3�	��#;�.>	 L 3OT 3 G[�2B K i �>8M.
B=Ga018o3OT70UG[�V3 E73��FT ;=.
	�G[��>	��V3[G

γ > 0
3��

δ ∈ R
�V3�818M3[G5����3

J(v) ≥ γ‖v‖2 − δ ∀ v ∈ K .
��ºJp\� =`�

+ 6 ���?§�� ª �j� ªe« �?§ 	%PmPQVL_JcLVLW{SU] g ILw{V5PQ]t��º:p[� 9`��pL��M
J
DTS1N2E�VLW�cLD�b8D!E�VLW`NRM[W�_:D��oVL_�SRM r K:Z[D r D�W`NSRD r M\h¦E�VLW`NRM[W�_:D�M[W8noX�PQM[D�_:PQD r D�W`N��=SR_:Pl_:W�DTWJS1D r w:Z[D K E�V5W`c5D�b8D�noDTP r X�W:VLW c�Mz]8DLf IaZ[VLPHS=SRVLWXTK:M[�LPHIaK:G:D

Epi(J)
��]8X�´JW:M/]JIaWJS�ZzI �,D r ILPQ^`_:D$ºJp ¯:p ¯5�=DeSAN�E�VLW�cLD�b8DvnoDTP r X$W:V5W~c`Mz]8D5p���VLM\N

v0 ∈ K
D�N
λ0 < J(v0)

p*Pm_:MzSR^`_:D
(λ0, v0) /∈ Epi(J)

f!W:VL_JSt]8XT]:_:M[SRVLW{Sy]8_ kFG:XTVLPQ} r D��¯8p[�Lp[�Tº ]:D*SRX�K{IaPHIjNRM[VLW¶]|g _JW¶K?VLM[W`N�D�Ny]|g _JW¬E�VLW�cLD�b8DuZkg D�b�MzS1NRD�W{E�D*]8D
α, β ∈ R

D�Ny]|g _:W:DnoV5P r D�Z[M\W:XeIaM[PRD�E�VLW`NRM[W�_:D L ∈ V ′ NRDTZ[S,^`_:D
βλ + L(v) > α > βλ0 + L(v0) ∀ (λ, v) ∈ Epi(J) .

��º:p[�5.5�
C/V r�r D5fmK?VL_:P v ´:b8XLf/VLW¬K{DT_8NtKJPRDTWJ]8PQD λ IaPQw:M\NRPHIaM[PRD r DTW`N��5PQILWJ]¬]:IaWJSyZ\D r D r w:PQD ]8D�`Ia_JEHGJD�]8D$��ºJp\��.L��f`M[Z|DTS1N,E�ZzIaM[PF^`_:D

β ≥ 0
�8]8D�K:Z[_JSTf:E�V r�r DlVLWtK{DT_8N,K:PRDTWJ]8PQD v = v0

]:ILWJSZ[D r D r wJPRD�]8D��5IL_JEHG:D�]:D��®º:p[�5.5��f β WJDlK?D�_:N � NRPQD�W`_JZ®p{�W�Iv]8V5WJE β > 0
f�D�NFV5Wt]8Xe]8_:M\N=]8D�®º:p[�5.5�/^`_:D

J(v) + L(v)/β > α/β
K?VL_JPFNRVL_:N

v ∈ K f:E�D�^`_:M|K:PQVL_JcLD$��ºJp\�595��pPmPQVL_JcLVLW{S r IaM[W5NQD�WJILW`Nv��ºJp\� =`��p?��VLM\N=D�W{E�VLPQD v0 ∈ K ´:b8XLp3P�VL_:P,NQVL_8N v ∈ K fd�®º:p[�L�e�,D�N�®º:p[� 9`�BM r K:Z[M[^`_:DTW5N=^`_:D
J(v)

2
+
J(v0)

2
≥ J

(

v + v0
2

)

+
α

8
‖v − v0‖2 ≥

L(v) + L(v0)

2
+
α

8
‖v − v0‖2 + δ .

�W�D�W ]8Xe]8_:M\N
J(v) ≥ α

4
‖v‖2 − α

2
〈v, v0〉+ L(v) + C1 ,I�c5DTE

C1 = (α/4)‖v0‖2 + L(v0) − J(v0) + 2δ
pdxvg IaK:PQ}TS�Zkg M[W:XT�5IaZ[M\NRXy]8DtC!IL_JEHG-+5hA�8EHG 	FIaP.SILK:K:Z[M[^`_:X Y 〈v, v0〉 D�N$ZzI¸E�VLW`NRM[W�_:M\NRX ]8D L f�M®p DLp |L(v)| ≤ ‖L‖V ′‖v‖ �oc5VLM[P�ZzI¸x=X�´JW:M\NRM[VLW��¯8p[�Lp[���L��f�M\Z|c�M[D�W`N

J(v) ≥ α

4
‖v‖2 −

(

‖L‖V ′ +
α‖v0‖

2

)

‖v‖+ C1 ≥
α

2
‖v‖2 − C ,

K?VL_JP
C ∈ R

wJM\DTW�EHG:V5M[SRMkp
�

k�D�P r M\W:V5WJSlE�D�NRNRD�S1V5_JS1h¦SRDTE�NRM[VLW*KJIaPl_:W:DvK:PQVLK:PQM\X�NRX�Ia�LPQXTILw:Z[D�]8DTS=noVLWJE�NRM[VLWJSlE�V5W�cLD�b8DeS2�Z[DTS!noV5WJE�NQM\V5WJS,E�V5W�cLD�b8DeSU²1K:PQVLK:PQDTSA³v��ELg DeSANRh¦Yah¦]8M[PQDl^`_:M|W:D�K:PQD�WJW:D�W`N,KJILSFZzI�cjIaZ[D�_:P
+∞ �!SRVLW`NE�VLW`NRM[W�_:DTSTp
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��� � ���<� ��� � ¯aº��
� � �`�j¨ « ¨L� O	GF
	G�H����� �

v0 ∈ V
�%�
J

"7�)�g� ���
���.� �#�d� �#� �)����� � > " ���G@%�*$%"(� "(�)� �<�#"(+ � /(�d�%�<�������
v0

�
� ��������� �O!�")�
J
�-$;� � � �����G@%� � �%� �#�-�.� �7")�0$%"(� �%� � �;� �<��"7+ � �

� .@AF.�� BDC�E�<&FA6-NU6OE�;�� G��&@TE56%Gd4=> G
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(
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v∈K

J(v) ≤ 1

2

(

J(un)− inf
v∈K

J(v)

)
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v∈K

J(v)
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(
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6
�

� ����9>: ;���$29,! :G@ $&%)("$2:3$&%1%)�3�29,+-("9,@ $�(3�)��� @-("$&%)9>E?�3��� 82$2@ ��6
�@��K������
	
�=�	������ ��� � � �W��� ��K
I � ORQPO�MPOW��� :3E��)4*9 / ��6 � 6 � %)��� %)(}9'�2@ %)(,!#@-$2@-!#@-9):3$&%)(

(un)
("9 % =?�3�: 

$��"(�6�� $q���"���2@ %o:3+-�3�)9~� � G ("!#!#( � 6 7&64[�[1�&�F� @-+<(*C @-9 %)(m��$2(J9'���293 r9'��@-%)(
(un′

)
�"�3$�;<(*�"(�(":3$&%���:3@-=2+-("!#("$&%

;�(*�)9}�2$�(B+-@ !#@ %)(
u ∈ V

6BT :3@-9 � �%� :3E �)4"9,+ (>G ("!#!#(���6 7�6I[�� � u ∈ K
(*%

J(u) ≤ lim inf
k

J(unk ) = inf
v∈K

J(v) .

G (�E?��@-$&%
u
("9 %����3$��B=�@ (*$ �2$D!#@ $�@-!��2! ��(

u
9'���

K
6
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ACBEDGFIHKJCLNMOBEPOQSRUT/J�VWDOXZYOF.DOXZYOFIF/XZ[\[\J]FIQ^D2R/_]T/J`F/F/_�BEY8acb2Y8J]F-R/QKXZDGFIdfe J$a6QKF-R/J]DOg$J;d6J�[\Q^DOQSh["Y8[iBZY6ajP8TUXZkOH^l][cJ`F�dfe XmP6R/QK[\QKFUBnRUQ^XmD+o8ACBEDOF�g�Jpg&MGBEP8Q^R/TUJZqrD8XmYOF�BEHKH^XmDOF�g&M8J�T&g&M8J]T�stXZk8R/J�DOQ^Td6J]Fug�XZDOd6Q^R/QKXZDGF\D8_]g�J]FUF/BZQ^TUJ]FcJ$R�PGBET/vwXZQxFcF/Y6y�FUBED2R/J`Fud6Jz[cQKD8QK[uBEHKQSRU_Zo4{4e Xmk6|@J]g$R/Q^vCJ`F@Rjdfe Y8D8Jg$J�T/RUBZQ^DOJ}[uBED8QKl�TUJ"k>J]BZYOg$XmY8P~P8HKYOF;P8TUBER/Qxb2Y8JZq>P8Y8QxF/b2Y8Jcg$J`F;g�XZDOd6Q^R/QKXZDGF;dfe XZP8R/QK[\BZH^Q^R/_cF-J]T/XmD2RH^JtP8H^YGFCF/XZYO�ZJ�D2R=Y8R/QKH^QxF-_]J]F;PGXmY8T;R/J�D2RUJ�Tpd6Jt�m�8���m�'���m��� ������� �����'���wPOBZT-vwXmQKF=[c�][\JcFUBEDOFB��ZXZQKT�F-Yzd6_�[\XmDmRUT/J]T�F-XmD�J�arQxF-R/J�DGg$JI����o8{4e Qxd6_�JW�m_�D8_]TUBZH^Jpd6J`F�g$XZDGd6QSRUQ^XmDOF�dfe XZP6RUQ^[uBEHKQ^R/_WJ]F-R�HKB[c�][\Jtb2Y8J"g�J�HKH^J"b2Y8Q�q>H^XmTUFUb2Y8JWH�e XZD�g�BEHxg$YOH^J}H�e J$arR/TUJ�[tY8[�d+e Y8DOJ}vwXZDGg�R/QKXZD~F/Y8T
R
q>g�XZDOF/QKF-R/J}s_]g$TUQKT/Jpb2Y8J}F/B\d6_]T/QK�Z_]JCd8XZQ^R=F�e BED8DrY8HKJ�T`oLNJ`Ftg�XZDOd8QSRUQ^XmDOF"�mXZD2Rcd8XZDOg�F]e J$a6P8TUQ^[\J�T\s�H�e BZQKd8J�d6J�HKB�d6_�TUQK�Z_�JjP8T/J][\Q^l]T/J���g$XmDOd6Q^R/QKXZDOFdfe XmTUd8T/Jp�`�.XZYuF-J`g$XmDOd6J}��g�XZDOd8QSRUQ^XmDOFIdfe XZT&d6TUJ��m��o2��XZYGF.XZk6RUQ^J]DOd6TUXZDOF4F-Y8T/R/XmY6R4d6J`FIg$XmDOd6Q^R/QKXZDOF�' r�Z�r¡`¡]�O�w�n�r¡jdfe XZP6RUQ^[uBZH^Q^R/_mq [uBZQKFtH�e Y6RUQ^HKQKFUBnRUQ^XmD¢d6J�HKB�d6_]T/QK�Z_]JjF-J`g$XmDOd6JjXmY�H�e QKD2R/TUXrd8YOg�RUQ^XmDdfe Mr£rP>XER/MOl]F/J]F�d6J}g$XmDr�ZJ$a6Q^R/_;PGJ]T/[\J$R/R/TUXZD2R�BEYOFUF/Q¤d+e Xmk6R/J]D8Q^T�d8J]F�g$XmDOd6Q^R/QKXZDOF�¡`�¦¥�¡`�8�¤§`�2¡mq6J$Rd6J}d6QxF@RUQ^D8�mY8J�T�J]D2R/TUJC[\QKD8QK[\BcJ�R�[\BEa6Q^[uB8oLNJ`Fpg$XZDGd6QSRUQ^XmDOFCdfe XmP6R/QK[uBEHKQSRU_"�m_�D8_]TUBZH^QxF-J]D2R=HKBjT/J][uBET&bmYOJ}_�HK_�[\J�D2R&BEQKT/JcF-Y8QK�nBED2R/J�¨fF-Q

x0J]F-R;Y8D�PGXmQ^D2RWd6J"[\QKD8Q^[tY8[©HKX6g�BEHªd6J
J
F-Y8TCH�e QKD2R/J�TU�nBEHKH^J

[a, b] ⊂ R
�
J
_�RUBZDmRCY8D8JtvwXZDOg$R/QKXZDd6_�TUQ^�nBZk8H^JWF/Y8T

[a, b]
�$qOBEHKXZT&FNXZD�B

J ′(x0) ≥ 0
F-Q
x0 = a , J ′(x0) = 0

F/Q
x0 ∈]a, b[ , J ′(x0) ≤ 0

F/Q
x0 = b .«���[\J�F/QCJ�HKH^J�J]F-R�k8QKJ�D¬g�XZD8DrY8J�d6YHKJ]g�RUJ�Y8T`q®TUBZP8PGJ]H^XmDOF�HxB�d8_�[\XZDOF-R/T&BnRUQ^XmD¯d6J�g�J$R-RUJ�TUJ$h[\BZTUb2Y8J°¨=F/Q

x0 ∈ [a, b[
q�XmD�P>J�Y8R�g&M8XZQxF-QKT

x = x0 + h
B��ZJ]g

h > 0
P>J$RUQSR~J�R~_]g$TUQKT/J

±m² �
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±m² � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

J(x) ≥ J(x0)
q8d+e X.-

J(x0) + hJ ′(x0) + o(h) > J(x0)
qOg$Jpb2Y8Q+d6XZDOD8J

J ′(x0) ≥ 0
J�Dzd6Q^�rQ^hFUBED2R�POBZT

h
J$R;J�D�v�BEQxF/BZD2R�R/J�DGd6T/J

h
�ZJ�T&F

0
oOA;J}[\��[\J}Xmk6R/QKJ�D2R/h�XmD

J ′(x0) ≤ 0
F/Q
x0 ∈]a, b]J]D¬g$XmDOF/QKd6_]TUBZD2R

x = x0 − h
o�/�J][\BZTUb2Y8XmDOF�_]�mBZH^J][cJ]D2R���gZe J`F@R�HKB¢g$XZDGd6QSRUQ^XmDdfe XZT&d6T/J��Z�b2Y8J�F-Q

x0 ∈]a, b[
J$R\F-Q

J ′ J`F@R\d6_�TUQ^�nBZk8H^JjJ�D x0
q XZD�B~BZH^XmTUF

J ′′(x0) ≥ 0
��J�D�J	0>J�R]q XZD�B

J(x0) +
h2

2
J ′′(x0) + o(h2) ≥ J(x0)

P>XZY8T
h
BmF/F/J	1pP>J$RUQSR���o{'B�F-R/T&BnR/_]�ZQKJ~dfe XZk6RUJ�D2R/QKXZDJ�R�d6J�d6_�[\XmDOF@RUTUBER/QKXZDd6J`Fjg�XZDOd6Q^R/QKXZDGF�d6J�[\Q^D8QK[uBEHKQSRU_�J`F@Rd8XZDOg�g�HKBZQ^TUJ ¨IXZD°R/QKJ�D2Rjg�XZ[\P6R/J~d8J]F�g�XZD2R/T&BEQKD2R/J]F��

x ∈ [a, b]
d8BEDOF\H�e J$a6J�[\P8HKJ�g$Q^h d6J]FUF-YGFU�P>XZYOT"RUJ]F-R/J�TcHxB~[\Q^DOQ^[uBEHKQ^R/_zd6J

x0
dOBEDOFcd6J]Fcd6QKT/J`g�RUQ^XmDOF"PGBET/R/Qxg$Y8HKQ^l]T/J`F"b2Y8Q�TUJ]F/PGJ`g�R/J]D2RtHKJ]Fg�XZD2R/T&BEQKD2R/J`Fu�

x0 + h
B��mJ]g

h > 0
F-Q
x0 ∈ [a, b[, x0 − h

B��mJ]g
h > 0

F-Q
x0 ∈]a, b]

�\¨'XZDPGBETUH^J]TUBcd6J32 �w�n�r�E§`�54>�'¡\�62 ����¡`¡`�87ª���r¡Zo69;DzY6R/QKHKQKF/J}J�DGF-Y8Q^R/JWHxBud6_	:OD8Q^R/QKXZD~d6JWHxBud6_�TUQK�Z_�Ju��J$RHKJ]FIvwXZTU["Y8HKJ]FNd6J�; B�£rH^XmT4sWH�e XmTUd6TUJ=�Z�IPGXmY8TNg�XZDOg�H^YOT/JmorL;e J]F-R4J$a8BZg$R/J][cJ]D2RNg$J=b2Y8J;D8XZYGF4BEHKHKXZDOFv�BZQ^TUJWd8BEDGF�g$JWb2Y8Q¦F/Y8QSR'�{¦J�POHKBZD°d6J�g�Jzg&MGBEP8Q^R/TUJ�J`F@R\HKJzF/Y8QK�nBED2R]oI{¦J�TUJ]F-R/Jzd6J�g$J�R-RUJzF/J]g$R/QKXZD°J]F-R\g�XZDOFUBZg�T/_]J�sPOT/_`g$QxF-J]T�bmYOJ�HxbmYOJ]F�D8XZRUBnRUQ^XmDOF�J�R=s\TUBZP8PGJ]H^J]T�d6J]F�D8XERUQ^XmDOF�_�HK_�[\J�D2R&BEQKT/J`F�d6J}d6_�TUQK��BZk8QKH^Q^R/_moO{¦B
< J]g�RUQ^XmD�� ² o���d8XZD8D8JzHxB�vwXZTU[cJ�d6J`Fug$XmDOd6Q^R/QKXZDOF\D8_`g$J`F/FUBEQKT/J`Ftd+e XmP6R/QK[uBEHKQSRU_~d8BEDOF\d6J]Y6a°g]BZFJ`F/F/J�D2RUQ^J]HKF;¨mHKXZT&FUbmYOJ=H�e J]DOF-J]["k8HKJ;d8J]F®g$XZD2RUTUBZQ^D2R/J`FIJ`F@R�g$XmD2�mJ$a6J�XmD�XZk6RUQ^J]D2R®Y8DOJ;���  �=f�'�8§]�54>�
2,>@?C� ���2�,AZH^XmTUFUb2Y+e QKHOF]e BZ�ZQ^R4d6J;g�XZD2R/T&BEQKD2R/J`Fª_��mBZH^Q^R/_`F.XZYuQKD8_]�mBEHKQ^R/_]F]qEXmDuXZk6RUQ^J]DmRNY8D8J=_`b2YOBnRUQ^XmDv�BZQKFUBED2R�QKDmRUJ�TU�ZJ]D8Q^T�d8J]F����'��§]�5B �����Z�8§]�r�¦�n¡C2 �"D4�6EG�n�8��EG�>oG{'B < J]g$R/QKXZD � ² o ± J`F@R=g�XZDOFUBZg�T/_]JBZY�§GF  �4O��Hr���I2'�IJ��KF � �m§MLN� �ONG�2��b2Y8Q�BnyuTU[cJ�bmYOJZqªF-XmYOF"g�J�T/RUBEQKD8J`F}Mr£rPGXZR/M8l`F-J`F"d6Jg�XZDr�ZJ�a6QSRU_ZqfHKJ]F}g�XZDOd6Q^R/QKXZDGFWD8_]g�J]FUF/BZQ^TUJ]Fpdfe XZP8R/QK[\BZH^Q^R/_�F/XZD2R"BZYOF/F/Q4F/Y6y�F/BZD2R/J]F]oK9;D £�d6XmD8D8JBZYOFUF-QNY8D�k8TUJ$v=BZPGJ]TQP�Y�d6JjHxBzR/MO_�XZTUQKJ�d6J�HKB"2 � �8����§] >o'{'B < J`g�R/QKXZD¯� ² o R~J$a6P8HKXZTUJuRUT/XmQKFtBEP6hPOH^Qxg�BER/QKXZDOF�d6JpH�e XmP6R/QK[\QKFUBnRUQ^XmD�s\d6J]F�F/£6F@RUl�[\J]F®[\X6d6_�HKQKF/_]F�PGBET�d6J]F®_`bmYGBnR/QKXZDGF®d8QS0¤_�TUJ�D2R/QKJ�HKHKJ]FXmTUd8Q^DOBZQ^TUJ]F�XZYBEY8a¯d8_�TUQ^�m_�J]F�POBET/R/QKJ�HKH^J`F�o�T Q^DOBZH^J][\J�D2R]q®HKB < J]g$R/QKXZD � ² oVU�R/T&BEQ^R/J�d8J]F��8�5EW46X�n��§GF ���r¡��f� �� 2�n�5=f� �r¡M2,>@4YB §]������¡`�6§]�Z4G�No�9;D°_$RUYOd6QKJ�P8T/QKDOg�Q^POBZH^J][\J�D2RcHKJ]FuBZH^�mXZTUQSRUM8[\J]Fd8J*EO�n�62 ���r�¤§Wb2Y8Q¦F/XZD2R�H^J`F�P8H^YGF�Q^[\P>XZT/RUBZDmR&F�J�DzP8T&BnRUQKb2Y8Jmo
)¦*�,-).,Z[ \?!]*^+56_¦1N38?!`�a;?cb-?@3�^

A;_]F/XZTU[uBEQxF}�wJ�R=D8XZYGF�D8JWHKJ}T&BEP8P>J�HKH^J]T/XmDOF�P8HKYOF�F/£6F@RU_�[uBnRUQKb2Y8J][\J�D2R&�$qOD8XmYOF�F/Y8P8P>XmF/J�TUXZDOFb2Y8J
V
J]F-RWY8D J]F/POBZg�Jcd8JCd=Q^HKk>J�T/R}T/_]J�H�q>J�R"b2Y8J\H^Jug$TUQ^R/l�TUJ

J
J]F-RWY8D8J\vwXZDGg�R/QKXZD g$XmD2R/QKD2YOJcs�nBZH^J]Y8TUF d8BZDOF

R
oE{¦J4P8TUX6d6Y8Q^RªFUg�BZHKBZQ^TUJNdOBEDOF

V
J`F@R R/XmYn|@XZYOTUF'D8XERU_ 〈u, v〉 J$RªHKB;D8XmT/[\JNBmF/F/X6g$QK_�J

‖u‖ oLNXm[c[\J]DeP$XmDOFCPOBETpQKDmRUT/X6d6YOQ^TUJ"HxB�D8XERUQ^XmD�d6J\d6_�TUQK�Z_�JcP8TUJ�[\QKl�TUJtd6J
J
P8Y8QxFUbmYOJcDOXZYOFCJ�DBZY8TUXZDOF k>J]F/XZQKDtP>XZY8T4_]g$TUQKT/J�d6J]F.g�XZDOd8QSRUQ^XmDOF.dfe XZP6RUQ^[uBEHKQ^R/_Zom{+XZT&FUbmY¦e QKH6£"BCP8HKYOF-QKJ�YOTUFª�nBETUQxBEk8HKJ]F��gEe J]F-R-h snh d6QKT/J�F/Q4H�e J`F-PGBZg$J

V
D+e J`F@RtPOBZF

R
�$q'HxB�f-kGXmD8D8Jhg\D8XZR/QKXZD RUM8_�XmT/Qxb2Y8J�d6Jjd6_]T/QK�nBEk8QKHKQSRU_ZqBZP8P>J�HK_�JWd6Q@0>_]T/J]DmRUQKBZk8QKH^Q^R/_}BZY�F/J�DOF�d8J*T8TU_]g&M8J�R]q6J]F-R=d6XmD8D8_�JpPOBZT�HKB\d6_	:OD8Q^R/QKXZD�F/Y8Q^�nBZDmRUJZo

i� kj � �w§`�54>�ml�n$o5lWo5lqp�r&s�tvu3w	xey{z@| �h} r�~hu�t } r
J � s.�5�)ret5y{��x���x�rI� } t���tvrW|	�ky"s.y

u ∈ V ���|�z�yhx�����s.|�re�
R � yh��u*s.�h��tv��|��	z@y�� } x�s�t ���	�cy	reu�t5|��	z@y!��|�x��hy	r6�{s.y � �Q�Q~��6y	u*yhr

u
�6� tvz�yQ�.t���u�y

x�r�y �h} ���Cy�z�tvr��Q| tv�cy¡~ } reu�tvrexey*��x��
V � L ∈ V ′ � u�y	zvz@y�w	xey

J(u+ w) = J(u) + L(w) + o(w) ,
| �¢y�~

lim
w→0

|o(w)|
‖w‖ = 0 .

�@� ² oK�`�
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��k���� (�%)� %)
���# �	��%�� ±Z²m±
p�r | ��� yhzvz@y L z@|�s��	��tv�¢��y�� } x'z@|�s t ���	�cyhrYuZt5y	zvz@y � } x�z@y����c|�s t5yhrYuS��s�y

J
y	r

u
yhu } r&r } u y

L = J ′(u) �
�j�r���6��=f� ��l�n$o5lWo��{¦B�A;_h:OD8Q^R/QKXZD � ² oK�ZoK�zJ]F-RjJ�D�v�BZQSR���BZHKBZk8HKJ~F-Q

V
J]F-R�F/J�Y8HKJ�[\J�D2RjYODJ]F/POBZg�Jpd8J���BEDOBmg&M���XZDzD+e Y6R/QKH^QxF/J}POBZF�d8J}P8TUXrd8Y8QSR=FUg�BZHKBZQ^TUJWd8BEDGF}�@� ² oK�`�-�$oGLNJ�P>J�DOdOBED2R]q>F-Q

VJ]F-R}Y8D�J`F-PGBZg$Jud6J�d=Q^HKk>J�T/R]q+XmD�P>J�Y6RtP8T/_`g$QxF-J]TpHKB�TUJ�HxBnR/QKXZD��@� ² oK�`�;J�D�Qxd6J�D2R/Q@:GBZDmR
V
J�R}F-XmDd6YOBEH

V ′ �ZT
	Zg�J}BEY";�M8_]XZTUl�[\J"d6J}TUJ�POT/_`F-J]DmR&BnRUQ^XmDzd8J�/�QKJ]Fc1��`�8o^�mo^���8o�ID�Jh0¤J$R]q¤QKH¦J�arQxF-R/J"YODY8D8QxbmYOJ
p ∈ V R/J]H¦b2Y8J 〈p, w〉 = L(w)

qGd6XmDOg\�@� ² o^���®d6J��rQKJ�D2R
J(u+ w) = J(u) + 〈p, w〉+ o(w) ,

B��mJ]g
lim
w→0

|o(w)|
‖w‖ = 0 .

�-� ² o��Z�
9;DcDOXER/J�BZYOF/F/Q8POBZT-vwXmQKF

p = J ′(u)
qmg$J�b2Y8Q8P>J�Y6RNP8T/��R/J]TIsWg$XZD8vwYOF-QKXZD¦o^oKoE{¦B;vwXZTU["YOH^J}�-� ² o��Z�'J`F@RF-XmY8�ZJ]DmRNP8H^YGFKf-DOBnRUY8T/J]H^HKJ�g=b2Y8J"�-� ² o^����qZDOXERUBZ[\[cJ]D2R®F/Q

V = Rn XZY
V = L2(Ω)

o��ªBZTNg�XZD2R/TUJZqJ�HKH^JtPGJ]Y6RC��R/TUJtdfe QKDmRUJ�TUP8TU_$RUBER/QKXZD�Y8D�PGJ]Y�P8HKYOFCd6_�HKQKg]BnRUJ"P>XZY8Tpd6J]F;J]F/POBmg$J]F;d6J�d=Q^HKk>J�T/RCP8HKYOF
f-g�XZ[\P8HKQKb2Y8_`F�gCg�XZ[\[\J

V = H1(Ω)
�w�mXZQKT�H�e .a6J�T&g$Qxg$J\� ² oK�ZoVUZ��o •ACBEDGF�HxBuP8HKY8POBET/R=d6J`F=BEPOP8H^Qxg�BER/QKXZDOF]q8QKH'F/Y6y\RCF/XZY8�mJ�D2R�d6J"d6_�R/J]T/[\QKD8J�T;HKBcvwXmT/[\J}HKQ^DO_]BEQKTUJg$XZD2RUQ^DrY8J

L = J ′(u) ∈ V ′ g]BET.XmDtD+e BpPOBmFªkGJ`F-XmQ^Dud6J�H�e J�a6P8T/J`F/F/QKXZD"J�a6P8H^Qxg$Q^R/J;d6J p = J ′(u) ∈
V
HKXZT&F/b2Y8J

V ′ J]F-R;Qxd6J�D2RUQS:O_\s V o�ID�P8T&BnRUQKb2Y8JmqGQKHªJ]F-RCPOH^YOF=v�BZg�Q^HKJ\d6J}RUT/XmY8�ZJ]T=H�e J�arPOT/J`F/F/Q^XmDJ$a6P8HKQKg�QSRUJ}d6J
L
b2Y8J}g�J�HKH^JWd6J

p
qOg$Xm[c[\JpHKJC[\XmDmRUT/J]D2R�HKJ]F�J$a6J�T&g$Qxg$J`F®F/Y8QK�nBED2RUF]o

?��+�2�n�Z���Z��l�n oZlYoZl�������������� �"!��$# ��%"&
��')(+*-,�. ( ��!/� . 021 ����� ( �3! ( �5476�� J �8�
u & ���"�9�����8� 0 !�:;: (��!/�3<=: ( L1, L2 > 4�� ( ? �8���

{

J(u+ w) ≥ J(u) + L1(w) + o(w) ,
J(u+ w) ≤ J(u) + L2(w) + o(w) ,

�-� ² o ± �
0�. �=��: J �9:5�@6�4�� ( > 0�A3. �B�C� L1 = L2 = J ′(u) &
?��+�2�n�Z���Z��l�n oZlYoD�FE-�r¡]¡`�r�¤§]���r��GIHKJ=� ( � a !����MLI�=� * � A�(+. ( ��4 0�( ���@:ON * 4P��� ( ��!/� 1 �"�9� ( ��!��Q:P!�� V ×
V & J=� ( � L !����BLI�=� * � . ( ��4 0�( ��� 1 ����� ( �3!/�B:P!�� V &"R � , ��:O� J(u) = 1

2a(u, u)− L(u) & ���������������!/�
J
�C:O�Q6348� ( > 0�A�. �):P!�� V �P�@�"!�� 〈J ′(u), w〉 = a(u,w)− L(w) , �"!3�S�5�"!9� u,w ∈ V &

?��+�2�n�Z���Z��l�n oZlYo�TUJ=� ( � A !3�/� *V0 ��� ( 1 ��:5N * 4P��� ( ��!/� N ×N �P�
b ∈ RN &XW ��!�� x ∈ RN <"���

, ��:O� J(x) = 1
2Ax · x − b · x &

�������������Y��!/�
J
�9:5��6348� ( > 0�A�. ���C����!/� J ′(x) = Ax − b , ��!���5��!��

x ∈ RN &
?��+�2�n�Z���Z��l�n oZlYo�Z R �[��� , ���8�\6 .+]�^3_ ��� 1/( 1 � ��%"&
�3& `a0 > � 1 V = L2(Ω)

#
Ω
4C� 0 �9�B!����"! > �8���b6��

RN ' < a(u, v) =
∫

Ω uv dx
<c�C�

L(u) =
∫

Ω fu dx
0 > � 1 f ∈ L2(Ω) &d^ � ( 6����9� ( ?�0 ��� V �C�

V ′ <
* �����������e�"!�� J ′(u) = u− f &
?��+�2�n�Z���Z��l�n oZlYoDf R �g��� , �����/6 .+]h^3_ �8� 1�( 1 � �9%"&
�3& `i0 > � 1 V = H1

0 (Ω)
#
Ω
4C� 0 �9�V!3���"! > �8���@6��

RN ' �"!�� .+] ��� * !�� ( �Q6"! , ���=6"! ( � : 190�. 0�( ���

〈u, v〉 =

∫

Ω

(∇u · ∇v + uv) dx.
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±m² R ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

R � , ��:;� a(u, v) =
∫

Ω
∇u · ∇v dx <e�P� L(u) =

∫

Ω
fu dx 0 > � 1 f ∈ L2(Ω) & �����������8�V# 0 !* � ( �/:-LI�=� * � . . � * �8��� ' �"!/� J ′(u) = −∆u − f

6 0 ��: V ′ = H−1(Ω) & �������������@�"!/�3< : ( �"�( 63�8��� ( ? � V �P�
V ′ < 0�. �=��: J ′(u) = u0

� �
u0
�9:5� .+] !�� ( �"!/� :;� . !�� ( ���-6 0 ��: H1

0 (Ω)
6��

{

−∆u0 + u0 = −∆u− f 6 0 �/: Ω
u0 = 0

:P!��
∂Ω

?V�+�2�n�Z���m��l�n oZlYo��UJ=� ( � Ω
!3�$��! > ���h� A �=� �/4g6�� RN # ��� , ��!�� � 0 :O� ���9:5����� ( �\6���� 0 ! 1C0 :�� �

N = 1 0 > � 1 Ω =]0, 1[ 'P& J=� ( � L = L(p, t, x)
!��/� LI��� 1 � ( �"� 1 �"�9� ( ��!�� :C!3� RN×R×Ω

<C6348� ( > 0�A�. �,\0 � � 0�,�, �=�h��� p �P� t :P!�� 1 �C� ����:;� *-A�. �3<�63�)6�4�� ( > 4C�9: ,\0 �h� ( � . . �C: ∂L
∂p

�P� ∂L
∂t

� (+, : 1��8( �
	 ( ���3�/�C:Q:P!��
1 �P�Q�8�/:O� *�A3. � &"R � , ��:;� V = H1

0 (Ω)
�P�
J(v) =

∫

Ω

L(∇v(x), v(x), x)dx &
�3& ���"�9�����8� ��!/� J �C:O�Q6348� ( > 0�A�. �B:P!�� H1

0 (Ω)
�P�@��!/�

〈J ′(u), w〉 =

∫

Ω

(

∂L

∂p
(∇u(x), u(x), x) · ∇w(x) +

∂L

∂t
(∇u(x), u(x), x)w(x)

)

dx .

`"& J ( N = 1
�C�

Ω =]0, 1[
< * �"�9�����8� �"!/�3<�: ( u ∈ H1

0 (0, 1)
: 0 � ( :OL 0�( � J ′(u) = 0

< 0�. �=��: u
> 4�� ( ? �

d

dx

(

∂L

∂p

(

u′(x), u(x), x
)

)

− ∂L

∂t

(

u′(x), u(x), x
)

= 0 ,
�@� ² o R2�

, ���C:;�"!/� ,\0 �h�5�"!9�M6 0 �/: .+] ( ���5�8� > 0�. . � ]0, 1[ &
� & J ( L ����6�4 , �8�\6 ,/0 :b63� x # (�& � & L = L(p, t) ' �P�@: ( u ∈ C2(]0, 1[)

�C:O�V!��/�):O� . !�� ( ����63�
1\. 0 :;:O�)6�� .+] 49�"! 0 � ( ���-6 ( � 48���8��� ( � . . �7# �9%"& �' < * ���������8�X�"!�� . 0 ��! 0 �9� ( �54

L
(

u′(x), u(x)
)

− u′(x)∂L
∂p

(

u′(x), u(x)
)

�C:O� 1 ���/:5� 0 ���5�V:C!3� .+] ( ���5�8� > 0�. . � [0, 1] &
���r���6��=f�'�Ml�n oZlYo�T�� H¤J�arQxF-R/J;d+e BZY6R/TUJ]FND8XERUQ^XmDOF4d8JCd6Q@0¤_�TUJ�D2R/QxBEk8QKHKQSRU_ZqrP8HKYOFIv�BZQ^kOH^Jpb2Y8J;g�J�HKH^JBZY~F-J]DOF�d6J¡T8TU_]g&M8J�R]o��.BZT=J$a6J][cPOH^JmqOXZD�TUJ�DGg$XZD2RUT/JWF/XZY8�mJ�D2R�HKBjd6_h:ODOQSRUQ^XmD�F-YOQ^�nBED2RUJZoW9;D~d6Q^Rb2Y8J�HxB�vwXmDOg�RUQ^XmD

J
qEd6_	:OD8QKJ�F-Y8TªY8Dc�ZXmQKF/QKDOBE�mJNd6J

u ∈ V s=�nBEHKJ�YOTUFªd8BZDOF
R
qnJ`F@RId6Q@0¤_�TUJ�D2R/QxBEk8HKJBZY�F/J�DGF�d6J��B	nRUJ]BEY8ajJ�D

u
F]e QKHfJ$a6QxF@RUJ

L ∈ V ′ R/J�H'bmYOJ
∀w ∈ V , lim

δ↘0+

J(u+ δw)− J(u)

δ
= L(w) .

�@� ² oVUZ�
{4e QKD2R/_]T/��RWd8J�g$J$R/R/JuD8XZR/QKXZD J]F-R}b2Y8JuHKB��m_�TUQS:Gg]BnRUQ^XmD�d6J~�-� ² oVUZ�;J`F@R}P8HKYOF}BZQKF/_�Jub2Y8Jug$J]H^HKJ�d6J�-� ² o^����oILNJ�P>J�DOd8BZD2R]qIF/Q®YOD8JjvwXmDOg�RUQ^XmD¢d6_]T/QK�nBEk8HKJzBEY¢F/J�DGFcd8J�TOT/_`g&M8J$R\H�e J]F-RuBEYOFUF-Q�BEY°F-J]DOFd8J��B	nRUJ]BEY8a¤q4HKB�TU_]g�Q^POT/X6b2Y8J�J]F-R�v�BZYOF/F/JZq4[c�][\J�J�Dd8Q^[\J�DGF-QKXZD :ODOQ^JmqNg$Xm[\[cJ�H^J~[\XmDmRUT/JH�e J$a6J�[\P8HKJ}F-YOQ^�nBED2R�d8BZDOF

R2

J(x, y) =
x6

(y − x2)2 + x8

P>XZYOT
(x, y) 6= (0, 0) , J(0, 0) = 0 .LNXmDr�ZJ�DOXZDOFNbmYOJZqrd8BEDOF®g$Jpb2Y8Q¤F-Y8Q^R]qrD8XmYOF®d6Q^TUXZDGFNb2Y+e Y8D8J=vwXZDOg$R/QKXZDjJ`F@R�d6_�TUQK��BZk8HKJ=HKXZT&F/b2Y+e J�HKH^JH�e J]F-R=BEYzF-J]DOF�d6J*T8TU_]g&MOJ$R]q8FUBEY8v'[\J�D2R/QKXZDzJ�arPOH^Qxg$Q^R/J}d6Yzg$XmD2R/T&BEQKT/Jmo •
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��k���� (�%)� %)
���# �	��%�� ±Z² U
Ia6BZ[\Q^D8XmDOF�[uBEQKD2R/J]DOBED2R�H^J`F�P8TUXZP8TUQ^_�R/_`F®d8JWkOBZF/JWd6J]F®vwXmDOg�RUQ^XmDOF�g$XmDr�ZJ$a6J`FNd6_]T/QK�nBEk8HKJ]F]o

�p�¢4YB)4>¡]��§]�Z4G��l�n$o5lWohZ�� } tvu
J
x�r�y{| ��� zSt5~Q| uZt } r s�t ���	�cy	reu�t5|��	z@y+s�y

V
s�| r6�

R ��� yh�{|¢���	y	� �uZt } r6� ��x�tv�¢| reu�y���� } reu���whx�tv��|�z�yhrYu yh�

J
yh��u�~ } re��yQ�ky*��x��

V ,
�-� ² o �2�

J(v) ≥ J(u) + 〈J ′(u), v − u〉 ∀u, v ∈ V ,
�@� ² o��E�

〈J ′(u)− J ′(v), u− v〉 ≥ 0 ∀u, v ∈ V .
�@� ² o �2�

�p�¢4YB)4>¡]��§]�Z4G��l�n$o5lWo�f�� } tvu
J
x�rWy | ��� zSt5~Q| uZt } r s�t ���h�cy	reu�t5|��	z@y�s�y V s�| r6�

R
y	u
α > 0 �	� yh�|¢���	yh��u�t } re����x�tv��|�rYu yh� � } reu��Qw	x�tv��|�z@y	reu�y��

J
y���u

α
� ~ } rY�¢yQ��y ��x��

V ,
�-� ² o V2�

J(v) ≥ J(u) + 〈J ′(u), v − u〉+ α

2
‖v − u‖2 ∀u, v ∈ V ,

�@� ² oK� ² �
〈J ′(u)− J ′(v), u− v〉 ≥ α‖u− v‖2 ∀u, v ∈ V .

�@� ² oK�Z�`�
�j�r���6��=f� ��l�n$o5lWo �¬{+J]Fug�XZDOd8QSRUQ^XmDOF��@� ² oK� ² �"J$R~�-� ² o��E�tXmDmRuY8DOJ�QKD2R/J]T/P8TU_$R&BnRUQ^XmD��Z_]XZ[\_$hR/TUQKb2Y8JIF/Q^[\P8HKJZo9IHKH^J`F+F-QK�ZDOQS:OJ]D2R¦bmYOJIHKB®vwXmDOg�RUQ^XmDWg$XZDr�mJ$a6J

J(v)
J`F@RfRUXZYn|@XmY8T&F+BEYWd6J`F/F/YOF+d6JIF/XZDP8HKBZDjR&BED8�mJ�D2R�J�D

u
��g$XmDOF-Qxd6_]T/_pg$Xm[c[\JCY8D8JCvwXZDGg�R/QKXZDzBnyuD8Jpd6J

v
�$oO{+J`F�g$XZDGd6QSRUQ^XmDOFp�@� ² oK�Z�`�J$R"�@� ² o �m�®F/XZD2R�d6J]F�Mr£rP>XER/MOl]F/J]F�d6J}g�X2J]TUg�Q^�rQ^R/_mo�ID�POBET/R/Qxg$YOH^QKJ�T`q8F-Q
J(u) = 1

2a(u, u)− L(u)B��ZJ]g
a
Y8D8JNvwXZTU[\JNk8QKHKQ^D8_`BEQKT/J�F-£r[\_$RUT/Qxb2Y8JNg�XZD2R/QKDrY8J�F-Y8T

V
J$R
L
YOD8J4vwXmT/[\J®H^QKD8_`BEQKT/J®g$XZD2RUQ^DrY8JF-Y8T

V
q¦BZH^XmTUFpH�e IarJ]TUg�QKg�J�� ² o^�mo �j[\XZD2R/TUJ�b2Y8J~�@� ² oK�Z�`�;J`F@R}J�a6Bmg�RUJ�[\J�D2R}HxB�d6_h:ODOQSRUQ^XmD�d6JuHKBg$XrJ�T&g$QK�rQSRU_pd8J

a
o •

i� r��4>�'¡]§��n�6§`�54>�)o � HfF/Y6y\R�d6JCd6_�[\XmDmRUT/J]T4HxB��4T/XmPGX2F-Q^R/QKXZD�� ² oK�ZoVUpJ�D�XZkOF/J�TU�nBED2RNb2Y8J=HKJpg�BZF
α = 0

d8XZD8D8J"HKB7�ITUXZP>XmF/Q^R/QKXZD�� ² o^�mo RGo8«�XZD2RUT/XmDOF�b2Y8J��@� ² o Vm��QK[\P8HKQKb2Y8Jj�-� ² o^� ² ��o¤LNXZ[\[\J
JJ]F-R

α
h g$XmD2�mJ$a6JZqrXmD��m_�TUQS:OJWBZQKF/_�[\J�D2R}�wPGBET�TU_]g$YOT/TUJ�DOg�J`�Nb2Y8JZq6P>XZY8T�RUXZY6R

k ≥ 1
q

J

(

(

1− 1

2k

)

u+
1

2k
v

)

≤
(

1− 1

2k

)

J(u) +
1

2k
J(v)− α

2k+1

(

1− 1

2k

)

‖u− v‖2 ,

dfe X.-
2k

[

J

(

u+
1

2k
(v − u)

)

− J(u)

]

≤ J(v) − J(u)− α

2

(

1− 1

2k

)

‖u− v‖2 .

IDjv�BZQKFUBED2R®R/J]DOd6TUJ
k
�ZJ]TUF

+∞ q6XmD�RUT/XmY8�ZJ\�@� ² oK� ² �$o3�ªXmY8T�XZk6RUJ�D8QKT}�@� ² oK�Z�`�IQ^H+F/Y6y\R�dfe BZd8d6Q^hR/QKXZD8D8J]T}�@� ² oK� ² �NB��ZJ`gCH^Y8Q^h [c�][\JCJ]Dz_]g&MOBZD8�ZJ`BED2R
u
J�R
v
o«~XZD2R/TUXZDOF¦bmYOJ=�@� ² oK�Z�`�>QK[\P8HKQKb2Y8JC�@� ² o V2��oP�ªXmY8T

u, v ∈ V J$R
t ∈ R

q�XmDWPGX2F-J
ϕ(t) = J(u+

t(v−u)) o�
=H^XmTUF ϕ J`F@R d6_�TUQ^�nBZk8H^J.J�R'd6XmDOgIg$XmD2R/QKD2YOJIF-Y8T R
q�J$R

ϕ′(t) = 〈J ′(u+t(v−u)), v−u〉 qd6J}F-XmT-RUJCb2Y8JmqOdfe BEP8TUl]Fp�-� ² oK�Z���
ϕ′(t)− ϕ′(s) ≥ α(t− s)‖v − u‖2 F/Q

t ≥ s . �@� ² oK�`�Z�
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±m² � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

< XZQ^R
θ ∈]0, 1[

o=IDzQKD2R/_��mTUBZD2R®H�e QKD8_]�mBEHKQ^R/_u�@� ² oK�`�Z�Nd6J
t = θ

s
t = 1

J�R�d8J
s = 0

s
s = θ

q6XZDXmk6R/QKJ�D2R
θϕ(1) + (1− θ)ϕ(0) − ϕ(θ) ≥ αθ(1− θ)

2
‖v − u‖2 ,gZe J`F@R/h sEh d8Q^TUJc�-� ² o V2��o

�

?V�+�2�n�Z���m��l�n oZlYo�� �������������X��! ] !��/��LI�"� 1 � ( ��� J 6348� ( > 0�A�. �V:C!3� V �9:5� :O��� ( 1 �5� * ���9� 1 ��� > � _ �V: (�C� :;�8! . � * ���9�Q: (
J(v) > J(u) + 〈J ′(u), v − u〉 ∀u, v ∈ V 0 > � 1 u 6= v ,

�"!-�8� 1 �=���
〈J ′(u)− J ′(v), u− v〉 > 0 ∀u, v ∈ V 0 > � 1 u 6= v .

;'J�TU[\Q^D8XmDOF¦g�J$R/R/JNF/XZYGF@h F-J`g�RUQ^XmDCJ]D"d6_	:OD8QxF/FUBED2R¦HxB 2  m�n���G r�"¡`�r��4>�K2 �;d8J
J
oG/�J][uBET&bmYOXZDOFRUXZY6R�dfe BEk>XZT&djb2Y+e QKHfJ]F-R®RUT/l`F®v�BZg�Q^HKJCd8JC�m_�D8_]TUBZH^QxF/J�T®HKBcA=_	:OD8Q^R/QKXZD � ² o^�mo^�Cd6JWd6Q@0>_]T/J]DmRUQKBZk8QKH^Q^R/_BZY�g]BZFpdfe Y8D8JcvwXZDGg�R/QKXZD

f
d8_h:OD8QKJuF-YOT

V
s��nBEHKJ�Y8T&FWd8BEDGF;YOD BZY6R/TUJcJ]F/POBZg�Jcd6J d=Q^HKkGJ]T-R

W��J$R=DOXZD�POBZF�F/J�YOH^J][cJ]D2R=d8BEDOF
R
��oW9;D�d6QKTUB\b2Y8J

f
J]F-R=d6QS0¤_�TUJ�D2RUQKBZk8H^J���BEY�F/J�DOF�d8J*T8TU_]g&M8J�R&�J]D

u
F�e Q^HfJ�a6QKF-R/JWY8DOJpBZP8P8HKQKg]BnRUQ^XmD�HKQ^DO_]BEQKTUJpg�XZD2R/QKDrY8J

L
d6J

V
d8BEDOF

W
R/J]H^HKJ}b2Y8J

f(u+ w) = f(u) + L(w) + o(w) ,
B��ZJ`g

lim
w→0

‖o(w)‖
‖w‖ = 0 .

�@� ² o^� ± �
9;D�BEP8P>J�HKH^J

L = f ′(u)
HxB�d8QS0¤_�TUJ�D2R/QKJ�HKHKJtd6J

f
J�D

u
of{¦B�d6_h:ODOQSRUQ^XmD¢�@� ² oK� ± ��J]F-R;Y6RUQ^HKJcPGXmY8Td8_h:OD8QKT�HxBud6_�TUQ^�m_�Jpd6J

f(u) = J ′(u)
bmYOQ+J]F-R�Y8D8J}BEPOP8H^Qxg�BER/QKXZDzd6J

V
d8BEDGF�F-XmD�d6YGBEH

V ′ o
i� kj � �w§`�54>�ml�n$o5lWo���� } tvu

J
x�rWy�� } rW~	uZt } r s.y

V
s.|�re�

R � p�r�s�tvuCwhxey
J
y���u¡s.yhx���� } t��

s.�h��tv��|��	z@y�yhr
u ∈ V ��t

J
yh��u)s��	��tv�¢|.�hz@y�s�| r6��x�r�� } t���tvrW|G�.y�s�y

u
yhu���tK�	|¡s.�h��tv����y

J ′(u)
yh��u

s.�h��tv��|��	z@y y	r
u � p�r r } u�y J ′′(u)

z@|{s��	��tv�¢��y3�	yQ~ } rWs�y¡s�y
J
yhr
u
w	x�t �¢�	��t �,y

J ′(u+ w) = J ′(u) + J ′′(u)w + o(w) ,
|���y�~

lim
w→0

‖o(w)‖
‖w‖ = 0 .

;'J�HKH^J�b2Y+e J]H^HKJjJ`F@R\d6_h:GD8Q^J�HKB�d6_�TUQ^�m_�JjF/J]g�XZDOd8J�J]F-Rcd6Q^y�g$QKH^J�s~_]��BZH^YOJ�T"J]D�P8T&BnRUQKb2Y8Jjg]BET
J ′′(u)w

J]F-R�Y8D�_]H^_][cJ]D2R;d6J
V ′ oWd�J�YOT/J]YOF-J][\J�D2R]q8J]D�HKBcv�BZQKFUBED2R=BZ�ZQKT�F-Y8T v ∈ V XZDzXmk6R/QKJ�D2RYOD8JWk8T&B��ZJCvwXZTU[\JWk8Q^HKQKD8_]BZQ^TUJWg$XZD2RUQ^DrY8J}F/Y8T

V × V b2Y8JWH�e XZDzD8XZR/J]TUB
J ′′(u)(w, v)

J�DzH^QKJ�Y�J�RPOHKBmg$J�d6J
(J ′′(u)w) v

oE��XmYOFªHKBZQKFUF/XZDOFªBEYtH^J`g�RUJ�Y8T.HKJ�F-XmQ^Dcd6J�P8T/XmY8�ZJ]T'HKJ�T/_`F-YOHSR&BnR._�HK_�[\J�D2RUBZQ^TUJF/Y8QK�nBED2R]o
DN�r����� l�n$o5lWo	� �Yt

J
y���u,x�rWy
� } rW~	uZt } r�s.yhx���� } t���s.�h��tv��|��	z@y s.y

V
s�|�re�

R � y	zvz@y����h��t ��y

J(u+w) = J(u)+J ′(u)w+
1

2
J ′′(u)(w,w)+o(‖w‖2), |���y�~ lim

w→0

o(‖w‖2)
‖w‖2 = 0 ,

�@� ² o^�GR2�
}�

J ′′(u)
yh��u)t5s�y	reu�t �,��y � x�r�y
� } ���Cy¡�htvzStvrW��|�tv�cy ~ } reu�tvrexey ��x�� V × V �

ID�POTUBER/QxbmYOJpgZe J`F@R
J ′′(u)(w,w)

b2Y8JWH�e XmD�g]BEHxg$Y8HKJZo
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��k� �6�����������	���	��������� �������! "��# �	��% ±Z² �
?��+�2�n�Z���Z��l�n oZlYo��UJ=� ( � a !����@LI�=� * � A�(+. ( ��4 0�( ����:5N * 4P��� ( ��!/� 1 �"�9� ( ��!/�@:P!�� V ×V & J=� ( � L !����
LI�=� * � . ( �/4 0�( ��� 1 �"�9� ( ��!/��:P!�� V &�R � , ��:;� J(u) = 1

2a(u, u)−L(u) & ������������� ��!/� J �9:5� 63�8! _LI� ( :)6�4�� ( > 0�A�. �i:C!3� V �C� �"!��
J ′′(u)(v, w) = a(v, w) , ��!�� �5��!�� u, v, w ∈ V & �M,�,3. ( �"!/�8� 1 ���49:P! . � 0 � 0 ! _ � _ � *-,�. �C:@63�C: ^3_ �8� 1�( 1 �9: �9%"&
�3& � < ��%"&
�3&  < �9% &���& � &

{¦XZT&F/b2Y8J
J
J`F@R�d6J�Y8acvwXmQKF®d6_]T/QK�nBEk8HKJ=XmDuT/J�R/TUXZY8�mJ�HKB"g$XZDGd6QSRUQ^XmD�YOF/Y8J�HKHKJ;d6JCg$XZDr�mJ$a6QSRU_}¨rF-QHKB\d6_]T/QK�Z_]JpF/J]g�XZDOd8J;J`F@R�P>XmF/QSRUQ^�mJZq8BZH^XmTUF®HxB"vwXmDOg�RUQ^XmDzJ]F-R�g�XZDr�ZJ�a6JZo

?��+�2�n�Z���Z��l�n oZlYo�� �������������-��!/� : ( J �C:O�g6���! _ LI� ( :[6�4�� ( > 0�A�. � :C!3� V . �9: 1 ���\6 ( � ( �"��:g63�C:
W ��� , �3: ( � ( ���/: �9%"&
�3&  �P� ��%"&
�3& � :;���������C: , � 1 � ( > � * �8��� 49�"! ( > 0�. ���9�5�9:��

J ′′(u)(w,w) ≥ 0
�C�

J ′′(u)(w,w) ≥ α‖w‖2 ∀u,w ∈ V .
�@� ² oK�OUZ�

������� ���}�
	�#&%'#��}��(�	������%'#�� �}!$#�%'�
)+*�,Z[�,/) 021 ^���: ` 38?@7N1���9�����:�b _+5'_f3°<¤741N3r5e`ª?/1N3�_���<¤741��)_���_��

�=XZYOF\g�XZ[\[\J�DeP�XZDOF"POBETtvwXZTU["Y8HKJ�TcHKJ]Fcg$XZDGd6QSRUQ^XmDOFcd6J�[\QKD8QK[\BZH^Q^R/_�HKXZT&F/b2Y8J�H�e J�DOF/J�[tk8H^Jd6J]F�g�XZD2R/T&BEQKD2R/J]F
K
J`F@R�g$XmDr�ZJ$a6Jmqrg]BZF�X.-�HKJ]F�g&MOXmF/J]F�F/XZD2R�P8H^YGF�F-QK[\P8H^J`F}�wDOXZYOF�F/Y8P8P>XmF/J�TUXZDOFR/XZYE|@XZY8T&Ftb2Y8J

K
J`F@RcvwJ�TU[\_jD8XmD��rQxd6JjJ�R\b2Y8J

J
J]F-R\g�XZD2R/QKDrY8J�F/Y8TcY8D�XmY8�ZJ]T-R\g$XmDmRUJ�DOBZD2R

K
��o+{4e Qxd6_]JuJ]FUF-J]DmRUQ^J]H^HKJud6Y T/_`F-YOHSR&BnR}b2Y8Q4F/Y8QSR}J`F@R}b2Y8Jmq+PGXmY8TpR/XmY6R

v ∈ K q¦XZD�PGJ]Y6RWR/J`F@RUJ�TH�e XZP6RUQ^[uBZH^Q^R/_�d6J
u
d8BZDOF'HKB�f-d6QKTUJ]g�RUQ^XmD"BZd8[cQxFUF-QKk8HKJ�g

(v−u) g�BZT u+h(v−u) ∈ K F/Q
h ∈ [0, 1]

o
L*F' �4G��H2��� l�n$o�� o5l E! $�  �=f�'�6§`�54>�&2)>�?;� ���2�#"'�m�8¡u��4>� �G���+��H � } tvu

u ∈ K ~ } re��yc��y � p�r��x �3� } �	y{w	xey J y���u�s t ���	�cyhrYuZt5|.�hz�y{y	r
u � �Wt u yh��u�x�r � } tvreu s�y �¡tvretv�¡x�� z } ~�|�z�s�y

J
��x��

K � |�z } ���
〈J ′(u), v − u〉 ≥ 0 ∀ v ∈ K .

�-� ² o^� �m�
�Yt
u ∈ K ���h��t ��y��!$&% � $('��{yhu)��t J yh��u�~ } rY�¢yQ��y � | z } ��� u yh��u)x�r"�¡tvretv�¡x�� ��z } �Q| z�s.y

J
��x��

K �
�j�r���6��=f� ��l�n$o�� o���9;DtBEPOPGJ]H^HKJC�-� ² o^� �m��q�f-Q^D8_`b2YOBnRUQ^XmDtdfe IY8HKJ�T gZo � HrF]e BE�ZQ^R.dfe YOD8J®g�XZDOd8QSRUQ^XmD�' r�Z�r¡`¡]�O�w�n�;d+e XmP6R/QK[uBEHKQSRU_®b2Y8Qrd6J��rQKJ�D2R �  r�Z�r¡`¡]�8���n�}�2§�¡]�'¥�¡]�O�¤§]�pF-Q

J
J]F-R g�XZDr�ZJ�arJmo � H2v�BEY6RBEYOFUF-Q4T/J][\BZTUb2Y8J]T}b2Y8JZq d8BEDOFtd6J�Y8a g]BZFWQK[\PGXmT-R&BED2RUF]q4�@� ² oK���2�p¡]�¢�n k2 � �w§~¡`����Bª���r���r�¤§
)�!>^ �=f� �6§]�Z4G�M2,>@?C�'���m�

J ′(u) = 0
o\ID\P8T/J][\Q^J]T HKQKJ�Y+qZF/Q

K = V
q
v−u d6_`g$TUQSR.RUXZY6R V H^XmTUFUb2Y8J

v
d8_]g$TUQ^R

V
qrJ�R®d6XmDOgt�-� ² o^� �m�ªJ]DmRUTUB+*xDOJ

J ′(u) = 0
orA"e BEY8R/TUJ=POBZT-R`q2F/Q

u
J]F-RNQKD2R/_]T/QKJ�Y8T�s

K
qmHxB[c�][\J}g$XZDGg$HKYOF-QKXZD�F�e QK[cP>XmF/JZo •

i� r��4>�'¡]§��n�6§`�54>�)oX� XmY8T
v ∈ K J$R

h ∈]0, 1], u+ h(v − u) ∈ K q8J�R�d6XZDOg
J(u+ h(v − u))− J(u)

h
≥ 0 .

�@� ² oK� �E�
9;D�J�D~d6_`d6Y8Q^Rt�@� ² oK���m�®J]Dzv�BEQxF/BZD2R�R/J�DGd6T/J

h
�ZJ]TUF

0
oO{¦Bjd6J�Y6a6QKl�[\J"BmF/F/J�T/R/QKXZDzd6Y�RUM8_�XmT/l][cJd6_]g�XZY8HKJpQ^[\[\_]d6QxBnRUJ�[\J�D2R=d6J��-� ² o �Z��o

�
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±m² � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

?V�+�2�n�Z���m��l�n oD� oZl J=� ( � K !3� 1 �"� > � _ �)LI��� * 4g���"� > ( 6��i6�� V &eW ��!�� x ∈ V <��"� 1�� ��� 1�� � . 0, ����� � 1 � ( ��� xK ∈ K
63�
x
:P!��

K
# > � ( � . ��� � 4C�=��� * � ��`"&
�3&
�9%�'

‖x− xK‖ = min
y∈K
‖x− y‖.

�����������8� ��!/� . 0)1 ���\6 ( � ( ���i��4 1 �C:;: 0�( �����C� :P!��i: 0 �9�5��# ��%"&
�	�3' :O��� 0�* �8�/�V� _\0\1 �5� * ���9� � # �9` &��/'P&
?V�+�2�n�Z���m��l�n oD� oD� J=� ( � A !3�/� *V0 ��� ( 1 � ��4C� . . �g6 ] �=�D6���� p × n �P�

b ∈ Rp & R � 1 �"��: ( 6
����� . �
, ��� A3. � * ��� 0 ! _g* � ( �\6"���9: 190 � ��4C:�

inf
x∈Rn

‖Ax− b‖2.
�����������8�X�"!�� 1 � , ��� A�. � * � 0 6 * �P� �5��!�� ��!���:�!����B:;� . !�� ( ���B�P� 4 1 � ( ��� .+] 49�"! 0 � ( �"�-6 ]�^ ! . ��� 1 �=� ���9:��
, �"�/6 0 ���5� &
?V�+�2�n�Z���m��l�n oD� o�T R � ��� , �����/6 .+]�^3_ � *-,�. ��� &���& �

inf
x∈KerB

{

J(x) =
1

2
Ax · x− b · x

}

0 > � 1 A * 0 ��� ( 1 �V:ON * 4C��� ( �"!/� 1C0 � ��49� 6 ] �=�D6"��� n <��C� B 63��� 0�(+. . � m×n # m ≤ n 'P& ���������������"! ] (+.� _�( :O�5�)!����b:;� . !�� ( ���b: ( A �C:O� , �3: ( � ( > �b�P�Y�"! ] � . . �@�9:5�M!�� ( �"!���: ( A �C:O� 634 ? � ( � , �3: ( � ( > � & ��������������"!/�V�5�"!9� , � ( ���Q63� *B( � (+* ! * x ∈ Rn > 48� ( ? �

Ax− b = B∗p 0 > � 1 p ∈ Rm.

?V�+�2�n�Z���m��l�n oD� o�Z R �$��� , ���8�\6 .+]h^3_ � *-,�. ��� &���&���%"& �����������8� ��!/� .+] 49�"! 0 � ( ���i6 ]�^ ! . ��� > 48� ( ? 4C�,\0 � . � , � ( ���Q63� *)( � (+* ! * u ∈ H1
0 (Ω)

63�

inf
v∈H1

0 (Ω)

{

J(v) =
1

2

∫

Ω

|∇v|2dx−
∫

Ω

fv dx

}

�9:5� , ��4 1�( :;4 * ���9� . 0 LI�=� * ! . 0 � ( �"� > 0 � ( 0 � ( ������� . . �
∫

Ω

∇u · ∇v dx =

∫

Ω

fv dx ∀ v ∈ H1
0 (Ω).

# R � ���P������! > � 0�( �/: ( !3�a��4C:C! . � 0 �M6�� . 0gW ��� , �3: ( � ( �"� � & ` & � & '
?V�+�2�n�Z���m��l�n oD� oDf J=� ( � K !�� 1 �"� > � _ ��LI�8� * 4[���"� > ( 63�i63� V <�:O� ( � a !3�/��LI�=� * � A�(+. ( ��4 0�( ���:ON * 4P��� ( ��!/� 1 ����� ( �3!/� 1 �=��� 1/( > � :P!�� V <��C� :O� ( � L !�����LI�=� * � . ( ��4 0�( ��� 1 �"�9� ( ��!���:P!�� V & ��������������"!/�

J(v) = 1
2a(v, v)−L(v) 0 6 * �P� !3��!3� ( ��!/� , � ( ��� 63� *B( � (+* ! * 6 0 �/: K <��/�8�54 u & ���"�9�����8��"!/�

u
�9:5� 0 !�:;: (�.+] !�� ( �"!/� :;� . !�� ( ���)6�! , ��� A3. � * �i# 0�,�, � . 4 ( �/49�"! 0 � ( �"� > 0 � ( 0 � ( �"�3�/� . . � '

u ∈ K �C�
a(u, v − u) ≥ L(v − u) ∀ v ∈ K .
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��k� �6�����������	���	��������� �������! "��# �	��% ±Z² V
?��+�2�n�Z���Z��l�n oD� o��UJ=� ( � J1

�P�
J2
6���! _ LI�"� 1 � ( ���/: 1 �"� > � _ �C: 1 �"�9� ( ��!/�C:X:C!3��!���� ,\0 ��� ( � 1 ��� > � _ �LI�8� * 4C�����"� > ( 63� K ⊂ V &=R �V:P! ,�, ��:O�b�"!/� J1

:;�8! . � * ���9� �9:5�Y6�4�� ( > 0�A�. � & �����������8� �"!�� u ∈ K�C:5�V!3� *B( � (+* ! * 6��
J1 + J2

: ( �C�Q:;�8! . � * ���9� : (

〈J ′
1(u), v − u〉+ J2(v)− J2(u) ≥ 0 ∀ v ∈ K .

{¦J]F"T/J][\BZTUb2Y8J`FWF-YOQ^�nBED2RUJ]F]q¦b2Y8Q4F/XZD2R"d6J]FtBEP8POH^Qxg�BER/QKXZDOF}F/QK[cPOH^J`F}d6Y�;�M8_]XZTUl�[\J�� ² o �8o^�mq�ZXZD2RcD8XZYOF\d6XmD8D8J]TtH�e QKD2R/Y8Q^R/QKXZD°d6J�HKB�D8XERUQ^XmD¢d6J f-["Y8H^R/QKP8HKQKg]BnR/J]Y8T\d6J�{'BE�mTUBZD8�ZJhgub2Y8Q�F/J�T&Bd6_��mJ�HKXZP8P>_�JWscHKB < XmYOF-h F/J]g$R/QKXZDzF-Y8QK�nBED2R/Jmo
�j�r���6��=f� ��l�n$o�� o�T .a8BE[\Q^DOXZDOF HKJ�g]BZF'POBET/R/Qxg$YOH^QKJ�TªX�-

K
J`F@R.Y8DcF-XmYOF-h�J`F-POBmg$J®BnyuD8JNvwJ�TU[c_d6J

V
o�9;D"F/Y8P8P>XmF/JNd8XZDOgIb2Y8J

K = u0+P q]X�- u0 ∈ V
J�R X.- P J`F@R Y8D"F/XZYOF-h J]F/POBZg�J.�ZJ]g$R/XmT/QKJ�HvwJ�TU[c_}d8J

V
o 
=H^XmTUF]q8HKXZT&F/b2Y8J

v
d6_`g$TUQSR

K
q
v − u J]F-R�Y8D�_�HK_�[\J]DmR=b2Y8J]HKg�XZDOb2Y8J}d8J P F/Q+k8QKJ�DbmYOJ\�-� ² o^� �m�N_]b2Y8QK�nBEY6R�s

〈J ′(u), w〉 = 0 ∀w ∈ P ,gEe J]F-R-h snh d6Q^TUJ
J ′(u) ∈ P⊥ oS4D�POBZT-RUQKg�Y8HKQ^J]T]qfF/Q P J]F-RCYOD8J\Q^D2R/J]TUF/J]g$R/QKXZD :OD8QKJ\d+e Mr£rPGJ]T/POHKBZDOF�qgEe J]F-R-h snh d6Q^TUJpF-Q

P = {v ∈ V , 〈ai, v〉 = 0
PGXmY8T

1 ≤ i ≤M} ,X�-
a1, . . . , am

F/XZD2R�d6XZD8DO_]F�d8BZDOF
V
q®BEHKXZT&Fz�wHKJ�H^J`g�R/J]Y8T��m_�TUQS:OJ]TUB�b2Y8J`� P⊥ J`F@R�H�e J]F/POBZg�J�ZJ]g$R/XmT/QKJ�H®J�D8�mJ�DOd8T/_�POBET\HxB~v�BZ[\Q^HKH^J

(ai)1≤i≤M
oI{'B�g�XZDOd6Q^R/QKXZD°dfe XZP6RUQ^[uBEHKQ^R/_�F�e _]g�T/Q^Rud6XZDOgF-XmYOF�HKBtvwXmT/[\J\¨

u ∈ K J$R ∃λ1, . . . , λM ∈ R , J ′(u) +

M
∑

i=1

λiai = 0 ,
�@� ² oK�9�m�

J$R¦HKJ]F¦T/_]J�HxF
λi
F-XmD2R¦BEP8P>J�HK_]F'��� �w§`�8Bª�����m�6§]�r�'�n¡)2 �*D4�6EG�n�8��EG�>o���XZYGF+�ZJ]T/TUXZDGF>BZY*;�M8_�XmT/l][\J� ² o��6o �tH^J]Y8T�T��mH^JpP8HKYOF��m_�D8_]TUBZH>J�R�vwXZDOdOBE[\J�D2RUBZH�o •

�j�r���6��=f� ��l�n$o�� ohZ < Y8P8P>XmF/XZDOF�[\BZQ^D2RUJ�DOBZDmR�b2Y8J
K
J`F@R=YODzg��ZD8J}g�XZDr�ZJ�a6J;vwJ]T/[\_mqOg$J}b2Y8QF-QK�ZD8Q@:OJ=b2Y8J

K
J]F-R4Y8DuJ]DOF-J]["k8HKJ=g�XZDr�ZJ�arJ�vwJ]T/[\_�RUJ�H>bmYOJ

λv ∈ K P>XZYOTIR/XmY6R
v ∈ K J�R4R/XmY6R

λ ≥ 0
o�ID�P8TUJ�DOBZDmR

v = 0
P8Y8QxF

v = 2u
dOBEDOFW�-� ² oK���2��qrXZDzXmk6R/QKJ�D2R�b2Y8J

〈J ′(u), u〉 = 0 .
�@� ² o^�`Vm�

�ªBZT�g$XmDOF-_`b2Y8J�D2R]q+�-� ² o^� �m�4Q^[\P8HKQKb2Y8J}b2Y8J
〈J ′(u), w〉 ≥ 0 ∀w ∈ K .

�-� ² o � ² �
ID�v�BEQ^R]q¦�-� ² oK���2�IJ`F@R�_`b2Y8Q^�nBZH^J]DmR�sz�@� ² oK�]V2�4J�R"�@� ² o�� ² �$o6A;BZDOF�H^J}g]BZF�X.-

K = {v ∈ V , 〈ai, v〉 ≤ 0
PGXmY8T

1 ≤ i ≤M} ,



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.
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�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

X.-
a1, . . . , aM

F-XmD2R�d6XmD8D8_]Fzd8BZDOF
V
q®H^J {+J][c[\J d6J�TOBET��nBZF�� ² o��6oK� �°���ZXmQ^Tzg$Q^h d8J]FUF-XmYOFU�[\XmDmRUT/JWBZH^XmTUF�b2Y8J

u ∈ K J$R ∃λ1, . . . , λM ≥ 0 , J ′(u) +

M
∑

i=1

λiai = 0 ,
�@� ² o �8�`�

J�R�H�e _��2BEHKQSRU_��@� ² oK�]Vm�N[\XZD2RUT/J}b2Y8J
λi = 0

F-Q 〈ai, u〉 < 0
oO{+J`F�T/_]J�HxF�P>XmF/QSRUQSv�F�XmYzD2YOHKF

λi
F/XZD2RJ]DOg$XmT/J\BEPOPGJ]H^_`FW��� �w§`�8Bª�����m�6§]�r�'�n¡{2 ��D4�6EG�n�8��EG�>o¦�=XZYOFp�mJ�TUT/XmDOF;BZYM;�MO_�XZTUl�[\J�� ² o �8o^�¢UHKJ�YOT�T��mH^JpP8HKYOF��Z_]D8_�T&BEHfJ�R�vwXZDOd8BZ[\J�D2RUBZH�o •

;'J�TU[\Q^D8XmDOF¬g�J$R/R/J F/XZYGF@h F-J`g�RUQ^XmD�J]D©d6XZDODOBED2R�YOD8J ��4>��2'��§]�54>� 2,>@4YB'§`�����8���w§`  2 �
2 �r�X�+�ZHr���{4G��2¦�n�>o
�p��4YB)4>¡]��§]�54>��l�n$o�� o�f p�rM��x ��� } �	y{whxey K = V

y	u�w	xey
J
yh��u�s�y	x�� � } t�� s��	��tv�¢|.�hz�y{y	r

u ��Wt
u
yh��u)x�r � } tvrYu�s.y3�¡tvretv�¡x�� z } ~�|�z�s�y

J � |�z } ���

J ′(u) = 0
y	u

J ′′(u)(w,w) ≥ 0 ∀w ∈ V .
�-� ² o��Z�m�

����~ht � � } w	xey	�Cy	reu � ��t � � } x�� u } x�u v s�|�re� x�r"� } t���tvrW|	�kyCs�y
u �

J ′(u) = 0
yhu

J ′′(v)(w,w) ≥ 0 ∀w ∈ V ,
�@� ² o�� ± �

| z } ���
u
y���u,x�r"��tvrYtv��x�� z } ~�|�zKs.y

J �
i� r��4>�'¡]§��n�6§`�54>�)o < Q

u
J`F@R�Y8DzP>XZQKD2R;d6JW[\Q^DOQ^[tY8[iHKX6g�BEH�q8XmDzFUBEQ^R�d6_@|-sub2Y8J

J ′(u) = 0
J$RHxBuvwXmT/[tY8HKJj�@� ² oK�	R2��D8XZYOFCd6XmD8D8Jj�-� ² o��Z�m��oW/�_]g�Q^P8TUX6b2Y8J�[\J�D2R`q>F/Q

u
�Z_]T/Q@:OJ��-� ² o � ± ��qOXZD~_`g$TUQSRYOD�d6_��mJ�HKXZP8P>J�[\J�D2Rtd8J�;'B�£rHKXZT"szH�e XZT&d6T/J�d8J�Y6a¯��BZY��ZXmQKF/Q^DGBE�ZJud6J�1�_�TUX2�pB��mJ]g\TUJ]F-R/JuJ�a6Bmg�RP>XZYOT=HxB\vwXZDOg$R/QKXZD

φ(t) = J(u+ tw)
B��mJ]g

t ∈ R
J$R;XmD�J�D~d6_`d6Y8Q^RpBZQKF/_�[\J]DmRCbmYOJ

u
J]F-R;YOD[\QKD8QK["Y8[ H^X6g�BZH+d6J

J
���ZXZQKT�HxBcA;_h:GD8QSRUQ^XmD�V8oK�ZoK�`��o

�

)¦*�,Z[�,Z[ � :�b 38?���b-?-<�` 3�_¦:=5 � 9 _��*`	�I56`.1
�)_
LNM8J]TUg&MOXZDOFN[uBEQKDmRUJ�DOBZD2R®st_]g$TUQKT/J=d8J]F�g$XmDOd6Q^R/QKXZDOF®d6JC[cQKD8QK[uBEHKQSRU_;HKXZT&F/b2Y8J;H�e J�DGF-J]["k8HKJ

KD¦e J`F@R�POBZF®g$XmDr�ZJ$a6Jmo��IHKYOF®P8TU_]g$QxF/_�[\J�D2R]q2D8XmYOF4_�R/YOd8Q^J]T/XmDOFNd8J]FNJ�DOF/J�[tk8H^J`F
K
d6_	:OD8QxF4POBZT®d8J]F�.4G�¤§]�n�8���¤§`�2¡¡2,>^ �EG�O���w§` "XmYjd6J`F®�.4G�¤§]�n�8���¤§`�2¡¡2,>^���  �EG�O���w§` ���XZY�HKJ]F�d6J]Y6a�s}HxB}vwXmQKF&��or��XmYOFg�XZ[\[\J�DeP�XZDOF�PGBET�Y8D8JWTUJ�[uBET&b2Y8JC�Z_�DO_�T&BEHKJCF/Y8T�HKJ]F 2 �w�n�r�E§`�54>�'¡c�62 ����¡`¡]�57 ���r¡Zo

i� kj � �w§`�54>�ml�n$o�� o ����r u } x�u � } tvreu v ∈ K � z � yhre�	yh� �hz�y

K(v) =

{

w ∈ V , ∃ (vn) ∈ KN , ∃ (εn) ∈ (R∗
+)N ,

limn→+∞ vn = v , limn→+∞ εn = 0 , limn→+∞ vn−v
εn = w

}

yh��u�| ��� yhz@�¡z�y�~��r�y�s.y��3s tv�cy�~hu�t } re�*|.s��¡t�����t5�	z@yh�¡|�x � } tvrYu v �
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��k� �6�����������	���	��������� �������! "��# �	��% ± �m�
4D�RUJ�TU[cJ`FcP8H^YGF\Q^[uBE�m_]F]q'XmD�P>J�Y6R�d6QKTUJ�BZYOF/F/Q�bmYOJ

K(v)
J`F@R\H�e J�DGF-J]["k8HKJ�d8JjRUXZYOFcHKJ]F�ZJ]g$R/J]Y8TUFNb2Y8QfF-XmDmRNRUBZD8�ZJ]DmR&F4J]D

v
s}YOD8JCg�XZY8TUk>J;g$XmD2R/J�DrY8J;d8BEDOF

K
J�R®PGBZFUF/BZDmRNPOBET

v
��F/Q
KJ]F-RNY8D8J;�nBETUQ^_�R/_�TU_��mY8H^QKl�TUJZq

K(v)
J`F@R�F-QK[\P8H^J][\J�D2RNH�e J`F-PGBZg$J�RUBEDO�ZJ�D2RNs

K
J�D
v
��o 
=Y6R/TUJ�[\J�D2Rd6QSR`q

K(v)
J]F-R;H�e J]DOF/J�["kOH^J"d8JWR/XmY6R/J`F�HKJ]F=d8Q^TUJ]g$R/QKXZDOF�P>XmFUF/Q^k8HKJ]F;d6J}�nBETUQxBnR/QKXZDGF�suPOBZT-RUQ^T=d8J

vbmYOQ+T/J`F@RUJ�D2R�Q^D6:OD8Q^R/_]F/QK[\BZH^J][\J�D2R�d8BEDOF
K
o

4DcP>XmFUBED2R
wn = (vn−v)/εn qnXZDcPGJ]Y6R4BEYOFUF/Qrd8Q^TUJ�d6J®v�B�P$XmDt_`b2Y8Q^�nBZH^J]DmRUJ®b2Y8J w ∈ K(v)F-QfJ�R=F-J]Y8H^J][\J�D2R=F-QfQKH+J�arQxF-R/JpY8D8J}F/Y8Q^R/J

wn d8BEDGF
V
J$R�Y8D8J}F/Y8Q^R/J

εn dOBEDOF
R
R/J]H^HKJ]F�b2Y8J

lim
n→+∞

wn = w , lim
n→+∞

εn = 0
J$R
v + εnwn ∈ K ∀n .

� HfJ]F-RNv�Bmg$QKH^Jpd6Jp�Z_]T/Q@:OJ�T�b2Y8JpH�e J�DGF-J]["k8HKJ
K(v)

��b2Y8QfPGJ]Y6R�R/TUl]F®k8QKJ�D��$RUT/JCT/_`d6Y8Q^R�s {0} ���.J]F-RY8D�g �ZDOJc¨
λw ∈ K(v)

PGXmY8T�R/XmY6R
w ∈ K(v)

J$R�RUXZY6R
λ ≥ 0

o
?��+�2�n�Z���Z��l�n oD� o�� ���������������"!��

K(v)
�C:O�d!3� 1�� �/�dLI�8� * 4 �P� ��!/� K(v) = V

: ( v �9:5� ( ���548� ( �8!���
K &�� ��������� !3�-� _ � *-,3. �)� � K(v)

�C:O�V��496"! ( ��� {0} &{4e QKD2R/_]T/��R\d6Y�g �mD8Jzd6J]F\d6QKT/J`g�RUQ^XmDOFtBmd6[\QKFUF/Q^k8HKJ]FcTU_]F/QKd8J�d8BZDOFcH^J�T/_`F-YOHSR&BnRuF-Y8QK�nBED2R]q.b2Y8Qd6XZD8DOJ�Y8D8J=g�XZDOd6Q^R/QKXZDu�  r�Z�r¡]¡`�8�����tdfe XZP6RUQ^[uBEHKQ^R/_Zo2{¦BWd6_][\XZDOF-R/T&BnRUQ^XmD+q�R/TUl]FNF-QK[\P8H^JmqEJ]F-R4HxBEQxF@hF-_]JpBZY�HKJ]g$R/J]Y8T]o
�p�¢4YB)4>¡]��§]�Z4G��l�n$o�� o�� E! ��' �=f� �6§]�Z4G�&2,>@?C�'���2� " �Z�8¡ E> r�' 2�n�8� H � } tvu

u
x�r���tvrYtv��x�� z } �

~Q| zKs�y
J
��x��

K � �Yt J yh��u�s�t ���	�cy	reu�t5|��	z@yCyhr
u � } rM|

〈J ′(u), w〉 ≥ 0 ∀w ∈ K(u) .�=XZYOF"BEHKH^XmDOFp[uBEQKDmRUJ�DOBZD2R}P8T/_`g$QxF-J]TWHKBzg�XZDOd6Q^R/QKXZD D8_`g$J`F/FUBEQKT/Jud6JuHxB[�ITUXZP>XmF/QSRUQ^XmD°� ² o��6o��d8BEDOF�HKJ�g]BZF�X�-
K

J]F-R~d6XZDOD8_�POBZT�d6J]Fz��4>�¤§��n�8���¤§]�r¡ 2,>^ �E>�8����§] ¢XZY�2,>^���' �E>�8����§] >oN{¦J]FT/_`F-Y8H^RUBERUF�b2Y8JpD8XmYOF�XZk6RUQ^J]DOd6TUXZDOF��mXZD2R��Z_�DO_�T&BEHKQKF/J�T�g$J]Y6a�d6J`F�/�J�[uBZTUb2Y8J`F;� ² o��6o ± J�R}� ² o �8o RGo
� 4>�¤§��n�8���¤§]�r¡ 2,>^ �EG�O���w§` 

ACBEDGF�g$JpP8TUJ�[\QKJ�T�g�BmF�XZDzF-YOP8PGX2F-JWb2Y8J
K
J]F-R=d6XmD8D8_pPOBET

K = {v ∈ V , F (v) = 0} , �-� ² o���Rr�
X�-

F (v) = (F1(v), ..., FM (v))
J]F-R\Y8D8J�BZP8P8HKQKg]BnRUQ^XmD�d6J

V
d8BEDGF

RM qªB��ZJ`g
M ≥ 1

oª{¦Bg$XZDGd6QSRUQ^XmD��  r�Z�r¡`¡]�8���n��dfe XZP6RUQ^[uBEHKQ^R/_WP8TUJ�DOd�BEHKXZT&F®HKBtvwXmT/[\J}F/Y8Q^�nBZDmRUJZo
L*F' �4G��H2��� l�n$o�� o	��� } tvu

u ∈ K } �
K

yh��u�s } rerW� � |��+�!$&% ��� � � � p�r���x �3� } �hy�w	xey J y���u
s��	��tv�¢|.�hz@y�y	r

u ∈ K y	u�whxey¡z@yh� � } rW~	uZt } r6�
Fi(1 ≤ i ≤ M)

� } rYu�~ } reu�tvr���� y	reu s��	��tv�¢|.�hz�y��
s�|�re� x�r�� } t���tvr�|	�ky+s�y

u � p�r���x ��� } �	y�s�y � z�x���w	xey z@yh� �¢y�~	u y	x���� (F ′
i (u)

)

1≤i≤M

� } reu�zSt �
rW��|�tv�cy	� yhrYu�tvr�s�� � y	rWs.|�reuZ� �
	 z } ��� � ��t u yh��u¡x�r �¡tvretv�¡x�� z } ~�|�z s�y

J
��x��

K � tvz�yQ�.t���u y
λ1, . . . , λM ∈ R � | ��� yhz@�h�=���'��§]�8Bª�����Z�6§`�r�¦�n¡¡2'�+DN�6EO�n�8��E>� � u y	zV�3whxey

J ′(u) +

M
∑

i=1

λiF
′
i (u) = 0 .

�@� ² o���UZ�
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± �`� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

i� r��4>�'¡]§��n�6§`�54>�)o8LNXZ[\[\JNHKJ]F'�ZJ`g�RUJ�Y8T&F (
F ′

i (u)
)

1≤i≤M

F-XmDmR H^QKD8_`BEQKT/J][cJ]D2R'QKDOd6_�P>J�DGd8BED2RUF]qHKJpR/MO_�XZTUl�[\Jpd6J]F�vwXZDOg$R/QKXZDOF�QK[\P8H^Qxg$Q^R/J`F�P>J�TU[cJ�R=d6JW[\XZD2R/TUJ�T�b2Y8J
K(u) = {w ∈ V , 〈F ′

i (u), w〉 = 0
P>XZYOT

i = 1, . . . ,M} , �@� ² o�� �2�
XmY�d8Jpv�B�P$XmD�_`b2Y8Q^�nBZH^J]DmRUJ

K(u) =

M
⋂

i=1

[F ′
i (u)]

⊥
.

�@� ² o�� �E�
�=XZYOFcD8Jzd6_�RUBEQKHKH^XmDOF"PGBZFcHKB�P8TUJ�Y8�mJ�d6J��@� ² o�� �2�Wb2Y8Q�J]F-RcY8D°TU_]F/Y8HSR&BnR\g$HxBZFUF-Qxb2Y8J�d6Jzg�BZHKg�Y8Hd8QS0¤_�TUJ�D2R/QKJ�Hf��J�D}v�BZQSR`q

K(u)
J`F@RªH�e J`F-POBmg$J4RUBEDO�ZJ�D2R.s�HxB=�nBZT/QK_$RU_

K
BEY}P>XZQKD2R

u
��oZLNXm[c[\J

K(u)J`F@R�Y8D�J]F/POBZg�J=�mJ]g�RUXZTUQ^J]H�q2XZD�P>J�Y6R�P8TUJ�DOd8T/JCF-YOg]g$J`F/F/Q^�mJ�[\J�D2R
w
J�R −w d8BEDGFNHxB��IT/XmPGX2F-Q^R/QKXZD� ² o��6o��rq6g$JWb2Y8Q¦g�XZDOd8Y8QSR=s

〈J ′(u), w〉 = 0 ∀w ∈
M
⋂

i=1

[F ′
i (u)]

⊥
,

gZe J`F@R/h sEh d8Q^TUJ}b2Y8J
J ′(u)

J]F-R=J�DO�ZJ�DGd6T/_"POBET;H^J`F (
F ′

i (u)
)

1≤i≤M

��D8XERUXZDOF;b2Y8J"HKJ]F=["Y8H^R/QKP8HKQKg]BnhRUJ�Y8T&Fcd6J�{'BE�ZT&BEDO�ZJ�F/XZD2Rcd6_	:OD8QxFtd8J�[uBEDOQ^l]T/J�YOD8QKb2Y8J���o���DOJ�BZY6R/TUJjd6_][cXmDOF-R/T&BnR/QKXZD��P8HKYOF�m_�Xm[c_�R/TUQKb2Y8J��IJ`F@R�POT/XmPGX2F-_pd8BEDGF�HKBcP8TUJ�YO�ZJpd6JWHKBi�ITUXZP>XmF/Q^R/QKXZD�� ² o��6oK�Z�mo
�

���r���6��=f�'�Ml�n oD� o��¬{¦XZT&F/b2Y8JzHKJ]Fj�ZJ]g$R/J]Y8TUF (
F ′

i (u)
)

1≤i≤M

F-XmDmR�HKQKD8_]BZQ^TUJ�[\J�D2RjQKDOd6_]PGJ]D6hdOBED2RUFW��XZY�H^QKk8TUJ]F&��qrXZDzd6Q^R=bmYOJCH�e XZD�J]F-R�dOBEDOF®Y8D��Z�O¡\�� �E>�'�����2�ro6A;BZDOF�H^JWg]BZF�g$XmDmRUTUBZQ^TUJZq2XZDPGBETUH^JWd6J"�m�8¡���4G���n �E>�'�����2�}J$R;HKBug�XZDOg�H^YOF/QKXZDzd6Y+;�M8_�XmT/l][cJu� ² o��6o �"J`F@R�v�BZYOFUF-J}g�XZ[\[\JWH^J[\XmDmRUT/JpH�e J�a6J�[\P8HKJpF/Y8QK�nBED2R]o
�ITUJ�DOXZDOF

V = R
q
M = 1

q
F (v) = v2 q J(v) = v

q8dfe X�-
K = {0} q u = 0

q
F ′(u) = 0

¨6QKHF]e BE�ZQ^R�d6XZDGgCd+e Y8D�g]BZF�D8XmD�TU_��mY8H^QKJ�T`oGLNXZ[\[\J
J ′(u) = 1

q+�@� ² o���Um�ID+e B\POBmF�H^QKJ�Y+o •
�ªXZYOT¢k8QKJ�D g$XZ[\P8TUJ�DGd6T/J¬HKB P>XZT/R/_]J�d6Y ;�M8_�XmT/l][cJ � ² o��6o �8qtD8XZYGF�H�e BZP8P8HKQKb2Y8XmDOF�F/Y8TH�e .a6J�[\P8HKJ}V8oK�Zo �

min
x∈KerB

{

J(x) =
1

2
Ax · x− b · x

}

,X.-
A
J]F-RcF/£r[c_�R/TUQKb2Y8Jzd6_	:OD8QKJ�P>XmF/QSRUQ^�mJ�dfe XZT&d6TUJ

n
q J$R

B
d8JjR&BEQKH^HKJ

m × n
B��mJ]g

m ≤ n
o

9;D�DOXER/J
(bi)1≤i≤m

H^J`F
m

HKQK�ZD8J`F"d6J
B
o ACBEDOFtg$J�POT/Xmk8H^l][\JuQ^H®£�B�d6XZDOg

m
g$XmD2R/T&BEQKDmRUJ]F

bi · x = 0
o < QªH^JcTUBZD8��d8J

B
J]F-R

m
q¤H^J`F

(bi)
F/XZD2RpQ^DGd6_�P>J�DOdOBED2RUFCJ$RpXZD�PGJ]Y6R}BEP8P8HKQxbmYOJ�TCHKBg�XZDOg�H^YGF-QKXZD~�-� ² o���Um����F/Q>D8XZD+q2HKJ]F4g�XZD2R/T&BEQKD2R/J`F4F/XZD2RNF/XZQ^RNTUJ]d6XmDOd8BED2RUJ]F]qZF-XmQSR�g$XmDmRUTUBmd6Qxg�R/XmQ^TUJ]F&��o

� HfJ�a6QKF-R/JWd6XmDOgCY8Dz["Y8H^R/QKP8HKQKg]BnR/J]Y8T�d6JW{¦BZ�ZT&BED8�mJ
p ∈ Rm R/J]H+b2Y8JpY8DzPGXmQ^D2R�d6Jp[\Q^D8QK["YO[

x�m_�TUQS:GJ
Ax− b =

m
∑

i=1

pibi = B∗p.

< Q
A
J`F@RcQ^Dr�mJ�T&F-QKk8HKJuJ$RcF/Q

B
J`F@R\d6J�T&BED8�

m
q XZD�J�D¢d6_]d6YOQSR\BEHKXZT&FpHKB��nBZH^J]Y8Ttd6J

x
¨'XZD�B

x = A−1(b+B∗p)
q8J$R=g�XZ[\[\J

Bx = 0
XmD�Xmk6R/QKJ�D2R

p = −
(

BA−1B∗)−1
BA−1b

J$R
x = A−1

(

Id−B∗ (BA−1B∗)−1
BA−1

)

b.
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��k� �6�����������	���	��������� �������! "��# �	��% ± � ±
ID}POBZT-RUQKg�Y8H^QKJ�T`q$XmD}B�BEQKDOF/QEP8TUXZY8�m_IbmYOJIH^J4["Y8H^R/QKP8HKQKg]BnR/J]Y8T'd8JN{¦BZ�ZT&BED8�mJ

p
J]F-R¦Y8D8Qxb2Y8JNF/Q

B
J`F@Rd6J4T&BED8�

m
o < Q2g�J4D+e J]F-R¦POBmF+HKJNg�BmF�q]XZD}FUBEQ^R'b2Y+e Q^H2J$a6QxF@RUJ

p
F-XmH^Y8R/QKXZD}d6J

BA−1B∗p = −BA−1bbmYOQfD+e J`F@R�Y8DOQKb2Y8JWb2Y+e s"H�e Bmd8d6Q^R/QKXZDzdfe Y8D��mJ]g$R/J�YOT�d8Y�D8Xn£2BEYjd8J
B∗ P8TUl]F]oe9;DjTUJ$R/TUXZYO�ZJ;BZQ^DGF-QH^JWTU_]F/Y8H^RUBnR�d6JpH�e IarJ]TUg�QKg�J\� ² o��6o ± o

?��+�2�n�Z���Z��l�n oD� o����e4���4�� 0�. ( :;�8� . �C: ��49:P! . � 0 �5: 1/( � 63�C:;:P!/: , ��!�� 1 �C� �5� > 0 � ( 0 �9�5� 63� .+]�^3_ � *-,�. �� &
�3& �
min
Bx=c

{

J(x) =
1

2
Ax · x− b · x

}

,

� �
c ∈ Rm �C:5�V!3� > � 1 �5�8!��e63������4 &

?��+�2�n�Z���Z��l�n oD� o�� �M,�,3. ( �"!/�8� . ��� � 4C�=��� * � ��%"& `"& � � .+]�^3_ � *-,3. � � &���& � �P�M�8��63496"! ( ���-�"!�� . �C:
, � ( ���5:M63� *B( � (+* ! * 6��

J
:P!�� . 0 : , � �8���7!3� ( �54V:;�����Q63�C: > � 1 �5��!3��: , ��� , ���C:@63� A 0 :;:O� 1�( 49: � . 0

,3. !/: , �P� ( �5� > 0�. ��!3� , ��� , ��� &
?��+�2�n�Z���Z��l�n oD� oZl�n ^ �V!�� (+. ( : 0 ��� . �C: ��4C:C! . � 0 �5: , ��4 1 4�6����9�5:X�P� 1 ��! _ 6�� .+]h^3_ �8� 1�( 1 � ��%"&
�3& � < * �"�	��������S�"!/� . 0 :O� . !9� ( �"� 6"! , ��� A3. � * ��63� � ( 63���7# ^3_ � *-,�. � � &���&��	��' �9:5�@�/4 1 �C:O: 0�( ��� * �8���M!3� 0 � 1 6��
1 �8� 1\. � &
?��+�2�n�Z���Z��l�n oD� oZlYl R � 4P��!\6 ( � . 0 , ��� *B( ����� > 0�. �8!�� , ��� , ���76"! � 0�,�. 0\1�( �8� 6 0 ��:i!��g6�� *V0�( �/�A �=� �/4 Ω

# > � ( � . 0 J=� 1 � ( �"� � & � 'P&QW ��!�� 1 � . 0 ��� ( �9������6�! ( � . � , ��� A�. � * �[6�� *B( � (+*B( : 0 � ( �"�[:C!3�
K = {v ∈ H1

0 (Ω),
∫

Ω v
2dx = 1}

min
v∈K

{

J(v) =

∫

Ω

|∇v|2dx
}

.

���"�9�����8�X�"!�� 1 � , ��� A3. � * � 0 6 * �P��!�� *B( � (+* ! * # ��� * �"�9�����8� 0 �"!/� K �9:5� 1 � *�,/0\1 � , ��!�� . �C::P! ( �5�C: *B( � (+*B( : 0 ���5�C: � .+] 0�( 63�-6�! � � 49�=� � * �-63� � � . . ( 1 � c& � & ` ��'P&���1 � ( ��� .+] 4���! 0 � ( ����6 ]�^ ! . ���e6��
1 � , ��� A3. � * �b�P� �8�)6�4�6�! ( ��� ��!/� . 0 > 0�. �8!��S6�! *B( � (+* ! * �C:5� A�( �8� . 0i, ��� *B( ����� > 0�. ��!3� , ��� , �����C���!/� . �C: , � ( ���5:@6�� *B( � (+* ! * :;�����Q63�C: > � 1 �5��!3��: , ��� , ���C: 0 :O:;� 1�( 4C: &
?��+�2�n�Z���Z��l�n oD� oZl��UJ=� ( � A !3�/� *V0 ��� ( 1 � n× n :ON * 4P��� ( ��!/�-6�4 ? � ( � , ��: ( � ( > �B�C� b ∈ Rn �/���
�3! .+&

�3& �������������X��!/� . �C: , ��� A�. � * �9:

sup
Ax·x≤1

b · x �C�
sup

Ax·x=1
b · x

:;�����e49�"! ( > 0�. ���9�5: �C�d�"! ] (+. : �����Q!3�/�@:O� . !9� ( �"� &�� � (+. ( :O�8� . � � � 49�=� � * � �9% & ` & ��, �"!3� 190�. 1 ! . �8�
1 �P� �5�B:O� . !9� ( �"�B�C� * �"�9�����8� ��! ] � . . �B�C:5�V!3� ( �"!�� &

`"&�R � ( ��������6"! ( � !��K�=�D6"��� ,/0 �h� ( � . 6 0 �/: .+] �8�/:O� *-A�. � 63�C: * 0 ��� ( 1 �C:g:ON * 4P��� ( ��!/�C:[6�4 ? � ( �C:
, �3: ( � ( > �C:V6 ] �=��6"��� n �8� 6 ( : 0 ���V�"!�� A ≥ B

: ( �P��:;�8! . � * ���9�b: ( Ax · x ≥ Bx · x , ��!���5�"!9�
x ∈ Rn &�� 4�6�! ( ���-6�� . 0 �"!/�C:5� ( �"� , ��4 1 4�6����9�5�)�"!���<=: ( A ≥ B < 0�. �=��: B−1 ≥ A−1 &
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± �	R ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

?V�+�2�n�Z���m��l�n oD� oZl=T ^ ��� � 4C�=� ( � 1/( ��4C� ( ��!/��63�C:�� 0 	 . �9: * � . 4 1 ! . �9:�6���� 0 	�:O�����)��� , ��4C:;�8���54C�C:���g�5�"!9� , � ( �9�-63� .+] �9: ,\0\1 � ,\0 �V!���� LI��� 1 � ( ���$6�� ��4 ,/0 �h� ( � ( �"� f(v)
634 , ���/6 0 ���)63� . 0 > ( �5�C:;:O�*)( 1 ����: 1 � ,�( ��!/� v ∈ RN & � �C:i��! 0 ��� ( �54C: *V0\1 ���3: 1 � ,�( ��!/�C:�< 1 � *-* � . 0 63�8�/: ( �54g6"!�� 0 	 ρ <e: 0

> ( �5�C:;:O� u <=�P�M: 0 �5� *-, 48� 0 ��!���� T <=:;�i���C�����"! > �8�����"��� 1 � 0 ! _g* � * ���9�5:M6�� . 0 LI��� 1 � ( �"� f(v)

ρ =

∫

RN

f(v) dv , ρu =

∫

RN

v f(v) dv ,
1

2
ρu2 +

N

2
ρT =

1

2

∫

RN

|v|2f(v) dv .�@� ² o��8�m�
� � . �
	 *V0 ��� 0i( ��������6"! ( � .+] �8������� ,8( � 1�( �/4P� ( �"!�� H(f)

6�4 ? � ( � ,/0 �

H(f) =

∫

RN

f(v) log
(

f(v)
)

dv .

�����������8� ��!/�
H
�C:5�V:5��� ( 1 �5� * �8��� 1 ��� > � _ ��:C!3� .+] �C: ,\0\1 �i6��9:bLI�"� 1 � ( ���/: f(v) > 0 * �C:C!3� 0�A�. �C:�5� . . �a��!/� H(f) < +∞ &XR � *)( � (+*B( :;� H :C!3� 1 �P� �C: ,\0\1 �7:;��!/: . �9: 1 ������� 0�( ���5�C:B63� * � * ���9�# �9% & ` �3' <=�C�Q�"� 0 6 * �P� ��� 0 �"! ] (+. � _3( :5�5�i!3�g!3� ( ��!/� , � ( ���M63� *B( � (+* ! * M(v) & ���"�9�����8�X�"!/� 1 �, � ( �9�M6�� *B( � (+* ! * �9:5� !3�/�a� 09_	� � . . ( ���3�/�B6�4 ? � ( � ,/0 �

M(v) =
ρ

(2πT )N/2
exp

(

−|v − u|
2

2T

)

.

���r���6��=f�'�Ml�n oD� oZl�n � HfJ]F-R�Y6RUQ^HKJ}dfe Q^D2R/TUX6d6Y8QKT/JpHxBtvwXZDOg$R/QKXZD L d6_h:GD8Q^JWF/Y8T
V × RM POBZT

L(v, µ) = J(v) +
M
∑

i=1

µiFi(v) = J(v) + µ · F (v)

b2Y8JjH�e XZD�BZP8P>J�HKH^J�DN�6EG���O�KE>���r� d6Y�P8TUXZk8HKl�[\Jjd8J�[\Q^D8QK[\QKFUBnRUQ^XmD�d6J
J
F/Y8T

K
o < Q

u ∈ KJ`F@R�Y8D�[\Q^DOQ^[tY8[ HKXrg]BEH+d6J
J
F/Y8T

K
q6HKJ ;�M8_�XmT/l][cJc� ² o �8o �"D8XZYGF�d6QSR�BZH^XmTUF®b2Y8JZq8d8BZDOF�HKJpg]BZFTU_��mY8HKQ^J]T]qrQKH+J$a6QxF@RUJ

λ ∈ RM R/J]H+bmYOJ
∂L
∂v

(u, λ) = 0 ,
∂L
∂µ

(u, λ) = 0 ,

POY8QKFUb2Y8J ∂L
∂µ

(u, λ) = F (u) = 0
F/Q
u ∈ K J�R ∂L

∂v
(u, λ) = J ′(u) + λF ′(u) = 0

dfe BZP8TUl]F
�-� ² o �.UZ��o69;D�P>J�Y6R�BZQ^DOF/Q¤_]g�T/QKT/J=HKBcg$XmDmRUTUBZQ^D2RUJ�J$R�HxB"g$XmDOd6Q^R/QKXZD�dfe XmP6R/QK[uBEHKQSRU_Cg�XZ[\[\J=H�e BZD8DrY6hHxBnRUQ^XmD�d8Y��mTUBmd6QKJ�D2Rp��HKBuF-RUBER/QKXZD8DGBETUQSRU_`�®d6Yz{¦BE�mTUBZD8�ZQKJ�D¦o •�=XZYOF�d8XZD8D8XmDOF\[uBEQKD2R/J�DGBED2R�Y8D8J~g�XZDOd6Q^R/QKXZD��  2�m�r¡]¡`�8�w�n�¢dfe XmP6R/QK[uBEHKQSRU_~d6Y¯d6J�Y8arQKl�[\JXmTUd8T/Jmo
�p��4YB)4>¡]��§]�54>��l�n$o�� o5lWl p�r �	y � z@|.~Qy � } x���z@yh�)��
 � } uv����	yh��s�x����6� } ���h� y $&% ���=��� yhu } r ��x � �� } �	y w	xey�z@yh� � } r�~hu�t } re� J y	u

F1, ..., FM
� } reu)s.yhx�� � } t�� ~ } rYuZtvr ���Cy	reu s��	��tv��|��	z@y��*y	u w	xey�z@yh�

��y�~hu�y	x���� (
F ′

i (u)
)

1≤i≤M

� } reu$zStvrW��|�tv�cy	� yhrYuKtvr�s�� � y	rWs.|�reuZ� � � } tvu λ ∈ RM z@y��¡x�z�uZt � z�t5~�|�u�yhx��
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��k� �6�����������	���	��������� �������! "��# �	��% ± �¢U
s�y � |	���c|�r��.y�s��Z��ret � | ��z�y ���6� } ���	� y $&% �������3� 	 z } ����u } x�u��¡tvretv�¡x�� z } ~Q| z

u
s�y
J
��x��

K�¢�	��t �,y
(

J ′′(u) +

M
∑

i=1

λiF
′′
i (u)

)

(w,w) ≥ 0 ∀w ∈ K(u) =

M
⋂

i=1

[F ′
i (u)]

⊥
.

�@� ² o��EV2�
i� r��4>�'¡]§��n�6§`�54>�)o < Y8P8P>XmF/XZDGF�bmY¦e QKH+J$a6QxF@RUJpY8D�g&M8J�[\QKDzBmd6[\QKFUF/Q^k8HKJWd6J}g$HxBZFUF/J

C2 qOgEe J]F-R-h snhd6Q^TUJ�Y8D8J�vwXmDOg�RUQ^XmD
t→ u(t)

d6J
[0, 1]

d8BZDOF
V
R/J]H^HKJ�b2Y8J

u(0) = u
J�R
F (u(t)) = 0

PGXmY8T.RUXZY6R
t ∈ [0, 1]

o8�.BET®d6_h:GD8QSRUQ^XmD+qZHxBWd6_]T/QK�Z_]J
u′(0)

BEP8PGBET/R/QKJ�D2R4BEY�g��ZD8J�d6J`F4d6QKTUJ]g�RUQ^XmDOFIBmd6[\QKFUF-QKk8HKJ]F
K(u)

oY9;DzP>XmF/J
j(t) = J

(

u(t)
) J$R

fi(t) = Fi

(

u(t)
) P>XZY8T

1 ≤ i ≤M.
ID�d6_�TUQ^�nBZDmR�XmD�Xmk6R/QKJ�D2R

j′(t) = 〈J ′(u(t)
)

, u′(t)〉 J�R
f ′

i(t) = 〈F ′
i

(

u(t)
)

, u′(t)〉 P>XZY8T
1 ≤ i ≤M,J$R

j′′(t) = J ′′(u(t)
)(

u′(t), u′(t)
)

+ 〈J ′(u(t)
)

, u′′(t)〉

f ′′
i (t) = F ′′

i

(

u(t)
)(

u′(t), u′(t)
)

+ 〈F ′
i

(

u(t)
)

, u′′(t)〉 P>XZYOT
1 ≤ i ≤M.LNXZ[\[\J

fi(t) = 0
P>XZYOT"RUXZY6R

t
J$R\P8Y8QxFUbmYOJ

0
J]F-RtY8D¢[cQKD8QK["Y8[ d6J

j(t)
qªXZD�J]D¢d6_`d6Y8Q^R

j′(0) = 0
q
j′′(0) ≥ 0

qGJ�R
f ′

i(0) = f ′′
i (0) = 0

oG{¦J]F=g�XZDOd8QSRUQ^XmDOF
f ′

i(0) = 0
D8XZYGF=d6QxF-J]D2RCb2Y8J

u′(0)
J`F@R�XmT-RUM8XZ�mXZDOBZH>BZY�F/XZYOF-h J]F/POBZg�J;J]D8�ZJ]DOd6TU_;POBZT (

F ′
i (u)

)

1≤i≤M

��b2Y8Q+J`F@R�_]�mBEHfs
K(u)bmYGBEDOd�g$J$R/R/Jtv�BE[\QKH^HKJ\J]F-RCHKQ^kOT/J���q>RUBZDOd6QxFCb2Y8J

j′(0) = 0
F/QK�ZD8Q@:OJtb2Y8J

J ′(u)
J`F@RpXZT/R/MOXZ�ZXmDOBEHs

u′(0)
o < Q

u′(0)
d8_]g$TUQ^RWR/XZY8R

K(u)
H^XmTUFUb2Y8JcXZD�v�BEQ^R"�nBETUQ^J]TpH^J`F}g&M8J�[\QKDOF}Bmd6[\QKFUF-QKk8HKJ]F]qfXZDJ�D�d8_]d6Y8Q^R�b2Y8J

J ′(u)
J�R®HKJ]F

F ′
i (u)

BZP8POBZT-RUQ^J]D8D8J�D2R�BEYj[\�][cJpF/XZYOF-h�J`F-PGBZg$Jt�wH�e XmT-RUM8XZ�mXZDOBZHGd6J
K(u)

�$oW9;D�TUJ$RUT/XmY8�ZJpBEQKDOF/QfHKB\g�XZDOd6Q^R/QKXZDzd6YzP8TUJ�[\QKJ�T�XZT&d6TUJt¨OQ^H+J�a6QKF-R/J
λ ∈ RM RUJ�H¦b2Y8J

J ′(u) +

M
∑

i=1

λiF
′
i (u) = 0.

�@� ² o ±Z² �
{+J]F�g�XZDOd8QSRUQ^XmDOF

f ′′
i (0) = 0

QK[cPOH^Qxb2Y8J�D2R=b2Y8J
0 =

M
∑

i=1

λi

(

F ′′
i (u)

(

u′(0), u′(0)
)

+ 〈F ′
i (u), u

′′(0)〉
)

,

RUBEDGd6QKF�b2Y8J
j′′(0) ≥ 0

d8XZD8D8J
J ′′(u)

(

u′(0), u′(0)
)

+ 〈J ′(u), u′′(0)〉 ≥ 0.
�CT 	mg$Jzs°�-� ² o ±m² �"XZD�PGJ]Y6R�_�HKQK[cQKD8J]TuH^J`Fud6_�TUQ^�m_�J`FtPOT/J][cQKl�TUJ]FcJ�R

u′′(0)
P>XZY8TuXmk6R/J]D8QKT~�wJ�DF-Xm[c[uBZDmR�HKJ]F�d6J]Y6a�d8J�TUD8Q^l]T/J`F®_]b2YOBnRUQ^XmDOF&�

(

M
∑

i=1

λiF
′′
i (u) + J ′′(u)

)

(

u′(0), u′(0)
)

≥ 0,
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± ��� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

b2Y8Q¦D+e J`F@R�TUQ^J]D�dfe BZY6R/TUJWb2Y8Ju�@� ² o �ZVm�4H^XmTUFUb2Y8J
u′(0)

PGBET&g$XZYOT-R
K(u)

o{4e J�arQxF-R/J�DGg$J4d6JIR/J�HxF g&M8J�[\QKDOF+BZd8[cQxFUF-QKk8HKJ]F
u(t)

J�R'HKJ.v�BEQ^R'b2Y8JIH�e J�DOF/J�[tk8H^JNd6J]F
u′(0)

d6_]g�T/Q^RHxBtR/XZRUBEHKQ^R/_Wd6Y�g �mD8JWd6J]F�d8Q^TUJ]g$R/QKXZDOF�BZd8[cQxFUF-QKk8HKJ]F
K(u)

J]F-R�Y8D8JWg�XZDOF/_]b2Y8J]DOg$JWd6Y�R/MO_�XZTUl�[\Jd8J]FcvwXZDGg�R/QKXZDGF\Q^[\P8HKQKg�QSRUJ]Fub2Y8JzH�e XmD¢P>J�Y6RjBZP8P8HKQKb2Y8J]Tu�ZT
	Zg�J�s�H�e Mr£rPGXZR/M8l`F-J�b2Y8JzHKB�v�BZ[cQKHKH^J
(

F ′
i (u)

)

1≤i≤M

J]F-R�H^QKk8TUJc��D8XZYGF�HKBZQKFUF-XmDOF®H^J`F�d6_$R&BEQKHKF®RUJ]g&M8DOQKb2Y8J`F®BZY�HKJ]g$R/J]Y8T�g$XmY8TUBZ�ZJ]Y6aO��o
�

?V�+�2�n�Z���m��l�n oD� oZl�Z � 0�. 1 ! . ��� . 0V1 ���\6 ( � ( �"� �/4 1 �C:;: 0�( ���Q6 ] � , � (+* 0�. ( �54Q6"!�:O� 1 �"�/6 �=�D6���� , ��!�� . �C:
^3_ � *�,3. �9: � &���& � �P� � &
�3& �"&
� 4>�¤§��n�8���¤§]�r¡ 2)>K���  �EG�8���w§` 

ACBEDOF=g$JWd6J�Y8arQKl�[\J}g]BZF�XZDzF/Y8P8P>XmF/Jpb2Y8J
K
J`F@R�d6XmD8D8_WPOBZT

K = {v ∈ V , Fi(v) ≤ 0
P>XZYOT

1 ≤ i ≤M} , �@� ² o ± ���
X.-

F1, . . . , FM
F/XZD2RIRUXZYn|@XmY8T&F4d6J`F.vwXZDGg�R/QKXZDGFNd6J

V
d8BZDOF

R
or{+XmTUFUb2Y8J�H�e XmD��ZJ]Y6RNd6_�R/J�TU[\Q^DOJ�THKJ"g��ZD8J"d8J]F=d8Q^TUJ]g$R/QKXZDOF�Bmd6[\QKFUF/Q^k8HKJ]F

K(v)
q>HxBuF-Q^R/YOBER/QKXZD�J`F@RCY8D�PGJ]Y~P8HKYOF=g�XZ[\P8HKQKb2Y8_]J"b2Y8JPOT/_`g$_]d8J�[\[\J�D2R�g�BZTuR/XmY6R/J`F�HKJ]F�g�XZD2R/T&BEQKD2R/J`F�d8BEDGF~�@� ² o ± �`�cDOJu|@XZY8J]D2RjPOBZFjH^J�[c�][\J~T��mH^JF/J�HKXZD�HKJcP>XZQKD2R

v
X�-�H�e XZD�g]BEHxg$Y8HKJ

K(v)
oSID J	0>J�R]q¦F/Q

Fi(v) < 0
qfQKHIJ]F-R}g$HxBEQKT}b2Y8JZqfP>XZY8T

εF/Y6y�FUBE[\[\J�D2R P>J$RUQSR`qnXZDcBEY8T&B�BEYGF/F/Q
Fi(v+εw) ≤ 0

�wXZDcd6Q^Rªb2Y8J®HKBCg$XmD2R/T&BEQKDmRUJ
i
J]F-R.Q^DGBZg�RUQ^�mJJ]D

v
��o < Q

Fi(v) = 0
P>XZY8TWg$J]T-R&BEQKDOFCQ^DGd6QKg�J]F

i
qfQKH.D+e J`F@R}PGBZFpg$HxBEQKTWbmYOJcH�e XZD�P8Y8QxF/F/J"RUT/XmY8�ZJ]TYOD��mJ]g�RUJ�Y8T

w ∈ V RUJ�H+b2Y8JZq6P>XZYOT
ε > 0

F-Y6y�FUBE[\[\J�D2R�PGJ�R/Q^R]q
(v + εw)

FUBnRUQKF-v�BEQ^R�R/XZY8R/J]F®HKJ]Fg�XZD2R/T&BEQKD2R/J`F dOBEDOF��-� ² o ± �`��o � HO��BWd8XZDOg®v�BZH^HKXZQKT.Q^[\P>XmF/J�T4d8J]FIg�XZDOd6Q^R/QKXZDGF.F-Y8POP8H^_][\J�D2RUBZQ^TUJ]F.F/Y8THKJ]F�g�XZD2R/T&BEQKD2R/J`F�q6BEPOPGJ]H^_]J]F���4>��2'��§]�54>� ¡�2 �"=f� �8���5j �m�6§]�Z4G�No �CTUXmFUF-Xt[cX6d6XGq8g$J`F�g$XZDGd6QSRUQ^XmDOF�mXZD2Rp�mBET&BED2RUQ^TWb2Y8J\H�e XZD�P>J�Y6RWv�BZQ^TUJud6J]F f-�nBETUQKBER/QKXZDOF!gtBEY6RUXZY8T}d+e Y8D�P>XZQKDmR
v
B�:OD d6JcR/J`F@RUJ�TF/XZDjXZP6RUQ^[uBEHKQ^R/_Zo � H¤J�arQxF-R/Jpd6QS0¤_�TUJ�D2R&F4R@£rP>J]F�d6Jpg$XmDOd6Q^R/QKXZDOF®d6JWb2YOBEHKQS:>g�BnRUQ^XmD��wPOH^YOF®XmYj[\XZQKDOFF/XZPOM8QKF-R/Qxb2Y8_�J`F�J$R��m_�D8_]TUBZH^J`FU�$or�=XZYOF�BZH^HKXZDGF�d6XZD8DOJ�T�Y8D8JWd6_	:OD8Q^R/QKXZD�d6XmDmR�HKJpP8TUQ^DOg�Q^P>JWJ]F-R=d6JTUJ��2BET&d6J�T�F/Y8T=HKJ}P8TUXZkOH^l][cJ}�����  r�6�n��¡` jF]e QKH¦J`F@R=P>XmFUF/Q^k8HKJ"d6J}v�BEQKT/J}d6J`F��nBETUQxBnR/QKXZDGF�T/J`F-P>J]g$RUBZDmRHKJ]Fpg�XZD2R/T&BEQKD2R/J]F;HKQ^D8_`BETUQKF/_�J`F�o+LNJ]Fpg�XZDOF/QKd8_�T&BnR/QKXZDGF=d6J*f/g�BEHxg$YOH d6J`Fp�nBETUQKBER/QKXZDOF!g}[cXZR/QK�ZJ]DmRpHKJ]Fd8_h:OD8Q^R/QKXZDGF�F-YOQ^�nBED2RUJ]F]o

i� kj � �w§`�54>�ml�n$o�� o5l�� � } tvu
u ∈ K � � � yhre�hy	� �hz@y I(u) = {i ∈ {1, . . . ,M} , Fi(u) = 0}yh��u�| ��� yhz@�¡zc� yhre�hy	� �hz@y¡s�yh��~ } rYuZ�c| tvreu�y����8�Z§]� �>�r¡�y	r u �

i� kj � �w§`�54>�ml�n$o�� o5l�T p�rMs tvu whxey�z@yh��~ } reu��c| tvreu�y�� �!$&% ��� $��{� } reu =f� �8���5j  r�r¡{y	r u ∈ K ��t
y	u��	y	x�z@y	�Cy	reu)��t)tvzKyc�.t���u�y x�rWy�s�tv�cy�~	uZt } r

w ∈ V u�yhzvz�y�w	xey*zc� } rM| tvu � } x�� u } x�u i ∈ I(u)
} x �ht5y	r 〈F ′

i (u), w〉 < 0 ,
} x �ht5y	r 〈F ′

i (u), w〉 = 0
y	u

Fi
y���u�|���rWy

.

�@� ² o ± �Z�
���r���6��=f�'�Ml�n oD� oZl�Z {¦B�d6QKT/J`g�R/QKXZD

w
J`F@R\J�D�b2Y8J�Hxb2Y8J�F/XZT/R/J�Y8D8J�f-d8Q^TUJ]g$R/QKXZD�TUJ�D2R/T&BED2RUJ�gPOY8QKFUb2Y8JuXZD�d6_`d6Y8Q^Rcd6J~�-� ² o ± �Z�Cb2Y8J

u + εw ∈ K P>XZYOTWR/XmY6R
ε ≥ 0

F/Y6y�FUBE[\[\J�D2R}PGJ�R/Q^R]o
�®QKJ�D}F��8T`q]F/QZRUXZY6RUJ]F+HKJ]F+vwXZDOg$R/QKXZDOF

Fi
F/XZD2R'BnyuD8J`F�q]XZDWP>J�Y6R P8TUJ�DOd6TUJ

w = 0
J$R¦HKJ]F g$XmD2R/T&BEQKDmRUJ]FF/XZD2R;BZY6R/Xm[uBnR/Qxb2Y8J�[\J]DmRCbmYGBEHKQS:O_]J]F]o>{¦JWv�BEQ^RCd8Jtd6QxF@RUQ^DO�ZY8J]T;HKJ]F;g$XZD2RUTUBZQ^D2R/J`F�BnyuD8J`F;dOBEDOF=HKB
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��k� �6�����������	���	��������� �������! "��# �	��% ± � �
A=_	:OD8Q^R/QKXZD¬� ² o��6oK� ± J`F@RC|@YOF-R/Q@:O_�DOXZD�F/J�Y8HKJ�[\J]DmR\POBZTUg�Jjb2Y8J�g�J�HKH^J`F@h g$Q�F-XmD2Rcb2YOBEHKQ@:O_�J`FtF/XZYOFd6J]F�g�XZDOd6Q^R/QKXZDGFN[\XmQ^DOF�F-R/TUQKg$R/J`F�q6[uBEQxF�F-YOT-RUXZY6R�J�D�TUJ��mBZTUdjd6JpH�e Q^[\P>XZT/RUBZDOg$Jpd6J]F�g�XZD2R/T&BEQKD2R/J`FBnyuD8J]F�dOBEDOF�HKJ]F�BZP8P8HKQKg]BnRUQ^XmDOFp��g$Xm[\[cJWHKJp[\XZD2R/TUJpH^J`F�J$a6J�[\P8HKJ]F�d8Y~LNMGBEP8Q^R/TUJWVm��o •�=XZYOF'P>XZY8�mXZDOF BEHKXZT&Ff_�DOXZDOg�J�T¦HKJ]F g$XmDOd6Q^R/QKXZDOF �  2�m�r¡]¡`�8�w�n�r¡4d+e XmP6R/QK[uBEHKQSRU_®F/Y8T¦H�e J�DOF/J�[tk8H^J�@� ² o ± �`�$o
L*F' �4G��H2��� l�n$o�� o5l�f p�r���x �3� } �	y whxey K yh��u�s } rer�� � |��3�!$(% ��� $�� � whxey�z@yh� � } rW~	uZt } r6� J yhu
F1, . . . , FM

� } reu�s��	��tv��|��	z@y���y	r
u
y	u�whxey�z@yh�C~ } reu��c|�tvrYu yh� � } reu�w	xe|�zSt �,��y��Cyhr

u � 	 z } ��� � ��t
u
y���u,x�r+��tvrYtv��x�� z } ~�| z$s�y

J
��x��

K � tvzKyQ��t���u�y λ1, . . . , λM ≥ 0 � | ��� y	z@��� �¡x�z�u�t � z�t5~�|�u�y	x����s�y � |G� �c| rk�ky � u y	zV�3whxey

J ′(u) +

M
∑

i=1

λiF
′
i (u) = 0, λi ≥ 0, λi = 0

��t
Fi(u) < 0 ∀ i ∈ {1, . . . ,M}. �-� ² o ±Z± �

�j�r���6��=f� ��l�n$o�� o5l ��9;D�PGJ]Y6R�TU_�_]g�T/QKTUJ;HxB\g$XZDGd6QSRUQ^XmD��@� ² o ±m± �NF-XmYOF�HxB"vwXmT/[\JWF/Y8Q^�nBZDmRUJ
J ′(u) +

M
∑

i=1

λiF
′
i (u) = 0 , λ ≥ 0 , λ · F (u) = 0 ,

X�-
λ ≥ 0

F-QK�ZDOQS:OJIb2Y8JNg&MOBZg�Y8D8JId6J`F¦g$Xm[\PGX2F/BZDmRUJ]F+d8YW�ZJ]g$R/J]Y8T
λ = (λ1, ..., λM )

J]F-R¦P>XmF/QSRUQ^�mJZqP8Y8QxF/b2Y8Jmq2P>XZYOTNRUXZY6R�QKDOd6Qxg$J
i ∈ {1, . . . ,M} q2XZD�BtF/XZQ^R Fi(u) = 0

q6F-XmQSR
λi = 0

or{¦J=v�BZQSR�b2Y8J
λ · F (u) = 0

J`F@R=BZP8PGJ]H^_]JWg$XZDGd6QSRUQ^XmD�d6J]F�_`g�BET/RUF�g�XZ[\P8HK_�[\J�D2RUBZQ^TUJ]F]o •
i� r��4>�'¡]§��n�6§`�54>�)oªLNXZDOF/QKd8_�TUXZDOFNR/XmY6R=dfe BEk>XZT&djH�e J�DOF/J�[tk8H^J

K̃(u) = {w ∈ V , 〈F ′
i (u), w〉 ≤ 0 ∀ i ∈ I(u)} . �-� ² o ± Rr�

��9;DjP>J�Y8R®[\XZD2RUT/J]TNb2Y8J
K̃(u)

D+e J]F-R�BEY6RUT/JCbmYOJ=HKJCg��ZD8J
K(u)

d8J]F®d6Q^TUJ]g$R/QKXZDOF®BZd8[cQxFUF-QKk8HKJ]F&��o
< XZQ^R

w
Y8D8J;d8Q^TUJ]g$R/QKXZDjBmd6[\QKFUF-QKk8HKJ=FUBnR/QxF-v�BEQxF/BZDmRC�@� ² o ± �Z�$q

w ∈ K̃(u)
qrJ$R®Y8D�TU_�J�H

δ > 0
or��XmYOFBEHKH^XmDOF¦[\XmDmRUT/J]T b2Y8J

u+ε(w+δw) ∈ K PGXmY8T R/XmY6R TU_�J]H
ε > 0

BZFUF-JG14P>J$RUQSR`o�� H2v�BEY6R.J$a8BZ[cQKD8J]TR/TUXZQxF�g�BZF�d8J�:G�ZY8TUJZo�Zo < Q
i /∈ I(u) q2XZD�B Fi(u) < 0

J$R
Fi(u+ ε(w+ δw)) < 0

POBZTNg$XmD2R/QKD2YOQSRU_=F-Q
ε
J`F@R®BZFUF-JG1P>J$RUQSR`o�6o < Q

i ∈ I(u) J$R 〈F ′
i (u), w〉 < 0

q8BZH^XmTUF
Fi(u+ ε(w + δw)) = Fi(u) + ε〈F ′

i (u), w + δw〉+ o(ε)

≤ εδ〈F ′
i (u), w〉+ o(ε) ,

�@� ² o ± Um�
dfe X�-

Fi(u+ ε(w + δw)) < 0
PGXmY8T

ε > 0
BmF/F/J	1pP>J$RUQSR`o± o@ID6:OD+qOF/Q

i ∈ I(u) J�R 〈F ′
i (u), w〉 = 0

qOBEHKXZT&F
Fi

J]F-R=BnyuD8JpJ$R
Fi(u+ ε(w + δw)) = Fi(u) + ε〈F ′

i (u), w + δw〉 = ε〈F ′
i (u), w〉 ≤ 0 .

�@� ² o ± �m�
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± �9� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

T QKDOBEHKJ�[\J]DmR`qOF/Q
u
J]F-R�Y8Dz[cQKD8QK["Y8[ H^X6g]BEH+d6J

J
F/Y8T

K
q6XZD�d6_]d8Y8QSR=d8J}g$JWb2Y8Q+P8TU_]g�l]d6JWb2Y8J

〈J ′(u), w + δw〉 ≥ 0 ∀w ∈ K̃(u) , ∀ δ ∈ R∗
+ .

LNJ`g$Q'Q^[\P8HKQKb2Y8JtbmYOJ 〈J ′(u), w〉 ≥ 0 ∀w ∈ K̃(u)
J$R=XmDzR/J�TU[\Q^DOJ}HKBud8_�[\XZDOF-R/T&BnRUQ^XmDz�ZT
	Zg$JBZY�{¦J�[\[\J}d6J*TOBZT �nBmF;� ² o��6oK� �}g$Q^h d6J`F/F/XZYGF�o

�

DN�r����� l�n$o�� o5l � E 2'���'�6�¢N8�8¡\H � } t5y	reu
a1, . . . , aM

s�yh���	z@�	�Cy	reuZ�K�K���h��s�y
V � p�r�~ } re��t �s �h�Qy*z@yh�3yhre�	yh� �hz�y��

K =
{

v ∈ V , 〈ai, v〉 ≤ 0 � } x�� 1 ≤ i ≤M
}

,

y	u

K̂ =
{

v ∈ V , ∃λ1, . . . , λM ≥ 0 , v = −
M
∑

i=1

λiai

}

.

	 z } ��� � } x�� u } x�u p ∈ V � } rM|�z � tv� � zSt5~Q| uZt } r

〈p, w〉 ≥ 0 ∀w ∈ K =⇒ p ∈ K̂ .
� � | �c��~	t � � } w	xey��	u | reu��h�Ot5s�y	reu�y � tvz �6� |	��tvu�y	r �h| tvu�s$� x�rWy¡��whx�tv��|�z@y	rW~�y � �
i� r��4>�'¡]§��n�6§`�54>�)oGLNXm[c[\J]DeP$XmDOFªPOBET.[\XmDmRUT/J]T.bmYOJ K̂ J]F-RªvwJ�TU[c_mo8�IY8QxFUbmYOJ�g�J$R/R/J�P8TUXZP8TUQK_$R/_J`F@Rp_��rQxd6J�D2RUJtHKXZT&F/b2Y8J

M = 1
q>D8XZYGF;POT/X6g$_`d6XZDGF�POBZTCTU_]g�Y8TUT/J]DOg$J}J�RpF/Y8P8P>XmF/XZDGF;b2Y+e J�HKH^JcJ]F-R�rT&BEQKJ;HKXZT&FUbmYOJCHKJpD8XZ[tk8TUJpd8JW�ZJ]g$R/J]Y8TUF

ai
J]F-R�QKD6vw_�TUQ^J]Y8T�s

M
o

< YOP8PGX2F-XmDOF�dfe BEk>XZT&d�b2Y8J�HKJ]F\�mJ]g$R/J�YOTUF
(ai)1≤i≤M

F-XmD2R\HKQKD8_]BZQ^TUJ�[\J�D2RuQKDOd6_�P>J�DGd8BED2RUF]o
< XZQ^R

(vn) =
(

−∑M
i=1 λ

n
i ai

) YOD8JjF/Y8QSRUJ�dfe _�HK_�[\J�D2RUF"d6J K̂ ��d6XZDOguB��mJ]g
λn

i ≥ 0 ∀ i ∀n)
qg�XZDr�ZJ]T/�mJ]BZDmR��mJ�T&F=YOD8JtHKQK[cQ^R/J

v ∈ V o 
=H^XmTUF;Q^HªJ`F@Rpg$HxBEQKTCb2Y8J\g&MOBZb2Y8JcF-YOQSRUJ (λn
i )

g�XZDr�ZJ]T/�mJdOBEDOF
R+

�mJ�T&FWY8D8JuHKQ^[\Q^R/J
λi ≥ 0

�wP>XZY8T
1 ≤ i ≤ M

�pP8Y8QxFUbmYOJ�H^J`FW�ZJ`g�RUJ�Y8T&F
(ai)1≤i≤MvwXmT/[\J]DmR�Y8D8JWkGBZF/JCd6JpH�e J`F-PGBZg$Jpb2Y+e Q^HxF�J�D8�mJ�DOd8T/J]DmR`oe9;D�Bcd6XZDGg

v = −∑M
i=1 λiai ∈ K̂

q8b2Y8QJ`F@R=d8XZDOg;vwJ�TU[\_Zo
< Q.HKJ]Fp�mJ]g$R/J�YOTUF

(ai)1≤i≤M
F/XZD2RpH^QKD8_]BZQ^TUJ�[\J]DmRWd6_]PGJ]DOd8BED2R&F�q¤QKH.J$a6QKF-R/JcY8D8J\TUJ�HxBnRUQ^XmD�d6JHxBWvwXmT/[\J ∑M

i=1 µiai = 0
q2J$R�XZD�P>J�Y8R�F/Y8P8P>XmF/J�T®b2Y8J;H�e Y8D�BZY�[\XZQKDOFNd8J]F�g$XrJ$y�g�Q^J]DmR&F

µi
J`F@RF-R/TUQxg�R/J][\J�D2R�PGX2F-Q^R/Q^v@o < XmQSR=BZH^XmTUF

v = −∑M
i=1 λiai

Y8Dz_�HK_�[\J�D2R�d6J K̂ o��ªXZYOT�R/XZY8R t ≤ 0
q6XZD

P>J�Y8R=BEYOFUF-Qf_`g$TUQ^TUJ
v = −

M
∑

i=1

(λi + tµi)ai
q8J�R�XZDzPGJ]Y6R=g&M8XmQKF/Q^T

t ≤ 0
P>XZY8T�b2Y8J

λi + tµi ≥ 0 ∀ i ∈ {1, . . . ,M} J�R ∃ i0 ∈ {1, . . . ,M} , λi0 + tµi0 = 0 .LNJpT&BEQxF-XmD8D8J][cJ]D2R�[\XmDmRUT/Jpb2Y8J
K̂ =

M
⋃

i0=1

{

v ∈ V , ∃λ1, . . . , λM ≥ 0 , v = −
∑

i6=i0

λiai

}

.
�@� ² o ± �E�
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��k� �6�����������	���	��������� �������! "��# �	��% ± �`V
�ªBZT¦D8XZR/TUJIMr£rPGXZR/M8l`F-J4d8JIT/_`g$Y8TUTUJ�DOg�JZq�g&MOBmg$Y8D}d8J]F+J]DOF/J�["kOH^J`F¦BEPOPOBET&BEQxF/FUBED2R+d8BZDOF+HKJI[\J�[tk8T/Jd6J}d6TUXZQ^R/JWd6Ju�@� ² o ± �E�NJ`F@R�vwJ�TU[\_Zq8J�R�Q^HfJ]DzJ]F-R=d6XZDOgpd6JW[\�][cJWd6J K̂ o/=BEQxF-XmD8D8XZDGF�[uBEQKD2R/J�DGBED2R;POBZT=H�e BZkOF/Y8TUd8Jj¨¤F-Y8POPGX2F-XmDOF=b2Y8J 〈p, w〉 ≥ 0 ∀w ∈ K J$Rpb2Y8J
p /∈ K̂ oK9;D�PGJ]Y6R"BEHKXZT&F;Y6R/QKH^QxF/J�TWHKJC;�MO_�XZTUl�[\J��`�8o^�mo^�`Vjd6JuF/_�POBZTUBER/QKXZD�dfe Y8D P>XZQKDmRWJ�RWd+e Y8Dg$XZDr�mJ$a6JuPGXmY8TtF/_�PGBETUJ�T

p
J�R K̂ b2Y8Q4J`F@RtvwJ�TU[c_jJ$R]qªs�H�e _]�rQKd6J]DOg$Jmq'g�XZDr�ZJ�arJuJ�R"D8XmD��2Qxd6Jmo � HJ$a6QKF-R/JWd6XmDOg

w 6= 0
d8BZDOF

V
J$R
α ∈ R

RUJ�HxF�b2Y8J
〈p, w〉 < α < 〈w, v〉 ∀ v ∈ K̂ . �@� ² o ± �2�

«~BEQxFIBEHKXZT&F]qnXZD�d6XmQSRNB��mXZQKT
α < 0

POY8QKFUb2Y8J
0 ∈ K̂ Amdfe BEY6RUT/J�PGBET/R]qZP>XZYOT.R/XmY6R i ∈ {1, . . . ,M}D8XZYOFjPGXmY8�ZXmDOF�g&M8XmQKF/QKTjd8BEDGF~�@� ² o ± �m�

v = −λai
B��ZJ]g

λ
BETUk8Q^R/T&BEQKT/J][\J�D2Ru�ZT&BEDOdfqNg$J�b2Y8Q[cXmD2R/TUJpb2Y8J 〈w, ai〉 ≤ 0

oY9;D�XZk8R/QKJ�D2R=d6XZDGgCb2Y8J
w ∈ K J$R=b2Y8J 〈p, w〉 < α < 0

q8g$JWb2Y8Q+J`F@RQ^[\P>XmFUF-QKk8HKJZo
�

?��+�2�n�Z���Z��l�n oD� oZl�fUJ=� ( � A !���� *V0 ��� ( 1 �i:5N * 4P��� ( �"!��76�4 ? � ( � , ��: ( � ( > �i6 ] �=��6"��� n <c�P� B !����
*V0 ��� ( 1 � 63� � 0�(+. . � m×n 0 > � 1 m ≤ n �P� 63�@� 0 � � m &�R � 1 ���/: ( 6 �8��� . � , ��� A�. � * �Y6�� *)( � (+*B( : 0 � ( ���

min
x∈Rn, Bx≤c

{

J(x) =
1

2
Ax · x− b · x

}

,

�M,3,�. ( ��!/�8� . � � � 49�=� � * � �9%"& `"&
� �[, �"!3� � A �5��� ( � .+] � _�( :O�5�8� 1 �i6 ] !3� * ! . � (+,�. ( 1C0 �5�8!�� 63� � 0 ��� 0 � �3�
p ∈ Rm �5� . �"! ] !�� , � ( ���Q63� *B( � (+* ! * x > 4�� ( ? �

Ax− b+B∗p = 0 , p ≥ 0 , p · (Bx− c) = 0.

?��+�2�n�Z���Z��l�n oD� oZl ��J=� ( � f ∈ L2(Ω)
!����aLI�"� 1 � ( ���$6�4 ? � ( �g:C!3� !��[�"! > �8��� A �=� �/4 Ω & W ��!��

ε > 0
�"� 1 ���/: ( 6 �8��� . � , ��� A3. � * �B6��7��4 �"! . 0 � ( : 0 � ( ���B:P! ( > 0 ���

min
u∈H1

0 (Ω) , ‖u−f‖L2(Ω)≤ε

∫

Ω

|∇u|2dx.

���"�9�����8� ��!/� 1 � , ��� A3. � * � 0 6 * �P�)!����g!3� ( �"!���:O� . !�� ( ��� uε
& �����������8� ��!/�3< :O� ( � uε = f

< :O� ( �
uε = 0

<=:O� ( � (+. � _�( :O�5� λ > 0
�5� . �"!�� uε

�C:O� :;� . !�� ( ���-6��
{

−∆uε + λ(uε − f) = 0
6 0 �/: Ω,

uε = 0
:P!��

∂Ω.

� 4>�¤§��n�8���¤§]�r¡ 2,>^ �EG�O���w§` z�m§ 2,>^���' �E>�8����§] 
9;DjPGJ]Y6R®kOQ^J]DjF �OTN[\_�HxBEDO�ZJ�T4H^J`FNd6J]Y6a\R@£rPGJ`FNd6JCg$XmDmRUTUBZQ^D2RUJ]F]ok9;DjF/Y8P8P>XmF/J;d6XmDOg�b2Y8J

KJ]F-R=d6XZD8DO_CPGBET
K = {v ∈ V , G(v) = 0 , F (v) ≤ 0} , �@� ² o ± Vm�

X�-
G(v) = (G1(v), ..., GN (v))

J$R
F (v) = (F1(v), ..., FM (v))

F/XZD2R=d6J]Y6azBZP8P8HKQKg]BnRUQ^XmDOF�d6J
V
d8BEDGF

RN J�R
RM o]ACBEDOF'g$JID8XmY8�ZJ`BEYpg$XmDmRUJ$arR/Jmq�QKHEv�BZY6R'd6XmD8D8J�T¦Y8D8JNd8_h:OD8Q^R/QKXZD}Bmd6_]b2YOBER/JId6JHKBCb2YOBEHKQS:>g�BnRUQ^XmDtd6J`F.g$XmDmRUTUBZQ^D2RUJ]F]o�9;DcD8XERUJ®R/XZYE|@XZY8T&F

I(u) = {i ∈ {1, . . . ,M} , Fi(u) = 0}H�e J�DOF/J�[tk8HKJpd8J]F�g�XZD2R/T&BEQKD2R/J]F�dfe QKD8_��2BEHKQSRU_pBmg�RUQ^�mJ]F®J�D
u ∈ K o
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± � ² ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

i� kj � �w§`�54>�ml�n$o�� o5l � p�rMs tvu whxey�z@yh��~ } reu��c| tvreu�y�� �!$&% ����� �{� } reu =f� �8���5j  r�r¡{y	r u ∈ K ��t
y	u��	y	x�z@y	�Cy	reu)��t z�y�� ��yQ~	u�yhx���� (

G′
i(u)

)

1≤i≤N

� } reu�z�tvrW��|�tv�Qyh� yhrYu)tvr�s�� � y	rWs.|�reuZ��y	u)tvzKyQ�.t���u�y
x�r�y3s tv�cy�~hu�t } r

w ∈ ⋂N
i=1

[

G′
i(u)

]⊥ u�yhzvz�y¡w	xey zc� } r�|�tvu � } x�� u } x�u i ∈ I(u)
〈F ′

i (u), w〉 < 0 .
�-� ² o R ² �

�=XZYOF'PGXmY8�ZXmDOF BEHKXZT&Ff_�D8XmDOg$J]T¦HKJ]F g$XmDOd6Q^R/QKXZDOF �' r�m�2¡`¡`�8�w�n�r¡4dfe XZP8R/QK[\BZH^Q^R/_®F-YOT'H�e J]DOF/J�["kOH^J�-� ² o ± Vm��o
L3F' �4G�¢Hr���Ml�n oD� oZl#� � } tvu

u ∈ K
} �

K
yh��uCs } rYrW� � | ���!$&% ����� � � p�r ��x �3� } �	yMw	xey Jy	u

F
� } reu¡s��	��tv�¢|.�hz@yh� y	r

u � whxey G yh��u�s��	��tv�¢|.�hz�yMs.|�re��x�r � } t���tvrW|G�.y�s�y
u � y	u�whxey+z@y��~ } reu��c|�tvrYu yh� � } reu�whxe| z�t �,��yh��yhr

u
�!|�x��	y	r6�3s�y3z@|����Z��rYtvuZt } r�$&% ����� $ � � � 	 z } ��� � ��t u yh��u,x�r

�¡tvretv�¡x�� z } ~�|�z�s�y
J
��x��

K � tvz,yQ��t���u�y�s�yh� ��x�zSuZt � z�t5~�|�u�yhx�����s�y � |G� �Q|�rk�ky µ1, . . . , µN � y	u
λ1, . . . , λM ≥ 0 � u�yhz�� w	xey

J ′(u) +

N
∑

i=1

µiG
′
i(u) +

M
∑

i=1

λiF
′
i (u) = 0 , λ ≥ 0 , F (u) ≤ 0 , λ · F (u) = 0 .

�@� ² o RG�`�
{'B�d6_][cXmDOF-R/T&BnR/QKXZD�d6Y�;�M8_�XmT/l][cJ�� ² o��6oK�]VzJ`F@RtY8D8J�F/QK[cPOH^J�BZd8BZP6RUBER/QKXZD�d6J�g$J�HKHKJ]F"d8J]F

;�MO_�XZTUl�[\J`F;� ² o��6o �"J�R}� ² o �8o^�¢U6qrbmYOJWD8XZYOF�HxBEQxFUF-XmDOF�BEY�H^J`g�R/J]Y8T�J�Dz�mY8QKF/JWdfe J$a6J�T&g$Qxg$Jmo
� �¦§]�n�2¡�� 4G�n���r¡�2 �r¡c�.4G��2 �w§]�Z4G� ¡C2'�+=f� �8���8jª�Z�6§`�54>�

{¦J]Fcg$XZDGd6QSRUQ^XmDOF}d6J�b2YOBEHKQS:>g�BnRUQ^XmD�F-XmD2R"d6J]Fcg$XmDOd6Q^R/QKXZDOFt¡]�'¥�¡]�O�¤§]�r¡�d6JjR@£2P>J¡f-�Z_]XZ[\_$hRUT/Qxb2Y8J�g\bmYOQ P>J�TU[\J$R/R/J�D2R}d6Jcv�BEQKTUJcd6J`FC��BZT/QxBnRUQ^XmDOF;Q^D2R/J]T/DOJ]FpsjH�e J�DOF/J�[tk8H^J
K

sjPGBET/R/QKTCdfe Y8DP>XZQKD2R
u ∈ K oO{'B\g$XZDGd6QSRUQ^XmD�d6J}b2YOBEHKQS:>g�BnRUQ^XmD�d8JWHKBuA;_h:ODOQSRUQ^XmD�� ² o��6oK� ± J]F-R=BZFUF-JG1;�m_�D8_]TUBZH^J��b2Y8XZQxb2Y8J}HKXZQKD�dfe �$R/TUJ"DO_]g$J`F/FUBEQKTUJ`��qO[\BZQKF;POBZT-vwXmQKF;d6QSy�g�Q^HKJtsu�m_�TUQS:GJ�T;dOBEDOF=H^J`F;BZP8P8HKQKg]BnR/QKXZDGF�oL;e J]F-RjP>XZY8T&b2Y8XZQ=H^J`F�TUJ�[uBET&b2Y8J]Fub2Y8QCF-Y8QK�ZJ]D2Rjd6XZD8DOJ�D2R�d6J`Fjg$XmDOd6Q^R/QKXZDOFjd6J�b2YOBEHKQ@:Gg�BER/QKXZDOFPOH^YOF®F/Q^[\P8HKJ]F;��d6XmDOg�P8HKYOF4v�BZg�Q^HKJ]FNsW�Z_]T/Q@:OJ�TNJ�DuP8T&BnRUQKb2Y8J��.[uBEQxFI[\XmQ^DOF4�Z_]D8_�T&BEHKJ]F���Q�o JZo2[\XZQKDOFF/XZYO�ZJ�D2R��Z_]T/Q@:O_�J`FU�$o

���r���6��=f�'�Ml�n oD� oD�en�ACBEDOF�HKJ"g]BZF�d6J`F=g$XmD2R/T&BEQKDmRUJ]F�dfe QKD8_��2BEHKQSRU_Zq8XmD�P>J�Y8R;F�e QKDOF-POQ^TUJ�T=d8JWHKBDOXER/QKXZD�d6J;g]BZFITU_��mY8HKQ^J]T=�wQKD2R/TUXrd8Y8QSRUJ;s"HKB�/�J�[uBET&b2Y8J}� ² o��6o VpPGXmY8T4HKJ]F®g$XmDmRUTUBZQ^D2RUJ]FIdfe _��2BEHKQSRU_`�B :ODzd6JWd6XZD8DOJ�T�Y8D8JWg�XZDOd6Q^R/QKXZD�R/TUl]F�F/QK[cPOH^J}b2Y8QfJ]DmRUTUB+*xDOJ;HxB\g$XZDGd6QSRUQ^XmD�d8Jpb2YOBZH^Q@:Gg]BnR/QKXZDzd6JHxB"A;_h:GD8QSRUQ^XmD�� ² o��6oK� ± o�ID�J	0>J�R]qrP>XZY8T
u ∈ K HKJ]F®g$XZD2RUTUBZQ^D2R/J`FIQKDOBZg$R/QK�ZJ`FID8J�f |@XmY8J�D2R g=POBZFNJ$RF/J�YOH^J`F.F-XmDmRIsCP8TUJ�DOd8T/J®J�Dug$Xm[\P6R/J�HKJ]FIg�XZD2R/T&BEQKD2R/J]F BZg$R/QK�ZJ`F

i ∈ I(u) b2Y8Q8F/XZD2R¤|@YOF@RUJ�[\J�D2R4d6J`Fg�XZD2R/T&BEQKD2R/J`FIdfe _��mBZH^Q^R/_=J�D�g$J;PGXmQ^D2R¦��9;Du�Z_]T/Q@:OJ=BZH^XmTUFIFUBEDGFIP>J�QKD8J=b2Y8J=HxB}g�XZDOd6Q^R/QKXZD�F/Y8QK�nBED2R/J��b2Y8Q=d6Q^R�bmYOJ
u
J`F@RuY8D�P>XZQKD2R\TU_��mY8HKQ^J]TcP>XZYOTuH^J`Fug$XZD2RUTUBZQ^D2R/J`F\dfe _]�mBZH^Q^R/_

Fi(u) = 0
PGXmY8T

i ∈ I(u) �
(F ′

i (u))i∈I(u)

J]F-R�Y8D8Jpv�BZ[\Q^HKH^JWHKQKk8T/J �@� ² o R2�Z�
J]D2R/T&B * D8J��@� ² o ± �Z�$q¤gZe J`F@R/h sEh d8Q^TUJcb2Y8JuHKJ]F"g$XZD2RUTUBZQ^D2R/J`FpF-XmDmR}b2YOBZH^Q@:O_�J`F�oS4D�J	0>J�R]q'Q^H4F/Y6y\R"d6JPOT/J]DOd6TUJ

w =
∑

i∈I(u) αiF
′
i (u)

RUJ�H¦b2Y8J 〈F ′
j(u), w〉 = −1

P>XZYOT�R/XmY6R
j ∈ I(u) �wH�e J$a6QKF-R/J]DOg$Jd8J]F4g�XrJ$y�g$QKJ�D2RUF

αi
d6_]g�XZY8HKJ�d6J�H�e QKDr�ZJ]TUF/Q^kOQ^HKQSRU_�d6J�HxBp[uBnR/TUQxg$J

(〈F ′
i (u), F

′
j(u)〉)ij

o � HOJ]F-RNg�HKBZQ^Tg�J�P>J�DOdOBED2R�bmYOJ��@� ² o ± �Z�4D+e Q^[\P8HKQKb2Y8JWPGBZFW�@� ² o R2�m��o •
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��k�����������!���������)#K# ��� ��� %���
��, +� �����
	���� ���m��	���� �)
�Y��	���#$�	��% ± �8�
�j�r���6��=f� ��l�n$o�� o�� l¢ACBEDOF'HKJ®g]BZF¦d8J]Fªg$XmDmRUTUBZQ^D2RUJ]F¦g�XZ[tk8Q^DO_�J]F'dfe _��mBZH^Q^R/_NJ$R.dfe Q^D8_]�mBZH^Q^R/_mq]XmDPGJ]Y6RIBEYOFUF-QrF]e QKDOF/P8Q^TUJ�Tªd6J®HKB=D8XERUQ^XmDtd6J�g�BmF¦TU_��mY8HKQ^J]T'P>XZY8T.d6XmD8D8J]T'Y8DOJ®g�XZDOd6Q^R/QKXZDtP8HKYOFªF-QK[\P8H^JbmYOQ®QK[\P8HKQKb2Y8JzHxB�g�XZDOd6Q^R/QKXZD°d6JzbmYGBEHKQS:Gg]BnRUQ^XmD�d6JzHKB�A;_h:OD8Q^R/QKXZD � ² o �8o^���8o.LNJ$R-RUJ�g�XZDOd8QSRUQ^XmD
f vwXmT-RUJ�gc��gEe J]F-R-h snh d6Q^TUJp[\XZQKDOF�F-XmY8�ZJ]D2R®�m_�TUQS:O_]J`�®d6J}b2YOBZH^Q@:Gg�BER/QKXZD�J]F-R

(

G′
i(u)

)

1≤i≤N

⋃

(F ′
i (u))i∈I(u)

J`F@R�YOD8JCv�BE[\Q^HKHKJWH^QKk8TUJZo �@� ² o R ± �
9;Dc�m_�TUQS:GJ�v�BZg$QKHKJ�[\J�D2R4b2Y8J"�-� ² o R ± �'J�D2R/T&B * D8J}�@� ² o R ² ��qEgEe J]F-R-h snh d6QKT/J�b2Y8J�HKJ]FNg$XZD2RUTUBZQ^D2R/J`FªF-XmDmRbmYGBEHKQS:O_]J]F]o •
�j�r���6��=f� ��l�n$o�� o��c�&/�J]�ZJ]DOBED2R'BZY}g�BZF'd6J]F'g$XmDmRUTUBZQ^D2RUJ]F+dfe QKD8_��2BEHKQSRU_Zq�F-Y8POPGX2F-_]J]F¦g�XZDr�ZJ�a6J]F]qY8D8JtBZY6R/TUJ"g�XZDOd6Q^R/QKXZD�d6J"b2YOBEHKQ@:Gg�BER/QKXZD�P>XmFUF-QKk8HKJ"J]F-R=HxBjF/Y8QK��BZD2R/JZo 9;D�F/Y8P8P>XmF/J"b2Y+e QKH J$a6QKF-R/J
v ∈ V RUJ�H¦b2Y8JWH�e XmD�BZQSR`q8P>XZY8T�RUXZY6R

i ∈ {1, . . . ,M} qHKJ]F®vwXmDOg�RUQ^XmDOF
Fi

F-XmD2R�g�XZDr�ZJ�a6J]F®J$R`q
XZY�k8Q^J]D

Fi(v) < 0 ,XZY�k8Q^J]D
Fi(v) = 0

J$R
Fi

J]F-R�BnyuD8JZo �@� ² o R�Rr�
{Ie M2£rP>XERUM8l]F/Jj�@� ² o R�Rr�®J�D2R/T&B * D8J"b2Y8J}HKJ]FCg$XmD2R/T&BEQKDmRUJ]F�F/XZD2R;b2YOBZH^Q@:O_�J`F�J]D

u ∈ K BEY�F-J]DOF=d6JHKB�A=_	:OD8Q^R/QKXZD�� ² o��6oK� ± o"ID�J	0>J�R]q¤F-Q
i ∈ I(u) J�RCF/Q Fi(v) < 0

qGBZH^XmTUF]qGd+e BZP8T/l`F�HxB�g$XmDOd6Q^R/QKXZDd6J}g$XmD2�mJ$a6Q^R/_\�@� ² o �Z�
〈F ′

i (u), v − u〉 = Fi(u) + 〈F ′
i (u), v − u〉 ≤ Fi(v) < 0 .A"e BEY6RUT/JpPOBZT-R`q8F-Q

i ∈ I(u) J$R=F/Q Fi(v) = 0
q8BZH^XmTUF

Fi
J`F@R�BnyuD8JpJ�R

〈F ′
i (u), v − u〉 = Fi(v)− Fi(u) = 0 ,J$R=HxBuA=_	:OD8Q^R/QKXZD�� ² o��6oK� ± d6J"b2YOBEHKQ@:Gg�BER/QKXZDzd6J]F;g$XZD2RUTUBZQ^D2R/J`F®J]F-R;F/BER/QxF@v�BZQSRUJ}B��ZJ`g

w = v − u o{Ie B���BZD2RUBE�mJud6JjH�e Mr£rP>XER/MOl]F/J��@� ² o R�R2�CJ`F@Rcd6JjD8JjPOBZF"D8_]g�J]FUF-Q^R/J]T"d6J�g�XZD8DGB *xR/TUJuH^J�P>XZQKD2Rcd6J[cQKD8QK["Y8[
u
D8Q¦d6J}g]BEHxg$Y8HKJ�T�HKJ]F�d8_�TUQ^�m_�J]F�d6J`F®vwXZDOg$R/QKXZDOF

F1, . . . , FM
o •

������� � �}#$�t%��O(���!�!���� %���� �W��� ��� 	���� �����!�®% "#��$�%������ 	&�����
!$#&%'�

�=XZYOFuB��mXZDOF"�rY°d8BZDOFcHKBM/�J][\BZTUb2Y8J�� ² o �8o^� ² g$Xm[\[cJ]D2RcQKH�J]F-RuPGX2F/F/Q^kOH^Jzdfe Q^D2R/J]T/POT/_�R/J�TH^J"g�XZY8POH^J
(u, λ)

�wP>XZQKD2R;d6J"[\QKD8QK["Y8[zq>["Y8H^R/QKP8HKQKg]BnR/J]Y8T;d8Jt{¦BZ�ZT&BED8�mJ`�®g$Xm[\[cJ3B)4G���¤§j¡]§]��X§]�54>� �'�8���n��2 �'D4�eEO�n�8��EG���r� L o2�=XZYOF®BEHKHKXZDOFNd8BEDOFNg$J�R-R/JpF/J]g�RUQ^XmDuP8TU_]g$QxF/J�T4HxBWDOBER/Y8TUJ;d8J;g$JPGXmQ^D2R�F@R&BnR/QKXZDODOBEQKT/J;g$XZ[\[\J�B)4G���¤§hX&¡]�r�����}J�R®[\XZD2RUT/J]TNg$Xm[\[cJ]D2R�g�J$R-RUJ=vwXmT/[tY8HxBnR/QKXZDjPGJ]T/[\J$Rd6J�g]BET&BZg�RU_�TUQKF/J�TpY8D�[cQKD8QK["Y8[ ��g$J�b2Y8QN�ZJ]Y6Rcd6QKTUJjb2Y8JZq F-XmYOF"g�J�T/RUBEQKD8J`F}Mr£rPGXZR/M8l`F-J`F�q+DOXZYOF�ZJ�TUTUXZDOF�b2Y8J�H^J`Fjg�XZDOd6Q^R/QKXZDGF��  r�Z�r¡]¡`�8�����r¡�d6J�F-RUBER/QKXZD8DOBZT/Q^R/_~d8Y�{¦BZ�ZT&BED8�mQ^J]D°F/XZD2RzBEYOFUF-Q¡]�'¥�¡]�O�¤§]�r¡`�$o6��XZYGF4J�arPOH^XmT/J]T/XmDOFIk8TUQKl��ZJ][\J�D2RNHxB"§OF' �4G�n����2'�z��� 2'� �8����§] \b2Y8Q¤J�D�d6_]g�XZY8HKJZo
9;Y8R/TUJ=H�e QKD2R/_�TU�$R4R/M8_]XZTUQKb2Y8JCd6J=g$J�R-RUJCg]BET&BZg�RU_�TUQKFUBnRUQ^XmD+qEF/XZDuQKDmRU_�TU�$R®P8TUBER/Qxb2Y8J=d6Y�P>XZQKD2R®d6J�2YOJ=d6J]F®BEHK�ZXmT/Q^R/MO[cJ`F.DrY8[\_�TUQKb2Y8J`FIF/J�T&BWQ^HKHKYOF@RUT/_;d8BEDOF4HKB < J]g$R/QKXZD~� ² oVU6o < QK�ZDGBEHKXZDOF.J]D�:ODjb2Y8JHKBcD8XZR/QKXZDzd6JWPGXmQ^D2R/h F/J�HKH^J®|@XmY8JWY8DzT��mH^J;vwXZDGd8BE[\J�D2R&BEH+d8BZDOF�HKBc§OF' �4G�����+2'�r¡('`�r�X�.o
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± �Z� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

)¦*�,���,-) �z74?-1N3�� �k_$bcb!_
A;J}[uBED8QKl�TUJ}BEkGF@RUTUBZQSRUJZq

V
J�R
Q
_�RUBZDmR=d8J�Y6azJ]F/POBZg�J]F�d6J�d�QKH^k>J�T/R=TU_�J�HxF]q6Y8D~{¦BZ�ZT&BED8�mQ^J]D

L J]F-R;Y8DOJtBEPOP8H^Qxg�BER/QKXZD~d6J
V × Q ��XZY~dfe Y8D8JcPOBET/R/QKJ

U × P d6J
V × Q ��dOBEDOF R

o¤ACBEDOF;H^Jg]BZd6TUJ4d6Y�;�M8_�XmT/l][cJ=� ² o��6o �W��g�XZD2R/T&BEQKD2R/J`F¦dfe _��2BEHKQSRU_`��q]D8XZYGF'B��rQKXZDOF
U = K

q
P = Q = RM J$R

L(v, q) = J(v)+q·F (v)
o`{'B�F/QSRUYOBnRUQ^XmDW_$RUBZQSR Y8DWP>J�Y"d6Q@0¤_�TUJ�D2R/J®d8BEDOF+H^J®g�BZd8T/JId6Y�;�M8_�XmT/l][cJ� ² o��6oK�OU���g�XZD2R/T&BEQKD2R/J`FWdfe QKD8_]�mBEHKQ^R/_`�$q¦X.-�D8XZYOFtB��rQ^XmDOF

U = K
q
Q = RM q

P = (R+)M J$RJ]DOg$XmT/J L(v, q) = J(v) + q · F (v)
oA;XZD8DOXZDOFN[uBEQKDmRUJ�DOBZD2R4HKB"d6_h:ODOQSRUQ^XmDjdfe Y8DjP>XZQKD2R-h F-J]H^HKJZq2F-XmY8�ZJ]DmR4BZP8P>J�HK_=_��2BEHKJ�[\J�D2R4[\QKD6h[uBEajXZYzg$XmH�o

i� kj � �w§`�54>�ml�n$o�T$o5lqp�rMs�tvu�whxey
(u, p) ∈ U × P yh��u)x�r � } tvrYu � �	y	zvz@yCs�y L ��x��

U × P ��t

∀ q ∈ P L(u, q) ≤ L(u, p) ≤ L(v, p) ∀ v ∈ U .
�-� ² o R�UZ�

{¦J�T/_`F-YOHSR&BnR4F/Y8Q^�nBZDmRN[cXmD2R/TUJ®HKJ�HKQ^J]DuJ�D2R/TUJ�g$J�R-RUJ�D8XERUQ^XmD�d6J�P>XZQKDmR/h F/J�HKHKJ�J$R4HKJ]F4P8T/Xmk8HKl�[\J]Fd8Ju[cQKD8QK[\QKFUBnRUQ^XmD�B��mJ]g\g$XmDmRUTUBZQ^D2RUJ]Fpdfe _��mBZH^Q^R/_��-� ² o���Rr��XmY�g$XZD2RUTUBZQ^D2R/J`Fpdfe QKD8_]�mBEHKQ^R/_��@� ² o ± �`�_�R/YOd8Q^_`F}d8BEDGFpHKB�F/J]g$R/QKXZD�P8T/_`g$_`d6J�D2R/Jmo �ªXZY8T}F/QK[cPOH^Q@:OJ�T`q+D8XmYOFpY6RUQ^HKQKF/J�TUXZDGFWd6JuD8XZYO�ZJ]BZY�d8J]FQKD8_]�mBEHKQ^R/_]F�J]D2R/TUJC�mJ]g$R/J�YOTUF]qrD8XER&BED2R�POBET/vwXZQxF
q ≥ 0

BEY�H^QKJ�Y�d6J
q ∈ (R+)M o

�p��4YB)4>¡]��§]�54>��l�n$o�T$o�� p�rM��x ��� } �	y w	xey¡z@yh� � } r�~hu�t } re� J, F1, . . . , FM
� } rYu ~ } reu�tvrexeyh� ��x��

V � yhu�whxey z � yhre�	yh� �hz�y K yh��u�s��Z��rYt � | � � $(% ��� � � } x��!$&% ��� $�� � p�r�r } u�y P = RM s�| r6��z@y�~�|��
s.y�~ } rYuZ�c| tvreu�y��Cs � � �.| z�tvu��+�!$&% ��� � �"y	u P = (R+)M s�|�re��z@y�~Q|��¡s�y�~ } reu��c|�tvrYu yh�¡s$� tvrW� �.| z�tvu��
�!$(% ��� $�� � � } tvu U x�r } x���yh��u,s.y

V
~ } rYu y	rW| reu

K ��� } x�� (v, q) ∈ U ×P � } r � } �	y L(v, q) =
J(v) + q · F (v) �� } tvu

(u, p)
x�r � } tvreu � �hy	zvz@y*s.y L ��x��

U ×P ��	 z } ��� u ∈ K yhu
u
yh��u�x�r{��tvrYtv��x�����z } ��|�z

s.y
J
��x��

K � �¡y � z�x�� � ��t J y	u
F1, . . . , FM

� } reu�s��	��tv�¢|.�hz�y��¡y	r
u � } r�|

J ′(u) +
M
∑

i=1

piF
′
i (u) = 0 .

�@� ² o R �m�
i� r��4>�'¡]§��n�6§`�54>�)o��Ng$TUQ^�mXZDOF�HxB\g$XZDGd6QSRUQ^XmD�d8JWPGXmQ^D2R-h F/J�HKH^J
∀ q ∈ P J(u) + q · F (u) ≤ J(u) + p · F (u) ≤ J(v) + p · F (v) ∀ v ∈ U .

�@� ² o R �E�
Ia6BZ[\Q^D8XmDOF�dfe BEk>XZT&d¢H^J~g]BZFud6J~g�XZD2R/T&BEQKD2R/J]Fud+e _]�mBEHKQ^R/_Zo �4Y8QKFUb2Y8J

P = RM qIHxB P8TUJ�[\Q^l]T/JQKD8_]�mBEHKQ^R/_"d8BZDOF}�-� ² o R �Z�®[\XZD2R/TUJ"b2Y8J
F (u) = 0

qOQ�o Jmo
u ∈ K o � H'TUJ]F-R/J}BZH^XmTUF

J(u) ≤ J(v) +
p · F (v) ∀ v ∈ U q6b2Y8Qf[\XZD2R/TUJpk8QKJ�D �wJ�D�P8TUJ�DOBZD2R v ∈ K �®b2Y8J u J]F-R�Y8D�[\QKD8QK["Y8[ �ZHKXZkOBZHd8J

J
F-YOT

K
oACBEDOF}H^Jug�BmFpd6J�g$XmDmRUTUBZQ^D2RUJ]Fpdfe Q^D8_]�mBZH^Q^R/_mqfXZD B

P = (R+)M J$RWHxB�POT/J][cQKl�TUJcQ^D8_]�mBZH^Q^R/_d8Jj�@� ² o R �E�®[\XmDmRUT/JW[uBZQ^D2R/J]DOBED2R=b2Y8J
F (u) ≤ 0

J�RCb2Y8J
p · F (u) = 0

ofLNJ]g�Q+P8TUXZY8�mJWJ�DOg�XZTUJb2Y8J
u ∈ K q¦J$R}P>J�TU[\J$Rtd8Jjd6_]d8Y8Q^TUJ\v�BZg�Q^HKJ�[\J]DmRcd6JuHKB�d6J�Y6a6QKl�[\JuQKD8_��2BEHKQSRU_�bmYOJ

u
J]F-R"Y8D[\QKD8QK["Y8[ �ZHKXZkOBZH+d6J

J
F/Y8T

K
o

ID6:OD+qªF-Q
J
J�R
F1, . . . , FM

F/XZD2R"d6_�TUQK��BZk8HKJ]FWJ]D
u
q'HKB�d6J]Y6a6Q^l][\J�Q^DO_��mBZH^Q^R/_�d8J��@� ² o R �E�[\XmDmRUT/Jpb2Y8J

u
J]F-R�Y8D�P>XZQKD2R�d6JW[\Q^D8QK["YO[iF/BZDOF�g$XmDmRUTUBZQ^D2RUJCd6J

J + p · F d8BZDOF�H�e XZYO�ZJ�T/R
U
qg�Jtb2Y8QªQK[cPOH^Qxb2Y8Jcb2Y8JtHKB�d6_]T/QK�Z_]J"F�e BEDOD2YOH^JtJ�D

u
q
J ′(u) + p · F ′(u) = 0

��g$v@ofHKB{/�J�[uBZTUb2Y8J� ² o��6o��Z�$o
�
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��k�����������!���������)#K# ��� ��� %���
��, +� �����
	���� ���m��	���� �)
�Y��	���#$�	��% ± � ±
)+*�,���,�[ ��� ^+745���� _ 9�_���:	�=1 _f3
�\:;<���_+5

�=XZYOF;TUJ��ZJ]D8XZDGF�BEY�P8TUXZkOH^l][cJtd6J}[\Q^DOQ^[\QxF/BER/QKXZD~F/XZYOF;g$XZD2RUTUBZQ^D2R/J`F�dfe Q^DO_��mBZH^Q^R/_"PGXmY8T=HKJ$hbmYOJ�HfH�e J]DOF-J]["k8HKJ
K
J]F-R=d6XZDOD8_pPOBET}�-� ² o ± ����q6gEe J]F-R-h snh d6QKT/J
K = {v ∈ V , Fi(v) ≤ 0

PGXmY8T
1 ≤ i ≤ m} . �-� ² o R3�2�

{+J ;�M8_�XmT/l][cJt� ² o �8o^�¢UWB"d6XmD8D8_CY8D8Jpg$XmDOd6Q^R/QKXZDjDO_]g$J`F/FUBEQKTUJ;dfe XZP6RUQ^[uBZH^Q^R/_morACBEDGF®g�J$R/R/JpF-XmYOF@hF-J`g�R/QKXZD�D8XZYOF;BEHKH^XmDOF��mXZQKT;b2Y8Jcg$J$R/R/Jcg$XZDGd6QSRUQ^XmD~J]F-RCBZYOFUF-Q ¡]�'¥�¡]�O�¤§]�zF-Q HKJ]F=g�XZD2R/T&BEQKD2R/J`F�J$RHKB�vwXZDOg$R/QKXZD�g�X �6RpF-XmD2RC��4>� �G���+�r¡moc4D�J	0>J�R]q¤HKBg�ITUXZP>XmF/QSRUQ^XmD�� ² o ± o �\BEy\TU[\Jtb2Y8Jmq¤F/Q
(u, p)J]F-RtY8D�P>XZQKD2R-h F-J]H^HKJ�d8Y�{¦BZ�ZT&BED8�mQ^J]D+q¦BEHKXZT&F

u
T/_`BEHKQKF/JuHKJj[\Q^DOQ^[tY8[ d6J

J
F/Y8T

K
oX�ªXmY8TtYODP8T/Xmk8HKl�[\J�d6Jz[\QKD8Q^[\QxF/BER/QKXZD°g$XZDr�mJ$a6JjB��ZJ`gjd6J`F\g$XZD2RUTUBZQ^D2R/J`Ftd+e QKD8_��2BEHKQSRU_]Fcg$XmD2�mJ$a6J]F]q¦DOXZYOFBEHKH^XmDOF�_$R&BEk8HKQKT=Y8D8JtT/_`g$QKP8TUXrb2Y8J}d8J"g$J}TU_]F/Y8H^RUBER]qGgZe J`F@R/h sEh d8Q^TUJ}b2Y8JZq>F-Q

u
TU_]BEHKQxF-JWHKJ}[\Q^DOQ^[tY8[d6J

J
F-YOT

K
qmBEHKXZT&F.Q^H>J$a6QxF@RUJ

p ∈ (R+)M RUJ�HGb2Y8J
(u, p)

F-XmQSR4P>XZQKD2R-h F-J]H^HKJ�d6Yj{'BE�mTUBZD8�ZQKJ�D+o.9;DF-Y8POPGX2F-JWd6_`F-XmT/[uBEQxF�b2Y8J
J, F1, . . . , FM

F/XZD2R�g$XZDr�mJ$a6J]F�g$XmD2R/QKD2YOJ]F�F-YOT
V
o

�j�r���6��=f� ��l�n$o�T$o�T LNXZ[\[\J
J, F1, . . . , FM

F-XmD2R�g$XmD2�mJ$a6J]F�g$XmDmRUQ^DrY8J`F�q
K

J]F-R�g$XZDr�mJ$a6JvwJ�TU[c_�J�RIH�e J$a6QxF@RUJ�DOg�J�dfe Y8Du[\Q^D8QK["YO[ �ZHKXZkGBEH8d6J
J
F-YOT

K
J]F-R4BZFUF-Y8TU_�POBET.HKJ ;�M8_]XZTUl�[\J�V8o��6o��d6l]F�b2Y8J

K
J]F-R�D8XmD��rQxd6JpJ$R=b2Y8JWHxBcg�XZDOd8QSRUQ^XmDCf-Q^D6:OD8QKJ}stH�e Q^D�:GD8Q�g���VOo^�m�`�NJ]F-R��Z_]T/Q@:O_�Jmo •{¦JpR/M8_]XZTUl�[\J}d6J�pY8MOD�J�R�;¦YGg��ZJ�T}��BEP8P>J�HK_}BEYGF/F/QfPOBET/vwXZQxF®R/MO_�XZTUl�[\JWd6J�WBZT/YOF/M+q��pY8MODJ$R3;'YOg��ZJ]T&�CBnyuTU[\J\b2Y8Jmq¦d8BZDOFWHKJ�g�BZFWg�XZDr�ZJ�a6JZq¤HKB�g�XZDOd8QSRUQ^XmD�D8_`g$J`F/FUBEQKT/Judfe XZP8R/QK[\BZH^Q^R/_�d8Y

;�M8_�XmT/l][cJ\� ² o��6oK�OUWJ`F@R�J]D�v�BZQSR�YOD8J}g$XmDOd6Q^R/QKXZDz�' r�Z�r¡`¡]�O�w�n���2§\¡`�'¥�¡]�8�¤§`�>o
L*F' �4G��H2��� l�n$o�T$ohZ E!2 �+J��KF �¯�2§CL®� �GN>�2�8H p�r"��x �3� } �	y�w	xey z@yh� � } r�~hu�t } re� J �
F1, . . . , FM

� } rYu�~ } re��yc��yh��~ } reu�tvrexeyh����x��
V
y	u�s��	��tv�¢|.�hz@yh����x�� zc� yhre�hy	� �hz@y

K
�!$&% � � � � � p�rtvreu�� } s x�tvu)z@y � |	���c|�r�� t5y	r L |¢��� } ~	t5�

L(v, q) = J(v) + q · F (v) ∀ (v, q) ∈ V × (R+)M .

� } tvu
u ∈ K x�r � } tvrYu�s�y K } � z�y���~ } rYuZ�Q|�tvreu�yh� � } reu w	xe|�z�t ���Qyh�¡| x"�	yhre��s�y¡z@| �¡�5�)retvu�t } r

$&% ���=� $ ��� 	 z } ��� u yh��u x�r���tvrYtv��x�� � z } ��|�z)s�y
J
��x��

K
��t y	u��	yhx�z�yh� yhrYu���t�tvz)yQ�.t���u y

p ∈
(R+)M u y	z�w	xey

(u, p)
� } tvu x�r � } tvrYu � �	y	zvz@y s�x � |G� �Q|�rk��t5y	r L ��x�� V ×(R+)M

} x � s.y��C| ret �	�cy�Qw	x�tv��|�z@y	reu�y � u y	z$whxey

F (u) ≤ 0 , p ≥ 0 , p · F (u) = 0 , J ′(u) +
M
∑

i=1

piF
′
i (u) = 0 .

�@� ² o RmVm�
i� r��4>�'¡]§��n�6§`�54>�)o < Q

u
J`F@R�Y8D¯[\Q^DOQ^[tY8[ d6J

J
F-YOT

K
qNXZD¯P>J�Y6RzBEP8POH^Qxb2Y8J�T�HKJ ;�MO_�XEhT/l][cJz� ² o��6oK�OU6qfb2Y8Q4d8XZD8D8J\J�a6Bmg�RUJ�[\J�D2R}HxB�g�XZDOd8QSRUQ^XmD�dfe XZP8R/QK[\BZH^Q^R/_~�-� ² o R2Vm��q+d+e X.-�H�e XZD d6_$hd6Y8Q^R®v�Bmg$QKH^J][\J�D2R�bmYOJ

(u, p)
J]F-R®P>XZQKD2R-h F-J]H^HKJWd6J L F/Y8T V × (R+)M �wJ]D�Y8R/QKH^QxF/BZD2R®HKJCv�BEQ^R�b2Y8J

J(v)+p ·F (v)
J]F-RIg$XZDr�mJ$a6J`�$o¢/�_]g$QKP8TUX6bmYOJ�[\J�D2R]qEF/Q

(u, p)
J]F-RªP>XZQKD2R-h F-J]H^HKJZqnXmDcBpd6_-|-sp[\XZD2R/TU_stHxBi�ITUXZP>XmF/QSRUQ^XmD�� ² o ± o��"b2Y8J

u
J`F@R�Y8Dz[\Q^DOQ^[tY8[i�mH^XmkOBEH+d6J

J
F-Y8T

K
o

�

�j�r���6��=f� ��l�n$o�T$o�f{+J�;�M8_�XmT/l][cJ°� ² o ± o R°d6J��pY8M8D�J$R";¦YGg��ZJ�TzD8J F]e BZP8P8HKQKb2Y8J b2Y+e BZY6ag$XZD2RUTUBZQ^D2R/J`F�dfe QKD8_]�mBEHKQ^R/_Zq6J�R�POBZF�BZY6a�g�XZD2R/T&BEQKD2R/J]F�dfe _��2BEHKQSRU_Zq6J]D��m_�D8_]TUBZH�oGLNJ]PGJ]DOd8BED2R`q6Q^H+J`F@R
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± ��R ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

k>XZD�d6J;TUJ�[uBZTUb2Y8J]T4b2Y8J;d6J`FNg�XZD2R/T&BEQKD2R/J`F)2,>^ �EG�O���w§` j�6¥�� �r¡
Av = b

P>J�Y8�mJ�D2R�F�e _]g�T/QKT/J;F-XmYOFHxBcvwXZTU[\J}d6J}g$XmD2R/T&BEQKDmRUJ]F�dfe QKD8_��2BEHKQSRU_\��BnyuD8J`F�d6XZDGgWg$XZDr�mJ$a6J]F&�
Av − b ≤ 0

J�R
b− Av ≤ 0

oL;e J]F-R�Y8D8Jp_��rQxd6J�DOg�JCb2Y8Q¤P>J�TU[\J$R�g$J]PGJ]DOd8BED2R�dfe BEP8P8HKQxbmYOJ�T�H^J ;�M8_]XZTUl�[\J"� ² o ± o Rtd6J �pY8M8D�J$R
;'YOg��mJ�T�scY8DzP8T/Xmk8HKl�[\JWd6JW[\Q^D8QK[\QKFUBnRUQ^XmD�B��mJ]gCg$XmDmRUTUBZQ^D2RUJ]F�dfe _��mBZH^Q^R/_WBEy\DOJ]F]o •{4e J�arJ]TUg�QKg�JCF/Y8QK�nBED2R�PGJ]T/[\J$R�dfe QKDmRUJ�TUP8TU_$R/J]T�H^J`F�["Y8H^R/QKP8HKQKg]BnR/J]Y8T&F®d8Jp{'BE�mTUBZD8�ZJ

pi
g$Xm[c[\JHxBzF-J]DOF/Q^k8QKHKQSRU_\d8JuHKB��nBEHKJ�Y8Tp[\QKD8Q^[uBZH^J�d6J

J
BEY6a��nBZT/QxBnRUQ^XmDOFpd6J]FWg�XZD2R/T&BEQKD2R/J]F

Fi
¨fJ�D _]g�XEhDOXZ[\Q^Jmq8g$J`F�g$XrJ$y�g�Q^J]DmR&F�[\J]F/Y8T/J]D2R�d8J]F�P8TUQSa�XZY�d6J]F�g�X �6R&F�[uBETU�ZQKDOBEY6a~qOJ�Dz[\_]g�BZD8QxbmYOJpd8J]FvwXmTUg�J]F�d6JWHKQKBZQKF/XZDzg$XmT/TUJ]F/P>XZDOd8BZD2R®s\d6J]F=g$XZD2RUTUBZQ^D2R/J`F�g$QKD8_�[uBnRUQKb2Y8J`F�q6J�RUgZo^oKo

?V�+�2�n�Z���m��l�n o�T oZl R � 1 ���/: ( 6 �8��� . � , ��� A3. � * �)6 ] � , � (+*B( : 0 � ( �"�=<�6 ( � , �8����!�� A 4
inf

Fi(v)≤ui, 1≤i≤m
J(v),

�@� ² o U ² �
0 > � 1 u1, . . . , um ∈ R & R �a:;� ,�. 0\1 �i:O�"!�: . �C: � N , �8� � �C:O�9: 6"! � � 4C�=��� * � �9%"& � &  63� � ! � �a�P�
�e! 1�� �8� & R �a�/�8�5� m∗(u) . 0 > 0�. ��!3� *)( � (+*V0�. �)6"! , ��� A�. � * � , �8����!�� A 4a# �9%"& ��%�'P&

�3& ���"�9�����8� �"!���: ( p �9:5� . � * ! . � (+,�. ( 1C0 �5��!3�d6�� � 0 ��� 0 � �3� , ��!�� . � , ��� A�. � * �a�/��� , �8����!3� A 4# 13] �9:5� � ��� 6 ( ���7# �9%"& ��%�'Q0 > � 1 u = 0 ' < 0�. �=��:

m∗(u) ≥ m∗(0)− pu .
�-� ² o U8�`�

`"& � 496"! ( ���-63�i# �9% & � ��' ��!/�B: ( u 7→ m∗(u)
�C:O�Q6348� ( > 0�A�. �3< 0�. �=��:

pi = −∂m
∗

∂ui
(0).

� ���5�8� , ��4P�5��� 1 �7��4C:C! . � 0 � # 1 L &S.+]h^3_ � *-,�. � � &
�3& � ����4 1 ���/� *B( � 'P&

)¦*�,���,�� \:�`�b/? 3�^
���	�
������������
�������������������
� �!�#"�$
%�����&'�(�
�)�*�+�,�-�.�!&/"�% �����
�0�'����
�������'1�23����54 ���
"�&'23&'��."�&'�	�76

89�	�
��:4 �.���
�!&!;����<���	��=���#�
�������'1�23�>�,��23&'��&'23&'��."�&'�	�#?��	�A@B��C,�>�D@B��?>?��	��"E�F��&'��"���G�74 &'��%�HB���'&/"�%0�
���!�
E�	��JIKE��?<"�&!���+�
��%�?�%D�
����"��	6
89����G�D@B�	�
9�.EE��?�&'%)L ?��>�
���	�
�'1�23���
�>23&'��&'23&'��."�&'���M���#�
���	�
�'1�23���
�
����?<$
����?F$����54 �
�N����&'�A"EIKE���'�'�

(u, p)
���	�,�O�!�QPR��H.�F����H�&'��� L(v, q) = J(v)+q ·F (v)

6�SM��&'O���	�
O���'�'�	�

@B�	&/�T;����	U�L9�:4 ��C,&'J"�����?��Q�74 ���0���	&'��"EIKE���'�!�

(u, p)
�,�)PR��H��F�.��H�&!���RUB��� �����,"O��EE��?�&'���V&'�,@	����E��23����"W�
�	�

�-��O�
�)2(��&'OXZY
[R\]�
�������'1�23��T�54 ���
"�&'23&'��."�&'�	�_^:���'��`�,��%�?�&'E%�23����"DU.���N�
���	�
�'1�23���
�V23&!�
&'23&!��a"�&'�	�
��"G���_�,���	�
�!1�23�>�
�>2(�aC
&'23&'��."�&'����b<U
;���&5E�����	��"=�
&/"�GX`[Rc-[R\d�:4 ���M�
�>�:4 ���
"E����6�8=�	��Q��C,�
�!&!;����<���	��
����E�
&'"��=E�
�Q�,���
C)��C,��23���'��eE&'23���'��f���#;�����&��g4 &'��"E���A�
�
?�"�&'�	�#�
�]hZiaj�kWlnm
opYMX`[Rc-l7�����
"Vq�"E���9�,"�&'�!�
���	�
�Q�!�)��%�E���'�
"�&'�	�+�,�_�,���	���'1�23���74 ����&'H	&'�
�	U��,&'"=hZiaj�kZlnm
opYrhZi.s:opc�lQ^:���.�G�	�
���	E&/"�&'�	�r�.�M�
�����*b<6
t=��@B����������
�_&'��J"F�.�A"=�.�_?D���,���>H	%���%��F�.�W�
�9�*� �9%�u-�
&'"�&'���pvDwA6 x,6'v	6

y#z�{T|Zsn}�snj5|�~A�R�*�5�*���������
V � � Q ���<�	�#�<�g�,�B�F�<���B�=� �:�'� �<� � �E�F� � ���e� � L �A�]�Z�D���J���A� � �<�d�B���T� � ���A�

�,���Q�,��� �:� � U × P �B� V ×Q �V�f�+���a�B� � ���)���T� �:� �E� � � � �0�A�3� ��� � �g  ��� ��� � (u, p) ��� L ���A� U × P

∀ q ∈ P L(u, q) ≤ L(u, p) ≤ L(v, p) ∀ v ∈ U .
^JvDw,6 ¡�¢	b
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��k�����������!���������)#K# ��� ��� %���
��, +� �����
	���� ���m��	���� �)
�Y��	���#$�	��% ± �.U
��� �A� v ∈ U � � q ∈ P ��� � � � �
�

J (v) = sup
q∈P

L(v, q) G(q) = inf
v∈U
L(v, q) .

^Jv�w,6 ¡�x	b

�V���<�B�
� ��� ���-� �B������� �Q�-� ��� � �R� ���-� �	������� �N�B� �)� � ���N� �<� �:�g� �
inf
v∈U
J (v) ,

^Jv�w,6 ¡ �Bb

� � �-� �	������� �)���
� �7� �f�-� �B������� �)��� � �D� ���N� �<� �:�g� �
sup
q∈P

G(q) .
^Jv�w,6 ¡	¡�b

�3Y
opc
i��R[RY�~A�7�*�7�
	��V&'�����
�DU���.��9$��,����"�$
1�E��=E�����
�'%�23����"F��&/�����U�&'�W�����
">�a�E��&'@B���>;��
� J (v) =
+∞ ���	�,�M?����E"F�.&'����M@����'���,��M�,�

v
�	� ;���� G(q) = −∞ ���	�
�_?����E"F�.&!�
��M@����'���,��M�
�

q
6GSM��&'

�:4 ��C,&'J"�����?��]E�
������E%��(�
�p���	&'��"EI E���!�'�
(u, p)

���.����!�_��%�u���&/"�&'�	� v�w,6 x,6 �M�
�	��0�.EE�
���];���� �'��0XZj��
o�c-s:|RY��]�
� J �<" G ^:&:6 ��6`�'��)���
E��2)�
�'�� {v ∈ U , J (v) < +∞} ��" {q ∈ P , G(q) > −∞}E�,���'���;������!9?���9�n�	��?<"�&!�����E����">��&'�����
%<u-��&'��FbQ���0E�	��"�����=@,&!�,���U5���
&!�;��
�]^Jv�w,6 ¡	¢�b923�	��"E���0;����
J (u) = G(p) = L(u, p)

6`P7��0�
���	�
�'1�23��0�
��&'2(���e��" �,�-�.�f�	��")�
�	�
?(��&'��� ���dE�����6OP7�3��%�E���/"F�."
E�
&'@	�.�A"Q23����"E����;�����?���G�
���,C#�,���	�
�!1�23���E�	��"G%�"E���	&/"���23���A"Q�'&'%�G���_���	&'��"EI E���!�'�

(u, p)
6 •

��� zAj-iam
opY�~A�7�*�7�����JXRYpXW[Rc-l�s*}�z�� �W�]� � �a� � � (u, p) �<� � �,�r� ��� � �g  ��� �n� �_��� L ���A� U × P � � � �
���<� � � � �<� � � �

J (u) = min
v∈U
J (v) = max

q∈P
G(q) = G(p) .

^JvDw,6 ¡��Bb

�3Y
opc
i��R[RY�~A�7�*�7���! `�.�G�!�)��%�u���&/"�&'�	��^Jv�w,6 ¡�x	bG�,� J ��" G UR^JvDw,6 ¡��BbG��J"Q%D;���&'@	�.�'����"GL

J (u) = min
v∈U

(

sup
q∈P

L(v, q)

)

= max
q∈P

(

inf
v∈U
L(v, q)

)

= G(p) .
^JvDw,6 ¡�"	b

# &e�'�(E���d��"0�g4 &'�
�QE����" �a"E"���&'�A"�0�
����(^Jv�w,6 ¡$"�b]^:?	4 ��J"EI L.I �,&'���];��R4 ���d�����,"N�'��0%�?���&/���(2(�.C���"N23&'�RU
����E����?�"�&'@B��23����"<b<U����_@B��&/"Q���'����G;����N^JvDwA6 ¡�"	bV"E�F�	�,��&/"Q�!�N����EE&!�
&'�!&/"�%��54 %�?<$�����H����Q�:4 ���F�,�����
�]23&!�]��"
�,�p2(�aCp�����
�'&*;��
%�����dPZ��H.�F���
H	&'��� L 6&%V� ����&/"]^g;A�
&`��J"��:�.�
C�E& L �R4 �	�,23��">����0�
� ����&'�A"�E���!�'�ab�<C
�
�'&*;��
���'�>���	2 �,��23&'�
IK2(�.C3;A�
&5��J"GE�	��@	����"G�
�	�
��%>LN���_����&'�A"EIKE���'�'�	6 •
y]z
opj5|'��}�iac
}Dsnj5|T� # �	&/"

(u, p)
��� ���	&'��"EIKE���'�'�+�
� L E�
� U × P

6T89��"����� L∗ = L(u, p)
6( W�	�,�

v ∈ U
UT&!�Q��J"(?��*�.&/�_�54 ���
��1�+^JvDw,6 ¡.xBb3;���� J (v) ≥ L(v, p)

UT�74 ��) J (v) ≥ L∗ �54 �.�
��1�+^Jv�w,6 ¡	¢�b<6
%V��2323� J (u) = L∗ U`?���?�&V23�	��"E���];A�
� J (u) = infv∈U J (v) = L∗ 6(*9� 23�	��"E���(�
�]�!��23q�23����������r;���� G(p) = supq∈P G(q) = L∗ 6t=%�?�&!�,���A;�����23����"DUaE�
�����	E����T;����=^JvDw,6 ¡��BbO�9�'&!���)��"O����E�	�� L∗ = J (u)

6	PZ�=�
%�u���&/"�&'�	�#^JvDw,6 ¡.xBb
�,� J 23�	��"E����;����

L(u, q) ≤ J (u) = L∗ ∀ q ∈ P .
^Jv�w,6 ¡�+	b

�9��23q�23�	U,�	�_� ���
EE&(,
L(v, p) ≥ G(p) = L∗ ∀ v ∈ U ,

^Jv�w,6 ¡�-	b
�<")��� �,%D�
�
&/"0����?�&'�'��23����" �
�r^JvDwA6 ¡�+Bb IF^JvDwA6 ¡�-Bb ;��
� L(u, p) = L∗ UW?��#;���&e23�	��"E���(;���� (u, p)

��J"
����&'�A"EIKE���'�'�	6

�
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± � � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

�(Y
opc
i��Z[RY�~��R�*�7�:~A� S_q�23�0E&W�'�NPZ��H.�F���
H	&'��� L �74 �	�
23�<"9������,�����	&'��"�E���'�'�)E�,� U × P
U��	�r�

"��	�
"G�,�>23q�23�9�:4 &'��%�H	���'&/"�%�%��'%�23����"F��&/���>E��&'@�����"��	U
�
&/"����,�>X`[Rc�l�sn}�z�� c�s�kWlnY

inf
v∈U

(

sup
q∈P

L(v, q)

)

≥ sup
q∈P

(

inf
v∈U
L(v, q)

)

.
^Jv�w,6 �	w	b

�T� ���5��"DUf���	�
�]"��	�,"
v ∈ U

��"
q ∈ P

U L(v, q) ≥ infv′∈U L(v′, q)
UQ�
����?

supq∈P L(v, q) ≥
supq∈P infv′∈U L(v′, q)

UZ��" �
��&'�;����(?���?�&V��J" @��F��&V���	�
�0"��	�,"
v ∈ V

U
infv∈V supq∈P L(v, q) ≥

supq∈P infv′∈U L(v′, q)
U�?��G;���&
�
�	�
����^Jv�w,6 �	w	b<6,PZ���,&��5%�������?��0^:����E&/"�&!@	�abW����"E�����!��V�,���
CN23��2)�,����

�
���:4 &'��%�H	���'&/"�%#^Jv�w,6 �	w	bQ��J"=�.�������'%�� ��c-[R}3XZYrX`[7c-l�sn}�z56 •

�=\7Y,i��Bs	�	Y ~A�R�*�7��
��������������������������� � ���"!$#&%���#��&%(' ���)�$�*����� �,+-�����.��/ '0��1�%$#(� ' 231543687*9 :$7<;=��>?2@>A2B�C' DB23�
#&E��,D@>F��>G�����,���H����I$����>KJL�$' >,9

�=\7Y,i��Bs	�	Y ~A�R�*�7�*�NM*�(' 2
U
43����>B�<�,D�2�' E����H���82

P
;=���5DB���8E������ D�������#�DB2��&���OE$' ��� ���

V
43����>��$�,DB2�' E��BP

�Q���82
Q
;�9.R@�S>��������$>3�5+-����� �T!�#&%���#(�&%�' �����B>A2Q2F���U+-���

v → L(v, q)
��>A2@D����8E������5>B���

U
�$�*���V2F���82

q ∈ P W ��2 q → L(v, q)
��>A2GD��*��D,#8E���>B���

P
�$�*���X2A���82

v ∈ U
9ZY����82B�	���V#�� ����>=��/ ���<' >A23����D��=�[/0�������('0�82

>3��� � �Q��� L >���� U × P
9

� BKBª�����Z�6§`�54>�
89������.���
�!&!;�������G?�����%�E���/"F�."��
�0�
�����'&/"�%)�.�+�
�������'1�23���
��%�?�%D�
����"=�
�023&'��&'23&'��."�&'�	�+?��	�A@B��C,�

�a@	��?�?����A"E�F�.&'�A"���=�54 &!�
%�HB�.�'&'"�%0?����,@	��C,��

inf
v∈V , F (v)≤0

J(v)
^JvDw,6 �Avab

�a@	��?
J
��"

F = (F1, . . . , FM )
?��	�A@B��C,���E�,�

V
6 *9�_&'��"E���A�
��&/"Q�'��PZ�.H��F�.��H	&'���

L(v, q) = J(v) + q · F (v) ∀ (v, q) ∈ V × (R+)M .

�>���
�?��>?D�	�A���	U-���_@B��&/"G����?�&'�'��23����"=;����	U,�����
��"��	�,"
v ∈ V

U

J (v) = sup
q∈(R+)M

L(v, q) =

{

J(v)
E&

F (v) ≤ 0

+∞ E&'�����
,

^Jv�w,6 �B¢�b

?���;A�
&Q23�	��"E���r;����+�'�+�
�������'1�23�+�
��&'2(�.�
infv∈V J (v)

��J"#��C
��?<"���23����"(�'���,���	�
�!1�23�r�74 ����&'H	&'�
�
^JvDw,6 �Avab.\`�N4 �.�
"E���(�-�a�E"DUW�!�M������?�"�&'�	� G(q) �
���,���	�
�!1�23�#�,�-�.�V��J"N��&'��� �,%�u-�
&!�3���.�#^JvDwA6 ¡.xBb<UO?D�a�^JvDw,6 ¡.xBbf��J"�&'?�&5���]�
�������'1�23�=�
�=23&!�
&'23&!��a"�&'�	�]?��	�A@B��C,�	6B���9�
�!�
�U G(q) ��J"����
�=�n�	��?<"�&!���_?�����?D�D@B�?D�.�V���'�!�=��J"f�:4 &'�
u�2)��2 �,�G�n�	��?<"�&!������&]3����9^:@B��&'�V�:4 �`C,����?�&'?�� -,6 ¢A6 xBb<6  `�a��?��	�
E%D;�������"DU	�!�G�
�������'1�23�
�
�-�.�

sup
q∈(R+)M

G(q) ,

��J"O�����
�������'1�23�V�
�V2(�aC,&!23&'��a"�&!���N?��	��?��a@	�fhWl:[ � �Ds:odhZlnY�;����V�'�f�,���	�
�!1�23�e�,��&!2(�.��^JvDwA6 �AvabW?D�a�O�!��
?��	��"E�F��&'��"���fE����"��'&!�
%D��&/����^\ %V��"E"��9���.�E"�&'?����!�a��&'"�%9��J"����."F��2323����"T��C,���'��&'"�%��>���.��f�,����.�!H�����&/"�$�23��
�,�
23%���&!;������^:?<� 6-�:4 ���'H�����&/"�$�23�0�74 _H`D�,a��Bb<6-_9�
�>E&!23�
�'�>?��	2N��&'�-�.&!E���+�
��Hbf$
%�����1�23��G�
�=c>��$
�_��"
bZ��?�dB���>v�w,6 x,6 �(��"G�
���,�-�.�!&/"�% v�w,6 x,6 + ������G�
�����
���'����%�E���/"F�."GE�
&!@�����"D6
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��k�����������!���������)#K# ��� ��� %���
��, +� �����
	���� ���m��	���� �)
�Y��	���#$�	��% ± � �
� j-iaj�l�lnc�sniaY ~A�R�*�5�:~-~ �f�M���a�B� � ���N����� � �<��� � ��� �:�g� ��� J, F1, . . . , FM � � � � � � �����E���<�0� � �B�<� � �.� ��� �<�
���A� V � �����n� u ∈ V

� � � ���-� F (u) ≤ 0 � ��� �<�_� � � � �E� � � � �<�]� � � � ���
� � � �V�F�<�_�<� u ��� ���<���#��� � �� ���T� ���:�g� ���	�B��
,����A��� �'� �<���f� � u �<� � �A� �N� � ��� � � � �'�	� � � ��� J ���,� V � �:� �E� � � � � p ∈ (R+)M � � �
�����

�B� p �<� � �A� � �D� ��� � � � �'�	� � � ��� G ���A� (R+)M �

,� (u, p) �<� � �A�(� ��� � �g  ��� ��� �0���]�Z�����E����� � �<� L ���A� V × (R+)M �
A� (u, p) ∈ V × (R+)M ���<� � �f� � �(� � �-� ���:�g� �d�Z� � � �:��� � � ��� �>���E�<�<���<� � �E� � � ����� �<��� � �

F (u) ≤ 0 , p ≥ 0 , p · F (u) = 0 , J ′(u) + p · F ′(u) = 0 .
^JvDw,6 ��xBb

PT4 ���
���'&'?D�."�&'�	� �!���
�!�
)?����
�F�.�A"��#�
��%V�.���	�'�!��&/����vDwA6 xA6'v	v+��J")�!��E�
&!@�����"��	6 # ���
���	E���� ;��
�]�'�
�,���	�
�!1�23�Q�
�-�.�-�,�G2(�aC,&!23&'��a"�&!���3��J"e���'��O�:�.?�&'�!�9L9��%�E�	���,���=;������'�=�,���	�
�!1�23���
��&'2(���R^:?	4 ��J"V�'�G?D��
���0H�%���%<�F����?D�a�WE��W?��	��"E�F��&'��"���ZE����"W���'�
ZE&'23���'��Fb<6 
G�'����Z�����
�Z?D���'?��
�!�<�`�!�QE���'�
"�&'�	�

u
�,�>�
�������'1�23�

�,��&'2(���-���]�,����?�1D�,�9���]�
���
C %<"F�������6� `����23&'1�����23����"DU	�	�(?D���'?��
�'���!�0E���!�,"�&'�	�
p
�,�(�
���	�
�'1�23�G�
�-�.�:6

�9���
C,&'1�23��23����"DU��	�N�
&/"T;����
(u, p)

��J"O�������	&'��"OE���'�'�Q�
�0PZ�.H��F���
H	&'���7UB?	4 ��J"EI L.I �,&'���f;A�
�V�:4 �	�N?D���'?��
�!�
u
U�E���!�,"�&'�	�r�
�]�
�������'1�23�>�,�>23&'��&'23&'��."�&'�	� ��c�|'�5��j5|5}�i.c�s:|�}�Y

min
v∈V
L(v, p) .

 `��%�?�&'E����G;��R4 �D@B��?��'���$��,����"�$
1�E��f�:�.&/"���Q&!�5�74 �#�0�-��Q�0�
��&'����&R�74 �
��&'?�&/"�%>�
���E�	�'�
"�&'�	�
Q���	�
��"�����
?���V�,���	���'1�23���6  O��%�?�&'E�	��f����EE&5;��
�G�����
�e�	�,"�����&/�f�:4 ��C,&'J"�����?����
�323&'�
&!2N��2

u
���.��e�!� %V�������'�*�.&/���

v�w,6 x,6'v�v�&'��E��] "O�54 ��� �	�
"��<�O�����T$��,����"�$�1�E�V�,�T�n���E"��V?��	�A@B��C,&/"�%e���)�,�V?���23�����E"���23���A"7&'�
u���&ALQ�:4 &'�,u-��&
E�,�

J
6

�3Y
opc
i��R[RY�~A�7�*�7�:~*
! W�	�,�T&!�'�'��J"E���<�V�'� %V�������!�!�.&'���0vDwA6 xA6'v	vG��"e�g4 &'��"�%���q�"e�
���!�>�,�-���'&/"�%	U�������O?��	�
E&/I
�,%����	�
`���0�
�������'1�23�f�,�V23&'��&'23&'��."�&'���);��-���,�F�a"�&*;��
�f���.��

RN �D@B��?e?��	��"E�F��&'��"���O�54 &'�
%�HB�.�!&/"�%Q�&]3����

min
v∈RN , F (v)=Bv−c≤0

{

J(v) =
1

2
Av · v − b · v

}

,
^Jv�w,6 � �Bb

��)
A
��J"G�
����2(�a"E��&!?��

N ×N
 �,23%�"E��&!;A�
���,%�u-�
&!�>����E&/"�&!@	�	U

b ∈ RN U B �
���>2(�."E��&'?��
M ×N

��"
c ∈ RM 6-P7��PZ�.H��F���
H	&'���+��J"=�,�	���
%��-�a�

L(v, q) =
1

2
Av · v − b · v + q · (Bv − c) ∀ (v, q) ∈ R

N × (R+)M .
^Jv�w,6 �B¡�b

8=�	�
O�a@	�	��W�
%��JL=�:�.&'"T�
���
�^JvDw,6 �	¢	bW�'�f?D���'?��
���,� J U.��"T�
&/"T;����e�'�f�
�������'1�23�V�,��&'2(������J"O��C
�.?�"���23����"^Jv�w,6 � �Bb<6U�`C
��23&'������Q2(��&'��"����-�.��"��'�>�
���	�
�'1�23�>�
�����:6� W�	�
�
q ∈ (R+)M U��'�>�,���	���'1�23�

min
v∈RN

L(v, q)

�=�����VE�	�'�
"�&'�	�3�
��&!;����e����&'�;����
v → L(v, q)

��J"T���
�V������?�"�&'��� �����E"���23����"O?��	�A@B��C,�	6$%V��"E"���E���'�
"�&'�	�
@	%���&/u-� ∂L

∂v
(v, q) = Av − b + B∗q = 0

U�E�	&/"
v = A−1(b−B∗q)

6 *9�#�	�,"�&!���A"G�,�	�
?

G(q) = L
(

A−1(b−B∗q), q
)

,

�<"=�'�>�,���	���'1�23���
�-�.�5�4 %�?���&/"=u��-���'��23���A"

sup
q≥0

(

−1

2
q ·BA−1B∗q + (BA−1b− c) · q − 1

2
A−1b · b

)

.
^Jv�w,6 �$�	b
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± �8� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

%V���E"����UA�!�����	�
?�"�&'�	�
�����'�'��L>2(�.C,&'23&'E���e���.��G^JvDw,6 ���BbV�R4 ������V�
���G���'�'�
���G�-�a�E"�&'?����'&'1�����23����"e �,23�-�.I
"�$�&!;����	6�� �W�4 ��H�&'"�����?��.��� �54 �
�+�
�������'1�23�N�a@	��?0�n�	�
?�"�&'�	���
���'�'� ;��-���,�F�."�&!;�������"9?��	��"E�F�.&!��"������]3�
���6
%V�������-�
����"DUB�'� %V�������!�!�.&'��� v�w,6 x,6'v�v�������e��EE�,���9;��R4 &'���>���
�QE�	�'�
"�&'�	�76�*9�3�����,"V@B��&/���74 �.&!�'�'���,��f;����
?���"E"��9E���'�
"�&'�	�M�74 ��J"��-�.f���.��?�%�23����"��
��&!;����)^:��.�
�ZE&7�!�02(�."E��&'?��

B
��J"G�,�=�F�.��H

M
?D�a�Q�*�02(�."E��&'?��

BA−1B∗ ��J"]���'����#�
%<u-��&'�M����E&/"�&!@	�ab<6VSM��&'#�:4 �D@	�.��"F��H	�+&'23���.�E"F����"(�
� �
�������'1�23�M�,�-�.�0^Jv�w,6 �$�	b@,&'����"V�
� ����&/"Q;����G�'��V?�����"E�F��&'��"���
(q ≥ 0)

�4 ��C,�
��&'23����"eE�	�
V���
��������23�G�-�a�E"�&'?����'&'1�����23����"VE&!23�
�'�	U
��&'���+���'�
=E&'23���'�0;����>�����
�=�!�0�
�������'1�23���
��&'2(�.������"=������G@B���E������=L(�!� # ����JIKE��?�"�&'����vDw,6 ¡�6 x];����
?���"��D@�����"F��H��=�����
"fq<"E���=�,"�&!�'&'E%G���	�
�V23��"E"E���G���(���	&'��"f�
�(���'H	�.��&/"�$�23���,�Q?D���'?��
�5�
�G�*��E�	�'�,"�&!���]�
�
�
���	�
�'1�23���
��&'2(�.�g6 •

bZ����23&'������Q�-�a�Q���#��C,����?�&'?�����%�?���%��."�&/�T;���&723�	��"E���9�!�N�����!�a"�&!���+����"E�����'��G�
���	�
�'1�23��Q�
�9���	&'��"EI
E���'�!�����_23&'�
IK2(�.C ��"G�*�0"�$�%��.��&!���,����J���,C56
�=\7Y,i��Bs	�	Y ~A�R�*�7��� M*�(' 2H����� �H#&2B�C' D,� ���,DB2F#(�&%*��� #<'��	�

A =











1 0 4 2 3 5
−3 2 −1 2 −5 2
−4 2 −2 0 −1 2
−2 4 −1 6 −2 2
−1 2 −6 3 −1 1
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R=�S>B�����$��>3�5+-���O�����,��� ��������� >=D	�&�(' >�' >F>3���82 ��/����)����� � ' %����
i W � / #��82���������� DB��� �*����� j W >3#(�&>@+-�(/ '�� > ���D�������#$' >F>3���82 � � D��&��' � ��� � / #��82����$9�
 ����	�(' > �	1�E�1�� 1T� ������>QD��&�(' � W � � %$#<'0�T4 ���)� # �$���023� W >3��� �*�)� � > ' %����8;�-� ���	���=' ����� ���������.��>A2 ��1B23��� �@'0��1=��#$�Z� � D��(���5D&' ���82

aij
����� #O�Q#82�� ' D��

A
43��/ #��82������ ���������Z���,D��BE�#(�82 ���

��#��8#��82 −aij
;�9�Y �*�82������-+-���H� # >A2���#8231�%�' � �*�82�'0�H#�� � ���H�@'0�$'��=' >3#&2 ' ���K�-�@� ' >3+-���KDB�����-�$' 2�� ���@��� ��I�� ���H�

��� �@'0�8P �Q#,� +-��� ��/ �*�S�	1B>F�����-��#(9X!���� ��� ��>A2?P3'���1,+-�$' 2F#(I�� �H#8E��,D=D,�B2?23�O�H#82�� ' D,�
A �

�=����� � � ��!�#�$N�W%'# �}��(
�>���
=?���"E"��NE��?�"�&'�	�+������G%�"��-�,&'�	��=;������!;�����9�.�����'&'?D�a"�&!����9�
��Q��%�E���/"F�a"���
��=E��?<"�&!����=�
��%�?�%<I

�
����"����6 # &'H	�-�.�'�	��f;A�74 �����=���,"E���9�.���
�!&'?D�a"�&'�	�RUA�!���
����H��F��232(�a"�&'�	�(�'&!�
%D��&/���	U,E���F�>"E�F��&/"�%��9L0���.�E"f���
�
����?F$-��&'�M?F$-�.��&/"E�������#�F��&'E�	�+�,�>E�	�M&'23���.�E"F����?������#����?<$
����?<$
�>�	��%��F�a"�&'�	���
���'�'�	6

)¦*�,���,-) ��1 _+5 �4?!_ 9=:�`�b _�7N: <¤7 � ��b!^ �q_'143�`.?@5e_

=� %V$-���
&/"E���0¡N������G�D@B�	�
�@,�_;������!�N��%�E���'�
"�&'�	�r�,�_�
�������'1�23�>�.�
C]�'&'23&'"���GE�
&'@	�.�A"

{

−∆u = f
�
����

Ω
u = 0

E�
�
∂Ω,

^Jv�w,6 � "�b

�$)
Ω
��J"f�
� �	�
@B���E"T�������
%=�,�

RN ��" f ∈ L2(Ω)
U���J"e%D;���&'@	�.�'����"VL>�!��23&'��&'23&'��."�&'���(�74 ���
��%�������H�&'�

min
v∈H1

0
(Ω)

{

J(v) =
1

2

∫

Ω

|∇v|2dx−
∫

Ω

fv dx

} ^Jv�w,6 �$+	b

^:@B�	&/�0�!�  O�������	E&/"�&'�	� ¡�6 ¢�6 "	b<6`8=�	����D@B�����@A��L_�:4 �`C
�<��?�&'?�� -,6 ¢A6 ++;����M^Jv�w,6 �$+	b0���
23��"��
�d�
��&!;����
23&!�
&'2)��2 �<"DU5L3�g4 �`C,����?�&'?��#v�w,6 ¢A6 �,UW;�����E����%�;A���."�&'�	���54 �O���'���9��J">�!� ���.��2)���!�a"�&!���p@��.��&!�a"�&!�����
���'�!�
�
�>^JvDwA6 � "	b<6,PR�9E&'H	�
&'u�?D�."�&'���]�
$��
E&!;����f�
�Q�:4 %�������H�&!�0^JvDwA6 �$+BbO��J"T%�@A&!�
����"��	6$ `�.�e��C,��23���'�	U�E&Z^Jv�w,6 � "�b
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��k� �6�'� ���)#$�	��� ���	����� ± �ZV
23�A�,%��'&'E�f�!�9�
%<������2(�a"�&'�	�N�74 ���
�V23��2N�
�F���
�O%��!��J"�&!;�����^

u
��J"`�'���
%��
�!��?���23���A"Z���.��2(����E�	�
`�:4 �.?�"�&'�	�

�,��f���.��?���
f
b<U,�!�NE�	�'�,"�&!���M��J"��'�>�,%����!�.?���23����"Q;���&�23&'�
&!23&'E�=�*�0E�	2323�=�
���:4 %��
����H	&'�>%��!��J"�&!;������
�

�,%����.��2(�."�&'�	�_��"G�
�>�:4 %����<��H	&'������"�����"�&'���'�'���
������.��?���G��CA"�%���&'���
�����6 *9�#E�>�
���	����E�0�
��23���A"E���<�Q;����
�!�)"�$
%�����&'���
�>�!� �,�-�.�!&/"�%�������23��"��74 ��EE��?�&'����LM^JvDwA6 �$"	b����_XZY
[R\Zs*m�o�YrhZi.s:|X�Bs�h`YdXZY�ods:|Zs�ods���c �
}�snj5| 23��"E"F�.��"���� �J�������
�)%��
����H	&'�	UR�,&'"��5�	j5odhWl*z�o�Y�|�}�c�sniaY+���p23%�?D���
&*;��
�#^:���d�,�-���'�ab<UR�,�	��"��!�
E&'H���&/u-?D�a"�&'�	�+��$��,E&!;����9��J"G"����
"G�.��EE&Z&'23���.�E"F����"��>;�����?����'�!���,�3^JvDwA6 ��+Bb<6
89�	�
����'�'�	�
f&'��"E���A�
��&/���G���]PZ�.H��F�.��H	&'���_��EE��?�&'%>L��:4 %�������H�&'�9�
��&'2(�.�!�0^JvDwA6 �$+BbV�
&'���];A�
�=?����'�!�<I ?�&

�
�=�,��%�E����"��G�-��V�
�G?��	��"E�F�.&!��"����6� W���
��?��G����&/����������e�
"�&'�'&!E����f�
���G����"�&/"��9�.J"���?��=���(&'�A"E���A�,��&'�����"
�
���f@��.��&!�.���'��&'�A"��<��23%D�
&!��&/���

e ∈ L2(Ω)N ��"T�
���f?�����"E�F��&'��"�� e = ∇v
6 
=�'�.��G^Jv�w,6 �$+	bT��J"T%D;��
&!@����'����"

L
min

v∈H1
0
(Ω) , e∈L2(Ω)N

e=∇v

{

J̃(v, e) =
1

2

∫

Ω

|e|2dx−
∫

Ω

fv dx

}

.

*9�#&'�A"E���A�,��&/"Q���_PZ�.H��F���
H	&'���+&'��"�����23%D�,&*�.&/���>���	�
�Q?��>�
���	�
�'1�23�

M(e, v, τ ) = J̃(v, e) +

∫

Ω

τ · (∇v − e) dx ,

�D@B��?)���r2N���/"�&'���'&'?D�."����,���
�)PZ�.H��F���
H	�
τ ∈ L2(Ω)N 6'*9��%��!&'23&'���N2(��&'��"����-�.��" e

���	�,�>�	�,"�����&/�>�'�
PR��H.�F����H�&'���M����?F$�����?F$�%

L(v, τ ) = min
e∈L2(Ω)N

M(e, v, τ ).

%V��2323�
e→M(e, v, τ )

��J"=�n���E"���23����"Q?����A@B��C,�	U
&!�7��C,&'J"��>���M�
��&!;���������&'�A"=�,��23&'��&'2)�
2MUA��"G���
?����'?����5�:�.?�&'�'�N23���A"E���9;����

L(v, τ ) = −1

2

∫

Ω

|τ |2dx−
∫

Ω

fv dx +

∫

Ω

τ · ∇v dx.
^Jv�w,6 �$-	b

*9�#@B%���&/u-�9�����Q����&'�
��;A�
���'�>�
�������'1�23���,��&!2(�.�7��EE��?�&'%N���+PR��H��F�.��H�&!��� ^JvDw,6 ��-Bb���J"G��&'���d^Jv�w,6 �$+	b
(

max
τ∈L2(Ω)N

L(v, τ )

)

= J(v) ,

�<"9;��
�9�'���
���	�
�'1�23���,�-���7��J"
(

min
v∈H1

0
(Ω)
L(v, τ )

)

= G(τ ) =







−1

2

∫

Ω

|τ |2dx
E& − divτ = f

�
���

Ω

−∞ E&'���	�76
^Jv�w,6 "�w	b

*9�#�����
"Q2(�.&'�A"����-����"�%����	�
?����G�'����%�E���/"F�a"=�,��&'��?�&'�-�.�:6
��� zAj-iam
opY�~A�7���Z�:~��<� �E� � � � �>�A�#�,� � �����V� ��� � � ��� ��� � (u, σ) ���)�Z�����E����� � �<� L(v, τ ) ���A� H1

0 (Ω)×
L2(Ω)N

L(u, σ) = max
τ∈L2(Ω)N

min
v∈H1

0
(Ω)
L(v, τ ) = min

v∈H1
0
(Ω)

max
τ∈L2(Ω)N

L(v, τ ).

�G� � �E� � �<� � � ��� � u �<� �=� � �A� � �����=� ��� � � ��� �)� � ��� � � ��� J(v) �B���
� H1
0 (Ω) � σ �<� �9� � �,� � �����=� ��� � �

�B� � ��� ��� � � ��� G(τ ) �B���
� L2(Ω)N �
J(u) = min

v∈H1
0
(Ω)

J(v) = max
τ∈L2(Ω)N

G(τ ) = G(σ),

� �e�:� �9� � � � ��� � � �<�f�,��� � � ��� � � �:�:� � σ = ∇u �
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±m±Z² ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

�(Y
opc
i��Z[RY�~��R���Z��
 PR���,���	���'1�23���
�-�.�V^Jv�w,6 "�w	b=� ���
�>&'�A"��<���
��%�"F�a"�&!���+��$��,E&!;A�
��?��!��&/���	6 %V�	2323�
max G(τ ) = −min(−G(τ ))

U�&'�(�4 ��H	&/" �
� 23&'��&'23&'E��� �:4 %�������H�&'� ^g�
&/"�� ?���23���'%�23����"F�.&'���Dbd�
��
?��	��"E�F��&'��"����23%�?D�.��&!;����� 1

2

∫

Ω
|τ |2dx

���.��23&O�:4 ����E��2N���'�3�
��0?F$-�.23����,�3?��	��"E�F��&'��"������}�c
}Ds��R[RY��
opY
|5}�c�X`ods�� �DsnkWlnY��	Uf?	4 ��J"EI LaI �,&/���+@B%���&/u��.�A" �g4 %D;��
&!�'&'�
�����,�� ���.��?��� −divτ = f

�
����
Ω
6V�>���


?���"E"��9�n����2)�
�!�."�&'�	�+�,�-�.�!��U��'�>�,%����!��?���23����"
v
���
�-�.�F���!"=?��	2323�9�'��2N���/"�&'���'&'?D�."����
�G�
��PZ��H.�F���
H	�0�
�

�*�0?��	��"E�F�.&!��"��>�54 %D;���&'�'&!�,��� −divτ = f
6*_=�����.�
"E����?��	��E%�;A�
����?����
�Tbf$�%�����1�23�)v�w,6 �
6'v>��J"G;A�74 �	�#�

"��	��� �	�,��
G(τ ) ≤ J(v)

?��N;��
&R������23�<"9�54 �	�
"�����&/���,��G����������=E�,�9�'��=%�������H�&'��9�,��&!2(�.�'�>�	�r�
�����'�	6
t=��2(�a�F;����	�
�;������:4 �	�M� ���
EE&

J(u) = G(σ) =
1

2

∫

Ω

fu dx

;A�
&5�R4 ��J"Q��&'���+�74 �.�
"E���>;����9�*� 23��&/"�&!%��
�#"E�F�D@���&'�R�
������.��?���G��CA"�%���&'���
�����6 •
y#z
opj5|'��}�i.c
}Dsnj5|O�`PZ���
������@B�Q���	�,�E�F��&/"�q�"E���=���
�=?�����E%D;��
����"��=&'2323%D�,&*�a"��G�
� %V�������!�!�.&'��� v�w,6 x,6'v�v
^:���p����2(�a�F;��-����"�;A�74 �����N?��	��"E�F�.&!��"��3�54 %�HB�.�!&/"�%]��] ��� �4 %�?���&/"0?���2323� �
���
Cr&'��%�H	���'&/"�%�N��]3�
��>�	�,I
���	E%���Fb�E&O?��)"�$
%�����1�23�)�R4 %�"F�.&/"��-�������J"E����&'�A"(^:&'?�&*b�L]�������	2N�
���0u-��&O�,� ?����A"E�F�.&'�A"����6 *=�DUR�
����
�!�N�
�������'1�23�0�
�����f^Jv�w,6 "�w	b9&!� �M�]�
����&'�
u���&/"�%)�,�N?��	��"E�F��&'��"���9�
��&'�;����0�!�]?�����"E�F��&'��"�� −divτ = f� �!&'���r�����
�=�
�����;����>"����
"=���	&'��"

x ∈ Ω
6�8=%D���
23�	&'���U��!����%�E�
�'"F�a"9��J"�@��F��&R��"�&'�Z��J"9�:�.?�&'�'� �
��@B��&/�

���	�
�F;��
�	&:6[�O�_�B�5��"DU����.�G?�����J"E����?<"�&!���M�	�_�

G(τ ) ≤ L(v, τ ) ≤ J(v),

��")�������&/" ;A�
�3�'��)�,���	���'1�23��0�,��&'2(���V�<")�,�-�.�f�	�,23��"E"�����"����d����&!;����3����&'�A")�
�323&'�
&!2N��2
u
��"

σ
U-����E����?�"�&'@B��23����"D6 *=�DU�?��	2323�

u
��J"9E�	�'�
"�&'�	�p�
�]^JvDwA6 � "	b<U7�
����E&'23���'�N&'��"�%�H.�F�."�&'�	���-�a���-�a�E"�&'��

23�	��"E����;����

J(u) =
1

2

∫

Ω

|∇u|2dx−
∫

Ω

fu dx = −1

2

∫

Ω

|∇u|2dx = −1

2

∫

Ω

fu dx .

# &7�	�M�,%�u-�
&/"
σ = ∇u

U
�	�M�
%D�,��&/"G�
� ^Jv�w,6 � "�bG;��
� −divσ = f
U���"Q�	�_�	�
"�&'����"G�,�	��?

G(τ ) ≤ J(u) = G(σ),

?	4 ��J"EI L.I �
&/����;����
σ
��J"Q�'�>����&!��"G�,��2(�.C,&'2)�
2 �,�

G
U��
�	�
?

(u, σ)
��J"=�'�>����&!��"QE���'�'���
� L(v, τ )

6
�

)¦*�,���,Z[ ��7 � � `.1=9�_�7 �=38? � ` b!_
*9� ��%�E�	�,"M&'?�&��:4 �`C
��23���'� -,6'v	6 - �54 ��� �,���	���'1�23���,��?��	232(�����
�+���
"�&'2(���'�p���������!%� �,J"�1�23�

�!&'�
%D��&/����I ;��-���,�F�."�&!;�����6 *9�M?�����E&!�
1����0�'�N �,J"�1�23���,&��5%�������"�&'���W�'&'��%D�.&'���N�
����"9�:4 &'��?������A���(^:�:4 %�"F�."��
�
 �
J"�1�23�ab

y(t)
��J"9LN@	�.�!���
��G���.��

RN

{

dy

dt
= Ay + Bv + f

���	�,�
0 ≤ t ≤ T

y(0) = y0

^Jv�w,6 "AvDb

�$)
y0 ∈ RN ��J">�:4 %�"F�a"�&!�
&/"�&*�.�T�
�r �,J"�1�23�	U

f(t) ∈ RN ��J"����+"�����23�0E�	�
��?��	U
v(t) ∈ RM ��J">�!�

?��	232(�.�-�
� ;A�
&V������23�<")�54 ��H	&/�)E�
�N�!�] �,J"�1�23�	UZ��"
A
�<"

B
E����" �,���
Cp2(�."E��&'?���0?�����J"F����"���)�
�

�
&'23����E&'����f����E����?<"�&!@	��
N ×N

��"
N ×M

6
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��k� �6�'� ���)#$�	��� ���	����� ±Z± �
*9�_@B���,"Q?<$
�	&'E&/�9�!�)?��	232(�����
�

v
�
�>2(���
&'1����>L)23&'��&'23&'E���Q�
�_?���&/"�1�����;��-���,�F�a"�&*;��
�

J(v) =
1

2

∫ T

0

Rv(t) · v(t)dt+
1

2

∫ T

0

Q(y− z)(t) · (y− z)(t)dt+
1

2
D (y(T )− zT ) · (y(T )− zT ) ,

��)
z(t)

�
���9"E�F� �J��?<"��	&/����� ?�&!�
�'����U
zT
�
��������E&/"�&!���_u-�����'��� ?�&'���'����U,��"

R, Q, D
"E���	&'Q2(�."E��&'?���� �,23%�I

"E��&!;�����V���	E&/"�&'@B��V�
���A"VE�����'�
R
��J"fE���
���	E%��=�
%<u-��&'�G���	E&/"�&'@B�	6AtG��2(�.�F;��
�	��T;����Q�!�>���	�
?�"�&'�	�

y(t)�,%��������_�
�9�*�N@	�a��&*�.���'�
v
LN"E�F�D@B�����^JvDwA6 "Avab<6

 W�	�
�f���	��@	�	&/�Q���
���'&!;������V�!��V��%�E���/"F�a"�Q�74 �	�,"�&!23&'��a"�&!���#�,��%�?�%D�,����"��U�������f?F$���&'E&!EE����Q�,�=?F$����EI
?F$��<�

v
���.��f�:4 ��E�-�.?����
���9&'�'�����E"

L2(]0, T [; RM )
�
��f�n�	��?<"�&!����Q�,�

]0, T [
���.��

RM �
�=?D�.�E��%9&!��"�%�I
H.�F���
�!��6-^gPT4 ��E����?���� �
�!�
`�-�a"��
���������,��`������?�"�&'�	�
O?��	��"�&'�A����O�R4 ��J"T2(�.�!$
���
������E��23����"Z�-��O�
�)��E����?��
�,���=&'�!���<�E"D6 b  W�	�
�9"�����&/��?��	23�
"��N�74 %�@	����"������'�'��9?��	��"E�F��&'��"����E�,���!�#?���232(�����
�	U��	�r&'�A"E���A�,��&/">�
�
?��	�A@B��C,�9�n����23%������_@A&!�
�

K
�,�

RM ;A�
&������
��%�E���A"��>�:4 ���
E��2)�
�!���
���?���232(�����
������
23&'EE&'���'���6-PR�
�,���	�
�!1�23�>�
��23&'�
&!23&'��a"�&!���_��J"=�,�	��?

inf
v(t)∈L2(]0,T [;K)

J(v).
^Jv�w,6 "	¢�b

%V��2323�������	������.�Q@B%<��&'u����=;������'�> �,J"�1�23�)^Jv�w,6 "AvDbG��J"Q�
&'���M���	E%�6

	TY
o�opYd~A�7���Z�*� �f�+���a�B� � ���)����� f(t) ∈ L2(]0, T [; RN ) � � v(t) ∈ L2(]0, T [; K) � � �'� �F��
��	�B������
�	� � � � �,�����A� � ���-�>� �	� � �:�g� � y(t) ∈ H1(]0, T [; RN ) ��� � �<� � �V���Q� � �,���e� � � �:� �����0���A� [0, T ] �
y]z
opj5|'��}�iac
}Dsnj5|T� %V����%�E�
�/"F�."e�74 ��C,&'J"�����?��G�<"V�54 ����&'?�&/"�%���J"T�
&!��� ?��	�
�A�)E&

f
��"

v
E�	��"T?��	��"�&'�A�����6

� �`�R4 ��J">������
�'��>�,&0] ?�&'�!�)���.����'�)?��	�,���
L2 6'*9�r�
"�&'�'&'E�)�!�]�n����2N���'�)��C,�
�!&'?�&/"��)�
�������
��%�E���A"F�a"�&'�	��,���!� E�	�'�
"�&'���

y(t) = exp(tA)y0 +

∫ t

0

exp
(

(t− s)A
)

(Bv + f)(s) ds

;��
&-������23��"f�
�9@	%���&/u-���V�g4 ��C,&'J"����
?�����"��:4 ���
&'?�&/"�%>�
�
y
���.��

H1(]0, T [; RN )
6,P7��PR��2323���,6 x,6 x)������

�,&/"Q���
u��M;����
y
��J"G?�����"�&!�A�
��E�
�

[0, T ]
6

�

*9�_�����,"G���'����G23�	��"E�����Q�:4 ��C,&'J"�����?�����"Q�:4 ���
&'?�&/"�%��
�>�!�)?���232(���-�,�9���
"�&'2(���'�	6

��iaj�h`j �Ds*}Dsnj5| ~A�R���Z��� �<� �E� � � � �=�,�]�A� � ����� u ∈ L2(]0, T [; K) ��� � �)� � ���)� ����
��	�B���
��	���e� �:� ��� ���  � �����B� � � �:�
� � � � u �<� � �����J�B� � �<� � ���F�=�,�.�
∫ T

0

Q(yu − z) · (yv − yu)dt +

∫ T

0

Ru · (v − u)dt

+D(yu(T )− zT ) · (yv(T )− yu(T )) ≥ 0 ,

^Jv�w,6 "�x	b

� � �,� �K� � � v ∈ L2(]0, T [;K) � ��� yv ���<� � ����� � � � �	� � �:�g� �p����
 � �B�� ���(�.�F� � � � ����� � �]� ��� � ������� v �
y]z
opj5|'��}�iac
}Dsnj5|T�(*9�]?���2323����?��=�-�a������2(�.�F;����<�Q;����

v → y
��J"Q�����=���	�
?�"�&'�	�+�&]3����6-�O�M���5�<"DU

���.�G�'&'��%D�a��&'"�%��,�3^JvDwA6 "�vab��	�+�
yv = ỹv + ŷ

U���)
ỹv
��J"GE�	�'�
"�&'�	�r�,�

{

dỹv

dt
= Aỹv + Bv

���	�
�
0 ≤ t ≤ T

ỹv(0) = 0

^Jv�w,6 "��Bb
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±m± � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

��"
ŷ
��J"GE�	�'�
"�&'�	�M�
�

{

dŷ

dt
= Aŷ + f

�����
�
0 ≤ t ≤ T

ŷ(0) = y0

� �`��J"�?��!�.&'�0;��
�
ŷ
�
� �,%������-�r�-�.>�
�

v
��"

v → ỹv
��J"��'&'��%D�.&/��� ?��	��"�&'�A���)�
�

L2(]0, T [; K)
�
���


H1(]0, T [; RN )
6  `�.�>?�����E%D;��
����"DU

v → J(v)
��J">���
�0�n�	��?<"�&!����;��-���,�F�a"�&*;��
�N����E&'"�&'@B�)�
�

v
^:���'�


�
��%�?�&'E%�23���A"DUa�!�9E��2323�V�54 �����e������23�V;��-�	�A�F�."�&!;����e��"T�74 ���
�e�n�	��?<"�&!���3��] ���ab<U��
����?
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lim
ε→0

J(u + εw)− J(u)

ε
= 〈J ′(u), w〉.
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yu − yv = ỹu − ỹv
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∫ T

0

J ′(w)v dt =

∫ T

0

Rw · v dt +

∫ T

0

Q(yw − z) · ỹvdt

+D(yw(T )− zT ) · ỹv(T ) ,
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{

dp

dt
= −A∗p−Q(y − z)
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�
0 ≤ t ≤ T

p(T ) = D(y(T )− zT )
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J ′(u)
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J ′(u) = B∗p + Ru .
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∫ T

0

(B∗p + Ru) · (v − u) dt ≥ 0 ∀ v ∈ L2(]0, T [; K).
^Jv�w,6 "�+	b

�3Y
opc
i��R[RY�~A�7���Z�
	 PZ�p�n����2N���'��^JvDwA6 "$"	b E�+H�%���%��F�.�'&!E�r�����
�3"��	�,"
w ∈ L2]0, T [

���
J ′(w) =

B∗p + Rw
U,;���&/"E"���L�?D���'?��
�'���

p
���.�>^Jv�w,6 "��	bf���#�,"�&'�!&'��.�A"f�g4 %�"F�a"

y
?��.�E����E���	�����.�A"GL��!�N?���232(�����
�

w
67PR� bf$�%�����1�23�(vDwA6 �,6 �M�
���������
���0��C,�
����EE&'�	����C,���'&'?�&/"�� �,�+H��F���
&'����"����r�,��&'C+�
�0�*�3��%�E���!�,"�&'�	�
E�
���
�!%�23����"F��&/���f�,�0 �,J"�1�23�V�	���J�	&'��"Q^JvDwA6 "��Bb<6�%=4 ��J"O���
�f�
&��5%�������?��V�n�	������23���A"F�.�'�f�D@B��?f�!�Q������2N���'�
^Jv�w,6 "	¡�b�;A�
&:U
�����
�Q?F$-��;A�
�=�n�	��?<"�&!���#"���J"

v
U,�
%�?���EE&/"F��&/"=�!�0��%�E���!�,"�&'�	�+�,�# �,J"�1�23�N^JvDw,6 "�vab��D@B��?��!�

?��	232(�����
�
v
6 •

y]z
opj5|'��}�iac
}Dsnj5|T� # ��&/"
p
�*�>E���!�,"�&'�	�#�
�0^JvDw,6 "��Bbe��"

ỹv
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ỹv(0) = 0
��"

p(T ) = D(y(T )− zT )
U
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∫ T

0

(

dp

dt
· ỹv + p · dỹv

dt

)

dt = D(y(T )− zT ) · ỹv(T ).
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∫ T

0

(

dp

dt
· ỹv + p · dỹv

dt

)

dt = −
∫ T

0

Q(y − z) · ỹv dt +

∫ T

0

Bv · p dt.
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∫ T

0

J ′(u)v dt =

∫ T

0

Ru · vdt +

∫ T

0

Bv · pdt,
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L(v, y, p) =

∫ T

0

Rv(t) · v(t)dt +

∫ T

0

Q(y − z)(t) · (y − z)(t)dt

+D (y(T )− zT ) · (y(T )− zT ) +

∫ T

0

p ·
(

−dy

dt
+ Ay + Bv + f

)

dt

−p(0) · (y(0)− y0) ,
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∂L
∂v

=
∂L
∂y

=
∂L
∂p

= 0.
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� �
� � ��� �:�:� �p��� [0, T ] � �.� � �<�,�F� � � � � � � � � ��� �<��
 �Z� � �J����� N �3��� � �<� � � �	� � �:�g� �r�A� � �����N�B�
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dP

dt
= −A∗P − PA + PBR−1B∗P −Q � � �A� 0 ≤ t ≤ T

P (T ) = D
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y(t) → p(t)
��J"��'&'��%D�.&/���#�,�

RN �
����
RN UR��"�&'�e��C,&'J"�� �
��� 2(�a"E��&!?�� P (t)

�54 ���F�,���
N"����'�!� ;A�
�
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"�&'����"��!�#?��	�-�,&/"�&!���du-�����'�
P (T ) = D

?D�a�
p(T ) = Dy(T )

��"
y(T )

��J"N;������'?����-;����)���.��
RN 6

*9�M�	�,23��"Q�:4 ����&'?�&/"�%��,���!� E�	�'�
"�&'�	�M�
� ^Jv�w,6 +,vDb<6
�

�=\7Y,i��Bs	�	Y ~A�R���Z�:~ R@��>��������$>3�=+-���
K = RM W f = 0 W z = 0 W �B2 zT = 0

9XY �*�82������X+-��� W �$�*���.2A���82
t ∈ [0, T ] W

p(t) · y(t) = Dy(t) · y(t) +

∫ T

t

Qy(s) · y(s) ds +

∫ T

t

R−1B∗p(s) ·B∗p(s) ds .

� �Q��1,�-�$'0����+-����>,/ '0�����<' >?23�
t0 ∈ [0, T ]

23����+-���
y(t0) = 0 W #�� ����> y(t) = p(t) = 0

�$�*���-2A���82
t ∈ [0, T ]

9
� �82F��� �$��1B2F���ZD�� ��1�>���� 2F#&2�9

�=\7Y,i��Bs	�	Y ~A�R���Z��
 R@I823���$'�� ��/ 1,+-�$' E�#(� ���82K���5� #��X� �����$>�' 2 ' ��� 687*9 �-9 �)�B2G�-�	� ��1���� ���H��6,7�9 �-9 : �$�*��� � �
> �&>A2 ���Q�5��#$��#�I$�*� ' +-���











∂y

∂t
−∆y = v + f

��#��&>
]0, T [×Ω

y = 0
>����

]0, T [×∂Ω
y(0) = y0

��#��&>
Ω
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��k� �6�'� ���)#$�	��� ���	����� ±Z± U
���

y0 ∈ L2(Ω) W f ∈ L2(]0, T [×Ω) W v ∈ L2(]0, T [×Ω)
��>A2@� # D��*���Q#������ W �B2K�*���='��$'0�@' >3�

inf
v∈L2(]0,T [×Ω)

J(v) =

∫ T

0

∫

Ω

v2dt dx +

∫ T

0

∫

Ω

|y − z|2dt dx +

∫

Ω

|y(T )− zT |2dx,

���
z ∈ L2(]0, T [×Ω)

�B2
zT ∈ L2(Ω)

9

�G\RYAi��Bs ��Y ~��R���Z�*���Z1���1���#�� ' >3������/ �������	D8' D,�O�$��1,D�1,�����82 ����/ 1,+-��#82�' �*�=����>��*������>,9

)+*�,���, � � ��38? � ? �k`'38?-741i9�_�� ��� �m3 � �q_���9=? �Z365O? a;:�^��
*9�]��%�E���
"Q&'?�&5�:4 �OC,��23�
�!� -,6'v	6'va¢NLN�
�������	Q�,�#?�����"E���	�'�>�74 �
���923��2)�
�F�.���G%��!��J"�&!;����>�,%����.��23%��

���.���
���)�n����?��(��CA"�%���&'���,���
f
��">u�C,%�� E�,�0E�	�d?��	��"��	�,�D6WP7� ?��	23���.�E"���23����"��,� �!�_23��2)�,�F���
�)��J"

23�A�,%��'&'E%>�-�.�
{

−∆u = f + v
�����


Ω
u = 0

E�,�
∂Ω,

^Jv�w,6 +B¢�b
��)

u
��J"��'�3�
%��
�!��?���23���A"9@B���E"�&'?D�.�e�,�)�!�#23��2)�
�F�.���0��"

v
��J"����
�N���.��?��(�
�N?��	��"E�����!� ;A�
&`E���F�#�!�

@��.��&!�.���'�]�74 �	�,"�&!23&'��a"�&!���R6&*9��E�]�
�	�
���3�
�d�	�
@B���E"
ω ⊂ Ω

E�,�)�'�D;��
���V�.H	&/"N�!�(?�����"E���	�'�(��" �,���
C
�n�	�
?�"�&'�	��>�'&'23&/"F�."�&'@B��

vmin ≤ vmax
�����


L2(ω)
6 � �`��J"����A"����-�
�r�
���
�"��	�
"9?��3;���&ZE��&/"0;����0�!��

�n�	�
?�"�&'�	��O�,�
L2(ω)

E���A"O%<"����-�,����R�-�.��`�%����9�
���

Ω\ω 6$*9�0�
%�u���&/"O�.�!�.��`�:4 ����E��2N���'�f�,��`?��	��"E�����!�����
23&'EE&'���'��

K =
{

v ∈ L2(ω)
"����Z;��
�

vmin(x) ≤ v(x) ≤ vmax(x)
�����


ω
��"

v = 0
�����


Ω \ ω
}

.
^Jv�w,6 +	x	b

# &
f ∈ L2(Ω)

U7�'��bf$�%��.��1�23�(¡�6 ¢�6 ¢_��������
&/"0;��R4 &'�T��C,&!J"��)�����)����&!;����NE�	�'�
"�&'���
u ∈ H1

0 (Ω)
6'*9�

?F$��<��?<$
�=L>?�����"E���	�'���f�!��23��2)�,�F���
�f���	�,�f;��R4 ���'�'�=�	�
���
"��G���(�,%����!��?���23����"
u0 ∈ L2(Ω)

6�*9�(�
%�u���&/"
�
���9�n�	�
?�"�&'�	�M?���
"

J(v) =
1

2

∫

Ω

(

|u − u0|2 + c|v|2
)

dx ,
^Jv�w,6 + �Bb

��)
u
��J"��!�3E�	�'�
"�&'�	���,�]^Jv�w,6 +B¢�bN^:��"��
�	�
?0�
%��������M�
�

v
b���"

c > 0
65PR�0�
�������'1�23���54 ���
"�&'23&'��."�&'�	�

�4 %�?<��&'"
inf

v∈K
J(v) .

^Jv�w,6 +B¡�b

��iaj�h`j �Ds*}Dsnj5| ~A�R���Z�:~�� �<� �E� � � � �>�A�M�A� � ������� � � � ��� � � � � �:�
� � � v ∈ K � � �A� � �V�-� �B������� ��
��	�B�
	����	�
y]z
opj5|'��}�iac
}Dsnj5|T�(*9�]����2(�.�F;��
�>;������!�N�n�	��?<"�&!���

v → u
��J"=�&]3���>�,�

L2(Ω)
���.��

H1
0 (Ω)

6� `�.�
?��	��E%�;A�
����"DU

J(v)
��J"9���
���n�	�
?�"�&'�	��;��-�	�A�F�."�&!;��������	E&/"�&'@B�0�
�

v
U5�,�	�
?0���!�'�N��J"9?��	�A@B��C,�	6[�T�'�'�)��J"

23q�23���n���E"���23���A"9?��	�A@B�<C
�N���
&!�;��
�
J(v) ≥ c‖v‖2L2(Ω)

65�)4 ���
"E���N�-�a�E"DU
K
��J"����r?����A@B��C,�0�n����23%

�
�	�#@,&!�,�>�
�
L2(Ω)

6� `�.�Q?�����E%D;������A"DU,�'��bf$
%�����1�23� -,6 ¢A6 � ������23��"G�,��?�����?��'�
����L)�:4 �<C
&'J"����
?��>��"GL
�:4 ���
&'?�&/"�%��
�_����&'�A"=�,��23&'��&'2)�
2 �,�3^JvDw,6 +	¡	b<6

�

 W�	�
�_�	�,"�����&/�#�����+?��	�-�,&/"�&!��� ��%�?���E���&/�����54 �	�
"�&'2(�.�!&/"�%�;���&GE�	&/"M�<C
�
�'�	&/"F���
�!��U��	� &'��"E���A�
�
&'"DU
?��	2323� �
���
0�!� # �	��JIKE��?<"�&!��� vDwA6 �
6 ¢AU`�
�d%�"F�a"N�	� � �	&'��"

p
�
%�u���&O?��	2323�)�g4 �
��&!;���� E���!�,"�&'�	� ���.��

H1
0 (Ω)

�,�
{

−∆p = u− u0
�
����

Ω
p = 0

E�,�
∂Ω.

^Jv�w,6 +$�	b
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±m± � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

��i.j-hOj �Dsn}Dsnj5| ~A�R���R�:~-~ �Z� � � ��� �:�:� �p� ���,� J(v) �<� � ���<� � �.� ��� �����A� K � �f� �p�
J ′(v) = p + cv ,

� �
p 
 ��� � ��� �
�<��� �B� v �d�<� � � � ���5�)�,��� 
��	�B�
	�� �	� � ���_� � �����E�����<� � � � ��� � �-� ���:�g� � �5�E�F�<����� � ����� �

�F��� ���.� � �)�Z� � � �:��� � � ��� �f� � �A� � ��� � � � � � � � � � �:��� � � v �<� �
−∆u = f + v �B�.��� Ω , u ∈ H1

0 (Ω),
^JvDw,6 +$"	b

−∆p = u− u0 �B���
� Ω , p ∈ H1
0 (Ω),

^JvDw,6 +�+Bb
v = 1IωP[vmin(x),vmax(x)]

(

−p

c

)

,
^Jv�w,6 +$-	b

� �
1Iω �<� �>� � � � �-� �:�g� � � �-� � ��� � � � �F�#��� ω 
 �-� �<� �g  �   � � ���+��� � �.�.� � ���B�.��� ω � � �r�B����� Ω \ ω �M� �

P[vmin(x),vmax(x)] �<� �9� � � �
�<�E� � �<�A�]���9�-� ��� �E� �:�g� � � � ���
� � � �-� � �F�A� � �N���g� � �<� � [vmin(x), vmax(x)]

�����T� � �,��� P[vmin(x),vmax(x)]w = min
(

vmax(x), max
(

vmin(x), w(x)
)) �

y#z
opj5|'��}�i.c
}Dsnj5|O� %V�	2323�M�
���
 �!�  `���	���	E&/"�&'�	� v�w,6 �
6 �,Uf�!�p23%�"�$
�A�
�]�!�p���'�
3�
���_�<"(�*�����'��
E&!23�
�'�>�
�>?D�.�'?����'���G�'�>H��F���
&'����"G��J"

lim
ε→0

J(v + εw) − J(v)

ε
=

∫

Ω

J ′(v)w dx .

%V�	2323�
J(v)

��J"=;A���	�A�F�."�&!;������'�>?D�.�!?����7��J"Q"E��1�QE&!23�
�'�>��"Q�	�M���
"�&'����"
∫

Ω

J ′(v)w dx =

∫

Ω

((u− u0)ũw + cvw) dx,

�$)
ũw
��J"9�,�	�
��%����.�

{

−∆ũw = w
���.��

Ω
ũw = 0

E�
�
∂Ω.

^Jv�w,6 -	w	b
 W�	�
�#E&'23���'&/u-���#�:4 ��C,�
����EE&'�	� �,� H��F���
&'����"_��� �
"�&'�'&'E�p�:4 %�"F�."M�	���J�	&'��"#���	�
�#?����!� ,f��� 2)�
�'"�&'�
�!&'�
^JvDw,6 -�wBb��-�.�

p
�<"N^Jv�w,6 +$�	bQ���.�

ũw
��"G���_&'��"�1�H����>���.�G�-�a�E"�&!��

∫

Ω

∇p · ∇ũw dx =

∫

Ω

(u− u0)ũw dx
∫

Ω

∇ũw · ∇p dx =

∫

Ω

wp dx

 `�.�G?��	23���.�F�.&!E���+�
�>?���G�
���,C(%�HB�.�!&/"�%�=�	�#���+�
%��
��&/"G;����
∫

Ω

J ′(v)w dx =

∫

Ω

(p + cv)w dx,

�74 �$)r�:4 ��C,�
����EE&'�	���,�+H��F�	�,&'����"D67PZ�3?��	���
&/"�&'�	�r��%�?���E���&/���N��"�E�*]3�����"��0�74 �	�,"�&'2(���'&/"�%)�,�	���
%��0�-�.�
�!��bf$
%�����1�23� vDw,6 ¢�6!v���J"

∫

Ω

(p + cv) (w − v) dx ≥ 0 ∀w ∈ K .
^Jv�w,6 -,vDb

�T�p�
����������"
w
%�HB�.�VL

v
�-�a�E"��	�
"���.�
�VE�
�����
�)����"�&/"�� �������'�3�
����

ω
U5�
��&'>���r�:��&'��.�A"�"������,���N�!�

�F� �B�	�M�,�>?���"E"����������'�>@B���� `�%<���
U
�	�M�����," � �!��?����'&'E��� �(^JvDwA6 -Avab����d^:�,�����;����abe"����
"Q����&!��"
x
�,�

ω
(

p(x) + cv(x)
) (

w(x)− v(x)
)

≥ 0 ∀w(x) ∈ [vmin(x), vmax(x)] .
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��k���k�'��#)(*��
 �	���� +�,����	K +%,
���� 	$�,� ±Z± �
%V�<"E"��_�,������&'1����]?��	���
&/"�&'�	� �R4 ��J" ;����(�!�p�,%�u-�
&'"�&'��� �
�

v(x)
?��	2323�(�,��� � ��?�"�&'�	� ���E"�$
�	H	���-�.�!�_�
�

−p(x)/c
E�,�`�'�fE��H	23���A"

[vmin(x), vmax(x)]
^:@B�	&/�O�'��bf$�%�����1�23�9vD¢A6'v	6'v�wBb<6 �W&'�����'��23����"DUa�	�N�	�,"�&!���A"

^Jv�w,6 +$-	bQ���_����2(�.�F;�������"Q;������'�>E�
�������E"G�,���������?�"�&'�	�
G�
�
K
��J"Q����J"E����&'��"GL

ω
6

�

�3Y
opc
i��R[RY�~A�7���Z�:~*
 %V�	2323�=���.��e�*��tG��2(�.�F;����>v�w,6 �
6 +)�
�	��e��C,���'&!;����	�
V?���2323����"O"E���	��@	���f�!�
�n����23�)�
�]^JvDw,6 +��Bb>;���&`�,%�u-�
&'"9�:4 %<"F�."0�	���J��&!��"D6'*9�r&'�A"E���A�,��&/"��'�3PR��H.�F����H�&'�����.EE��?�&'%(���r�
�������'1�23�
�,�)23&'��&'23&'��."�&'��� ^JvDwA6 +B¡	b�E����>�!�#?�����"E�F��&'��"��3;����)�:4 %D;��-�a"�&'�	� �54 %<"F�."3^Jv�w,6 +B¢�b(^g;���&W�����!&'� �'��0�,���
C
@��.��&!�.���'��Q&'�-�
%������-�
����"���

v
��"

u
bfE�	&/"G��."E&!J����&/"��

L(v, u, p) =
1

2

∫

Ω

(

|u − u0|2 + c|v|2
)

dx +

∫

Ω

p(∆u + f + v) dx,

��)
p
��J"f�'�92N���/"�&'���'&'?D�."����,�f�,�9PR��H.�F����H��9�����
�e�*��?����A"E�F�.&'�A"��0^JvDwA6 +B¢	bT����"E���

v
��"

u
6 ������23���!�'��23���A"DU

�'��>?��	�-�,&/"�&!����>�54 �	�
"�&'2(�.�!&/"�%N�4 ���
"�&'���
������">�����,&!��.��"�;����0�!� PZ��H.�F���
H	&'���d��J">J"F�."�&'�	�
�-�.&'����UR?�4 ��J"EI
LaI �
&/����;����

∂L
∂v

=
∂L
∂u

=
∂L
∂p

= 0.

PR�p�,����23&'1����M�,%���&'@B%��M�,�	�
���_�!��?��	���
&/"�&'�	� �54 �	�
"�&'2(�.�!&/"�%�^Jv�w,6 +$-	b<UV�!��E��?��	���
�+�,�	�
���_�:4 %D;��-�a"�&'�	�
@	%���&/u-%������.�G�:4 %�"F�."9�	���J�	&'��"

p
U,��"G�!�N"E���	&'E&'1�23�>�:4 %D;��-�."�&'���M@B%���&/u-%��>�-�.�G�:4 %�"F�."

u
6 •

������� ��!�� �W�ª#&%�� ����( � � � ���ª#�� �&��(
)+*�,
	�,/) 021436587�9;:=<>38?@741
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d6XZD2R}D8XmYOFp[\XZD2R/TUJ�TUXZDOFpb2Y+e J�HKH^Jg$XZDr�mJ�TU�ZJZq'F-XmYOFtg�J�T/RUBZQ^D8J`F"Mr£rP>XER/MOl]F/J]F]q'�mJ�T&F}HxB�F/XZHKY6R/QKXZD
u
d6Y¢P8TUXZk8HKl�[\J�d+e XmP6R/QK[\QKFUBnRUQ^XmDg$XZDGF-Qxd6_�TU_Zo 
=P8T/l`F�B��ZXZQKT®[cXmD2R/TU_;HxBt�.4G� �>�2�¢E>�r�'�m�"2 ���Z�r¡\�8�5EW4O�n��§GF ���r¡"��gZe J`F@R/h sEh d8Q^TUJZq2HKBg$XZDr�mJ�TU�ZJ�DGg$Jtd8JuHKB�F/Y8Q^R/J

(un)
�ZJ]TUF

u
b2Y8J]H4b2Y8JuF-XmQSR}HKJ�g&M8XmQSa�d8JuHKBzd6XmD8D8_�JuQKD8Q^R/QxBEHKJ

u0 ��qD8XZYOF�d8Q^TUXZDOF�BZYOFUF-QfY8D�[\XER=d6JWHKJ�YOT��2Q^R/J`F/F/JWd6J}g$XmDr�ZJ�TU�ZJ]DOg$JmoACBEDGF"RUXZY6RUJ�g�J$R-RUJ�F/J]g$R/QKXZD�DOXZYOFcF-YOP8PGX2F-J]T/XmDOF"b2Y8J�HxB�vwXZDGg�R/QKXZD�XZk6|@J`g�R/Q^v;s�[cQKD8QK[\QKF/J�T
J
J]F-R

α
h g$XmD2�mJ$a6J�d8QS0¤_�TUJ�D2R/QxBEkOH^JmoNLNJ$R-RUJzM2£rP>XERUM8l]F/J�dfe

α
h g$XZDr�mJ$a6QSRU_�J`F@R�BmF/F/J	1�vwXZT/R/Jmq [uBZQKFD8XZYOFN�ZJ]T/TUXZDGFªP8H^YGFNHKXZQKD�b2Y+e J�HKH^J;J]F-R®g$TUYOg�QKBZH^J�P>XZYOTNHKJ]F®d6_�[\XmDOF@RUTUBER/QKXZDOF4d6JCg�XZDr�ZJ]T/�mJ�DOg�J�d6J]FBEHK�ZXZTUQ^R/M8[\J]F]o�{Ie BEP8P8HKQxg�BnRUQ^XmDtd6J`FªBEHK�ZXZTUQ^R/M8[\J]F'P8TU_]F/J�D2R/_`F¦Qxg$Q8s;HxB=[\QKD8Q^[\QxF/BER/QKXZD\d6JNvwXZDOg$R/QKXZDOFg$XZDr�mJ$a6J]Fªb2Y8Q6D8J�F/XZD2R.POBZF vwXmT-RUJ�[\J�D2RIg$XmDr�ZJ$a6J`F'P>J�Y8R4F-XmY8H^J]�ZJ]Tªb2Y8J]HKb2Y8J`FªPGJ�R/Q^R/J`FId6Q^yug�Y8H^R/_]F]qF/BZDOF�POBZT/HKJ�T;d6J]F�EO��4>¡]¡`�r¡}d6Q^y�g$Y8H^R/_`F;b2Y8QªBEP8PGBET&BEQxF/F/J�D2R�HKXZT&F/b2Y8JWH�e XmD�g&M8J]TUg&M8J}s�BEP8POT/X6g&M8J]TH^Ju[\QKD8Q^[tY8[ d+e Y8DOJ\vwXZDOg$R/QKXZD�D8XZD g$XmD2�mJ$a6JI� ;N£2POQKb2Y8J][cJ]D2R]q+g$J`FWBEHK�ZXmT/Q^R/M8[\J`F;P>J�YO�ZJ�D2R}D8JPOBZF�g�XZDr�ZJ]T/�mJ�T®J$R=X2F/g�Q^HKHKJ�T�J�D2RUT/JWP8HKYOF/Q^J]Y8T&F�PGXmQ^D2R&F=d6JW[\QKD8Q^[tY8[zqOXmY�k8Q^J]DzP8Q^TUJWQKHKF=PGJ]Y8�ZJ]DmRg$XZDr�mJ�TU�ZJ�T"�ZJ�T&F}YOD�[\Q^DOQ^[tY8[ H^X6g]BEH�q¦RUT/l`F"HKXZQKD�dfe Y8D�[\QKD8QK["Y8[ �mH^XmkOBEHC��d8BZDOFcH^J�g�BZFtD8XmDg$XZDr�mJ$a6JZq6g�v@oOHKBi�ITUXZP>XmF/QSRUQ^XmD�VOo �8o ± ��o
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±m± � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

���r���6��=f�'�Ml�n oDf oZl°�=XZYOF;D8XmYOFCH^QK[\QSRUXZDOFCBEY6a~F/J�Y8HxFpBEHK�ZXmT/Q^R/M8[\J`F=d6_�R/J�TU[\Q^DOQKF-R/J`F=J�RCD8XmYOFDOJ�d6QxF-XmDOF}TUQKJ�D�d6J`F"BZH^�mXZTUQSRUM8[\J]F"d8J�R@£rPGJ�F@RUX6g&MOBZF-R/Qxb2Y8J��wTUJ]g�Y8Q^RcF/Q^[tY8H^_mq'BZH^�mXZTUQSRUM8[\J]F}�m_$hDO_$R/Qxb2Y8J]F]q>J$RUgZo �$o$9;Y6R/TUJ"HKJ}v�BZQSRWb2Y8J"HKJ�Y8TpBEDGBEHK£rF/JWv�BZQSRWBEP8P>J�Hªs�HxBuRUM8_�XmT/QKJtd8J]F;P8T/XmkOBEkOQ^HKQSRU_]F��b2Y8J�D8XZYOFªD¦e BZkGXmTUd6XmDOF POBZFªd8BZDOF.g$J�g�XZY8T&FU�$q�H^J]Y8T.Y6R/QKHKQKFUBnRUQ^XmDtJ`F@RªR/TUl]Fªd6Q@0¤_�TUJ�D2R/Jmo\� XmY8TIFUg&M8_$h[uBER/QxF-J]T"F-QK[\P8HKJ�[\J�D2R]qªd6QxF-XmDOF}b2Y8J�HKJ]FtBEHK�ZXmT/Q^R/M8[\J`FWd6_$RUJ�TU[cQKD8QxF@RUJ]FtF-XmDmRtH^J`F}P8HKYOF}J�y�g�BZg�J]FP>XZYOT�HKBc[\QKD8Q^[\QxF/BER/QKXZD�d6JpvwXmDOg�RUQ^XmDOF�g$XmDr�ZJ$a6J`F�q2RUBZDOd6QxF�b2Y8JWHKJ]F�BZH^�mXZTUQSRUM8[\J]F�F@RUX6g&MOBZF-R/Qxb2Y8J]FP>J�TU[\J$R/R/J�D2R=dfe BEPOP8T/X6g&M8J]T®d8J]F�[\Q^DOQ^[uBCEG�Z4e7ª�8�e�¢��J$R�POBmF®F/J�YOH^J][cJ]D2R�HKX6g�BZY6aO�Nd8J;vwXmDOg�RUQ^XmDOFDOXZDzg$XZDr�mJ$a6J]Fp��scY8DzP8TUQ^a�R/XmY6R/J�vwXZQxF�BZFUF-JG1;_]H^J]�Z_pJ�DzP8T&BnRUQKb2Y8J���o •

)¦*�,
	�,Z[ �&b��47I5O? 3��	�q_���9�_ 3 � � _ �I5e`ª9;?!_¦1N3��`<�` � �k`.1��°<¤741N3656`.?-1N3�_����
LNXm[c[\J]DeP$XmDOF"PGBET"_�R/YOd8Q^J]TtHxB~TU_]F/XZHKY6R/QKXZD�POTUBER/QxbmYOJ�d6J�P8T/Xmk8HKl�[\J]Ftdfe XmP6R/QK[\QKFUBnRUQ^XmD�J�DH�e BEkOF/J�DOg�JWd6JWg$XZD2RUTUBZQ^D2R/J`F�o < XmQSR

J
Y8D8JpvwXZDGg�R/QKXZD

α
h g�XZDr�ZJ�arJpd6Q@0>_]T/J]D2R/QxBEk8HKJWd6_h:ODOQ^J}F/Y8T�H�e J]F-hPGBZg$JWd6J*d=Q^HKk>J�T/R�T/_]J�H

V
q6XmD�g$XZDGF-Qxd6l�TUJCH^JWP8TUXZkOH^l][cJWFUBEDOF�g�XZD2R/T&BEQKD2R/J

inf
v∈V

J(v) .
�@� ² o V2�Z�

Ate BEP8TUl]FjH^JM;�M8_�XmT/l][cJ�V8o��6o ��Q^HCJ$a6QxF@RUJ~Y8D8J�Y8D8Qxb2Y8J�F/XZHKY6RUQ^XmD
u
q�g�BZTUBmg�R/_]T/QxF/_�J�dfe BEP8TUl]FjHKB

/�J�[uBET&b2Y8J\� ² o��6o��WPGBET�H�e _`bmYGBnR/QKXZDzdfe IY8HKJ�T
J ′(u) = 0 .

� �5EW4O�n��§GF ���{2 �"EG�n�62'���r�¤§ ) Bª�8¡ 4eB §]�����8�
{4e BZH^�mXZTUQSRUM8[\Jzd8J��mTUBmd6QKJ�D2R�g$XZDGF-QxF@RUJ�s"f/F/Jzd8_�P8HxBZg�J�T g�dfe Y8D8J�Q^R/_�TU_�J

un J]D�F/Y8QK�nBED2RuHKBHKQK�ZD8J}d6J"P8H^YGF��ZT&BEDGd6JWPGJ]D2R/J"BmF/F/X6g$QK_�JWs\HKBuvwXZDOg$R/QKXZD~g$X �6R
J(v)

o¤{¦Bud6QKT/J`g�RUQ^XmDzd8J"d6J]FUg$J]D2R/Jg�XZTUT/J`F-P>XZDGd8BED2R's;g$J$R/R/J�HKQ^�mD8JNd6J®P8HKYOFª�ZT&BEDGd6JIP>J�D2R/J�QxF/F/Y8JNd8J
un J]F-R.d6XZD8DO_�J®POBET H^J®�ZT&BZd8Q^J]DmR

J ′(un)
o�4D�Jh0¤J$R]qGF-QfH�e XmD�g&M8J�T&g&M8J

un+1 F/XZYGF�HKBtvwXZTU[\J
un+1 = un − µnwn ,

�@� ² o V ± �
B��mJ]g

µn > 0
P>J$RUQSR\J$R

wn Y8DOQSR&BEQKT/JjdOBEDOF
V
qªgEe J]F-RcB��ZJ`g\H^J�g&M8XZQ^a�d6JjHxB~d6QKT/J`g�RUQ^XmD

wn =
J ′(un)

‖J ′(un)‖
b2Y8J=H�e XZD�P>J�Y6R�J]F/P>_�TUJ�TNR/TUXZY8�mJ�TIHxB}P8HKYOF®P>J$R/Q^R/JC�nBEHKJ�Y8T�d6J

J(un+1)
�wJ]DjH�e BZkOF-J]DOg$J

d+e BZY6R/TUJ]F�QKD6vwXZTU[uBnRUQ^XmDOF�g$XZ[\[\JWHKJ]F�d6_]T/QK�Z_]J]F�F-YOPG_]T/QKJ�Y8TUJ]F�XmY�HKJ]F�Q^R/_]T/_]J]F�BZDmRU_�TUQ^J]Y8TUJ]F&��oLNJ�R-R/JCTUJ�[uBET&b2Y8J�F-QK[\P8HKJ=D8XmYOF4g�XZDOd6YOQSR`qmPOBZT/[\QGH^J`F4[\_$RUM8X6d6J]F®d6YuR@£rP>Jt�-� ² o V ± �.b2Y8QGF/XZD2RBZP8P>J�HK_�J]F f-[\_$RUM8X6d6J]Fpd6J�d6J`F/g�J�D2R/Jhg&qfs�H�e BZH^�mXZTUQSRUM8[\Jtd6J�EG�n�62'���r�¤§ )�Bª�8¡+4eB §]�����8�-q>d8BZDOFHKJ]b2Y8J]H�XZD�TU_]F/XZY6RuY8DOJ~F-YOg]g$J`F/F/Q^XmD°d8J�P8T/Xmk8HKl�[\J�d6J�[\Q^D8QK[\QKFUBnRUQ^XmD¯s Y8D8J~F/J�Y8HKJ��nBETUQKBZk8H^JTU_�J]H^HKJz�w[\��[\JuF-Q
V
D+e J]F-RpPGBZFpd6J\d6Q^[\J]DOF-QKXZD :OD8QKJ`�$o 
 PGBET/R/QKTpd8J

u0 b2Y8J]HKg�XZDOb2Y8J\d8BZDOF V qXmD�g�XZDOF-R/TUY8Q^R�HKBuF/Y8Q^R/J
(un)

d6_h:GD8Q^JWPGBET
un+1 = un − µn J ′(un) ,

�@� ² o V R2�
X.-

µn ∈ R
J`F@R�g&M8XmQKF/Q+s\g&MOBZb2Y8Jp_$R&BEP>JCR/J�H'bmYOJ

J(un+1) = inf
µ∈R

J
(

un − µJ ′(un)
)

.
�@� ² o V.UZ�

LNJ�R=BEHK�ZXmT/Q^R/M8[\Jpg$XmD2�mJ�TU�ZJCg$XZ[\[\JpH�e QKDOd6QxbmYOJWH^JWTU_]F/Y8H^RUBnR�F/Y8QK��BZD2R]o
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��k���k�'��#)(*��
 �	���� +�,����	K +%,
���� 	$�,� ±Z± V
L*F' �4G��H2��� l�n$o�f o�� p�r ��x ��� } �	yCwhxey J yh��u

α
� ~ } re��yc��y s t ���h�QyhrYuZt5|.�hz@y y	u whxey

J ′ y���u � t � ��h~���tvu��	t5yhr ��x�� u } x�u,� } ��rW�¡s�y
V � ~e� yh��u � � � s�tv�cy¡whxey

∀M > 0, ∃CM > 0, ‖v‖+ ‖w‖ ≤M ⇒ ‖J ′(v)− J ′(w)‖ ≤ CM‖v − w‖ .
�@� ² o V �m�

	 z } ��� z � |�z � } ��tvuv���CyCs�y�� �Q|�s�t5y	reu � � |¢� } � u�tv� |�zK~ } rY�¢y	�Z�ky���w	xeyhz w	xey � } tvu u0 � z@|C��x�tvu�y (un)s��Z��ret5y � |����!$&% � � � �{yhu��!$&% � ��� �{~ } rY�¢y	�Z�ky��¢y	��� z@|C� } zSx�uZt } r u s.y��!$(% � � � � �
i� r��4>�'¡]§��n�6§`�54>�)o}{'B vwXZDGg�R/QKXZD

f(µ) = J
(

un − µJ ′(un)
) J]F-R�vwXZT/R/J][cJ]D2R�g$XmD2�mJ$a6J�J$Rd6_�TUQ^�nBZk8H^J}F/Y8T

R
��F-Q

J ′(un) 6= 0
AOF/Q^DOXZD+qGXZD~Bud6_-|-s�g$XmD2�mJ�TU�Z_mq

un = u
� �$oO{+J"P8T/Xmk8HKl�[\J"d6J[cQKD8QK[\QKFUBnRUQ^XmD°�-� ² o V.Um�CB�d8XZDOgck8QKJ�D Y8D8J�F/XZHKY6RUQ^XmD�Y8DOQKb2Y8Jmq¦g�BZTUBmg�R/_]T/QxF/_�J"PGBETWHxB�g�XZDOd8QSRUQ^XmD

f ′(µ) = 0
q8g�J}b2Y8Q+F�e _]g�T/Q^R=BEYGF/F/Q

〈J ′(un+1), J ′(un)〉 = 0 .
�@� ² o V �E�

LNJ]g$Qf[\XmDmRUT/JWb2Y8J}d6J]Y6a¡f/d6QKT/J`g�R/QKXZDGF�d6JWd6J]FUg$J]DmRUJ�gWg$XZDGF-_`g$Y6RUQ^�mJ]F�F-XmD2R�XmT-RUM8XZ�mXZDOBZH^J`F�o
�4Y8QKFUb2Y8Jp�@� ² o V �E�+Q^[\P8HKQKb2Y8J�b2Y8J 〈J ′(un+1), un+1−un〉 = 0

q�XmD"d6_]d8Y8QSR.d6J®H�e
α
h g�XZDr�ZJ�arQ^R/_d6J

J
b2Y8J

J(un)− J(un+1) ≥ α

2
‖un − un+1‖2 . �@� ² o V��2�

�IY8QxF/b2Y8J�HxB}F/Y8Q^R/J
J(un)

J`F@RNd8_]g$TUXZQxFUF/BZDmRUJ�[cQKD8XmT/_]J"�wPOBZT
J(u)

��q2J�HKHKJ=g$XmD2�mJ�TU�ZJ®J$R4H�e Q^D8_]�mBZH^Q^R/_�@� ² o V3�m�4[\XZD2R/TUJWbmYOJ
un+1 − un RUJ�DOd��mJ�T&F

0
o8Ate BZY6R/TUJWPOBET/R]q6H�e

α
h g$XZDr�mJ$a6QSRU_Wd6J

J
J�R�H^Jpv�BZQSRbmYOJ�HKB�F-Y8Q^R/J

J(un)
J]F-R"k>XZTUD8_�Jj[cXmD2R/TUJ�D2Rtb2Y8J�HxB~F/Y8QSRUJ

(un)
J]F-R"kGXmT/DO_�J~¨ Q^H®J$a6QxF@RUJ�Y8D8Jg$XZDGF@R&BED2R/J

M
RUJ�HKH^J}b2Y8J

‖un‖ ≤M .
�4g$TUQ^�nBZDmRW�@� ² o V �2�ªPGXmY8T

v = un J�R
w = un+1 J�R®Y8R/QKH^QxF/BZD2Rp�-� ² o V �Z��q2XZD��ZXZQ^R4v�Bmg$QKH^J][\J�D2R�b2Y8J

‖J ′(un)‖ ≤ CM‖un+1 − un‖ q8g�J}bmYOQ+[\XZD2R/TUJ}b2Y8J J ′(un)
RUJ�DOdz�mJ�T&F

0
oO{Ie

α
h g$XmDr�ZJ$a6Q^R/_Wd6J

J
d6XmD8D8JWBEHKXZT&F
α‖un − u‖2 ≤ 〈J ′(un)− J ′(u), un − u〉 = 〈J ′(un), un − u〉 ≤ ‖J ′(un)‖ ‖un − u‖ ,bmYOQ+Q^[\P8HKQxbmYOJ

α‖un − u‖ ≤ ‖J ′(un)‖ qOdfe X�-zH�e XmD~d6_]d6YOQSR=HxBug$XmDr�ZJ�TU�ZJ]DOg$Jpd6JWH�e BZH^�mXZTUQSRUM8[\JZo
�

�j�r���6��=f� ��l�n$o�f o�T�� H'J`F@R=Y8R/QKH^Jcd6J"D8XZR/J]T�H�e QKDmRU_�TU�$RCP8TUBER/Qxb2Y8J"d6J}HxB�d6J]T/DOQ^l]T/J}QKD8_]�mBEHKQ^R/_"d6Jg$J$R/R/J�d6_][\XZDOF-R/T&BnRUQ^XmD�¨+XmY6R/TUJtHxB�P8TUJ�Y8�mJ\d8JcHxB�g$XmDr�ZJ�TU�ZJ]DOg$JmqOJ]H^HKJ�d6XZDOD8J\Y8D8Ju[uBn|@XmTUBER/QKXZDBEQxF-_][cJ]D2R�g]BEHxg$Y8HxBEkOH^JWd6JpH�e J]T/TUJ�Y8T
un − u o •

� �5EW4G����§GF ����2'�"EG�n�62 ���r�¤§ ) Bª�8¡Cj �+�
{4e BZH^�mXZTUQSRUM8[\J"d6J}�mTUBmd6QKJ�D2R=suPOBmF�:8a6Jtg�XZDOF/QxF@RUJ"F-QK[\P8HKJ�[\J�D2R=J]D~HKBjg$XZDGF@RUT/YOg$R/QKXZD~dfe Y8D8JF-Y8Q^R/J
un d8_h:OD8QKJWPOBZT

un+1 = un − µJ ′(un) ,
�@� ² o VZV2�X�-

µ
J]F-R'Y8DWPGBET&BE[\l$RUT/J.P>XmF/QSRUQSv�:Oar_mo�LNJ�R-R/JN[\_$R/MOXrd8J4J]F-R'd6XmDOg.P8HKYOF'F-QK[\P8H^J®b2Y8JIH�e BZH^�mXZTUQSRUM8[\Jd6J"�mTUBmd6Q^J]D2R;suPOBmF�XZP8R/QK[\BZH�q>P8Y8QxFUbmY¦e XmD�v�BEQ^RCs�g&MGBZb2Y8J}_�RUBEP>J"H�e _]g$XmD8XZ[\QKJtd6JtHKB�T/_`F-XmH^Y6RUQ^XmDd6J°�-� ² o VkUZ��o�{+J�TU_]F/Y8HSR&BnR�F-YOQ^�nBED2Rz[\XZD2R/TUJ�F/XZYOF�b2Y8J�HKHKJ]F�Mr£2P>XERUM8l]F/J]F�XZD�PGJ]Y6R~g&M8XZQxF/Q^T�H^JPOBET&BE[\l$RUT/J

µ
PGXmY8T�BZFUF-YOT/J]T®HxB\g$XmD2�mJ�TU�ZJ]DOg$Jmo
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± R ² ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

L3F' �4G�¢Hr���Ml�n oDf o�Z p�r ��x �3� } �	y¡w	xey J y���u
α
� ~ } re��yc��yCs�t ���	�cy	reu�t5|��	z@y�y	u whxey

J ′ y���u � t � ��	~���tvu��	t5yhr ��x��
V � ~e� yh��u � � � s�tv�cy¡w	x�� tvz�yQ��t���u�y x�r�y3~ } re��u�|�rYu y C > 0

u�yhzvz�y�w	xey

‖J ′(v) − J ′(w)‖ ≤ C‖v − w‖ ∀ v, w ∈ V .
�@� ² o^� ²Z² �

	 z } ��� � ��t 0 < µ < 2α/C2 � z � |�z � } ��tvuv���Cy�s.y � �Q|�s�t5y	reu � � |¢�)�K��y¡~ } re��y	�Z�.y �)whxey	z�w	xey*� } tvu
u0 � z�|C��x�tvu y (un)

s.�5�)ret5y � | � �!$&% � ��� ��~ } re��yh�Z�ky3�¢y	��� z@|C� } zSx�uZt } r u s�y�� $(% � � � � �
i� r��4>�'¡]§��n�6§`�54>�)o3� X2F-XmDOF

vn = un−u o�LNXm[\[cJ J ′(u) = 0
q]XZD}B

vn+1 = vn−µ
(

J ′(un)−
J ′(u)

) qOdfe X�-zQKHf�2QKJ�D2R
‖vn+1‖2 = ‖vn‖2 − 2µ〈J ′(un)− J ′(u), un − u〉+ µ2

∥

∥J ′(un)− J ′(u)
∥

∥

2

≤
(

1− 2αµ+ C2µ2
)

‖vn‖2 ,

�@� ² o^� ² ���
d+e BZP8T/l`F��@� ² oK� ²m² �'J$R4H�e

α
h g$XmD2�mJ$a6Q^R/_Zo < Q

0 < µ < 2α/C2 qmQ^HGJ]F-RIv�BZg�Q^HKJ�d6J��mXZQKTIb2Y8J 1−2αµ+
C2µ2 ∈]0, 1[

q6J�R�HKB\g$XmDr�ZJ�TU�ZJ]DOg$JCF-JWd6_`d6Y8Q^R;d6Ju�@� ² oK� ² �`��o
�

���r���6��=f�'�Ml�n oDf oDf �=D8J�BZd8BZP6RUBER/QKXZD"F/Q^[\P8HKJNd8JNHxB=d6_][\XZDOF-R/T&BnRUQ^XmD}P8TU_]g$_`d6J�D2RUJZq`HKBZQKFUF-_]J4BEYHKJ]g$R/J]Y8TNJ]Dj�mY8QKF/J;d+e J�arJ]TUg�QKg�JZqmPGJ]T/[\J$R�d6J;[cXmD2R/TUJ�T®HKBtg$XZDr�mJ�TU�ZJ�DGg$J�J�DjT/J][cPOHKB.P�BED2Rp�@� ² o^� ²Z² �PGBET�H�e Mr£rP>XER/MOl]F/J}P8HKYOF�v�BZQ^k8HKJj�-� ² o V �2��o � H¦v�BEY6RCD8XERUJ�T=BZYOFUF-Q bmYOJZqOP>XZYOT=H�e BZH^�mXZTUQSRUM8[\Jpd8J"�ZT&Bnhd8Q^J]DmRcszPOBZF :OarJmq¦szHxB�d6QS0¤_�TUJ�DGg$Jjd6Y��mTUBmd6QKJ�D2R}szPOBZFWXmP6R/QK[uBEH�q+HxB�F-Y8Q^R/J
J(un)

D+e J`F@R}PGBZFDO_]g$J`F/FUBEQKTUJ�[\J�D2R�[cXmD8XERUXZD8Jmo •
���r���6��=f�'�Ml�n oDf o���� H=J$a6QKF-R/J~d8J~D8XZ[tk8TUJ�Y6a¢BZY6R/TUJ]FuBZH^�mXZTUQSRUM8[\J]Fud6J~d8J]FUg$J�D2RUJ~d6Y�R@£rPGJ�-� ² o V ± �\b2Y8J�DOXZYOFjD8J�d6_`g$TUQ^TUXZDGFuPOBZFjQKg�Q�o 9;DTUJ�DOg�XZD2R/TUJ�D8XZRUBE[\[\J�D2Rzd8BEDOF�g$J�R-R/J�g$HxBZFUF-Jd+e BZH^�mXZTUQSRUM8[\J]FIHxBt[c_�R/M8X6d6Jpd6Y��ZT&BZd6QKJ�D2R®g�XZDn|@YO�ZY8_pd8BEDGF4HxBZb2Y8J]H^HKJ=HxBtd8Q^TUJ]g$R/QKXZDjd6Jpd6J`F/g�J�D2R/J
wn d6_]PGJ]DOd D8XmD�F/J�Y8HKJ�[\J]DmR"d8Y��mTUBmd6QKJ�D2R

J ′(un)
[uBEQxFWBEYOFUF-QId8J]F}d6QKTUJ]g�RUQ^XmDOFWd6Jud6J`F/g�J�D2R/JY8R/QKH^QxF-_]J]F�BEY6a�QSRU_�T&BnRUQ^XmDOFuP8TU_]g�_]d6J]DmRUJ]F]oN�=XZYOFjP8T/_`F-J]D2R/XZDGF�g$J�R-R/J�[c_�R/M8X6d6J�d8BEDGF�HxB < XZYGF@hF/J]g$R/QKXZD�� ± oK�ZoVU6q8P>XZY8T;H^Jtg�BZF=POBET/R/Qxg$YOH^QKJ�T=d+e Y8DOJ}vwXZDGg�R/QKXZDOD8J�HKH^Jcb2YOBZd6T&BnRUQKb2Y8J}d8Y�R@£rPGJ 1

2Ax ·
x− b · x o •
���r���6��=f�'�Ml�n oDf o���LNXm[\[cJ]D2R.g&MOXZQxF-QKT'J]D2R/TUJNHKJ]F.d6J]Y6atBZH^�mXZTUQSRUM8[\J]F d6J��ZT&BZd6QKJ�D2R.bmYOJND8XmYOF�mJ�D8XmDOFCd6Jt�mXZQKT]q>J$RWP8HKYOFC�Z_]D8_�T&BEHKJ�[\J]DmRCJ�D2R/TUJcH^J`FCd8QS0¤_�TUJ�D2R/J`F=[\_�R/M8X6d6J`FWd6Jt[\QKD8QK[cQxFUBnR/QKXZDDrY8[\_]T/Qxb2Y8J�b2Y8QWJ�arQxF-R/J�D2R � �=D�P8TUJ�[\QKJ�Tzg$TUQSRUl�TUJ�d6J�g&M8XmQSag�XZDOg�J�TUD8J�HKJ�g�X �6R�d6J g&MOBZb2Y8JQ^R/_]TUBER/QKXZD+o��.BZT®J�a6J�[\P8HKJZq6D8XmYOF�H�e B��ZXmDOF�d6Q^R]q8g&MOBmbmYOJCQ^R/_]TUBER/QKXZD�d6JWH�e BEHK�ZXmT/Q^R/MO[cJpd6Jp�ZT&BZd8Q^J]DmRs�POBmF :8a6JcJ]F-RW[cXmQ^DGF;g&M8l]T/J\b2Y+e Y8D8JcQSRU_�T&BnR/QKXZD�d6J\�ZT&BZd6QKJ�D2RCsjPOBZFCXmP6R/QK[uBEH�o��4�2Qxd6J][c[\J]DmR`qF/Q�H�e XZD�POBET/R\d8J�HxB~[\��[\J�QSRU_�TU_�J

un qªY8D8J�Q^R/_�T&BnRUQ^XmD�d6Y°�ZT&BZd6QKJ�D2Rts�POBmF"XmP6R/QK[uBEH�d6_]g�T/X *KRPOH^YOF}HKB�vwXmDOg�RUQ^XmD g�X �6R}b2Y+e Y8D8JuQ^R/_]TUBER/QKXZD�d6Y �ZT&BZd6QKJ�D2R}s�POBZF :8a6JZo�9;D�J�D�BETUTUQ^�mJ\d8XZDOg\BEYd8J�Y6a6QKl�[\Jug$TUQSRUl�TUJtd6Jug&M8XmQSafqfF-XmY8�ZJ]D2R;P8HKYOFWd6_�R/J�TU[\Q^DGBED2R]q+b2Y8QªJ]F-R}g$J]H^Y8QId8JtHxB �+�w§]�r¡`¡]��2 ��.4G� �>�2�¢E>�r�'�m��d6JCH�e BEHK�ZXmT/Q^R/MO[cJmq2b2Y8QW:8a6J;H^JCD8XZ[tk8TUJ;dfe QSRU_�T&BnRUQ^XmDOF4DO_]g$J`F/FUBEQKTUJ]FIP>XZYOT®TUJ�DGd6T/JH�e J�TUT/J]Y8T ‖un − u‖ QKD6vw_�TUQ^J]Y8TUJpscY8DOJpR/XZHK_�T&BEDGg$J ε :8a6_�J}BcP8TUQ^XmT/Q�o�.BETuJ�a6J�[\P8HKJZqIH�e QKD8_]�mBEHKQ^R/_��@� ² oK� ² ���}[\XmDmRUT/J�b2Y8J�HxB g$XZDr�mJ�TU�ZJ�DGg$J�d8J�H�e BEHK�ZXmT/Q^R/M8[\J�d6J�mTUBmd6QKJ�D2R�scPOBmF�:8a6JWJ]F-R�BEYz[\XZQKDOF��Z_]XZ[\_$RUT/Qxb2Y8JZqrP8Y8QxFUbmYOJ
‖un − u‖ ≤ γn‖u0 − u‖ B��ZJ`g

γ =
√

1− 2αµ+ µ2C2.
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��k���k�'��#)(*��
 �	���� +�,����	K +%,
���� 	$�,� ± RG�
LNJ$R-RUJ=TUJ�[uBET&b2Y8J=g�XZDOd6YOQSR�dfe BZQ^HKHKJ�Y8T&F�q2F-XmYOFITU_]F/J�TU�ZJ�d+e Y8DOJ;BEDGBEHK£rF/J�P8HKYOFNPGXmYOFUF-_]JZqrsWP8TU_$vw_�TUJ�TPGXmY8T=HKJ"POBZTUBZ[\l$R/TUJ

µ
HKB���BZH^J]Y8T=[\_`d6QKBZD8J

α/C2 d8BEDGF�H�e QKD2R/J�TU�nBEHKH^J ]0, 2α/C2
[ qG�nBZH^J]Y8T;b2Y8Q[cQKD8QK[\QKF/J�g$J]H^HKJ�d6J

γ
o\4D\v�BEQ^R]qEXmDtP>J�Y6RI[\XmDmRUT/J]TIb2Y8J�HKBpg$XmDr�ZJ�TU�ZJ]DOg$J®d6J]FId8J�Y6a\BEHK�ZXZTUQ^R/M8[\J]F_$R/YGd6Q^_`F}g$Q^h d6J]FUF-YGFpJ]F-R}Jh0¤J]g�RUQ^�mJ�[\J�D2R"�m_�Xm[c_�R/TUQKb2Y8J\d8BZDOF}g$J]T-R&BEQKDOFWg�BmFpPOBET/R/Qxg$YOH^QKJ�Tj��g$J�b2Y8QF-QK�ZD8Q@:OJCbmYOJ=HxB"b2YOBED2RUQSRU_ ‖un−u‖1/n B"Y8D8JCH^QK[\QSRUJ :ODOQ^Jmqrg�XZ[\P8TUQKF/J=F-R/TUQKg$R/J][cJ]D2RNJ�D2RUT/J 0

J$R
1
q6HKXZT&F/b2Y8J

n
RUJ�DOd��ZJ]TUF

+∞ ��o •
?��+�2�n�Z���Z��l�n oDf oZl W �"!3� V = R2 �C� J(x, y) = ax2 + by2 0 > � 1 a, b > 0

< * ���������8�b��!/�
.+] 0�. �3�=� ( � ��* �263����� 0 6 ( ���9� � ,/0 :7� , � (+*V0�. 1 ��� > �8�����[�8� !3�/�$:O��! . � ( �548� 0 � ( ��� : ( a = b

��! : (
x0y0 = 0

< �C����!/� . 0$1 �"� > �8������� 1 � �C:O� �34C� * 4P��� ( ��!/�g6 0 ��: . �C: 0 !������9: 190 : & � ��!\6 ( �8� 0 !/:O: (Y. 01 ��� > �8�����8� 1 �)63� .+] 0�. �3�=� ( � ��* �B6�� ��� 0 6 ( ���9��� ,\0 : ?�_ ��� , ��!��e��!/� . . �9: > 0�. ��!3��:b6"! ,/0 � 0�* �P����� µ. 0�1 �"� > �8������� 1 �B:O� , ���=6"! ( � � � . . �3< , ��!��e�"!�� . . � > 0�. �8!��X�9:5� � � . . � . 0a,�. !�:B� 0�,8( 63���

)+*�,
	�, � �&b �I7I5O?@3 �	� _�� 9 _ 3 � � _ �456`.9=?!_'143 �]<�` ��` �)_¦< <¤741N3r5e`ª?/1N3�_�� �
9;Dz_�R/YOd6QKJW[uBEQKD2R/J�DGBED2R�HKBcTU_]F/XZHKY6R/QKXZDzd6JpP8TUXZk8HKl�[\J]F�d+e XmP6R/QK[\QKFUBnRUQ^XmD�B��mJ]gCg$XZD2RUTUBZQ^D2R/J`F

inf
v∈K

J(v) ,
�@� ² o^� ² �m�

X�-
J
J`F@RpY8D8JtvwXZDOg$R/QKXZD

α
h g$XZDr�mJ$a6Jtd6Q@0¤_�TUJ�D2R/QxBEk8HKJtd8_h:OD8QKJ\F-Y8T

K
q¤F/XZYOF-h�J]DOF/J�["kOH^Jcg$XZDr�mJ$a6JvwJ�TU[c_ND8XZD"�2Qxd6J®d6J4H�e J`F-PGBZg$JNd6J,d=Q^HKkGJ]T-R T/_]J�H

V
o�{+J�;�M8_�XmT/l][cJNV8o��6o ��BZFUF-Y8TUJ4BZH^XmTUFfH�e J$a6QKF-R/J]DOg$JJ$RpH�e Y8D8Qxg$Q^R/_\d6J"HxBjF/XZHKY6RUQ^XmD

u
d8J��-� ² oK� ² �Z�$qGg�BZTUBmg�RU_�TUQKF/_�J}dfe BEPOT/l`F�HKJ¡;�M8_]XZTUl�[\J�� ² o��6oK�}POBETHKB\g$XmDOd6Q^R/QKXZD
〈J ′(u), v − u〉 ≥ 0 ∀ v ∈ K .

�-� ² oK� ²m± �
< J�HKXZD¢H^J`FcBZH^�mXZTUQSRUM8[\J]Ft_$RUYOd6QK_]F\g$Q^h d8J]FUF-XmYOF�q D8XmYOF\F-J]T/XmDOF"PGBET/vwXZQxFtBZ[cJ]D8_]F\s�P8TU_]g$QxF/J�T\d6J]FM2£rP>XERUM8l]F/J]F�F/Y8P8P8HK_�[\J]DmR&BEQKT/J`F�F-Y8T�H�e J�DOF/J�[tk8H^J

K
o

� �5EW4G����§GF ����2'�"EG�n�62 ���r�¤§ ) Bª�8¡Cj �+�~� �>�r��B'��4 ']�r�Z§]�54>�
{4e BZH^�mXZTUQSRUM8[\J�d8J��mTUBmd6QKJ�D2Rcs�POBZF�:8a6J�F]e Bmd8BEP6RUJ�BZY¢g]BZF\d6Y°P8T/Xmk8HKl�[\J��-� ² o^� ² �Z�"B��ZJ`gg$XZD2RUTUBZQ^D2R/J`F�stPGBET/R/QKT�d6JpHKB\TUJ�[uBET&b2Y8JpF-Y8QK�nBED2R/Jmo��ªXZY8T�RUXZY6R�TU_�J]H

µ > 0
q¦�@� ² oK� ²m± �IF]e _]g$TUQ^R

〈u−
(

u− µJ ′(u)
)

, v − u〉 ≥ 0 ∀ v ∈ K .
�-� ² oK� ² R2�

��XERUXZDOF
PK

H�e XZP>_�T&BnRUJ�Y8Tpd6JcP8TUXE|@J]g$R/QKXZD�F/Y8TpH�e J]DOF-J]["k8HKJtg�XZDr�ZJ�a6J
K
qfd6_	:OD8Q.BEYM;�M8_�XmT/l][\J�`�6oK�ZoK� ² d8JjP8TUXE|@J`g�R/QKXZD�F/Y8TcY8D�g�XZDr�ZJ�arJ~���ZXmQ^TtHKB /�J�[uBET&b2Y8J~���6oK�ZoK�Z�`�$o 
=H^XmTUF]q'dfe BEPOT/l`F"g$JR/M8_]XZTUl�[\JZq¤�@� ² oK� ² Rr�.D+e J]F-R�T/QKJ�D�dfe BZY6R/TUJ;b2Y8JCHxBtg]BET&BZg�RU_�TUQKFUBnRUQ^XmD�d6J

u
g�XZ[\[\J;HxB"POT/XZ|@J]g�RUQ^XmDXZT/R/M8Xm�ZXZDGBEHKJ;d6J

u− µJ ′(u)
F/Y8T

K
o 
=Y6R/TUJ�[\J]DmR=d8QSR`q

u = PK

(

u− µJ ′(u)
)

∀µ > 0 .
�@� ² o^� ² Um�

� H¦J]F-R�v�BZg�Q^HKJ}d6J}�mXZQKT�b2Y8Jj�@� ² oK� ² UZ�4J]F-R=J�D�v�BEQ^R=_`bmYOQ^�nBEHKJ�D2R=s��-� ² oK� ²m± �$q6J$R;g]BET&BZg�RU_�TUQKF/Jpd6XZDOgHKBWF/XZHKY6R/QKXZD
u
d6J"�@� ² oK� ² �Z��oE{4e BZH^�mXZTUQSRUM8[\J�d6J�EG���e2'���2�¤§ )�Bª�8¡ j �+�j� �G�r� B �¢4 '`�r�E§]�Z4G�¢�wXmYP8H^YGF�F-QK[\P8HKJ�[\J�D2R�d6JW�ZT&BZd8Q^J]DmR�P8TUXE|@J�R/_`�®J`F@R�BZH^XmTUF�d6_	:OD8Q+POBZT�H�e Q^R/_�T&BnRUQ^XmD

un+1 = PK

(

un − µJ ′(un)
)

,
�@� ² oK� ² �2�

X�-
µ
J`F@R�Y8D�POBZTUBZ[cl�R/TUJ;P>XmF/Q^R/Q^vK:8a6_mo
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± R2� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

L3F' �4G�¢Hr���Ml�n oDf o�� p�r ��x �3� } �	y¡w	xey J y���u
α
� ~ } re��yc��yCs�t ���	�cy	reu�t5|��	z@y�y	u whxey

J ′ y���u � t � ��	~���tvu��	t5yhrC��x��
V
�!s�y�~ } r6��u�|�reu�y

C � � } tv���!$(% � $&%(%���� � 	 z } ��� � ��t 0 < µ < 2α/C2 � z � | z � } ��tvuv���Cys.y3���c|�s t5yhrYu � � |¢���K��y�|���y�~ � � }�� y�~hu�t } r ~ } re��y	�Z�.y ��w	xey	z w	xey¡� } tvu
u0 ∈ K � z@|���x�tvu�y (un)s.�5�)ret5y � | � �!$&% � $(%('���~ } rY�¢y	�Z�ky*��yh��� z@| � } z�x�u�t } r u s�y{�!$&% � $&% � � �

i� r��4>�'¡]§��n�6§`�54>�)oI{'Bjd6_][cXmDOF-R/T&BnR/QKXZD�TUJ�POT/J]DOd~g$J]H^HKJtd8Y ;�M8_]XZTUl�[\J�� ² o U8o RjJ�D~XmkOF-J]T/�nBZDmRb2Y8JCHxB}P8TUJ�Y8�mJ;d6J\�@� ² oK� ² �`�ª[\XZD2RUT/JCP8HKYOF®�Z_�DO_�T&BEHKJ�[\J�D2RNb2Y8JCH�e BEPOP8H^Qxg�BER/QKXZD
v 7→ v− µJ ′(v)J`F@R=F-R/TUQxg�R/J][\J�D2R�g$XZD2RUTUBmg�RUBZD2R/JCH^XmTUFUb2Y8J

0 < µ < 2α/C2 qOgEe J]F-R-h snh d6QKT/Jpb2Y8J
∃ γ ∈]0, 1[ ,

∥

∥

(

v − µJ ′(v)
)

−
(

w − µJ ′(w)
)∥

∥ ≤ γ‖v − w‖ .
�4Y8QKFUb2Y8J�HKB�POT/XZ|@J]g�RUQ^XmD

PK
J`F@R�v�BEQKk8HKJ�[\J�D2Rzg$XZD2RUTUBmg�RUBZD2R/J�dfe BEPOT/l`F��@���6o��Z�$qNH�e BZP8P8HKQKg]BnRUQ^XmD

v 7→ PK

(

v − µJ ′(v)
) J`F@R�F-R/TUQKg$R/J�[\J]DmR�g$XmD2R/T&BZg�R&BED2R/Jmq2g�JWbmYOQ>POT/XmY8�ZJCHKBcg$XmDr�ZJ�TU�ZJ]DOg$J;d6JpHKBF/Y8Q^R/J

(un)
d6_	:OD8QKJpPOBET}�-� ² oK� ² �m�4�ZJ]TUF®HxBuF-XmH^Y6RUQ^XmD

u
d8J\�-� ² o^� ² �Z�$o

�

?V�+�2�n�Z���m��l�n oDf oD� J=� ( � V = RN �C�
K = {x ∈ RN �5� . �"!�� ∑N

i=1 xi = 1} &Q^3_�,�. ( 1�( �5���.+] � , 4�� 0 �5��!3�Y63� , ����� � 1 � ( ���7�=�h� � � �3��� 0�. � PK
�P� ( ���5�8� , ��4P�5��� 6 0 �/: 1 � 190 : . 0 LI�=� * ! . �[#�� % & � %
��'���)�5�8� * �-63� * ! . � (+,�. ( 1C0 �5��!3� 63� � 0 ��� 0 � �3� &

� �5EW4O�n��§GF ���{2,>����Z�	�"�
{¦J®TU_]F/Y8H^RUBER P8TU_]g�_]d6J]D2R [\XZD2RUT/J�b2Y8J�HKB;[\_$R/MOXrd8J�d8J®�mTUBmd6QKJ�D2R s;POBZFK:8a6J�B��ZJ`gIP8TUXE|@J`g�RUQ^XmDJ`F@R.BEPOP8H^Qxg�BZk8HKJNs�YOD8JNHxBETU�ZJNg$HxBZFUF-J®d6JNPOT/Xmk8H^l][\J]F dfe XmP6R/QK[\QKFUBnRUQ^XmD"g$XmDr�ZJ$a6J4B��mJ]gIg�XZD2R/T&BEQKD2R/J`F�o«�BEQxF'g�J$R-RUJ®g�XZDOg�H^YGF-QKXZDWJ`F@R HKBZT/�mJ�[\J�D2R'YOD}H^J]Y8TUT/J®d6Y}P>XZQKDmR.d6J®�rY8J4P8T&BnRUQKb2Y8Jmq`g]BET'H�e XZP>_�T&BnRUJ�Y8Td8JNP8TUXE|@J`g�RUQ^XmD

PK
D+e J`F@RªPOBmF g�XZD8DrYtJ$a6P8HKQKg�QSRUJ�[\J�D2RªJ�Dc�Z_�DO_�T&BEH>¨`HxB;P8T/XZ|@J]g$R/QKXZD"dfe Y8Dc_�HK_�[\J�D2R

v ∈ V F/Y8T�Y8D�g$XmD2�mJ$a6J;vwJ�TU[c_}b2Y8J]HKg�XZDOb2Y8Jpd6J
V
P>J�Y6R���R/TUJCR/TUl]F�d6Q^y�g$QKH^J}s\d6_�R/J�TU[\Q^DOJ�T¦�

�=D8J}J$a8g�J�P6RUQ^XmD�QK[\PGXmT-R&BED2R/JWg$XmDOg$J]T/DOJZq6J�D�d6QK[\J�DOF/QKXZD{:OD8QKJ��wP>XZY8T
V = RM ��qOHKJ]F�F/XZYGF@hJ]DOF/J�["kOH^J`F

K
d8JWHKBtvwXZTU[\J

K =

M
∏

i=1

[ai, bi]
�@� ² o^� ² �Z�

��B��ZJ`g}_��mJ�D2R/YOJ�HKH^J][cJ]D2R
ai = −∞ XmY

bi = +∞ P>XZY8TWg�J�T/RUBEQKDOF;Q^DGd6QKg�J]F
i
��o�ID�Jh0¤J$R`qfQ^HªJ]F-RBZH^XmTUF v�Bmg$QKH^J;d6J��ZXmQ^TNbmYOJZqmF/Q

x = (x1, x2, . . . , xM ) ∈ RM q
y = PK(x)

BWP>XZYOT4g$Xm[cP>XmFUBED2RUJ]F
yi = min (max (ai, xi), bi)

P>XZY8T
1 ≤ i ≤M ,

�-� ² oK� ² �m�
BZY6R/TUJ�[\J]DmRzd6Q^R]q�Q^HWF/Y6y\Rt|@YGF@RUJ�d6J+f@R/TUXZDOb2Y8J]T!g�H^J`Fzg$XZ[\P>XmFUBED2R/J`Fjd6J

x
o=LNJ�R-R/J�P8TUXZP8TUQK_$R/_F/QK[cPOH^JmqO|@XmQ^D2R/J`FtBZY6a�T/J][uBET&bmYOJ]F"F/Y8TtHKB�d6YOBEHKQ^R/_�_�D8XmDOg$_]Jjd8BEDGF"HxB < J`g�RUQ^XmD� ² o ± q¦�nB~D8XmYOFg�XZDOd8Y8Q^TUJ;s"Y8DjDOXZY8�mJ�H¤BEHK�ZXZTUQ^R/M8[\JZo�ID�Jh0¤J$R]q6[\�][cJCF-Q¤HKJ;POT/Xmk8H^l][\J=P8TUQ^[uBZHOv�BZQSR�Q^D2RUJ�TU�ZJ�DOQ^TYOD¢J]DOF-J]["k8HKJ

K
d8J]F\F-XmH^Y8R/QKXZDOF\BZd8[cQxFUF-QKk8HKJ]F\F-YOTuH^J`bmYOJ�H�HKB�P8TUXE|@J`g�RUQ^XmD

PK
D8JzPGJ]Y6Ru�$RUT/Jd8_$R/J]T/[\QKD8_�JcJ$a6P8HKQxg$Q^R/J�[\J]DmR`q¤H^J\P8TUXZk8HKl�[\Jcd6YOBEH.F/J�T&BuvwTU_]b2Y8J][c[\J]DmRpP>XmF/_cF/Y8TpY8D�J]DOF/J�["kOH^Jd8J�HKB;vwXZTU[\JW�@� ² o^� ² �Z��q`R@£rP8QKb2Y8J][\J�D2RIF-Y8T

(R+)M oEACBEDOF4g$J�g�BmF�qnHKJ�P8TUXZk8HKl�[\J�d6YOBEHOPGJ]Y6RI�$RUT/JTU_]F/XZHKYpPOBET'HKB�[c_�R/M8X6d6J®d6Y}�mTUBmd6Q^J]D2R¦s�POBmF :8a6J4B��mJ]gªP8TUXE|@J`g�R/QKXZD¦q�J$R'HKB;F-XmH^Y6RUQ^XmD}d6Y}P8TUXZkOH^l][cJPOT/QK[uBEH.P>XZY8TUTUB�J�DGF-Y8Q^R/J\��R/TUJcXmk6R/J]DrY8J\J�D T/_`F-XmH^�nBZDmRpY8D P8TUXZk8HKl�[\J\d6Ju[\Q^DOQ^[\QxF/BER/QKXZD ¡]�8� ¡�.4G�¤§]�n�8���¤§`�GoILNJ]F"T/J][uBET&bmYOJ]FWF/XZD2Rts�HxB�kOBmF-J�d6JjH�e BEHK�ZXmT/Q^R/M8[\J�dfe � 1`B�
®BOq¦b2Y8Q4J`F@RtJ�D�v�BZQSRYOD8JW[\_$R/MOXrd8J}d6JpT/J`g&M8J�T&g&M8Jpd6JWPGXmQ^D2R/h F/J�HKH^Jmo
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 �	���� +�,����	K +%,
���� 	$�,� ± R ±
LNXmDOF/QKd6_]T/XmDOF®H^JWPOT/Xmk8H^l][\Jpd8JW[cQKD8QK[\QKFUBnRUQ^XmD�g�XZDr�ZJ�arJ

inf
F (v)≤0

J(v) ,
�@� ² o^� ² V2�

X�-
J
J]F-R�Y8D8JpvwXmDOg�RUQ^XmD8D8J]H^HKJ}g$XmD2�mJ$a6Jpd6_h:ODOQ^J}F/Y8T

V
J$R
F
Y8D8JpvwXmDOg�RUQ^XmD�g$XZDr�mJ$a6JCd8J

V
F/Y8T

RM o < XmYOFtH^J`FtMr£rP>XER/MOl]F/J]Fcd6YI;�MO_�XZTUl�[\J�d6J �pYOM8D�J�RC;'YOg��ZJ]T�� ² o ± o ROq'HKB�T/_`F-XmH^Y8R/QKXZD�d6J�@� ² o^� ² V2�ITUJ��rQKJ�D2R�s"RUT/XmY8�ZJ]T�Y8DzPGXmQ^D2R-h F/J�HKH^J
(u, p)

d8Yz{'BE�mTUBZD8�ZQKJ�D
L(v, q) = J(v) + q · F (v) ,

�@� ² oK�Z� ² �
F-Y8T

V × (R+)M o 
 POBET/R/QKT�d6JWHxB\A=_	:OD8Q^R/QKXZD � ² o ± o^�pd6YzPGXmQ^D2R/h F/J�HKH^J
∀ q ∈ (R+)M L(u, q) ≤ L(u, p) ≤ L(v, p) ∀ v ∈ V ,

�@� ² o^�m�Z���
XZD�d8_]d6Y8Q^R}b2Y8J

(p − q) · F (u) ≥ 0
PGXmY8TCR/XZY8R

q ∈ (R+)M qfdfe X�-�XZD~RUQ^TUJZq¤P>XZY8TCRUXZY6RpT/_]J�H
µ > 0

q
(p− q) ·

(

p−
(

p+ µF (u)
))

≤ 0 ∀ q ∈ (R+)M ,g$JWb2Y8Q�qGdfe BZP8TUl]FW�@���6oK�`�$q6[cXmD2R/TUJCb2Y8J
p = PRM

+
(p+ µF (u)) ∀µ > 0 ,

�-� ² oK�Z���Z�
PRM

+

d8_]F/Q^�mDOBED2R�HKBcP8TUXE|@J`g�RUQ^XmD�d6J
RM F/Y8T

(R+)M o

=Y �2Y d6J\g$J�R-R/JuPOT/XmP8T/QK_$RU_"J�RWd8JcHxBzF-J`g$XmDOd6JcQ^D8_]�mBZH^Q^R/_\d8BEDGFc�-� ² o^�m�Z�`�$q¤D8XZYOFCP>XZY8�mXZDOFQ^D2R/TUX6d6Y8QKT/Jt�!>^�O�5EW4O�n�w§OF'���"2)> � �m� �t��¨fs�PGBET/R/QKT;dfe Y8D�_]H^_][\J�D2RCb2Y8J]HKg�XZDOb2Y8J

p0 ∈ (R+)M qXZDzg$XZDGF@RUT/Y8Q^R�H^J`F�F/Y8QSRUJ]F
(un)

J�R
(pn)

d8_$R/J]T/[\QKD8_�J`F�POBET�HKJ]F�QSRU_�T&BnR/QKXZDGF
L(un, pn) = inf

v∈V
L(v, pn) ,

pn+1 = PRM
+

(pn + µF (un)) ,

�@� ² oK�Z� ± �

µ
_�RUBED2R�Y8DzPOBZTUBZ[cl�R/TUJ;P>XmF/Q^R/Q^vK:8a6_mo

L*F' �4G��H2��� l�n$o�f o � p�r{��x ��� } �	y*w	xey J y���u
α
� ~ } re��yc��y s�t ���h�cy	reu�t5|��	z@y � w	xey F yh��u)~ } re��yc��y

yhu � t � �	~���tvu��	t5yhrYrWy s�y V s.|�re�
RM � ~Y� y���u � � � s tv�cy�w	x�� tvz�yQ�.t���u y*x�rWy3~ } r6��u | reu�y C u�yhzvz�y¡w	xey

‖F (v)− F (w)‖ ≤ C‖v − w‖ ∀ v, w ∈ V ,
�-� ² o^�m�	R2�

yhu w	x�� tvz�yQ��t���u�y�x�r � } tvreu � �	yhzvz�y (u, p)
s�x � |	���c| rk��t5yhrI�!$&% � $($&%��{��x�� V × (R+)M � 	 z } ��� � ��t

0 < µ < 2α/C2 � zc� |�z � } ��tvu8��� y s ��� �G|��)|�~ } re��yh���.y ��w	xeyhzKw	xey*� } tvu,zc� �hz@�	� yhrYu�tvrYtvuZt5| z p0 � z@|��x�tvu�y
(un)

s��Z��rYt5y � |�� �!$(% � $&$ � ��~ } re��yh�Z�ky3�¢y	��� z@| � } z�x�uZt } r u s�x � � } �hz �h� y{� $(% � $(% � � �
i� r��4>�'¡]§��n�6§`�54>�)o*/=BEP8P>J�HKXZDOFjdfe BZkGXmTUd�b2Y8J~H�e J$a6QKF-R/J]DOg$J�dfe YOD8J�F/XZHKY6R/QKXZD

u
d8J��@� ² oK� ² V2�d6_]g�XZY8HKJ;d6JCg$J]H^HKJ;d6YjPGXmQ^D2R-h F/J�HKH^J

(u, p)
���ZXmQ^TNHKB��IT/XmPGX2F-Q^R/QKXZD�� ² o ± o��Z�$qmBEHKXZT&FIb2Y8JCF-XmDuY8D8Qxg$Q^R/_J]F-R}Y8D8Jug$XmDOF-_`b2Y8J�DOg�Jud6JuH�e

α
h g�XZDr�ZJ�arQ^R/_\d6J

J
o¦A;Ju[\��[\JZq

pn _�RUBED2R :8a6_mqfH^JuP8TUXZkOH^l][cJud6J
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± R�R ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

[\QKD8QK[cQxFUBnR/QKXZD�d8BZDOF}�-� ² oK�Z� ± �NB\k8QKJ�DzY8D8J}F/XZHKY6R/QKXZDzY8DOQKb2Y8J
un oOAte BZP8T/l`F�H�e .a6J]TUg�QKg�Ju� ² o��6o �8qHKJ]F�QKD8_`bmYGBnR/QKXZDGF�dfe 4Y8H^J]T=FUBnR/QxF-v�BEQ^R/J]F�PGBET

u
J$R
un F]e _]g$TUQK�ZJ�D2R

〈J ′(u), v − u〉+ p ·
(

F (v) − F (u)
)

≥ 0 ∀ v ∈ V ,
�-� ² oK�Z�¢UZ�

〈J ′(un), v − un〉+ pn ·
(

F (v)− F (un)
)

≥ 0 ∀ v ∈ V .
�-� ² oK�Z� �m�

�4T/J]DOBED2RNF/YOg�g�J]FUF-QK�ZJ][\J�D2R
v = un d8BZDOF=�-� ² o^�m�OUZ� J�R

v = u
d8BZDOF=�-� ² o^�m���m�'J�R®BZdOd6QSRUQ^XmD8DOBZDmR`qXmD�Xmk6R/QKJ�D2R

〈J ′(u)− J ′(un), un − u〉+ (p− pn) ·
(

F (un)− F (u)
)

≥ 0 ,d+e X.-�J]D�Y8R/QKH^QxF/BZD2R�H�e
α
h g$XmDr�ZJ$a6Q^R/_pd6J

J
J�R�J�DzPGX2F/BZD2R

rn = pn − p

rn ·
(

F (un)− F (u)
)

≤ −α‖un − u‖2 . �@� ² o^�m� �Z�
Ate BEY6RUT/J�POBZT-R`qnHKBCP8TUXE|@J`g�RUQ^XmD

PRM
+

_$R&BED2R.v�BEQKk8HKJ�[\J�D2R4g�XZD2R/T&BZg$RUBED2RUJ®dfe BEPOT/l`F��@�`�8o �m��qnJ]D\F/XZYGF@hRUTUB�£2BED2RW�@� ² o^�m�`�m�Is��@� ² oK�Z� ± �.XmDzXZk6RUQ^J]DmR
‖rn+1‖ ≤ ‖rn + µ(F (un)− F (u))‖ ,F/XZQ^R

‖rn+1‖2 ≤ ‖rn‖2 + 2µrn ·
(

F (un)− F (u)
)

+ µ2‖F (un)− F (u)‖2 .
��R/QKH^QxFUBED2R"�@� ² oK�Z�	Rr�.J�R"�@� ² o^�m� �Z��qrQ^H¦�2QKJ�D2R

‖rn+1‖2 ≤ ‖rn‖2 +
(

C2µ2 − 2µα
)

‖un − u‖2 .
< Q

0 < µ < 2α/C2 q6XmD�P>J�Y8R�R/TUXZY8�mJ�T β > 0
R/J]H¦b2Y8J

C2µ2 − 2µα < −β qOdfe X�-
β‖un − u‖2 ≤ ‖rn‖2 − ‖rn+1‖2 . �@� ² o^�m�9�2�

LNJ`g$Q6[\XZD2RUT/J�BEHKXZT&F bmYOJ®HxBpF-YOQSRUJ ‖rn‖2 J]F-R4d6_`g$TUXZQxF/FUBED2R/J;¨nH^J�[\J]["k8TUJ®d8J�d6T/XmQSRUJ®d8J}�@� ² o^�m�9�2�RUJ�DOdzd6XmDOgC�ZJ]TUF
0
q8g$JWb2Y8Q+J�D2RUTUB+*xD8JWb2Y8J

un R/J]DOdz�ZJ]TUF
u
o

�


=Q^DOF/Q�q¦H�e BZH^�mXZTUQSRUM8[\J\d+e ��1]B�
�B�P>J�TU[\J$R"dfe BEPOP8T/X6g&M8J]TWHKBzF/XZHKY6R/QKXZD�d6J~�-� ² o^� ² Vm�=J�D�TUJ�[chPOHKB.P�BED2Rjg�J�P8T/Xmk8HKl�[\J~B��ZJ`g�g�XZD2R/T&BEQKD2R/J`F\POBET�YOD8J�F/Y8QSRUJ�d6J~POT/Xmk8H^l][\J]Fud6J~[\QKD8QK[cQxFUBnR/QKXZDFUBEDGF4g$XmD2R/T&BEQKDmRUJ]F;�@� ² o^�m� ± ��o 
�g&MOBZb2Y8J;QSRU_�T&BnRUQ^XmD+qZHxB"d6_�R/J]T/[\QKDOBnRUQ^XmDjd6J
pn J]F-RN_]H^_][\J�D2RUBZQ^TUJZqPOY8QKFUb2Y+e XZDzBcF/QK[cPOH^J][cJ]D2R

pn+1
i = max (pn

i + µFi(u
n), 0)

PGXmY8T
1 ≤ i ≤M ,d+e BZP8T/l`F}�@� ² oK� ² �m��o � H+v�BEY8RCBEYGF/F/Q+D8XZR/J�TCb2Y8J}HKJ3;�M8_�XmT/l][\Ju� ² oVU6o V\D8J"d8QSRCT/QKJ�D~d6J"HKB�g�XZDr�ZJ]T-h�mJ�DOg�J�d6J�HxBWF-YOQSRUJ

(pn)
o�4Duv�BEQ^R]q2g$J$R/R/J=g�XZDr�ZJ]T/�mJ�DOg�JND¦e J`F@R4PGBZFIBmF/F/Y8TU_�J�F-XmYOF.HKJ]F4M2£rP>XERUM8l]F/J]Fd8Y�RUM8_�XmT/l][\JZq+b2Y8QID+e BZFUF/Y8T/J]D2RWd+e BZQ^HKH^J]Y8T&FpPOBZFpH�e YOD8QKg�QSRU_jd6JuH�e _]H^_][\J�D2R

p ∈ (R+)M RUJ�H4b2Y8J
(u, p)

F-XmQSR�P>XZQKD2R-h F-J]H^HKJu�w�mXZQKT®HxBC/�J�[uBZTUb2Y8J\� ² o ± o^���WJ�R�H�e .a6J�T&g$Qxg$J\� ² o U8o ± g$Q^h d6J]FUF-XmYOF&��o
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��k���k�'��#)(*��
 �	���� +�,����	K +%,
���� 	$�,� ± R�U
� HGT/J`F@RUJ�sCv�BEQKT/J�HKJ�HKQ^J]DuJ�D2R/TUJ�H�e BEHK�ZXmT/Q^R/MO[cJ�dfe � 1`B�
®BCJ�R4HKBCRUM8_�XmT/QKJ�d6J�HxB}d6YOBZH^Q^R/_mqZg$Xm[\[cJD8XZYOF H�e B��mXZDOF d6_-|-sCBZD8D8XmDOg$_mo¢/=BEP8P>J�HKXZDOFªdfe BEk>XZT&d"b2Y8J®HKJ®POT/Xmk8H^l][\J®d6YGBEH8d6JW�@� ² oK� ² Vm�fF]e _`g$TUQSR

sup
q≥0
G(q) , �@� ² o^�m�]V2�

X�-+q6POBZT�d6_h:GD8QSRUQ^XmD
G(q) = inf

v∈V
L(v, q) ,

�@� ² o^��� ² �
J$R"b2Y8JuHKJu["Y8H^R/QKP8HKQKg]BnR/J]Y8T"d6J�{'BE�mTUBZD8�ZJ

p
J]F-R}Y8D8JjF/XZHKY6R/QKXZD d6Y P8TUXZk8HKl�[\J�d6YGBEH=�-� ² oK�Z�`Vm�$o

ID�v�BZQSR`qrF/XZYGFNd6J`F4Mr£rP>XER/MOl]F/J]F®BZFUF-JG1=�Z_]D8_�T&BEHKJ]F]qEXmDjP>J�Y6R�[\XZD2R/TUJ�T®bmYOJ G J`F@R�d6QS0¤_�TUJ�D2RUQKBZk8H^JJ$RCb2Y8J"H^Jt�ZT&BZd6QKJ�D2R G′(q) J`F@R=POT/_`g$QxF-_][cJ]D2R=_��2BEH's F (uq)
q>X�-

uq
J`F@RCH�e Y8D8Qxb2Y8JtF/XZHKY6R/QKXZD~d8YP8T/Xmk8HKl�[\JWd6JW[\Q^D8QK[\QKFUBnRUQ^XmD��-� ² o^��� ² �$o=IDzJh0¤J$R]q8vwXZTU[cJ]H^HKJ�[\J]DmR�XmD�B

G(q) = J(uq) + q · F (uq),J$R�J�Dzd6_]T/QK�nBED2R�POBET�T&BEP8P>XZT/R�s
q

G′(q) = F (uq) + (J ′(uq) + q · F ′(uq))u
′
q = F (uq),s g�BZYOF-Jd8JHKB g$XZDGd6QSRUQ^XmD dfe XmP6R/QK[uBEHKQSRU_P>XZY8T

uq
o�9;D �ZXmQSR¢BZH^XmTUF�b2Y8J��!>^�O�5EW4O�n�w§OF'���

2)> � �m� �"���)>K�2¡]§W�8�'§��n�{=f� �j���z�� 2§GF�4 2'� 2 ��EG�n�62'���r�¤§ )�B �8¡*je�+��� �>�2��B'��4 '`�2�Z§]�Z4G���BKBª���Z=f�' r�}�O�+B'��4Y7 �ZHr��� 2'� �8�6P8YOQKFUb2Y8J4HxB�d6J]Y6a6Q^l][cJ4_]b2YOBnRUQ^XmD}d6J=�-� ² oK�Z� ± �>P>J�Y6RªF�e _]g�T/QKTUJ
pn+1 = PRM

+

(

pn + µG′(pn)
) �wHKJ"g&MOBZD8�ZJ][\J�D2R=d6J"F/Q^�mD8JWPOBZT�TUBZP8P>XZT/R=s~�@� ² oK� ² �2�N�2QKJ�D2R;d8Yv�BEQ^R;b2Y8J}HKJ}P8TUXZk8HKl�[\J}d6YOBZHN�-� ² oK�Z�`Vm�NJ]F-R=Y8D�POT/Xmk8H^l][\J"d6J}[uBna6QK[\QKFUBnRUQ^XmD�J�R=D8XmD~d6J}[\Q^DOQSh[cQxFUBnR/QKXZD>��o'{¦JuH^J`g�RUJ�Y8Tt�Z_�TUQ@:OJ�T&B�RUT/l`FWv�Bmg$QKH^J][cJ]D2Rtg$J�R-R/J�BZFUF-J]T-RUQ^XmD�d8BZDOFWHKJjg�BmFWPOBZT-RUQKg�Y8H^QKJ�T_$R/YGd6Q^_}scH�e J�a6J�T&g$Qxg$JWF-YOQ^�nBED2R`o

?��+�2�n�Z���Z��l�n oDf o�T�� ,�,3. ( �"!/�8� .+] 0�. �3�=� ( � ��* �-6 ] � 	 0 � 070 ! , ��� A3. � * ��63� . 0�� � *V0 �D��!/� � % & � & � `#ILI��� 1 � ( �"�3�/� . . �-�"! 0 6�� 0 � ( ��!/�)�P� 1 ������� 0�( ���5�C: 0 �[�/�C:@�8�76 (+* �8�/: ( ��� ? � ( � 'C& J (S. 02*V0 ��� ( 1 � B �C:O�
6���� 0 �	� M < 1 ���"! (�0 :;:P!���� .+] !�� ( 1�( �54b63� p 6 ] 0�, � �9: . 0�� � *V0 ���"!/� � % & � & � ` < * �"�9�����8�S��!/� . 0 :C! ( �5�
pn 1 ��� > �8����� > ����: p &

�= r�'�O����¡`�6§`�54>�I2 �r¡\��4>�¤§��n�8���¤§`�r¡
�=XZYOFCg$XmDOg$HKY8XmDOF�g$J�R-RUJ"F-XmYOF-h F/J]g$R/QKXZDzJ�D�d8_]g$TUQK��BZD2R�k8T/QKl��mJ�[\J�D2R=YOD~BEY6RUT/J}[\Xn£mJ�D�dfe BEP6hP8T/X6g&M8J]TNYOD�P8TUXZkOH^l][cJCd6Jp[\Q^D8QK[\QKFUBnRUQ^XmD�B��mJ]g=g�XZD2R/T&BEQKD2R/J`FIPOBZT®YOD8JWF-Y8Q^R/Jpd6JCP8TUXZk8HKl�[\J]F�d6J[cQKD8QK[\QKFUBnRUQ^XmD�F/BZDOF"g�XZD2R/T&BEQKD2R/J]F$A+gEe J]F-R"HxB�P8TUXrg�_]d6YOT/J�d6J{B4 r�'�O����¡`�6§`�54>�¯d6J]Fcg$XmDmRUTUBZQ^D2RUJ]F]o��XZYGFu_��rQ^R/XZDGF�d6J~POBZT/HKJ�TuQxg$Q;d6J{f-[c_�R/M8X6d6JhgzXmY�f-dfe BEHK�ZXmT/Q^R/MO[cJhgzg]BETuHxB PG_]DOBEHKQKFUBnRUQ^XmD¯d6J]Fg$XZD2RUTUBZQ^D2R/J`F}D+e J]F-RtPGBZFtY8D8Jj[\_�R/M8X6d6Jzs~P8TUXZPOT/J][cJ]D2R"POBETUHKJ�T`o'{¦B�T/_`F-XmH^Y8R/QKXZD�Jh0¤J]g$R/QK�ZJ�d6J]FP8T/Xmk8HKl�[\J]FcF/BZDOFcg$XZD2RUTUBZQ^D2R/J`F"b2Y8J�D8XZYGFtBZH^HKXZDOFcg$XmDOF-R/TUY8Q^TUJjd6XmQSR\�$RUT/J�T/_`BEHKQKF/_�J�s~H�e BZQKd8J�d6JH�e Y8D~d6J`F=BEHK�ZXmT/Q^R/MO[cJ`F�d6JWHxB < XZYGF@h F-J`g�RUQ^XmD�� ² oVU6o��6oGLNJ$R/R/J}TU_]F/XZHKY6RUQ^XmD�P>J�Y8R;dfe BEQKH^HKJ�Y8T&F�F/XZY8HKJ$h�ZJ�TCd6J]FCd6Q^y�g$Y8H^R/_`F�qfg�BZT=HKJ"P8TUXZkOH^l][cJ f@P>_�DGBEHKQKF/_�gj�@� ² oK�`�m�Z��J`F@RpF-XmY8�ZJ]DmR�f@[uBEHªg$XmDOd6Q^R/QKXZD8DO_�g�w�ZXmQ^T�HxB < XZYGF@h F-J`g�RUQ^XmD�� ± o^�mo �m��o
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± R � ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

�=XZYOF�D8XmYOF®P8HxB�P$XmDOFNPGXmY8T�F-QK[\P8H^Q@:OJ]T�dOBEDOF®HKJpg]BZFNX�-
V = RN qrJ$R�D8XZYGF®g�XZDOF/Qxd6_�TUXZDOF®d6JDOXZY8�mJ]BEY�H^JWPOT/Xmk8H^l][\Jpd8JW[cQKD8QK[\QKFUBnRUQ^XmD�g�XZDr�ZJ�arJ

inf
F (v)≤0

J(v) ,
�-� ² o^���6�`�

X.-
J
J`F@R\Y8D8J�vwXmDOg�RUQ^XmD°g�XZDr�ZJ�arJ�g$XmDmRUQ^DrY8Jzd6J

RN d8BEDGF
R
J$R
F
Y8D8J�vwXmDOg�RUQ^XmD°g�XZDr�ZJ�arJg�XZD2R/QKDrY8JWd6J

RN d8BZDOF
RM o

�ªXZYOT
ε > 0

q6D8XZYGF�Q^D2R/TUX6d6Y8QxF-XmDOF�BEHKXZT&F®H^JpP8TUXZkOH^l][cJWFUBEDOF�g�XZD2R/T&BEQKD2R/J`F
inf

v∈RN

(

J(v) +
1

ε

M
∑

i=1

[max (Fi(v), 0)]2

)

,
�@� ² o^���Z�m�

dOBEDOF HKJ]b2Y8J�H6XmD2R.d8QSRIb2Y8J�H^J`F.g$XmDmRUTUBZQ^D2RUJ]F
Fi(v) ≤ 0

F-XmD2R f-P>_�DOBZH^QxF-_]J]F!g&o�9;DtPGJ]Y6R4BEHKXZT&F _�D8XmD6hg�J�T;H^J}TU_]F/Y8H^RUBER=F-Y8QK�nBED2R]q>b2Y8Q'[\XmDmRUT/J}b2Y8JmqOP>XZY8T
ε
P>J$RUQSR`qGHKJ"POT/Xmk8H^l][\J��@� ² o^���Z�m� f-BZP8P8TUXrg&MOJkOQ^J]D�gCHKJWP8TUXZk8HKl�[\Ju�@� ² oK�`�6����o

�p��4YB)4>¡]��§]�54>��l�n$o�f o5l�n p�r���x �3� } �hy w	xey J yh��u�~ } reu�tvrexey � ��uZ��t5~	u y	� yhrYu�~ } rY�¢yQ��y � y	u�tvrG�)ret5y
� z � tvrO��rYt � w	xey�z@y�� � } rW~	uZt } r6� Fi

� } rYu ~ } re��yc��yh�{yhu3~ } rYuZtvrYxey�� � } x�� 1 ≤ i ≤ M � yhu*w	xeyzc� yhre�hy	� �hz@y
K =

{

v ∈ RN , Fi(v) ≤ 0 ∀ i ∈ {1, . . . ,M}
}

yh��u�r } r��Ot5s�y � ��r�r } u�|�reu
u
z � x�rYt5whxey � } z�x�u�t } rIs.y+�!$&% � $ � $��My	u � � } x�� ε > 0 � uε

z � x�ret5w	xey
� } z�x�uZt } rMs.y��!$&% � $ � � � � } rM|{|�z } ���

lim
ε→0

uε = u .

i� r��4>�'¡]§��n�6§`�54>�)oW{Ie J�DGF-J]["k8HKJ
K

_$R&BED2Rjg$XmD2�mJ$a6J�vwJ�TU[\_Zq4H�e J$a6QKF-R/J]DOg$J�J�RjH�e Y8DOQKg�QSRU_�d6J
ud8_]g$XmY8HKJ�D2Rjd6Y&;�M8_�XmT/l][\JzVOo^�mo ± J�R�d6J�HxB�F@RUT/Qxg�RUJ~g$XZDr�mJ$a6QSRU_�d6J

J
o4A=J�P8H^YGF�qIHxB�vwXZDGg�R/QKXZD

G(v) =
∑M

i=1 [max (Fi(v), 0)]2
J]F-Rªg�XZD2R/QKDrY8JNJ�Rªg�XZDr�ZJ�a6J4P8Y8QxFUbmYOJNHxB�vwXmDOg�RUQ^XmDtd6J

R
d8BZDOF

Rb2Y8QGs
x
BZFUF-X6g$QK_

max (x, 0)2
J`F@R4g�XZDr�ZJ�a6JNJ�RNg$TUXZQxF/FUBED2RUJZo�9;DtJ]Dud6_]d6YOQSRNb2Y8J�HxBCvwXZDOg$R/QKXZD8DOJ�HKH^J

Jε(v) = J(v) + ε−1G(v)
J]F-R�F-R/TUQxg�R/J][\J�D2R�g�XZDr�ZJ�a6JZqmg�XZD2R/QKDrY8JZqrJ�R®QKD�:OD8QKJps}H�e QKD�:OD8QfPOY8QKFUb2Y8J

G(v) ≥ 0
q+g�JubmYOQIQ^[\P8HKQxbmYOJuH�e J$a6QxF@RUJ�DOg�JcJ�R}H�e Y8D8Qxg$Q^R/_�d8J

uε
oªLNXZ[\[\J

G(u) = 0
qfXmD�P>J�Y8R_`g$TUQ^TUJ

Jε(uε) = J(uε) +
G(uε)

ε
≤ Jε(u) = J(u) .

�-� ² oK�`� ± �
LNJ`g$Qf[\XZD2RUT/JWb2Y8J

J(uε) ≤ Jε(uε) ≤ J(u) ,
�-� ² o^����R2�

J�RNd6XmDOg�b2Y8J
uε

J`F@RNkGXmT/D8_�d+e BZP8T/l`F.HxBWg$XZDGd6QSRUQ^XmD3f@QKD�:ODOQ^J�sWH�e Q^D�:GD8Q�g�o�9;D\P>J�Y6R�d6XZDGg�J$arR/T&BEQKT/Jd8J�HxB�v�BE[\QKH^HKJ
(uε)

Y8D8J�F/Y8QSRUJ
(uεk

)
b2Y8Q=g�XZDr�ZJ]T/�mJj�ZJ]TUFcY8DOJ�HKQK[cQ^R/J

u∗
HKXZT&F/b2Y8J

εk
RUJ�DOd�mJ�T&F

0
o 9;D�B�BEHKXZT&F

0 ≤ G(uεk
) ≤ εk(J(u) − J(uεk

))
dfe BEP8TUl]F��@� ² oK�`� ± ��o �.BmF/FUBED2Rts�HKBHKQK[cQ^R/JmqOXmD�Xmk6R/QKJ�D2R

G(u∗) = 0
q8b2Y8Q+[\XZD2RUT/J}b2Y8J

u∗ ∈ K
oGLNXZ[\[\J��@� ² o^����Rr�4QK[\P8HKQKb2Y8J}b2Y8J

J(u∗) ≤ J(u)
q+XZD BzBEHKXZT&F

u∗ = u
q+g�JubmYOQ4g$XmDOg$HKY6RWHKBzd6_][\XZDOF-R/T&BnRUQ^XmD+q¤R/XmY6R/J`FpH^J`FWF-Y8Q^R/J`FJ�arR/T&BEQ^R/J]F

(uεk
)
g$XZDr�mJ�TU�ZJ]BZD2RN�ZJ]TUF®HxBc[c�][\JWH^QK[\QSRUJ

u
o

�
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��k���k�'��#)(*��
 �	���� +�,����	K +%,
���� 	$�,� ± R �
?��+�2�n�Z���Z��l�n oDf o�Z ^ � ,�. !�:@63�C: � N , ��� � �9:O�C:@63� . 0gW ��� , ��: ( � ( ��� � % & � & � % <3���-:P! ,�, ��:O�B�"!�� . �C:LI��� 1 � ( ���/: J �P�

F1, . . . , FM
:;����� 1 ����� ( ��� * ���9�)6 ( � 4������9� ( 0�A�. �C: & R �K�����5�g63� ���"! > � 0 ! I(u).+] ����:;� *-A�. �)6��9: 1 ������� 0�( ���5�C: 0\1 � ( > �C:@��� u <=�C�Q�"�-:P! ,3, �3:O�B��!/� . �C: 1 ������� 0�( ���5�C:M:O�"�9�Q��! 0�. ( ? 4C�C:�8�

u 0 !a:;�8�/: 63� . 0 � 4 ? � ( � ( �"��� %"& `"& � � &X^ � ? ��<c���7:P! ,3, �3:O�i��!/� . �9: > � 1 �5�8!���: (F ′
i (u)

)

i∈I(u):O����� . ( ��4 0�( ��� * �8��� ( �/634 , ���/6 0 ���5:9< 1 �g�"! ( 0 :;:P!���� .+] !�� ( 1/( �54g6��9: * ! . � (+,�. ( 1C0 �5�8!���:-6�� � 0 ��� 0 � �3�
λ1, . . . , λM

�5� . :V��!/� J ′(u) +
∑M

i=1 λiF
′
i (u) = 0

< 0 > � 1 λi = 0
: ( i /∈ I(u) & �����������8� 0�. �=��:��!/�3< , �"!3� �5�"!9� ( �/6 ( 1 � i ∈ {1, . . . ,M}

lim
ε→0

[

2

ε
max (Fi(uε), 0)

]

= λi .

�j�r���6��=f� ��l�n$o�f o5lWl¢�=XZYOFj�ZJ�TUTUXZDOFus�HKB < XZYOF-h F/J]g$R/QKXZD �Z�mo �8o ± YOD8J�BZY6R/TUJ~[\_$RUM8X6d6J�d6JPG_]DOBEHKQKFUBnRUQ^XmD�PGBET�QKDmRUT/X6d6YGg�R/QKXZDzd6JCvwXZDGg�R/QKXZDGF)f@kGBETUT/QKl�TUJ]F!g&o •

)+*�,
	�, � � ^+3 �=7�9 _ 9 _���_���36741
9;D�F/JpP8HKBmg$JpJ�D�d6QK[\J�DOF/QKXZD�:OD8QKJ

V = RN o�.a6P8HKQKb2Y8XmDOF�HKJWP8T/QKDOg�Q^P>J}d6JWHxBt[\_�R/M8X6d6J}d6J��J 
�RUXZD+o < XmQSR
F
Y8DOJ;vwXmDOg�RUQ^XmD�d6Jpg$HxBZFUF/J

C2 d6J RN dOBEDOF
RN o < XZQ^R u Y8D{1�_�TUX"TU_��mY8HKQ^J]T®d6J

F
gZe J`F@R/h sEh d6QKTUJ;b2Y8J

F (u) = 0
J�R

F ′(u)
[uBER/TUQKg�JCQKDr�ZJ]TUF/Q^kOH^Jmo

��D8JpvwXmT/[tY8H^JWd6J*; B�£rH^XmT®BZYz�ZXZQxF/Q^DOBZ�ZJCd6J
v
D8XmYOF�d6XZDOD8J

F (u) = F (v) + F ′(v)(u− v) +O
(

‖u− v‖2
)

,gEe J]F-R-h snh d6Q^TUJ
u = v − (F ′(v))

−1
F (v) +O

(

‖v − u‖2
)

.{¦B}[\_�R/M8X6d6Jpd6J;�=J 
�RUXZD�g�XZDOF/QxF@RUJ;s}TU_]F/XZYGd6T/J;d6J=v�B.P$XmD�QSRU_�T&BnRUQ^�mJ=g$J�R-R/JC_]b2YOBER/QKXZD�J]DjD8_]�ZHKQSh�ZJ]BZD2R�HKJpT/J`F@RUJZo��ªXZYOT�Y8D�g&M8XZQ^ajQKD8QSRUQKBZH
u0 ∈ RN q8XZDzg�BZHKg�Y8HKJ

un+1 = un − (F ′(un))
−1
F (un)

P>XZY8T
n ≥ 0.

�@� ² o^����Um�
/�BEP8P>J�HKXZDGF;b2Y8JtH�e XZD�D8Jtg]BEHxg$Y8HKJ"POBmF=H�e Q^Dr�ZJ]TUF/Jtd8J"HxB�[uBnRUT/Qxg$J

F ′(un)
d8BZDOFt�-� ² o^����UZ�®[uBZQKFbmYOJ�H�e XZDjT/_`F-XmY6RIY8DjF/£6F@RUl�[\J�HKQ^D8_`BEQKT/J=POBETIH�e Y8D8J;d8J]FN[c_�R/M8X6d6J`FIJ�arP>XmF/_�J`F4sWHxB < J`g�RUQ^XmD�� ± oK�ZoA=Y~P>XZQKD2R;d6J}�rY8J}d8J"H�e XmP6R/QK[\QKFUBnRUQ^XmD+q8HxBu[\_$R/MOXrd8J"d6J"�=J 
�R/XmD~F�e QKDmRUJ�TUP8TUl$R/J}d8J}HKB�[\BZD8QKl�TUJF-Y8QK�nBED2R/Jmo < XZQ^R

J
Y8DOJ=vwXmDOg�RUQ^XmDjd6Jpg$HxBZFUF-J

C3 d6J RN d8BEDGF
R
qrJ$R�F/XZQ^R

u
Y8Dj[\QKD8Q^[tY8[ HKX6g�BEHd6J

J
o < Q�XZD�PGX2F-J

F = J ′ qªXZD�P>J�Y6R�BZP8P8HKQKb2Y8J]TtHxB~[\_$RUM8X6d6J�P8T/_`g$_`d6J�D2R/J�PGXmY8T\T/_`F-XmYOd6TUJHKB\g$XmDOd6Q^R/QKXZD�D8_]g�J]FUF/BZQ^TUJCd+e XmP6R/QK[uBEHKQSRU_
J ′(u) = 0

oGLNJ�P>J�DOd8BZD2R]q6XZD�PGJ]Y6R=BEYGF/F/Q¤J�Dr�rQKFUBE�mJ�T®HKB[c_�R/M8X6d6J�d6J��=J 
�R/XmDtg�XZ[\[\J®YOD8JN[\_�R/M8X6d6J�d6J�[\Q^DOQ^[\QxF/BER/QKXZD+o 
�g�BZYOF/JNd6Y\d6_��mJ�HKXZP8P>J�[\J]DmRd6J*;'B�£rHKXZT
J(w) = J(v) + J ′(v) · (w − v) +

1

2
J ′′(v)(w − v) · (w − v) +O

(

‖w − v‖3
)

,
�@� ² oK�`� �2�

XZD�P>J�Y6R�BZP8P8TUXrg&MOJ�T
J(w)

BZYj�ZXmQKF/QKDOBE�mJ�d6J
v
POBZTNYOD8J=vwXmDOg�RUQ^XmDjb2YOBZd8TUBER/QxbmYOJZom{'B"[\_�R/M8X6d6Jd6J��=J 
�RUXZD¢g�XZDOF/QxF@RUJ�BEHKXZT&F"s�[\Q^DOQ^[\QxF-J]Tcg�J$R-RUJ�BEP8P8TUX�a6Q^[uBER/QKXZD�b2YOBZd6T&BnRUQKb2Y8J�J$Rus�Q^R/_]T/J]T]o
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± R3� ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

{¦Jt[\QKD8QK["Y8[©d6JcHxB�POBZT-RUQ^J\b2YOBZd6T&BnRUQKb2Y8Jtd6Y~RUJ�TU[cJ\d6J\d6TUXZQ^R/Jtd8J��-� ² oK�`� �m��J`F@RWd6XmD8D8_cPOBET
w = v − (J ′′(v))−1

J ′(v)
F/Q+HxB\[\BER/TUQKg�J

J ′′(v)
J`F@R=d6_	:OD8QKJ}P>XmF/QSRUQ^�mJZoY9;DzT/J�R/TUXZY8�mJWBEHKXZT&FNHxBvwXmT/[tY8HKJCQ^R/_]TUBER/QK�ZJu�@� ² oK�`�.UZ��o{4e B��nBED2R&BE�ZJ�P8TUQKDOg$QKPOBEHGd6J�HKBp[\_�R/M8X6d6J=d8J=��J 
�R/XZD\J`F@RNFUBpg$XmD2�mJ�TU�ZJ]DOg$J®k8QKJ�DuP8HKYOFIT&BEPOQKd6Jb2Y8JpHKJ]F�[\_�R/M8X6d6J`F�P8T/_`g$_`d6J�D2R/J`F�o

�p��4YB)4>¡]��§]�54>��l�n$o�f o5l�� � } tvu
F

x�r�y � } rW~	u�t } r s�y"~	z@|��Q�	y
C2 s.y

RN s�|�re�
RN � y	u u x�r

�O�	� } �c� � x�z�t5y	�¡s.y
F

� t � y � F (u) = 0
yhu
F ′(u)

tvre��yh����t5�	z@y�� ��� z yc�.t���u�y3x�r �c��yhz ε > 0
u�yhz�whxey ���t

u0 y���u�|����hy � � � } ~Q�ey{s.y u | xM�hy	r6� } � ‖u − u0‖ ≤ ε � z@|�� �hu8� } s�y�s�y��3y � u } r's��Z��rYt5y
� |��{�!$&% � $ ��� ��~ } rY�¢y	�Z�ky � ~e� yh��u � � � s�tv�cy w	xey�z@|���x�tvu�y (un)

~ } re��yh���.y���yh���
u � y	u�tvz�yQ��t���u�y�x�rWy~ } r6��u | reu�y

C > 0
u�y	zvz@y�w	xey

‖un+1 − u‖ ≤ C‖un − u‖2 . �@� ² o^��� �Z�
i� r��4>�'¡]§��n�6§`�54>�)o �ªBZTNg�XZD2R/QKDrY8QSRU_�d6J

F ′ Q^HGJ$a6QxF@RUJ ε > 0
R/J�H>b2Y8J

F ′ J]F-R4QKD2�mJ�T&F-QKk8HKJ�J�DuRUXZY6RP>XZQKD2R�d6JpHKBtkGXmY8HKJpd8Jpg�J�D2R/TUJ
u
J�R�d6JpTUB�£mXZD

ε
o < Y8P8P>XmF/XZDGF�bmYOJ

un F/XZQ^R®TUJ]F-R/_CP8TUX6g&M8JCd8J
u
qBZY�F-J]DOF�X�- ‖u− un‖ ≤ ε

qGd6XZDOg
F ′(un)

J`F@R=QKDr�ZJ]TUF/Q^kOH^JmoGLNXZ[\[\J
F (u) = 0

qOXZD�d6_]d8Y8QSRCd6J�-� ² o^����UZ�
un+1 − u = un − u− (F ′(un))

−1
(F (un)− F (u))b2Y8Q�q8POBZT�d6_��mJ�HKXZP8P>J�[\J�D2R=d6J ; B�£rH^XmT�BZY6R/XmY8T�d6J

un qOd6J��rQKJ�D2R
un+1 − u = (F ′(un))

−1O
(

‖un − u‖2
)

.LNXm[\[cJ ‖u − un‖ ≤ ε
q¤XZD�J�D�d6_`d6Y8Q^Rpb2Y+e QKH J�a6QKF-R/JtY8D8J\g$XZDGF@R&BED2R/J

C > 0
�wQKDOd6_]PGJ]DOd8BED2RUJd8J

n
J$RWHKQ^_]J�BEY�[\Xrd8Y8H^Jud6J�g�XZD2R/QKDrY8Q^R/_ud6J

F ′ J$R"d8J F ′′ F/Y8TWHxB�kGXmY8H^Jud6Jug�J�D2R/TUJ u J$R"d6JT&B�£ZXmD
ε
�NR/J]H^HKJ}b2Y8J

‖un+1 − u‖ ≤ C‖un − u‖2. �@� ² o^���8�2�
< Q
ε
J`F@RªF-Y8yuFUBE[\[\J�D2RªPGJ�R/Q^RId6JN[uBZD8Q^l]T/J®s=g�J®b2Y8J

Cε ≤ 1
q]XmDtd6_`d6Y8Q^Rªd6Jp�@� ² oK�`���m�fb2Y8J

un+1TUJ]F-R/Jtd8BEDOF�HKBuk>XZYOH^J"d8Jtg$J]D2R/TUJ
u
J$Rpd6J}T&B�£ZXmD

ε
o¤LNJ]HKB�PGJ]T/[\J$RCd6J}�Z_]T/Q@:OJ]T�POBET;T/_`g$Y8TUTUJ�DOg�JH�e M2£rP>XERUM8l]F/J�b2Y8J ‖u − un‖ ≤ ε

PGXmY8T"RUXZY6R
n ≥ 0

qªJ$R��@� ² oK�`�8�2�pJ]F-R\k8Q^J]D�HxB�g�XZDOg�H^YGF-QKXZDd8_]F/Q^TU_�Jmo
�

���r���6��=f�'�Ml�n oDf oZl=T��®Q^J]D~F �OT]qGQ^H'v�BEY6Rpg$XmDOF-J]T/�mJ�T�suH�e J]F/P8T/Q^RCb2Y8Jtg&MOBZb2Y8J}Q^R/_]TUBER/QKXZD~d6J"HKB[\_�R/M8X6d6J"d8J"��J 
�R/XZD��-� ² o^����UZ�ND8_`g$J`F/F/QSRUJWHKB�T/_`F-XmH^Y6RUQ^XmD�dfe YOD~F-£6F-R/l�[\JWHKQ^DO_]BEQKTUJZqOg�J"b2Y8Q¦J`F@Rg�X �6RUJ�Y6afo8A;JpP8H^YGF�q8HxBcg$XZDr�mJ�TU�ZJ�DGg$J=T&BEPOQKd6J\��d8QSRUJ�f-b2YOBmd6TUBER/Qxb2Y8J�g-�4d8XZD8D8_]J;PGBET}�@� ² oK�`� �E�.D¦e BHKQKJ�Y�b2Y8J�F-Q
F
J`F@R"d8J�g$HxBZFUF-J

C2 q+J$R"F/Q u0 J]F-RtBZFUF-JG1\P8T/X6g&M8Jud6J u q+Mr£rPGXZR/M8l`F-J`Fpk8QKJ�D�P8HKYOFTUJ]F-R/TUQxg�R/QK�ZJ`F�bmYOJ}g$J�HKHKJ]F�b2Y8JWD8XmYOF�B��rQKXZDOF®Y6RUQ^HKQKF/_�J`Fª|@YOFUb2Y+e s\POT/_`F-J]DmR`o� 0¤J]g$R/QK�ZJ�[\J]DmR`qO[\��[\JdOBEDOFNd6J]F®g�BmF.R/TUl]F®F/Q^[\P8HKJ]FNd8BEDOF
R
q2HKBW[\_�R/M8X6d6Jpd6J;�=J 
�RUXZD�P>J�Y6R�d6QK�ZJ�TU�ZJ]TIP>XZY8T�g$J]T-R&BEQKD8J]Fd8XZD8D8_]J]FpQKD8Q^R/QxBEHKJ]F

u0 AfQ^HIv�BEY6RWD8XZR/J�T}BZYOFUF-QIb2Y8J\HxB�g�XZDr�ZJ]T/�mJ�DOg�Jtb2YOBmd6TUBER/Qxb2Y8J��-� ² o^��� �E�=D8JF/J�P8T/X6d6YOQSRub2Y+e BZY��mXZQxF-QKDOBE�mJ�dfe Y8D�1]_�TUX�TU_��mY8H^QKJ�T`qªg$XZ[\[\JjHKJ�[cXmD2R/TUJ�H�e BZP8P8HKQKg]BnRUQ^XmD�d6J�HKB[\_�R/M8X6d6JCd6J=��J 
�R/XmD�sWHKBWvwXZDOg$R/QKXZD
F (x) = ‖x‖2 d8BZDOF RN qZP>XZY8TNHKBmb2Y8J�HKH^J=HKBWg�XZDr�ZJ]T/�mJ�DOg�JD¦e J`F@R�b2Y8J��Z_�Xm[\_$R/TUQxbmYOJZod�.BETuBEQKH^HKJ�YOTUF]q.F-Q�XZD�BEPOP8H^Qxb2Y8J�HKB�[\_$R/MOXrd8Jzd8Jz�=J 
�RUXZD°PGXmY8T\HKB[\QKD8QK[cQxFUBnR/QKXZD dfe Y8D8JcvwXZDGg�R/QKXZD

J
g$Xm[\[cJcJ$a6P8HKQxbmYO_\g�QSh d6J`F/F/YOF]q>QKHIF/JtP>J�Y6R"b2Y8JcHxB�[\_�R/M8X6d6J
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��k���k�'��#)(*��
 �	���� +�,����	K +%,
���� 	$�,� ± R2V
g$XZDr�mJ�TU�ZJC�ZJ�T&F�Y8D�[uBna6QK["Y8[ XZYzY8D�g$XmH¦d6J

J
q8J�R=D8XmD�PGBZF��mJ�T&F�Y8Dz[cQKD8QK["Y8[zq>g�BET=J�HKH^JWD8Jv�BEQ^R=bmYOJWT/J`g&M8J�T&g&M8J�T�HKJ]F�1]_�TUXmF�d6J

J ′ oG{'Bt[\_�R/M8X6d6J"d8J}��J 
�RUXZDzD+e J]F-R=d6XZDGgpPOBZF�F/Y8P>_�TUQ^J]Y8TUJJ�D¢R/XZY8R�PGXmQ^D2RjBEY8a¢BEHK�ZXmT/Q^R/M8[\J`F"P8TU_]g�_]d6J]D2RUF]q.[\BZQKF\HxB�P8TUXZP8TUQ^_�R/_zd6J~g$XmDr�ZJ�TU�ZJ]DOg$J�H^X6g]BEHKJbmYGBZd6T&BnRUQKb2Y8J\�@� ² oK�`� �Z�IHxBcT/J]DOdzg$J]PGJ]DOd8BED2R�POBZT-RUQKg�Y8H^QKl�TUJ�[\J]DmR�QKD2R/_�TUJ]FUFUBED2R/Jmo •
�3Y
opc
i��R[RY�~A�7���7�:~ � _9�_&!�
?��	�A@B%���&'����"92(� �J���
�9�
�>�!�323%�"�$��A�,���
��89��a�"����+��J"=�*�3�
%�?���EE&/"�%N�
�
?��	����� �!"E�����'���9��EE&!���

J ′′(v)
^:���_�!�N2(�a"E��&!?��>�
%���&'@B%��

F ′(v)
b<6
P7�����;������'���,���	�
�!1�23����J"G�
�9H��F�����
�

"F�.&'�!�'�N�	�r��&'���+E&
J
�R4 ��J"=�-�.=�:�.?�&'�'��23����">�,���
C#���	&'>�,%���&'@	�.���'�	U����r�����
"=23�A�
&/u-�<�9�!�323%�"�$��A�,�0�
�

8=��a�"��	�r�����
�=%�@A&'"��<�>�
��?D�.�'?����'���>?���"E"��N2(�a"E��&'?��
J ′′(v) = F ′(v)

6-PR��=23%�"�$��A�,���U5�,&'"�����
�0;��-�.E&/I
8=��a�"��	�7U��
�������	E����"V�
�Q?D�.�!?����'�����,���:�����	�]&'"�%<�F�."�&'@B�G���
EE&-���
�=�.���,���aC,&'2(�."�&'���

Sn �,� (F ′(un))
−1 6

*9�]����23���!�.?��>���'�.��=�!�)���.��2)�
�!�)^JvDw,6'vD¢	¡	bQ�-�a�

un+1 = un − SnF (un)
�����
�

n ≥ 0.

�O�_H�%���%<�F���Z���M?D�.�!?����'�
Sn �-�a�Q�����=������2N���'���
�=��%�?��
�E������?����,�#" �,���

Sn+1 = Sn + Cn

��)
Cn ��J"e�����Q2(�a"E��&!?��=�,���F����H v=;���&
�
%������-�3�,� un, un+1, F (un), F (un+1)

UB?F$���&'E&!�=�
�Q2(�.��&'1����
L3?��N;����

Sn − (F ′(un))−1 ?����A@B����H	�0@B���� 0
6  W���
�9���'��9�
�N�
%�"F�.&!�'=E�
��?���923%�"�$
�A�
��=�
�N;��-�.E&'I

8=��a�"��	�_���	�
f�����A@B� ���	�
QL�� ¡��7��"��'v����g6 •
*9� �����
"3�����.�
"����)�*�r23%�"�$
�A�
�#�
�]89��a�"���� Lr�!��23&'�
&!23&'��a"�&!��� �74 ���
�]�n�	��?<"�&!���

J
�D@B��?_�
��

?��	��"E�F��&'��"���G�74 %�H	���'&/"�%	6 # �	&/"
J
���
�9������?�"�&'�	�M�
��?��!�.EE�

C3 �,� RN �����

R
U
G = (G1, ..., GM )

�
���
�n�	�
?�"�&'�	�+�,�>?��!��EE�

C3 �
� RN ���.��
RM ^g�a@	��?

M ≤ N
b<U���"QE�	&/"

u
���]23&'��&'2)�
2 �'��?D���Z�
�

min
v∈RN , G(v)=0

J(v) .
^JvDwA6'va¢�-	b

# &��'��3@B��?�"����
��
(G′

1(u), ..., G′
M (u))

E���A"(�'&'��%���&/����23����"3&'�-�,%�������������"��UO�!�p?��	�-�,&/"�&!��� �
%�?���E��.&/���
�54 �	�
"�&'2(�.�!&/"�%��,�)bf$�%�����1�23�)v�w,6 ¢A6 +3��J"

J ′(u) +

M
∑

i=1

λiG
′
i(u) = 0 , Gi(u) = 0 1 ≤ i ≤M .

^Jv�w,6'vDx�wBb

��)N�'��
λ1, . . . , λM ∈ R

E�	��"`�'��`2N���/"�&'���'&'?D�."����,��`�
�VPZ�.H��F���
H	�	6$*9�0�����
"W���'����`��%�E���-�A���V�'�f �,J"�1�23�
^Jv�w,6'vDx�wBb>�
�

(N + M)
%D;��-�."�&'����>L

(N + M)
&'�
?��	�
�,�
��

(u, λ) ∈ RN+M ���.�9�����023%�"�$
�A�
�N�
�
8=��a�"��	�76 *9�#���	E���,�	��?

F (u, λ) =

(

J ′(u) + λ · G′(u)
G(u)

)

,

�,�	��"Q�!�)2(�."E��&'?����,%���&'@B%�����J"

F ′(u, λ) =

(

J ′′(u) + λ ·G′′(u) (G′(u))∗

G′(u) 0

)

.

*9�������,"`�.�!�.��O���
���'&!;A�
���W�:4 ���'H�����&/"�$�23�V�
�V8=��a�"��	�(^Jv�w,6'va¢�¡	b`LG?���"E"��T�n�	�
?�"�&'�	�
F (u, λ)

E&��!�Q2(�."E��&'?��
F ′(u, λ)

��J")&'�A@B����E&'���'�	6Z89����0���'�'�	�
)@B��&'�N;����3?���"E"��3?��	���
&/"�&'�	� ��J" � �-�a"��
�����'�'���3�.� E�������) ���'�!�
?����E����E�����-� L����
�M@B����E&'��� ��� ����� ���'��3���.�E"����
�+�!��?��	���
&/"�&'�	� �54 ���
"�&'2(���'&/"�%��74 ���F�A����¢��
�+�!�
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± U ² ���������	��
�����������������	���	��������� �������! "��#$�	��%&���'��#)(*��
��	���� +�,�

 O�������	E&/"�&'�	� v�w,6 ¢A6'v	v�6�PR��2(�a"E��&!?��
F ′(u, λ)

��J"(&!�A@B�<��E&!�
�'�_E&Q���'�'�M��J"3&'��� ��?�"�&'@B�	6 # �	&/"
(w, µ)

���
%��'%�23����"G�
��E���M��� �A�.�

{

J ′′(u)w + λ · G′′(u)w + (G′(u))∗µ = 0
G′

i(u) · w = 0
���	�,�

1 ≤ i ≤M

*9�_���_�
%D�,��&/"G;����

w ∈ KerG′(u) =

M
⋂

i=1

KerG′
i(u)

��"
(J ′′(u) + λ ·G′′(u))w ∈ Im(G′(u))∗.

*=�
Im(G′(u))∗ = [ KerG′(u)]⊥

6� `�.�G?�����E%D;������A"DU,E&R�	�_E�
������E��;A�
�
(

J ′′(u) + λ · G′′(u)
)

(w, w) > 0 ∀w ∈ KerG′(u), w 6= 0 ,
^Jv�w,6'vDxAvab

�*�+2(�a"E��&!?��
F ′(u, λ)

��J" &'�A@B����E&'���'�	6&*9������2(�.�F;����(;��
�+^JvDw,6'v�x,vab0��J")�:4 &'��%�H	���'&/"�%_J"E��&'?�"��#���.��0�*�
?��	���
&/"�&'�	���74 �	�,"�&'2(���'&/"�%N�54 ���F�,���)¢3�
���!�  O�������	E&/"�&'�	� vDw,6 ¢�6!v�v	6 � �R��J">�,�	�
?0���."��,�����`�
�>����&/���)�:4 $��,I
����"�$�1�E�#^Jv�w,6'vDxAvab>;���&Z���<��23��">�54 �,"�&'�!&'E�����g4 �.�!H�����&/"�$�23�)�
�089��a�"����R6 *9�+�����,">�.&!�
E&O�
%�23����"E�����9�!�
?��	�A@B����H�����?����
��?��<"E"��>23%�"�$��A�,�)^:@B��&'��� ¡��nb<6

� �R��J"G&!��"�%�����E�����"��54 &!��"������,��%�"����G?���"=�.�!H�����&/"�$�23��?���2323�����
��23%�"�$
�A�
�>�,�>23&!�
&'23&!��a"�&'�	�R6 *9�
&!��"E���A�,��&/"G�!��PR��H.�F����H�&'��� L(v, µ) = J(v) + µ · G(v)

U
E��9�,%���&'@B%���Q���.�Q�F���
�����E"=L
v
U L′ �<" L′′ U-��"�	�M@B%<��&'u��>;������:4 %D;��-�a"�&'�	�

(un+1, λn+1) = (un, λn)−
(

F ′(un, λn)
)−1

F (un, λn)

��J"��!�N?����-�,&'"�&'���M�74 ���
"�&'2(���'&/"�%9�����
�Q;����
un+1 E��&/"Q���]���	&'��"Q�
�=23&!�
&'2)��2 �,�]�,���	�
�!1�23��;��-���,�F�.I"�&*;��
�>L)?����A"E�F�.&'�A"���=�&]3����
min

w∈RN

G(un)+G′(un)·(w−un)=0

Qn(w) ,
^Jv�w,6'vDx	¢	b

�a@	��?

Qn(w) =
(

L(un, λn) + L′(un, λn) · (w − un) +
1

2
L′′(un, λn)(w − un) · (w − un)

)

,

��"
λn+1 ��J"(�'�M2N���/"�&'���'&'?D�."����
�(�,�MPZ�.H��F�.��H	�r�.EE��?�&'%���� ���	&'��"]�
�_23&'�
&!2N��2 �
�d^JvDw,6'v�xB¢	b<6 *9�

����2(�.�F;�����;��
�N�
���
)^JvDwA6'vDxB¢�b=�	���3���5��?<"���%����r�,%�@B���'�	�
����23����"G�
� bW� �,�'���>L3�:4 ���F�A���)�,���
C#���
wE�
�Q�'�0PZ��H.�F���
H	&'��� L(w,λn)

��"G�	�_�)�'&!�
%D�.��&'E%0�!�)?��	��"E�F�.&!��"��
G(w)

���,"��	�,�9�,�_����&!��"
un 6

�(Y
opc
i��Z[RY�~��R���7�:~�� �>�.���^Jv�w,6'vDx	¢	bf�	�#�N�,"�&'�!&'E%��
���=���
�
���DC,&!2(�a"�&'�	�#;A���	�A�F�."�&!;����=�
�]PZ�.H��F���,I
H	&'���3��"T�����3�-�.e�,�Q�*�9�n�	�
?�"�&'�	�

J
6�*9�)���	�
�E�F�.&/"e��E�� �B�����,��E�G?��	��"�����"����e�74 ���
��23%�"�$��A�,�f&/"�%��F�."�&'@B�

�
�9��%�E���'�
"�&'�	�r�,���:4 �.���,���aC,&'2(�."�&'���+;��-�	�A�F�."�&!;����>LN?��	��"E�F��&'��"���G��] ����QE��&'@�����"��

min
w∈RN

G(v)+G′(v)·(w−v)=0

(

J(v) + J ′(v) · (w − v) +
1

2
J ′′(v)(w − v) · (w − v)

)

.
^JvDwA6'vDx	x	b

SM���'$����,������E��23����"N�!�+23%�"�$
�A�
� ����E%��]E�
�#^JvDwA6!v�x	x	b0�����,")�
�3�-��0?����,@	����H	���^\V�O� �-�a�E"�&!?����'&'���DU`&'�
�R4 ��J"�����G%�@A&!�
����"9;A�
���!� �9��EE&!���

J ′′(v)
E��&'"��
%�u���&'�����	E&/"�&/�VE�,���:4 ��E�-�.?�� �,��G?��	��"E�F��&'��"���N^:?	4 ��J"

�!���=��EE&'���r�
�_PZ�.H��F���
H	&'���r;���&7��J"G���	E&/"�&/�O?���2323���:4 �&] ��23�>�!� ?��	���
&/"�&'�	�+�54 �	�
"�&'2(�.�!&/"�%��54 �.�F�,���0¢
�
���!�  `���	���	E&/"�&'�	��v�w,6 ¢A6'v�vab<6 •
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�}�}��� �>�t%¦� � 	&��$4%'# �}�
ACBEDGFug$Jzg&MOBEP8Q^R/TUJZqªD8XmYOFcP8TU_]F/J�D2R/XmDOFtd8Q^�mJ�T&F"XmY6R/QKHKF\d6JzHxB / 9 ��T/J`g&M8J�T&g&M8J�XmPG_]TUBER/QKXZD6hD8J�HKH^J���o>A;BZDOF / 9tq6H^J"[cXZR,f@XmPG_]TUBER/QKXZD8DOJ�HSgCF�e J]F-R=dfe BEk>XZT&d�J�D2R/J]DOd6Y�BEY�F/J�DOF�POT/XmP8T/J\¨GHKBC/ 9J]F-R®D8_]JZqrJ�D��ZT&BEDOd8J=POBZT-RUQ^Jmqrd8J]F®P8TUXZk8HKl�[\J]F®d6JCP8HxBED8Q@:Gg�BER/QKXZD�bmYOQ¤F/JpF-XmDmR®PGX2F-_`F®PGJ]DOd8BED2R�HKBF-J`g$XZDGd6J4�mY8J�TUT/JN[\XZDOd6QxBEHKJ4J�R.PGJ]YtBEPOT/l`F�o 
�QKDOF/Q �co�ACBED2RQ1�QK�Oq�H�e QKD2�mJ�D2R/J]Y8Tªd6JNH�e BEHK�ZXZTUQ^R/M8[\JNd8YF-QK[\P8H^J�a6JZq6_$R&BEQ^R=g$XmDOF-J]Q^HKHKJ�T�PGXmY8T�H�e BZT/[\_�Jpd6JWH�e BZQ^T�BZ[\_�TUQKg]BEQKD8JZqrJ$R�HxBcP8HKBZD8Q@:Gg�BER/QKXZDzd6YzPGXmDmRBE_�TUQKJ�D�F/Y8Ti�®J]T/HKQ^D�J]D¬�`V R3�zJ`F@RcY8D8J�BEP8P8HKQxg�BnRUQ^XmD�g$_]H^l]k8TUJjd6JjHxB~POT/Xm�ZT&BE[\[uBnR/QKXZD HKQ^DO_]BEQKTUJ�w�ZXmQ^T�� ±Z±�� P>XZY8T;P8H^YGF�d6J"d6_�RUBZQ^HxFU�$oG{¦J}d6XZ[uBEQKD8J}F]e J`F@RCd6J�P8YOQKF�g�XZDOF/Qxd6_�T&BEk8HKJ�[\J]DmR�d6_]�ZJ]H^XmP8PG_J$RCg�Q^�rQKH^QxF/_ZoKo^o>{+J]F;P8TUXZk8HKl�[\J`F=d6J3/ 9 BZkGXmDOd6J�D2R;dOBEDOF=H�e Q^DGd6YOF-R/TUQ^JtJ$R;HKJ]FCF/J�TU�2Qxg$J`FW¨>XZD�P>J�Y6Rg$Q^R/J�T4POBET.J�arJ][\P8H^J�HKJ]FIP8T/Xmk8HKl�[\J]FId+e J][cPOH^XmQOd6Y\R/J][\POF��wP>XZYOTIH^J`F._]b2Y8QKPOBZ�ZJ]F.d8J�g$XZ[\POBZ�ZD8QKJ]FBE_�TUQKJ�D8D8J`F�q>P>XZY8TpHKJ]FCJ�[\P8HKXn£Z_`F=dfe Y8D g$J�D2RUT/Jcdfe BZP8P>J�H�qfJ$RUgZo �$q+d6JtR/XZYOT/D8_]J]FCd6Jc�Z_�MOQKg�Y8H^J`F�qfd6JT/XmY6RUBZ�ZJ�d8BEDGFªH^J`F.T/_`F-J`BEY6afqEd6J�HKX6g�BZH^QxF/BER/QKXZD\dfe J�D2R/TUJ�P �ER&F�qZd8J��ZJ]F-R/QKXZDud6J�F-R/X6g��¤qZdfe XZT&d6XmD8DOBED8hg$J�[\J]DmR"d+e BER/J�HKQKJ�T`q.o^oKo'{'B�/ 9 J�[\P8TUY8D2R/Jud6J`FWXZY6RUQ^HxF}szP8HKYOF/Q^J]Y8T&FWd6XZ[uBEQKD8J`FWF/g�Q^J]DmRUQS:>bmYOJ]Fu¨XZP6RUQ^[\QxF/BER/QKXZD�g$XmD2R/QKD2YOJ�J$R"XmP6R/QK[\QKFUBnRUQ^XmD�g$Xm["k8QKDOBnRUXZQKT/Jmq+[uBEQxF"BZYOF/F/Q4BZY6a�[uBER/M8_][\BER/Qxb2Y8J]Fd6QKFUg$TUl$RUJ]F®J$R�J]DjPOBZT-RUQKg�Y8H^QKJ�T�stH�e BEHK�ZXmT/Q^R/MO[cQxb2Y8Jpd6J]F®�ZT&BEPOM8J]F$A2stH�e QKD6vwXZTU[uBnR/Qxb2Y8JZq6dfe Y8D8JpPOBZT-R�2QxBCHKBCRUM8_�XmT/QKJ�d6J�HxBCg�XZ[\P8HKJ$a6Q^R/_ZqmbmYOQ8PGJ]T/[\J�R4d6J�d6QxF/g�J�TUD8J�T.HKJ]FªP8TUXZkOH^l][cJ`F f v�Bmg$QKH^J`F�g�qEgEe J]F-R-h snhd6Q^TUJ=TU_]F/XZHKY8k8HKJ]FNJ�DjR/J][cPGFNP>XZHK£rD8XZ[\QxBEH>J�D�HxB"RUBEQKHKH^JCd6YjP8TUXZkOH^l][cJmq2d8J]F®P8TUXZk8HKl�[\J]F®d6Q^y�g$QKH^J`F�qJ$R}dfe BEY6RUT/J\POBZT-Rp�rQKB�HxBjP8TUXZ�mTUBZ[\[\BER/QKXZD~PGBETWg$XmDmRUTUBZQ^D2RUJ]F]qGXmY�fO�Y�®L�g���b2Y8Q.RUTUBZQSRUJcd6J\H�e BZT-Rdfe _]DrY8[\_�TUJ�TªQ^D2RUJ�HKH^QK�ZJ][c[\J]DmRId6J`F.F-XmH^Y8R/QKXZDOF&��o��;Y8J]HKb2Y8J`FªbmYOJ]F-R/QKXZDOFªd6J / 9�F/XZD2R.BEYOFUF-Q6TUJ�HKQK_�J]Fs"HxBWRUM8_�XmT/QKJCd8J]FNP8T/XmkOBEkOQ^HKQSRU_]FC�wPOBZT�J$a6J�[\P8HKJ;P>XZYOTNHxBtg�XZ[\P8TU_�M8J]DOF/Q^XmDjdfe BEHK�ZXZTUQ^R/M8[\J]FNdfe XZP6hR/QK[cQxFUBnR/QKXZD�F@RUXrg&MGBZF-R/QxbmYOJ]FªRUJ�HxFNb2Y8J;H^J�TUJ]g�Y8Q^R®F/Q^[tY8H^_���qrsWH�e BZY6R/Xm[\BER/Qxb2Y8J=XmY�s}HxBpR/M8_]XZTUQ^J;d6J]F
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± UZ� ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

|@J]Y6au�wP>XZY8T+HKJ]F¦P8TUXZk8HKl�[\J]F¦d6JId6_]g�QKF/QKXZD}d6£rDOBZ[cQxb2Y8J]F&��o ��D8JIPGBET/R+Q^[\P>XZT/RUBED2RUJId6JIH�e Bmg�R/QK�rQSRU_IJ�D
/ 9 T/J]H^l]�ZJWPOBZT=BEQKHKH^J]Y8TUF�d8J}H�e BET/R=d6Y�P8T&BnRUQKg�Q^J]D��w[\X6d6_�HKQxF/BER/QKXZD+qOg�XZDOg�J�P6RUQ^XmD�dfe MOJ�Y8TUQKF-R/Qxb2Y8J]F]qJ�RUgZo �$o>�=XER/TUJ}P8TUXZP>XmF=d8BEDOF;g$J"g&MGBEP8Q^R/TUJWD+e J]F-R;POBmF=d6J}POT/_`F-J]DmRUJ�T�HxB�/ 9tqO[uBZQKF=P8H^Y8R��ERpdfe Q^D8Q^hRUQ^J]T�scY8D8JWPOBZT-RUQ^Jp[uBnRUM8_�[uBnRUQKF/_�JWd6Y�d6Xm[uBEQKD8JZq6H�e XmP6R/QK[\QKFUBnRUQ^XmD�g�XZ[tk8Q^DGBnR/XmQ^TUJZq6b2Y+e Y8D8QxF/F/J�D2Rd8J]F®H^QKJ�DGF�P8T/XZvwXZDOdOFNscH�e XmP6R/QK[\QKFUBnRUQ^XmD�g$XmD2R/QKD2YOJ=RUTUBZQSRU_�Jpd8BEDOF®HKJ]F�g&MOBZP8QSRUT/J`F®P8T/_`g$_`d6J�D2RUF;¨6HKJ]F[\_�R/M8X6d6J`FNHKJ]F®P8HKYOF�J�yug]BZg�J]FNPGXmY8T�HKBtT/_`F-XmH^Y8R/QKXZD�J�a6Bmg�RUJCd6JpP8TUXZkOH^l][cJ`FNg�XZ[tk8Q^DGBnR/XmQ^TUJ;F]e BEP6hPOY8Q^J]D2R�F/XZY8�mJ�D2R®F/Y8T®HKBtP8TUXZ�mTUBZ[c[uBER/QKXZDug$XmD2�mJ$a6JZq2J$R�J�D�T/J�R/XmY8T]qrg$XmDOF/QKd6_]T/J]TNd6J`F®P8T/Xmk8HKl�[\J]FJ�R}XZk6|@J�RUFWd6QxFUg$TUJ$RUFu��P8TUXZk8HKl�[\J]FWd8J��OXER&F�qfP8TUXZkOH^l][cJ`FWdfe B�0¤J]g�R&BnRUQ^XmD+q+P>XZQKDmR&FpJ$arR/TU_�[uBZY6a�d6JP>XZHK£Zl`d6TUJ]F]qZTU_]F/J]BEY8ac_]H^J`g�R/TUQxbmYOJ]F]qm{¦BZP8HxBZg$QKJ�DGF4d6J;�ZT&BEP8M8J`F�qmJ$R&gEo���qrPGJ]T/[\J�R®F/XZY8�mJ�D2RNd6JC[\Q^J]Y6ag�XZ[\P8TUJ�DOd8T/JCH^J`F�BEDGBEHKXZ�ZYOJ]F®d6J}g$J`F�P8T/Xmk8HKl�[\J]F�J�R�XZk6|@J�RUF�b2Y8QfQKDmRUJ�TU�rQ^J]D8D8J�D2R�J]D 
=DOBEHK£6F-Jmo�=XZYOFjP8T/_`F-J]D2R/J�TUXZDGF�F-YGg�g$J`F/F/QK�ZJ�[\J]DmR�d8BZDOFjg�J�g&MOBZP8QSRUT/J~g�Q^DGb��mTUBZDOd6J]F�[c_�R/M8X6d6J`F�o®{¦B
B ��4YEG�n�8�����8§]�54>�������' r�8���n�Gqrb2Y8Q>v�BEQ^R®H�e XZk6|@J�R�d6JCHxB < J`g�R/QKXZD��Z�mo �8qmP>J�TU[\J$R�d6J;TU_]F/XZYGd6T/J=J$v h
:>g�BZg�J�[\J�D2R�HKJ]F�P8TUXZkOH^l][cJ`F�dfe XmP6R/QK[\QKFUBnRUQ^XmD�g�XZD2R/QKDrY8JWX�-�HKJ]F�g$XmD2R/T&BEQKDmRUJ]F®J$R�HKJ}g$TUQ^R/l�TUJWF�e J$arhPOT/QK[\J�D2RtHKQ^DO_]BEQKTUJ�[\J�D2R]qªb2Y8Q�BEk>XZDOd6J]D2RtJ�D�/�9to �.BET/vwXZQxF�q'Q^H�J`F@RcQ^DOd8QKF/PGJ]DOFUBEk8HKJ�d6JjR/TUXZY8�mJ�TYOD8JtF/XZHKY6R/QKXZD�J]D2R/QKl�TUJZoG�=XZYOF;�ZJ]T/TUXZDGF�d8BEDOF;HxB < J]g$R/QKXZD��m�Zo ± qOsjH�e BEQxd6J"d8J"HxBuD8XERUQ^XmD�d6J�B)46X���YH�2'���z�r�¤§]���2�2q8b2Y8Jpg$J]HKBtP>J�Y6R�F/J=v�BZQ^TUJCFUBEDGFNBZY8�Z[\J�D2RUJ�T®HKBcg$Xm[cPOH^J�arQ^R/_pd8BZDOF�g$J�T/RUBZQ^DGF®g]BZFF/P>_]g$QxBEY8a¤qnb2Y8Q6QKDOg$HKY8J]DmRªHxBCg�HKBmF/F/J4QK[\PGXmT-R&BED2R/J�d6J`F'POT/Xmk8H^l][\J]Fªd6J��OXER&F�on{'B < J`g�RUQ^XmDj�Z�mo RCP8TU_$hF/J�D2RUJcYOD8J�BEY6RUT/J\[\_$RUM8X6d6JZq¦HKB�B �¢4WEG���O�����6§`�54>��2��+�'�O���5=f� �>qfDOBnRUY8T/J]H^HKJ�[\J]DmR"Bmd8BEP8R/_�JBZY6auP8TUXZk8HKl�[\J]F®d6JCP8HKYOF�g$XZYOT-R�g&M8J�[\QKD+qrJ$R�b2Y8QfF-J]T-R�BEYOFUF-Qfg�XZ[\[\J;BEY8arQKHKQKBZQ^TUJ;d8BZDOF®d6J]F®P8TUXEhkOH^l][cJ`F4g�XZ["kOQ^DOBER/XmQ^TUJ]FªP8HKYOFNd6QSy�g�Q^HKJ]F]om{'B < J]g$R/QKXZDz�Z�mo Upd8XZD8D8J=Y8DuJ$a6J�[\P8HKJ=dfe �8�ZEY4G�n�w§GF ���
E>�54>�'§G4>� ¨ªHKJ]FcBEHK�ZXZTUQ^R/M8[\J]F"�ZHKXZY6RUXZDOFtD8JzF-XmD2RtXZP8R/QK[\BZY6a�b2Y8J�P>XZYOTcd6J`FcP8T/Xmk8HKl�[\J]F}R/TUl]FPGBET/R/Qxg$Y8HKQ^J]TUF]qª[uBEQxFtQKHxFuF-XmDmR�F/XZY8�mJ�D2R\Y6R/QKH^J`F\PGXmY8TuP8TUX6d6Y8QKT/Jzd6J]F\MOJ�Y8TUQKF-R/Qxb2Y8J]F]o.��XmYOF\�ZJ]T-hTUXZDGF�J�D�:GD�d8BEDGF�HKB < J]g$R/QKXZD��Z�mo �OqOb2Y8J}HKXZT&F/b2Y8JWHKJ]F=XZY6RUQ^HxF�POT/_`g$_]d8J�D2RUF�DOJtF]e BZP8P8HKQKb2Y8J]DmR�PGBZFd8Q^TUJ]g$R/J�[\J]DmR`qGQKHªJ]F-RpF/XZYO�ZJ�D2R=P>XmFUF/Q^k8HKJtd+e Xmk6R/J]D8Q^TCY8D8J\F/XZHKY6R/QKXZD~XmP6R/QK[uBEHKJ"POBZTC¡` kB �8���8§]�54>��2§�  �8�O��� �6§]�Z4G� �@f-k8T&BEDOg&M~BZDOd~k>XZYODOdkg-��qfgEe J]F-R-h snh d6QKT/JmqOPOBZT;Y8DOJtJ�arPOH^XmTUBER/QKXZD~BETUk>XZTUJ]FUg$J�D2RUJg�XZ[tk8Q^DO_�JWscY8D8J}BEPOP8T/X�a6QK[uBnR/QKXZD�d6YzP8T/Xmk8HKl�[\JZo
�"�}��� � � � �W�ª��� � �p% # �}� !$#������}#$� �

�=XZYOF�D+e B��ZXmDOFjJ]DOg$XmT/J�T/QKJ�D d6Q^R�F/Y8T�H�e .a6J�[\P8HKJ�V8oK�ZoK��b2Y8QpJ]F-R�R@£2POQKb2Y8J dfe Y8D8J�g$HxBZFUF-JRUT/l`FCHKBZT/�mJcd6J\P8TUXZkOH^l][cJ`F�qfd6Q^RUFWd8JcPOT/Xm�ZT&BE[\[uBnR/QKXZD�HKQKD8_]BZQ^TUJZo 
�Y�TUJ��mBZTUd�d6J\H�e Q^[\P>XZT/RUBZDOg$JPOTUBER/QxbmYOJpd8J}g$J]F�POT/Xmk8H^l][\J]F®D8XZYGF�H^J]Y8T�TU_]F/J�TU�ZXZDGF4[uBEQKD2R/J]DOBED2R�Y8D8J}F/J]g$R/QKXZD�J�D2R/QKl�TUJZo
)4).,Z[�,-) \&^��p1=?@36?-741���_f3 �=5O7 �=5O? ^f3�^��

9;D��ZJ]Y6RjTU_]F/XZYOd8T/J�H^J�POT/Xmk8H^l][\J~F-Y8QK�nBED2R]qNd6QSR{B'��4WEO�n�8�����¯�����  r�8�w�n��¡G4>�'¡ ��4G�n���¡]§]�O�K2 �6��24q
inf

x∈Rn
"����R;����

Ax=b, x≥0
c · x, �-�Z�ZoK�`�

X.-
A
J]F-R=Y8D8JW[uBER/TUQKg�J}d6JWRUBZQ^HKHKJ

m× n q b ∈ Rm q c ∈ Rn qGJ$R=HxBug$XmDmRUTUBZQ^D2RUJ x ≥ 0
F/QK�ZD8Q@:OJb2Y8J�R/XZY8R/J]FtHKJ]F"g�XZ[\P>XmFUBED2R/J`F}d6J

x
F-XmDmRtPGX2F-Q^R/QK�ZJ`F}XZY�DrY8HKHKJ]F]o ACBEDOF}R/XmY6Rcg�Jjb2Y8QNF/Y8Q^RtXZDF/Y8P8P>XmF/J�T&B\b2Y8J

m ≤ n
J$R;b2Y8JWHKJ}T&BED8�ud6J

A
J]F-R�J$a8BZg$R/J][cJ]D2R

m
o ID�Jh0¤J$R`qGF/Q

rg(A) < m
qg�J�T/RUBZQ^D8J`F®H^QK�ZD8J`F�d6J

A
F/XZD2R�H^QK_�J`F�J$R�d6J]Y6a�PGX2F/F/QKk8Q^HKQ^R/_]F�F/JpP8TU_]F/J�D2R/J]DmRp¨8F/XZQ^R®HKJ]F�g�XZD2R/T&BEQKD2R/J]F
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�� ± U ±
��g$XmT/TUJ]F/P>XZDOd8BZD2R/J]FWs�g�J]F"H^QK�ZD8J`FU�}F-XmDmR}QKDOg�XZ[\POBnRUQ^kOH^J`F�q F-XmQSR}J]H^HKJ]FtF-XmDmR}TUJ]d8XZDOd8BZD2R/J]F}J$R"XmDPGJ]Y6R=d6XZDGgp_�HKQ^[\QKD8J�T�HKJ]F�HKQ^�mD8J]F�QKDrY6R/QKHKJ]F]o{¦J"P8TUXZkOH^l][cJ��-�Z�mo^����F-J]["k8HKJ}��R/TUJ}Y8D~g�BmF�POBZT-RUQKg�Y8HKQ^J]T=d6J}P8TUXZ�mTUBZ[\[cJWHKQKD8_]BZQ^TUJWP8Y8QxF/b2Y8JH^J`Fcg�XZD2R/T&BEQKD2R/J`Ftdfe QKD8_��2BEHKQSRU_]FcF-XmDmRuF/J�Y8HKJ�[\J�D2Rud6Y¢R@£2P>J

x ≥ 0
o � H�D+e J�D°J]F-RcTUQKJ�D+qªJ$R\RUXZY6RP8T/Xm�ZT&BE[\[\J=HKQ^DO_]BEQKTUJpd8Y�R@£rP>J

inf
x∈Rn

"����7;����
Ax≥b, A′x=b′

c · x.

PGJ]Y6R}F-Jc[\J$R-RUT/J\F/XZYOFCHxB�vwXmT/[\JtF-RUBZDOd8BZTUd¢�@�Z�mo^����b2Y8Q^R-RUJ\s�g&MOBZD8�ZJ]T=HxB�R&BEQKH^HKJcd8J]Fpd6XZDOD8_�J`F�o
IDjJ	0>J�R]qrT/J][uBET&bmYOXZDOFªRUXZY6R�dfe BEk>XZT&dub2Y8J=HKJ]F®g$XmDmRUTUBZQ^D2RUJ]F4d+e _]�mBEHKQ^R/_

A′x = b′
F/XZD2R4_��rQxd6J�[ch[cJ]D2R;_]b2Y8QK�nBEHKJ�D2R/J`F�BEY8azg�XZD2R/T&BEQKD2R/J]F=dfe QKD8_]�mBEHKQ^R/_

A′x ≤ b′
J$R
A′x ≥ b′

o�9;D~P>J�Y6Rpd6XZDGg}F-JT/J`F@RUT/J]Q^DOd8T/JpBEYzg�BmF�F-Y8QK�nBED2R"��b2Y8QfDOJ}g$XZD2RUQ^J]DmR�b2Y8J}d6J`F�g$XmDmRUTUBZQ^D2RUJ]F�dfe Q^D8_]�mBZH^Q^R/_��
inf

x∈Rn
"����7;����

Ax≥b
c · x. �-�Z�mo �m�

A;BZDOFt�-�Z�mo �m��XZD~P>J�Y8R;TUJ�[\P8HxBZg$J]T=HxBjg�XZD2R/T&BEQKD2R/J}dfe Q^DO_��mBZH^Q^R/_tJ�D~QKD2R/TUX6d6Y8QxF/BZDmRCd6J"D8XmY8�ZJ]H^HKJ]F��BZT/QxBEkOH^J`F�q8d6Q^R/J`F�2,>^ r�Z�8�`§`¡Zq
λ ∈ Rm o>{¦Bug$XmD2R/T&BEQKDmRUJ}dfe Q^D8_]�mBZH^Q^R/_ Ax ≥ b

J]F-R=BEHKXZT&F�_]b2Y8QK�nBnhH^J]DmRUJ}s
Ax = b+ λ

B��ZJ`g
λ ≥ 0

o 
=Q^DGF-Q4�-�Z�mo �m�IJ`F@R�_`bmYOQ^�nBEHKJ�D2R�s
inf

(x,λ)∈R(n+m)
"����R;����

Ax=b+λ, λ≥0
c · x. �-�Z�mo ± �

T'QKDOBZH^J][cJ]D2R]qOF/Q+XZDzd6_`g$XZ[\P>XmF/J}g&MOBZb2Y8JWg�XZ[\PGX2F/BZD2R/Jpd6J
x
J�DzPOBZT-RUQ^JpP>XmF/QSRUQ^�mJWJ$R�D8_]�mBER/QK�ZJZqgEe J]F-R-h snh d6Q^TUJ�F/Q4XZD�PGX2F-J

x = x+ − x− B��ZJ`g
x+ = max(0, x)

J$R
x− = −min(0, x)

q XZDXZk6RUQ^J]DmR=b2Y8Ju�-�Z�Zo��Z�NJ`F@R�_]b2Y8QK�nBEHKJ�D2R=s
inf

(x+,x−,λ)∈R(2n+m)
"����Z;����

Ax+−Ax−=b+λ, x+≥0,x−≥0,λ≥0
c · (x+ − x−).

�-�Z�mo Rr�
bmYOQ¦J]F-R=k8QKJ�D�F-XmYOF�vwXZTU[\J"F-RUBEDGd8BET&d �w[uBEQxF=B��mJ]gpP8HKYOF=d8J}�nBETUQKBZk8H^J`FU�$o � H¦D¦e £�Bud6XmDOg}BEYGg$Y8D8JPGJ]T-RUJ}d6Jp�Z_�DO_�T&BEHKQSRU_psc_�R/YOd6QKJ�T�HKJWP8TUXZ�mTUBZ[c[\J;H^QKD8_]BZQ^TUJWF@R&BEDOdOBET&d��-�Z�ZoK�`�$o�=XZYOF;B��ZXmDOF�d6_@|-sjd6XZD8DO_}Y8D8Jt[cXZR/QK�nBnR/QKXZD�g�XZDOg�T/l�R/J"d6J"HKB\P8TUXZ�mTUBZ[\[\BER/QKXZD�H^QKD8_`BEQKT/J}BZYd6_�k8Y8Rtd6Y�LNMOBEPOQSRUT/J�V �w�mXZQKTWH�e .a6J�[\P8HKJjVOo^�mo^����o'LNXZDGF-Qxd6_�TUXZDGFpPGXmY8TWH�e QKDOF@R&BED2R"Y8D J�arJ][\P8H^JF-QK[\P8H^J�b2Y8Q��nB�D8XZYOFcP>J�TU[\J$R-RUT/Jzd6J�g$Xm[\P8T/J]DOd6TUJ�b2Y8J]HKb2Y8J`FcBmF-P>J]g$RUFcJ]FUF/J�D2R/QKJ�HxF\dfe YOD¢P8TUXEh�ZT&BE[\[\J;HKQ^DO_]BEQKTUJ

min
x1≥0,x2≥0,x3≥0
2x1+x2+3x3=6

x1 + 4x2 + 2x3 .
�-�Z�mo Um�

< Y8T�HxB T'QK�ZYOT/J �Z�mo^�°D8XmYOF�B��ZXmDOF�R/T&BZg$_�H�e J]DOF/J�["kOH^Jd6J`F
(x1, x2, x3)

b2Y8Qu�Z_]T/Q@:OJ]DmR�HKJ]Fg$XZD2RUTUBZQ^D2R/J`F�¨IY8D°R/TUQKBZD8�ZHKJ�P8HKBZD
T
oNL;e J`F@RuY8D°vwJ]T/[\_~g$Xm[\POBZg$Rud8J

R3 qId6XmDOgzHKB�vwXmDOg�RUQ^XmDg$XZD2RUQ^DrY8J
x1 + 4x2 + 2x3

£�BnR/R/J]Q^D2R�F-XmDj[\Q^DOQ^[tY8[ib2Y8JCH�e XZD�D8XERUJ
M
o=�ªXZYOT®d6_�R/J]T/[\QKD8J�T�g$J[cQKD8QK["Y8[ XmD~P>J�Y6RWg$XmDOF-Qxd6_]T/J]T�HKB�v�BE[\QKH^HKJtd6JcP8HxBEDOF=POBET&BEHKHKl�HKJ]F

x1 + 4x2 + 2x3 = c
POBET&Bnh[c_�R/TU_�J}PGBET

c
o"ID�BEY8�m[cJ]D2RUBED2R�HxBu�nBEHKJ�Y8TCd6J

c
suPGBET/R/QKT;d6J −∞ q>XZD�f-kOBEHxBEQKJ�gWH�e J]F/POBmg$J

R3|@YOF/b2Y+e s\BnR/R/J�QKDOd6TUJpH^JCRUT/QxBED8�mH^J
T
qrJ$R�HKJp[\Q^D8QK["YO[

M
J`F@R�XZk8R/J�DrY�H^XmTUFUb2Y8JCH^JpP8HxBED f RUXZYOg&MOJ�gg$JIRUT/QxBEDO�ZHKJZo 
�Y6RUT/J][cJ]D2R d6Q^R]q`R/XmY6RªPGXmQ^D2R d8JN[\QKD8Q^[tY8[ d6JC�@�Z�mo Um�fJ`F@RªF-Y8T HKJ4k>XZT&d}d6Y}RUT/QxBEDO�ZHKJ

T
o �=D8JpBEY6RUT/J=v�B�P$XmD�d6JCHKJ;�mXZQKT4J]F-R�d6JCd8Q^TUJ;b2Y8JCHKB"vwXZDGg�R/QKXZD

x1 + 4x2 + 2x3
B"Y8Dj�mTUBmd6Q^J]D2R
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 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

x

x

x 1

2

3

������� �Z�mo^��� IDOF/J�[tk8H^J}Bmd6[\QKFUF/Q^k8HKJpPGXmY8T�H�e J�arJ][\P8H^J��-�Z�mo Um��o
DOXZDjDrY8H+dOBEDOF

T
d6XmDOgCF-J`FNJ�arR/TU_�[uBtF/J;R/TUXZY8�mJ�D2R®F/Y8T�H^JCk>XZT&djd6J

T
o��ªXZY8T�H�e J�arJ][\P8H^Ju�-�Z�ZoVUZ�HKJ"P>XZQKD2R;d6Jt[cQKD8QK["Y8[ ��Y8D8QxbmYOJ`�=J]F-R;HKJ"F-Xm[\[cJ�R

(0, 3, 0)
d6J

T
oG�=XZYOF=�ZJ]T/TUXZDOF=bmY¦e QKH F]e BE�ZQ^Rd+e Y8D�v�BEQ^R;�m_�D8_]TUBZH4¨¤Y8D~P>XZQKD2Rpd6Jt[\Q^D8QK["YO[ ��F]e QKHªJ$a6QKF-R/J���P>J�Y6RCR/XmYn|@XZYOTUF;F-J"R/TUXZY8�mJ�T=J]D�Y8Dd8J]F�F-Xm[\[cJ�RUF�d6JCH�e J�DGF-J]["k8HKJ;�m_�Xm[c_�R/TUQKb2Y8J;d6J]F®�ZJ`g�RUJ�Y8T&F

x
b2Y8Q¤�Z_]T/Q@:OJ]DmR®H^J`F�g$XZD2RUTUBZQ^D2R/J`F�o � H

f/F/Y6y\R!gpBZH^XmTUF®dfe _�DrY8[\_�TUJ�T®RUXZYOF�HKJ]F�F/XZ[\[\J$RUF�B :ODzd6JCR/TUXZY8�mJ�T®H^Jp[\Q^DOQ^[tY8[ ¨8gZe J`F@R�P8TU_]g�QKF/_$h[\J]DmR=g�J"b2Y8Jpv�BEQ^Rt��d6JW[uBED8QKl�TUJWQ^D2RUJ�HKH^QK�ZJ]DmRUJ`�®H�e BZH^�mXZTUQSRUM8[\JWd6Y~F-QK[\P8HKJ$a6J}b2Y8JWD8XZYGF��ZJ]T/TUXZDOFdOBEDOF�HxBcP8T/X6g&MOBZQ^DOJpF/XZYGF@h F-J`g�RUQ^XmD+o
�ªXZYOT;_�RUBEkOH^QKT;g�J$R-RUJ"P8TUXZPOT/QK_$RU_}J�DzRUXZY6RUJ"�Z_]D8_�T&BEHKQ^R/_}P>XZY8T;H^JtP8TUXZ�ZT&BE[\[\JWHKQ^D8_`BEQKT/J}F-RUBZD6hdOBET&d��@�m�ZoK�`��q>D8XmYOFpB��ZXZDGF�k>J]F/XZQKD�d6J\b2Y8J�Hxb2Y8J]FCd6_h:GD8QSRUQ^XmDOFpb2Y8QªPGJ]T/[\J$R/R/J]DmRWd6JcP8TU_]g$QxF/J�TCH^J�mX6g�BEkOY8HKBZQ^TUJZo

i� kj � �w§`�54>�mlYlWo�� o5l � � y	r6�	yh� �	z@y Xad
s�yh�¡��y�~hu�y	x���� s.y

Rn whx�t��	|�u�t�� � } rYu�z@yh� ~ } reu��c|�tvrYu yh�
s.y��!$($ � $�� � ~e� yh��u � � � s�tv�cy

Xad = {x ∈ Rn u y	zKw	xey
Ax = b, x ≥ 0} ,

yh��u$| �3� y	z@��y	r6�	y	�C�	z@y s.y��ª¡G4>���'§]�Z4G� ¡®�62'����¡`¡]�57 ���2¡ � p�rC| ��� yhzvz�y�� } �¡� yhu } x � } tvreu�yc�.u��c�h� |�zs.y
Xad

u } x�u � } tvreu x ∈ Xad
whx�t$rWy � y	x�u � |����hy s.�Q~ } � � } �	y	��y	r{x�r�y�~ } � �	tvrW|�t�� } r+~ } re��yc��y� r } r u���tv�Ot5|�z@y!��s�yCs.yhx���|�x�u��cyh� � } tvreuZ��s�y Xad � ~e� yh��u � � � s�tv�cyCw	xey � �6� tvz yc�.t���u�y y, z ∈ Xad

y	u
θ ∈]0, 1[

u�yhzV�3w	xey
x = θy + (1− θ)z � |�z } ��� y = z = x �

���r���6��=f�'�MlWlYoD� oD�{¦JI�ZX6g]BEk8Y8HxBEQKTUJId6J4H�e XmP6R/QK[\QKFUBnRUQ^XmDWJ]F-R+R/TUXZ[\P>J�Y8T'PGXmY8T¦HKJ]F'D8_]XZP8Mr£2R/J`F�o
9;D�BEP8P>J�HKH^J\F/XZHKY6R/QKXZD���BZd6[\QxF/F/QKk8H^J���YOD��ZJ`g�RUJ�Y8Tpb2Y8Q FUBnRUQKF-v�BEQ^R;HKJ]Fpg�XZD2R/T&BEQKD2R/J]F]o"�.BZTCg�XZD2R/TUJZqYOD��ZJ`g�R/J]Y8TNb2Y8Q¤BnR/R/J]Q^D2RNHKJ=[\QKD8QK["Y8[ d6Jc�@�m�ZoK�`�ªJ`F@RNBZP8P>J�HK_;¡O4G���¦§`�54>��4eB §]�����8�����wXmY�PGXmQ^D2Rd8JW[cQKD8QK["Y8[��$o •
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�� ± U.U
9;Dz�m_�TUQS:OJCv�Bmg$QKH^J][cJ]D2R=bmYOJWH�e J�DOF/J�[tk8HKJ

Xad
J]F-R�Y8D+B)4>� �YH�2'�n�~�w_]�ZJ�D2RUY8J�HKH^J][\J�D2R��rQKd6J���o�5/�BZP8PGJ]H^XmDOF�bmY¦e Y8D¬PGXmH^£ml]d6TUJ�J]F-R�Y8DOJ�QKDmRUJ�T&F-J`g�RUQ^XmD :OD8QKJ�d6J�d6J�[\Q^h�J`F-POBmg$J`Fjd6J

Rn o � < J]FPGXmQ^D2RUF}J$arR/TU_�[uBEY8a�F-XmDmR"d8XZDOgcHKJ]F}F/XZ[\[\J$R&FWd6J�g$JuP>XZHK£Zl`d6T/Jmof{+XZT&FUbmYOJ
Xad

J]F-R}�2Qxd6Jmq+POBETg$XZDr�mJ�D2R/QKXZD�XZD�D8XERUJ}bmYOJ
inf

x∈Rn
"����R;A�
�

Ax=b, x≥0
c · x = +∞.

D4�r����� lYlWo�� o�T
�
zKyQ�.t���u y�|�x�� } tvr6� x�rWy � } z�x�u�t } r } � u�tv�C| z@y�� } x � } tvreu�s�y3��tvrYtv��x���� s x

� � } � �Q|��¡�Cy*z�tvrW��|�tv�Qy ��u | rWs.|��cs��!$($ � $��C��t�yhu��hy	x�z@y	�Cy	reu���t�z@|C��|�z�yhx��*s�x��¡tvretv�¡x�� y���ue�)ret5y

−∞ < inf
x∈Rn

"����R;����
Ax=b, x≥0

c · x < +∞.

i� r��4>�'¡]§��n�6§`�54>�)o < XZQ^R
(xk)k≥1

Y8D8J}F/Y8Q^R/Jp[\Q^D8QK[\QKFUBED2RUJpd8J��@�Z�mo^����oe9;D�Q^D2R/TUX6d6Y8Q^R�HKBt[uBnhR/TUQKg�J A d6_	:OD8QKJWPOBET
A =

(

c∗

A

)

.

{¦B\F-YOQSRUJ Axk BEPOPOBET/R/QKJ�D2R�BEYzg �mD8JWF-Y8QK�nBED2R
C =

{

n
∑

i=1

xiAi
B��ZJ]g

xi ≥ 0

}

,

X�-�HKJ]F Ai
F/XZD2RWHKJ]Fpg$XmH^XmD8D8J]Fpd6JcHxB�[uBER/TUQKg�J A o+Ate BZP8TUl]FCH^Ju{¦J�[\[\Jcd6J TGBET���BmF"� ² o��6oK� �uH^Jg �ZDOJ

C
J]F-R�vwJ�TU[\_Zq8g�J}bmYOQfQ^[\P8HKQKb2Y8J}b2Y8J

lim
k→+∞

Axk =

(

z0
b

)

∈ C,

d6XZDOgCQKH+J$a6QxF@RUJ
x ≥ 0

R/J]H¦b2Y8J
(

z0
b

)

=

(

c · x
Ax

)

,J$R�HKJC[\QKD8QK["Y8[�J]F-R�BnR-RUJ�QKD2R�J�D
x
o

�

i� kjª�'��§]�54>�mlYlWo�� ohZ p�r�| ��� yhzvz@y 7 �8¡`�'|��Q� } ~ht5��y � �!$&$ � $��{x�r�yC�Q|��	y s�y Rm � } ��� ��y s�y
m~ } z } rYrWyh� s.y

A � p�r+r } u y B ~�y	uZu�y*��|¢�	y*w	x�t�y���u�x�r�y�� } x�� � �C| uZ��t5~�y*s.y
A � ~�| ���c��y*s � } �cs��cy mtvre��yh����t5�	z@y � 	 � ����� � y	����x�u�|�u�t } r�s�y3�	y���~ } z } rer�y�� } r � y	x�u���~	��tv�cy A � } x��*z@|�� } ��� y

(B,N)} �
N

y���u�x�rWy�� |�u���t5~QyCs.y¡u | tvzvz@y
m× (n −m) � �¡y�z@|{���	� y �h|�� } r } r � y	x�u�s���~ } � � } �hy	�

x
y	r

(xB , xN )
s.y � } ��u�y¡whx�� } rM|

Ax = BxB +NxN .

� yh��~ } � � } �	|�reu�yh��s�x��¢y�~	u y	x�� xB
� } reu$| ��� yhz@��yh����|���t5|.�hz�y�� s�y ��|��hy�y	u$~�yhzvz�y���s�y xN

�¢| ��t5|��	z@yh�
� } ������|¢�	y � �Kr�y.¡G4>���'§]�Z4G� 7 �O¡]�Z=f�'� � } x�s�y��Q|��	y��3yh��u$x�r��¢y�~	u y	x��

x ∈ Xad
u�yhzew	xey

xN = 0 ��Yt yhr � z�x��Cz � x�rWy�s.y���~ } � � } �	|�rYu yh� s.y xB
y���u rYx�zvz@y � } r's�tvu whxey�z@|�� } zSx�uZt } r���|¢��t5whxey{y���u

2' �E> 2�  2�n 2� �
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± U � ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

{'B\D8XERUQ^XmD�d6JWF/XZHKY6R/QKXZD�kOBmF-Qxb2Y8JWg$XZTUTUJ]F/PGXmDOdjs\g$J]H^HKJ}d6JWF/XZ[\[\J$R=d6J
Xad

o
DN�r����� lYlWo�� o�f � yh�,� } ��� yhuZ� s�x � } z 
 ��s��Qy Xad

� } reu�yc��|.~hu�yh� y	reu$z�y���� } z�x�u�t } re� ��|���t5w	xeyh� �
y#z
opj5|'��}�i.c
}Dsnj5|O� # &

x ∈ Xad
��J")�
���(E�	�'�,"�&!��� �-��E&!;�����UO���.��0�����(?��<�E"F��&'���]�-�.E�_�,�

Rn �	��
x = (x1, ..., xm, 0, ..., 0)

��"N&'�V��C,&'J"��(���
�]����E�
(b1, ..., bm)

�,�
Rm "����'�'�_;���� ∑m

i=1
xibi = b

6
# ���
���	E����=;A�74 &!�Z��C,&!J"��

0 < θ < 1
��"

y, z ∈ Xad
"����'�;����

x = θy + (1 − θ)z
6-8=%�?���E��.&'����23����"DU

�!��
n−m

�
�<����&'1�����f?��	23���	��.��"���f�,�
y
��"

z
E�	��"��A���'�'��e��"DU�?���2323�

y
��"

z
���
�-�a�E"�&!���������A"VL

Xad
U

�	�r� ∑m

i=1
yibi = b

��" ∑m

i=1
zibi = b

6  `�.�=���
&!?�&'"�%0�,�0�!�3�,%�?��	23����E&/"�&!���r���.��G����������E�	U��	�+���
�
%D�,��&/"G;����

x = y = z
U,��"=�
����?

x
��J"Q�
�_E��2323��"G�
�

Xad
6

t=%�?�&'�
���A;�����23���A"DUaE&
x
��J"e�
�NE��2323��"O�,�

Xad
U.�	�N���."��

k
�'�f�
�	2)�,���f�,�fE��O?��	23���������"���`�
�	�

�,�
�'�!���U	��"T�.�
��1�`�
�)%�@	����"������B��%D�a�E�F���
H	��23����"O��� �
b =

∑k

i=1
xiai

�$)N�'��
(ai)

E���A"O�'��O?����'�	���
��T�
�
A
6� W�	�,��23�	��"E�����f;����

x
��J"f�����=E�	�'�
"�&'���_�-�.E&!;A�
�9&'�5E��] "f�
�=�
���	�
@B���Q;��
�=�!�0����23&'�'�'�

(a1, ..., ak)��J"��'&'�
���>�
����
Rm ^:���#���
"�&'����"��
���G�-��E�

B
���#?��	23���'%�"F�.��"f?���"E"��=�:��23&'�'�'�ab<6 # �
�����	E����V;A�
�9?��=���

E�	&/"�����G�!��?D�. ,�&!�Z��C,&!J"��0�.�!�.��
y 6= 0

"����`;��
� ∑k

i=1
yiai = 0

��"
(yk+1, ..., yn) = 0

6 %V��2323�>�'��
?��	23���������"���

(x1, ..., xk)
E�	��"=J"E��&'?�"���23����"G���	E&/"�&'@B���U�&!�Z��C,&!J"��

ε > 0
"����Z;A�
�

(x + εy) ∈ Xad
��"

(x− εy) ∈ Xad
6,PR�=����&/"G;����

x = (x + εy)/2 + (x− εy)/2
?��	��"E���D�
&/"��'�=?D�.�F�.?�"�1����>��CA"E��%�2(�.���
�

x
U

�
�	�
?
x
��J"G�
����E���!�,"�&'�	�+�-�.E&!;A�
�	6

�

{¦JNTU_]F/Y8H^RUBnR'vwXZDOdOBE[\J�D2RUBZH2F/Y8QK�nBED2R'D8XmYOF d6QSRIb2Y+e Q^H2J]F-R.F-Y6y�FUBED2R d8J®g&M8J]TUg&MOJ�T¦YOD8JNF/XZHKY6R/QKXZDXmP6R/QK[uBEHKJpPOBETU[\QfH^J`F�F-Xm[\[cJ�RUF�d6YzP>XZHK£Zl`d6T/J
Xad

o
�p��4YB)4>¡]��§]�54>��lYlWo�� o � ��� tvz6yc�.t���u�y)x�r�y)� } z�x�u�t } r } � u�tv� |�z@y s x � � } ���c| ��� y�z�tvrW��| tv�cy,��u | rWs�| �cs�!$($ � $�� � |�z } ��� tvz�yc�.t���u�y x�rWy � } z�x�u�t } r } � u�tv� |�z@y ��|¢��t5w	xey �
i� r��4>�'¡]§��n�6§`�54>�)o.{¦Bjd6_�[\XZDGF@RUTUBER/QKXZD�J]F-R=RUT/l`F=F/Q^[\QKHKBZQ^TUJ"s�g�J�HKH^Jcd6Y�{¦J�[\[\Jj�Z�mo �8o U8o < XmQSR
x ∈ Xad

Y8D8J�F/XZHKY6RUQ^XmD�XmP6R/QK[uBEHKJ\d8J~�@�Z�mo^����oK9;D D8XZR/J
k
H^JuD8Xm["k8TUJud6J�F/J]FWg$Xm[cP>XmFUBED2RUJ]FDOXZD�D2YOH^HKJ]F]q8J$R=BZP8TUl]F®Y8Dz_��mJ�D2R/Y8J]HfT/_`BETUTUBZD8�ZJ][\J�D2RNXmD�B

b =

k
∑

i=1

xiai,

X.-�H^J`F
(ai)

F/XZD2R�HKJ]F=g�XZHKXZD8DOJ]F�d6J
A
o < Q'HKBuv�BE[\Q^HKHKJ

(a1, ..., ak)
J]F-R=H^QKk8TUJ}d8BEDGF

Rm qGBEHKXZT&F xJ`F@R�YOD8JWF-XmH^Y6RUQ^XmD�XmP6R/QK[uBEHKJWkOBZF/QxbmYOJZo < Q
(a1, ..., ak)

J`F@R�HKQK_ZqOBZH^XmTUF®QKHfJ$a6QKF-R/J
y 6= 0

R/J�H'bmYOJ
k
∑

i=1

yiai = 0
J$R

(yk+1, ..., yn) = 0.

LNXm[\[cJWHKJ]F=g$XZ[\P>XmFUBED2R/J`F
(x1, ..., xk)

F/XZD2R=F-R/TUQKg$R/J][cJ]D2R�PGX2F-Q^R/QK�ZJ`F�q6QKH¦J�arQxF-R/J
ε > 0

R/J]H¦b2Y8J
(x± εy) ∈ Xad

o>LNXZ[\[\J
x
J]F-R�Y8D�P>XZQKD2R=d6JW[\Q^DOQ^[tY8[zq8XZDzB\D8_]g�J]FUF/BZQ^TUJ�[\J]DmR

c · x ≤ c · (x ± εy),gZe J`F@R/h sEh d8Q^TUJ
c · y = 0

o$9;D�d8_h:OD8Q^R"BEHKXZT&F;Y8D8Jcv�BE[\QKH^HKJud6JtP>XZQKD2RUF
zε = x + εy

POBZTUBZ[c_�R/TU_�JPGBET
ε
ocID�POBET/RUBZDmRpd6JcHKBj��BZH^J]Y8T

ε = 0
q¤F/Q XZD�BZY8�Z[\J�D2RUJ"XZY�XZD�d8Q^[\QKD2YOJ

ε
XZD~TUJ]F-R/Jcd8BEDGF
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��� �6���)
 � (�
 �� " � ���	��� # �!� %,� �!
�� ± U �
H�e J�DOF/J�[tk8HKJ

Xad
|@YOFUb2Y+e s;YOD8J���BZH^J]Y8T

ε0
BZYtd6J]HKspd6J®HKBmb2Y8J�HKH^J®HxBCg�XZD2R/T&BEQKD2R/J

zε ≥ 0
J`F@R.�rQ^XmH^_]JZo


�Y6RUT/J][cJ]D2R.d8QSR`q
zε0 ∈ Xad

PGX2F/F/l]d8J®BZYtP8HKYOF
(k−1)

g�XZ[\P>XmFUBED2R/J`F'DOXZDcD2YOH^HKJ]FªJ�RªJ`F@R.J]DOg$XmT/JF-XmH^Y6RUQ^XmD~XZP8R/QK[\BZH^Jmo 9;D�T/_]PGl�R/JcBEHKXZT&F�H�e BZT/�mY8[\J�D2R;P8TU_]g�_]d6J]D2RCB��ZJ`g
x = zε0

J�RCYOD8J"v�BZ[\Q^HKH^Jd6J
(k − 1)

g�XZHKXZD8DOJ]F
(ai)

o 
 vwXmTUg�Jtd6J\d6QK[cQKDrY8J�TCHxBuRUBZQ^HKHKJtd6Jcg$J$R/R/Jtv�BE[\QKH^HKJZq¤XZD�XZk6RUQ^J]DOd6T&B
:ODOBEHKJ�[\J]DmR�Y8DOJpv�BE[\Q^HKHKJWH^QKk8TUJCJ�R�Y8D8J}F/XZHKY6R/QKXZD�XZP8R/QK[\BZH^JpkOBmF-Qxb2Y8JZo

�

�j�r���6��=f� ��lYlWo�� o�� ID�BEP8POH^Qxb2YOBED2RIHxBB�IT/XmPGX2F-Q^R/QKXZD��Z�mo �8o �CHKXZT&F/b2Y8J
c = 0

�wR/XmY6R/J�F/XZHKY6R/QKXZDBZd6[\QxF/F/Q^kOH^J\J]F-R"BEHKXZT&FCXZP6RUQ^[uBZH^J���q+XmD��mXZQ^RW�ZT
	Zg$J\BEY�{¦J�[\[\J��m�Zo��6oVUjb2Y8J�d8l]F}b2Y8J
Xad

J`F@RD8XZD6h �rQKd8JZq
Xad

B}BZYu[cXmQ^DGFIY8DjF/XZ[\[\J$R`o6LNJ�R-RUJ�P8TUXZP8TUQ^_�R/_�D¦e BWPGBZFIHKQKJ�Y�P>XZY8T®d6J]F4PGXmH^£ml]d6TUJ]F�Z_�DO_�T&BEY6a���g$XZDGF-Qxd6_�TUJ�T�Y8D�d6J][\QSh P8HxBEDzd6J
R2 �$o •

?��+�2�n�Z���Z��lWlYoD� oZl � 4C:;��!\6���� . � , ��� ��� 0�*-* � . ( �/4 0�( ��� :C! ( > 0 ���
max

x1≥0,x2≥0
x1 + 2x2

:O��!/: . �C: 1 �"�9��� 0�( ���5�C:






−3x1 + 2x2 ≤ 2
−x1 + 2x2 ≤ 4
x1 + x2 ≤ 5

4D�P8TUBER/Qxb2Y8J\H^JuD8Xm["k8TUJud6J�F/XZ[\[\J$RUF"d6Y PGXmH^£ml]d6TUJ
Xad

J]F-R}�ZQK�mBZDmRUJ]FUb2Y8Jcg]BETWQKHIP>J�Y6R�$R/TUJjJ�a6PGXmD8J�D2R/QKJ�H®POBZTtT&BEP8P>XZT/RtBZY�D8XZ[tk8TUJjd6J���BZT/QxBEkOH^J`F�o 9;D�H^J��Z_]T/Q@:OJ�F/Y8TtY8D�J�arJ][\P8H^Jd8BEDOF�H�e J$a6J�T&g$Qxg$JWF/Y8Q^�nBZDmR`o
?��+�2�n�Z���Z��lWlYoD� oD� ������������� �"!�� .+] ��� , �8!�� 1�� � ( : ( � . 0-*V0 ��� ( 1 � A 6��Q� 0�(+. . � m×n �P� . � > � 1 �5�8!��
b ∈ Rm 63�B�5� . . � L 0�� �"����!/� Xad

:;� ( � . � 1 ! A �7!�� ( �54 [0, 1]n−m 6 0 ��: . �B:O�"!�: � �9: ,\0\1 � 0 �2�/�)6��6 (+* ����: ( ��� n −m 634 ? � (e,/0 � Ax = b & ^ �a63496"! ( �����"!�� . �g�/� *�A ���i6���:O� *-* �P�5: 6�� Xad
�C:O�

0�. �=��: 2n−m &
)I).,Z[�,�[ �&b �I7I5O?@3 �	� _¬9=: �r? � ��b!_���_

{4e BZH^�mXZTUQSRUM8[\J}d6Y�F/Q^[\P8HKJ$a6JWJ`F@Rpd �~s �coGACBED2RQ1�QK�jd8BEDGF�H^J`F=BZD8D8_�J`FW�]V�R ² o � H'g�XZDOF/QKF-R/J}sPOBET&g$XmY8T/QKT�HKJ]FCF-Xm[c[\J�RUF=d8Y~PGXmH^£ml]d6TUJ}d6J`F;F/XZHKY6R/QKXZDGF�BZd6[\QxF/F/QKk8H^J`F.|@YOFUb2Y+e s�g$JcbmY¦e XmDzR/TUXZY8�mJY8D8J�F/XZHKY6R/QKXZDcXZP6RUQ^[uBZH^J}��g$J�b2Y8Q8J]F-RI�mBZTUBZD2R/Q6F-QOH^J�P8TUXZ�mTUBZ[c[\J®H^QKD8_`BEQKT/J�BZd8[cJ�RIJh0¤J]g$R/QK�ZJ�[\J]DmRY8D8JpF-XmH^Y6RUQ^XmD�XZP8R/QK[\BZH^J���o6{Ie BEHK�ZXmT/Q^R/MO[cJCd6Y�F/QK[cPOH^J�arJCD8JpF-Jpg$XmD2R/J�D2RUJ=POBmFNdfe _�DrY8[\_]T/J]T4RUXZYOFH^J`F.F-Xm[c[\J�RUF]qnQ^H8d6_`g$TUX+*xR HxBC�nBEHKJ�Y8TId6J�HxB;vwXZDOg$R/QKXZD
c ·x J]DtPGBZFUF/BZDmR.dfe Y8D\F-Xm[c[\J�R.BZYcF/Y8QK�nBED2R]o9;Dug�XZDOF/QKd8l�TUJ®HKJ�P8TUXZ�mTUBZ[c[\J®H^QKD8_`BEQKT/J�F-RUBEDGd8BET&d��-�Z�mo^����o /�BZP8PGJ]H^XmDOFIb2Y+e Y8DuF-Xm[\[cJ�R=�wXmYF-XmH^Y6RUQ^XmD�kGBZF/QKb2Y8J���d6JWH�e J�DGF-J]["k8HKJWd6J]F�F/XZHKY6RUQ^XmDOF�BZd6[\QxF/F/QKk8H^J`F

Xad
J]F-R=g�BZTUBmg�RU_�TUQKF/_;PGBET�Y8D8JkOBZF/J

B
�
m
g$XmH^XmD8D8J`FNHKQKk8T/J`F�d6J

A
�$o 
�POT/l`F�PGJ]T/[tY6RUBER/QKXZDzd6J}F-J`F�g$XmH^XmD8D8J]F]q6XZD�P>J�Y6R�_`g$TUQ^TUJ

A = (B,N)
J�R
x = (xB , xN ),d6JjF/XZT/R/Jjb2Y+e XZD�B

Ax = BxB + NxN
o�;'XZY6RUJjF-XmH^Y8R/QKXZD�BZd8[cQxFUF-QKk8HKJuPGJ]Y6R\F]e _]g$TUQKT/J

xB =
B−1(b − NxN ) ≥ 0

J$R
xN ≥ 0

o.{+JzF-Xm[\[cJ�R\BmF/F/X6g$QK_js
B
J`F@Rud6_h:GD8QW��F]e QKH�J$a6QxF@RUJ`�"POBET

xN = 0
J$R
xB = B−1b ≥ 0

o < Q�XZD¢d8_]g$Xm[\PGX2F-J�BEYOFUF-Q
c = (cB , cN )

d8BZDOFtg�J$R/R/JzkOBZF/JZq
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± U8� ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

BZH^XmTUF�XZD�P>J�Y6Rpg$XZ[\POBZT/J]T�HKJ"g$X �6R;dfe Y8D8JcF-XmH^Y6RUQ^XmD~BZd6[\QxF/F/QKk8H^JtbmYOJ�Hxg$XZDGbmYOJ
x
B��ZJ`gWg$J]H^Y8Qªd6JHxB\F-XmH^Y8R/QKXZD�kOBZF/QKb2Y8J

x
oY9;Dz�ZXZQ^R�v�BZg�Q^HKJ�[\J�D2R�b2Y8J

c · x ≤ c · x F-QfJ�R=F-J]Y8HKJ�[\J�D2R�F-Q
cB ·B−1b ≤ cB · B−1(b−NxN ) + cN · xN .

�-�Z�Zo �m�
9;D�J�D�d6_`d6Y8Q^R�HKB\g�XZDOd6Q^R/QKXZD�dfe XZP8R/QK[\BZH^Q^R/_WF/Y8QK��BZD2R/JZo
�p��4YB)4>¡]��§]�54>��lYlWo�� o	� �Yx ��� } � } r6� w	xey z@|�� } z�x�uZt } r ��|¢��t5whxey3|¢��� } ~	t5��y � B yh��u r } r s.���k�	rW� �
�Q�Qy � ~Y� yh��u � � � s tv�cy�w	xey B−1b > 0 � �KrWy ~ } rWs�tvu�t } r�r���~Qyh���	|�tv�cy y	u���x ���	|�rYu y � } x��Cwhxey ~�y	uZu�y� } z�x�uZt } rM��|¢��t5w	xey�|���� } ~	t5�Qy � B � } tvu } � uZtv� |�z@yCyh��u�w	xey

c̃N = cN −N∗(B−1)∗cB ≥ 0.
�@�m�Zo��E�

� y3�¢y�~	u y	x�� c̃N yh��u�| ��� yhz@���>�2�Z§]�r�'�{2 �2¡\�.4��'§]¡\�n �2'� �w§`¡ �
i� r��4>�'¡]§��n�6§`�54>�)o < XZQ^R

x
Y8D8JCF-XmH^Y6RUQ^XmD�kOBmF-Qxb2Y8J�D8XmD�d6_��m_�D8_]T/_]J=BZFUF-X6g�Q^_]J�s

B
o < Q

c̃N ≥ 0
qBZH^XmTUF®P>XZY8T�RUXZY6RUJ}F-XmH^Y8R/QKXZDzBZd6[\QxF/F/Q^kOH^J

x
XZDzB

c · x− c · x = c̃N · xN ≥ 0 ,

POY8QKFUb2Y8J
xN ≥ 0

o4A;XZDOg�HxB�g$XmDOd6Q^R/QKXZD �@�m�Zo��E�cJ`F@RjF/Y6y�F/BZD2R/J�P>XZY8Tjb2Y8J
x
F-XmQSR�XmP6R/QK[uBEH�o

/�_]g$QKP8TUX6bmYOJ�[\J�D2R]q8F/Y8P8P>XmF/XZDGF�b2Y+e QKH+J�arQxF-R/JWY8D8J}g�XZ[\P>XmFUBED2R/J
i
d8J

c̃N
b2Y8Q¦F/XZQ^R=F@RUT/Qxg�RUJ�[\J�D2RDO_��mBER/QK�ZJmq

(c̃N · ei) < 0
o��ªXZY8T

ε > 0
XmD�d6_	:OD8Q^R"BEHKXZT&F=Y8D��ZJ`g�R/J]Y8T

x(ε)
POBZT

xN (ε) = εeiJ�R
xB(ε) = B−1(b−NxN (ε))

o��.BET�g$XmDOF@RUT/YGg�R/QKXZD
Ax(ε) = b

J$R]q8g�XZ[\[\J
B−1b > 0

qrPGXmY8Td8J]F;��BZH^J]Y8T&F;F/Y6y�F/BZ[\[cJ]D2R;P>J$R/Q^R/J`Fpd6J
ε
XZD�B

x(ε) ≥ 0
q¤d6XZDGg

x(ε) ∈ Xad
o>Ate BZY6R/TUJ"PGBET/R]q

x(0) = x
J$R`qOg$Xm[\[cJ

ε > 0
q6XmD�B
c · x(ε) = c · x(0) + ε(c̃N · ei) < c · x,

g�JWbmYOQ+[\XZD2R/TUJWbmYOJ
x
D¦e J`F@R�POBmF�XZP6RUQ^[uBZH�oOA;XZDGg;HxB\g$XmDOd6Q^R/QKXZD��@�m�Zo��E�4J]F-R�D8_]g�J]FUF/BZQ^TUJZo

�

���r���6��=f�'�MlWlYoD� o��¬ACBEDGF�HKJ g�BZd8T/J�d8J�HxBF�4T/XmPGX2F-Q^R/QKXZD �m�Zo��6o �8q®F-QpHxB�F/XZHKY6R/QKXZD�kOBZF/QKb2Y8Jg�XZDOF/Qxd6_�TU_�JNJ]F-R.d8_��Z_]D8_�TU_�Jmq�HKBCg$XmDOd6Q^R/QKXZDz�@�Z�mo �Z�+TUJ]F-R/J�F/Y6y�F/BZDmRUJN[uBZQKFªD+e J]F-R.P8HKYOFªD8_]g�J]FUF/BZQ^TUJZo
•

9;D�d6_]d6YOQSR�d6JCHKB��ITUXZP>XmF/QSRUQ^XmD��Z�mo �8o �}Y8D8JC[c_�R/M8X6d6JCP8T&BnRUQKb2Y8JCPGXmY8T�d6_]g�T/X *KRUT/J;HKBt�nBEHKJ�Y8Td8J~HKB�vwXmDOg�RUQ^XmDg$X �6R
c · x s PGBET/R/QKTjdfe Y8D8J�F/XZHKY6R/QKXZD�kOBmF-Qxb2Y8J

x
��D8XZD¯d6_]�Z_]D8_�TU_�J�J�RjD8XZDXmP6R/QK[uBEHKJ`�$o8LNXm[\[cJ

x
J]F-R®D8XmD6h XZP6RUQ^[uBEHKJZq2QKH>J�a6QKF-R/JCY8D8Jpg$Xm[cP>XmFUBED2RUJ=d6Yj�mJ]g$R/J�YOT�d8J]F®g$X �8RUFTU_]d8Y8QSR&F

c̃N
R/J�HKHKJ=b2Y8J

c̃N ·ei < 0
ok9;Dud6_	:OD8Q^RNBEHKXZT&F

x(ε)
g$XZ[\[\J�g$Q^h d6J]FUF-YGF�o8�4Y8QKFUb2Y8J�HKJ=g$X �6Rd8_]g$TUX+*xR�H^QKD8_]BZQ^TUJ�[\J]DmR�B��ZJ`g

ε
q6XZD�BcQ^D2R/_]T/��R�stP8TUJ�DOd8T/JCHKBcP8HKYOF®�ZT&BEDGd6J;�nBZH^J]Y8T�PGX2F/F/Q^kOH^Jpd6J

εRUJ�HKH^JtbmYOJWH�e XZD�TUJ]F-R/J}d8BZDOF
Xad

o¤L;e J]F-R=HKJ}P8TUQ^DOg�Q^P>J}d6J}H�e BEHK�ZXZTUQ^R/M8[\JWd6Y~F/Q^[\P8HKJ$a6J"b2Y8JWD8XmYOFPOT/_`F-J]DmRUXZDOF®[uBEQKD2R/J]DOBED2R]o
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�� ± UZV
� �5EW4G����§GF ����2'�¯¡`����Bª�����+�

� � D8Q^R/QxBEHKQKFUBnRUQ^XmD¬�wPOMOBZF/J �-��¨ XmD�g&M8J]TUg&M8JuYOD8J�kGBZF/J�Q^DOQSRUQKBZH^J
B0 R/J�HKHKJ�b2Y8J�HKB~F/XZHKY6RUQ^XmDkOBmF-Qxb2Y8JWBZFUF-X6g$QK_�J

x0 F-XmQSR�BZd8[cQxFUF-QKk8HKJ
x0 =

(

(B0)−1b
0

)

≥ 0.

� � R/_]TUBER/QKXZDOF®�wPOMOBZF/J � �-�4¨�s;H�e _$R&BEP>J
k ≥ 0

q]XmDtd6QxF-P>XmF/JNd+e Y8DOJNkOBmF-J
Bk J$Rªdfe YOD8J®F/XZHKY6RUQ^XmDkOBmF-Qxb2Y8JcBmd6[\QKFUF/Q^k8HKJ

xk oK9;D�g�BZHKg�Y8H^JcHKJ\g�X �6RWTU_]d6YOQSR c̃kN = ckN − (Nk)∗(Bk−1
)∗ckB

o
< Q
c̃kN ≥ 0

qIBEHKXZT&F
xk J`F@RjXmP6R/QK[uBEH�J�RjH�e BEHK�ZXmT/Q^R/MO[cJzJ`F@R :ODOQ�o < Q^D8XmD+q4QKH�J�arQxF-R/J�Y8D8J�nBETUQKBZk8HKJjM8XmTUF-h�kGBZF/Jjdfe Q^DOd8QKg�J

i
R/J]H^HKJzbmYOJ

(c̃N · ei) < 0
qªJ$RtXmD�D8XZR/J

ai
HxB�g�XZHKXZD8DOJg$XmT/TUJ]F/P>XZDOd8BZD2R/Jpd6J

A
oW9;DzP>XmF/J

xk(ε) = (xk
B(ε), xk

N (ε))
B��ZJ]g

xk
N (ε) = εei , x

k
B(ε) = (Bk)−1(b− εai).

� < XZQ^R=XmD~PGJ]Y6RCg&MOXZQxF-QKT
ε > 0

BEYOFUF-Q'�ZT&BEDOdzb2Y8JtH�e XZD��mJ�Y6RpB��ZJ]g
xk(ε) ∈ Xad

o¤ACBEDOFg$JWg�BmF�q6HKJp[\Q^D8QK["YO[�d6YzP8TUXZ�mTUBZ[\[cJ;H^QKD8_`BEQKT/JpJ]F-R −∞ o
� < XZQ^R�Q^HfJ�a6QKF-R/JpY8D8JW�nBZH^J]Y8T�[uBna6Q^[uBZH^J

εk
J�R�Y8D�QKDOd6Qxg$J

j
R/J�HxF�b2Y8JpHxB

j
h l�[\JWg$XZ[\P>XEhF/BZD2R/J;d8J

xk(εk)
F�e BED8DrY8HKJZoe9;D�Xmk6R/QKJ�D2R�BEQKDOF/QGY8DOJ;D8XmY8�ZJ]H^HKJ=kGBZF/J

Bk+1 d6_]d6YOQSRUJCd6J
Bk J�D�TUJ�[\P8HxB�P]BED2R}F/B

j
h l�[\J�g$XmH^XmD8D8JuPOBZT}HxB�g$XZHKXZDOD8J

ai
o'{'BzD8XZYO�ZJ�HKHKJ\F/XZHKY6RUQ^XmDBZd6[\QxF/F/QKk8H^JpkOBmF-Qxb2Y8J

xk+1 BcY8D�g$X �8R�QKD6vw_]T/QKJ�Y8T�XmY�_]�mBZH+scg�J�HKY8Q¦d6J xk o
� H TUJ]F-R/JtY8D�g�J�T/RUBEQKD~D8Xm["k8TUJ]FCd6JtPGXmQ^D2RUFCP8T&BnRUQKb2Y8J`F=s�P8TU_]g$QxF/J�T;dOBEDOF;H�e BEHK�ZXmT/Q^R/MO[cJtd6Y�F/Q^[chP8H^J�a6JZo8��XmYOF�HKJ]F�POBmF/F/XZDGFNT&BEPOQKd6J][\J�D2R�J�DzT/J]�rY8JZo
i� �E> 2�  2�n�2¡`�Z�r� �Z���2§u� �+�m���6E>�

9;D�BpR/XmYn|@XZY8T&F
c ·xk+1 ≤ c ·xk q2[\BZQKF4Q^H>P>J�Y6R®£\B��mXZQKT._��2BEHKQSRU_=F-QGHKB"F-XmH^Y6RUQ^XmD�BZd6[\QxF/F/QKk8H^JkOBZF/QKb2Y8J

xk J`F@R\d6_��m_�D8_]T/_]JZqªBEYOb2Y8J]HNg]BZFtXZD�P>J�Y6RcR/TUXZYO�ZJ�TtbmYOJ
εk = 0

��F-Q�J]H^HKJjD+e J]F-RtPGBZFd6_��m_�D8_]T/_]JZqfHxB�d8_�[\XZDOF-R/T&BnRUQ^XmD�d6JuHxB$�ITUXZP>XmF/QSRUQ^XmD¢�m�Zo��6o �j�2BET&BED2R/Q^RpY8D8JuQKD8_��2BEHKQSRU_\F-R/TUQxg�R/J���o
9;D�B\d6XmDOgpg&MOBED8�m_Cd8JCkGBZF/JpFUBEDGF®BZ[\_�HKQ^XmT/J]T®HKJWg$X �6RW¨OgEe J]F-R�H^JpP8M8_]D8XZ[\l]D8JWd6Y�g$£6g$HxBE�mJCb2Y8QPGJ]Y6R®J][\PG�`g&M8J�TNH�e BEHK�ZXmT/Q^R/M8[\J=d8J;g$XmDr�ZJ�TU�ZJ]T]o � H>J$a6QxF@RUJ;d6J`F4[\Xn£mJ�DOFId8J;F]e J]D�P8TU_�["YOD8Q^T`qZ[uBZQKFJ�DzP8T&BnR/Qxb2Y8JpH^JWg�£rg�HKBZ�ZJCD+e BEP8POBZTUB+*KRª|-BZ[\BZQKF]o

4D~H�e BEkGF-J]DOg$J"d8J"g$£6g$HxBE�mJZq8H�e BEHK�ZXZTUQ^R/M8[\J}d6Y~F/Q^[\P8HKJ$a6J}PGBET&g$XZYOT-R�Y8D�F-XmYOF@h J�DGF-J]["k8HKJWd6J]FF-Xm[c[\J�RUF}d6J
Xad

J�D�d6QK[\Q^DrYOBZD2Rj��d6Juv�B.P$XmD F-R/TUQxg�R/J��CH^J�g$X �8R]o LNXm[c[\JuQKH4£�BzY8D�D8XZ[tk8TUJ
:OD8QGd8J;F/XZ[\[\J$RUF]qEH�e BZH^�mXZTUQSRUM8[\J�d6XZQ^R4D8_`g$J`F/FUBEQKT/J][\J�D2R.R/TUXZY8�mJ�TIYOD�F-Xm[c[\J�R4XZP6RUQ^[uBZHGd6J=g�X �6R[cQKD8QK[uBEH�oW9;D�B\d6XmDOgWd6_][cXmD2R/TU_;HKJWT/_`F-YOHSR&BnR�F-YOQ^�nBED2R`o
D4�r����� lYlWo�� o5l�n��Wt u } x�u yh� � } z�x�uZt } r6�'|�s ��t�����t5�	z@y�����|���t5w	xeyh�

xk � � } s x�tvu yh� � | ��z � |�z � } ���tvuv���Cy+s x���tv� � z@yQ�ky�� } reu r } r&s�� �.�	rW�	�c��yh� � |�z } ���{zc� |�z � } ��tvu8��� y ~ } rY�¢y	�Z�ky"y	rIx�rIr } �C�	�cy
��ret�s$� �hu�| � y�� �


 P8T/QKXZTUQfHKJWD8XZ[tk8T/JWdfe Q^R/_�T&BnRUQ^XmDOF�d6JWH�e BZH^�mXZTUQSRUM8[\JWd6Y�F-QK[\P8H^J�a6JWPGJ]Y6R=�$RUT/J}BZYOFUF-Qf�mTUBZDOdbmYOJtHKJtDOXZ["kOT/Jcd6JcF/XZ[\[\J$R&F\��b2Y8QªJ]F-RCJ�a6PGXmD8J�D2R/QKJ�HªPOBZT;T&BEPOPGXmT-RpBEY�DOXZ["kOT/Jcd6Jt�nBZT/QxBEk8HKJ]F
n
A2�ZXmQ^TNH�e .a6J�T&g$Qxg$J"�Z�Zo��6o��Z�$o3�®QKJ�Djb2Y+e Q^H>J$a6QxF@RUJ;d6J`F4J�a6J�[\P8HKJ]FC��BZg]BZd6_][\QKb2Y8J`FU�ªX.-jgEe J]F-RNJ	0>J`g�hR/QK�ZJ�[\J]DmRWHKJcg]BZF]q¤J�D�P8TUBER/Qxb2Y8Jcg�J$R}BEHK�ZXmT/Q^R/MO[cJcg$XmD2�mJ�TU�ZJ}J]D�YOD�D8Xm["k8TUJ\dfe _�RUBZPGJ`FCb2Y8Q.J`F@RY8D8JpvwXZDGg�R/QKXZD�P>XZHK£2DOXZ[\QKBZH^JWd6J

n
o



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

± � ² ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

� F�4G� �'2 �¯�OF �8��EG�r���r�¤§ 2 ��7 �8¡`�
< e QKHN£ B�P8HKYOF/Q^J]Y8TUF"g$XZ[\P>XmFUBED2R/J`F}d6Y��mJ]g$R/J�YOT"g$X �6R"TU_]d6Y8Q^R

c̃kN
F@RUT/Qxg�RUJ�[\J�D2R"DO_��mBER/QK�ZJ`F�qQKHIv�BZY6R}v�BZQ^TUJ\Y8D�g&M8XZQ^a�dOBEDOFWH�e BEHK�ZXZTUQ^R/M8[\JZoS�4H^YOF/QKJ�Y8T&F"F-R/T&BnRU_��ZQKJ]FWF/XZD2R}P>XmFUF-QKk8HKJ]F]q+[uBEQxFWJ�D�m_�D8_]TUBZH¤XZDzg&M8XZQxF-Q^R�HKB\POH^YOF�DO_��mBER/QK�ZJmo

 ��'��§]���O����¡`�6§`�54>�
LNXm[c[\J]DmRWRUT/XmY8�ZJ]TWY8D8J�F/XZHKY6R/QKXZD BZd8[cQxFUF-QKk8HKJukOBZF/QKb2Y8J\HKXZT&FWd6JuH�e QKD8Q^R/QxBEHKQKFUBnRUQ^XmD � �5/�BZP6hP>J�HKXZDGF4b2Y8J�HxB}g$XmDOd6Q^R/QKXZDjd+e Bmd6[\QKFUF-QKk8QKH^Q^R/_

xB = B−1b ≥ 0
D+e J]F-R4POBmFI_]�2Qxd6J]DmRUJ=J]Du�Z_�DO_�T&BEH�o �

< XZQ^RtXZD�J�D�g�XZD8DOB+*KRcY8D8J�s�g�BZYOF/J�d6J�HKB�F@RUT/YOg$R/Y8TUJjd6Y¢P8TUXZk8HKl�[\JZoe�.BETcJ$a6J�[\P8HKJZq PGXmY8TcH^JPOT/Xmk8H^l][\J��@�m�Zo R2�Wb2Y8QNPGX2F/F/l]d6J
m

�nBETUQxBEk8HKJ]F}d+e _`g�BET/R]q − Idm
J`F@RcY8D8JjkGBZF/Jjd6J�HxB~[uBnRUT/Qxg$J

f-�ZHKXZkGBEHKJ�g=d6J]F�g�XZD2R/T&BEQKD2R/J]F®dfe _��2BEHKQSRU_;d6J\�@�m�Zo R2��o < Q
b ≤ 0

qmHKJp�ZJ`g�R/J]Y8T
(x0, λ0) = (0,−b) J]F-RBZH^XmTUF®Y8DOJ}F-XmH^Y6RUQ^XmD�Bmd6[\QKFUF/Q^k8HKJpkOBZF/QxbmYOJCP>XZYOT}�@�Z�mo Rr��oACBEDOF HKJNg]BZF'�Z_�DO_�T&BEH�q$XZDtQ^D2R/TUX6d6Y8Q^R'Y8DOJ4D8XmY8�ZJ]H^HKJ4�nBETUQxBEk8HKJ

y ∈ Rm q`YOD"D8XmY8�ZJ`BEYW�ZJ`g�RUJ�Y8Tg�X �6R
k > 0

q6J$R�Y8DzD8XmY8�ZJ`BEY�P8T/Xm�ZT&BE[\[\J;HKQKD8_]BZQ^TUJ
inf

x≥0, y≥0
Ax+y=b

c · x+ k · y �@�m�Zo �m�
X.-uXZD�BWPOT/_`BEHxBEk8HKJ�[\J�D2RI[tY8HSRUQ^POH^QK_=POBZT −1

R/XmY6R/J`FIHKJ]F®g$XmDmRUTUBZQ^D2RUJ]F.dfe _��2BEHKQSRU_=g$XmT/TUJ]F/PGXmDOd8BZDmRs�d6J]Ftg$XZ[\P>XmFUBED2R/J`FWD8_]�mBnRUQ^�mJ]F}d8J
b
d6JjR/J�HKHKJ]F"F/XZT/R/J`F"b2Y8J

b ≥ 0
oª{+J��mJ]g$R/J�YOT

(x0, y0) =
(0, b)

J]F-RpYOD8JjF/XZHKY6R/QKXZD BZd6[\QxF/F/QKk8H^J\kOBmF-Qxb2Y8JuP>XZY8T}g�JuP8T/Xmk8HKl�[\JZo < e QKH4J$a6QxF@RUJ\Y8D8J�F/XZHKY6R/QKXZDBmd6[\QKFUF/Q^k8HKJ�d6Y�P8TUXZ�ZT&BE[\[\JjHKQKD8_]BZQ^TUJzXZTUQ^�mQ^DOBZHW�@�Z�mo^���tJ$R�F-Q=H^Jz[\Q^DOQ^[tY8[ d6J��-�Z�mo^���"D¦e J`F@RPGBZF −∞ q'BZH^XmTUFWHKJ]FtF-XmH^Y8R/QKXZDOF"XZP6RUQ^[uBEHKJ]F"d6J��-�Z�Zo �m�C�m_�TUQS:GJ�D2R"D8_`g$J]FUFUBEQKT/J][cJ]D2R
y = 0

oeIDBZP8P8HKQKb2YOBZD2R®H�e BZH^�mXZTUQSRUM8[\J;d6YzF/Q^[\P8HKJ$a6JWs��-�Z�mo �2��qrXZD�R/TUXZY8�mJ;BZQ^DOF/Q¤Y8D8JWF/XZHKY6R/QKXZD�BZd6[\QxF/F/Q^kOH^JkGBZF/QKb2Y8J\P>XZY8Tj�-�Z�mo^���;F]e Q^HIJ]D J$a6QKF-R/JuYOD8JZo < e QKHID+e J�D J$a6QxF@RUJuPOBZFu��gEe J]F-R-h snh d6QKT/JuF/Q
Xad = ∅ �$qXmD~HKJcd6_�R/J`g�R/J\g�BZT=HKJt[\QKD8QK["Y8[©d6Jz�@�m�Zo �m��J]F-RCBnR/R/J]Q^D2RpPOBETCY8D��mJ]g$R/J�YOT

(x, y)
B��ZJ]g

y 6= 0
o

�4�2Qxd6J][c[\J]DmR`q]P>XZYOT+R/TUXZYO�ZJ�TfT&BEPOQKd6J][\J�D2R¦Y8D8J®F-XmH^Y8R/QKXZDWBZd6[\QxF/F/QKk8H^J4PGXmY8TN�-�Z�ZoK�`�>XmD}B�QKDmRU_�TU�$Rs\g&M8XmQKF/QKT
k
RUT/l`F��ZT&BEDOdjPOBET�T&BEP8P>XZT/R�s

c
o

 �� �G�2�n¡]�Z4G�&2 �~��� 7 �O¡]�
;'J�H¤b2Y8J�D8XmYOFIH�e B��mXZDOF.d8_]g$TUQ^R4H�e BEHK�ZXmT/Q^R/MO[cJ�d8Y�F-QK[\P8H^J�a6J=d6J�[uBZDOd6J�H�e QKDr�ZJ]TUF/Q^XmDus}g&MOBZb2Y8J_�RUBZPGJ~d6J�HKB kOBmF-J

Bk q4g�J�b2Y8Q�P>J�Y6R��$R/TUJzR/TUl]Fjg$X �8R/J�Y8a¢P>XZY8T�HKJ]F�P8T/Xmk8HKl�[\J]F�d8J��ZT&BEDOd6JR&BEQKH^HKJ���B��mJ]g�kGJ`BEYOg�XZY8P¯d6J~g�XZD2R/T&BEQKD2R/J`FtPOY8QKFUb2Y8J�H�e XmTUd6TUJ�d6J
Bk J]F-R�_��2BEH�BZY°DOXZ["kOT/J�d6Jg�XZD2R/T&BEQKD2R/J`FU�$o¢9;D"P>J�Y8R'RUQ^TUJ�T POBET/R/Qrd6Y"v�BEQ^Rªb2Y8J

Bk+1 DOJNd6Q@0>l]T/J�d6J Bk b2Y8J®POBZT'Y8DOJ®g�XZHKXZD8D8JP>XZYOT}[\J$R-RUT/J�BEY�P>XZQKDmRtY8D8J�[\J�QKHKH^J]Y8TtF-R/T&BnRU_��ZQKJZoXID�Jh0¤J$R`q F/QNgZe J`F@R"HxB
j
h�l][\Jjg$XmH^XmD8D8J�b2Y8Q
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g&MOBED8�mJZqrXZD�B

Bk+1 = BkEk B��ZJ]g
Ek =





























1 l1o o o ooo
0

1

ooo
ljooo

1

0

ooo o o o
ln 1





























,

J$R
Ek J]F-R�v�BZg�Q^HKJWs\Q^Dr�ZJ]TUF/J�T

(Ek)−1 =
1

lj

























1 −l1o o o ooo
0

1 −lj−1

1
−lj+1 1

0

ooo o o o
−ln 1

























.

9;D�Y6RUQ^HKQxF-J}d6XmDOgCHKBcvwXmT/[tY8HKJZq8F/XZYOFNvwXZTU[\Jpv�BZg$R/XZTUQxF-_]JZq
(Bk)−1 = (Ek−1)−1(Ek−2)−1 · · · (E0)−1(B0)−1.

?��+�2�n�Z���Z��lWlYoD� o�T � 4C:;��!\6���� ,/0 � .+] 0�. ���=� ( � �3* �B6"!�: (+*-,�. � _ � . � , ��� ��� 0�*-* � . ( �/4 0�( ���
min

x1≥0, x2≥0, x3≥0, x4≥0, x5≥0
x1 + 2x2

:O��!/: . �C: 1 �"�9��� 0�( ���5�C:






−3x1 + 2x2 + x3 = 2
−x1 + 2x2 + x4 = 4
x1 + x2 + x5 = 5

?��+�2�n�Z���Z��lWlYoD� o�Z � 4C:;��!\6���� ,/0 � .+] 0�. ���=� ( � �3* �B6"!�: (+*-,�. � _ � . � , ��� ��� 0�*-* � . ( �/4 0�( ���
min

x1≥0, x2≥0
2x1 − x2

:O��!/: . �9: 1 ������� 0�( ���5�C: x1 + x2 ≤ 1
�P�
x2 − x1 ≤ 1/2

# ��� , �"!3� � 0 : ] 0�( 63�8�b6 ] !�� 6��9:O: ( �$�P�
( �9������6�! ( ���)63�C: > 0 � ( 0�A�. �C:@6 ] 4 190 ��� 'P&
?��+�2�n�Z���Z��lWlYoD� oDf � 4C:;��!\6���� ,/0 � .+] 0�. ���=� ( � �3* �B6"!�: (+*-,�. � _ � . � , ��� ��� 0�*-* � . ( �/4 0�( ���

min
x1≥0, x2≥0, x3≥0, x4≥0

3x3 − x4
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± �m� ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

:;��!/: . �C: 1 �"�9��� 0�( �9�5�9:
{

x1 − 3x3 + 3x4 = 6
x2 − 8x3 + 4x4 = 4

)4).,Z[�,�� �&b��47I5O? 3��	�q_���9�_��W74?-1N3 ��?-1N3�^+5O? _¦:�5 �
A;J�P8YOQKF�H^J`FuRUTUB��nBEY8a°d6J �pMGBZg&M8QxBED�J$R �WBETU[\BZT �nBZT\BZYd6_�kOY6R�d6J`FjBZD8D8_�J`F��]V3� ² qIY8D8JDOXZY8�mJ�HKH^JWg$HxBZFUF/J}dfe BZH^�mXZTUQSRUM8[\J]F]q8d6Q^RUF�d6JWP>XZQKD2RUF=Q^D2R/_]T/QKJ�YOTUF]q6J]F-R=BEP8PGBETUY�P>XZY8T=T/_`F-XmYOd6TUJpd8J]FPOT/Xm�ZT&BE[\[\J]F+HKQKD8_]BZQ^TUJ]F]o`{¦J4D8Xm[ d6J�g$J$R/R/J�g$HxBZFUF/JNdfe BEHK�ZXmT/Q^R/M8[\J`F+�rQ^J]D2Rªd6J�g$J�b2Y+e BEYtg�XZD2R/T&BEQKTUJd8J®HxB;[c_�R/M8X6d6J�d6Y\F/Q^[\P8HKJ$a6Jp��b2Y8Q�qEPOBET&g$XmY8T&BED2R¦HKJ]FªF-Xm[\[cJ�RUF]qnT/J`F@RUJ®F/Y8TªHKJ®k>XZT&d"d8YtP>XZHK£Zl`d6T/J

Xad
�ªg$J`F.BEHK�ZXmT/Q^R/M8[\J`F'd6J�P>XZQKD2RUFªQKDmRU_�TUQ^J]Y8T&F'_]�ZXmH^Y8J]D2RªsCH�e QKD2R/_�TUQKJ�Y8TId6J

Xad
J�RID8J�T/J-|@XZQK�ZD8J]DmRF/XZD�kGXmTUd�b2Y+e stg�XZDr�ZJ]T/�mJ�DOg�JZom�=XZYOF�BZH^HKXZDGF®d8_]g$TUQKT/JCQKg�Q¤Y8D�d6JWg$J]F�BZH^�mXZTUQSRUM8[\J]F®bmYOJCH�e XZDzBEP6hP>J�HKHKJ�BEYOFUF-QI�O�5EW4O�n�w§OF'����2'��§]�n� '`�2�Z§G4>�w�n�°�Z�r�¤§��n�8���Go � HI£�Bzd6J]Y6a�Qxd6_]J]FWD8XmY8�ZJ]H^HKJ]Fpd8BZDOFg�J$R/R/J�[c_�R/M8X6d6J ¨ªP8TUJ�[\QKl�TUJ�[\J�D2R]qªXmD�P>_�DOBZH^QxF-J�g$J]T-R&BEQKD8J]F\g$XmD2R/T&BEQKDmRUJ]Fts�H�e BZQKd8J�d6J�P>XER/J]D6hRUQ^J]HKFNXZY�vwXZDOg$R/QKXZDOF�f@kOBZT/TUQKl�TUJ]F!gKA2d8J�Y6a6QKl�[\J�[\J�D2R`q2XmDuY6R/QKHKQKF/J;YOD8J=[\_$RUM8X6d6J;d8J;��J 
�R/XmD�PGXmY8TPGBZFUF-J]T�d+e Y8DOJWQSRU_�TU_�JWscHKBuF/Y8QK��BZD2R/JZoA;_]g�T/QK�ZXmDOF�g$J�R-R/JW[\_�R/M8X6d6J}F/Y8T�HKJCPOT/Xm�ZT&BE[\[\J;HKQ^DO_]BEQKTUJCF-RUBZDOd8BET&d

inf
x∈Rn

"����R;����
Ax=b, x≥0

c · x. �-�Z�Zo Vm�
9;Dzd6_	:OD8Q^R�Y8DzPGXZR/J�D2RUQ^J]H+H^Xm�mBZT/Q^R/M8[\Qxb2Y8J;P>XZYOT

x > 0

π(x) = −
n
∑

i=1

logxi.
�@�m�ZoK� ² �

�ªXmY8T�Y8D POBET&BE[\l�R/TUJ�d6J�P>_�DGBEHKQKFUBnRUQ^XmD
µ > 0

q�XZD Q^D2RUT/X6d6Y8Q^R~HKJ�P8T/Xmk8HKl�[\J�F@RUT/Qxg�RUJ�[\J�D2Rg�XZDr�ZJ�a6J
min

x∈Rn
"����Z;��
�

Ax=b, x>0
µπ(x) + c · x. �-�Z�mo^�m�`�

/�J�[uBET&b2Y8XZDOF�b2Y+e J�D�P8T&BnR/Qxb2Y8JCHKB\g$XmD2R/T&BEQKDmRUJ
x > 0

D+e J]D�J`F@R�POBmF�Y8D8JWg�BZT�J�HKH^JpD+e J]F-Rª|-BE[uBEQxFBmg�RUQ^�mJ�¨+b2YOBZDOd�XZD�[cQKD8QK[\QKF/J~�@�m�ZoK�Z�`�=XZD�D8JuP>J�Y6R}PGBZF f/F�e BEP8POT/X6g&M8J]T!gtd6Y�k>XZT&d�d6J
x > 0F/XZYGF�PGJ]Q^D8J}d8J;v�BZQ^TUJ f@J�a6P8H^X2F-J]T!gCH^JpP>XER/J]D2R/QKJ�H

π(x)
�ZJ]TUF

+∞ o{¦J®POT/QKDOg$QKP>J�d8J®H�e BEHK�ZXZTUQ^R/M8[\JNd8JNRUTUBE|@J]g$R/XZQKTUJNg$J]D2R/T&BEHKJ4J]F-RId6J�[\Q^D8QK[\QKF/J�T��-�Z�ZoK�Z���+PGBETªY8D8J[\_�R/M8X6d6Jpd6Jp��J 
�RUXZD�PGXmY8T®d8J]F®�nBEHKJ�Y8T&FNd8J;P8HKYOFNJ�D�P8H^YGFNP>J$RUQSRUJ]F�d6J
µ
o=ID�J	0>J�R]qrHKXZT&F/b2Y8J

µRUJ�DOd��mJ�T&F,1]_�TUXOq6HKJpP8T/Xmk8HKl�[\JpPG_]DOBEHKQKF/_��@�m�ZoK�Z���.RUJ�DOd��ZJ]TUF®HKJWP8TUXZ�ZT&BE[\[\J=HKQKD8_]BZQ^TUJu�@�Z�mo V2��o
?V�+�2�n�Z���m��lWlYoD� o�� �������������M�"!���< : ( Xad

�9:5� A �=� �/4 �/��� > ( 63�3< #��	� & � � 'B0 6 * �C�i!��/� !�� ( �"!��:;� . !�� ( ���b� , � (+*V0�. � xµ & ��1 � ( ��� . �9: 1 �"�/6 ( � ( ���/: 6 ] � , � (+*V0�. ( �54@�P� ��� 63496"! ( �����"!���<8: ( # � � & � 'd0 6 * �C�!��/��!�� ( ��!/�B:O� . !�� ( ���)� , � (+*V0�. � x0 < 0�. �=��: xµ 1 ��� > ��� �3� > ����: x0 . �=��: ��!/� µ �5���/6 > �8��: 	P48��� &
)4).,Z[�,�� \:�`�b/? 3�^

{'B"RUM8_�XmT/QKJpd6JpHKBcd6YOBZH^Q^R/_u��d8_@|-sc_��mXrb2Y8_]J;HKXZT&F®d6JpHKB < XmYOF@h F/J]g�RUQ^XmD~� ² o ± o ± �.J`F@R�R/TUl]F®Y6RUQ^HKJJ]D�P8TUXZ�ZT&BE[\[uBnRUQ^XmD�HKQKD8_]BZQ^TUJZo.LNXZDOF/QKd8_�TUXZDOF}s~D8XZY8�mJ]BZY�HKJ�P8TUXZ�mTUBZ[\[cJ\HKQ^DO_]BEQKTUJjF@R&BEDOdOBET&d
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��� �6���)
 � (�
 �� " � ���	��� # �!� %,� �!
�� ± � ±
bmYOJCDOXZYOF�BZP8P>J�HKH^J]T/XmDOF®P8T/QK[uBEHI��POBET�XmP8PGX2F-Q^R/QKXZDzBEYzd6YOBZHx�

inf
x∈Rn

"����R;����
Ax=b, x≥0

c · x, �@�m�ZoK�`�m�
X�-

A
J]F-R=Y8DOJ}[uBnR/TUQxg$J}d6JWR&BEQKH^HKJ

m× n q b ∈ Rm qGJ$R c ∈ Rn o"�ªXZY8T p ∈ Rm q8XZD�QKD2R/TUXrd8Y8QSRH^J}{'BE�ZT&BEDO�ZQKJ�Djd6Ju�-�Z�ZoK�`�m�
L(x, p) = c · x+ p · (b−Ax), �@�m�ZoK� ± �

X�-zH�e XZDzBuF/J�Y8HKJ�[\J�D2R,f/d6YOBZH^QxF-_hgCHKJ]F�g�XZD2R/T&BEQKD2R/J]F�d+e _]�mBEHKQ^R/_ZoY9;DzQKD2R/TUXrd8Y8QSR�HxBtvwXZDOg$R/QKXZD�d6YOBZH^JBZFUF-X6g$QK_�J
G(p) = min

x≥0
L(x, p),bmYOQ�qOBZP8TUl]F�g�BZHKg�Y8H�q6�nBZY6R

G(p) =

{

p · b F/Q
A∗p− c ≤ 0

−∞ F/Q^DOXZD+o �@�m�ZoK�	Rr�
{+JpP8TUXZk8HKl�[\JWd6YOBZH¦d6Ju�@�m�ZoK�`�Z�NJ`F@R�d6XmDOg

sup
p∈Rm

"����R;����
A∗p−c≤0

p · b. �@�m�ZoK�OUZ�
{Ie J]F/POBZg�Jpd8JpF/XZHKY6RUQ^XmDOF�BZd6[\QxF/F/QKk8H^J`F�d6YzP8TUXZk8HKl�[\JWd6YOBZHI�@�Z�mo^�¢UZ�4J]F-R�D8XERU_

Pad = {p ∈ Rm R/J�H'bmYOJ
A∗p− c ≤ 0} .

/�BEP8P>J�HKXZDGF�bmYOJWH�e J]F/POBZg�JCd8J}F-XmH^Y6RUQ^XmDOF�BZd8[cQxFUF-QKk8HKJ]F�d6Ju�@�m�ZoK�`�m�4J`F@R
Xad = {x ∈ Rn RUJ�H+b2Y8J

Ax = b, x ≥ 0} .{+J]FpPOT/Xm�ZT&BE[\[\J]F�HKQKD8_]BZQ^TUJ]F\�@�m�ZoK�`�m��J�Ru�-�Z�mo^�¢UZ�;F-XmDmR}d6Q^RUFpJ]DM2 � �8����§] >o+{Ie Q^D2RU_�TU�$RWd6J�g$J�R-R/JD8XERUQ^XmD��rQ^J]DmRcd6Y�TU_]F/Y8H^RUBnRcF-Y8QK�nBED2Rcb2Y8Q®J]F-RtYOD�g�BmF}POBZT-RUQKg�Y8H^QKJ�Tcd6Y�;�MO_�XZTUl�[\Jjd8J�d6YOBZH^Q^R/_� ² o ± oK�Z�mo
L*F' �4G��H2��� lWlWo�� o5lWl �Yt,�!$&$ � $ � � } x �!$&$ � $ � ��|¡x�rWy���|�z@y	x�� } � u�tv�C| z@y �)ret5y � | z } ����tvz yQ�.t���u y
x ∈ Xad

� } z�x�u�t } r } � u�tv�C| z@y s.yM� $($ � $ � ��yhu
p ∈ Pad

� } z�x�uZt } r } � u�tv� |�z@y s�yM�!$&$ � $ � �'w	x�t
�¢�	��t �,y	reu
(

min
x∈Rn

"����Z;����
Ax=b, x≥0

c · x
)

= c · x = p · b =

(

max
p∈Rm

"����R;����
A∗p−c≤0

p · b
) �@�m�ZoK���2�

��y � z�x�� � x y	u
p
� } rYu�� } zSx�uZt } r6� } � u�tv� |�z@yh��s�y��!$&$ � $ � �{y	u��!$&$ � $ � � ��t)y	u��	y	x�z@y	�Cy	reu ��t)y	zvz@yh��¢�	��t �,y	reu�z@yh�*~ } rWs�tvu�t } re�3s � } � uZtv� |�zStvu � s.y���x.��r yhu ��xe~��.yh�

Ax = b, x ≥ 0, A∗p− c ≤ 0, x · (c−A∗p) = 0.
�@�Z�mo^� �E�

�Yt¡� $($ � $ � � } xm�!$&$ � $ � �'|Mx�rWy+�¢| z@yhx�� } � uZtv� |�z�y"tvrO��ret5y � |�z } ����z � y	r6�	y	�C�	z@y s�yh�{� } zSx�uZt } r6�|�s��¡t�����t5�hz@yh�¡s.y*z � | x�uZ�Qy � � } �	z �	�CyCyh��u,�Gt5s.y �
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± � R ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

���r���6��=f�'�MlWlYoD� oZl�� ��DOJ�g$XmDOF-_`b2Y8J�DOg�J~QK[c[\_`d6QKBER/J�d8Y ;�M8_�XmT/l][\J��Z�Zo��6oK�Z��d6J�d6YOBZH^Q^R/_J`F@RCbmYOJZq¤F-Q
x ∈ Xad

J�R
p ∈ Pad

F-XmDmRCd6J�Y6a~F/XZHKY6R/QKXZDGF=BZd8[cQxFUF-QKk8HKJ]F�d6J��@�m�ZoK�`�Z�®J�Rc�-�Z�ZoK�OUm��qTUJ]F/P>J]g�RUQ^�mJ�[\J�D2R`q6J�HKH^J`F��Z_�TUQ@:OJ�D2R
c · x ≥ b · p.A;JW[\��[\JZqGF-Q

x ∈ Xad
J�R
p ∈ Pad

�m_�TUQS:GJ�D2R
c · x = b · pBZH^XmTUF

x
J]F-R F/XZHKY6RUQ^XmD}XZP6RUQ^[uBZH^J4d8J;�@�m�ZoK�`�m�>J$R

p
d6J;�-�Z�ZoK�OUm��onLNJ]F¦d8J�Y6aWP8TUXZP8TUQK_$R/_`FfP>J�TU[cJ�R-RUJ�D2Rd8J}R/TUXZYO�ZJ�T�v�BZg$QKHKJ�[\J�D2RCd8J]F;kGXmT/D8J`F�P>XZY8TCHKJ]F;��BZH^J]Y8T&F�XZP8R/QK[\BZH^J`F=d6J��@�m�ZoK�`�Z��J$Rc�-�Z�mo^�¢UZ��qGJ$Rd8JpR/J]F-R/J]T�F-QfYODzg�XZY8POH^J

(x, p)
J]F-R�XmP6R/QK[uBEH�o •

i� r��4>�'¡]§��n�6§`�54>�)o < Y8P8P>XmF/XZDOF.b2Y8J
Xad

J$R
Pad

F-XmD2RªDOXZDu�rQKd8J]F]o < XZQ^R
x ∈ Xad

J�R
p ∈ Pad

oLNXm[\[cJ
x ≥ 0

J$R
A∗p ≤ c q8XZDzB

c · x ≥ A∗p · x = p · Ax = p · b,POY8QKFUb2Y8J
Ax = b

o ID�POBET/R/Qxg$Y8HKQKJ�T`qIg$J$R/R/J�QKD8_��2BEHKQSRU_�QK[\P8HKQKb2Y8J~b2Y8J�HKJ]F\�nBEHKJ�YOTUFcXZP8R/QK[\BZH^J`Fd8J]FWd6J]Y6a~P8TUXZk8HKl�[\J]F]q¤P8TUQ^[uBEH.J�R}d6YOBEH�q+F/XZD2R�:GD8Q^J`F�q+d8XZDOgcb2Y+e QKHxFWBZd6[\J$R/R/J]DmR}d6J`FWF-XmH^Y8R/QKXZDOFXmP6R/QK[uBEHKJ]FtJ�D��mJ�T/R/Y�d8Y�{+J][c[\J��Z�Zo��6o ± o {Ie _��2BEHKQSRU_��@�m�ZoK���m�WJ$R\HKB�g$XZDGd6QSRUQ^XmD�dfe XZP6RUQ^[uBZH^Q^R/_�-�Z�mo^� �E�NF-XmDmR�BZH^XmTUF®Y8D8J}g�XZDOF/_]b2Y8J]DOg$Jpd6Y+;�M8_]XZTUl�[\JWd6J}d6YOBZH^Q^R/_\� ² o ± o^�m�Zo
< YOP8PGX2F-XmDOFc[uBEQKDmRUJ�DOBZD2R\b2Y8J�H�e Y8D�d6J]F\d6J]Y6a�P8TUXZkOH^l][cJ`F"POT/QK[uBEH�XZY°d6YOBEH�Bmd6[\J$RuY8D8J�nBZH^J]Y8T=XmP6R/QK[uBEHKJ :OD8QKJZoc�ªXZY8T�:8a6J�T�HKJ]F;QKd8_�J]F]qGBmd6[\J$R/R/XZDGF=b2Y+e Q^HªF�e BE�mQKFUF/Jpd8Y~P8TUXZk8HKl�[\J"d6YGBEH��Y8DtBZT/�mY8[\J�D2R'F/£r[c_�R/TUQKb2Y8J4vwXZDOg$R/QKXZD8DOJNP>XZY8T HKJ4P8TUXZk8HKl�[\JNP8T/QK[uBEH ��o 
�HKXZT&F]q�HKJ®{¦J�[\[\J;�m�Zo��6o ±BEyuT/[\Jub2Y+e QKHIJ�arQxF-R/J\Y8D8J�F/XZHKY6R/QKXZD�XZP8R/QK[\BZH^J

p
d6J~�-�Z�mo^�¢UZ��o < Q

Xad
D+e J]F-R}POBZFp�rQxd6JZq¦XZD F-JTUJ$RUT/XmY8�ZJud8BZDOF}HxB�F/QSRUYOBnRUQ^XmD�P8T/_`g$_`d6J�D2R/J�g�Jjb2Y8Q�:GD8QSRcHKB�d6_�[\XZDGF@RUTUBER/QKXZD+o¦«~XZD2R/TUXZDOFWd8XZDOgb2Y8J

Xad
D+e J]F-R�PGBZFN�2Qxd6JCJ�D�Y6R/QKH^QxFUBED2R®J]DOg$XmT/J;H^Jp{+J][\[cJpd6J TOBZT �nBZF;� ² o �8o^� �ro3� XmY8T

p ∈ Rm qXmD�QKD2R/TUX6d6Y8Q^R�H^J`F��ZJ]g$R/J]Y8TUF�d8J
Rm+1

b̃ =

(

b
−b · p

) J�R
p̃ =

(

p
1

)

.

9;D��Z_�TUQ@:OJtb2Y8J
b̃ · p̃ = b · p − b · p ≤ 0

q¤PGXmY8T=RUXZY6R
p ∈ Pad

ofA"e BEY8R/TUJ"POBZT-R`qGHxBjg�XZDOd6Q^R/QKXZD
p ∈ Pad

P>J�Y6R=F/JWTU_�_]g�T/QKTUJ
p̃ ∈ C =

{

p̃ ∈ Rm+1 R/J�H'bmYOJ p̃m+1 = 1, Ã∗p̃ ≤ 0
} B��ZJ`g

Ã =

(

A
−c∗

)

.

LNXm[\[cJ
b̃ · p̃ ≤ 0

P>XZYOT=RUXZY6R
p̃ ∈ C q¤HKJc{¦J�[\[\Jtd6JCTOBZT �nBZFt� ² o �8o^� �tD8XZYGF;d6Q^RWbmY¦e QKHªJ$a6QKF-R/J

x̃ ∈ Rn R/J]H¦b2Y8J
x̃ ≥ 0

J$R
b̃ = Ãx̃

qGgEe J]F-R-h snh d6Q^TUJpbmYOJ
x̃ ∈ Xad

bmYOQ+D+e J]F-R=d6XZDOgCPOBmF��rQKd6Jmo
T QKDOBEHKJ�[\J�D2R`qEF-Y8POPGX2F-XmDOFªbmYOJNHxB=�nBZH^J]Y8TªXZP6RUQ^[uBEHKJ�d6Y"POT/Xmk8H^l][\JNP8TUQK[\BZHrJ]F-R��-�Z�mo^���Z� −∞ o

< Q
Pad

D+e J]F-RNPOBmF4�rQxd6JZq2PGXmY8TIRUXZY6R
x ∈ Xad

J�R4RUXZY6R
p ∈ Pad

q2XZDjB
c ·x ≥ b · p o�IDjPOT/J]DOBED2RYOD8J�F/Y8Q^R/Jj[\QKD8QK[cQxFUBED2R/JjdOBEDOF

Xad
XmD�XZk6RUQ^J]D2R

b · p = −∞ q g$J�bmYOQNBEkGF-Y8T&d6Jmo'A;XZDOg
PadJ`F@Rp�rQKd8JZo ��D�TUBZQKF/XZD8DOJ�[\J�D2R;F/Q^[\QKHKBZQ^TUJ"[\XmDmRUT/J\b2Y8JZq¤F/Q HxB���BZH^J]Y8TCXZP6RUQ^[uBEHKJtd8J��-�Z�ZoK�`�m��J`F@RQKD�:ODOQ^JmqOBEHKXZT&F

Xad
J]F-R��rQKd6Jmo
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�� ± �kU
{4e QKD2R/_]T/��RWd8JcHxBzd6YOBZH^Q^R/_\P>XZY8TWTU_]F/XZYOd8T/JtH^J\P8TUXZ�mTUBZ[c[\JtH^QKD8_]BZQ^TUJ��@�m�ZoK�`�Z��J]F-RW["Y8H^R/QKP8HKJZoA"e Y8D8JtPOBET/R]qOF/J�HKXZD�H�e BEHK�ZXZTUQ^R/M8[\JWg&M8XZQxF/Q�qGQ^H'PGJ]Y6R;��R/TUJWP8H^YGF�v�BZg�Q^HKJ"d6J"T/_`F-XmYOd6TUJWH^J}POT/Xmk8H^l][\Jd6YOBEH®�@�m�ZoK�OUZ�C��bmYOQ'B

m
�nBZT/QxBEk8HKJ]F�J$R

n
g$XmDmRUTUBZQ^D2RUJ]F�dfe Q^DO_��mBZH^Q^R/_`FU��bmYOJ}H^JWPOT/Xmk8H^l][\JWP8T/QK[uBEH�@�Z�mo^���Z����b2Y8Q}B

n
�nBETUQKBZk8H^J`F�q

m
g$XmDmRUTUBZQ^D2RUJ]F�dfe _]�mBZH^Q^R/_`F�J�R

n
g$XmDmRUTUBZQ^D2RUJ]Fjd+e QKD8_��2BEHKQSRU_]F&��oA"e BEY6RUT/J�POBZT-R`q XmD�P>J�Y6Rjg�XZDOF-R/TUY8QKT/J�d6J]F\BZH^�mXZTUQSRUM8[\J]FtD2YO[c_]T/Qxb2Y8J]FtRUT/l`FtJ�y�g�BZg�J]FtPGXmY8T\HKBT/_`F-XmH^Y6RUQ^XmD�d6J��@�Z�mo^���Z�"bmYOQ®Y8R/QKH^QxF-J]D2RcHKJ]Fcd6J�Y8a�vwXZTU[cJ`F"POT/QK[uBEHKJjJ$Rud6YOBZH^Jzd6Y¢P8T/Xm�ZT&BE[\[\JH^QKD8_]BZQ^TUJZo

?��+�2�n�Z���Z��lWlYoD� o�� � � (+. ( :O�8� . 0 6�! 0�. ( �54 , ��!�� ��4C:;��!\6���� � � . 02*V0�( ��i# �P�@: 0 �/: 1C0�. 1 ! . :�� 'V. � , ��� �
��� 0�*-* � . ( ��4 0�( ���

min
x1≥0, x2≥0, x3≥0, x4≥0

8x1 + 9x2 + 4x3 + 6x4

:O��!/: . �C: 1 �"�9��� 0�( ���5�C:
{

4x1 + x2 + x3 + 2x4 ≥ 1
x1 + 3x2 + 2x3 + x4 ≥ 1

?��+�2�n�Z���Z��lWlYoD� o�� �e����! > ��� . � , ��� A�. � * � 6�! 0�. 63� #��	� & � `3' . �=��:;�"! ] ��� 6�! 0�. ( :O� 0 !/:O: ( . 0
1 ������� 0�( �9�5� x ≥ 0

< 1�] �C:O� � ��� 6 ( ���)��! ] ��� ( �9������6�! ( � . � � 0 �"� 0 �	� ( ���

L(x, p, q) = c · x+ p · (b−Ax) − q · x
0 > � 1 q ∈ Rn �5� . �"!/� q ≥ 0 & � � *-,\0 ���8� 0 > � 1 # � � & � �3' �P� ( �9�5��� , ��4P�5��� . 0 �/��! > � . . � > 0 � ( 0�A3. �@6"! 0�. �
q & ^ ��6�4�6�! ( ���B�"! ] (+. � ] N 0g,/0 :@6 ] ( ���548���P����� 6�! 0�. ( :O���  0 !�:;: (c. 0i1 �"�9��� 0�( ���5� x ≥ 0 &
?��+�2�n�Z���Z��lWlYoD� o����Y4�� ( ? �8�d��!/� . � , ��� A�. � * �)6"! 0�. 6��7#��	� & � ��' �9:5� �a�/��! > � 0 ! #�� � & � `3'C&
?��+�2�n�Z���Z��lWlYoD� oZl�n�J=� ( � v ∈ Rn < c ∈ Rn < A !3�/� *V0 ��� ( 1 � m×n �C� b ∈ Rm &=R � 1 ���/: ( 6 �8���
. � , ��� ��� 0�*-* � . ( ��4 0�( ���

inf
v≥0

Av≤b

c · v . �@�m�ZoK�9�m�
���"�9�����8�X�"!�� . � , ��� A�. � * � 6"! 0�.c, �8!�� :;� * �P� �����B:O�"!�: . 0 LI�=� * �):C! ( > 0 �9�5��< 0 > � 1 q ∈ Rm

sup
q≥0

A∗q≤c

b · q . �@�m�ZoK�]Vm�
J=� ( ���9� v �C� q 63�C:):;� . !�� ( ���/: 0 6 *B( :;: (+A�. �C:-63� #��	� & � �3' �C�a#�� � & ��� ' < ���9: , � 1 � ( > � * �8��� & �����������8���!/�

v
�P�
q
:O�"�9�M6��9:@:O� . !9� ( �"��: � , � (+*V0�. �C:Q: ( <��C� :;�8! . � * ���9�Q: ( <

(c−A∗q) · v = 0
J$R

(b−Ac) · q . �-�Z�Zo�� ² �
� �C: 63�8! _ 4 � 0�. ( �54C: 63��# � � & `�%�' :O�"�9� 0�,�, � . 49�C:®��4>�K2 �w§`�54>�'¡*2 �r¡} r�Z�6��§`¡t�.4G��Bª�� r���r�¤§`�8�w�n�r¡
# , � (+*V0�. �C:M�C�M6"! 0�. �9:9<c���C: , � 1 � ( > � * �8��� 'P& �e4���4�� 0�. ( :;�8� 0 ! 190 :M� � . � , ��� A�. � * � , � (+*V0�.=1 � *�, �����/6�8�-��!������-6��9: 1 ������� 0�( ���5�C:Q4 � 0�. ( �54C: &
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 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

�"�}��� � �}!���� 	�� ��( ���"% #���� (
�=XZYOFIB��mXZDOFG|@YOFUb2Y+e QKg�Q6R/T&BEQ^R/_�d6J�P8TUXZkOH^l][cJ`F.dfe 4eB §]������¡`�6§]�Z4G����4>�¤§]���f� ��¨ZHKBCvwXmDOg�RUQ^XmDcs[\QKD8QK[cQxF/J�T=_�RUBZQSR=d6Q@0¤_�TUJ�D2R/QxBEk8HKJZqGJ$R=H�e J�DOF/J�[tk8H^J}d8J]F=F/XZHKY6RUQ^XmDOF�BZd8[cQxFUF-QKk8HKJ]F�_�RUBEQ^R;d6_	:OD8Q'POBETH�e Q^D2R/J]TUF/J]g$R/QKXZD dfe Y8D D8XZ[tk8T/J¡:ODOQ4d6J�g$XmD2R/T&BEQKDmRUJ]FCQKD8_��2BEHKQSRU_]F]qfJ�HKH^J`FW[\��[\J]FWd6Q@0¤_�TUJ�D2R/QxBEk8HKJ]F]o{4e 4YB §]������¡`�6§]�Z4G� ��4>� 7 ���'�6§O4G���n�Gq2BEY�g$XZD2RUTUBZQ^TUJZqnRUTUBZQSRUJCd8J=P8TUXZk8HKl�[\J`F4P>XZY8T®HKJ]FUbmYOJ�HxF4H�e J]D6hF/J�[tk8HKJ"d6J]F=F-XmH^Y6RUQ^XmDOF�Bmd6[\QKFUF-QKk8HKJ]F=J]F-R�2'��¡]�Z�n�m§mo	
=Q^DOF/Q�qGd8BZDOF�HKJ"g�BmF=d6Y�P8TUXZkOH^l][cJ}d+e B 0>J`g�hR&BnRUQ^XmD�b2Y8Q¦Btv�BZQSR�H�e Xmk6|@J$R=d6JpH�e IarJ][\P8H^J}VOo^�mo �8qrH�e J�DOF/J�[tk8HKJpd8J]F�F/XZHKY6R/QKXZDGF®Bmd6[\QKFUF/Q^k8HKJ]F�_�RUBZQSRH�e J�DOF/J�[tk8H^J;d6J]FNPGJ]T/[tY6RUBER/QKXZDOFNd6J

n
_]H^_][cJ]D2RUF]om{¦B"d6QSy�g�Y8HSRU_Cd8J]FIPOT/Xmk8H^l][\J]F4g�XZ[tk8Q^DGBnR/XmQ^TUJ]FJ`F@R"d+e Y8DOJ�POBET/R]q'bmYOJ�H�e XZD D8JjPGJ]Y6R"_�DrY8[\_]T/J]T}H�e J�DGF-J]["k8HKJ�d6J]F"F-XmH^Y6RUQ^XmDOF}Bmd6[\QKFUF-QKk8HKJ]F]q¦b2Y8QJ`F@R;R/TUXZP��mT/X2F}��d6J\g�BZTUd8Q^DOBZH

n!
d8BEDOF;HKJ"g�BmF;d6Y�P8T/Xmk8HKl�[\J"dfe B�0¤J]g$RUBnRUQ^XmDG��q>J$Rpdfe BEY6RUT/J}PGBET/R]qb2Y8J�HxBpDOBER/Y8TUJ�d6QKFUg$TUl$RUJ�d6J�H�e J`F-POBmg$J�d6J`F.F-XmH^Y8R/QKXZDOF.DOJ�PGJ]T/[\J$RIPGBZFIdfe _]g�T/QKTUJ�d8Q^TUJ]g$R/J�[\J]DmR4d8J]Fg�XZDOd8QSRUQ^XmDOF�dfe XZP6RUQ^[uBEHKQ^R/_}scH�e BEQxd6JWd6Y�g�BZHKg�Y8H+d6Q@0>_]T/J]D2R/QKJ�H�o�=XZYOF�BEHKH^XmDOF�g$J]PGJ]DOd8BZDmR��ZXZQKT�d8BZDOF�HxB�F-YOQSRUJ�d6J�g�J�g&MOBEPOQSRUT/J~b2Y8Jmq4[uBEHK�ZTU_zH^J`FjBEPOPOBnhTUJ�DGg$J]F]q8HKJ]F=[c_�R/M8X6d6J`F;d8J}H�e XZP8R/QK[cQxFUBnR/QKXZD~g�XZD2R/QKDrY8J"F/XZD2R�Y6RUQ^HKJ]F;J�D�XmP6R/QK[\QKFUBnRUQ^XmD~g$XZ[tk8QKDOBnhRUXZQKT/JmoGLNXZDOF/Qxd6_�TUXZDOF®J]D�J	0>J�R=H^JpP8TUXZkOH^l][cJWg�XZ["kOQ^DOBER/XmQ^TUJ=R@£rP8Qxb2Y8J

sup
x∈P∩Zn

c · x ,
�@�m�Zo��6�`�

X.-
P
J`F@RCY8D�P>XZHK£Zl`d6T/Jcd6J

Rn q>gZe J`F@R/h sEh d6QKTUJ}Y8D8JcQ^D2RUJ�T&F-J`g�R/QKXZD�dfe YOD�D8Xm["k8TUJ :OD8Q.d6J\d6J][cQ^hJ`F-PGBZg$J`F�q'J$R
c ∈ Rn oª{¦BzvwXmT/[tY8HKBER/QKXZD�-�Z�Zo��6���C[\XZD2R/TUJ�k8QKJ�D�HxB�d8QS0¤_�TUJ�DOg�JjJ]DmRUT/JjY8D�P8TUXEhkOH^l][cJ;g$XZ[tk8QKDOBnRUXZQKT/J�J$RIYODuP8T/Xmk8HKl�[\J�g$XmDmRUQ^DrYz¨mF/Q8D8XmYOF.XmY8k8HKQ^XmDOF.HxBWg$XZD2RUTUBZQ^D2R/J�dfe QKDmRU_��mT/Q^R/_dOBEDOFW�-�Z�Zo��6����qrD8XmYOF�XZk8R/J�DOXZDOF

sup
x∈P

c · x ,
�@�m�Zo��Z�Z�

g�JNb2Y8Q2J]F-R YOD}P8TUXZk8HKl�[\JNd8J4P8TUXZ�mTUBZ[c[uBER/QKXZDpH^QKD8_`BEQKT/Jmq�POBZT-vwXmQKF b2YOBEHKQS:G_4d6J®P8T/Xmk8HKl�[\J4g$XmD2R/QKD2Y�n�r���O�OF  �d6J~�@�m�Zo��6�`�$oI��A;J�[uBED8QKl�TUJ\�Z_]D8_�T&BEHKJZqfXmD�POBZT/HKJ�d6JuP8TUXZkOH^l][cJ\TUJ�H�	Zg&M8_mqfXZY TUJ�HxBna6_Zqb2YOBZDOdWXmD}XZY8kOH^QKJ®g�J�T/RUBZQ^D8J`F¦g�XZD2R/T&BEQKD2R/J]F]o��f{+J®P8TUXZk8HKl�[\J4TUJ�H�	Zg&MO_=�@�m�Zo��Z�Z�fPGJ]Y6RªF/JIRUTUBZQSRUJ�T J$y\hg]BZg�J�[\J�D2R¦POBZT¦HKJ]F¦[c_�R/M8X6d6J`F'd8J]F F-J`g�R/QKXZDGF+P8TU_]g�_]d6J]DmRUJ]F.¨]R/XmY6R/JNHKB=d6QSy�g�Y8HSRU_®d8J;�@�m�Zo��6���>�2QKJ�D2Rd8J�g$J�b2Y8J�D8XmYOFªD8XmYOF.TUJ]F-R/TUJ�QK�ZD8XmDOFªBEY6acPGXmQ^D2RUFIJ�D2R/QKJ�T&FId6Y\P>XZHK£Zl]d8T/J
P
�wPOBZT�B)4>���¤§p�r�¤§]���2�rqDOXZYOF J�D2RUJ�DOd6XmDOFªP>XZQKDmRIspg$XrXmTUd6XmD8D8_]J]F'J�D2R/QKl�TUJ]F&��on��XmYOF.BEHKHKXZDOF [uBEQKD2R/J�DGBED2R J`F/F/J�D2RUQ^J]H^HKJ�[\J�D2Rg]BET&BZg$R/_�TUQxF-J]T.H^J`F4g�BmFIX.-uHKBWTU_]F/XZHKY6RUQ^XmD�d6Y�P8TUXZk8HKl�[\J=d8QKFUg$TUJ$R;�-�Z�mo �8�`� J]F-RN_`b2Y8Q^�nBZH^J]DmRUJ=s}g�J�HKH^Jd8J�F-XmD�TUJ�H�	Zg&M8_ug�XZD2R/QKDrY°�-�Z�Zo��Z�m��o'LNJ`FWg�BZF]q+b2Y8QIP>J�Y8�mJ�D2R"F/J�["kOH^J]TWJ$a8g$J]P6R/QKXZD8DOJ�HxF�q¦F/XZD2RWJ�Dv�BZQSRIdfe Y8D8J��mTUBZDOd6J4QK[\PGXmT-R&BEDOg�JNPOTUBER/QxbmYOJZqng�BZT QKHxF BZP8POBZTUBZQKFUF-J]D2R'DOBER/Y8TUJ�HKH^J][\J�D2RªdOBEDOF Y8D\g$J]T-hR&BEQKD~D8Xm["k8TUJtd6JtP8TUXZk8HKl�[\J]FCg$Xm["k8QKDOBER/XZQKTUJ]F�g�XZDOg�T/J�RUFt¨GP8HKYOFpg$XmY8T/RUF=g&MOJ�[\Q^DGF�q¤B�0¤J]g$RUBnRUQ^XmD+qJ�R�P8HKYOF��Z_]D8_�T&BEHKJ�[\J�D2R�P8TUXZk8HKl�[\J`F®d8J �OXER&F�scg�X �6R�[\QKD8QK["Y8[zo

)4).,���,-) �z74?-1N3 ��_���3656^�� `.: ��9 _ <¤7 � ��`.<>3 ��<¤741��)_���_��
{'B=D8XZR/QKXZD"b2Y8Qr�nB;PGJ]T/[\J$R/R/TUJNd6J®TUJ�HKQ^J]T'P8TUXZkOH^l][cJ`F'g�XZ[tk8Q^DGBnR/XmQ^TUJ]F¦J$RªP8TUXZk8HKl�[\J]F d6QxF/g�T/J�RUFJ`F@Rcg$J�HKHKJjd6J�B)4>���¤§��3�f§]�n 2���8�@qfD8XZR/QKXZD�d6_-|-s�TUJ�DOg�XZD2R/TU_�Jud8BZDOF}HxB~A;_h:OD8Q^R/QKXZD¯�m�Zo��6oK�z¨'Y8DP>XZQKD2R'J�a2RUT/_][uBEHZdfe Y8D"g�XZDr�ZJ�a6J

K
J]F-R¦Y8D}P>XZQKD2R

x
R/J�H2b2Y8J

x = (y+z)/2
J$R
y, z ∈ K J]DmRUTUB+*xDOJ

y = z = x
o$9;D�DOXER/JcJ$arRUT

K
H�e J]DOF/J�["kOH^J\d6J]F;P>XZQKDmR&FCJ$arR/TU_�[uBEY8a�d8J

K
oW/�BZP8P>J�HKXZDOFpBEYGF/F/Qb2Y8J}F/Q

X
J`F@R=YOD~F-XmYOF@h J�DGF-J]["k8HKJWd6J

Rn qOXmD~BEP8P>J�HKH^J}�r� �>�2�Z4eB�B4����4>� �G���+��d8J X q8J�R=H�e XZD



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

������������#����)��
��,�+�)�������)
�� ± � �
D8XERUJ®g�X

X
q�H^J�P8HKYOF PGJ�R/Q^R4g$XmD2�mJ$a6JNg�XZD2R/J]DOBED2R

X
qnd6XZD2RªXZD"�m_�TUQS:GJ®b2Y+e Q^HrJ`F@R._��2BEHrs=H�e J�DOF/J�[tk8H^Jd6J]FªkOBZT/£6g�J�D2R/TUJ]Fªdfe Y8D\D8XZ[tk8TUJ):ODOQOdfe _�HK_�[\J�D2RUF.d8J
X
oE{Ie �r� �G�r�54YBKBN�c�.4G� �>���+� � �m�n�� r�Wd6J

X
qmDOXER/_]J g�X

X
qrJ]F-R®HKJCP8H^YGFNP>J$RUQSR�g�XZDr�ZJ�arJ�vwJ�TU[c_pg$XmD2R/J�DGBED2R

X
o � H¤J]F-R�_��mBZH>stHxBWvwJ�TU[\J$RUY8T/Jd6J}g$X

X
o8{¦JpT/_`F-Y8H^RUBER�F-Y8QK�nBED2R�J]F-R�vwXZDOdOBE[\J�D2RUBZH�o

L*F' �4G��H2��� lWlWo�T$o5l E�� ���$NW4 �\¡GN+� H �Kr ~ } � � |�~	u�~ } re��yc��y3s.y
Rn yh��u�y	re��yhz } ��� yC~ } re��yc��ys�y3z � yhre�	yh� �hz�y¡s.y �	yh� � } tvreuZ�*yQ�.uZ�Q�h� |�x�� �LNJtR/MO_�XZTUl�[\J"BEyuT/[\Jtd8XZDOgtbmYOJ

K =
g$X.J�arR/T

K
H^XmTUFUb2Y8J

K
J`F@RCY8D�g�XZDr�ZJ�a6J}g$XZ[\POBmg�Rd6J

Rn o 
ivwXZT/R/QKXZTUQ�q
K =

g�XIJ$arR/T
K

P8Y8QxFUbmYOJ
K

J`F@RcvwJ�TU[\_Zo.{¦B�P8TUJ�Y8�mJjd6Y�RUM8_�XmT/l][\J�d6J«�Q^D �ZX 
�F �2Q>TUJ�P>XmF/JCF/Y8T�HKBcD8XZR/QKXZD�dfe Mr£rP>J�TUP8HKBZD�dfe BEPOP8Y8Q�q6Q^D2R/TUX6d6Y8Q^R/JWd8BZDOF�H�e BEDOD8J$a6JpF-Y8T�HKJ]FJ]F/POBZg�J]F"d8J{d�QKHKkGJ]T-R�¨'Y8D�M2£rP>J�TUP8HxBED�BnyuD8J
H = {y ∈ Rn | c · y = α} qªB��ZJ]g c ∈ Rn q

c 6= 0
q'J�R

α ∈ R
J]F-RtY8D'F � BN�m�¢Bª���8� 2,>^��B�B � ��dfe Y8D°g$XZDr�mJ$a6J

K
q BEY�P>XZQKDmR

x ∈ K
q'F/Q

α = c · x ≤ c · y q6PGXmY8T�RUXZY6R y ∈ K o8�=XZYOF�Y8R/QKH^QxF-J]T/XmDOF�H�e XmkOF-J]T/�nBER/QKXZD�F/Y8QK�nBED2R/Jmo
D4�r����� lYlWo�T$o����Yt

H
yh��u3x�r�� 
 � y	� � z@| r s$� | �3� x�t�s$� x�rm~ } rY�¢yQ��y

K ⊂ Rn � | z } ���"u } x�u� } tvreu�yc�.u��c�h� |�z$s.y H ∩K yh��u � } tvrYu�yQ�.uZ�c�	� |�zKs.y K �
i� r��4>�'¡]§��n�6§`�54>�)o < XZQ^R

H = {y ∈ Rn | c · y = α} B��ZJ]g c ∈ Rn q c 6= 0
q>J$R

α ∈ R
q¤Y8DM2£rP>J�TUP8HxBED�d+e BZP8P8Y8Q4d8J

K
o < Q

x = (y + z)/2
B��ZJ`g

y, z ∈ K qfJ�R}F-Q
x ∈ K ∩ H q+QKH.�rQ^J]DmR

α = c · x = (c · y + c · z)/2 q+J$R\g$XZ[\[\J α ≤ c · y J$R α ≤ c · z q¦XZD�BzDO_]g$J`F/FUBEQKTUJ�[\J�D2R
α = c · y = c · z qGd6XmDOg y, z ∈ K ∩H o < Q'H�e XmD�F/Y8P8P>XmF/J"b2Y8J

x
J]F-R;Y8D~P>XZQKD2R;J�a2RUT/_][uBEH'd8J

K ∩H q6Q^H+�rQKJ�D2R�d6XZDGg
x = y = z

q8g�J}bmYOQf[cXmD2R/TUJpb2Y8J
x
J`F@R�Y8DzP>XZQKD2R�J$arR/TU_�[uBEH+d8J

K
o

�

i� r��4>�'¡]§��n�6§`�54>� 2 � §GF  k4G��Hr��� 2 ��� ���KNY4 �u¡GN+�*lWlYo�T oZlYo 9;D�F/Y8P8P>XmF/Jt_]�2Qxd6J][c[\J]DmRbmYOJ
K 6= ∅ ��F/QKD8XZD+q>HKJtTU_]F/Y8H^RUBnRCJ]F-R;RUT/QK�rQKBZHx�$oW/=BEP8P>J�HKXZDOFpb2Y8JtHKB�d6QK[cJ]DOF/Q^XmD�dfe Y8D�g�XZDr�ZJ�a6JD8XZD6h �rQKd8J=J]F-RNPGBET�d6_h:ODOQSRUQ^XmDjHxB"d6QK[\J�DOF/Q^XmDjd6JCH�e J]F/POBmg$J=BEy\DOJCb2Y+e Q^H>J�DO�ZJ�DGd6T/Jmo�9;Dj��B"[\XZD6hR/TUJ�T4HKJ�RUM8_�XmT/l][\J=POBZT4TU_]g$YOT/TUJ�DOg�J�F-YOTNHxB"d6QK[\J�DOF/QKXZDjd6J

K
o �;Y8QSR/R/JpsWTUJ�[\P8HxBZg$J]T

Rn POBZTNYODF-XmYOF@h J]F/POBmg$J�BnyuD8JmqEXZDuP>J�Y6R®F-Y8POPGX2F-J]T4b2Y8J
K
J]F-RNd6J;d6Q^[\J]DOF-QKXZD

n
o < Q

n = 0
q
K
J]F-R4TU_]d6YOQSRs"Y8DzP>XZQKD2R]q6J$R�HKJCR/M8_]XZTUl�[\J;J`F@R��m_�TUQS:O_mo < Y8P8P>XmF/XZDOF�d6XmDOg;H^JCR/MO_�XZTUl�[\JWd6_][cXmD2R/TU_;P>XZY8T�HKJ]Fg$XZ[\POBmg�R&F.g$XZDr�mJ$a6J]F.d6J�d8Q^[\J�DGF-QKXZD�BZYcPOH^YOF

n−1
qEJ$RI[\XmDmRUT/XmDOF.b2Y8J�RUXZY6RIP>XZQKD2R

x
d6J
K
J`F@RkOBETU£6g$J�D2RUT/Jpdfe Y8DzD8XZ[tk8T/J�:ODOQ¦d6JpPGXmQ^D2R�J�a2RUT/_][uBEY6a�d8J

K
o < Q

x
J`F@R�YOD�P>XZQKD2R�vwT/XmDmRUQ^l]T/JWd6J

K
qnHKJ�LNXmT/XmH^HxBEQKTUJ=�`�8o^�mo � ² vwXmY8TUD8QSR.Y8D\Mr£rPGJ]T/POHKBZDcdfe BEPOP8Y8Q

H
d6J
K
J�D
x
o2LNXm[c[\J

K∩H J`F@RY8D~g$Xm[cPGBZg�RCg$XZDr�mJ$a6JWd6Jtd6QK[\J�DOF/QKXZD~BEYzP8HKYOF
n− 1

qOPOBZT�Mr£2P>XERUM8l]F/J"d6J"T/_`g$Y8TUT/J]DOg$Jmq
x
J`F@RkOBETU£6g$J�D2RUT/J=d+e Y8D�D8XZ[tk8TUJ :OD8Q¤d6JCPGXmQ^D2R&FNJ�arR/TU_�[uBEY6aud6J

K ∩H qrb2Y8QfF-XmDmR�BEYOFUF/Q>d6J`F4P>XZQKD2RUFJ$arR/TU_�[uBEY8a�d6J
K

dfe BEP8TUl]F=H^J"{¦J�[\[\Jj�m�Zo ± o��6o��ITUJ�D8XmDOF�[uBZQ^D2R/J]DOBED2R=YOD~PGXmQ^D2RpbmYOJ�Hxg$XZDGbmYOJ
x
d6J

K
q8J�R=F-XmQSR

D
Y8D8J}d8T/XmQSRUJ}BnyuD8JpPOBZFUFUBED2R�POBET

x
oO{Ie J�DOF/J�[tk8HKJ

D ∩K J]F-R�Y8D~F/J��Z[\J]DmRd6JuHKB�vwXmT/[\J
[y, z]

qfX�- HKJ]FWP>XZQKD2RUF
y, z

F/XZD2R}d6J]F}PGXmQ^D2RUFWvwT/XmDmRUQ^l]T/J`FWd6J
K
o'A"e BEP8TUl]FWg�J�b2Y8QP8T/_`g$l`d6JZq

y
J$R
z
F/XZD2R®kGBETU£rg�J�D2R/TUJ]F4dfe YODjD8Xm["k8TUJ :ODOQ¤d8J;P>XZQKD2RUFNJ$arR/TU_�[uBEY8aud8J

K
o6LNXm[c[\J

x
J]F-R�H^Y8Q¦[c�][\JCkGBETU£rg�J�D2R/TUJpd6J

y
J$R
z
q6H^JpRUM8_�XmT/l][\JCJ`F@R�d6_][\XZD2R/TU_Zo

�

�3Y
opc
i��R[RY�~-~��*�7�*� PR�V"�$
%�����1�23���
�QS_&'��dB�8aQ3d,&,��J"O�
�)?D�.T���.�E"�&'?��
�!&'���T���)�
&'23���
E&!���Nu���&'���74 �
�
��%�E���/"F�." �74 ������� �,E�(�n�	�
?�"�&'�	���
���'�'�	UO�'�("�$
%�����1�23�#�,��c�����&'�
I S_&'�!2(�.�RUZ;���&f�&] ��23�(;��R4 ���d?��	23����?�"
?��	�A@B��C,�T��J"`���A@B���'�������V?��	�A@B��C,�O������23%��V�
�T�:4 ����E��2N���'�f�,��W���	&'��"�W��CA"E��%�2(�.�
C)^:?��e��%�E�
�/"F�."DU�;���&���J"
�
���>?�����E%D;��
����?����,�_"�$�%�����1�23�>�,�����.$��
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± ��� ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

�-�.�E"�&'?��
�'&!�<�Q���.��f�'��f��E�-��?���Q�
� �f������?F$�b<6�*9�(���."����F�N;��74 ���#�,&'23����E&'�	�(&'�
u���&'�	U�?�4 ��J"Q�g4 ���A@B���!�������
?��	�A@B��C,�9�n����23%��	U
��"Q�
�	�_�:4 ���A@B���'�������>?����,@	��C,�	U
;A�
&R&'��"�����@A&'����"Q���.��Q�:4 %�������?�%��,�#"�$�%�����1�23�	6 •�=XZYOFpBEPOP8H^Qxb2Y8XZDGF=[uBEQKD2R/J]DOBED2R;HKJ}RUM8_�XmT/l][\Jtd6J\«�QKD �ZX 
�F �rQ'BEY�P8TUXZk8HKl�[\Jtd+e XmP6R/QK[\QKFUBnhRUQ^XmD¯g$XZ[tk8QKDOBnRUXZQKT/J �@�m�Zo��6�`�$oIA;BZDOF�g�J~g�BZF]qIHxB�vwXZDOg$R/QKXZD¯g$X �6R

J(x) = c · x J`F@R�HKQ^DO_]BEQKTUJZq[uBZQKF\QKH=F/J�T&B�POH^YOFug�HKBZQ^T�d8J~g$XZDGF-Qxd6_�TUJ�T\P8HKYOFu�m_�D8_]TUBZH^J][\J�D2RcHxB �����+������¡`�6§]�Z4G��d6JzvwXZDGg�hRUQ^XmDOF�g$XmDr�ZJ$a6J`F�qrb2Y8Q+B\d6J]F�P8TUXZPOT/QK_$RU_]FNR/TUl]F�d6Q@0¤_�TUJ�D2R/J`F�d6JpHKB\�����'������¡`�6§]�Z4G��d8J;vwXmDOg�RUQ^XmDOFg�XZDr�ZJ�a6J]F®R/T&BEQ^R/_]J"BEY8a~LNMOBZP8Q^R/TUJ]F=V�J$R"� ² oG�=XZYOF;g$XmDOF-Qxd6_]T/J]T/XmDOF�BEYOFUF/Q¦Y8D�J]DOF-J]["k8HKJ
X

BZT-hkOQSRUTUBZQ^TUJZq8BZY�HKQ^J]Y�d6J
P ∩ Zn o

�p��4YB)4>¡]��§]�54>��lYlWo�T$ohZ E�� ���+������¡]�6§`�54>�'2 � � 4G� �E§`�54>����4>� �G���+�r¡/H � } x���u } x�u y � } rW~	u�t } r~ } re��yc��y
J : Rn → R � yhu � } x�� u } x�u � } x�� � y	r6�	y	�C�	z@y X ⊂ Rn �

sup
x∈X

J(x) = sup
x∈ ��� X

J(x) = sup
x∈ ��� X

J(x) ,
�@�Z�mo � ± �

y	u���t
X

yh��u�� } ��r�� �
sup
x∈X

J(x) = sup
x∈ �����	� ��� X

J(x) .
�@�Z�mo � R2�

i� r��4>�'¡]§��n�6§`�54>�)o < Q
y ∈ g$X

X
qNXmDP>J�Y6Rz_]g�T/QKT/J

y =
∑

1≤i≤k αixi
q�B��ZJ`g

xi ∈ X
q

αi ≥ 0
q¤J$R ∑

1≤j≤k αj = 1
o��IY8QxF/b2Y8J

J
J`F@R}g�XZDr�ZJ�arJmqGXmD�B

J(y) ≤ ∑1≤j≤k αjJ(xj) ≤
max1≤j≤k J(xj) ≤ supx∈X J(x)

qªJ$R\P8Y8QxF/b2Y8J�g$J]g�QNJ`F@Rc�rTUBZQ4P>XZY8TtR/XmY6R
y ∈ g�X

X
q¦XmD�B

supx∈ ��� X J(x) ≤ supx∈X J(x)
o �.BETWBEQKH^HKJ�YOTUF]q¤PGXmY8TCR/XZY8R

z ∈ g$X
X
q>XZD�P>J�Y6RW_]g�T/QKTUJ

z =
limk→∞ yk

qrB��ZJ`g
yk ∈

g�X
X
orLNXm[c[\J�YOD8J�vwXmDOg�RUQ^XmD�g$XZDr�mJ$a6J

Rn → R
J`F@RND8_]g�J]FUF/BZQ^TUJ�[\J�D2Rg�XZD2R/QKDrY8J\��g�v@o�IarJ]TUg�QKg�JWV8o��6o��E��q2XZDzB

J(z) = limk→∞ J(yk) ≤ supx∈ ��� X J(x)
q8J�R�POY8QKFUb2Y8Jg�J]g�Q4J]F-R"�rT&BEQIP>XZY8T}R/XZY8R

z ∈ g$X
X
q'XZD�B

supx∈ ��� X J(x) ≤ supx∈ ��� X J(x)
oª{+J`F"BEY8R/TUJ]FQKD8_]�mBEHKQ^R/_]Fª_�RUBZDmR.RUT/QK�rQKBZH^J`F�qnXmDuB;[\XmDmRUT/_}�-�Z�mo � ± ��on{¦XZT&F/b2Y8J

X
J]F-RIkGXmT/D8_mq g$X

X
b2Y8Q8J`F@R4BZYOFUF-Qk>XZTUD8_mqmJ`F@R�g$XZ[\POBmg�R`omAte BZP8T/l`F4HKJ�RUM8_�XmT/l][\J=d6J;«~Q^D �mX 
�F �rQ'�Z�Zo ± oK�Zq g$X

X =
g$X4J$arR/T g�X

X
q2J$RJ]D�BEP8P8HKQxbmYGBED2R �-�Z�Zo�� ± ��q

supx∈ �����
� ��� X J(x) = supx∈ ���������
� ��� X J(x) = supx∈ ��� X J(x) =
supx∈X J(x)

qGg�JWbmYOQ+P8TUXZY8�mJc�-�Z�Zo���Rr��o
�{'Bb�ITUXZP>XmF/QSRUQ^XmDu�Z�mo ± o R�DOXZYOF'F-Y8�m�Zl]T/J4d8JNg$XmDOF/QKd6_]T/J]T+H�e J]D2�mJ�HKXZP8P>J4g�XZDr�ZJ�arJNd6J4H�e J]DOF/J�["kOH^JBmd6[\QKFUF/Q^k8HKJ

X = P ∩ Zn d6JWD8XZR/TUJpP8T/Xmk8HKl�[\JpQ^D8Q^R/QxBEHN�@�Z�mo �8�`�$o
i� kj � �w§`�54>�mlYlWo�T$o�f p�r | ��� yhzvz@y��r� �G�r�54YB�B4�¯�r�¤§]�5H2�n� s$� x�r � } z 
 ��s��cy P ⊂ Rn � z � y	re��y �z } ��� yC~ } re��yQ�ky¡s�y3z � y	r6�	y	�C�	z@yCs�yh� � } tvreuZ�*y	reu�t5y	���*s.y P � w	xey3z � } r r } u�y Pe =

g�X
(P ∩ Zn) �{¦J�RUJ�TU[cJ�f@J]Dr�ZJ�HKXZPOPGJ�J]D2R/QKl�TUJ�g=J]F-R4RUTUBmd6Q^R/QKXZD8D8J]HG[uBZQKFNH^_]�Zl]T/J][cJ]D2RIR/TUXZ[\P>J�Y8TC¨2d+e XmTUd6QKDOBZQ^TUJZqYOD8JWJ�Dr�ZJ]H^XmP8P>J;J`F@R�Y8DzXmk6|@J$R�P8HKYOF��mT/X2F�q6BEHKXZT&F�b2Y+e Qxg$Q

Pe ⊂ P
o

� 4G��4G�����8�����MlWlYo�T o�� �Wt
J : Rn → R

yh��u�~ } re��yQ�ky � y	u)��t P ⊂ Rn yh��u,x�r � } z 
 �Qs �cy � |�z } ���

sup
x∈P∩Zn

J(x) = sup
x∈Pe

J(x) .
�@�Z�mo �.UZ�
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������������#����)��
��,�+�)�������)
�� ± �mV

�QKDOF-Q�q>XZD~P>J�Y6RCR/XmYn|@XZYOTUF=T/J][cPOHKBmg$J�T;H^JtP8TUXZk8HKl�[\J"d6QxFUg$TUJ$Rc�-�Z�mo �8�`�®POBZT=Y8D�P8T/Xmk8HKl�[\J"d6XmDmRH�e J�DOF/J�[tk8HKJzBmd6[\QKFUF/Q^k8HKJzJ]F-R�Y8D¯g$XmD2�mJ$a6JZo.{¦XZT&F/b2Y8J

J
J`F@R�HKQ^DO_]BEQKTUJZq.HKJ�POT/Xmk8H^l][\Jzs d6TUXZQ^R/Jd6J"�@�m�Zo���Um� J]F-RNY8D�POT/Xm�ZT&BE[\[\J®HKQKD8_]BZQ^TUJ�g$HxBZFUF-Qxb2Y8J}¨mXZD�B}BZQ^DOF/QGg�XZDOg�J�D2R/TU_�HxB}d6Q^yug�Y8H^R/_;dOBEDOFH^J}g]BEHxg$Y8H�q6XZY�H�e BEPOP8T/X�a6QK[uBnR/QKXZD¦qrd8Y�P>XZHK£Zl`d6TUJ

Pe
o � H+£�BtYODzg]BZF�X.-jRUXZY6R=d6J]�rQ^J]DmR�v�Bmg$QKH^Jmo

i� kjª�'��§]�54>�mlYlWo�T$o�� p�r s�tvu�whx�� x�r � } z 
 ��s��cy P yh��u,x�r�B)4>� �WHk2'�n�~�r�¤§]���m�{��t
P = Pe ��=XZYOF\BZH^HKXZDOFc[uBEQKD2R/J]DOBED2Rcd8XZD8D8J]Tud6J]F\g$XmDOd6Q^R/QKXZDOF\F/Y6y�F/BZD2R/J]F��wPOT/_`g$QxF-J`FU�"PGXmY8Tub2Y+e YODPGXmH^£ml]d6TUJCF/XZQ^R�J�D2RUQ^J]T]o

)I).,���,�[ � ` 365O?/<�_�� 367.3�` b!_�� _¦1N3�:=1;? � 7�9=:�b!`.?@56_��
�=D�PGXmH^£ml]d6TUJpbmYOJ�Hxg$XZDGbmYOJCP>J�Y8R=F�e _]g�T/QKT/J

P = {x ∈ Rn | Ax ≤ b} �@�Z�mo � �m�
B��ZJ]g

A ∈ Rm×n J$R
b ∈ Rm o � HIg�XZDr�rQ^J]DmRWd6J\D8XZR/J�TWb2Y+e Y8D�R/J�H4PGXmH^£ml]d6TUJ"J`F@RWP8HKYOFp�Z_]D8_�T&BEHbmYOJjHKJjP>XZHK£Zl]d8T/J

Xad
d8J]FcF-XmH^Y6RUQ^XmDOF"Bmd6[\QKFUF/Q^k8HKJ]Fcd6Y�POT/Xm�ZT&BE[\[\J�H^QKD8_`BEQKT/JjF-RUBZDOd8BZTUd¯��g�v@oA=_	:OD8Q^R/QKXZD��m�Zo��6oK�`�C¨>J�D�Jh0¤J$R`q

Xad
J`F@R=PGBET;d8_h:OD8Q^R/QKXZD�Q^DOg�H^YGF=d8BZDOF�HKJtg��ZD8J}P>XmF/Q^R/Q^v4d6J

Rn qJ$R�D8XmYOF�B��ZXmDOFcJ�D�XZY8R/TUJzd8_@|-s D8XZR/_�b2Y8J
Xad

F]e QKH�J`F@RuD8XmD6h��rQxd6JZqNB�RUXZYn|@XmY8T&Fud6J]FuP>XZQKD2RUFJ$arR/TU_�[uBEY8acg$J;bmYOQGD+e J]F-R4POBmFIHKJ=g�BmFIP>XZY8TNY8DuP>XZHK£Zl]d8T/J=b2Y8J]HKg�XZDOb2Y8J}��g�v@o�/�J�[uBZTUb2Y8JW�m�Zo��6o��E��o{¦B�g�BZTUBmg�RU_�TUQKFUBnRUQ^XmD�d6J`FWPGXmQ^D2R&FWJ$arR/TU_�[uBZY6a�d6J
Xad

��{¦J�[\[\J~�Z�mo �8o Um�;F]e _$R/J]DOd�g$J]PGJ]DOd8BZDmRd6JWHKBc[uBEDOQ^l]T/JWF/Y8Q^�nBZDmRUJZo
D4�r����� lYlWo�T$o	� �Kr � } tvreu yc�.u��c�h� |�z�s�x � } z 
 ��s��Qy P s��Z��ret � | �"�!$&$ ��� 'Q�Myh��u�r���~Qyh���	|�tv�cy ��Cy	reu�� } z�x�u�t } r"s$� x�r�� 
¢��u �	� y

A′x = b′ � }� A′ y���u�x�rWy�� } x�� � � |�u���t5~Qy�tvrY�¢y	����t5�hz�y � } ��� ��y s�y
n
zStS� r�y���s.y

A � yhu b′ y���u)z�y*��y�~hu�yhx�� � } ���C�Cs�yh� z�tS��rWyh��~ } ���cyh� � } r�s�| reu�y��3s�y b �
i� r��4>�'¡]§��n�6§`�54>�)o < XZQ^R

x
Y8DcPGXmQ^D2RIJ$arRUT/_][\BZH6d6J

P
qnJ$RIF-XmQSR

I(x) = {1 ≤ i ≤ m | Ai ·x =
bi}

�wH�e J�DOF/J�[tk8H^J}d8J]F�g$XmD2R/T&BEQKDmRUJ]F�BZg$R/QK�ZJ`FNJ]D
x
��q8X.-

Ai
d6_`F-QK�ZDOJCHxB

i
h�l][cJpHKQ^�mD8JWd6J

A
o < QfHKBv�BE[\Q^HKHKJ {Ai}i∈I(x)

qOD+e J`F@R�PGBZF�d6J}T&BEDO�
n
q8XmDzPGJ]Y6R�R/TUXZYO�ZJ�T�Y8Dz�mJ]g�RUJ�Y8T�DOXZDzDrY8H

y
RUJ�H¦b2Y8J

Ai · y = 0
P>XZYOT�R/XZY8R

i ∈ I(x) ofLNXZ[\[\J x J]F-R�H^JW[\QKH^QKJ�Y�d6J`F�PGXmQ^D2R&F x− εy J�R x+ εy
qOb2Y8QF-XmDmRNk8Q^J]Djd6J`FI_�HK_�[\J]DmR&F4d6J

P
F-Q
ε
J`F@R�BZFUF-JG1�PGJ�R/Q^R]qrXZD�g�XZD2R/TUJ]d8QSR4H�e J$arR/TU_�[uBEHKQ^R/_=d6J

x
o 
�QKDOF-Q�qXZD�PGJ]Y6RWR/TUXZY8�mJ�TCY8D�F-XmYOFCJ�DOF/J�[tk8HKJ

I ′ ⊂ I(x)
d6J�g]BET&d6Q^DGBEH

n
RUJ�HIb2Y8J\HKB�[uBnRUT/Qxg$J

n × nd6XZD2RpH^J`F;HKQK�ZD8J`F;F/XZD2RpH^J`F
Ai
qfB��mJ]g

i ∈ I ′ qfJ]F-RpQ^Dr�ZJ]TUF/QKk8H^Jmo>{¦JcF/£6F@RUl�[\J Ai · x = bi, i ∈ I ′
qg�BET&BZg$R/_]T/QxF-JCBEHKXZT&F

x
o

�{¦Jc{¦J�[\[\J��m�Zo ± o �u[\XZD2R/TUJcJ�D�PGBET/R/Qxg$Y8HKQ^J]TCb2Y+e Y8D�PGXmH^£ml]d6TUJ"D+e Bjb2Y+e Y8D�D8XZ[tk8TUJ*:OD8Q.d6JPGXmQ^D2RUF�J�arR/TU_�[uBEY6afo
?��+�2�n�Z���Z��lWlYo�T oZl�������������� ��4 1�(+, �����"!�� * �8��� �"!��@: ( x �9:5� !3� , � ( �9�d6�� P > 48� ( ?�0 ��� A′x = b′

<
0 > � 1 A′ �C� b′ 1 � *-* �B6 0 �/: . � � � *-* � � � & � & � < 0�. �=��: x �C:O�V!�� , � ( ��� � _ ����4 *V0�.+&{¦JC{¦J�[\[\Jt�m�Zo ± o �}F/Y8�Z�ml�TUJ=dfe _$R/YGd6Q^J]T�H^J`F®g]BZFNX�-�HxBcF-XmH^Y6RUQ^XmDjdfe Y8D�F/£6F@RUl�[\JCH^QKD8_]BZQ^TUJ=J`F@RJ�D2R/QKl�TUJZo
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± � ² ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

�p��4YB)4>¡]��§]�54>��lYlWo�T$o � � } tvu
A ∈ Zn×n x�rWy�� |�u���t5~Qy tvre��yh����t5�	z@y � � yh� |¢���	y	��uZt } r6����x�tv��|�rYu yh�� } reu���w	x�tv�¢| z@y	reu�y����

$ � detA = ±1 �

��� � } x�� u } x�u b ∈ Zn � } r�| A−1b ∈ Zn �
i� r��4>�'¡]§��n�6§`�54>�)o�{4e QK[\P8HKQKg]BnR/QKXZD�� ⇒ �}TU_]F/Y8H^R/JpBEYOFUF/QSR �ER®d8J]FNvwXZTU["Y8HKJ]F�d6J}LNT&BE[\J�T`ok/�_]g$Q^hPOT/X6b2Y8J�[\J]DmR`q>F/Y8P8P>XmF/XZDGF=b2Y8J

A
�Z_]T/Q@:OJ}H�e BZFUF-J]T-RUQ^XmD��6o¤«�XZD2R/TUXZDGF=dfe BEk>XZT&d~b2Y8J

A−1 J]F-RCsg�XrJ$y�g$QKJ�D2RUF;J�D2RUQ^J]TUF]o 4D�P8TUJ�DGBED2R;P>XZY8T
b
HKJ
i
h l�[\J"�mJ]g$R/J�YOTCd6JcHxB�kOBmF-Jcg�BEDOXZD8QxbmYOJtd6J

Rn qXmD\�ZXZQ^R4b2Y8J�HxB
i
h�l][cJ�g�XZHKXZD8DOJ�d6J

A−1 qZb2Y8Q>g$X���DOg�QKd8J�B��ZJ]g A−1b
qZJ]F-R4sWg$XrJ�yug�Q^J]D2RUFIJ]D2R/QKJ�T&F�oLNXm[\[cJ\g$J`g$Q J]F-RC�rT&BEQ PGXmY8TCR/XmY6R

1 ≤ i ≤ n
qGXmD�B

A−1 ∈ Zn×n o¤A;XZDGg detA−1 ∈ Z
qfJ$R

1 = detA detA−1 [\XZD2R/TUJWbmYOJ detA
d6QK�rQKF/J

1
qOgZe J`F@R/h sEh d6QKTUJCb2Y8J

detA = ±1
o

�

i� kj � �w§`�54>�mlYlWo�T$o5l�n p�r s�tvu�whx�� x�r�y�� |�u���t5~Qy
A ∈ Zn×n yh��u"�'� ���'4 2'� ���O�w�n��whxe| rWs

detA = ±1 � y	u¡w	x�� x�rWy+�C| uZ��t5~�y B ∈ Zm×n yh��u=§O4O§`�8���r���r�¤§��'� ���'4 2'� ���O�w�n� whxe| rWs
u } x�u�y � } x�� � � |�u���t5~�y�~�| ���c��y�yQ�.uZ�c| tvu y�s�y

B
yh��u�s�yCs.�hu�yh���¡tvrW| reu ±1

} x
0 �

IDuPOT/J]DOBED2R4d6J`FIF-XmYOF-h�[uBnRUT/Qxg$J`F
1×1

q�XZD\�mXZQ^RIJ�D\POBET/R/Qxg$YOH^QKJ�T4b2Y8J�HKJ]F4g$XrJ$y�g$QKJ�D2R&FIdfe Y8D8J[uBER/TUQKg�J}R/XZRUBZH^J][cJ]D2RCY8DOQ^[\X6d6Y8HxBEQKT/Jc�nBEHKJ�D2R;DO_]g$J`F/FUBEQKTUJ�[\J�D2R ±1
XZY

0
of{Ie Q^D2R/TUX6d6YOg$R/QKXZD�d6J`F[uBER/TUQKg�J]F®R/XZRUBZH^J][cJ]D2R�YOD8Q^[\X6d6Y8HxBEQKTUJ]F�J]F-R�[\XER/QK�Z_]JpPOBET�HKJWT/_`F-YOHSR&BnR�F-YOQ^�nBED2R`o

� 4G��4G�����8�����MlWlYo�T oZlYl E�� B'§`�����O���w§` {2 �r¡\¡G4>���'§]�Z4G� ¡t�r�¤§`�5H2�n�2¡\H � } t5y	reu
D ∈ Zm×n x�rWy

� |�u���t5~�y u } u�|�z@y	� yhrYu�x�retv� } s�x�z@| tv�cy � f ∈ (Z ∪ {+∞})m � f ′ ∈ (Z ∪ {−∞})m � g ∈ (Z ∪
{+∞})n � y	u g′ ∈ (Z ∪ {−∞})n � 	 z } ��� � z@y�� � } tvrYu5�3yQ��u��c�	�C| x��{s x � } z 
 ��s��cy

Q = {x ∈ Rn | f ′ ≤ Dx ≤ f, g′ ≤ x ≤ g} �-�Z�mo � �E�
� } reu rW��~�y����	|�tv�Qyh� yhrYu3yhrYuZt5y	��� � ��r � |���u�t5~hx�zSt5yh� � ��t Q y���u*� } ��rW� � } r |

Q = Qe � y	u � } x��u } x�u�y
� } rW~	uZt } rM~ } rY�¢yQ��y
J
s.y

Rn s.|�r6�
R � } rM|

sup
x∈Q

J(x) = sup
x∈Q∩Zn

J(x) .
�@�Z�mo ���m�

i� r��4>�'¡]§��n�6§`�54>�)o'9;D�PGJ]Y6R=_]g�T/QKTUJ
Q = {x ∈ Rn | Ax ≤ b} , �-�Z�mo �ZVm�

X.-
b
J]F-RWY8D��mJ]g$R/J�YOT;J]DmRUQ^J]T :OD8Q.J�R

A
J]F-RWY8D8Jc[uBnR/TUQxg$Jud6XZD2RWg&MOBZb2Y8JcHKQ^�mD8JtJ`F@R}F/XZQ^Rpd8JcHxBvwXmT/[\J ±Di

q'B��ZJ`g
Di

Y8D8J�H^QK�ZDOJjb2Y8J�Hxg$XmDOb2Y8J�d6J
D
q'F/XZQ^Rtd6JjHxBzvwXmT/[\J ±ej

q¦X.-
ej

J`F@RcH^J
j
h l�[\Jp�ZJ`g�R/J]Y8T�d6JWHxBckOBZF/JWg�BEDOXZD8Qxb2Y8JCd8J

Rn q8PGXmY8T�Y8DzQKDOd6Qxg$J}b2Y8J�Hxg$XmDOb2Y8J 1 ≤ j ≤ n o9;D�[\XZD2RUT/J�dfe BEk>XZT&d b2Y8J
A
J`F@R}RUXER&BEHKJ�[\J�D2R}Y8D8QK[\X6d6Y8HxBEQKT/Jmo < XZQ^Rtd6XmDOg

M
Y8D8JjF/XZYOF-h[uBER/TUQKg�J

k × k J�a2RUTUBZQSRUJ}d6J A o>«�XZD2RUT/XmDOF�POBZT�T/_`g$Y8TUTUJ�DOg�JpF/Y8T k b2Y8J detM ∈ {±1, 0} o < Q
k = 1

qfg$J]HKB�TU_]F/Y8HSRUJtBZYOF/F/Q^R��ERWd6JcHKBjR/XZRUBZH^JtY8D8QK[cX6d6YOHKBZT/Q^R/_\d6J
D
o < Y8P8P>XmF/XZDGF=[uBEQKD2R/J]DOBED2RHKJ�TU_]F/Y8H^RUBnR}POT/XmY8�Z_uP>XZY8T}R/XZY8R/J]F"H^J`F"F/XZYOF-h [\BER/TUQKg�J]Fpg�BZT/TU_�J`FWd6J
A
d6J�d6QK[cJ]DOF/Q^XmD�BEY�P8HKYOF

k − 1
q¦J$R}[\XZD2R/TUXZDGFpH^J\P>XZY8T

M
o < Q

M
g�XZD2R/QKJ�D2R}Y8D8JuHKQK�ZD8J\_��2BEHKJuszY8D �ZJ]g$R/J]Y8T ±ej

q+XZDd8_��ZJ]H^XmP8P>J
detM

POBETCTUBZP8P>XZT/R;sjg�J$R-RUJ"HKQ^�mD8JZq¤J�R;POBZT;TU_]g�Y8T/TUJ�DGg$JZqGH^JtT/_`F-YOHSR&BnR;J`F@RCP8TUXZY8�m_Zo
< Q
M

g$XmDmRUQ^J]D2RWd8J�Y6a�HKQK�ZD8J`F;_]�mBZH^J`F;BZY�F/Q^�mD8JcP8T/l`F�q
detM = 0

q¤J$RWHKJcTU_]F/Y8H^RUBERCJ`F@RWJ�DGg$XZTUJ
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������������#����)��
��,�+�)�������)
�� ± �6�
P8T/XmY8�Z_mo < QKD8XZD¦q

M
g$X���DGg$Qxd6JZq2BEY�g&MOBZD8�ZJ][cJ]D2RNd6YjF/Q^�mD8J�d6JCg$J�T/RUBZQ^DOJ]FIHKQK�ZD8J`FIP8TUl]F]qmB��mJ]g�Y8D8JF-XmYOF@h [uBnRUT/Qxg$J�d6J

D
qZJ$RNg�XZ[\[\J

D
J`F@R4R/XER&BEHKJ�[\J�D2RIY8DOQ^[\X6d6Y8HxBEQKT/Jmq

detM ∈ {±1, 0} qng$J�b2Y8QBZg&M8l]�ZJCHKBcP8TUJ�Y8�mJWd6JWHKBtRUXERUBZH^JpY8DOQ^[\X6d6Y8HxBETUQSRU_}d6J
A
oLNXm[\[cJ

Q
J]F-R"d6XmD8D8_\POBET��-�Z�mo �ZVm��q+B��mJ]g

b
J]DmRUQ^J]TWJ$R

A
RUXERUBZH^J][\J�D2RWY8D8QK[cX6d6YOHKBZQ^TUJZq+QKHT/_`F-Y8H^R/Jtd6Y�{+J][\[cJ��Z�mo ± o �\J�RCd6JtHKBg�IT/XmPGX2F-Q^R/QKXZD��m�Zo ± o Vub2Y8J}HKJ]F;PGXmQ^D2RUF=J$arR/TU_�[uBZY6azd8J

Q
qF�e Q^HxF�J$a6QxF@RUJ�D2R]qGF-XmDmR�J]DmRUQ^J]TUF]o

< Q¦H�e XmDzF/Y8P8P>XmF/JpJ�DzXZY8R/TUJpb2Y8J
Q
J`F@R�k>XZTUD8_Zq

Q
J]F-R=g$Xm[\POBZg$R]q8J�R=dfe BZP8TUl]F�HKJ*;�M8_�XmT/l][cJd6J�«�Q^D �ZX 
�F �2Qp�m�Zo ± oK�Zq

Q =
g$XIJ�arR/T

Q
oNLNXm[\[cJ�J$arRUT

Q
J`F@R\vwXZTU[\_�d6Jz�ZJ]g$R/J]Y8TUFcJ]DmRUQ^J]TUF]q

Qe =
g$X

(Q ∩ Zn) ⊃ g�X.J$arR/T
Q = Q

q'J$RcPOBETcBEQKH^HKJ�Y8T&FWH�e QKDOg�H^YOF/QKXZD
Qe ⊂ Q

J`F@RtR/TUQ^�rQxBEHKJZo{Ie _��mBZH^Q^R/_u�-�Z�Zo��8�2�IJ`F@R=BZH^XmTUF®Xmk6R/J]D2YOJCJ]D�BZP8P8HKQKb2YOBZD2R�HKJtLNXZTUXZHKHxBEQKT/Jt�Z�Zo ± o �8o
�

?��+�2�n�Z���Z��lWlYo�T oD� � . : ] 0 � ( �B6 ] 4P� 0�A�. ( �@!3�/�$��4 1�(+, ������!/� 0 ! � �=��� . . 0�( ��� � � & � & �	� & � � *-* ��� � ���/:
,/0 �e� _\0�*B( �/�8� . � 1C0 :@: , 4 1�( 0�. 6"! , � . N	�96"��� Xad = {x ∈ Rn | Ax = b, x ≥ 0} 6��9:b:O� . !9� ( �"��:0 6 *B( :;: (+A�. �C: 6"! , ��� ��� 0�*-* � . ( �/4 0�( ���b:O� 0 �/6 0 �D6c< 0 > � 1 A ∈ Zm×n 6���� 0 �	� m & �����������8�c�"!/� . �C:6���! _g, ��� , � ( 4C�54C:Q:P! ( > 0 ���5�C:M:;����� 49�"! ( > 0�. ���9�5�9: �

� & , �"!3�S�5�"!9� b ∈ Zm < . �C: , � ( �9�5:Q� _ ����4 *V0 ! _ 6�� Xad
:O����� ���9� ( ����:��

`"& �5�"!9�5�9: . �9:Q:;��!/:�� *V0 ��� ( 1 �C: m×m 6��
A
:;����� 63�-6�4C�5�8� *B( � 0 ��� ±1

��!
0 &J=� ( � *V0�( ���5�8� 0 �9� D ∈ Zm×n <"�C� 1 ���/: ( 6348�����/: Q = {x ∈ Rn | Dx ≤ b, x ≥ 0} & � 496"! ( ���6�� .+] 4���! ( > 0�. ��� 1 � �"! (�, ��4 1 �963� .+] 49�"! ( > 0�. �8� 1 � 63�C:[6���! _ , ��� , � ( 4P�549: :P! ( > 0 �9�5�9: #I� � 4C�=��� * � 6��� � �e* 0 �-�P� � � !�: �P0�. ' �

� & , �"!3�S�5�"!9� b ∈ Zm < . �C: , � ( �9�5:Q� _ ����4 *V0 ! _ 6�� Q :O�"�9�Q�8��� ( �8��:��
 & D �C:O� �5��� 0�. � * ���9�b!�� (+* ��6�! . 0�( ��� &

�j�r���6��=f� ��lYlWo�T$o5l�� 9;D�D8XZR/J]TUB�b2Y8J�HKJ�LNXmT/XmH^HxBEQKT/Jz�m�Zo ± oK�Z�cD8JjP>XmF/J�BEYOg�Y8D8Jjg�XZDOd8QSRUQ^XmDF-Y8T
J
qnM8XmT/[\QxF¦HxB;g�XZDr�ZJ�a6QSRU_Zo/IDcPOBET/R/Qxg$Y8HKQKJ�T`q`F/Q

J(x) = c·x J]F-R.H^QKD8_`BEQKT/Jmq]HKJ�g�BET&BZg$R/l]T/JIJ]D2R/QKJ�Td6J]FCF-XmH^Y8R/QKXZDOF=XZP6RUQ^[uBEHKJ]F=D+e J]F-R;POBmF=d6QKT/J`g�RUJ�[\J�D2R;TUJ�HKQK_tBEY~g]BET&BZg$R/l�TUJWJ�D2RUQ^J]TCd6Y��ZJ]g$R/J]Y8T;d6Jg$X �8R
c
o •

�j�r���6��=f� ��lYlWo�T$o5l�T{¦JpLNXZTUXZHKHxBEQKT/Jp�Z�mo ± o^�m��D8J;d8QSR�F-YOT-RUXZY6R4PGBZF®bmYOJ�R/XmY6R/J`F4HKJ]F®F/XZHKY6R/QKXZDOFXZP6RUQ^[uBEHKJ]F�F/XZD2R�J]DmRUQ^l]T/J`F�o�Ate BZQ^HKH^J]Y8T&F�q®H^XmTUFUb2Y8J
J
J`F@R�H^QKD8_]BZQ^TUJZq®QKHCDOJ�P>J�Y6R�J�D¬�$R/TUJ�BZQ^DGF-Qs [cXmQ^DGF�b2Y8J�HKB�F/XZHKY6RUQ^XmD°XmP6R/QK[uBEHKJ�D8J~F/XZQ^R�Y8D8QxbmYOJZqNg]BET\RUXZY6RjkGBETU£rg�J�D2R/TUJzd6J�F/XZHKY6R/QKXZDOFXZP6RUQ^[uBEHKJ]F�d+e Y8DzP8TUXZ�mTUBZ[\[cJCHKQ^D8_`BEQKT/JCJ]F-R=F/XZHKY6R/QKXZD�XZP6RUQ^[uBZH^Jmo •

�j�r���6��=f� ��lYlWo�T$o5l=Z¬{'B�g�XZDOd8QSRUQ^XmD b2Y8J
Q
F/XZQ^R}kGXmT/DO_cD¦e J`F@R"PGBZFpD8_`g$J]FUFUBEQKT/J\P>XZY8T"BEyuT-h[cJ]T�bmYOJ

Q = Qe
d8BZDOF®H^J}LNXZTUXZHKHKBZQ^TUJ}�m�Zo ± oK�Z�}¨6D8XmYOFND8XZYOF�F/XZ[\[\J]F®HKQ^[\Q^R/_]F�BZY6a�PGXmH^£ml]d6TUJ]FkGXmT/D8_`F�q8b2Y8Q+F/XZD2R�F/Y6y�F/BZDmR&F®J�DzP8T&BnR/Qxb2Y8JCPGXmY8T�[\Xrd8_�HKQKF/J�T�HxBcP8H^YOPOBET/R�d6J]F�P8TUXZkOH^l][cJ`F�g$Xm[thk8Q^DGBnR/XmQ^TUJ]F]qrY8D8Qxb2Y8J�[\J�D2R�P>XZY8T;F-QK[\P8H^Q@:OJ]T�H�e J$a6P>XmF/_Zo��.XZQKT�� ± � � P>XZYOT�P8H^YGF�d6JWd6_$R&BEQKHKF]o •

� H4J$a6QKF-R/J\d6J\D8Xm["k8TUJ�Y6a~TU_]F/Y8H^RUBERUFpF-YOTWH^J`F;[uBER/TUQKg�J]F;R/XZRUBEHKJ�[\J]DmRWY8DOQ^[\X6d6Y8HxBEQKT/J`F�of�=XZYOFD8XZYOF�k>XZTUD8XmDOF�QKg�Q+s\d6XZD8DOJ�T�Y8D8J}g�XZDOd8QSRUQ^XmD�F/Y6y�F/BZD2R/JCR/TUl]F�Y6RUQ^HKJZo
�p�¢4YB)4>¡]��§]�Z4G��lYlWo�T$o5l�f E ��4>��� �Z�6�n �H �Yt

A
y���u�x�rWy�� |�u���t5~�y � ~ } y �I~	t5y	reuZ� ±1

} x
0 � |���y�~|�x � z�x���x�r"~ } y � ~ht5y	reu

1 � |�� ~ } z } rYrWy � y	u)|�x � zSx���x�r�~ } y � ~	t5yhrYu −1 � |�� ~ } z } rerWy � |�z } ��� Ay���u)u } u�|�z�yh� yhrYu,x�rYtv� } s�x�z�|�tv�cy �



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

± �E� ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

i� r��4>�'¡]§��n�6§`�54>�)o�LNXm[\[cJ=HKBpP8TUXZPOT/QK_$RU_�bmYOJ��Z_�TUQ@:OJ
A
POBmF/F/J�BEY6auF/XZYOF-h�[uBER/TUQKg�J]F]q`QKHGF/Y6y\Rd8J"�ZXmQ^TCb2Y8JtF/Q

A
J]F-RCg]BETUT/_]JZq

detA ∈ {±1, 0} o < Q A B�Y8DOJtg$XmH^XmD8D8J}DrY8HKHKJZq
detA = 0

o < Q
A
BuY8D8J\g$XmH^XmD8D8J}B��mJ]g}F/J�Y8HKJ�[\J]DmRCY8D�g�X2J�y�g$QKJ�D2R=D8XmD6h�DrY8H�q>XZD~d6_]�ZJ�HKXZPOPGJ}HKJtd8_$R/J]T/[\QKDOBED2RPGBET"T&BEPOPGXmT-R"s�g$J$R/R/J�g$XZHKXZDOD8JZq+J�RtH�e XmD�g$XmDOg$HKY6R"PGBET"TU_]g�Y8TUT/J]DOg$J�b2Y8J

detA ∈ {±1, 0} o � HDOJuT/J`F@RUJ�bmY¦e B�g�XZDOF/QKd8_�TUJ�TWHKJ�g�BZF}X�-�g&MOBZb2Y8Jug�XZHKXZD8D8J�d8J
A
BzJ$a8BZg$R/J][cJ]D2RpYOD�g$XrJ$y�g$QKJ�D2R

1
J�RpJ�a8BZg�RUJ�[\J�D2RWY8D g$XrJ$y�g�Q^J]DmR −1

¨+BEHKXZT&F�qfg&MOBmb2Y8Jcg�XZHKXZD8DOJcJ`F@R}d6JuF/XZ[\[\J\D2YOH^HKJZq+d6XmDOg
detA = 0

o
��=XZYOF�BEP8P8HKQxbmYOJ�TUXZDOFcHxB �ITUXZP>XmF/QSRUQ^XmD��m�Zo ± oK�OU�BEY6a°P8T/Xmk8HKl�[\J]F�d8J �OXER&F�d8BEDGFuHKB�F/XZYGF@hF/J]g$R/QKXZDjF/Y8QK�nBED2R/Jmo2A;XZD8DOXZDOFNPGXmY8T®H�e Q^DGF@R&BED2R®J]D�J$a6J]TUg�QKg�J=Y8Djg]BZFNX�-�H�e XZD�P>J�Y6R�g�XZDOg�H^Y8TUJ=s"HKB[uBZQ^Dzs\HKBtRUXERUBZH^JpY8DOQ^[\X6d6Y8HxBETUQSRU_Zo

?V�+�2�n�Z���m��lWlYo�T o�T E �p�¢4Y7ª�5Hr����2'���.4G� �G�2��§]�'�n��H � � 1 ���9�����V6 ] 0�,�, � . �54 . 4 , � ��� ( ��!/� 0 !����
1 ��!�� A � 63� 1 �\0 ����� � ct �C:O� . � �/� *-A ��� 6�� 18. ( �8���5: 6�� > 0 ��� �C����� :;�8� > ( : � .+] ( �/:5� 0 ���[6 ( : 1 ���C�
t ∈ {1, . . . , T} & � � 1 ���h� 0�( �$�/� *-A ���76�� 1 �"��:;� (+. . �8��:V63� 1\. ( �8����� . �g��4 , ���\6����9� 0 ! _20�,�, � . : &SR �: (+*-,�. ( ? � . � , ��� A�. � * �a���2:P! ,�, ��: 0 ���)��!/�7�5��!/: . �C: 0�,3, � . :):O�����-6�� * � * �7� N , � & R �2:C! ,�, � �:;�8� 0 �"! ] (+. N 0 k � �=� 0�( ���C:@63�B��� 0 > 0�(+. , �3:O: (+A3. �C:�< .+] � �=� 0�( ��� i 4P� 0 ��� 1C0 � 0\1 �548� ( :O4 ,/0 �Y!�� ( �9�5��� > 0�. . �
[αi, βi]

< 0 > � 1 1 ≤ αi ≤ βi ≤ T
< 1 �-��! ( ��� > ( �8��� �-L 0�( ��� 0�A :O��� 0\1 � ( ����63�C: ,\0 !�:;�C: &"R � �����5� Si. �): 0�. 0�( ��� � > ����:;�8� �g!�� 1 �"��:;� (+. . �8� 63� 1\. ( ���9��� . �V��� 0 > 0�(+. . 0 �9�M6�� .+] ( ��:O� 0 �9� αi

� .+] ( ��:O� 0 �9� βi
& R �

, �3:O� uit = 1
: ( αi ≤ t ≤ βi

<��C�
uit = 0

: ( ���"� &�� !�:O� ( ? �8� . � , ��� A�. � * �

inf
x ∈ N

k
∑

1≤i≤k
xiuit ≥ ct, ∀1 ≤ t ≤ T

∑

1≤i≤k

xiSi .
�@�m�Zo ±Z² �

�����������8�b��!/� .+] ����:;� *-A�. �[63�C:i:O� . !9� ( �"��: 0 6 *)( :O: (+A�. �C:i6�� 1 � , ��� A�. � * � , �8!���: ] 4 1 � ( ��� 1 � *-* �
.+] �8�/:O� *-A�. �B63�C: , � ( �9�5:M�8��� ( �8��:b6 ] !�� , � . N	�96"���)63� . 0 LI�=� * �7#��	� & `
�3' <=� � . 0g*V0 ��� ( 1 � D �C:O��!����
* 0 ��� ( 1 �Q6 ] ( ���5�8� > 0�. . �C:9< 1�] �C:O� � ��� 6 ( ����!3�/� * 0 ��� ( 1 � � 1 �=��� 1�( �8���5: 0, 1

�5� . . � �"!�� . �C: 1 0�,�,\0 � 0�( :O:;�8���1 ���/:O4 1 !�� ( > � * �8����:P!��)!���� 1 � . ������� & ���"�9�����8���"! ] !���� *V0 ��� ( 1 � 6 ] ( ���5�8� > 0�. . �9:7�C:5���5�8� 0�. � * �8���!�� (+* ��6�! . 0�( ��� & � �"� 18. !3��� &
)4).,���,�� ��5O7�a�b ��� _���9 _��;7I3 �


 :OD�d6JWd6_h:ODOQ^T�HKJ]F�P8TUXZkOH^l][cJ`F�d6J �OXER&F�q8g�XZDOF/QKd8_�TUXZDOFNY8Dz�ZT&BEP8MOJ=XZTUQKJ�D2R/_ G = (N ,A)
¨

N J`F@RCH�e J�DGF-J]["k8HKJ"d6J`F;���z�K2 ¡ZqGJ$R A ⊂ N ×N J]F-R=H�e J]DOF/J�["kOH^Jcd6J]F;�6�n�Z¡mo �=D�BET&g}BZH^HxBED2Rd8Y¢D��WYGd
i
BZY�D��WYOd

j
J]F-R�BEQKDOF/Q®DOXER/_

(i, j)
o,9;D¢[tY8D8Q^Rug&MGBZb2Y8J�BZTUg

(i, j) ∈ A d+e Y8DOJ�m��Bª�8�Z��§] 
uij ∈ R+ ∪ {+∞}

J$RWdfe Y8D���4 �'§
cij ∈ R

oª��{+J f
u
g"d8BZDOF

uij
J]F-R;P>XZYOT�f-Y8P8P>J�Tk>XZYODOdkg�o �)9;DuF/J�d6XZDOD8J=BEYGF/F/Q8J�Dug&MOBmb2Y8J�D��WYOdud6Y\�mTUBZP8M8J�Y8D��OXZRIJ�D2R/T&BED2RIJ�arXm�Zl]D8J

bi ∈ R��F-Q
bi < 0

q¦QKHNF]e BZ�ZQ^Rtdfe Y8D �OXZRtF-XmT-R&BED2R]q g$Xm[cP8R/_jBZH^�m_�k8TUQKb2Y8J][\J�D2R&�$o�9;D�BEPOPGJ]H^HKJ	��4O§�Y8D8JvwXmDOg�RUQ^XmD
x ∈ RA q (i, j) 7→ xij

q6�Z_]T/Q@:GBED2R�HxBc�Z4G�,2'�r¡u���z�K2 ¡C2'�"J����n�OF�4�

bi +

∑

j∈N ,(j,i)∈A
xji =

∑

j∈N ,(i,j)∈A
xij , ∀i ∈ N , �@�m�Zo ± �`�

BZQ^DGF-Q+b2Y8JWHxB\g$XZD2RUTUBZQ^D2R/Jpd6JWP>XmF/QSRUQ^�rQ^R/_
0 ≤ xij , ∀(i, j) ∈ A .

�-�Z�mo ± �Z�



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

������������#����)��
��,�+�)�������)
�� ± � ±
ID¬F/XZ[\[uBED2R�H^J`FuHKXZQxFjd6J`FuD��WYOd8F��@�m�Zo ± �`�$qIXZD��mXZQ^RjbmY¦e Y8DOJ�g$XmDOd6Q^R/QKXZD�D8_`g$J]FUFUBEQKT/JzP>XZY8TH�e J$a6QxF@RUJ�DOg�Jpd+e Y8D �OXZR�J]F-R�bmYOJWHKB\F/XZ[\[\Jpd8J]F �OXZRUF�J�arXm�Zl]D8J]F®J�D2RUTUBZDmR&F�F-XmQSR�DrY8HKH^J

∑

i∈N
bi = 0 .

�@�m�Zo ±Z± �
��XZYGF}F-YOP8PGX2F-J]T/XmDOF;R/XmYn|@XZY8T&FWb2Y8JuHxB�g$XZDGd6QSRUQ^XmD°�-�Z�mo ±m± �;J]F-R}�Z_]T/Q@:O_�Jmo ��D �OXZR}J]F-R"d6QSRc�62 X����¡`¡]�57 ���tF]e Q^H+FUBnRUQKF-v�BEQ^R�H^J`F�g$XmDmRUTUBZQ^D2RUJ]F�d6JWg�BZPOBZg�QSRU_

xij ≤ uij , ∀(i, j) ∈ A .
�@�Z�mo ± R2�

i� kjª�'��§]�54>�mlYlWo�T$o5l � p�r�| ��� y	zvz@y�B �¢4Y7ª�5Hr���¡2'� ��4O§�)���4 �¦§W�����'����� � z�y � � } � �c| ��� yz�tvrW��|�tv�Qy

min
∑

(i,j)∈A
cijxij

F/XZYOF�HKJ]F�g�XZD2R/T&BEQKD2R/J]F
(11.31), (11.32), (11.34).

�@�Z�mo ± UZ�
{+J~P8TUXZkOH^l][cJ�d6J �OXZR�s�g$X �6Rj[\QKD8Q^[tY8[ BZd6[\J�R�P8HKYOF/Q^J]Y8TUFjF-XmYOF@h P8TUXZk8HKl�[\J`FuQ^[\P>XZT/RUBZDmR&F�qg$XZ[\[\J}HKJ"P8TUXZkOH^l][cJ}d8J}R/T&BEDGF-P>XZT/R=d6J"H�e .a6J�[\P8HKJtV8oK�ZoK�ZqOXZY�HKJ"P8TUXZk8HKl�[\J"d+e B 0>J`g�RUBER/QKXZD~d6JH�e .a6J�[\P8HKJ}V8oK�Zo��6o
?��+�2�n�Z���Z��lWlYo�T o�Z ^3_=,3. ( 1/( �5�8� . � , ��� A�. � * �-63� � �8� � 1 � �9� *B( � (+* ! * 1 �=� ���9: , ���\6 0 �9� 0 ! , ��� �
A3. � * �)6�� ��� 0 ��: , �=�h�@6�� .+]�^3_ � *-,�. � � & � & � & # R ��63�C:;: ( �/�8� 0a. � �"� 0�, � � & '

�=D}g�BmFfPOBET/R/Qxg$YOH^QKJ�TfvwXmDOd8BZ[cJ]D2RUBEHmd6YWP8TUXZk8HKl�[\JId6J �OXZR's�g$X �6R+[\Q^DOQ^[tY8[�J`F@R'H^JIPOT/Xmk8H^l][\Jd6Y �GXERW[uBna6Q^[uBZH�qfXmY B ��4e7ª�5Hr���M2'� ��4G§\P8T/XmP8TUJ�[\J�D2RWd6QSR`q¦b2Y8QIg$XmDOg$J]T/DOJcF/J�Y8HKJ�[\J]DmRWHKJ]Fg�BEPGBZg$Q^R/_`F��wJ�RND8XmD�HKJ]F4g�X �6R&FU�$o � H¤F-J]TUBWg�XZ[\[\X6d6J=d6J=F/Y8P8P>XmF/J�T®b2Y8J G B}d6J]Y6auD��WYOd8FNd6QKF-R/QKD6h�ZY8_`F�q
s
J�R
p
q�BEP8P>J�HK_]F¦T/J`F-P>J]g$R/QK�ZJ�[\J]DmR¦¡O4>�¦�n�Z�;J$R�B � �w§`¡Zq�R/J]HKF'bmYOJ

s
D¦e B�PGBZF¦d8J4P8TU_]d6_`g$J`F/F/J�Y8T� {i ∈ N | (i, s) ∈ A} = ∅ �$qfJ$R p D+e B�POBZFWd6J�F/YOg]g$J]FUF/J�Y8Tu� {i ∈ N | (p, i) ∈ A} = ∅ �$o< XZQ^R

v ∈ R+
o�9;D¢BZP8PGJ]H^HKJ ��4G§��62 ����¡`¡]�57 ����2 �

s
)
p
2 � �8�8���r�'�

v
Y8DOJzF/XZHKY6RUQ^XmD

xd6J��@�m�Zo ± �`�$qK�-�Z�mo ± �Z��qx�@�m�Zo ± Rr��qZB��mJ]g
bi =

{

v
F/Q
i = s

q
−v F/Q

i = p
q

0
F/QKD8XZD+o

i� kjª�'��§]�54>�mlYlWo�T$o5l � � y�B'��4Y7 �ZHr����2'� ��4G§������+�����8� ~ } r6��t���u�y � u�� } x���yh�3x�r�� } u�|�s ���t�����t5�hz�y¡s.y
s � p s�y��¢| z@y	x�� �C|G��tv� |�z�y �

?��+�2�n�Z���Z��lWlYo�T oDf ������������� �"!�� . � , ��� A3. � * � 6�! � ��� * 09_�(+*V0�. �C:O�a� � � 1 � ( > � * �8���2!�� 1C0 :,/0 �h� ( 1 ! . ( ��� 6�� , ��� A�. � * �B63� � �8��� 1 � ��� *B( � (+*V0�.+& # � �/6 ( 1C0 � ( �"� �=�"� , ��!�� � 0 � 0 � �"!9�5��� !3� 0 � 1B0 !
��� 0�, � � ( �9�5��� > �8� 0 �9�M6 0 �/: . 0 634 ? � ( � ( ����6"! , ��� A�. � * �)6"! � ��� * 09_�(+*V0�.+& '

4D�P8T&BnRUQKb2Y8JmqrXZDjg&M8J]TUg&MOJ;F/XZY8�mJ�D2R®d6J`F�F-XmH^Y6RUQ^XmDOFNJ�D2R/QKl�TUJ]F®dfe Y8DjP8TUXZkOH^l][cJpd6J �OXERp¨rPOBETJ$a6J�[\P8HKJZq6P>XZY8T�HKJpP8TUXZk8HKl�[\JWd6JCR/T&BEDOF/P>XZT/R�d6JpH�e IarJ][\P8H^J}VOo^�mo^�mqrH^J`F�[\BZTUg&MGBEDOd6QxF/J]F®stHKQK�2TUJ�TPGJ]Y8�ZJ]DmRW��R/TUJcd6J`FWg$XmH^QxF�q¤J�R}H^QK�rT/J]T;Y8D�d6J][\QSh g$XmH^QxFCPGJ]Y6R}D8J\POBZFpB��mXZQKTCd6JuF/J�DOF]o � H.J]F-R}d6XZDOg
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± �¢R ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

DGBnR/YOT/J]H d6J\F/Jcd6J][uBEDOd6J]TCF/QªY8D�POT/Xmk8H^l][\Jtd6J �OXERWsjg�X �6Rp[\Q^DOQ^[tY8[©BjBZY6R/Xm[\BER/Qxb2Y8J�[\J�D2Rd8J]F�F/XZHKY6R/QKXZDOF�XmP6R/QK[uBEHKJ]F�J]DmRUQ^l]T/J`F�o 
 :OD�dfe BEP8P8HKQxbmYOJ�T�HKJtLNXZTUXZHKHKBZQ^TUJ"�m�Zo ± oK�Z�ZqrD8XZR/XmDOF�b2Y8JpHKBHKXZQ®d6J]FtD��WYOdOF"d6J �pQ^T&g&M8X 0 �@�Z�mo ± �`�pP>J�Y8RcF]e _`g$TUQ^TUJ
Ax = b

q¦X�-�HKB�[uBER/TUQKg�J
A ∈ RN×A qBZP8P>J�HK_�JW���6§]�����Z�+2,>^���'�m�52 �2� �Z�����z�K2 ¡	XU�6�n�Z¡"d6J G q8J]F-R=d6_h:GD8Q^JpPOBZT

Ai,(j,k) =

{−1
F-Q
i = k

q
1

F-Q
i = j

q
0

F-QKD8XmD+o{'B�[uBnR/TUQxg$J
A
J`F@R'k8Q^J]D"d6_	:OD8QKJZq]FUBEY8v6dOBEDOFfHKJNg]BZF+d8_��Z_]D8_�TU_.X�-pHKJ4�mTUBZP8M8J.B�Y8D8J4kGXmYOg$HKJZq`gEe J]F-R-hsEh d8Q^TUJ;YOD�BZTUg
(j, k)

RUJ�H+b2Y8J
j = k

o ��D �OXZR�g$QKTUg�Y8HKBZD2R�F/Y8T�Y8D8JWk>XZYOg�H^JWBtY8D8J}g�XZD2R/TUQ^kOY6R/QKXZDb2Y8Q>F-J;F-QK[\P8H^Q@:OJ=dOBEDOF4HKBWHKXZQGd6J]F4D��WYOd8FNd6J �pQKTUg&M8X�0��@�m�Zo ± ����qZBZYOF/F/Q8D+e £uBnh�R-h Q^HGBEYOg�Y8D8J�P>J�T/R/Jd8JC�m_�D8_]TUBZH^Q^R/_pscF-Y8POPGX2F-J]T®HKJp�ZT&BEP8MOJCFUBEDOF®k>XZYOg�H^Jmq8g$JWb2Y8JpD8XZYGF®vwJ�TUXZDOF�d8BZDOF®HKB\F/Y8QSRUJWd6JpHKBF/J]g$R/QKXZD+o�=XZYOF�P>XZYO�ZXZDGFN[uBZQ^D2R/J]DOBED2R�_]g�T/QKTUJCH�e J�DOF/J�[tk8H^JWd6J`F��OXER&F�BZd8[cQxFUF-QKk8HKJ]F
{x ∈ RA | Ax = b, 0 ≤ x ≤ u} . �-�Z�Zo ± �2�

�p��4YB)4>¡]��§]�54>��lYlWo�T$o5l � � |��C| uZ��t5~�y s � tvr�~ht5s.yhr�~Qy r��,xes¢� � |��Q~���s$� x�r ���c| � �6y yh��u�u } u | z@yh� y	reux�rYtv� } s�x�z�|�tv�cy �
i� r��4>�'¡]§��n�6§`�54>�)o�L;e J]F-R�Y8D8JWg$XmDOF-_`b2Y8J�DOg�JpQ^[\[\_]d6QxBnRUJ}d6JpHKB7�4T/XmPGX2F-Q^R/QKXZD��Z�Zo ± oK�OU8o

�

� 4G��4G�����8�����MlWlYo�T oZl#� E�� B'§`�����O���w§` {2 �r¡ ��4G§]¡u�r�¤§]���2��¡\H �Yt�z@y�� � } uZ�Cy	reu��c|�rYu5�Cyc� } � �	rWyh�
bi
� } rYu�y	reu�t5yh��� � y	u ��t z@yh��~�| � |�~	tvu �h� uij

� } rYu�y	reu�t �h�cyh� } x�tvrO��ret5yh� � |�z } ��� � z@yh� � } tvrYu5��yQ� �u��c�	�C| x��{s.y�z � yhre�	yh� �hz�y��!$($ ��� '���s.y�� � } zSx�uZt } r6�3|�s ��t�����t5�hz�y�� s � x�r � � } �	z �	�Cy s.y � } u � ~ } ��u�¡tvretv� |�z�� } reu�y	reu�t5yh��� � ��r � | ��uZt5~	x�z�t5y	� � ��t�z � y	r6�	y	�C�	z@y�s.y�� � } uZ�C|�s ��t�����t5�	z@y���yh��u�� } ��rW��y	ur } r � �Gt5s.y � tvz�yc�.t���u y3x�r � } u�yhrYuZt5y	� } � uZtv� |�z �
i� r��4>�'¡]§��n�6§`�54>�)o L;e J]F-R}Y8D8J�g$XZDGF-_`bmYOJ�DOg�JcQK[\[\_]d6QxBnRUJ�d6Y¢LNXZTUXZHKHKBZQ^TUJ��Z�Zo ± oK�Z�cJ$R"d8JuHKB
�4T/XmPGX2F-Q^R/QKXZD��Z�mo ± o^���8o

�

?V�+�2�n�Z���m��lWlYo�T o�� �������������X��!/� . � , ��� A�. � * �V63� 1 ��! > ���h��!����i# ^3_ ��� 1/( 1 � � � & � & � 'M, �8!�� :;� * � �634 . ( :;�8� ,\0 �X!�� , ��� A�. � * �b63� � �8� � 1 � �9� *B( � (+* ! * <8�C�Q���P������! > �8� 0�( �/: (�. 0 1 �"� 18. !�: ( ����63� .+]h^3_ �8� �1/( 1 � � � & � & � &
?V�+�2�n�Z���m��lWlYo�T o�� � � , ���8�/���/: . � , ��� A�. � * � 6 ] 0 � � 1 � 0 � ( ����< ( ��������6"! ( �-6 0 ��: .+]�^3_ � *-,�. � � & � & `"&
R � 1 ���/: ( 6 �8��� �5�"! � ��!���: n � 0 � � �"��:��P� n ?�. . �C:9< *V0�( : ( 1/( < aij

�9:5� !�� ��49� . ��! ( ��� , ��4C:;�8���5� . �
A �"� � �8!��X6"! 1 �"! ,�. � (i, j)

<��C� ��� 1�� ��� 1�� �7!��/� , ��� * !9� 0 � ( �"� σ ∈ Sn
<�:;� . !�� ( ���)� , � (+*V0�. �)63�

max
σ∈Sn

∑

1≤i≤n

aiσ(i) .
�@�m�Zo ± �E�

� & ���"�9�����8�X�"!/� 1 � , ��� A�. � * �B�C:O� 4���! ( > 0�. ���9� 0 ! , ��� A�. � * � . ( �/4 0�( ��� ���a��� *-A ���C:M�8��� ( �8��:

max
x∈Bn∩Zn×n

∑

1≤i,j≤n

aijxij ,
�@�m�Zo ± �m�
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634C: ( �"��� .+] �8�/:O� *-A3. �Y63�C: *V0 ��� ( 1 �C: A�( :5�5� 1 �\0 :5� ( �"!/�C:9< 13] �9:5� � ��� 6 ( ��� .+] ����:;� *-A�. �Y6��9: *V0 ��� ( 1 �C:��49� . . �C: x = (xij)
63�B� 0�(+. . � n× n �5� . . �C:M��!/�

∀i ∈ {1, ..., n}, 1 =
∑

1≤k≤n

xik ,

∀j ∈ {1, ..., n}, 1 =
∑

1≤k≤n

xkj ,

∀i, j ∈ {1, ..., n}, 0 ≤ xij

`"& ���"�9�����8�Y�"!�� . � , ��� A�. � * �2#��	� & � �3' �C:5��!3� , ��� A�. � * �i6�� � �����8��� ( �8� � 1 � ��� *B( � (+* ! * # ���
6��9:O: ( �/�8� 02. � ��� 0�, � � 'P& ^ �i63496"! ( �����"!�� . � , � . N ��6���� Bn

�C:O�b�8��� ( �8� &�� !/� , ��!9� � �����8� 1 ��� 1\. !������! 0 �9��� . 0 6 ( � 1 ! . �54B6�! , ��� A3. � * � 6 ] 0 � � 1 � 0 � ( ��� �
� & � 4�6�! ( ���@63� 1 �b�"! (�, ��4 1 �963�M�"!/�M�5��!��5� *V0 ��� ( 1 � A8( :O�5� 1 �\0 :5� ( �"!��Q�C:O� A\0 ��N 1 �8�������b6 ] !3����� *-A ���
? � ( 6�� *V0 ��� ( 1 �9:b6�� , �8� * !�� 0 � ( ���/:B# 1 � � � 4C�=��� * �B�9:5�@6 ��� � ( � � � � �Y'C&
 & � 496"! ( ����63� 1 �i��! (X, ��4 1 �963���"!��-: ( �[!3� A\0�. < (+. N 0 n � 0 � � ���/:b�P� n ?�. . �9:9< 1 �\0 ��!/� � 0 � � ���0 N 0 ���Y4P�54 , ��4C:O���9�54 � r ?c. . �9:9<3�P� 1��/0 �"!/� ?�. . � 0 N 0 ���d4C�54 , ��4C:;�8���54C� � r � 0 � � �"��:�< 0 > � 1 r ≥ 1

< (+.�C:5� , �3:O: (+A3. � 6���LI�=� * ��� n 1 �"! ,�. �C: 63�B6 0 �/:O��!3��: 63��:;�=�h�5� ��!/� . �9: 6 0 ��:;�8!���:Q6 ] !�� * � * � 1 ��! ,�. �0�( �8���Q634 � ��4P�54 , ��4C:;�8���54C: .+] !3��� .+] 0 !������i# 1 �B� � 4C�=��� * �B�9:5�Q6 ��� ��� � ( � 'C&
?��+�2�n�Z���Z��lWlYo�T o�� � �P�M� _ �8� 1�( 1 � , ��4C:O���9�5�i!�� 0�. ���=� ( � ��* ��LI�"�/6 0�* ���9� 0�. �8�-� � 4C�=� ( �)6��9: � ���5:9<6 � ���\�=�D6��C���=! ./� �8��:O�"� &\R � 1 �"��: ( 6
����� . � , ��� A�. � * �Q6�! � �8� * 09_�(+*V0�. 6 ] !3�/� :;��!�� 1 � s � !�� , ! ( �5:
p
6 0 �/:B!������ 0�, � � G = (N ,A)

# > � ( � . 0 � 4 ? � ( � ( �"� � � & � & � �3'C&�W ��!��X: (+*�,3. ( ? �8� <��"��:C! ,�, ��:;�8� 0��! ] 0 ! 1 !��/�i63�C: 1C0�,\0\1�( �549: uij
�/� , ���8�\6 . 0 > 0�. ��!3� +∞ & W �"!3�d�5�"!�: I, J ⊂ N <��P� , ��!�� �5�"!9�

x = (xij) ∈ RA <��"� , ��:;� x(I, J) =
∑

i∈I, j∈J, (i,j)∈A xij
&�R �i6 ( �M�"! ] !���� ,/0 �h� ( � ( �"��63� N�8��63�8! _ :;��!/:�� �8�/:O� *�A3. �9: S �C�

S̄
�9:5� !3�/���
	��������������������

s � � p : ( s ∈ S �P�
p ∈ S̄ <��C� .+] ���6 ( �M��!/� u(S, S̄)

�9:5� . 0 ��������� !�"�@63� 1 �C� �5� 1 ��! , � &
� & ���"�9�����8�Y�"!�� , ��!�� �5�"!9�5� 1 �"! , � (S, S̄)

:O4 ,\0 � 0 ��� s 6�� p <c�P� , �"!3�d�5�"!9� � �8� 0 6 *B( :;: (+A�. � x6��
s
�
p
6�� > 0�. �8!�� v <

x(S, S̄)− x(S̄, S) = v .

^ �763496"! ( �����"!/� . 0 > 0�. �8!�� 63�-�5�"!9� � ��� 0 6 *B( :;: (+A�. ��63� s � p �9:5� *V0 � �=��49� ,\0 � . 0a1C0�,\0\1�( �54i6���5��!��5� 1 ��! , �B:O4 ,\0 � 0 ��� s 63� p &`"& � � 0 ���a6��"�3�/4 !�� � �8� 0 6 *B( :O: (+A3. � x 63�
s
�
p
<Y�"� 634 ? � ( � . �$#��%��'&(�)�*�+�
 � �,��- Gr(x) =

(N ,Ar(x))
� � Ar(x)

634C: ( ���/� .+] �8�/:O� *-A�. � 63�C: 1 ��! ,3. �9: (i, j)
�5� . :@��!/�B��! A�( �8� (i, j) ∈ A �P�

xij < uij
<���! A�( �8� (j, i) ∈ A �P�

xji > 0 & ������������� ��!/��: ] (+. � _3( :5�5�[!3� 1�� � *B( � γ 63� s � p6 0 �/: . � ��� 0�, � �a��4C: ( 6�!/� . Gr(x)
< (+. �C:5� , �3:O: (+A�. �-63� 1 �"��:O��� ! ( ���7!��g�/��! > � 0 ! � �8� 0 6 *B( :O: (+A3. � x′6��

s
�
p
6�� > 0�. �8!���:O��� ( 1 �5� * ���9� :P! , 48� ( �8!���� � 1 � . . �B6�� x <=��� * ��6 ( ?�0 ��� :O��! . � * �8��� . �C: > 0�. �8!���:

xij
. �=��: ��!/� (i, j)

��!
(j, i)

�9:5�B!3� 0 � 1 6�! 1 � � *B( � γ &SRVA :O�8� > �8�d�8�7��!��������"!/��: ( x �C:5�b���9� ( ����P� : (�. �9: 1C0�,\0\1�( �54C:M:;����� �8��� ( �8���C:�<���� , ��!9� 1 � � ( : ( � x′ ���9� ( ��� &� &\R �@:P! ,3, �3:O� * 0�( �9�5��� 0 ���X��! ] (+. � ] N 0B,\0 :e63� 1�� � *B( �M63� s � p 6 0 ��: Gr(x)
& J=� ( � S .+] �8�/:O� *-A3. �6��9: ��.7!\6�: 0\1C1 �C:O: (+A3. �9: 63� , ! ( : s 6 0 �/: Gr(x)

<\�P�
S̄ . � 1 � *-,�. 4 * ���9� 0�( ���M6�� S 6 0 �/: N & ���"�9�����8���!/�

(S, S̄)
�C:5�V!3�/� 1 ��! , � :O4 ,\0 � 0 ��� s 63� p 63����� . 0�190�,/0\1/( �54V�9:5�Q4 � 0�. � � . 0 > 0�. ��!3�e6"! � �8� x &

 & � �"� 18. !3���$��!/� . 0 > 0�. ��!3� *V09_3(+*V0�. �$6�! � �8�i6�� s � p �C:5��4 � 0�. � � . 0 190�,/0\1/( �54 *)( � (+*V0�. �6 ] !3�/� 1 �"! , �$:O4 ,/0 � 0 �9� s 6�� p & # � ] �9:5� . �[� � 4C�=��� * � � � �8� � *V09_�(+* 0�. ��/ 1 �"! , � *B( � (+*V0�. ���< ��!
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)4).,���,-) ��5G?-1=<f? � _�9��w7 ��38? �q` b/? 3�^9 _���_$bcb � `.1

{'B B'��4WEO�n�8�����6§]�Z4G� 2 �+� �8���Z=f�'�"T/J]PGX2F-J�F/Y8TIHKJ�P8TUQKDOg$QKPGJ;dfe XmP6R/QK[uBEHKQSRU_�d6J��®J�HKHK[\BZD+qb2Y8QfP>J�Y8R�F]e _�D8XmDOg$J]TNRUT/l`F�F-QK[\P8H^J][\J�D2R�d8BEDOF®HKJWg�BZF®POBZT-RUQKg�Y8HKQ^J]T�d8Y�P8TUXZkOH^l][cJpd6Y�P8HKYOF�g$XmY8T-Rg&MOJ�[\Q^D°¨+F/Q.Y8D�POH^YOFWg�XZY8T/RWg&M8J�[\QKD�dfe Y8D8J\�rQKH^HKJ
A
s�Y8DOJc�rQKH^HKJ

B
PGBZFUF-JtPOBETWY8DOJc�rQKH^HKJ

C
qBZH^XmTUF=H^JcF-XmYOF-h g&M8J][\Q^D~BZH^HxBED2RCd8J

A
s
C
J]F-RpJ�DOg�XZTUJ}Y8D�POH^YOFpg�XZY8T/R;g&M8J][cQKD�d8J

A
s
C
o�IDDOXERUBZD2R

dXY
HKBud8QKF-RUBZDOg$JWd6J

X
s
Y
q8XZD�XZk8R/QKJ�D2R

dAB = min
C

(dAC + dCB) ,
�@�m�Zo ± Vm�
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��� �6���)
 � (�
 �� " � ���	��� � � ���� +��� 	K� ± � �
X�-�HKJ

min
J`F@R"POT/QxF"F/Y8T}H�e J]DOF/J�["kOH^Jjd8J]F}�rQKH^HKJ]F

C
POBETtH^J`F/b2Y8J]H^HKJ]FWP>J�Y8RtPOBmF/F/J�T}YOD�g&M8J�[\QKDd6J

A
s
B
o4{Ie _]b2YOBER/QKXZD �@�m�Zo ± Vm�"J]F-R�Y8D¯g�BmF\POBET/R/Qxg$YOH^QKJ�Tudfe _]b2YOBER/QKXZD¯d6JzP8TUXZ�ZT&BE[\[uBnRUQ^XmDd6£rDOBE[\QxbmYOJZqZXmYj �=f�'�8§]�54>��2 ���c�r�������8�4qZJ�HKH^J��nB"PGJ]T/[\J$R/R/TUJ=d6JCg�BEHxg$YOH^J]T4TU_]g$YOTUF/Q^�mJ�[\J�D2R

dF/Bmg&MOBED2R=b2Y8J
dXY

J]F-R;g�XZD8DrY8J}b2YOBZDOd
X

J$R
Y
F-XmDmRCd6J]F=�2QKHKH^J`F��ZXmQKF/Q^DOJ]F]oO{¦BuDOXER/QKXZD~d+e _�RUBnRBEP8POBZTUB+*KRCQKg�QªDOBnRUY8T/J]H^HKJ�[\J]DmRc¨¤D8XZYOFCD8XmYOFpF-Xm[\[cJ`F=P>XmF/_]F;HKJtP8TUXZkOH^l][cJ\d6Y�g�BEHxg$YOH d6J

dAB
q

A
J�R
B
_�RUBZDmR}d6J]Y6a��rQKH^HKJ]F�:8a6_�J`F�qfJ�RWD8XZYOFp�mJ�D8XmDOFpd6J\�ZXmQ^Tpb2Y+e QKHIg$XmDr�2QKJ�D2R}d6JcRUBZk8Y8HKJ�TpHKJ]Fd6QKF-RUBZDOg$J`F
dCB

��XZY�d6J;[uBED8QKl�TUJ�d6YOBZH^Jmq
dAC

�ªP>XZY8T4R/XmY6R/J`F4HKJ]F4�2QKHKH^J`FIQKDmRUJ�TU[\_]d6QxBEQKT/J`F
C
om{¦J]Fd6_$R&BEQKHKF�d6Y�g]BEHxg$Y8H+d6XmQ^�mJ�D2R�k8QKJ�D�F �OT®��R/TUJ :8a6_]F�P>XZY8T�vwXmY8TUD8Q^T�YOD��rT&BEQ+BEHK�ZXmT/Q^R/MO[cJc¨OgZe J`F@R�g$JbmYOJCDOXZYOF�vwJ]T/XmDOF�d8BZDOF�H^J`F�d6J�Y8a�F/XZYOF-h F/J]g$R/QKXZDOF®b2Y8Q¦F/Y8QK�ZJ�D2R`o8��XZYGF�R/T&BEQ^R/J]T/XmDOF�dfe BZkGXmTUd�Y8D8J�ZJ�T&F/Q^XmD�P8HKYOFWF/Q^[\P8HKJud6Y P8T/Xmk8HKl�[\JZqfX.-�HKJcR/J�[\POFWBZP8POBZTUB+*KRpJ$a6P8HKQKg�QSRUJ�[\J�D2R`q¦d8BEDGFpHKB < XmYOF@hF-J`g�R/QKXZD¬�Z�Zo ROo��zP8YOQKFtT/J]�rQ^J]DOd6TUXZDOFtBEY�P8TUXZkOH^l][cJ�d6Y�POH^YOF\g�XZY8T/Rtg&M8J][cQKD+q.F/XZYOFtY8D8JjvwXZTU[cJP8H^YGF��Z_]D8_�T&BEHKJZq6d8BZDOF�HKB < XmYOF-h F/J]g$R/QKXZD��m�Zo ROo ± o

)I).,���,�[ ��587�a�b ��� _ _¦1 �=7I5O?��f741 �p1=?
LNXmDOF/QKd6_]T/XmDOF�Y8D�PGJ�R/Q^RCP8TUXZkOH^l][cJ}d8J"DOBER/Y8TUJ}_]g�XZD8Xm[\QKb2Y8JmqGb2Y8Q¦[\_]T/Q^R/JtH^J}DOXZ[�d6J"P8TUXEhk8H^l][\Jpd8JCg�XZD2R/T �ZHKJ=XmP6R/QK[uBEHfd6QxF/g�T/J�R®J]D�M8XmT/Q�1�XmD :OD8Q�o < XmQSR G = (N ,A)

YOD��mTUBZP8M8J=XmT/QKJ�D2RU_Zq["Y8D8Q�d+e Y8D°P>XZQxd8F
c : A → R

qIb2Y8J�D8XZYGF\Q^D2R/J]T/POT/_�R/J�TUXZDGF"g$Xm[\[cJzY8D°��4 �¦§mo�/�BEPOPGJ]H^XmDOFbmY¦e Y8D��OF �r������J]F-RCYOD8JtF/Y8Q^R/J\d6J"D��WYGd8F=TUJ�HKQK_]F=g�XZDOF/_]g�Y6R/QK�ZJ][\J�D2R;POBZT;d6J`F;BZTUg]F�qGJ$RWb2Y+e YODg&M8J�[\QKD°d6XmD2R\HKJ�P8TUJ�[\QKJ�T\J$R�HKJ�d6J�TUD8QKJ�TuD��WYOd°g$X���DGg$Qxd6J�D2R\J]F-RjBEP8P>J�HK_��Z�w�n�m�'��§Zo4{¦Jzg�X �6Rdfe YOD�g&M8J�[\QKD�J]F-R"POBZTtd6_	:OD8Q^R/QKXZD�HxB~F/XZ[\[\Jjd6J`Ftg�X �6R&F"d6JjF/J]FtBET&g�F]oKT Q^arXmDOF}YOD�J�D2R/QKJ�T
T�wH�e M8XmT/Q�1�XmDG��q>J$RCY8D�D �WYOd�QKD8QSRUQKBZH

i ∈ N o$9;D~�mJ�Y6Rpg�BEHxg$YOH^J]T=HKJtg$X �6R=RUXER&BEH POBET/RUBZDmRpd6J i J�DM8XZTUQ@1]XZD
T
b2Y8JpH�e XmD�DOXER/J

vT
i = min

(`0, . . . , `T ) ��� ���	� 

`0 = i

c`0,`1 + · · ·+ c`T−1,`T .
�@�m�Zo R ² �

{¦B�vwXZDOg$R/QKXZD
i 7→ vT

i

q'bmYOJuH�e XZD�PGJ]Y6R"TUJ�P8TU_]F/J�D2RUJ�TpPOBETWYOD��ZJ]g$R/J]Y8T
vT ∈ (R ∪ {+∞})N qJ]F-R=R/T&BZd8QSRUQ^XmD8D8J�HKHKJ�[\J�D2RWBEP8P>J�HK_�J���4>� �E§]�Z4G� �8�8���2�'�~�wJ]D�M8XmT/Q�1�XmD

T
��o¤��XmYOFCg$XZDr�mJ�D8XmDOF�J]D_]g$TUQK��BZD2R;�@�m�Zo R ² �IbmYOJ

min ∅ = +∞ qrg$JCbmYOQGTUJ��rQKJ�D2R®s"_]g$TUQKT/J
vT

i = +∞ b2YOBZDOduQKHGD¦e £�BWPGBZFd6J�g&M8J�[\QKDOF.d6J�H^XmD8�ZYOJ�Y8T
T
POBET/RUBZDmR.d6J

i
d8BZDOFªHKJ®�mTUBZP8M8Jmo �=DcBZY6R/TUJ�g�BmF F/P>_]g$QxBEH6J`F@R

T = 0
¨H^J`F4g&M8J][cQKDOFIb2Y8Q>BEP8PGBET&BEQxF/F/J�D2RId8BEDGF=�@�m�Zo R ² �'F/XZD2RNBZH^XmTUF.d8J�H^XmD8�ZYOJ�Y8TIDrY8HKHKJZo�9;D�g�XZDr�rQ^J]DOd6T&BbmYOJtP>XZY8T;R/XmY6RWF-Xm[c[\J�RCd6Y��ZT&BEP8M8JmqGQKHª£~B�Y8D�g$QKTUg�Y8Q^RCd6JcH^XmD8�ZYOJ�Y8TCDrY8H^HKJcPOBZFUF/BZD2R=POBETpg$JF-Xm[c[\J�R]q6J$R=b2Y8J}F/XZDzg$X �6R�J]F-R 1�_]T/XGo�4D�POBET/R/Qxg$Y8HKQKJ�T`q

v0
i = 0

o
�=D8J"_]�nBEHKYOBnRUQ^XmD�DOB ���ZJ"d8Jj�@�m�Zo R ² ��g$XZDGF-QxF@RUJ�T&BEQ^R=su_�DrY8[\_]T/J]T�R/XmYOF�HKJ]F;g&M8J�[\QKDOFCd6J}HKXZD6h�ZY8J]Y8T

T
q¦d8XZD2R"HKJ�D8XZ[tk8TUJ�g$TUX+*xR"J$a6P>XZD8J]DmRUQ^J]H^HKJ�[\J]DmRcB��ZJ]g

T
o {¦BzP8TUXZ�mTUBZ[\[\BER/QKXZD d6£rDOBnh[cQxb2Y8JC��BtD8XmYOF®PGJ]T/[\J$R/R/TUJCd8J=v�Bmg�R/XmT/QxF/J�T�g$Jpg�BEHxg$YOH�qrJ$R�BEQKDOF/Qfd6J;H�e Jh0¤J]g�RUY8J�T�J]D�RUJ�[\POF®PGXmH^£2hD8XZ[\QxBEHI�wHxB\D8XZR/QKXZDzd6JCR/J�[\POF�PGXmH^£rD8Xm[cQxBEHfJ`F@R=d8_h:OD8QKJ}d8BZDOF�HKBC/�J][uBET&bmYOJc�m�Zo �8o �m�$o{4e Qxd6_]JuPGXmY8T}g�BZHKg�Y8H^J]T

vT
i

J`F@R"d6Jcv�BZQ^TUJ\��BZT/QKJ�TpH�e MOXZTUQ@1]XZD�J�R}H�e _$R&BnR}QKD8Q^R/QxBEH�qfJ�D�g�BZHKg�Y8HKBZD2R
vt

k

P>XZYOT�R/XZY8R
0 ≤ t ≤ T J�R

k ∈ N o"4D�J	0>J�R]q8XmD�P>J�Y8R=_]g�T/QKT/JCP>XZY8T�RUXZY6R i ∈ N q8J�R t ≥ 1
q

vt
i = min

k∈N , (i,k)∈A
(ci,k + vt−1

k ) ,
�@�m�Zo RO���

v0
i = 0 .

�@�m�Zo R2�Z�
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± �\� ���������	��
���.��� +%����¡�����,����� #$� 
 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

{4e _`b2YOBnRUQ^XmD��@�m�Zo RO���.TU_]F/Y8HSRUJWd6Y�POT/QKDOg$QKP>JCdfe XZP8R/QK[\BZH^Q^R/_Wd6J)�®J�HKHK[\BZD�¨6HKJWg$X �8R�XmP6R/QK[uBEH¤POBZT-hR&BED2R�d6J
i
q2J]D

t
_$R&BEP>J]F]q6J]F-R®Xmk6R/J]D2Y�J�Dzg&M8XmQKF/QKFUFUBED2RNHKJpP8T/J][\Q^J]T®[\XmY8�ZJ][cJ]D2R

i→ k
q8d6JC[\BEhDOQ^l]T/J�sp[\QKD8Q^[\QxF-J]T4HKJ=g$X �6R4g$XmDOd6Q^R/QKXZD8DO_�POBETIg�J�P8TUJ�[\QKJ�TI[\XZYO�ZJ�[\J]DmR`qZgEe J]F-R-h snh d6QKT/J
ci,k

P8HKYOFHKJ�g$X �6RIXZP6RUQ^[uBZH6POBET/RUBZDmRId6J
k
J�DcM8XmT/Q�1�XmD

t−1
oZ{'Bpg$XZDGd6QSRUQ^XmDtQKD8Q^R/QxBEHKJW�@�Z�mo Rr�Z�'J]F-RªR/TUQ^�rQxBEHKJp¨F]e Q^HfD8JWTUJ]F-R/JpBEYGg$Y8Dzg$XmY8P�s;|@XmY8J�T`q6XZD�D8JpPOB�£ZJCTUQ^J]D+oY9;D��rQKJ�D2R=dfe _]g�T/QKT/JCH�e _`bmYGBnR/QKXZDzd6JpP8TUXEh�mTUBZ[\[\BER/QKXZD�d6£rDOBE[\QxbmYOJZq8XmYz �=f� �6§]�Z4G�&2 � �c�r�������8�4qrBZdOBEP6RU_�J}scD8XERUT/JWPOT/Xmk8H^l][\Jc¨OJ�HKH^JDOXZYOFªP>J�TU[\J$R4d6J�g]BEHxg$Y8HKJ�T.POBZT.T/_`g$Y8TUTUJ�DOg�JNHxBpF-Y8Q^R/J�d8J��ZJ]g$R/J]Y8TUF

v0, v1, . . . ∈ (R∪{+∞})N o� H+J`F@R�v�Bmg$QKH^JWd6JpTU_]F/XZYOd6TUJ;d8J]F�P8TUXZk8HKl�[\J`FNPOH^YOF��m_�D8_]TUBZY6a�J�D�[\X6d6QS:>BED2R}�@�Z�mo Rr�Z�$o8LNXmDOF/QShd8_�TUXZDOF®POBZT�J$a6J�[\P8HKJWHKBcD8XmY8�ZJ]H^HKJCvwXZDOg$R/QKXZD��nBEHKJ�Y8T
vT

i = min
(`0, . . . , `T ) ��� ���	� 


`0 = i

c`0,`1 + · · ·+ c`T−1,`T + φ`T ,
�@�m�Zo R ± �

X.-
φ ∈ (R ∪ {+∞})N J]F-R;Y8D��ZJ]g$R/J]Y8T=TUJ�P8TU_]F/J�D2R&BED2R�Y8D8JtPG_]DOBEHKQSRU_tBmF/F/X6g$QK_}suH�e _$R&BnR�:ODOBEH�o{¦XZT&F/b2Y8J

φ = 0
qZXZD\T/J�R/TUXZY8�mJC�-�Z�mo R ² ��oE{¦XZT&F/b2Y8J

φ
J]F-RIHKBCvwXmDOg�RUQ^XmDuQ^DGd6QKg]BnRUT/Qxg$J�dfe Y8D�F/XZ[\[\J$R

j ∈ N q8Q�o JZo
φk =

{

0
F/Q
k = j

+∞ F/Q^DOXZD+q �@�m�Zo R�R2�
�-�Z�mo R ± �IvwXZT&g$JWstR/J�TU[\Q^DOJ�T�d8BEDGF�H�e _$R&BnR

j
q6J$R

vT
i

d6XZDOD8JWBEHKXZT&FNHKJWg$X �6R�[\Q^D8QK[uBEHfJ]D
T
_$R&BEP>J]FP>XZYOTNBEHKHKJ�T4d6J

i
s
j
or{¦BCvwXmDOg�RUQ^XmD��nBEHKJ�Y8T=�-�Z�mo R ± � �Z_]T/Q@:OJ�RUXZYn|@XmY8TUF;�@�m�Zo RO�`�$qZB��ZJ`g�HKB}D8XZY8�mJ�HKH^Jg�XZDOd8QSRUQ^XmD�QKD8Q^R/QxBEHKJWPGXmY8T�H�e _]b2YOBER/QKXZDzd6J-�®J�HKH^[uBZD

v0 = φ .
�@�Z�mo R�UZ�

L;e J]F-R}Qxg$QIHKJu[\XZ[\J�D2R"d6JuTUJ�[uBET&b2Y8J�TWb2Y8JuHKJ\R/J][cPGF
T
b2Y8Q4Q^D2R/J]T/�rQKJ�D2R"d8BZDOFpH�e _]b2YOBER/QKXZD�d6J

�®J]H^HK[uBED¢�-�Z�mo RG�`��qx�@�m�Zo RkUm��F�e _]g�XZY8HKJt�r� ¡]�r� ¡j��� �G�2�n¡]��d6Y�R/J][\POFCP8Mr£rF/QxbmYOJtb2Y8QªQ^D2RUJ�TU�2QKJ�D2RdOBEDOF\HKJ]FcRUTUBE|@J]g�RUXZQKT/J`F��-�Z�mo R ± �j¨4d8BEDGFtDOXER/TUJz[\Xrd8_�HKQKFUBnRUQ^XmD+q
T
J`F@RuHKJzR/J�[\POFub2Y8Q=T/J`F@RUJ�s|@XmY8J�T`qªBEYOFUF-QNY8D8J�PG_]DOBEHKQSRU_�F/Y8TcH�e _$R&BnRc§]�2�n����� �8��d6J�HKB�R/T&Bn|@J]g$R/XmQ^TUJ

(`0, . . . , `T )
g$XZDGd6Y8Q^R-hJ]H^HKJuszg&MOBED8�mJ�TCHKBzg�XZDOd6Q^R/QKXZD ��� �w§`���8����d6J\H�e _]b2YOBER/QKXZD d6Ja�®J�HKH^[uBED¦oK9;D�d6Q^R}P>XZY8TWg$J]HKBzb2Y8JH�e _]b2YOBnRUQ^XmD¢d6J$�®J�HKH^[uBZD�J]F-R\Y8D8J�_]b2YOBnRUQ^XmD��n 2§���4YEG�n�62 �GoNLNJ�R-RUJ�QKDr�ZJ]TUF/Q^XmD�d6Y�RUJ�[\POF\J`F@RQKD8M8_]T/J]D2R/J�BEY6a¢P8T/Xmk8HKl�[\J]Fud6J�d6_`g$QxF-QKXZD ¨4g�J�D¦e J`F@RjF/XZY8�mJ�D2RubmY¦e s�HxB :GD�d+e Y8DOJ�[\BZY8�nBEQxF-JPGBET/R/QKJpb2Y+e XZDzg$Xm[\P8T/J]DOd�g$XZ[\[\J�D2R�QKHfD8Jpv�BEHKHxBEQ^R�P>XZQKD2R.|@XZY8J]T�BEYzd6_�kOY6R]o{4e QKD2R/_�TU�$Rpd6J}H�e _`b2YOBnRUQ^XmD~d6J��®J�HKHK[\BZD��@�m�Zo RO�`�®J`F@Rpb2Y8J

vt P>J�Y8RCF/Jtg�BZHKg�Y8HKJ�T=suPGBET/R/QKT;d6J
vt−1 J�DjR/J][cPGF O(|A|+ |N |) q6X.- |A| J$R |N | d6_]F/QK�ZD8J]DmR�TUJ]F/PGJ`g�R/QK�ZJ][\J�D2RNHKJ=D8Xm["k8TUJ;d+e BZTUg]FJ�R.H^J�D8Xm["k8TUJ®d8JND��WYGd8F�qn�mXZQKT'HxB /�J�[uBZTUb2Y8JC�Z�mo RGo^�NPGXmY8TªP8H^YGF.d6J�d6_$R&BEQKHKF]o 
�QKDOF-Q�q

vT PGJ]Y6RIF-Jg]BEHxg$Y8HKJ�T�J]D�RUJ�[\POF
O(T (|A|+ |N |)) qGscg$XZ[\POBZT/J]T�POBET�J�arJ][\P8H^JWB��mJ]g;H^JCR/J][\POF O(|N |pT )d+e Y8D�BEHK�ZXZTUQ^R/M8[\J�DOB ��vf_�DrY8[\_]TUBZDmRNH^J`F4g&M8J][cQKDOF®d6J�HKXZD8�mY8J�YOT

T
d8BEDGFIY8D��mTUBZP8M8J�X.-�g&MOBZb2Y8JF/XZ[\[\J$R�B�J�a8BZg�RUJ�[\J�D2R

p
F/YOg]g$J]FUF/J�Y8T&F�o�9;D¬Xmk6R/QKJ�D2R�dfe BZY6R/TUJ�PGBET/R�RUT/l`F�F/Q^[\P8HKJ�[\J]DmR�Y8Dg&MOJ�[\Q^D�XZP8R/QK[\BZHIsjPGBET/R/QKTpd8JuH�e _]b2YOBER/QKXZD�d8J7�®J]H^HK[uBED��@�Z�mo RG�`�$qª�-�Z�mo R�UZ�W¨fXmD�P>XmF/J

`0 = i
qPOY8QKF�XZD�g&M8XZQxF-Q^R

`1
T/_`BEHKQKFUBED2RjHKJ�[\QKD8Q^[tY8[ d8BZDOF��-�Z�Zo RO����qNQ�o JZo

vT
`0

= c`0,`1 + vT−1
`1

q�J$RPOH^YOF\�m_�D8_]TUBZH^J][\J�D2R
`r+1

R/J]H�bmYOJ
vT−r

`r
= c`r,`r+1 + vT−r−1

`r+1

o �.BETug�XZDOF-R/TUYOg�RUQ^XmD+q
vT

i =

c`0,`1 + · · ·+c`T−1,`T +φ`T

qmg$J�b2Y8QO[\XmDmRUT/J�b2Y8J
(`0, . . . , `T )

J]F-R4Y8D�g&M8J][cQKD\XZP6RUQ^[uBZH8PGXmY8THKJWP8TUXZk8HKl�[\J\�@�m�Zo R ± �$o
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?��+�r��Bª��� lYlWohZKo5l �ªXZY8T=Q^HKH^YGF@RUT/J]T;g$JtbmYOQ¦P8TU_]g�l]d6JmqOg$XmDOF-Qxd6_]T/XmDOF�HKJ"g�BmF�dfe Y8D~g&MOBEY60>J]Y8T;d6JRUBna6QN[\BZTUBZYOd8BZDmR"dOBEDOF"HKBz�rQKH^HKJjQK[uBE�ZQKDOBZQ^TUJ\T/J]P8T/_`F-J]D2R/_�J�F/Y8TtHKB+T QK�ZY8TUJ~�Z�mo �8o¦{¦B~�2QKHKH^J�J`F@RvwXZTU[c_]J}d6JpR/TUXZQxF�1�XmD8J]F]qed"qOY8D�b2YOBET/R/QKJ�T�MrY8POPG_mq	
 Y8D~BZ_�TUXZP>XZT/R]q6J$R��¬Y8D8J}kGBED8HKQ^J]Y8J���d+e X.-H^J}g&MOBZY�0¤J�Y8T�TUJ��rQKJ�D2R�J�Dz�Z_]D8_�T&BEH+sc�rQxd6J`�$oG{+J}g&MGBEY�0¤J�Y8T�d8JpRUBna6Q¦F/XZYOMOBEQ^R/Jpv�BZQ^TUJ

T
g�XZY8T&F-J`F�qPOBET/RUBZDmR�d6J d}q6J�R�[uBEarQK[\QKF/J�T�HKJ;�2BEQKD�RUXERUBZH�q6b2Y8QfJ`F@R�HKB\F/XZ[\[\JCd8J]F®�mBZQ^DOF�d6J`F�g$XZYOTUF/J]F

c
q6J$Rdfe YOD8J}P8TUQ^[\Jmq

φ
qORUTUBmd6Y8QxF/BZDmR�FUB\P8TU_$vw_�TUJ�DGg$JWP>XZY8T�H�e _$RUBER :ODOBZH¦d6J}HxBud6J]T/D8QKl�TUJ}g$XmY8T&F-JmoY9;DzBT/J]P8T/_`F-J]D2R/_cH^J`FW�mBZQ^DOFWd8J]FWg$XmY8T&F-J`FCF/Y8TWHKJ]F}BZTUg]F�q¤J�R}H^J`FWP8TUQ^[\J]FpPGBET}d6J`F}BET&g�FpF/XZT/RUBED2R&F�of{¦BP8T/QK[\J −∞ J�D
B
F-QK�ZDOQS:OJ®b2Y8J4HKJ4R&Bna6Q2D8J4�mJ�Y6RªPOBZF :OD8QKT.F/Bª|@XmY8TUD8_�JNJ�D

B
o`�=XZYOF F-YOP8PGX2F-J]T/XmDOFPOBET®BEQKH^HKJ�Y8T&F®bmYOJ=HKJ�RUBEa6Q>B"HKB}v�BZg$YOHSRU_;d6Jpg&M8XZQxF/Q^T4F/J]F®g$XmY8T&F-J`F�o < e BZ�ZQxF/FUBED2RNd+e Y8DjP8T/Xmk8HKl�[\J;d6J[\BEa6Q^[\QxF/BER/QKXZD+q+H�e _]b2YOBnRUQ^XmD�d6J�P8TUXZ�mTUBZ[c[uBER/QKXZD d6£rDOBE[\QxbmYOJ�F�e _]g�T/Q^R"B��ZJ`g\[\BEa�BZY�H^QKJ�Y�d6J[cQKD+q8J�R −∞ BEY�H^QKJ�Y�d6J

+∞ ¨
vt

H = max(3 + vt−1
H , 10 + vt−1

A )

vt
A = max(12 + vt−1

H , 7 + vt−1
B )

vt
B = max(−5 + vt−1

H ,−3 + vt−1
A )

v0
H = 0, v0

A = 2, v0
B = −∞ .L®BEHxg$Y8HKXZDOF"[uBEQKDmRUJ�DOBZD2RtHxB~F@RUTUBER/_]�ZQKJ�XZP6RUQ^[uBZH^J�d6Y�RUBEa6QNJ]D�M8XZTUQ�1�XZD��~POBET/RUBZD2Rtd6J

H
o � H

I xx

vDw
va¢

IJ¡

"

w

¢

�

�

�

������� �Z�mo � � ��D�g&MOBZY�0>J]Y8T�d6JpR&Bna6Q¤R/TUl]F�d6_�R/J]T/[\QKD8QKF-R/J
D8XZYOF�F/Y6y\R=dfe _��nBEHKY8J]T

v1
H = max(3 + 0, 10 + 2) = 12

�@�m�Zo R �m�
v1

A = max(12 + 0, 7 +−∞) = 12
�@�Z�mo R �E�

v1
B = max(−5 + 0,−3 + 2) = −1

�@�Z�mo R��m�
v2

H = max(3 + 12, 10 + 12) = 22 ,
�@�Z�mo R2Vm�

X�-°H�e XZD�B F-XmY8H^QK�ZDO_�HKJ]FcRUJ�TU[\J]Fub2Y8Q�TU_]BEHKQxF-J]DmRuHKJz[\BEa6Q^[tY8[zo,9;D¢J]D�d8_]d6Y8Q^Rjb2Y8JzH^J��2BEQKDXZP6RUQ^[uBEH�q8�Z�8q2J`F@R�XZk8R/J�DrY�J�D"|@XZYOBZDmR�dfe BEk>XZT&duHKJWg$XZYOP�b2Y8QfTU_]BEHKQxF-J;H^Jp[uBnajd8BZDOFp�@�m�Zo RmVm�=�wXmD��Bcdfe BEk>XZT&d�d6J d s 
C��qrP8Y8QxF�H^Jpg$XmY8P�b2Y8Q¤TU_]BZH^QxF-J;H^JC[uBnajd8BZDOFC�@�Z�mo R �E�=�wXZD�T/J]�rQ^J]DmR�d6J 
�s
d;��o •
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 ����� �)
 ����� ����%)
 � ���	����� �)#K# �

�(Y
opc
i��Z[RY�~�~-���Z�:~ _9�
�Q2(����&'1����Q?��!�.EE&*;��
���
�Q?��A�,���f�B]3?D��?���23����"V���32(��?F$�&'���Q���3H.�F���
$�� G =
(N ,A)

�D@B��?
n = |N | � �>�-�,)��" m = |A| �.��?�32)���
&' �74 �
� ?��$
" c

UT?�����E&'J"��+L��
%�u���&/� "E���	&'
@B��?�"����,�� ,B���)@B��?�"����,�

h ∈ {1, . . . , n}m ^:�����
� � $��D��� � b<U����)@	��?�"����,�
t ∈ {1, . . . , n}m ^:���	�
���K"F��&'��� b<U

��&'��E&e;��R4 ����@B��?�"����
���,�)��%����'�U
c ∈ Rm 6'%V��"E"�� �����
��%�E����"F�a"�&!���p����@A&'����"0L#�A�
23%�����"������!��N�a��?�0�
�

A �
� 1
L

m
UZ��� �,&'�����"N;A�
�3�:4 �a��?

(i, j) ∈ A ;���&e�����E"��3�'�]�,�
23%���� k
@	�M�,�

hk = i
L

tk = j
U

��"3�r���	�,�3?��$,"
ck = ci,j

6`PR�_H.�F���
$��_��?�?������_��&'��E&��
� ��E�-��?��M23%�23�	&/���
O(n + m)

6(*9� @B��&/"
�:��?�&!�'��23���A"�;A�
�=�'��H.�F���
$��9%<"F����"�?��A�,%��
�=�!�NE���E"���U
&'����J"f���	EE&'���'���
�G?D�.�!?����'���

vt LN�-�a�E"�&/�Q�
� vt−1���_�,"�&!�'&'�����"0^Jv	v�6 �
vab<U-���#"���23�

O(n + m)

6 •

)4).,���,�� ��5O7�a�b ��� _ 9;:©< ��_�� ?-1�9 _ <¤7 � 3 � ?-1;? � :	���=74:©9 �5` 5O5��f3¢7 � �38? � ` b
LNXmDOF-Qxd6_]T/XmDOF�[uBEQKD2R/J]DOBED2RpH^JtP8T/Xmk8HKl�[\Jtd6Y��¢F'�r����� 2 ����4 �¦§������ �����'� b2Y8Q�q¤_�RUBED2Rd8XZD8D8_`F'd8J�Y6a"F/XZ[\[\J$R&F

i
J�R
j
qng$XmDOF/QKF-R/J®s�RUT/XmY8�ZJ]T¦Y8D\g&M8J�[\QKDtd6J®HKXZD8�mY8J�Y8TªBETUk8Q^R/T&BEQKT/JNBEHKHKBZDmRd8J

i
s
j
J$R�d6JCg$X �8RN[\Q^DOQ^[tY8[zo � H¤F]e BZ�ZQ^R®dfe Y8D8J;�Z_�DO_�T&BEHKQKFUBnRUQ^XmD�d6Y�P8TUXZk8HKl�[\JCd6Y�P8HKYOF�g$XmY8T-Rg&MOJ�[\Q^D�d6_-|-s\_��mXrb2Y8_Wd8BZDOF�HxB < XZYOF-h F-J`g�R/QKXZD��Z�mo RGo^�c¨Og�XZD2R/T&BEQKT/J][\J�D2R�BEYzg�BZF=d6J]F�d6QxF-RUBEDGg$J]F]qDOXZYOFjD8J�F/Y8P8P>XmF/XZDOFuPGBZF�Qxg$Qpb2Y8J~HKJ]F�g$X �8RUFjF/XZD2R�P>XmF/QSRUQSv�F]oQIDJ$a6P8HKXZQ^RUBZD2RjH^J`F�D8XZRUBER/QKXZDOFPOT/_`g$_]d8J�D2R/J`F�q6QKHfD8XZYGF�v�BEY6R�[uBEQKD2R/J]DOBED2R=g�BZHKg�Y8HKJ�T
vi = inf

T∈N

vT
i = inf

(`0, . . . , `T ) ��� ���	� 

T ∈ N, `0 = i

c`0,`1 + · · ·+ c`T−1,`T + φ`T ,
�@�m�ZoVU ² �

X.-�HKJ\�ZJ]g$R/J]Y8T
φ
PG_]DOBEHKQKFUBED2RpY8D�_$RUBER�:GDOBEHIBZY6R/TUJtb2Y8J

j
J]F-R}d6XZDOD8_tPGBETu�@�m�Zo R�R2�$o 9;D�PGJ]Y6RBZYOFUF-Q4g�XZDOF/Qxd6_�TUJ�TWY8DOJ�PG_]DOBEHKQ^R/_

φ ∈ (R ∪ {+∞})N b2Y8J�Hxg$XmDOb2Y8JZq¦g�Jjb2Y8Q4DOJjg&MOBEDO�ZJ\T/QKJ�DBZY6a�TU_]F/Y8H^RUBnR&F�oK9;D D8XZR/J]TUBzb2Y8J
vi
J]F-R}[uBEQKD2R/J�DGBED2R}sz��BZH^J]Y8T&FWd8BEDOF

R = R ∪ {±∞} �wHKJ]FF/XZ[\[\J]F"s�d6T/XmQSRUJ�d6J��-�Z�ZoVU ² �;PGJ]Y8�ZJ]DmRt��BZH^XmQ^T
+∞ q+POBZT"BEQKHKH^J]Y8TUF]q+QKH4J`F@R}P>XmFUF-QKk8HKJjb2Y8J�g$J`FF/XZ[\[\J]F�D8JtF/XZQKJ�D2R�POBmF�k>XZTUD8_�J`F�QKD6vw_�TUQ^J]Y8TUJ�[\J�D2R]q>g�BZT�H�e XZD~g�XZDOF/Qxd6l�TUJ}d6J]F;g&M8J�[\QKDOF=d8J}H^XmD6h�mY8J�YOTjBETUk8Q^R/T&BEQKT/J][cJ]D2Rc�mTUBZDOd6J`�$o4{¦B�vwXmDOg�RUQ^XmD���BZH^J]Y8T

v
�Z_�TUQ@:OJzHKB D8XmY8�ZJ]H^HKJ�_]b2YOBER/QKXZD¯d6J

�®J]H^HK[uBED
vi = min

(

φi, min
k∈N , (i,k)∈A

(ci,k + vk)
)

, ∀i ∈ N .
�@�m�ZoVU6�`�

�.BZT\g�XZ[\POBZTUBZQKF/XZD�B��mJ]g��@�m�Zo RO�`�$q'HxB�P8TU_]F/J�DOg�J�dfe Y8D°R/J]T/[\J�F/Y8P8P8HK_�[\J�D2R&BEQKT/Jzd8BEDGFtHKJz[\Q^DRUTUBmd6Y8Q^R4HxBpPGX2F/F/Q^kOQ^HKQSRU_=d6J�F]e BZT/TU�$RUJ�TId8BZDOF.D+e QK[cP>XZT/R/J;bmYOJ�HO_�RUBER
k
B��mJ]g�HxBpPG_]DOBEHKQ^R/_�:ODGBEHKJ

φk
qg�JWbmYOQ¦d8BEDGF�H^J}g]BZF�F/PG_`g$QxBEHI�@�m�Zo R�Rr��qrQ^D2RUJ�T&d6QSR=d8JpF]e BETUT/��R/J�T�BZQ^HKH^J]Y8T&F�bmY¦e J]D

j
o

� HCD8XZYGFuv�BEY8R�[uBEQKD2R/J�DGBED2R�[\XZD2RUT/J]Tjb2Y8J�HKJ�F/£rF-R/l][\J¢�@�m�ZoVU6���cPGJ]T/[\J$Rzd6J�g]BEHxg$Y8HKJ�TjHKBvwXmDOg�RUQ^XmD��nBEHKJ�YOT]o /�BZP8PGJ]H^XmDOF\b2Y+e XmD¢BZP8PGJ]H^HKJ�¡G4>���'§]�Z4G� �����+�����8����dfe Y8D8Jz_`bmYGBnR/QKXZD¢Y8D8JF/XZHKY6RUQ^XmD�b2Y8Q+[uBE|@XZTUJ=RUXZY6RUJ]F�HKJ]F�BZY6R/TUJ]F]o
L3F' �4G�¢Hr���MlWlYo�Z$oD� � | � } r�~hu�t } r �¢| z@yhx�� v s.�5�)ret5y � |��C�!$&$ � � %���yh��u�z@|¡� } z�x�uZt } r+�C|G�.tv�C| z@ys.y*zc� �Qw	xe|�u�t } r�s�y���yhzvz�� |�rI�!$&$ � � $�� �
i� r��4>�'¡]§��n�6§`�54>�)oM9;D�Btd6_-|-s"[\XmDmRUT/_Cb2Y8J

v
�m_�TUQS:OJc�@�m�ZoVU6�`�$o < XZQ^R

v′ ∈ RN Y8DOJCF/XZHKY6R/QKXZDb2Y8J]HKg�XZDOb2Y8J}d8Jj�@�m�ZoVU6�`�$o8«�XZD2RUT/XmDOF�b2Y8J
v′ ≤ v

o < XmQSR
(`0, . . . , `T )

Y8D~g&MOJ�[\Q^D~b2Y8J]HKg�XZDOb2Y8J
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POBET/RUBZDmR®d6J

i
orLNXm[\[cJ

v′
�Z_]T/Q@:OJ"�-�Z�mo U8�`��qmXZDuP>J�Y6R�_]g�T/QKTUJ

v′`r
≤ c`r,`r+1 + v′`r+1

q2PGXmY8T4RUXZY6R
0 ≤ r ≤ T − 1

q6J�R
v′`T
≤ φ`T

o"IDzJ�DOg&MOB+*xDGBED2R�g$J]F�QKD8_]�mBEHKQ^R/_]F]q
v′i ≤ c`0,`1 + · · ·+ c`T−1,`T + φ`TJ$R=J]D�P8T/J]DOBED2R�H�e QKD�:O[tY8[ F-YOT�R/XmYOF�HKJ]F;g&M8J�[\QKDOF

(`0, . . . , `T )
PGBET/RUBED2R=d6J

i
q
v′i ≤ vi

o	
=Q^DGF-Q
v′ ≤ v qGg$J}b2Y8Qf[\XZD2R/TUJWb2Y8J v J]F-R=F-XmH^Y8R/QKXZD�[\BEa6Q^[uBEHKJWd6Ju�@�m�ZoVU6�`�$o �

?��+�2�n�Z���Z��lWlYo�Z$oZl�������������� �"!�� .+] 4���! 0 � ( ����63� � � . . * 0 �2#��	� & � � 'V, �8!�� 0 > � ( � ,3. !/: ( ��!3��:@:O� . !	�� ( ���/: ? � ( �C: & # � �/6 ( 1C0 � ( �"��� 1 �"��: ( 6�4������ !3� �"� 0�, � � 0 > � 1 !��-:O��! . :O� *�* �P� & '
?��+�2�n�Z���Z��lWlYo�Z$oD��� ��!/:M6 ( �����/: �"!�� . � ��� 0�, � �V�9:5� 1 � � 0\1C1 �C:O: (+A3. � , ��!�� φ : ( , �"!3���5��!��b��.7!/6
i
6"! �"� 0�, � ��< (+. � _3( :5�5� !3� 1 � � *B( �263� i � !3� ��.7!\6 j �5� . ��!/� φj 6= +∞ &dR � > 0K* ���������8���!/� : (b. � �"� 0�, � � � ] 0 ,/0 :26�� 1/( � 1 ! ( � 63� 1 � ���2�/4 � 0 � ( LB�C�a�C:5� 1 � � 0\1C1 �9:O: (+A3. � , ��!�� φ < 0�. �=��:.+] 4���! 0 � ( ���)6�� � � . . *V0 � #��	� & � � '@, ��:;: �963��!3�/�i!3� ( ��!/� :O� . !�� ( ��� ? � ( ��<=4 � 0�. � � v &SW �"!3� 1 � . 0 <����1 ���/: ( 6 �8��� v′ ∈ RN !����M:;� . !�� ( ���b6�� .+] 49�"! 0 � ( �"�b6�� � � . . * 0 �-#�� � & � � 'C&�R � ( �9������6�! ( � .+] �8�/:O� *-A�. �6�� 1 �"�9� ( ��! 0 � ( ���

C = {i ∈ N | φi ≥ min
k∈N , (i,k)∈A

(ci,k + v′k)} ,
�P� .+] ��� 1�� � ( : ( � , ��!�� 1 �\0 ��!/� i ∈ C !�� ��.7!\6

π(i)
�5� . �"!��

v′i = ci,π(i) + v′π(i) .

R � 6�4 ? � ( � 0�( �/: ( !���� 0�,�,3. ( 190 � ( ��� π : C → N & �����������8� ��!/�i�"!/� . �"!��i:O� ( � i ∈ C < (+. � _3( :5�5�!3�-���9� ( ��� k �5� . �"!/� . � k � � * � ( �54���4 πk(i)
<�� ] 0�,�,\0 ��� ( �8����� ,\0 : � C & � ��� 1\. !����)�"!�� v′ ≥ v &

9;DjPGJ]Y6R®TU_�_`g$TUQ^TUJ"�-�Z�ZoVU6���.g$Xm[\[cJ;Y8D8J;_]b2YOBnRUQ^XmDjd6J;PGXmQ^D2R):OarJ
v = f(v)

qrB��mJ]g�YOD8J;d6_�h
:OD8Q^R/QKXZD~_]�2Qxd6J]DmRUJ"d6J

f : RN → RN o 
=YOFUF-Q'H^J3;�MO_�XZTUl�[\J��m�Zo ROo��cF-Y8�m�Zl]T/J�h�R/h�QKH¦d6J"g]BEHxg$Y8HKJ�T
v
s"H�e BEQxd6JWdfe YODzBZH^�mXZTUQSRUM8[\JCd8JCP>XZQKD2R�:8a6JZo��ªXZYOT�g$XZDGg$HKY8T/JpscHKB\g�XZDr�ZJ]T/�mJ�DOg�J=d6JW[\_$RUM8X6d6J]Fd6J�P>XZQKD2RC:8a6JZqªXZD¢T/J`g$XZYOT-R\F-XmY8�ZJ]DmR\s�d8J]F\BETU�ZY8[\J]DmR&F"d6J�g�XZD2R/T&BZg$R/QKXZD+o �@g$Q�qªH�e BEDOBZH^£6F/J�d6JHKB g$XmDr�ZJ�TU�ZJ]DOg$JjvwJ�T&B�P8H^Y8R��ERjBZP8P>J�H=s�HxB�F@RUT/YOg$R/Y8TUJ�dfe XZT&d6T/Jmo)9;D°[tY8D8Q^R�J�D�Jh0¤J$R

RN d6JH�e XZT&d6TUJCPGBET/R/QKJ�H+YOF/Y8J]H�qOd8_h:OD8Q g$Xm[cP>XmFUBED2RUJCPGBET=g�XZ[\PGX2F/BZD2R/JZq6J�R�PGXmY8T=g�J$R=XmTUd6TUJZq6H�e BEP8P8HKQxg�BnhR/QKXZD
f : x 7→ f(x)

J]F-R®g�T/XmQKFUFUBED2R/Jmo8�IY8QxF/b2Y8J
f(φ) ≤ φ q2Y8D8J;T/_`g$Y8TUT/J]DOg$J�QK[\[\_]d6QxBnRUJ=[\XZD2R/TUJbmYOJ

fr+1(φ) ≤ fr(φ)
q4P>XZYOT\R/XZY8R

r ≥ 0
oI{¦B�F/Y8Q^R/J {f r(φ)}r≥0

b2Y8Q=d6_`g$TUX+*xRug�XZDr�ZJ]T/�mJD8_]g�J]FUF/BZQ^TUJ�[\J�D2RW�ZJ]TUFpYOD��mJ]g$R/J�YOT
v′ ∈ RN o®��{¦JuH^J`g�R/J]Y8T}D8XZR/J]TUBzQxg$Q4b2Y8JuH�e XZD�BEY6RUXZTUQKF/J\HKB��BZH^J]Y8T −∞ PGXmY8T.HKJ]FIg�X2J�y�g$QKJ�D2RUF.d6J
v′
qZFUBEDOF.g�J�HxB;P>XZQKD2RId6J�g$XmD2�mJ�TU�ZJ]DOg$Jmo ��9;D\B

f(v′) = v′POBET®g$XZD2RUQ^DrY8Q^R/_Cd6J
f
orA"e BEY6RUT/J;POBET/R]q2F-Q

v′′
J]F-RNYOD�PGXmQ^D2R,:8a6J;b2Y8J�Hxg$XmDOb2Y8J=d6J

f
qZXmDjBpR/TUQK�2QxBnhH^J][cJ]D2R

v′′ ≤ φ qGd6XmDOgCP8Y8QxF/b2Y8J f J]F-R�g$TUXZQxF/FUBED2R/Jmq v′′ = fr(v′′) ≤ fr(φ)
qOP>XZY8T�RUXZY6R

r ≥ 0
qd6XZDOgCJ]D�POT/J]DOBED2R�H�e QKD�:O["YO[�F/Y8T�HKJ]F

r ≥ 0
q
v′′ ≤ v′ qGd6XZDOg v′ J`F@R�HKJWP8HKYOF��ZT&BEDGd�P>XZQKDmR�:OarJd6J

f
oc�4Y8QKFUb2Y8Judfe BEP8TUl]FCHKJC;�MO_�XZTUl�[\J��Z�mo RGo �8qGHxB�vwXmDOg�RUQ^XmD��nBZH^J]Y8TpJ]F-RpBZYOF/F/QªH^J\P8HKYOFp�mTUBZDOdPGXmQ^D2R-h�:8a6JWd6J

f
q6XZD��rQ^J]D2R=d6JW[\XZD2R/TUJ�T�HKJWT/_`F-Y8H^RUBER�F-Y8QK�nBED2R]o

L*F' �4G��H2��� lWlWohZKo�T E! �§` m�n�6§`�54>�¯¡]�'�j���2¡ �8�8���2�'�n¡/H � | ��x�tvu�y {fr(φ)}r≥0
s���~	� }�� u���yh����z@|

� } rW~	u�t } r ��|�z�yhx��
v
s��Z��rYt5y � |�� �!$($ � � %�� �
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x = f(x)
E&

f(φ) ≤ φ
b<U�E��&'"9L �-�a�E"�&/���54 �
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φ
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odh �0{T|Zs � Y����82������Q+-���T> ' G �(/ # ��#�>S���TD&'0��D��$' 2A>5���D����82 >A2�� ' D�23���H���82 ��1�%$#&2 ' � W #�� ��� > f |N|−1(φ) = v
9(MU'<#���D��*�82���#<'��	� G #5���@D&'0��D��$' 2 ���HD����82 >A2�� ' D�23���H���82��1�%<#82�' � W ��2V>�' G ��>A2 D���PA#�D,D,�B>F>�'0I�� �Q������� φ 4CE&�('0�^��/ � ������D&' D,�Q6�6<9 �-9 �S�$�*���[D,��2A23�Q�&��2�' �*��;V#(� ��� > f |N|(φ) <

f |N|−1(φ)
9

PT4 �`C
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6 x(E��H	H�1���� �54 &!23�
�'%�23����"����Q?���2323�>E��&/"9�:4 ���'H�����&/"�$�23�)�74 &/"�%��F�."�&'�	�rE�,�9�'���@��.I
�!���
���6 *9�M?����'?����'�0�-�a�=��%�?��
�E�����
?����*� E�
&/"��

x0 = φ
U���"

xr = f(xr−1)
���	�,�

r ≥ 0
U����M@B%���&/u��.��"9L

?<$��	;����>%�"F�.���NE&
xr = xr−1

U-����;A�
���Z?���
xr = v
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� l���j-i.sn} � opY ~-~-���R��� �JXZY��Zj�i�X YA}
	NY,l�l�opc�|&� � � � ������� G = (N ,A) � � c : A → R ��
��� � � ��� �<���
v ∈ (R ∪ {+∞})N � b � �D�	� ���<��� r �<� �:� �<�<� i, k ∈ N �

� � ���:� � � � �<� �:�g� ��� r← 0 � b← @A�F�.&�� � � �A� �K� � � i ∈ N � vi ← φi �� ��� � ����� r < |N | � � b ��� � �E���
b← �����
C��
� � �,� �K� � � i ∈ N � � � � �A� �K� � � (i, k) ∈ A �Q� � ci,k + vk < vi � ��� � �E� vi ← ci,k + vk � �
b← @��F��& ����
r < |N | � v �<� �O� �>� �	� � �:�g� �
�R� � r = |N | � �:� �E� � � � �G�A�M� � �E��� ��� ���=� ���,� � � � � � � � � �<� � �5�g�B� �:� ���
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[f(x)]H = max(0,−8 + xH ,−1 + xA)

[f(x)]A = max(2, 1 + xH ,−4 + xB)

[f(x)]B = max(−16 + xH ,−14 + xA) .
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 �� " � ���	��� � � ���� +��� 	K� ± � ±
PO4 &'"�%<�F�."�&'�	�+E�,�Q�!��=@����'���,���?��	�
E&!J"��0L)?����'?����'���

x0 = φ
U
x1 = f(x0)

UR6�6�6!U
E�	&/"
x0 = φ = (0, 2, +∞)

x1
H = max(0,−8 + 0,−1 + 2) = 1

x1
A = max(2, 1 + 0,−4 +−∞) = 2

x1
B = max(−16 + 0,−14 + 2) = −12

x2 = x1 = v,
J"��	�

,
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"�����^:?�� 6 # ��?<"�&!��� v	v	6 ¡�b<UT���������!%_���'H	�.��&/"�$�23�#�
�
S_���.����IK��& �J3d�"E�F�,U�@B�	&/�G�-�a�G��C,��23���'� �'v �g6 •
�G\RYAi��Bs ��Y ~�~-���Z�����Z�*�&>@�	���$�����&���&>@� / � ��������� �	��9�6<9 
 W � >3#8E&�('�� � � �$� ��I�� ���Q�HD�� #&>F>�' +-���Q�-��>3#�D�P �8P?�<�$>,9
�X���&>=>��������$>F�*�&> ' D&'L+-��� � �B>O�$��' �<>@>F�*�82=����>@���82�' ����>�9XR@�)���	�����)�<����D

n
�*I � �B2F>����T���(' �<> ����>��$�,DB2 ' � >

p1, . . . , pn ∈ N W ��2��[/��82�'0� ' 231�> ����>B�<�,D�2�' E���> u1, . . . , un ∈ R W �B2K��/ ��� �&��2F� P ∈ N
� �Q���(' �<>��H#8�<'��Q#��&+-���

� / �*�5�B>A2G�*' >����$>31�T����� 2F��� 9UR@�T���$>F�
xi = 1

>�'-��� �H�B2=� �
i
P ���H� �*I � �B2G��#(�&>=� �=>3#�DBP �8PA�<��> W ��2 xi = 0> '0�&���(9�R@�=E����82@�H#8�<'��=' >3������/��82�'0� ' 231G�-�=>3#�D��O�<��>�>F���&>GD��*�82���#<'��823�Q��� �$��' �<>

max
x ∈ {0, 1}n

∑

1≤i≤n
xipi ≤ P

∑

1≤i≤n

xiui .
^Jv�v	6 ¡	¢�b

�*�����XD,��� # W ��� D��*�&>�' � ����� W �������L2F�*�82 1 ≤ t ≤ n
�B2

0 ≤ Q ≤ P W � � �$� ��I�� ���H�

max
x ∈ {0, 1}t

∑

1≤i≤t
xipi ≤ Q

∑

1≤i≤t

xiui ,
^Jv�v	6 ¡�x	b
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 � ���	����� �)#K# �

�<���82K�*���&��23�
vt

Q

� #�E�#�� �����.�*�82�'0�H#�� �$9�R=�S�&��23�
vt = (vt

Q)0≤Q≤P
9

6<9 � �(��� '0�H���
vt ��� � �*��DB2�' �*� ��� vt−1 � ��/ #$' ���Q�[/������@1,+-��#82�' ������� ��� �$%���#����Q#82�' ��� � ����#��=' +-���$9

��9 � � ��1,�-�$'0���K����#�� %��(� ' 2 ���H� �������[��1�>A�����-���H436$6$9 ���<;�9��@��������>A2 � ��2F�����&>Z�[/ ����1,D��82�' �*��������/ #(� %����C' 2����H� �

�9�� ����� ' +-�����V��/ #�� %$��� ' 2����H� ����/ ������� ��� �Q>��$' E�#��82��

max
x ∈ {0, 1}3

2x1 + 3x2 + 5x3 ≤ 6

8x1 + 2x2 + 9x3 .
^Jv�v	6 ¡��Bb

�=\7Y,i��Bs	�	Y ~-~-���Z�*� � � � Y
ods:| XZY �	j��R}3ods:|Zs:o�[Wo c ��Y*� �	j5|�}�iac-s:|�}�Y�XZY+}�Y
odh ��� M*�(' 2 G =
(N ,A)

��� %*��#(� ���=��� ' ���8231 W �����$'����������,� E�#(� ��#&2 ' ���&> W c ∈ RA W ���ODB���82 W �B2 τ ∈ NA W ����23�����&> W �B2
φ ∈ (R ∪ {+∞})N �����5�<1���#(� ' 231HJL��#�� �$9UR@��J�������� �
	5���S>F������D,�

s
�B2=�����=��#823�5� '��=' 23�

T ∈ N W �B2��/ ��� D�������D������ 2B� ���8E���� ���OD	�����@'0�
(`0, . . . , `m)

���5� �*�&%��������^#$� I$' 2���#$'0��� W ��#$� 2F#(�82K��� s
4A' 9 �$9

`0 = s
; W23����+-���@� ��%<#$'0� 2F��23#��

c`0,`1 + · · ·+ c`m−1,`m +φ`m

>F��' 2��@'0�$'0�H#(� W >A���&>H� #@D����82B��#<'0�82F�����@�	�B>��<��DB23���V� #��#&2F�=� '0�@' 23�
T W ' 9 �$9$>F�*�&>G� #QD��*�82���#<'��823� τ`0,`1 + · · ·+τ`m−1,`m ≤ T

9<R=�H>��������$>3���	#=+-�(/ '0�$�(/ �@# ��#&> ���
D&'0��D��$' 2G�<�*�82G2A���&>�� ��>Q#$�	DB>Q���82H����>G23�����&>������ >,9 ����� � ��� ���K���S#�� %��(� ' 2 ���H� �����$� �$%*��#(���H#&2 ' ���5� ����#&P
�=' +-���Q�$�*���X��1�>F�*���-�	� D,�@�����*I�� ���H�$9�� ����� ' D,#82�' �*���$2�� �*�8E����X��#$�^�$� �$%*�	#����H#&2 ' ���H� ����#��=' +-���Q� ��D������@'0�
���HD�� �82 �='��$'0����� �-� �
	5���

1
#�� �
	5���

6 W ���H2F�����&> #��O��� �&> 10 W �������Z� / � ��������� �H����%*�	#�� ���=436$6<9 � 
<;+-�$'(>3����#�2���#<' 231 ��� �&>H� �('0�O��#$� ����� #8��#82�' �*��!$#&%���#��&%(' �������$9

�=\7Y,i��Bs	�	Y ~-~-���Z�
	 �.�*�&>�' ��1�� �*�&> ���S#��H#&2F����������2���1�82���� W +-�$'->3���������)�������$'�� � �B2@������������� � ����� ��1,�
E&�('0�����B>��$' �,D,��>H�-� � ��>A2 ' E�#(�*��� �[/ �XE$' %*�&���(9Z!����C��>A2 ' E�#������ DB�����$������� ��� �&>�' ����� > D,���823#$'0����> ���S�$' �,D,��>�9
� ��#�+-���"�$' �,D,����>A2 D,#$��#�DB231��C' >31,�)��#$�Q�������$' +-���T� ' ��� ���)� #TE$'0� � �T43���T2 ��1�82����8; W ��2S�����"���$' +-���T��� #&%<��&�(��#$'0������#(�&>=� # � �*��� ��1,��43��#$�Z����������� � W 68: ��7�7�P 6�� � 
$7$;�9.R=�OD�������#���2 ���5���82B���S� ��>G2F�����&>=��1,D,��>F>F#<'0����>�$�*��� #(� � ��� �[/����52���1�82���� � � / #��82����$9 � �)� ' >3#��82 � � �$� ��%���#(���H�5�-�S��� #&E�#��82Q�[/ #�� � ����#(� �C��>A2 ' E�#�� W �&��2����>��<��DB23#823����� #��.�,DB23� �TD���#�+-���"�$' �,D,�T��� ��� #$' >�'0� ��>B�<1���1 W �Q�B>�����1�>B���H�����S1,D	����� � �S��� 0

�
5
9VM*��� I��82

��>A2 ���5E&�('0����#(�&>S� # � ����� ��1,� ������>B�$' 23�S���)�$' �,D���> �-�"��� W ���)�H#(�$' ���	� � �H#,�<'0�@' >3���H� #T>A�����H�"����>��� #<' >�'0� > ��>��$1���1�> ������� � ��>G�*' �.1������82F��>=�$' �,D,�B>HD	�&�(' >�' ��>,9VY����82B�	���V+-����D,�S�$� ��I�� ���Q�5�$���82�>3�S��#(�H������� �
���SD������@'0� ��D����82��@'0�$'0�H#��-��#��&>����S%���#�� ��� >3#��&>=D&'��	D��$' 2F> W �B2@+-�(/ '0�L�$���82G>3� ��1�>A�����-���5���)��� 23�����&>+-��#��-��#82�' +-���G���S� � �&�*��I$���=��� �$' �,D���> �-���C��>?2�' E�#������ 4 �*�S��1�%�� ' %<����#S� �H23��� �&> ���B>Q������#�>3;�9

�=\7Y,i��Bs	�	Y ~-~-���Z��� R@� �$���82O'0�H#&%('0������+-��� W >����@� # ��� #(�	�B2F� Y #$� > W ���B>O���&2B��#&2F��� �	�B>A2�����>S#����$�����������82#(�,�S��� �C#��82F> �SD��*� �82F����#8E��,DS��/ #����*' 2 ' ���
(a, b) 7→ a ⊕ b = min(a, b) W ��2=� #T����� 2�'���� ' D,#82�' �*� (a, b) 7→

a⊗ b = a+ b
43�&���&> �����$� ���82F�*�&> D,�B2A2F����� #<' >F#(�82F��� ' � ���G9 ��9LY #&>�� ��E W����������� "!$#�%'&(��)+*"�,��).- !�/ / !$#BW Y �10 W6 ��� 
<;�9�!�#">A2B� ��D�2�������#(� %$1�I$� ' +-���OD���� ����>B�$�*����#(�82F� W (R ∪ {+∞},⊕,⊗)

�B>A2 #(���$��� 1,� ��Y
ods��Ec�|W|7Y,c-[
ods:| ��hZl:['�<9 � � � � E�1��C' J-�=� ��>��32��H��> #,�<' ���H��> +-���Q� ��> #������,#(�,� W >3#�� �^+-���Q��/ #����*' 2 ' ��� W #�� � ' ���G�[/ 2B2B�	�@������ �('-����%�� �����$� W E�1��C' J-� a ⊕ a = a

9 �*����� �&�$>��Q#$�02 ' ���&> W ��/ 1,+-��#&2 ' ��� ��� �.��� � �H#�� #�>F>A�(D&' 1 #(� �$� ��I�� ���H���� �&���C' 4�����JL�$'L436�6<9 ��68;=�(/ ��>A2�#(�82B�	�Q+-�(/0���O�$� �(�-�$' 2���� �Q#82�� ' D�� �@'0�8P ��� �&>

vT
i =

⊕

k∈N

Mi,k ⊗ vT−1
k ,

#&E��,D
Mi,k = ci,k

>�'
(i, k) ∈ A W �B2 Mi,k = +∞ > '0�&���(9K!���> �Q#$�02 ' ���&> W +-�$' �82�'�� ' >3���82O� ��>���2��Q�B>�&��23#82�' ���&>Q�H#82�� ' D&' ��� � ��> +-��� �&���&> W �H#$' > ��#(�&>H� �Q>3���@' P?#������,#��5�@'0�8P ��� �&> W 1,D��C' E����82K2F�*�82K>�'�� ��� ���H���82 W

vt = Mvt−1,
��"

vT = MT φ .

�=��#��82 ����/ 1,+-��#82�' �*�=��� �.��� � �H#��5436$6$9 �*6&; W '0� >Q� / 1�D�� ' E����82

v = Mv ⊕ φ .
^Jv	v�6 ¡�¡	b
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t
#(� � #(�82 ���

i
�

k
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(M t)i,k
9

Y����82B�����^+-��� � #=>F�*� �82�' �*�O�H#,�<'0�H#(� �H��� 436�6<9 ���$;G��>?2K1�%$#(� � �
v = M∗φ W ��� M∗ = M0 ⊕M ⊕M2 ⊕

· · · 9 0 �B2�� �*�8E���� #$'0�&>�' � � � ��1���� ���Q� 6$6$9 �-9 ��9GY����82�������+-����> ' G �(/ # ��#&>O����D&'0��D��$' 2�����D����82S��1�%$#&2 ' � W
limT→∞ MT = +∞ 43� #5�H#&2B�C' D,�Q�<�*�82 2A���&>Q� �B>KD��(� �OD&' ���82F>K>F�*�82�1�%$#(�,� �

+∞ ;�9 0 �B2�� �*�8E����^#<'0�&> '[� ���1�>B��� 23#82��[/����$' D&' 231G���O��/ � �����	D8' D,� 6�6<9 �-9 ��9

�G\RYAi��Bs ��Y ~�~-���Z��� �����<��� ���&> � ��� Y #$� � ��E$' ��� JL�$' ��� � ��� �������,� � ��������� > W��
I�� #(��D�� W ��2 �

�&�('0��� W +-�$'��1���� #�D����82 � 2A�����V���5����� �S��� � �B2A���5>B��� ��� %���#(� ���@JL�$' W �T��#$�02�'0�X�[/������S���$> ' 2�' �*�5'0�$' 2�' #(� ��4 D$/ ��>A2�I�� #���D+-�$'(D������H����D,�,;�9 �^���02F#<'0�&> >F�����H�B2F> �-��%*��#(� ���@>F�*�82KJL��#(�,� �L� ��� >3+-���O� ��� ��2F��� ��>?2 ��#(�&>KD,�@>F�����H�B2 W�*�">F#<' 2 +-���)� #���#$� 2 ' �S��>A2 %$#�%*��#(�82F� �������HI�� #���D W �*�"%$#�%*��#(�82F� �������Q�&�('0� W �*� I$' ��������� � �$9 �-���82?P ����G�(��1�� ' >3���G� ��>�1,D	���,D�>=��� � �B>���#(�H��>5��#$�G���S23��� � ��� � R=��>��������$>F� +-��� � #���#$�02�' � 23��� �@'0���O2A��� � �*����>�91�D�� '0����������1,+-��#82�' �*� ����2����$�S��� �$%���#����Q#82�' ���S� ����#��@' +-���=���(���C'��Q#��82@� # E�#(� �������[/������S���$> ' 2�' �*�T�������
I�� #(��D$9[4 � ���*' D�#&2 ' ��� �-D,��2A23�H1,+-��#82�' �*� �C����#5'0�823���0E����$'�� ��� # �	�(' >@� �B>Q� �(' >

min
�B2

max
9 ;Q� 1,�-�$'��	�H+-���@����>
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9;D�d6Q^R=b2Y+e Y8D�BEHK�ZXZTUQ^R/M8[\JCPGXmY8T�[\Q^D8QK[\QKF/J�T=Y8D�g$TUQSRUl�TUJCJ`F@R E>�54>�¦§O4G�¯��f@�mT/J]J]d6£.g�qrJ�D�BED6h�ZHxBEQxFU�$qOF�e QKH'g$XmDOF-R/TUY8QSR�YOD8J"F/XZHKY6R/QKXZD�BZd8[cQxFUF-QKk8HKJ}J�D�F/J}TUBZ[\J�DOBZDmR=s\YOD8J"F/Y8QSRUJ"d6J"d8_]g$QxF/Q^XmDOF�qbmYOJ;H�e XmD�POT/J]DOdjscg&MOBZb2Y8J;vwXZQxF�BEY�[cQKJ�Y8ajJ�D�vwXZDOg$R/QKXZD�dfe YOD�g�T/Q^R/l]T/JCH^X6g]BEH�q2J]D�DOJ;TUJ�[\J$R/RUBZDmR|-BE[uBEQxF�J�D�b2Y8J]F-R/QKXZD�HKJ]F�d6_`g$QxF-QKXZDGF�P8T/_`g$_`d6J�D2R/J`F�o8{¦XZT&F/b2Y8JCHxBuF-XmH^Y6RUQ^XmD�Bmd6[\QKFUF/Q^k8HKJWBEQKDOF/Q+XZk6hR/J�DrY8JcJ]F-RWF-XmYOF@h XZP8R/QK[\BZH^JmqGXmD~POBZT/HKJtdfe F �2�'�n��¡]§]�Z=f�'��E>�54>�¦§O4G� �'�>oc�.BETpJ$a6J�[\P8HKJZqfF/Q'H�e XZD�BY8D�g$J]T-R&BEQKD�D8Xm["k8TUJ�d6J�g�XZHKQKF}d8J\RUBEQKHKH^Ju�nBETUQK_�J]FWsz[\J�R-R/TUJjd8BZDOFWd6J`F"g$XmD2RUBEQKD8J]TUF]q¤J$RtF/QIH�e XmD�ZJ�Y8R®[\QKD8Q^[\QxF-J]T�H^JCD8XZ[tk8TUJCd6Jpg$XmD2RUBEQKD8J]TUF4Y6R/QKH^QxF/_]FW��gZe J`F@R�Y8D8JC�ZJ]TUF/QKXZDjd6Y�P8TUXZk8HKl�[\JCd6QSR�d6J
f@POBmg��rQ^D8� g@�$qOXmD~PGJ]Y6RWQ^[uBZ�ZQKD8J�T;Y8D8Jc[c_�R/M8X6d6J\g$XmDOF/QKF-RUBZDmRCsuR/TUQKJ�TCH^J`FCg�XZHKQKF=J�D�vwXZDOg$R/QKXZD�d8Y�ZXZHKY8[\JZq]J$R.s�TUJ�D2R/TUJ�T¦H^J`F'g�XZHKQKF d8BEDGF+HKJ]F g$XZD2R&BEQKD8J�T&F+J]D"g$Xm[c[\J]DeP�BZDmR POBET'H^J`F¦POH^YOF'�ZTUXmF4¨`gZe J`F@RHKs\Y8D�J�a6J�[\P8HKJpR@£2POQKb2Y8J}dfe M8J]Y8T/QxF-R/QxbmYOJW�ZHKXZY6RUXZD8D8JmoO{Ie QKDmRU_�TU�$R=d6J`F�M8J]Y8T/QxF-R/QxbmYOJ]F��mH^XmY6R/XmD8D8J]FJ]F-R�d+e ��R/TUJCF/XZY8�mJ�D2R®R/TUl]F�F-QK[\P8HKJ]F�stQ^[\P8HK_�[\J�D2RUJ�T`o8{+J�YOT�d8_$v�BEY8R�J`F@R�_]�2Qxd6J][c[\J]DmR�HKJ�Y8T�[t£ZXEhP8Q^JmqfBEQKDOF-Q.b2Y8JtHKB�d6Q^yug�Y8H^R/_us�_]��BZH^YOJ�TCH�e _]g]BET/RpsjH�e XZP6RUQ^[tY8[zo � HªJ]F-Rpg�J�P>J�DOd8BZD2RCd6J`FCg�HKBmF/F/J]FPOBET/R/Qxg$Y8HKQKl�TUJ]F�d6JWP8TUXZk8HKl�[\J`F�PGXmY8T�H^J`F/b2Y8J]HKF�YOD8JW[\_$R/MOXrd8JW�ZHKXZY6RUXZD8D8JCvwXmY8T/DOQSR�Y8DOJpF/XZHKY6RUQ^XmDXZP6RUQ^[uBEHKJj���ZXZQKT=s�g�J"F/Yn|@J$RCHKB�/�J�[uBET&b2Y8Ju�Z�mo U8o Ucg$Q^h d6J]FUF-XmYOF&��oG�=XZYOF�D8XZYOF;g$XmDmRUJ�D2R/J]T/XmDOF�d6JP8T/_`F-J]D2R/J�TCd8BEDGF�HKJ"POBZTUBZ�ZT&BEP8M8JWb2Y8QªF-YOQSRCY8D~J$a6J][cPOH^J"vwXZDOd8BZ[\J�D2RUBZH'dfe BEHK�ZXmT/Q^R/M8[\J}�mH^XmY6R/XmDvwXZY8TUD8QxF/FUBED2R�Y8D8J}F/XZHKY6R/QKXZD�XZP6RUQ^[uBZH^Jmo
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)4).,
	�,Z[ �&b��47I5O? 3��	�q_�9 _��¬5G:�� �K` b �W74:=5�b _ �;587�a�b ��� _�9�_�b �8`ª56a;56_�<¤7N: �
��56`.1N3°9 _ <¤7 � 3
� ?-1;? � :	�

9;D�F�e Q^D2RU_�TUJ]FUF-J�[uBZQ^D2R/J]DOBED2R�s}Y8D��ZT&BEP8MOJ�D8XZD8h�XmT/QKJ�D2R/_mo2�=XZYOFND8XZR/XZDGF V H�e J]DOF-J]["k8HKJ;d8J]FF/XZ[\[\J$R&F�q`J$R E H�e J]DOF-J]["k8HKJNd6J`F'BZT/��R/J`F�q�b2Y8QrJ`F@R¦YODtF/XZYOF-h�J]DOF/J�["kOH^JId6JNH�e J�DGF-J]["k8HKJNd6J`F¦PGBET/R/QKJ]Fscd6J]Y6aj_�HK_�[\J]DmR&F�d6J V oe9;DzBtd8XZDOg {i, j} ∈ E F]e QKH¤£jB"YOD8JWBETU�$R/JCTUJ�HKQKBZDmR�HKJ]F�F/XZ[\[\J$RUF i J�R
j
o8�=XER/XmDOF�b2Y8JpPGXmY8T�k8QKJ�Dzd6QKF-R/QKD8�mY8J�T�HKJWg�BZF®D8XmD6h XZTUQ^J]DmRU_;d6Yzg�BmF�XZTUQ^J]D2R/_ZqrD8XmYOF®POBETUHKXZDOF�d6JF/XZ[\[\J$R&F=J�Rpd+e BZT/��R/J]F]q¤BEHKXZT&F=b2Y8J"DOXZYOFpB��ZXmDOF�POBZT/HK_td8JtD��WYGd8F=J�Rpd+e BZTUg]F=P>XZY8TCY8D��ZT&BEP8M8JXmT/QKJ�D2RU_\��H^J`F�H^J�R-RUT/J`F�f V gpJ$R,f E gCTUJ�Dr�mXZQKJ�D2R�BZY6aj[\XER&F�BED8�mHKBZQKF f-�ZJ]T-RUQKg�J]F!g;J$R,f-J]d6�mJ]F!g@�$o
�=D��mTUBZP8M8J��wD8XmD6h�XmT/QKJ�D2RU_`�=J]F-RWd8QSR"�.4G� �'���+�~F/QId6J]Y6a�F-Xm[\[cJ�RUFWb2Y8J]HKg�XZDOb2Y8J`F;P>J�YO�ZJ�D2R��R/TUJ"TUJ�HKQ^_`F=PGBETCY8D�g&M8J][cQKD+o ��D��ZT&BEP8MOJj�wD8XmD6h XZTUQ^J]DmRU_`��b2Y8J]HKg�XZDOb2Y8JtPGJ]Y6RW�$RUT/Jcd6_]g�XZ[\PGX2F-_J]D��.4G��B)4G¡`�8�¤§`�2¡t��4>�'� ���+�r¡Zq8b2Y8Q+F/XZD2R�POBET�d6_	:OD8Q^R/QKXZD�H^J`F�g$HxBZFUF-J`FNdfe _]b2Y8QK�nBEHKJ�DOg�JpPGXmY8T�HKBTUJ�HxBnRUQ^XmD

R
RUJ�HKH^J}b2Y8J

iRj
F�e Q^Hf£�B"YODzg&MOJ�[\Q^D�TUJ�HKQKBZDmR

i
J�R
j
oY9;DzBEP8P>J�HKHKJ � 4G���m§WYOD��mTUBZP8M8J��D8XZD8h�XmT/QKJ�D2R/_��.FUBEDOF®g$QKTUg�Y8Q^R]o ��D��6�¢7'�n�\J]F-R�Y8D8J�vwXmT/��R®g�XZD8D8J�a6JZo69;D�d6Q^R�b2Y+e Y8DjF/XZYGF@h �ZT&BEP8MOJ

G′ g$XmY8�rT/JuY8D��ZT&BEP8M8J G F/QNg&MOBmb2Y8J�F-Xm[\[cJ�Rtd6J G J`F@RcJ$arR/TU_�[\Q^R/_jdfe BEY�[\XmQ^DOF"Y8D8J�BETU�$R/Jd8J G′ o �.RUBZDmRCd6XZD8DO_}Y8D��ZT&BEPOM8Ju�wD8XmD6h�XmT/QKJ�D2RU_`�®g$XmD8D8J$a6J G = (V , E) qGd6XmDmR;H^J`F�BETU�$RUJ]F�F/XZD2R[tY8D8QKJ]FWdfe Y8D8J\vwXmDOg�RUQ^XmD�g$X �8R E → R
q {i, j} 7→ cij

q¦H^J\P8TUXZk8HKl�[\Jud6JuH�e �8�O7 �n���.4G� �f�n�8�¤§
2 �~�.4��'§u����� �����'� g$XmDOF/QKF-R/JWstR/TUXZY8�mJ�T�Y8D�BETUk8TUJCg�XZY8�rT&BED2R T d6XZD2R�H^JWg�X �6R

∑

{i,j}∈T
cij ,

J`F@R'[cQKD8QK["Y8[zonLNJ.P8T/Xmk8HKl�[\JIdfe XZP6RUQ^[\QxF/BER/QKXZD}F/J.T/J]DOg$XmDmRUT/JªPOBZT+J$a6J][cPOH^JId8BZDOFfHKJ]F¦P8T/Xmk8HKl�[\J]Fd8JCg9	Ek8HxBE�mJZq2H^XmTUFUb2Y8J=H�e XmDj�mJ�Y6R�g$XmD8D8J]g$R/J]T®_]H^J`g�RUT/Qxb2Y8J�[\J�D2R®Y8D�J]DOF/J�["kOH^Jpd6JCPGXmQ^D2RUFNRUXZY6R�J�D[\QKD8QK[cQxFUBED2R�HKBcHKXZD8�mY8J�YOT�d8J :OH�o{4e BZH^�mXZTUQSRUM8[\J\d8J �pT/YGF �nBEHIg�XZDOF-R/TUY8Q^R}Y8D8JjF/Y8Q^R/J�d6J�vwXZTU�$RUF]o�9;D POBZT-R"d6JuHxBzvwXmT/��R"g$XZ[chPOT/J]DOBED2R=RUXZYOFCHKJ]FpF/XZ[\[\J$RUFCJ�RpBZYOg$Y8DOJcBZT/��R/JZo 
 g&MOBZb2Y8Jt_$R&BEP>JZq¤XZD�g&M8XZQxF-Q^RWd6JtT&Bn|@XmY6R/J]T;sHxBcvwXZTU�$R`q6POBETU[\QfR/XmY6R/J`F�HKJ]F�BETU�$RUJ]F�d6XmD2R�H�e BZd�|@XmDOg�RUQ^XmDzD8J}g$TU_�JpPOBmF�d6J}g$QKTUg�Y8Q^R]qOg�J�HKH^J}d6XmD2R�H^Jg�X �6R�J`F@R�[\QKD8Q^[tY8[zoO{Ie BEHK�ZXmT/Q^R/MO[cJ;R/J]T/[\QKD8J}b2YOBEDGdjHxBtvwXZTU�$R�J]F-R�Y8D�BETUk8TUJCg�XZY8�rT&BED2R]o
L3F' �4G�¢Hr���MlWlYoDf oZl �Wt G = (V , E) y���u�x�r � �c| � �ey"� r } r � } ��t5yhrYu �!��~ } rYrWyQ��y � �¡x�ret s � x�r�y� } rW~	uZt } r�~ } ��u�|��	�	tvu��c|�tv�cy

c : E → R � z � |�z � } ��tvuv���Cy s.y�����x�� �.|�z � } x���retvu�x�rM|��	�	�cy¡~ } x��O�c|�rYus.y�~ } ��u)�¡tvretv�¡x�� �

 :ODud6J�[\XZD2R/TUJ�T.HKJ ;�M8_]XZTUl�[\Jp�Z�ZoVU6oK�Zq�D8XmYOFª_�DOXZDeP�XZDOFªY8DOJ�P8T/XmP8TUQ^_�R/_®R/TUl]Fª_]H^_][cJ]D2RUBEQKTUJ�d8J]FBZT/kOT/J`F®g�XZY8�rT&BED2RUF]q6d6XZD2R�HxBt�m_�TUQS:>g�BnRUQ^XmDjJ`F@R�HxBEQxF/F/_�JpBEYzHKJ]g$R/J�YOT�J�Dz�ZY8QxF/Jpd+e J�arJ]TUg�QKg�JZo
DN�r����� lYlWo�f o��FE!D4�r�����{2,>^ r�¢F'�O�KE>��H �Wt T y���u x�r+|��	�	�cy ~ } x��O�c|�rYu�s � x�r�� �Q| � �ey G � y	u��t
i
yhu
j
� } reu�s�y	x��{� } �¡�Cy	uZ�¡s�y G � tvz�yQ�.t���u�y¡x�rMx�ret5w	xey¡~��6y	�¡tvr's�y T �cy	z�t5|�rYu

i � j � ��r} x�uZ�Qy � ��t {i, j} yh��uKx�r�y�| � �	u y s�y G whx�t r � | ��� |���u�t5yhrYu � |�� � T � } r } �hu�t5yhrYu�yhr�~ } �cy�x�r�| �	�h�Qy~ } x��G�c| reu$��t$z � } r{�cyh� � z�|�~�y�x�rWy�| � �	u y�whxey	z@~ } r�whxey�s�x�~��6y	�¡tvr�s.y T �cyhzSt5|�reu
i � j � | � {i, j} ��=XZYOF�P>XZYO�ZXZDGF�[\BZQ^D2RUJ�DOBZDmR�_]D8XZDOg�J�T�HxBug$XZDGd6QSRUQ^XmD�d+e XmP6R/QK[uBEHKQSRU_Zo

DN�r����� lYlWo�f o�T � } tvu G yhu
c
~ } ��� y�s�| r6� z@y ���e� } ���	�Cy $($ � �3� $ � yhuC� } tvu T x�r |��	�	�cy

~ } x��G�c| reu G � � yh� |����hy	��u�t } r6� ��x�tv��|�reu�yh��� } reu���w	x�tv�¢| z@y	reu�y�� �
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�����k�'��#)(*��
 �	���� +�,��(�#�� 	�������� ± � �
$ � T yh��u�s.y�~ } ��u,��tvrYtv��x��

�

�=� � } x��*~��6|�w	xey¡|�� �	u y {i, j} whx�t�r � yh��u � |�� s.|�re� T � zc� x�ret5w	xey�~��6y	��tvrMs�y T �cyhzSt5|�reu
i
y	u

j
y���u � } ��� ��s$� |�� �	u�y���s } reu�~��6|�~	x�rWy¡yh��u�s�yC~ } ��u,tvr �h�	��t5yhx�� } x ���k|�z � cij �

��� � } x�� ~��6|.whxey�| � �hu�y {r, s} s.y T � � } x��"u } x�u�y�~ } � � } �h| reu�y�~ } rer�yc��y C s�x'���c| � �6y} �hu�yhrYx y	rM�Qyhu�tv�c|�rYu {r, s} s.y T � yhu � } x���u } x�u y | � �hu�y {i, j} s } rYu�x�rWy yQ�.uZ�c�	�¡tvu �Cy	ux�r�y �	yhx�z�y3yh��u�s�| r6�
C � crs ≤ cij �

i� r��4>�'¡]§��n�6§`�54>�)o2{Ie Q^[\P8HKQxg�BnRUQ^XmD��wD8XmD"�Z� ⇒ ��D8XZDu���¤T/_`F-YOHSRUJId6Y}{+J][c[\J®dfe _`g&MOBEDO�ZJ��Z�mo U8o �;¨F-Q {i, j} J]F-R.Y8D8J�BETU�$RUJ®b2Y8Q6D¦e J`F@RIPOBmFªd8BEDOF T qnJ$R4F/Q {r, s} J`F@R.Y8DOJ�BZT/��R/J�d6J�H�e Y8DOQKb2Y8J�g&M8J][cQKDd6J T TUJ�HKQxBED2R
i
J$R
j
qZR/J]H^HKJ;b2Y8J

cij < crs
q2XZDjXZk6RUQ^J]DmR®J�Du[\J$R/RUBZDmR {i, j} sWHxB}POHKBmg$J=d6J {r, s}d8BEDOF T Y8DzD8XmY8�ZJ]H+BETUk8TUJCg�XZY8�rT&BED2R�d8J}g$X �8R�F-R/TUQxg�R/J][\J�D2R�Q^D8vw_�TUQ^J]Y8T�s\g$J�HKY8Q¦d8J T o�=XZYOFc[\XZD2RUT/XmDOF}[uBEQKD2R/J]DOBED2R��wD8XmD ± � ⇒ ��D8XZD��Z��o /�J][uBET&bmYOXZDOF}R/XZY8R\dfe BEk>XZT&d�b2Y8J�H^J�ZT&BEP8M8JcXZk8R/J�DrY�J�D�T/J�R/QKTUBZD2R {r, s} d6J T B�J$a8BZg$R/J�[\J]DmRWd6J]Y6a�g�XZ[\PGX2F/BZD2R/J]FCg$XmD8D8J�arJ`F�q

CJ$R
C = V \ C o < Y8P8P>XmF/XZDGF}b2Y+e XmD�BEQ^R}Y8D8JjBZT/��R/J {i, j} B��ZJ`g i ∈ C J$R

j ∈ C qfRUJ�HKH^Jjb2Y8J
cij < crs

o6{4e Y8DOQKb2Y8Jpg&M8J�[\QKDjTUJ�HKQKBZD2RNTUJ�HKQKBZDmR
i
s
j
d8BZDOF T g�XZD2R/QKJ�D2RNDO_]g$J`F/FUBEQKTUJ�[\J�D2R {r, s} qg$JWb2Y8Q+[\XZD2R/TUJWb2Y8JpHKBug�XZDOd6Q^R/QKXZD ���m�®D+e J]F-R�PGBZF�FUBnR/QxF-v�BEQ^R/JZo�=XZYOFp[\XmDmRUT/XmDOF;J�D�:OD�� ± � ⇒ �@����o < XmQSR T YOD�BZT/k8TUJ"�m_�TUQS:>BED2Rc� ± ��qfJ�R}F-XmQSR T ′ Y8D BETUk8TUJd6Jjg$X �6R}XZP8R/QK[\BZH�q'bmYOJ�H�e XZD P>J�Y6Rcg&M8XZQxF-QKTWRUJ�H4b2Y8J�HKJuD8Xm["k8TUJ�dfe BETU�$R/J`FWJ�D�g�XZ[\["Y8D J]DmRUT/J

T J$R T ′ F/XZQ^R"[uBna6QK[\BZH�o�9;D���B~[cXmD2R/TUJ�T"b2Y8J T = T ′ oªA;BZDOF}HKJjg�BmF}g$XmD2R/T&BEQKT/JmqfXZD�P>J�Y6RR/TUXZY8�mJ�T®Y8D8JWBETU�$RUJ {r, s} d8BZDOF T J�R�POBZF�d8BZDOF T ′ o8{+Jp�mTUBZP8M8JCXZk6RUJ�DrYjJ]D�T&Bn|@XmY6RUBZDmR {r, s}s T ′ g�XZD2R/QKJ�D2R�Y8Dzg$QKTUg�Y8QSR`q C q6g�XZD2R/J�DGBED2R®H�e BETU�$R/J {r, s} o6LNXmDOF/QKd6_]T/XmDOFN[\BZQ^D2RUJ�DOBZDmR�HKJ]F�d6J�Y8ag$XZ[\P>XmFUBED2R/J`FWg$XmD8D8J$a6J`F
C
J�R
C
d6Y��mTUBZP8M8JcXZk6RUJ�DrY J�D�J]D8H^J]�nBED2R {r, s} s T o LNXm[\[cJuHKJg$QKTUg�Y8QSR C g$XZD2RUQ^J]DmR�d6_-|-s\Y8D8J}BETU�$RUJpT/J]H^QxBED2R C s

C
qOsuFUB��ZXmQ^T {r, s} q6Q^H¦d8XZQ^R�DO_]g$J`F/FUBEQKTUJ�[\J�D2Rg$XZD2RUJ�D8QKT=Y8DOJ"BEY6RUT/JtBETU�$R/Jmq {i, j} q8TUJ�HKQKBZDmR C J�R

C
o>{+J"�mTUBZP8M8J T ′′ Xmk6R/J]D2Y�J�D�TUJ�[\P8HxB�P�BZD2R

{i, j} POBZT {r, s} d8BEDOF T ′ J]F-RNJ]DOg$XmT/J�YOD�BETUk8TUJ=g$XmY8�rTUBZD2R]qmd+e BZP8T/l`F4HKJ=HKJ�[\[\Jpdfe _`g&MOBEDO�ZJZq2J$RHKB�g$XZDGd6QSRUQ^XmD¢� ± �=[cXmD2R/TUJtb2Y8J"HKJ\g$X �8Rpd6J T ′′ J]F-RCQKD6vw_]T/QKJ�Y8TCXZY�_��mBZH s�g$J]H^Y8Q.d6J T ′ o 
�QKDOF/Q�q
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ACBEDOF�HxB�TU_]F/XZHKY6R/QKXZDdfe Y8DPOT/Xmk8H^l][\J�d6JM/�9tqNY8D8J d6J]FjP8TUJ�[\Q^l]T/J`FuR
	Zg&M8J`FjJ`F@Rzd6J�TUJ$hg�XZD8DGB *xR/TUJ�F-QNY8D8J�[\_$RUM8X6d6J�J�a6Bmg�RUJ�J$y�g�Bmg$J~��BEHK�ZXZTUQ^R/M8[\J]F"d6Jjg&M8J][cQKDOF]q��OXZRUF]q'BEHK�ZXmT/Q^R/MO[cJ�mH^XmY6R/XmD+q>J$RUgZo �CF]e BZP8P8HKQKb2Y8Jmo �;Y8J"v�BZQ^TUJZqfg�J�P>J�DOd8BZD2R]qfb2YOBEDOd�[\��[\JcB��mJ]g"Y8D8J\kGXmD8D8Jc[\Xrd8_$hHKQxF/BER/QKXZD+qfHKJ]FW[\_�R/M8X6d6J`FWPGXmH^£rD8Xm[\QKBZH^J`F;DOJ�F�e BEP8POH^Qxb2Y8J�D2R}POBmF � 9;D P>J�Y6R}k8QKJ�D�F��8TWTUJ]g�XZY8TUQ^Ts�d6J]F"M8J�Y8TUQxF@RUQKb2Y8J`F}POBZT-RUQKg�Y8H^QKl�TUJ]F]q+XmY�s�d6J`F}[\_$R&Bnh M8J�Y8TUQxF@RUQKb2Y8J`F}g$Xm[c[\J�HKJjTUJ]g�Y8Q^RtF-QK["YOH^_XmY~HxBuT/J`g&M8J�T&g&M8JpR&BEk>XZY+q>�ZXmQ^TCs�g$JcF-Yn|@J�RCHxB�/�J][uBET&bmYOJ��Z�mo �Oo �6oGACBEDOF=H�e J]F/P8TUQSRpd6Jtg�Jtg$XmY8T&F�qDOXZYOFCD8XmYOFpg$XZDGg$J�D2RUT/J]T/XmDOF�P8HKY6R �ER}F-YOTCHKJ]Fp[\_�R/M8X6d6J`F;J�a8BZg�RUJ]F]qfsjkOBmF-J\d6JcP8TUXZ�ZT&BE[\[uBnRUQ^XmD[uBER/M8_][\BER/Qxb2Y8J"J�RCdfe J$a6P8HKXZT&BnRUQ^XmDzBZT/k>XZTUJ]FUg$J]D2R/JZqGbmYOQ'P>J�TU[\J$R-RUJ�D2RWd6J"P8TUXZYO�ZJ�T=H�e XZP6RUQ^[uBZH^Q^R/_d8JWHKB\F/XZHKY6R/QKXZD�R/TUXZY8�m_�Jmq2XmY�R/XZY8R�BZYz[cXmQ^DGF�q8d6JW[\J`F-Y8TUJ�T�H�e _`g�BZT-R�scH�e XZP8R/QK["Y8[zo
)4).,���,-) ��^ ��`ª56` 38?@741 _f3�^���` b/: ` 38?@741 �Ga=56`.1;< � `.1=9 aW74:;1=9 �

LNXmDOF-Qxd6_]T/XmDOF®H^JWP8TUXZkOH^l][cJWg�XZ["kOQ^DOBER/XmQ^TUJ=RUT/l`F��Z_]D8_�T&BEH
min
x∈X

J(x) ,
�@�Z�mo U �m�

B��mJ]g
X
:OD8Q®�w[uBEQxF��mT/X2FU�$q6J$R

J : X → R
oGACBEDOF=HKBu[\_�R/M8X6d6J"d8J"F-_]POBET&BnRUQ^XmD�J�R;_]��BZH^YGBnR/QKXZD��J�DzBED8�mHKBZQKF]q f@kOTUBZDOg&MjBEDGdjk>XZY8DGdkg@�$q6HKB\¡` kB �6�n�6§`�54>��g$XmDOF-QxF-R/JpstTUJ�POT/_`F-J]DmRUJ�T®H�e J�DGF-J]["k8HKJ

Xd8J]F=F/XZHKY6RUQ^XmDOF�BZd8[cQxFUF-QKk8HKJ]F�PGBET�HKJ]F�vwJ�Y8QKH^HKJ]F;dfe Y8D�BETUk8TUJZqOb2Y8J"H�e XZD��nBuJ�arPOH^XmT/J]T]o8{¦J]F�D �WYOd8FQKD2R/J]T/D8J`F¦d6JNH�e BETUk8TUJ.T/J]P8TU_]F/J�D2R/J]DmR¦d8J]F d6_]g�QKF/Q^XmDOFfPOBZT-RUQ^J]H^HKJ]FN��g�XZTUT/J`F-P>XZDOdOBED2R¦s�:8a6J�T g$J]T-R&BEQKD8J]F�nBZT/QxBEk8HKJ]F¦d6J4d6_`g$QxF-QKXZD+q][uBEQxFfPOBZF+R/XmY6R/J`FU�$q�HKJID��WYOdWT&BZg�Q^DOJ.T/J]P8T/_`F-J]D2R/J.Y8D8JNF-Q^R/YOBER/QKXZDWQKD8Q^R/QxBEHKJZqdOBEDOF�HxBZb2Y8J]H^HKJpXZDzD+e BtJ]DOg$XmT/JpTUQ^J]D�d8_]g$Qxd6_moO{Ie   �8�8��� �6§]�Z4G��F]e Q^D2R/_]T/J`F/F/JZq6P>XZYOT�g&MOBZb2Y8JpD��WYOdQKD2R/J]T/D8J
s
d6JpH�e BETUk8TUJZq8BEYz��4 �'§\�.4G��2 �w§]�Z4G� � �2�

v(s) = min
s′ �
	 ��� 
 �� �
� � � � ��� �
	
����
���� 
 �
��� � s

J(s′) .
�@�m�ZoVU �E�

��{+J�[\XZR�f/d6J]FUg$J]DOd8BED2R g�BWHKJ=F/J�DOF4�Z_�DO_]BEHKXZ�mQKb2Y8JmqnQ�o JZo2D8XmYOFIXmT/QKJ�D2R/QKXZDGFªH�e BETUk8TUJ�B��ZJ]g�HxBWT&BZg�Q^D8JJ]D�MOBZY6R]qªJ�R\HKJ]FtvwJ]Y8Q^HKHKJ]FcJ�D¢kOBZF]o �t{+Jzg�BZHKg�Y8H�d6Jzg$Jzg$X �8R\g�XZDOd6Q^R/QKXZDOD8J�H�J�D
s
J]F-RuF-XmY8�ZJ]DmRBZYOFUF-Q>d6Y8T�bmYOJ=HKJ=P8TUXZk8HKl�[\J�QKD8Q^R/QxBEHª�@�m�ZoVU �m���wJ�DjPOBET/R/Qxg$Y8HKQKJ�T`qmb2YOBEDGd

s
J]F-RNHxBWTUBmg$QKD8JZq>�@�m�ZoVU �E�g�X ��DOg$Qxd6J�B��mJ]gz�@�m�ZoVU �m�/��q+gZe J`F@R}P>XZY8T&b2Y8XZQ4D8XZYOF"BEHKH^XmDOFWF-QK[\P8HKQS:OJ]T}HKJ�P8TUXZk8HKl�[\J~�@�m�ZoVU �Z��qfJ�DDOXZYOF�BZY6R/XmT/QxF/BZD2R®H�e QKD2R/TUX6d6YOg�RUQ^XmD�d+e Y8Dz[\QKD8XZT&BED2R

b(s)
d6Y�g$X �6R�g$XmDOd6Q^R/QKXZD8D8J]HfJ�D

s
¨

b(s) ≤ v(s) , �-�Z�ZoVU8�2�
b2Y8JtH�e XZD�d6J��rT&Bjd6_	:OD8QKT;P>XZYOT=RUXZY6RpD��WYOd�Q^D2R/J]T/DOJtd6JcH�e BETUk8TUJZo>��XZYGFCF/Y8QK�rT/XmDOF�H�e YGF/BZ�ZJZq¤b2Y8QBZP8P>J�HKH^J��wQK[cPOT/XmP8T/J][\J�D2R&� 7,4O�n� �°��� �  2�n���r�'����XZY�R/XZY8RcF/Q^[\P8HKJ�[\J�D2R¡7)4O�n� ��H^J�[cQKD8XmTUBZDmR
b(s)
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243 5�6�7.8�9;:�<;=�>@?BA�?DCFEHG	5I9J5�<F:K8�LM?N<OEHP�5�6�Q/5I<F:K8�LSRN8.L/C�:TC�<F?DUV?HW1G�6�8.9F?�9X6K?�CYL �ZQ/A�COA1?D6[3 5�9F\�9;?�]
?HL"G/5I9F<;5�L.<^A1?D6T5_9;5.RN:KL�?�`1abL�RH8�Q�9JCYAc3 ?HW1G�6�8.9;5I<F:K8�Ld]e8.LM>@EH>@8.9F:TC�?

m
]�6�?ZRH8�f1<^>@:KL�:�>,5�6dA1?�C

C�8.6�Q1<;:�8.L/C�A1Ehg�U�<F9;8�Q�P.EH?%CH](5I:KL/CF:ei'Q�?j6T5�CF8�6KQ1<F:K8�LVRN8�9;9;?�CFG	8.L/A�5IL'<;?�`(k�LV:�L/:�<;:K5�6�:TC�?j6[3 5�6�7.8�9;:�<;=�>@?
5(P�?�R

m = +∞ `���Q/5�L/Al8.LVPe:TC�:�<F?YG*8�Q�9m6T5BG�9;?H>@:�n�9F?jo�8.:KCpQ�L_L��ZQ/AV:KL.<;?H9;L�?
s
A1Q_7�9J5IG�=/?�](8�L

EHP�5I6KQ�?46T5^\*8�9;L�?
b(s)

`Iqe:
b(s) ≥ m ](:�6'L�?YC�?�9�<pU^9;:�?�LlAc3 ?NW1G�6K8�9;?H9#6�?%Cr\�9J5IL	RJ=�?�Cds/6�6K?�C�A1QVL��ZQ/A

s
].RH5I946�?^RH8�f1<4A1?%Cpo�?HQ/:�6K6�?%C4i'Q�:/C�3 tu<F9;8�Q/P�?HL'<bLd3 ?�C�<bG/5.Cm>@?H:K6�6K?HQ�9Xi.Q/?O6�?�RH8�f1<4A�?O6K5D>@?H:K6K6�?�Q�9F?
C�8.6�Q1<;:�8.Lu9;?HL/RH8�L'<F9;EH?.]H?N<�6�3 8�LV9F?�>@8�L'<F?45�QlL��ZQ	AZG	n�9F?jA1?

s
5Is/LVA�?4G*8�Q�9JC�Q/:�Pe9;?b6�3 ?NW1G�6K8�9J5�<;:�8.L

A1?S6�3 5I9;\�9;?wv)8�LxG	?�Q1<yPe:KCFQ/5I6K:TC�?�9@RH?H6T5w?HLzA1:KC;5IL'<yi'Q�?S6�3 8�L 
��*0#&4� 6T5{\/9;5�L/RJ=�?SA1?S6�3 5I9;\�9;?
G/5I9F<;5�L.<�A�Q�L��ZQ/A

s | `}qe:#5�Q�RN8�L'<;9;5�:�9;? b(s) < m
]/:K6r?�C�<�G*8.C;C�:K\�6K?li'Q�?Z6T5,\�9J5IL/RJ=�?ZG	5I9F<;5IL'<

A1?
s
RH8�L'<F:K?HL�L/?lQ�L�?@CF8�6KQ1<F:K8�L~5�>@EH6K:�8.9;5�L.<

m � 8�L~G	8.Q�9;CFQ�:�<BA�5�L/CBRN?@RH5�C�6[3 ?HWeG/6�8.9;5I<F:K8�L�A1?6�3 5I9;\�9;?�]�?HL@G/5.CFC;5IL'<b5IQ�WVL��ZQ/A/Cps/6TCbA1?
s
` ��Q/5�L/AV8�L@G/5I9;Pe:�?�L'<4U�Q/L�?Oo�?HQ/:�6K6�?�A1?O6�3 5I9;\�9;?�]Ii'Q�:

9F?�G�9FE%C�?�L'<F?OQ�L�?�C�8.6�Q1<;:�8.L,5�A1>@:TCFCF:�\/6�?
x ∈ X A1?lv����.` ��� | ]�:�6*L�?^9;?�C�<F?^i'Qd3 UuRH5�6KRHQ�6K?H9b6T5ZP�5I6K?HQ�9

J(x) � CF: J(x) < m
]c6T5M>@?�:�6K6�?�Q�9;?_CF8�6KQ1<F:K8�L{<F9;8�Q/P�EH?V?�C�<

x
]c8�LwG*8.CF?_A18.L/R

m = J(x)
]d?H<

6�3 8�Ly>@E�>_8.9F:TCF?
x
Ul6K5ZG/6K5.RN?�A�?�6[3 5�L/RN:K?HL�L/?^>@?H:K6�6K?HQ�9;?�CF8�6KQ1<;:�8.L@<F9;8�Q�P.EH?�`1k�LyG*8�Q�9JC�Q/:�<Y5I6K8�9JC

6�3 ?NW1G�6K8�9J5�<;:�8.LMA1?Z6[3 5�9F\/9F?B?HLS9;?H>@8�L'<;5�L'<Y5�QML��ZQ	AMG*nH9;?ZA1?Z6T5lo�?�Q�:K6�6K?uRN8.Q�9;5�L'<F?�`
243 5�6�7.8�9;:�<;=�>@?uPe:KCF:�<F?l5�Q�G�6�Q	C�Q�L/?uo�8�:TC�RJ=	5�i'Q�?Do�?HQ/:�6K6�?.`*2r?lG�:K9;?lA1?�C�RH5.C^?�C�<�RH?H6KQ�:#8.��6K5

\	8.9FL�?
b
L�?_G*?H9;>_?H<Yg�5I>,5I:TC�A�?_RH8�Q�G*?H9DA1?@\�9J5IL/RJ=�? � 6�3 5I6K7�8.9F:�<F=�>@?u9;?HPe:K?HL'<ZA�5IL/CBRN?@RH5.C�UEHLeQ�>@EH9;?H9j<F8.Q1<F?%CO6K?�COCF8�6KQ1<F:K8�L/CO5.A1>@:KC;CF:�\�6K?�COA�?@v����.` ��� | `

� �)��0#$��H���1�%�)�*���p�'�d�e �&����S#0z-*� � ���*�e0r�"#��
.�	 � !�'�(
.�
� s/L{A�?lA1EN<J5I:K6�6K?H9B6T5,>@EN<F=/8eA�?�]}RN8�L	C�:TA1EH9;8�L	CO6�?VG�9;8�\�6KnH>@?lA1Q~P�8�t.5�7�?�Q�9OA1?VRH8�>@>@?H9JRN?�]

A1Ehg�USE�P�81i'Q�E_A/5IL/CD6[3 abWe?�>@G�6�?M��`K��` �/`c�^8.Q/CZ5I6K6�8.L/CB<F9J5I:�<F?�9Z:KRH:m6K5SP.?H9JC�:K8�L{L�8�L��[8.9F:K?HL'<FE�?_A�Q
P�8�t.5�7�?�Q�9,A1?~RN8.>@>_?�9;RH?�]bi'Q�:BRN8�L	C�:TA1nH9;?�Q�L+7.9;5�G�=�?�L�8.L1�[8.9F:K?HL'<;E 
.�	 !&����.�

G = (V , E)v)RN8.>@G�6�?H<�C�:K7�L/:�s/?ui'Q�? E ?�C�<Oo�8�9;>@EuA1?D<F8.Q1<F?%CO6K?�CYG/5�:�9;?�COA1?uCF8�>@>@?N<JC^A1? V | `*k�LSG�9;?HL	A19;5
V = {1, . . . , n} ]#5(P.?�R n = |V| `#��8�Q/CV5�C;C�81RH:�8.L/CZU�RJ=/5�i'Q�?,G	5I:K9F?yA1?"C�8.>@>_?H<;C {i, j} Q�L<F?H>@G/C"i'Qd3 8�L+L�8�<F?

tij
v)RH?{i'Q�:B?�C�<�Q�L�?w5I\�9;EHPe:T5�<F:K8�LzG*8�Q�9

t{i,j}
]j8�L�5!A18.L/R

tij = tjiG�Q�:TCFi'Q�?"6�?"7�9J5IG/=�?�?%Ch<@L�8�L��[8.9F:K?HL'<FE | `p2d?"\�Q1<@?�C�<yA1?�<;9F8.Q�P�?�9lQ�L�<F8.Q�9%]�R�3 ?%Ch<F��UI��A1:K9;?�Q�L�?
C�Q�:�<F?BA1?DC�8.>_>@?H<;C

`1, . . . , `n
RN8.>_G/9F?�L/5IL'<XRJ=/5.i'Q�?�CF8�>@>@?N<jA�? G Q�L�?�?N<jQ�L�?DC�?�Q�6�?�o�8�:TCH]'?N<<F?H6K6K?ui.Q/?B6K?D<F?�>@G/CY<F8�<;5�6
t`1`2 + t`2`3 + · · ·+ t`n`1

vh�.��`��I� |
C�8.:�<O>@:�L/:�>VQ�>S`

a4L+Q1<F:K6�:TC;5IL'<�6[3 :KLeP(5�9F:T5IL	RN?�A1Q+RN9;:�<;nH9;?!vh�.��`��I� | G/5�9,G	?�9F>VQ1<;5I<F:K8�L+RN:K9JRNQ�6T5I:K9F?.]m8�LzG*?HQ1<
<F8�QIgh8�Q�9JC4CFQ�G�G*8.CF?H94i'Q�?�6�3 8�L,G	5I9F<XA1Q�CF8�>@>@?N<

1
].CF8�:�<

`1 = 1
`.2r?^<F8.Q�94?%Ch<j5I6K8�9JCbC�G*E�RH:�s	E�A1?

>@5�L�:KnH9;?�Q�L/:Ki'Q�?BG/5I9Y6T5VCFQ�:�<F?
`2, . . . , `n−1

`12r5 $%�.&p�1���1�%�)�*� A1QMG/9F8.\�6�n�>@?�9;?HPe:�?�L'<YUV8�9;7.5I�
L�:KCF?H9O6K?uRJ=�8.:�WMAd3 Q�L"<;8�Q�9O?�L"Q/L�?uC�Q/:�<;?uA1?ZA1E�RH:KCF:�8.L/C�`1�p5�9O?NW1?H>@G�6K?�]/8�L"G	8.Q�9F9J5@RN8.L/C�:TA1E�9F?�9
6�?_RJ=�8�:�W�A1?

`2 ∈ V \ {`1}
RN8.>@>_?VQ�L�?_G�9;?H>@:�n�9F?_A1E�RH:KCF:K8�Ld]*6�?_RJ=�8�:�W�A1?

`3 ∈ V \ {`1, `2}RN8�>@>@?,Q�L�?MC�?%RN8�L	A1?�A1E%RN:TC�:K8�Ld]r?N<V5�:�L/CF:4A1?MC�Q�:�<F?ughQ/CFi'Qd3 U
`n−1

`#��L�CF8�>@>@?N<u:KL.<;?H9;L�?�A1?
6�3 5I9;\�9;?SA�?�C�E�G/5I9J5�<;:�8.LxRH8�9;9F?%C�G*8�L/A�9;5{A18�L/R�U�Q/L�?~CF8�Q/C���CFQ�:�<F?

(1 = `1, `2, . . . , `k)
]45(P�?%R

k ≤ n − 2
]di'Q�?@L�8�Q/CZ5�G�G*?H6K6�?�9F8.L/CO��<;8�Q�9ZG/5�9�<;:�?�6���`c��6bC�3 5�7�:�<ZA�?_\*8�9;L�?�9Z:�L1o�E�9F:K?HQ/9F?�>_?�L'<D6K?

RN8�f�<VRN8.L/A1:�<F:K8�L�L�?�6�v�����`��.� | ]d:[` ?�`pA1?y>@:�L/8�9;?H9u6K?y<;?H>@G/CZ<;8I<J5I6XA�?�CZ<;8�Q�9JCli'Q�:jRN8.>_>@?�L/RN?�L.<
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� ��� �������
	������������������������������� �!�"#�����#�$%�����&�'�
�$#�#�(	���)�)#�$�*�+�

G	5I9
`1, . . . , `k

`*k�LSG*?HQ1<�A�8�L�L�?�9OG/5I9O?HW1?H>@G�6K?B6T5_\	8.9FL/?BL	5 �[P�?

b1(`1, . . . , `k) = t`1`2 + · · ·+ t`k−1`k
+ min

j∈V\{`1,...,`k−1}
t`kj +

min
m∈V\{`2,...,`k}

tm`1 + (n− k − 2)
(

min
j, m ∈ V \ {`1, . . . , `k}

j 6= m

tjm

)

.
vh�.��` ��� |

a4LZ?-,}?N<�]%6K?p<F?H>@G/C#A1QD<F8.Q�9Xv����.` ��� | ?�C�<r6T5OC�8.>_>@?bA1QD<;?H>@G/C#A1QD<F8.Q�9dG/5�9�<;:�?�6 (`1, `2, . . . , `k)
]

CF8�:�<
t`1`2 + · · · + t`k−1`k

]}G�6KQ/CZA1Qw<F?�>_G	CZA1?V6[3 5I9/.N<F? {`k, `k+1}
]ci'Q�?@6�3 8�Lw>@:�L/8�9;?VG/5�9D6�?

G/9F?�>_:K?H9j>@:�LSA�5�L/CDvh���.` ��� | ].G�6KQ/COA1Q�<F?�>_G	COA1?�6[3 5I9/.N<F? {`n, `1} ]1i'Q�?B6�3 8�LM>@:�L�8.9F?DCFt'>@EH<F9;:��i'Q�?�>@?HL'<XG/5�946K?�CF?�RH8�L/A@>@:KL�A�5IL	C�vh�.��` ��� | ]�?H<X?�L1s/Ld]eA1Q,<;?H>@G/CjA1QMRJ=�?�>@:�L (`k+1, . . . , `n)
`

0 ?YRJ=�?�>_:KLuEH<;5IL'<mA1?j6�8.L�7�Q�?�Q�9
n−k−2

?H<�L/?jRH8�>@G�9;?HL/5�L.<p5IQ/RHQ�LlCF8�>@>@?N<mA1? {`1, . . . , `k} ]8.L G	?�Q1<{>@:KL�8�9;?H9~CF8�L <;?H>@G/C�G	5I9�6K?�A1?�9FL�:K?H9~>_:KL A�5�L/C�v�����` ��� | ]^RH?�i'Q�:l>@8�L'<;9F?!i'Q�?
b1(`1, . . . , `k) ≤ v(`1, . . . , `k)

`
� G�G�6K:Ki'Q�8.L/C4>,5�:�L'<F?�L/5IL'<j6�3 5I6K7�8.9F:�<F=�>@?�A�?�CFEHG/5�9;5I<F:K8�L@?N<jEHP�5I6KQ/5�<;:�8.Ld].5(P.?�RO6T5Z\*8�9;L�?

b1
]

UDQ/L_G*?N<;:�<X?NW1?H>@G�6K?^A1?^P.8�t.5I7.?HQ�9pA1?^RH8�>@>@?H9JRN?�` 0 8.L/CF:KA1E�9F8.L/Cp6T5DP':K6K6�?^A1?Y<hteG*?#1�5IL/=/5�<F<;5IL
9;?HG/9FE%C�?�L.<;EH?jC�Q�9�6T5�2�:K7�Q�9;?��.��` � `Ik�LlG�9;?HL	A19;5�6�3 ?HL	C�?�>l\�6K? V = {1, . . . , 5} A18�L'<p6�?%C�EH6KEH>@?HL'<;CRH8�9;9F?%C�G*8�L	A1?HL'<O5IQ1W"G	8.:�L'<;C^9F?�G�9FE%C�?�L'<FE�COCFQ�9O6K?lA1?%CFCF:�Lr]/A1?uRN8e8.9;A18.L�L�E�?�C

P1 = (0, 0)
]
P2 =

(3, 0)
]
P3 = (1, 1)

]
P4 = (3, 2)

]c?H<
P5 = (0, 3)

v�A�5IL	CDQ�L{9;?HG*nH9;?@A1:�9;:K7�E@P�?�9;CB6[3 a4C�<Z?N<u6K?
q1Q/A | ]*?N< tij 9;?HG/9FE%C�?�L.<;?H9J5_6�?l<F?H>@G/CBA1?V>@5�9;RJ=/?uA1Q�G*8�:KL.< Pi

5IQ�G*8�:KL'<
Pj
]	R�3 ?%Ch<F��UI��A1:K9;?Z6K5

L/8�9;>_? ‖Pi − Pj‖1
`

1

4

5

3

2

� ��� ���.��` � ���^LSP.8�t.5I7.?HQ�9YA1?ZRN8.>@>_?�9;RH?ZA�5IL/C�1~5IL�=/5I<�<J5IL
2r?VG/5�9;RH8�Q�9JC�Ad3 5�9F\�9;?lRH8�9;9F?%C�G*8�L/A/5IL'<�?�C�<D9F?�G�9FE%C�?�L'<FElCFQ�9D6K532�:�7.Q�9F?M���.` �	`ck�L�G	5I9F<DA1Q

L �ZQ/A
(1)

]�i'Q�:YRN8.9F9;?�CFG*8�L/AwU�Q�L�<;8�Q�9VG/5I9F<F:K?H6XPe:KA1?�G/5I9F<;5�L.<_A1Q!G*8�:KL.<
1
A1?�6T5�Pe:K6�6K?�`�2r5

G/9F?�>_:KnH9;?YEN<J5IG*?YA�?O6�3 5I6K7�8.9F:�<F=�>@?YRN8.L/C�:TC�<F?OUZRJ=�8�:TCF:�9p6K?jG*8�:KL'<4C�Q/:�P�5IL'<4A1?Y6T5DPe:�6K6�?Oi'Q�?O6[3 8.LVP�5
Pe:TC�:�<F?�9�]�i.Q/:�G*?HQ1<(.N<F9;?

2
]
3
]
4
]N8�Q

5
` 0 =�8�:TC�:TC;C�8.L/CcG/5�9d?NW1?H>@G�6K?m6K?bG	8.:�L'<

2
]HRN?Xi.Q/:�L�8.Q/Cd5I>@n�L�?

5�Q!L��ZQ/A
(1, 2)

i.Q/?ML�8.Q/C_5(P�8�L	Cu9;?HG�9;E�CF?HL'<FE"U�7'5IQ/RJ=�?"A1?�6[3 5I9;\�9F?.]�5(P.?�R,6K?M<F8�Q/9VG/5�9�<;:�?�6
i'Q�:X6�Q/:jRH8�9;9F?%C�G*8�L/Ad` 0 8�>@>@?yL�8.Q/CuLd3 5(P�8.L/CZG/5.ClA1?"C�8.6�Q�<F:K8�L!5�A�>_:TC;C�:K\�6K?yG	8.Q�9l6[3 :�L/C�<;5�L'<�]
m = +∞ ]N?N<rRH8�>@>@?m6�?m<;?�C�<

b1(1, 2) < m
?�C�<r5IQ1<;8�>,5�<;:Ki'Q�?�>_?�L'<dP�EH9;:�s/E�]NL/8�Q/C}L�?XRH5I6TRNQ/6�8.L/C

G	5�C
b1(1, 2)

`Y�p8�Q�9JC�Q/:�P.8�L/CM6�?wG/5�9;RH8�Q�9JCy?�L�G�9;8Io�8.L/A1?�Q�9"Ad3 5�\	8.9;A � 8.L�5�9F9;:�P.?~5IQ�L��ZQ/A
(1, 2, 3)

v)L�8�Q/CZ5(P.8�L/CDU"L�8.Q�P�?%5IQw9F?�G�9FE%C�?�L'<FE_6�?@<;8�Q�9ZG/5�9�<;:�?�6 | ]dG�Q�:TCZ5IQ�L��ZQ	A (1, 2, 3, 4)
]

i'Q�:O?%Ch<,Q�L/?So�?HQ�:K6�6K?�]XRH5I9@:K6^A1EN<;?H9;>@:�L�?�A1?�>,5�L�:�n�9F?"Q�L�:Ti'Q�?S6K5�CF8�6KQ1<F:K8�Lz5�A�>_:TC;C�:K\�6K?
x =

(1, 2, 3, 4, 5)
]�A1?O<;?H>@G/C

m = 16
`�2d?Y<;8�Q�9XRN8�>@G�6K?N<45�:�L	C�:�8.\1<F?�LeQ,?�C�<b9F?�G�9FE%C�?�L'<FEOUD6�3 ?HL	A19F8.:�<

A�?�6T5Zo�?�Q�:�6K6K?�`54m<J5IL'<Y5�9F9;:KP�EH?�UlQ�L/?�o�?�Q�:�6K6K?�]e6K5V9;?�RJ=�?�9;RJ=�?�?HL�G/9F8�o�8�L/A1?�Q�949;?H>@8.L.<;?�5�Q�L��ZQ/A
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������� � � �
� ��#�#�(	���)���� #�$�!�����#�(	���) � �/�

G	n�9F?.].G*8�Q�9Y9;?�A1?%CFRH?HL/A�9F?�Ul6K5uo�?HQ�:K6K6�?DC�Q/:�P�5IL'<;?�]ei.Q/:*9;?HG/9FE%C�?�L.<;?^6T5lCF8�6KQ1<F:K8�L
(1, 2, 3, 5, 4)

]'A1?
<F?H>@G/C

18
G�:K9F?Vi.Q/?

m
`*2d?uG/9F81RJ=/5�:�LSL�8.Q�P�?%5IQSL��ZQ/AS?HWeG/6�8.9FEZ?%Ch<

(1, 2, 4)
]�?N<B6�3 8�L�R�5I6TRNQ�6K?

b1(1, 2, 4) = 13 < m � 8.Lu?NW1G�6K8�9;?4A18.L/RbQ�LlG�9F?�>@:�?�9rs/6TC�A1? (1, 2, 4)
]�i'Q�:.o�8�Q�9;L�:�<�6T5^CF8�6KQ1<F:K8�L

x = (1, 2, 4, 5, 3)
]IA1?O<;?H>@G/C

14
]'RN?^i'Q�:*?�C�<4>@:�?�Q1W@i'Q�?

m � 8.L@G	8'C�?�A�8�L/R m = 14
`'2b3 5IQ1<;9F?

s/6KCjA1?
(1, 2, 4)

o�8�Q/9FL�:�<YQ�L�?�5�Q1<F9;?�CF8�6KQ1<;:�8.L�A1?^<;?H>@G/C
14
]
(1, 2, 4, 3, 5)

`.2r?�L�8.Q�P�?%5IQ,L��ZQ	A
C�Q�:KP�5IL'<VPe:TC�:�<FE"?�C�<

(1, 2, 5)
]�5(P.?�R

b1(1, 2, 5) = 17 ≥ m � 8�LxRN8�Q/G	?"A18�L/R�6�?SCF8�Q/C���5�9F\/9F?
G/5I9F<;5�L.<@A1?

(1, 2, 5)
]p?N<@6�?"L�8.Q�P�?%5IQ!L��ZQ	A�CFQ�:�P�5�L.<@?�C�<

(1, 3)
`���8�Q/C_6T5I:TCFCF8�L/CV6K?M6K?�RN<F?HQ/9

s/L�:K9^6�?VRH5I6TRNQ/6�]�?H<�>@8�L'<F9;?H9^5�:�L	C�:ri'Q�?
x = (1, 2, 4, 5, 3)

?�C�<^Q�LS<F8.Q�9�A18.L'<^6�?Z<;?H>@G/C
14

?�C�<
8�G1<;:�>,5I6[`

(1)

(1, 2) (1, 3), b1 = 12 (1, 5)(1, 4)

(1, 2, 3) (1, 2, 4), b1 = 13 (1, 2, 5), b1 = 17

16 18 14 14

x = (1, 2, 3, 4, 5), m = 16x = (1, 2, 4, 5, 3), m = 14

�������Y�.��` � �{�^L�?MG/5I9F<F:K?yA1?y6[3 5�9F\/9F?yA1?MC�E�G/5I9J5�<;:�8.L{?H<lEHP�5I6KQ/5I<F:K8�Ld]#G	8.Q�9u6K?yG�9;8�\�6KnH>@?�A1?
P�8�t.5�7�?�Q�9XA1?uRH8�>@>@?H9JRN?ZA1?D6T5�2�:K7�Q�9;?@���.` � `

� �e !�1���c0��������
	���� 2d?_G�9F8.\�6KnH>@?_A�Q{P.8�t.5I7.?HQ�9BA1?@RN8�>@>@?H9JRN?@A�5�L/C 1�5IL�=	5�<�<J5IL{?�C�<DQ/L
RH5�C#G/5�9�<;:KRHQ�6�:K?H9�A1QlP.8�t.5�7�?HQ/9dA1?XRH8�>@>@?H9JRN?b>@EN<;9F:Ti'Q�?�]�A�5�L/Cd6K?�i'Q�?�6

tij
?%Ch<�6K5�A1:TCh<J5IL/RH?XA1?

i
U

j
G*8�Q�9bQ/L�?�RN?�9�<J5I:KL�?Y>@EN<F9;:Ti.Q/?�]I:TRN:[]�RN?�6�6K?�A1?O6T5DL�8.9F>@? ‖ ·‖1 `.�^L�?�5�G�G�6K:KR�5�<;:�8.L_RH6K5.CFCF:Ki'Q�?^A�QP�8�t.5�7�?�Q�9�A�?^RN8�>@>@?H9JRN?j>@EN<;9F:Ti'Q�?O?�C�<b6�?OG*?H9�H5�7�?YA1?^RN:K9JRNQ�:�<;Cm:K>@G�9;:�>@E�].C�:�6[3 8�L@RN8�L	C�:TA1nH9;?Y6�?

RH5�COAd3 Q�L/?BG*?H9JRN?�Q/CF?DA�?HP�5IL'<OG	?�9;RH?H9OQ�L/?DCFQ�:�<F?uA1?B<;9F8.Q/CZv)CFQ�:KP(5�L'<Y6K?B<hteG	?uA1?D6T5_>_E%RH5�L�:Ki'Q�?
A1?y6[3 8.Q1<F:K6�]r8�L�8�\�<F:K?HL'<uQ�L�P�8�t'5I7.?HQ�9DA1?�RH8�>@>@?H9JRN?@G	8.Q�9u6T5�L�8.9F>@?@?HQ/RH6�:TA1:K?HL�L/?�]rG*8�Q/9u6K5
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	������������������������������� �!�"#�����#�$%�����&�'�
�$#�#�(	���)�)#�$�*�+�

L/8�9;>_? ‖ · ‖∞ ]1?N<;R�` | `�2d?BG�9;8�\�6KnH>@?DA1QMP.8�t.5�7�?HQ/94A1?ZRN8.>_>@?�9;RH?Vv�>@EH<F9;:Ki'Q�?B8�Q"7�E�L�EH9J5I6 | ?%Ch<Q/L"?HW1?H>@G�6K?DRH6K5.CFCF:Ti.Q/?DA�?BG/9F8.\�6�n�>@?D���m��A1:��yRH:�6K?�v�P.8�:K9Y6K5��O?�>@5�9;i'Q�?@�.��` ��` � | `
� �������) !&4�/�(�%���#
.�M������ �c0����)�)��������)���4�	�(���

2r?V6K?�RN<F?HQ/9�G*8�Q�9;9J5I:�<BRN9;8�:K9;?li'Q�?l6T5y\*8�9;L�?
b1
?%Ch<B9;5�:KCF8�L�L	5I\�6K?�]	>@5�:KC�P�8�t.8�L/C�RN8�>@>@?HL'<

6[3 5I6K7�8�9;:�<F=�>@?�CF?�RN8.>@G	8.9�<;?�i'Q/5IL/Ay8�Ly5IQ/7�>@?HL'<F?�6�?�L�8�>V\�9F?�A1?�CF8�>@>@?N<JC4A1QM7�9J5IG�=�?.`��^8.Q/C
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n
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�m8.:KRH:.Q/LOgh?HQ_A1?49;E�CFQ�6�<;5�<JCc<hteG�:Ti'Q�?�](A18�L/L/5IL'<#6K?4L/8�>l\/9F?4A�?XL��ZQ	A�CrA1?j6[3 5�9F\�9;?bA1?YC�E�G/5I9J5�<;:�8.L
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 � �  ��� ��� ��� ��� ��� ��	��������� ��� ��� 	�� ����	 ������	 ����	��� 	�������� ����� ��
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2r?ZRH5�C
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G�9;?HL/A"A1E�g�UVQ/L�?D>_:KLeQ1<F?uCFQ�9YQ�L"� 0 Q/C�Q/?H6[`��^8�Q	CXP.?HL�8.L/CYA1?D9F?�L/RN8.L.<;9F?�9jRH?
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5�G�G/5�9;5#"K< � 6K8�9JC;i.Q/? n − k?%Ch<Z7.9;5�L/Ac]}:�64?�C�<D>,5�Q�P�5I:TCZA1?@>_:KL�8.9F?�9B6T5"6�8.L�7�Q/?HQ�9uA1Q{<F8.Q�9ZG/5�9�<;:�?�6bRN8�>@G�6KEH>@?�L.<J5I:K9F?@A1?
(`1, . . . , `k)

G/5I9
(n − k − 2)

o�8�:TCy6K?�>@:KL�:�>VQ�> A1?�Cy<F?�>_G	CMA1?%C�5�9 .H<F?�Cy?HL'<F9;?~CF8�>@>@?N<;C
9;?�C�<;5�L'<;C�]�RN?H6T5@9;?HPe:�?�L'<OU@>VQ�6�<F:KG�6�:K?H9�Q�L�?Z?H9;9;?HQ�9OG/5�9^Q�L"<F?�9F>@?uAc3 8�9JA19;?

n
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8.9F:K?HL'<;E�`-4m<J5IL'<�A�8�L�L�EXQ�LD<F8.Q�9rG	5I9F<F:K?H6

(`1, `2, . . . , `k)
A�? G ]%5(P.?�R k ≤ n−2

]�RH8�L/C�<F9;Q�:TC�8.L/Cc6K?
7.9;5�G�=�? G′ :�L/A�Q�:�<jG/5I946�?�CF8�Q	Cm?HL/CF?H>V\�6K?�A1?�CF8�>@>@?N<JC V ′ = V \{`1, . . . , `k}

]�R�3 ?%Ch<F��UI��A1:K9;?O6�?
7.9;5�G�=�?�Ad3 ?�L/C�?�>l\�6K?DA1?�CF8�>@>@?N<JC V ′ ?N<OAc3 ?�L/CF?H>l\/6�?DAc3 5I9/.N<F?%C E ′ = {{i, j} ∈ E | i, j ∈ V ′} `��8�Q/C#L�8�<F8�L	C#5.R

(G′) 6K?XRH8�f1<�>@:�L�:K>lQ/> Ac3 Q/LV5I9;\�9;?4RN8.Q�Pe9;5�L'< G′ `1v���5IG�G*?H6K8�L/C�i'Q�?46T5^L/8I<F:K8�LAd3 5�9F\�9;?SRN8�Q/P'9J5IL'<@5{EH<FE�A1EHs/L�:K?�A�5IL/C_6T5�qe?�RN<F:K8�L ����`��1]p8.��L�8.Q/C,5(P�8.L/CV5�Q/C;C�:OPeQzi.Qr3 Q�L
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O(|E| log |E|) G/5I9D6[3 5�6�7.8�9;:�<;=�>@?A�?+*D9FQ/C�,�5I6[` | k�L�5_6K5_\*8�9;L�?D:�L1o�E�9F:K?HQ/9F?ZCFQ�:�P�5�L.<;?

b2(`1, . . . , `k) =

t`1`2 + · · ·+ t`k−1`k
+ min

j∈V\{`1,...,`k−1}
t`kj + min

m∈V\{`2,...,`k}
tm`1 +

5�R
(G′) .vh�.��` ��� |

)B5IL	Cb6K?^RH5�CXC�G*E�RH:K5�6�8��,6K?Y<F8.Q�94G	5I9F<F:K?H6�?%Ch<XA�?^6�8.L�7�Q/?HQ�9bLeQ�6K6K?�]�CF8�:�<
k = 1
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b2
?HL,L�8�<;5�L.<ji.Q/?�A�5IL	CbRN?�R�5�C�]I6K?�C45�9 .H<F?%C {`1, `2} ?H< {`k, `1} A1Q<;8�Q�9DA18.:�P.?HL'<�.N<;9F?@A1:TCh<;:�L	R�<F?%CVv�U�RH8�L/A1:�<F:K8�LwA1?VCFQ�G�G*8.CF?H9Di'Q�?l6K?l7.9;5�G�=�?_5�5IQ~>_8.:�L	C^<;9F8.:KC

CF8�>@>@?N<JC | ]�RN?ui'Q�:rA�8�L�L�?D6T5_L�8�Q�P.?H6K6�?D\*8�9;L�?

b′2(`1) = min
j,m∈V\{`1}, j 6=m

(t`1j + tm`1) +
5.R

(G′) . vh�.��` ��� |
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6[3 EHG*8ei'Q�?_Q�L{G�9F8.\�6KnH>@?VU

49
Pe:K6�6K?�C�`*2#5yG*8.C�<FE�9F:�<FE@A1?�C�:TA1EH?%CBA�?VRN?H<D5�9�<;:KRH6�?VG	?�9F>@?H<DA1?_9;EN�

CF8�Q	A19F?M5IQ�gh8.Q�9;Ad3 =eQ�:X?NW�5�RN<F?H>@?�L.<_A1?�Cl:�L/C�<;5�L/RN?%ClU~G�6�Q	C�:K?HQ�9JCu>@:K6�6K:K?H9JClA1?MP':K6K6�?%C�v�G*8�Q/9VQ�L
=/:KC�<F8.9F:Ti'Q�?�?N<"Q�L+EN<J5�<MA1?{6�3 5I9F<y9;E�RN?�L'<�]48.L+G	8.Q�9;9;5�CF?�9;?HG*8�9F<F?H9yU{�;k�Lz<;=�?~CF8�6KQ1<F:K8�L+8�o
<;9;5(P.?H6K:�L/7wC;5I6K?�CF>,5ILxG�9F8.\�6K?H>,C���] )V` � G�G/6�?�7.5�<;?�] �u`,�j:�W1\et�]��V` 0 =eP
	�<;5�6�]b5�L/A�� ` 0 8e8 ,}]
��������������������
�! #"K]}amWe<F9J5,P.8�6KQ�>@?u� 0 1 ���.�%$�]/�����Y�Y�I�e�(���.�I�/]1?N<�G/6�Q/C�7�E�L�EH9J5I6K?H>@?�L.<�Uy6K5
<;8�:K6�?'&�()(+*-,�.+.0/)/)/21!3546(+&217*�859�:�;%<6(�=0:>1?<+@0A�.0(�B�* | `��8�Q/CZ9;?HG/9F?�L�8�L/CB6K?�CDL�8�<;5I<F:K8�L/CZA1?,6T5SC�?%R�<;:�8.L{G�9;E�RHE�A1?�L'<F?@G	8.Q�9u6K?@P�8�t.5�7�?�Q�9BA�?yRN8�>_�
>@?�9;RH? � G = (V , E) ?�C�<XQ/Ly7�9J5IG�=/?OL�8�Ly8.9F:K?HL'<;E�RN8.>_G/6�?H<�v�:[` ?.` E RN8.L.<;:�?�L'<b<F8.Q1<F?%Cb6K?�Cj5I9/.N<F?%C9;?H6K:T5IL'<pA�?HQ1WlE�6�E�>@?HL'<;CpA1? V | ]I5(P�?%RbQ�L/?Xo�8.L/R�<;:�8.Lu<;?H>@G/C t : E → R

] {i, j} 7→ tij
` � RJ=/5�i'Q�?

<;8�Q�9%]18�LS5�C;CF8eRH:�?DQ�LSP.?�R�<;?HQ�9
x ∈ {0, 1}E <;?H6ri'Q�? xij = 1

CF: {i, j} o)5I:�<^G/5I9F<F:K?ZA1Q"<F8�Q/9�]�?H<
xij = 0

CF:�L/8�Ld` �OE�RH:�G/9F81i'Q�?H>@?�L.<%]}Q�L~P.?�R�<;?HQ�9
x ∈ {0, 1}E 9F?�G�9;E�CF?HL'<F?V6�?_C�8.Q/Ch��7�9J5IG/=�?lA1?

G 5(t.5�L'<YG*8�Q/9�5I9/.N<;?�CY6K?�C {i, j} <F?H6TC�i'Q�? xij = 1
`���6#L�8�Q/C^o)5IQ1<�>@5�:�L'<;?HL/5�L.<^?HW1G�9F:K>@?H9^G	5I9

A�?�ClRH8�L'<F9J5I:KL'<F?%CD6�:KL�E�5�:�9;?�Cu6�?,o)5�:�<_i.Q/?
x ∈ {0, 1}E 9;?HG�9;E�CF?HL'<;?_Q/L�<F8.Q�9�` 0 8�>@>@?�RJ=/5�i'Q�?

CF8�>@>@?N<^Ac3 Q�L"<F8.Q�9^5@?NW�5.R�<F?�>@?HL'<^A1?HQ1WMP�8�:TCF:�L/C�]
x
P�E�9F:�s/?BL�E�RH?�C;CF5�:�9;?H>@?�L.<

∑

k∈V,{k,j}∈E
xkj = 2 ,

G*8�Q�9O<;8�Q1<
j ∈ V ` v����.` � � |

2r?�CMRN8�L'<;9;5�:�L'<F?%C�vh�.��` � � | L�?{CFQ$�yCF?HL'<�G/5.C�U�R�5I9J5�RN<FEH9;:TC�?�9,Q�L+<F8.Q�9%]XRH5�9�6[3 ?�L/CF?H>l\/6�?~A�?�C
5�9 .H<F?%C {i, j} <;?H6K6�?%Cui'Q�? xij = 1

G*?HQ1<uL/?,G/5�C .H<F9;?@RH8�L�L/?NW1? � ?HL{o)5I:�<�]d8.L{G*?HQ�<lP�8.:�9Zi'Q�?6K?�C
x ∈ {0, 1}E CF8�6KQ1<F:K8�L/CMA1?�v����.` � � | 9;?HG�9;E�CF?HL'<;?HL'<�?NW�5.R�<F?�>@?HL'<M6K?�CMQ�L�:K8�L/C"A1:TC�gh8.:�L'<;?�CA�?"RH:�9JRNQ�:�<;C�` � s/LzAc3 EH6K:�>@:KL�?H9@6K?�C@CF8�6KQ1<F:K8�L/CVG/5�9;5.C�:�<F?%CH]#8�L�G*?HQ�<@9J5�gh8.Q1<F?�9V6K?�C@RH8�L'<F9J5I:KL'<F?�C

CFQ�:KP�5IL'<F?%CH]�A1:�<F?%C^A1? $%�	0�$ & ���*0r� ]
G	8.Q�9Y<F8.Q1< S ⊂ V , <F?�6ri'Q�? S 6= ∅ ?N< S 6= V , ∑

k,m∈S,{k,m}∈E
xkm ≤ |S| − 1 .

v����.` ��� |
k�L�P�8.:�<_o)5�RH:�6K?H>@?HL'<yi'Q�?

x ∈ {0, 1}E P.EH9;:�s/?�vh�.��` � � | ?N<�vh�.��` �I� | CF:�]p?H<,CF?HQ/6�?�>_?�L'<@CF:�]m:K69;?HG/9FE%C�?�L.<;?,Q�L�<;8�Q�9 � ?HL�?�,*?H<�]#<F8.Q1<VP.?�R�<;?HQ�9_5�C;C�81RH:�EyU�Q/L�<F8�Q/9lP�E�9F:�s/?�RH?�CuRH8�L'<F9J5I:KL'<F?%CH]?H<,9FE%RN:KG�9F81i'Q�?�>_?�L'<�]mRN8.>_>@?"<F8.Q1<
x ∈ {0, 1}E P�E�9F:�s	5IL'<�vh�.��` � � | 9F?�G�9;E�CF?HL'<F?"Q�L�?SQ�L�:K8�LA�:KC)gh8�:KL'<F?ZA1?uRN:K9JRNQ�:�<;C�]1:�6dCFQ$�@<�A1?DG�9;?HL/A�9F?DG*8�Q�9 S 6[3 ?�L/C�?�>l\�6K?ZA1?�COCF8�>@>@?N<JCOA1?D6�3 Q�L�i'Q�?H6��RH8�L/i'Q�?{A1?~RN?%C�RH:�9JRNQ�:�<;C�G	8.Q�9"8�\1<;?HL�:K9 ∑

k,m∈S,{k,m}∈E xkm = |S| ]j?H<MCF: x P�EH9;:�s/?�6�?%C
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������� � � �
� ��#�#�(	���)���� #�$�!�����#�(	���) � �'�

:�L�E�7.5�6�:�<FE%C�A1?@CF8�Q/C���<;8�Q�9_vh�.��` �I� | ]/8.L{5yL/E�RN?%CFC;5I:K9;?H>@?HL'< S = V ]}RN?@i'Q�:p>_8.L'<F9;?Vi'Q�? x 9;?N�G�9FE%C�?�L'<F?YQ�L_<F8.Q�9�` 0 ?�RN:/L�8�Q/CpG*?H9;>@?N<4A1?Yo�8.9F>VQ�6K?H9m6K?OG�9F8.\�6KnH>@?OA1?OP�8�t'5I7�?�Q�9pA1?^RN8.>_>@?�9;RH?
RN8�>@>@?DQ�LSG�9;8�7�9J5I>@>@?B6�:KL�E�5�:�9;?B?HLSL�8�>V\�9;?�Cj?HL'<F:K?H9JC

(V C) : min
∑

{i,j}∈E
tijxij

C�8.Q/CY6�?%CORN8.L.<;9;5�:�L'<;?�C
x ∈ {0, 1}E , (11.63), (11.64),

?N<m8�LV8�\1<;:�?�L.<m5IQ	CFCF:�<�I<pQ�L�?j\	8.9FL/?X:KL1o�EH9;:K?HQ�9;?X?�LVRH8�L/CF:KA�EH9J5IL'<#6K?XG/9F8.7�9J5I>@>@?46K:�L�E%5I:K9F?X9F?�6K5IW1E
?HLSP�5I9;:K5�\�6�?%CYRN8�L'<;:�LeQ�?%C

(V C) ����� : min
∑

{i,j}∈E
tijxij

CF8�Q/Cj6K?�C^RH8�L'<F9J5I:KL'<F?%C
0 ≤ xij ≤ 1, (11.63), (11.64).

1�5I6K7�9;E!6K?�L�8.>l\�9;?!?NW1G*8�L�?�L'<F:K?H6VA�?�RN8.L'<F9J5I:KL.<;?�C{A�5IL/C�vh�.��` �I� | ]�:K6V?%Ch<wG	8'CFCF:K\�6�?xA1?�9;EN�
C�8.Q/A19;?"? �yRH5�RH?H>@?HL'<

(V C) �	��� ?HLzG�9;81RNE%A�5IL'<yRN8.>_>@?�CFQ�:�<�`Yk�L+RH8�>@>@?HL/RH?�U�>_:KL�:K>@:KCF?H9
∑

{i,j}∈E tijxij
C�8.Q/Cj6�?%CORN8�L'<;9;5�:�L'<F?%C

0 ≤ xij ≤ 1
?N<uv�����` � � | ]e?HLS8.Q�\�6K:K5�L.<O6K?�CORH8�L'<F9J5I:KL'<F?�CA1?VCF8�Q/C��[<F8�Q/9Vvh�.��` �I� | `}k�L�<F9;8�Q�P.?l5I:KL/CF:rQ�L{G�9F?�>@:�?�9 x ∈ [0, 1]E

`ck�L~P(5�?HL/CFQ�:�<F?@RJ=�?H9JRJ=�?�9
CH3 :�6/?NW1:KC�<F?YQ�L,CF8�Q/Cp?�L/CF?H>l\/6�? S ⊂ V ] S 6= ∅ ] S 6= V ]IG	8.Q�9b6K?�i'Q�?�616�3 :�L/EH7.5�6�:�<FE^A�?Dv����.` ��� | ?�C�<P':K8�6KEH?.]IRN?Oi'Q�:�G*?HQ1<4CF?jo)5I:K9F?Zv)amW1?H9JRN:TRN?Z���.` �/`�� | <;9Fn%Cp? �yRH5.RN?�>_?�L'<�`�q}3 :�6/Ld3 ?�L@?NW1:KC�<F?YG/5.CH]�8.L_59FE%C�8.6�Q

(V C) ����� `/q1:d5IQMRH8�L'<F9J5I:K9;?^8�L"5u<;9F8.Q�P�E�Q�L S <F?�6di'Q�?_v����.` ��� | L/?BCF8�:�<OG/5�CjCF5I<F:TCho)5�:�<;?�]6�3 8�L�>@:�L/:�>@:TC�?yU"L�8.Q�P�?%5IQ ∑
{i,j}∈E tijxij

C�8.Q/CD6�?%CuRN8.L'<F9J5I:KL.<;?�C
0 ≤ tij ≤ 1

?N<�v�����` � � | ]?HL�9J5�gh8.Q1<;5�L.<�6�3 :�L/EH7.5�6�:�<FE_A1?VCF8�Q	Ch�[<F8.Q�9�5.CFCF81RN:KEH?lU S `}abL~G*8�Q�9JCFQ�:�P�5�L.<BRN?N<F<F?@C�Q/:�<;?_A1?V>@:��L�:�>@:TCF5I<F:K8�L/CY?H<O9;5Igh8�Q1<JCjCFQ/R�RN?�C;CF:�o)CYAc3 :�L/EH7.5�6�:�<FE%CH]18.L"5�\	8.Q1<F:�<Ys/L/5�6�?�>_?�L'<OU_Q�L/?DCF8�6KQ1<;:�8.L"A1?
(V C) ����� ` 0 ?N<F<F?y>@EH<F=�81A1?yG*?HQ�<_C�3 :KL'<F?H9;G�9;EN<;?H9Z7�E�8�>@EN<;9F:Ti'Q�?H>@?�L.<u?�L�G/5I9;6T5IL'<lA1? 
.�	0#&4�e$ `�^8I<;8�L/CB?�L~?-,}?N<

P
6K?@G	8.6�t'<F8.G	?@A1?%CBCF8�6KQ1<;:�8.L/C�5.A1>@:KC;CF:�\�6K?@A1Q~G�9;8�\/6�n�>_?

(V C) ����� ]}?N<ZC�8.:�<
t : x 7→ ∑

{i,j}∈E tijxij
6T5"o�8�9;>_?�6�:KL�E�5�:�9;?yi'Q�?y6[3 8.L�>@:�L�:K>@:KCF?�`p2r5�>_EH<F=�81A1?Mi.Q/?y6�3 8�L!5

?�C;i.Q/:KC;C�E�?^9;?HPe:�?�L'<XUlA1EHs/L�:K94Q�L/?BCFQ�:�<F?�A�E�RN9;8�:TC;CF5�L.<;?^A1?�G*8�6Kt'<F8.G	?%C
P 1 ⊃ P 2 ⊃ · · · ⊃ P k�L

G�9F?�L/AV<F8.Q1<XAc3 5I\*8�9JAlG*8�Q/9
P 1 6[3 ?�L/C�?�>l\�6K?^A1EHs/L�:/G	5I9 0 ≤ xij ≤ 1

?N<�vh�.��` � � | `.k�L,>@:�L/:�>@:TC�?Ac3 5�\	8.9;A
t
CFQ�9

P 1 ]�?H<r6�?4>_:KL�:K>lQ�> ?%Ch<#5I<�<;?H:KL.<#?HLZQ�LuG*8�:KL'<
x1 `%q1: x1 ?�C�<#A�5�L/C P ]�8�Lu5O9;E�CF8�6KQ

(V C) ����� ]	CF:�L�8.L�A1EN<;?�R�<;?H9�Q�L�?uRN8.L'<F9J5I:KL.<;?yvh�.��` �I� | Pe:K8�6KEH?ZG/5�9 x1 9;?HPe:K?HL'<�U $%�.&p�1���'� x1 A1?
P
]/RI3 ?�C�<���U���A1:K9F?ZU_<F9;8�Q/P�?H9OQ/LSA�?H>@:���?�CFG/5.RN?

H1 G/5�9�<;:KRHQ�6K:�?�9Y<F?H6�i'Q�? x1 6∈ H1 ]�?H< P ⊂ H1 ]?N<y6[3 EH<;5IG*?�C�Q/:�P�5IL'<;?"9;?HPe:K?HL'<yUw>_:KL�:K>@:KCF?H9
t
C�Q�9,6K?�L�8.Q�P�?%5IQ�G*8�6Kt'<F8.G	?

P 2 = P 1 ∩ H1 ]8�\1<;?HLeQ�?HL��FRN8�Q/G/5IL'<h�
P 1 G/5�9 H `�2b3 8�Lwo)5I\�9;:Ti.Q/?y5I:KL/C�:XQ�L�?�CFQ�:�<F?�A�E�RN9;8�:TC;CF5�L.<;?_A�?yG	8.6�t'�

<F8�G*?�C_A18.L.<_8�L!G*?HQ�<_A1:K9F?M:�L'<;Q�:�<;:�P.?H>@?HL'<@i.Qr3 :K6KCD�F5IG�G�9;81RJ=�?HL'<��
P
5�Q�P�8.:KCF:�L	5I7�?yA�Q�G*8�:KL.<

8��
t
?�C�<O>_:KL�:K>,5I6[` )�?B<F?�6�6K?�Cj<;?�RJ=�L/:Ki'Q�?%CXG*?HQ/P�?HL'<O> .H>@?Bo�8�Q�9;L�:K9Y6K5_C�8.6�Q�<F:K8�LSA1QMG/9F8.\�6�n�>@?

8�9;:�7.:�L/5�6
(V C)

]eC�:*6[3 8.Ly?�C�<jR�5IG/5�\�6�?BA1?^<;9F8.Q�P�?�94Ac3 5IQ1<;9F?%CXRH8�Q�G*?�C�]eA1?�L/5I<FQ�9;?�RH8�>l\/:�L/5I<F8.:�9;?�]
G	?�9F>@?N<F<;5�L.<�Ad3 5�G�G�9;8eRJ=/?H9OC�Q �,C;5I>@>@?HL'<O\�:K?HLS6T5_RH6 �<FQ�9;?D?HL'<F:KnH9;?

Pe
A1?

P
`


 �d�'��
���
�� ����� 	 � ������������������������ ��!#" �%$&�'�( " )&*+�
(V C) �����-,

��.$&���/�0����*1$�" �324�&�5" �4!
26������7��8��/�9�/!;:=<�< > ?�@ AB$����C" �4!D26E�/���7��8����9�4!

G*8�Q�9^<F8�Q�< S ⊂ V , <;?H6ri'Q�? S 6= ∅ ?H< S 6= V , ∑

k∈V, m∈S\V,{k,m}∈E
xkm ≥ 2 .

vh�.��` �.� |
�FE�/���'�&�

,
���G�/�H8�" 8 !H� �/�;" �I��J�K4L�')&*��1���NM3L�7�G�6�OML� "QPR����!=��S:�T+���4!9�H8 E�F@G���N"�UWV�X3�&�72�8 24�N<�< > YZ> [ A

�����S"�U ��\$&���/�+]�K���8 ^_�&�`!R8a� �b]���2��9�&� �
x ∈ [0, 1]E

!=���H8 !dc	��8 �F:d<�<�> ?�e A�f\"�U ��8 ���g�hUi� �S� " j�L�	8 ��J *��
���;k_&�4>
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� ��� �������
	������������������������������� �!�"#�����#�$%�����&�'�
�$#�#�(	���)�)#�$�*�+�

� �e�)�1�d�1�%�)�*�#$��X���/�������*�)�e�#���e$
0 8.L/C�:TA1E�9F8.L/Cj6�?ZG�9;8�\/6�n�>_?B<;9Fn%CY7�EHL/EH9J5I6

>@:KL�:�>@:TC�?�9
J(x)

C�8.Q/CY6K?�CORN8.L'<F9J5I:KL.<;?�C �
x ∈ X,
Fi(x) ≤ 0, i = 1, . . . ,m,
Fi(x) = 0, i = m+ 1, . . . ,m+ q,

vh�.��` ��� |

8.�
J, F1, . . . , Fm+q

CF8�L'<^A1?%CYo�8�L/RN<F:K8�L/C�A1?
Rn A/5IL/C

R
]�?H<

X
?%Ch<^Q/LSCF8�Q	Ch��?HL/CF?H>V\�6K?�L�8.L1�

Pe:TA1?ZA1?
Rn ` 0 8.L/C�:TA1E�9F8.L/Cj6�?u2#5I7�9J5IL/7�:K?HL L : X × Λ→ R

]�5(P�?%R
Λ = (R+)m × Rq ?N<

L(x, λ) = J(x) + λ1F1(x) + · · ·+ λm+qFm+q(x) .
q18�:�<

J∗ 6T5ZP�5I6K?HQ�9b8.G1<F:K>,5I6K?^A1?lv�����` ��� | `���8�Q/CX5(P�8.L/CmA1Ehg�UDL/8I<FE�A�5IL/C46K5 �^?H>,5I9Ji'Q�?Z� �/` � `�� �
i'Qd3 8�LS5V<F8.Q�gh8�Q�9JCY6[3 :KL�EH7'5I6K:�<;EZA1?uA1Q/5�6�:�<FEDo)5�:�\�6K?

J∗ = inf
x∈X

sup
λ∈Λ
L(x, λ) ≥ sup

λ∈Λ
inf

x∈X
L(x, λ) = sup

λ∈Λ
D(λ) ,

vh���.` �e� |
8.�

D : Λ→ R ∪ {−∞}; D(λ) = inf
x∈X
L(x, λ)

vh���.` �6$ |
?%Ch<V6K5"o�8.L/R�<;:�8.L�A�Q/5I6K?�`�2r5S>@EN<;=�81A1?�A1?y6T5 ���e�)�1�d�1�%�)�*���X���/�������*�)�e�#��� RN8�L	C�:TCh<;?yUS?H>_�
G/6�8�t.?H9@6�?�CF?�RH8�L/A�>@?H>V\�9F?�A1?!v����.` �e� | RN8�>@>@?�\*8�9;L�?S:�L1o�E�9F:K?HQ/9F?SG*8�Q�9,6T5�P�5I6K?HQ�9 J∗ A1Q
G/9F8.\�6�n�>@?l8�9;:K7�:KL/5I6jvh���.` �.� | `*�l3 :K>@G	8.9�<;?_i'Q�?�6�>VQ�6�<F:KG�6�:TRH5I<F?�Q�9ZA1?_2#5I7.9;5�L�7�? λ ∈ Λ

o�8�Q/9FL�:�<
Q/L�?l\*8�9;L�? D(λ) ≤ J∗ ]*>,5I:TC^:K6#?%Ch<BL/5�<;Q�9F?�6#A1?_RJ=�?H9JRJ=�?�9^6K5�>@?H:K6�6K?HQ�9;?u\*8�9;L�?lG*8.C;CF:�\�6K?�]*RN?i'Q�:/9F?�P':K?HL'<4UD>,5�W1:K>@:KCF?H9 D `ek�9 D ].i'Q�:	?�C�<bQ�L,:KL1s/>lQ/> A1?Yo�8.L/R�<;:�8.L/Cb5-�@L/?�C�]I?�C�<XRN8.L/RH5(P.?�`
q1:�]1RN8.>@>_?DRI3 ?�C�<Y6�?DRH5.C4G*8�Q�9Y6T5lG/6�Q�G	5I9F<jA1?%CXG/9F8.\�6�n�>@?�CjRN8�>V\�:KL/5�<;8�:K9F?%CH]

X
?�C�<js/L�:[] D i'Q�:

?%Ch<VQ�L�:�L�s/>lQ�> s/L�:jA1?,o�8.L/R�<;:�8.L/Cl5-�@L/?�C�]d?�C�<lQ�L�?yo�8�L/RN<F:K8�L ���	�
&
����4�'���e�}�����$����� v)C;5IQ�o

\/:�?�L�C�f�9BA�5IL	C�A1?%C�RH5.C^A1E�7�EHL/EH9;E�C | ` 1�5IW1:�>@:TC�?�9 D 9;?H6KnHP�?uA�8�L/RZA1?V6�3 �	&#�%�) !��$��1�%�)�*�����*�
&����X�.���e�}�����$�p�)� ]�i'Q�:'<F9J5I:�<F?jA1?46T5�>_:KL�:K>@:KC;5�<;:�8.LlA1?bo�8.L/R�<;:�8.L/CpRN8.L'P.?NW1?�CdL�8�L1��A1: ,*E�9F?�L'<F:T5I\�6K?�C

v)8�QSC�te>@EN<;9F:Ti'Q�?H>@?�L.<%]/A1?D6T5@>@5IW1:�>@:TCF5I<F:K8�LMA�?Do�8�L/RN<F:K8�L/CORH8�L/R�5(P�?�CXL�8.L1��A�: ,}EH9;?HL'<F:T5I\/6�?%C | `��8�Q/CX5I6K6�8.L/Cp\�9;:�n�P�?H>@?�L.<bG/9FE%C�?�L.<;?H9mQ�L/?^>@EN<F=/8eA�?O<F9;n�CbCF:K>_G/6�?.]�6T5  !�'�����d#�@��y$%�	0�$
&�	������)�e�}� ]di'Q�:p7�E�L�EH9J5I6K:TC�?u6K?�CB>@EN<;=�81A1?�CZA�?V7.9;5.A1:�?�L'<BA1?@6T5Mqe8.Q/Ch��CF?�R�<;:�8.L!� �/` ��` ��`	��6pL�8.Q/C

o)5�Q1<VAc3 5I\*8�9JA�A1ENs	L�:�9V6�?%CZL�8�<F:K8�L/CuA�? $��*0�$ & �/������)�e�}� v�G*8�Q/9u6�?%CZo�8.L/R�<;:�8.L/CuRN8.LeP�?NW1?%C | 8�QA�? $%0r� & �/������)�e�}� v�G*8�Q�9@6K?�Clo�8�L/RN<F:K8�L/C@RN8.L/RH5(P.?�C | i'Q�:OC�8.L'<_A1?%CVL/8I<F:K8�L	Cuo�8.L/A�5I>@?�L.<J5I6K?�C?�L�5IL/5�6�t1CF?uRN8�LeP.?NW1?_v)L�8�Q	C^L�8.Q/C^RN8.L'<F?HL'<;?H9;8�L/CY:TRN:rA�?u9;5�G�G*?H6TCOC�Q/R�RN:KL/R�<JC | `/��6�C�?�9;5_Q1<;:�6K?lA1?RH8�L/CF:TA1EH9;?H9lA�?�CZo�8.L/R�<;:�8.L/ClRH8�LeP�?HW1?�CZU�P�5I6K?HQ/9VA�5�L/C
R ∪ {+∞} ]r?N<VCFte>_EH<F9;:Ki'Q�?�>@?HL'<VA1?%Co�8.L/R�<;:�8.L/ClRH8�L/R�5(P�?%CBU�P(5�6�?�Q�9lA�5�L/C

R ∪ {−∞} ]dRH5I9lG/5I9V?NW1?H>@G�6K?y6T5"o�8�L/RN<F:K8�L D A1EHs/L�:K?
G	5I9Yvh���.` �6$ | ?%Ch<mRN8.L/RH5(P.?b?N<pG*?HQ1<pG�9;?HL/A19;?46T5�P(5�6�?�Q�9 −∞ v�6T5�P(5�6�?�Q�9

+∞ Ld3 ?�C�<�G	5�C#G	8'CFCF:�\/6�?.]
R�5I9pL�8.Q/Cp5(P�8�L	Cr?HW1RH6�QV6�?OR�5�C

X = ∅ | `(2r8�9JCFi'Q�? J ?�C�<bRN8.L'P.?NW1?XA�? Rn A�5IL	C R∪{+∞} ]%L�8�Q	CL/8I<F8.L/COA18.>
J = {x ∈ Rn | J(x) < +∞} 6�? ��	 ����)��� A1?

J
`	qete>@EN<;9F:Ti'Q�?H>@?HL'<%]�C�:

J
?�C�<

Q/L�?lo�8.L/R�<;:�8.L{RH8�L/R�5(P�?lA1?
Rn A�5�L/C

R ∪ {−∞} ]	8�L{A�ENs/L�:�<uA18�> J = {x ∈ Rn | J(x) >
−∞} `'��6}?�C�<YAc3 Q/C;5I7.?�A1?B<F9J5I:�<F?�9jCF?HQ/6�?�>_?�L'<j6K?BR�5�CjA1?�CXo�8.L/R�<;:�8.L/CYRN8�LeP.?NW1?�C�]�EH<;5IL'<Y?HL'<F?�L/A1Qi'Q�?�<F8.Q/C_6�?%Cl9;E�CFQ�6�<;5�<JCl8.L'<_A1?%ClP.?H9JC�:K8�L/CVC�te>@EN<;9F:Ti'Q�?�CVG*8�Q�9_6�?%Cuo�8.L/R�<;:�8.L/C@RN8.L/RH5(P.?�C�`r2d?
6K?�RN<F?�Q�9�G/9F?�L/A19J5@7.5I9JA1?lA/5IL/C�6K5MC�Q�:�<F?_U�CFte>_EH<F9;:KCF?H9�6�?%C�9;E�CFQ�6�<;5�<JC^G*8�Q�9B6K?�C�5�G�G�6K:Ki'Q�?�9BUy6K5
>,5IWe:K>@:KC;5�<;:�8.L"A�?�o�8.L/R�<;:�8.L/COA1Q/5�6�?%C^5�C;CF8eRH:�E�?�CjU,A1?�CYG/9F8.\�6�n�>@?�COA1?D>@:�L/:�>@:TCF5I<F:K8�Ld`
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� ��#�#�(	���)���� #�$�!�����#�(	���) � �e�

� ���p�#�)���)�*� �����
	��������
J
�	� � ��� ��
��
�5��� � �
��� �0��
���)���6�

Rn �%�
��
R ∪ {+∞} � � ��� �

x ∈A18�>
J � �
� ����� �	����� $%�*0#$ & ����4�'���e�}�����'� �6�

J
� �
x

��� ������ ���	� �

∂J(x) = {p ∈ Rn | J(y)− J(x) ≥ p · (y − x), ∀y ∈ Rn} . vh�.��` ��� |
� �	������� � � � � ���6�

∂J(x)
� �
��� �!�"�#�����	� $%�*0#$ & �	����#���e�}��$ "#� �$��� �
� � �
����6��� �&%$'(� � ) ��%�� � � � �	�

�����%�*� �&%$',+-%��"� � � � ���.� ��� �/
��
�5��� � �
� � �
�5� �-� �0�%�
Rn �%�0�1�

R ∪ {−∞} � �
�����"�,2 � � �	�3�$4
���	'
� % �,5 � ����� � �>� �6%�� ��
��%����0� �7�(� � �8�9++�:� � �;���%�0�1��<>=�=%"@?-A$B%"

��6�9FE%C�Q�6�<F?�5�Q/CFCF:�<�I<yA1?�6T5 )�EHs/L�:�<F:K8�L vh�.��` ��� | i'Q�?�6K?�C�8.Q/Ch��A1: ,*E�9F?�L'<F:K?H6 ∂J(x)
?%Ch<yQ�L

RN8�LeP.?NW1?"o�?H9;>_E�A�?
Rn ` )V3 5�Q1<F9;?�G/5�9�<%]4C�: 0 ∈ ∂J(x)

]
x
?�C�<�EHPe:TA1?H>@>@?HL'<yQ�L+G*8�:KL'<MA1?

>_:KL�:K>lQ�> A1?
J
`

� �e !�1���c0��������
	��DC 2d?�C+CF8�Q	Ch��A1: ,*E�9F?�L.<;:�?�6KCxG*?HQ�P.?HL'< .N<;9F? A1EHs/L�:TCzG/5I9 v�����` ��� | > .�>_?
6�8.9;C;i'Q�?

J
Ld3 ?%Ch<�G/5�C�RN8�LeP.?NW1?�`���6TCBC�8.L.<BRN?HG*?HL	A�5IL'<�CFQ�9F<F8�Q�<�Q1<F:K6K?�C�6�8.9;C;i'Q�?

J
?�C�<�RN8.L'P.?NW1?�]

RH5I9DA�5�L/CDRN?,RH5.C
∂J(x) 6= ∅ ?�L�<F8.Q1<ZG	8.:�L'< x ∈ A�8�> J v)RI3 ?�C�<Z6KUMQ�L�?@RN8.L/CFE�i'Q�?HL	RN?@A1?V6T5

o�8�9;>_?@7.EH8�>@EH<F9;:Ki'Q�?_A1Qw<F=�E�8�9;nH>@?_A�?�E�5I=�L�� �Y5IL	5�RJ= | `}2#5MRH8�LeP�?HW1:�<;EV7'5I9J5IL'<F:�<BE�7.5�6�?�>_?�L'<6�3 E�i'Q�:KP�5I6K?HL/RH?YA�?^6K5 )�ENs/L/:�<;:�8.L�����` ��` ��A1?�CbCF8�Q	Ch��7�9J5�A1:K?HL'<JC#5(P.?�RjA1?�CbA�ENs/L�:�<F:K8�L	Cm6�81R�5I6K?�C�`.k�L
G	8.Q�9F9J5I:�<Z?HL�?�,*?H<lA1ENs/L/:�9u6K?�ClC�8.Q/Ch��7�9J5�A�:�?�L.<JCDAc3 Q/L�?,o�8�L	R�<F:K8�L�i'Q�?�6KRH8�L/i'Q�?

J
A1?

Rn A/5IL/C
R ∪ {+∞} ]e?HLSA1:KC;5IL'<^i'Q�? p ?%Ch<OQ�LSCF8�Q/C��[7.9;5.A1:K?HL'<jA1? J ?HL"Q�LMG*8�:KL'<

x ∈ A18�> J CF:
J
?�C�<

6�81RH5�6�?�>@?HL'<4��5�Q"A1?%CFCFQ/Ch�BA1?Z6T5Vo�8�L/RN<F:K8�L�5#�,L�?
y 7→ J(x) + p · (y − x) ]/R�3 ?%Ch<F��UI��A1:K9;?

J(y) ≥ J(x) + p · (y − x) + o(y − x), 6�8.9;C;i'Q�?
y → x .

2d8�9JC;i.Q/?
J
?�C�<ORH8�LeP�?HW1?�]1RN?H<�<F?Z:KL�E�7.5I6K:�<FED?�C�<^E�i'Q�:KP�5I6K?HL'<F?ZU

p ∈ ∂J(x)
` •

� G�G�6K:Ki'Q�8.L/C,>,5I:KL'<F?�L/5IL'<yRN?%C@L�8I<;:�8.L/C,Uw6K5{o�8�L	R�<F:K8�LzA1Q/5�6�? D `4��6�C�?�9;5wRN8.>@>_81A1?�A1?G�9F8.6�8.L�7�?�9 D U
Rm+q ?HL�G	8'CF5�L.< D(λ) = −∞ ].CF:

λ 6∈ Λ
]eRN?�i'Q�:cA1EHs/L�:�<X\�:K?HLMQ�L�?�o�8�L/RN<F:K8�L

RN8�L	RH5(P�?VA1?
Rm+q A�5IL	C R ∪ {−∞} `*2r8�9JCFi'Q�? X ?�C�<�s/L/:�]dA18.> D = Λ

`c�^LwC�Q�9F��7�9J5�A1:K?HL'<
A1?Z6K5Vo�8.L/R�<;:�8.L"A1Q	5I6K? D CF?ZRH5�6KRHQ�6�?Z5�:KCFEH>@?HL'<%]�UV6[3 5I:TA1?uA1?D6�3 8�\	C�?�9FP�5�<;:�8.LMCFQ�:KP(5�L'<F?�`
F �(�	&4�*$��)�����	� �����
	���GH� �I�"�#�:���0�1�

X
2�� �

� ��� � � D ���J
��
�5��� � �
�K�
� �-� �L�"�,2 � � �M�#�-%�<>=�=%"@?-N$B ����#� �
�&% � �
���
λ ∈ Λ � �#�:� �
�1�

Γ(λ) =
5I9;7u>,5�W

x∈XL(x, λ) = {x ∈ X | L(x, λ) = D(x)} "O � �:%�� � � �
�&% ���0���
x ∈ Γ(λ) � F (x) = (Fi(x))1≤i≤m+q

�	� � ���P� �&%$',+-%��"� � � � �/�6� D �0�0�#� � � �

λ
"

� �e !�*�#$��H���1�%�)�*� � �p8.Q�9u<;8�Q1<
x ∈ Γ(λ)

]p?N<VG*8�Q/9u<F8.Q1<
µ ∈ Λ

]#8.L!5 D(µ) − D(λ) ≥
L(x, µ) − L(x, λ) = F (x) · (µ− λ) ]}RN?ui'Q�:r>@8.L.<;9F?ui'Q�? F (x)

?�C�<�Q�L�CFQ�9���7�9J5�A�:�?�L.<^A1? D5IQ"G	8.:�L'<
λ
`

�

� �e !�1���c0��������
	���Q 2r5"�b9;8�G*8.CF:�<;:�8.L����.` �/` �"?�C�<ZQ�L�?,P.?H9JC�:K8�L�o)5�:�\/6�?yA1Qw9;E�CFQ�6�<J5�<uCFQ�:�P�5�L.<
C�Q�946�?%CbC�8.Q/C���A1: ,}EH9;?HL'<F:K?H6TCbA1?O>,5�W1:K>,5ZA1?Oo�8�L	R�<F:K8�L	CbRN8.L'P.?NW1?�C�`�qe:

J
A1?

Rn A/5IL/C R∪{+∞}?�C�<lA1?y6T5"o�8�9;>_?
J(x) = supi∈I Ji(x)

]r8��
I
?%Ch<uQ/L�?HL/CF?H>V\�6�?@s	L�:�]#?N<lCF:

x 7→ Ji(x)
?%Ch<

RN8�LeP.?NW1?�]eG*8�Q�9Y<;8�Q1<
i ∈ I ]/5I6K8�9JCH]eG*8�Q�9Y<;8�Q1< x ∈ A18.> J ]

∂J(x) =
RN8 ( ⋃

i ∈ I
Ji(x) = J(x)

∂Ji(x)
)

.
vh�.��`�� � |
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� �%$ �������
	������������������������������� �!�"#�����#�$%�����&�'�
�$#�#�(	���)�)#�$�*�+�

2#5_G�9F?�Q�P�?ZA1?ZRH?N<�<;?Z:KA�?HL'<F:�<FEDo)5�:�<^6[3 8.\1gh?N<�A�?B6[3 amW1?H9JRN:TRN?,���.` �/` ��` •
qe8.:�<

PΛ
6K5 G/9F8�gh?�R�<;:�8.L A�?

Rm+q A�5IL/C
Λ
]
λ 7→ (λ+

1 , . . . , λ
+
m, λm+1, . . . , λm+q)

`
243 �/�)�*�/�����%�# �� �� $%0r�

&
�/������)�e�}� v�G�9;8Igh?H<FE | G	8.Q�9S>,5�W1:�>@:TC�?�9M6T5�o�8�L/RN<F:K8�L RH8�L/R�5(P�? DRH8�L/CF:TCh<;?DU@RH8�L/C�<F9;Q�:K9F?B6K5@CFQ�:�<F?

λk+1 = PΛ

(

λk +
ρk

‖pk‖
pk

)

,
vh�.��`��e� |

8.�
λ0 ∈ Λ

?�C�<lRJ=�8�:TC�:b5�9F\/:�<;9;5�:�9;?H>@?HL'<%]*8.�
pk

?�C�<uQ�L�CFQ�9���7�9J5�A�:�?�L.<Zi'Q�?H6TRN8.L/i'Q�?yA1? D 5IQ
G*8�:KL'<

λk
]�?N<O8��

ρk
?%Ch<^Q/L�?uC�Q/:�<;?DA�?Z9FE�?H6TCOCh<;9F:TR�<;?H>@?HL'<OG	8'C�:�<F:�o)CY<;?H6K6�?ui'Q�?

ρk → 0,
∑

i

ρi = +∞ .
vh���.`�� � |

E�Pe:KA1?�>@>_?�L'<�]}6K5�P�5I6K?HQ�9
λk+1

Ld3 ?%Ch<D\�:K?HLwA1ENs/L/:�?@i'Q�?VCF:
pk 6= 0

`c2r8�9JCFi'Q�?
pk = 0

]*6[3 5�6�7.8I�
9;:�<F=�>@?^C�3 5�9F9/.N<;? � λk

?%Ch<45�6�8.9;Cp6K?^>,5�W1:K>lQ�> A1?
J
v�G/5�94A1ENs	L�:�<;:�8.L@>�.�>@?�A1?�C4C�Q�9F��7�9J5�A1:K?HL'<;C

6T5,LeQ�6K6�:�<FE_Ac3 Q�L~CFQ�9���7�9J5�A�:�?�L.<O?�L�Q�L�G*8�:KL.<B:�>@G�6K:Ti.Q/?Vi'Q�?u6T5@o�8�L	R�<F:K8�L�?%Ch<B>,5�W1:�>,5�6�?Z?�L~RN?
G*8�:KL'< | `��6K6�Q	Ch<;9F8.L/Cj>@5�:�L'<;?HL/5�L.<j6K5V9;?H6T5�W�5�<;:�8.Ly2r5I7.9;5�L�7�:K?HL/L�?O?HL�<F9J5I:�<;5IL'<Y6�3 ?NW1?�>_G/6�?DA1QMRJ=/?H>@:�L
A�?"RH8�f1<_>_:KL�:K>lQ�> 5(P.?�RyRH8�L'<F9J5I:KL'<F?�A�?�<;?H>@G/C�]pA�Ehg�U�>@?�L.<;:�8.L�L�E"A�5IL/C_6[3 abWe?�9;RH:KRH?~�.��` �/` �
RH8�>@>@?+5IG�G�6K:TRH5�<;:�8.L A�?+6K5 G�9;8�7.9;5�>_>,5I<F:K8�L A1teL/5�>@:Ki'Q�?.`u�^8�Q	C!RN8.L/C�:TA1E�9F8.L/C{A�8�L/RzQ�L
7.9;5�G�=�?u8.9F:K?HL'<;E G = (N ,A)

]c6�3 5I9JR
(i, j)

EN<J5IL'<B>VQ�L�:pA1Q{RH8�f1<
cij

?H<BA1Q~<F?H>@G/C
τij
`*��8.Q�9

s/We?�9X6K?�CX:TA1EH?%CH]e8�LMRJ=�?H9JRJ=�?H9J5D6K?BRJ=�?�>@:�L�A�?BRH8�f1<j>_:KL�:K>lQ�> ?H<YA�?�<;?H>@G/CX<F8�<;5I6}5IQ�G�6�Q	C
10
]

5�6�6T5IL'<^A1QSL � Q/A"CF8�Q�9JRN? s = 1
5�QSL � Q/AMG�Q�:�<;C p = 6

]�A�5IL	CY6�?Z7.9;5�G�=�?

1, 8

6

2, 2

8, 1

2, 3
1, 6

5

3, 6

2, 1

2 41, 4

1

3 vh�.��`�� � |
k�L,5B9;?HG�9;E�CF?HL'<FEOCFQ�9bRJ=/5.i.Q/?Y5�9;Rj6K?�CmP�5�6�Q/5I<F:K8�L/C

c
?H<
τ
]'A�5IL	CmRN?N<b8.9;A�9F?.]�G/5I9m?HWe?�>@G�6�?.]I6[3 5�9;R

(1, 2)
RN8�f�<F?

c12 = 1
?H<YG/9F?�L/A

τ12 = 8
Q�L�:�<FE%C^A1?D<F?�>@G/CH`

��6mL�8.Q/C�o)5IQ1<B<F8.Q1<uAc3 5�\	8.9;A�o�8�9;>lQ�6K?H9DRN?_G�9;8�\�6KnH>@?VCF8�Q	C�6T5yo�8.9F>@?"vh���.` �.� | `	�p8�Q/9BRH?H6T5�]L/8�Q/C_9;?HG�9;E�CF?HL'<F?�9F8.L/CVQ�LxRJ=/?H>@:�LxG/5�9_6K?SP�?%R�<F?�Q�9
�j8'8.6�E�?HL
x ∈ RA <F?H6^i'Q�?

xij = 1
CF:

(i, j)
5IG/G/5I9F<F:K?HL'<X5�QyRJ=�?H>@:KLd].?H<

xij = 0
C�:KL�8.Ld`'2r?^G�9;8�\�6KnH>@?BA1?�G�6KQ/CXRN8�Q/9�<YRJ=�?H>@:KL�Ac3 Q�L�?

CF8�Q/9;RH?
s
UVQ/L"G/Q�:�<JC

p
?HL"<F?�>_G	C^5IQ"G�6KQ/C

T
C�3 E�RN9;:�<�5I6K8�9JC

>_:KL�:K>@:KCF?H9 ∑

(i,j)∈A cijxijCF8�Q/Cj6K?�C^RH8�L'<F9J5I:KL'<F?�C � x ∈ {0, 1}A,
x
9F?�G�9;E�CF?HL'<F?BQ�L�RJ=�?H>@:KL"A�?

s
U
p,

∑

(i,j)∈A τijxij ≤ T .

vh�.��`��(� |

��6�t�5,\�:K?HL~CFf�9BG�6KQ/C�:K?HQ/9;C�>@5�L�:KnH9;?�C�Ad3 E%RN9;:�9;?uQ�L�G/9F8.7�9J5I>@>@?yvh���.` �.� | ` � :KL/CF:�]cRI3 ?�C�<�P.8�6K8�L1�<J5I:K9F?�>@?HL'<^i.Q/?ZL�8�Q/CO5(P.8�L/Cj6T5I:TCFCFED6K5,RH8�L'<F9J5I:KL'<F?O�
x
9F?�G�9;E�CF?HL'<F?BQ�L�RJ=�?H>@:KL�A1?

s
U
p
�uC�8.Q/C
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� ��#�#�(	���)���� #�$�!�����#�(	���) � �.�

o�8�9;>_?j6K:�<F<FEH9J5I6K?�`(�^8.Q/Cp5IQ�9;:K8�L/C#G�Ql?HW1G�6�:TRN:�<F?�9mRN?N<F<F?YRN8.L.<;9;5�:�L'<;?4?HLVE�RH9F:KP�5IL'<�6T5^6K8�:1A1?%C�L � Q/A�CA1? *D:K9;RJ=�8�,~vh�.��` � � | ` 1�5I:TCbA1Q	5I6K:KCF?H9b6T5D6K8�:	A�?�CmL � Q	A�CbCF?H9J5I:�<bQ�L�?^>,5IQ/P(5�:KCF?O:TA1EH? � 6�?�CFQ/R�RNn�CA1?V6T5M9F?�6K5IW15I<F:K8�L�2#5I7�9J5IL/7�:K?HL�L�?VA1EHG*?HL/A{G�9;E�RH:KCFEH>@?HL'<ZA1?_6K5"RH5�G/5�RH:�<;EVUM:KA1?�L'<F:�s/?H9D6K?VG�6KQ/C
�hG*?N<;:�<���?HL/CF?H>V\�6�?BA1?�RH8�L'<F9J5I:KL'<F?%CbA18�L'<46T5u9;?H6T5�W�5I<F:K8�L,RN8.L/A1Q�:�<jUZQ/L�G�9;8�\�6KnH>@?^G/6�Q/CjCF:�>@G�6K?�]
9FE%C�8.6�Q�\/6�?DA1?ZG�9;ENo�E�9F?�L/RN?BG/5I9OQ/L�?D>_EH<F=�81A1?uRH8�>V\�:�L	5�<F8.:�9;?DA1:�9;?�RN<F?.`1�hRN:[]�RI3 ?�C�<Y6T5@RN8.L.<;9;5�:�L'<;?
A1?^<;?H>@G/Cji.Qr3 :K6�o)5�Q1<X9;?H6���RJ=�?�9�].RH5I9jC�:	6�3 8�L�8�Q�\�6K:K?�RN?H<�<F?BRN8.L.<;9;5�:�L'<;?�]�8.L,8�\1<;:�?�L'<XQ�LyG/Q�94G�9;8I�
\�6�n�>@?lA1?uRJ=�?�>_:KL�A1?uRH8�f1<^>@:KL�:�>VQ�>S`	a4L�A1Q/5I6K:TCF5�L.<O6T5yRN8.L'<F9J5I:KL.<;?ZA1?D<F?�>_G	CH]	6K5_o�8.L/R�<;:�8.L
D : R+ → R ∪ {−∞} C�3 E%RN9;:�<O?HLS?�,*?H<

D(λ) = inf
x ∈ {0, 1}A

x �����4�����������	�	�
����4����� ���/� s � p

(

∑

(i,j)∈A
cijxij

)

+ λ
(

∑

(i,j)∈A
τijxij − T

)

,

= −λT + inf
x ∈ {0, 1}A

x �����4�����	�����	�	�
����4����� ���/� s � p

∑

(i,j)∈A
(cij + λτij)xij .

�
λ
s�W1E�]I6K?^RH5�6KRHQ�6�A1? D(λ)

9;?HPe:K?HL'<bUB9FE%C�8.Q/A19;?XQ�L@G�9;8�\/6�n�>_?ORH6K5.CFCF:Ki'Q�?OA1?^RJ=/?H>@:�L@A1?^RH8�f1<
>_:KL�:K>lQ�> $��/�#$Z
.�	�}���(�/�)�}���e$Z��@���e �&p$ A�5IL/Cp6K?O7�9J5IG/=�?OA1?^RN8.f1<;C

cij +λτij
]�RH?^i'Q�:�G*?HQ1<

C�?�o)5I:K9F?BG/5�9XG�9;8�7.9;5�>@>@5I<F:K8�LyA1teL/5�>@:Ki'Q�?.]'?H<Yi'Q�:cG/9F?�L/Ay> .H>@?BQ�LM<F?H>@G/CY6K:KL�E�5�:�9;?�A�5�L/Cj6�?
RH5�COAd3 Q�LS7.9;5�G�=�?DCF5�L/CORN:K9;RHQ�:�<;C�]�RN8�>@>@?uRI3 ?�C�<O6�?uR�5�CYG*8�Q�9O6[3 ?NW1?H>@G�6K?yvh�.��`�� � | ` � G�G�6K:Ti.Q/8�L/C>@5�:�L'<;?HL/5�L.<X6�3 5I6K7�8.9F:�<F=�>@?�A�?�C�Q/9���7�9J5�A1:K?HL'<�v�����`��e� | C�Q/9XRN?H<X?HWe?�>@G�6�?.`.�p8.Q�9 λ1 = 0

]�:K6	L�8.Q/C
o)5IQ1<�<F9;8�Q�P.?H9#6�?jRJ=�?H>@:KLVA1?jRN8�f�<�>@:KL�:�>VQ�>

1→ 6
A/5IL/C#6�?X7�9J5IG�=/?4>lQ/L�:'A�?�CpRN8.f1<;C

cij +0τij

6

5

2 4

1

3

1

8
3

2

1

2

2

1

2b3 ?HL/CF?H>V\�6�?
Γ(0)

A1?%CbRJ=�?�>_:KL/Cp8.G1<F:K>,5IQ1Wl?%Ch<b9;E�A�Q�:�<45�Q1WVRJ=�?�>@:�L/C
(1, 2, 4, 6)

]�?N<
(1, 2, 5, 6)9F?�G�9FE%C�?�L'<FE�CY?�L"<F9J5I:�<;CO7.9;5.CH]�i'Q�:d8.L'<^G	8.Q�9�RN8.f1<

4
` � :KL/C�:[] D(0) = 4− 0T = 4

` )V3 5�G�9Fn%CY6K5
�b9F8.G	8'C�:�<F:K8�Lw���.` �/` �	]e8�LS5V6K?uCFQ�9���7�9J5�A�:�?�L.<

p1 = τ12 + τ24 + τ46 − T = 4 .

� P.?�RMQ�L�G	5�C
ρ1 = 1

]Yv����.`��1� | A18�L�L/? λ2 = 1
]p?N<,6K?SL�8�Q�P.?�5�Q�7�9J5IG/=�?M>VQ�L�:^A1?%C@RN8�f�<;C

cij + 1τij

6

5

2 4

1

3

9

9
9

3

5

5

4

7

.
0 8�>@>@?y6�?MRJ=�?H>@:KL!8�G1<;:�>,5�64Ld3 5�G/5.CuRJ=/5IL/7�E�]r8�L!5�6K?y> .H>@?MCFQ�9F�[7.9;5.A1:K?HL'<

p2 = p1
`rabL
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� ��� �������
	������������������������������� �!�"#�����#�$%�����&�'�
�$#�#�(	���)�)#�$�*�+�

G/9F?�L/5IL'<OG/5I9O?HW1?H>@G�6K?
ρ2 = 1

]18�LS5
λ3 = 2

]�RH?ui'Q�:dA18�L/L�?Z6�?D7.9;5�G�=�?

6

5

2 4

1

3

17

10

4

9

8

6

15

13

.

��6'tZ5�RH?N<�<;?bo�8.:KC�RN:eA1?HQ�WZRJ=/?H>@:�L	Cr8.G1<F:K>,5IQ1W � Γ(λ3) = {(1, 3, 4, 6), (1, 3, 5, 6)} ]�A1?jRN8.f1< 21
`

a4L,G/5I9F<F:TRNQ�6K:K?H9%]�6�?�CFQ�9F�[7.9;5.A1:K?HL'<pRH8�9;9F?%C�G*8�L	A�5IL'<m5IQ,RJ=�?H>@:KL
(1, 3, 5, 6)

?%Ch<
τ13 +τ35 +τ56−

T = 0
`%243 5�6�7.8�9;:�<;=�>@?4A1?YC�Q/9���7�9J5�A1:K?HL'<rC�3 5�9F9/.N<;?XA18.L/R � maxλ∈R+ D(λ) = D(2) = 31−20 =

11
` 0 8.>_>@?b6K?4RJ=�?�>@:�L

(1, 3, 5, 6)
?�C�<#A1?m<;?H>@G/C

10 ≤ T ?N<�A�?4RN8.f1<
11 = D(2)

]�L�8.Q/CcP.?HL�8.L/C
A�?Z9FE%C�8.Q/A19;?BL/8�L�C�?�Q�6K?H>@?HL'<�6K?ZG�9;8�\�6KnH>@?Z9;?H6���RJ=�EZ2r5�7�9J5IL�7.:�?�Ld]1i'Q�:rRN8.L/CF:KC�<F?uU@>,5�W1:K>@:KCF?H9
D(λ)

]#>,5�:KClEH7.5�6�?�>@?HL'<u6�?,G/9F8.\�6�n�>@?y:�L/:�<;:K5�6�vh�.��`��(� | `d2d?yo)5I:�<Vi'Q�?y6K?y9F?�6��.RJ=�E,2r5�7�9J5IL�7.:�?�Lo�8.Q�9;L�:KC;CF?uQ�L�?_C�8.6�Q1<;:�8.L�A1Q�G�9;8�\/6�n�>_?l:�L�:�<F:T5I6�?�C�<BRH?HG*?HL/A/5IL'<�?NW�RH?HG1<;:�8.L�L�?H6[`*abL�7�E�L�EH9J5I6[]/:K6
t!5{Q�LxCF5�Q1<@A�?"A1Q	5I6K:�<;E�]p>,5I:TCV6K?�C

x
9;E�5I6K:TCF5�L.<V6�?">@:�LzA�5IL	Cl6T5�o�8.L/R�<;:�8.L�A1Q	5I6K?wv�����` �%$ | ]E�P�5I6KQ�EH?_?HLwQ�LwG	8.:�L'<ZA1?@>@5IW1:�>VQ�>

λ
A1? D ]cG	?�Q�P�?�L'<ZCF8�Q/P�?HL'< .N<F9;?_>_81A1:�s/E�?�CZC;5IL/C�<F9;8�G5�Q�7�>@?�L.<;?H9m6K?^RN8.f1<bG	8.Q�945�9F9;:�P.?H9pUDQ�L�?^CF8�6KQ1<F:K8�L�v�C�8.Q/Ch��8�G�<F:K>@5�6�? | A1Q@G�9F8.\�6KnH>@?O:�L/:�<;:K5�6�`'k�LG	5I9;6�?Z5I6K8�9JCYAc3 �#�e0#�(��$H�%���c0��e$ �X���/�������*�)�e�#���e$ `

�p8�Q/9lRN8.L/RN6KQ�9;?_RH?N<�<;?y:K6�6KQ/C�<F9J5�<F:K8�L�A1?,6T5"9F?�6K5IW15I<F:K8�Lw2r5I7.9;5�L�7�:K?HL/L�?�]}9;?HPe:KCF:�<F8�L	C�6K?,G�9;8I�
\/6�n�>_?jA1QlP.8�t.5�7�?HQ/9dA1?jRH8�>@>@?H9JRN?4A/5IL/C#Q�Ll7.9;5�G�=�?bL/8�L1��8�9;:�?�L'<FEbRN8.>@G�6�?H< G = (V , E) ](>lQ�L/:Ad3 Q�L/?Yo�8�L/RN<F:K8�LV<F?H>@G/C

t : E → R+, {i, j} 7→ tij
`'k�L_G	?�Q1<bE�RH9F:K9F?j6K?OG�9F8.\�6KnH>@?jA�Q_P.8�t.5�7�?HQ/9

A�?YRH8�>@>@?H9JRN?OCF8�Q/C�o�8.9F>@?YA1?OG�9;8�7�9J5I>@>@?46K:KL�E�5�:�9;?Y?HL@L�8�>V\�9;?X?�L.<;:�?�9;C�]�E�i'Q�:KP�5I6K?HL'<bU
(V C)

]
min

∑

{i,j}∈E tijxij
CF8�Q/CY6K?�CORH8�L'<F9J5I:KL'<F?�C

x ∈ {0, 1}E ,
∑

k∈V,{k,j}∈E xkj = 2,
G*8�Q�9Y<;8�Q1<

j ∈ V ]
x
9;?HG�9;E�CF?HL'<;?�Q�LS7.9;5�G�=�?ZRN8.L�L�?NW1?ZU |V| 5I9/.N<;?�CORH8�Q�Pe9J5IL'<X<;8�Q/CY6K?�COCF8�>@>@?N<JCH`

)�:TCh<;:�L�7.Q�8�L	CDQ�L�C�8.>_>@?H<uG/5I9F<F:TRNQ�6K:K?H9
1 ∈ V `rq1:�]dG*8�Q/9Z<F8.Q1< j ∈ V \ {1} ]*8.L�9F?�6��.RJ=�?V6K?�CRH8�L'<F9J5I:KL'<F?%C ∑

k∈V,{k,j}∈E xkj = 2
]18.LM8.\1<F:K?HL'<^6T5Vo�8�L/RN<F:K8�L�A1Q/5�6�? D : RV\{1} → R

D(λ) = min
∑

{i,j}∈E tijxij +
∑

j∈V\{1} λj(
∑

k∈V, {k,j}∈E xkj − 2)CF8�Q/Cj6K?�C^RH8�L'<F9J5I:KL'<F?%C
x ∈ {0, 1}E
∑

k∈V,{k,1}∈E xk1 = 2

x
9;?HG/9FE%C�?�L.<;?�Q/L"7.9;5�G�=�?ZRN8.L�L�?HWe?DU |V| 5I9/.N<;?�CYRN8.Q�Pe9;5�L'<X<;8�Q/CY6K?�C^CF8�>@>@?N<JCH`

� Ql<;?H9;>@? −∑j∈V\{1} 2λj
G�9;n�C�]�8�LV9F?%RN8.L�L/5�"T<mA�5IL/C D(λ)

6�?ORN8.f1<m>@:�L�:K>lQ/> Ac3 Q�L
1
��5I9;\�9F?

G*8�Q/9r6K?47�9J5IG/=�? D = (V , E) ]�A18�L'<#RJ=/5.i'Q�?45I9/.N<;? {i, j} ?%Ch<�>lQ�L�:K?XA�QlRN8.f1< tij +λi+λj
]%G	8.Q�9

i, j ∈ V\{1} ]H?H<mA�8�L'<bRJ=/5�i'Q�?j5I9/.N<F? {i, 1} ]%G	8.Q�9 i ∈ V\{1} ](5�G*8�Q/9pRH8�f1< t1i+λi
` 0 8.>_>@?

L/8�Q/Cl6�3 5(P�8.L/CZA1Ehg�U~9F?�>,5I9Ji.Q/EyA�5IL/Cu6K5~q18�Q/C���CF?�RN<F:K8�Lz���.` �/`��.]d6[3 5�6�7.8�9;:�<;=�>@?yA1? *D9;Q/C�,(5�64A1?
6T5�qe?%R�<;:�8.L!���.` �@G*?H9;>@?N<XghQ/Ch<;?H>@?HL'<ZA1?VR�5I6TRNQ�6K?H9�Q�L

1
��5�9F\�9;?ZA1?VRH8�f1<B>@:�L�:K>lQ/> ?HL�<;?H>@G/C

O(|E| log |E|) ]pRH?"i'Q�:jL�8.Q/ClG*?H9;>@?N<,A1?">_?H<�<;9F?M?HL � Q/P'9;?�? �yRH5�RH?H>@?HL'<_6�3 5I6K7�8.9F:�<F=�>@?�A�?
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������� � � �
� ��#�#�(	���)���� #�$�!�����#�(	���) ���/�

C�Q�9F��7�9J5�A1:K?HL'<lvh�.��`��e� | G*8�Q�9DRH5�6KRHQ�6�?�9�6T5y\*8�9;L�?VCFQ�:KP�5IL'<F? � supλ∈RV\{1} D(λ)
` 0 ?N<�<;?V\*8�9;L�?

9F?�>@5�9;i'Q/5�\�6K?^G	8.Q�9Y6�?DG�9;8�\/6�n�>_?BA1Q"P�8�t.5�7�?�Q�94A1?ZRN8.>@>_?�9;RH?�]'?�C�<YA�Q�?ZULE�?H6TA�?H< *Z5�9FGd`e2r5
\	8.9FL�?^A�Q

1
��5I9;\�9;?XPeQ�?�A/5IL/Cm6T5lqe8.Q/C���CF?�RN<F:K8�L"����` ��`K�^RN8���L	RN:TA1?^5(P�?%RX6T5ZP�5I6K?HQ/9 D(0)

8�\1<;?HLeQ�?
?HLwL�?@o)5I:TCF5�L'<DG	5�CDG/5(t.?H9B6K5M<F9J5IL	C�7.9F?%CFCF:�8.L~A1?%CZRN8�L'<;9;5�:�L'<F?%C ∑

k∈V,{k,j}∈E xkj = 2
]cG	8.Q�9

<F8�Q�<
j ∈ V \ {1} `


 �d�'��
���
�� ����� 	 ����� � " 23� " �&�a" ��c�E��26�H8 ��+�E�3� " �
D(λ)

$&�� � " �1$&��E(�" )�*��I:d<�<�> ��Y A
,
�6� �'�6���'���]����

��8���!�8h" �I]3� " �&� �a���
maxλ∈R+ D(λ)

>
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�� ����� 	 ��C��a��E$&�!=�&�E� ���D����" �/X3���H8 E���&��jE�'� ��jL8 ������� c��� � ��8 !d!H� �/� � ���D(&L� ��� !6� $&K&�	8 �&� ���
$&�� � " �g$&��E(�" )�*��O���F!H�32
	�f�	-���!;:d<�<�> e� A

,
�6�+"�U � $ $�" 8 �E���&� fS"�UWV�X3�&*1$ " �b:d<�<�> e&@ A4>
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G = (N ,A) ,
*1� �&8 �hU������Bc�E��26�H8 ��;�9�&*1$�!

t : A → R+ ,
�4�`f

23J��&�723J��&� � �g2�8��'2&�&8 �DL�	8 �&���9Kb$���!=!=� ���O�����I�6�O� ���1!=�&� " �Ic�L8 !O$3��� 23J3�3�E���N���b�3�Z>��;�b���&*+� �3���
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�&��c	��8 !=� ��� ���F!dL���9�F�E���G$&�� � 23J3�3�E���O]��/26�9�&� �

λ��� *1� " �H8�$�" 8 2/���9�&� ��!O�����&��jE�'� ��j��
,
" �g2/� " 23� "h��� " �Nc���32��H8 ��G�E��� " �

D(λ)
�'�6]�8 �&� ���Nf ��K/!d��3�E���

���g$&�'�( " )&*����hU ���h��2��d���H8 ��_>EV�XL$ " 8 �����&� $&�� �'�E��L8�26�4���9�1�'�&" �/X&���H8 ��+�/!9�D*�_8���! 8��/�9K����/!d!=� ���9���E���
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� � ��!\" � 24��!N"! �9���!\" �4!

Ji!d����I���/!Oc���32��H8 ���!I26E�/]���X3�4!1���
Rn

��� ��!
R
>C:#��U �6X32&"Q��!�8 �� ��� " �S]�� " �����

+∞
�LU �4!d�O�E�LU�� ���

26�*F*�_�L8 �9K
,
�E�&8������! $&�&� *��4�����'� �hU � $�$ " 8 �����&�O�L8��'�/26�9�&*����/� " �/! �'K4!4��" �d���9! ���$� J3� $�8 ����� <� 
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C

" �I!=�/24��3�\*��&*F(&���
���g:d<�<�> � �A4>E< > �FE�/���'�&� �E���

C ⊂ ∂J(x)
>&�E>"�+�1!6� $ $&�!d�;�����

0 ∈ ∂J(x)
> Vh�126���!R8 ��K&�7� ���D" �

$&���j��7� *1*��I26E�/]���X3�

min t
C�8.Q/CY6�?%CORN8.L.<;9;5�:�L'<;?�C

y ∈ Rn, t ∈ R, Ji(y) ≤ t, ∀i ∈ I ,

*�����������a�E���
0 ∈ C

>EYE>'� ��323"Q� ���I�E���I���b*+� �&8 )����Oj�K&��K&�7� " �
, C = ∂J(x)

>
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� � � �:% � ��� � �&%
R � � ���

�
�.� ����� %�� �0� � � � � �:��� � %�� � � �0�9� 〈x, y〉 �

5 � � �	� �>� �
� �8����� �#�0�&% � ���5�:% ��� � ��� ��� � � ��u�� �7� %�� �0� � �
��� �-� � � %�� � �5�
�;� � ‖x‖ =

√

〈x, x〉 "7<Iv>�P% �!��� ����� � 5 � � ��� �	� �#�6� � �
� ��� �:% � ��� �5�:% ��� �	� �2� �
� �8� � �
� � � �
��� �6� � � � � �6�xw �0� �  &4 �	� ����� �P� � � ��� � �
��
��% +6� � � � �%�
���L��� � � � � ��� ����� �:% � � ������u � ���
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�hg �jilknm1knoEi �&� �����:zrq � ������ ���	� �
K ⊂ V �	� � � � � � �0��
���)�J� � � �#�0�&% � �
���

x, y ∈ K ��� � �
���
%�� �	�

θ ∈ [0, 1] � �(� ��������� � �
(θx+ (1− θ)y) ����� �:% � � �����{u

K
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V
��� �$� � �%� � �%��s � � '

� ��% � " � � � �
K ⊂ V

��� � �0��
���)�M
���% �����5�
� � � �%��"X� �
�&% � �
���
x ∈ V �

� � �!� � � � � ��� ��� �,5 � �

xK ∈ K
� ��� 5 � �

‖x− xK‖ = min
y∈K
‖x− y‖.
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��J� �
� � 5 � � �
�:� � � � � � xK
�$� � � �:%��6���;�	% � ���M�#�-% � � �8%����8% � � �9�

xK ∈ K, 〈xK − x, xK − y〉 ≤ 0 ∀y ∈ K. F|���&[:�;Y

v>� �!��� ����� �
xK

� � �8%��|� � � � � �
� �:% �! #�!+6�0� �:���L� �&%
K

�6�
x
"

� �O���&���L�\���&� ���������x� 2��{T(>?�C+@.13�28���&[:�![:� �*<E2?+-3�2D5e$(2�$&>D^M'(,/+e ('(2NAJ<(<(9:,�B?AQ5-,/�C'
PK

KOAJ<1�
<M219/>12��!<E>?+IAQ5@21 (+]$&2�<(+-�J}|2;B~5-,/�C'�"@ (+]9Wd 21'#"@2?3%)#9/2�BD�C'O0!2DR&2

K
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PKx = xK
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‖PKx− PKy‖ ≤ ‖x− y‖ ∀x, y ∈ V .
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K
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W
[ )NA!'#"cBD2]B1A!"1K&9:A�B?A!+-ACB~5->?+-,:"-AQ5-,/�C' F|���&[:�;Ye$&2

xW
$&2106,:2?'65

xW ∈W, 〈xW − x, z〉 = 0 ∀z ∈ W.
� ' 2�,E2?51K#$#AJ'#"]F`���([/� YX,:9 "@ $��5�$&28<(+-2?'#$&+-2

y = xK ± z
A 0!2;B

z
76 (219:B?�!'#76 (28$(A!'#"

W
[ •

�Uh�*�`"r �=gT,�+�g
fd`"r�2 ¢ E�8HG
yn @�<3:�DF@�8;GW:k[�8~<�8;[�8~DWK�<AGW:�XB�M :=DRGF������S�8HVW:\>A@3: yn ∈ K

��zTVW8H§3:

dn = ‖x− yn‖ → d = inf
y∈K
‖x− y‖ >A@1K�<1S n→ +∞.

?lE�<AGFVWE�<�DZ>A@3:
yn :TDRGZ@�<3:�DF@38HGW:�S�: �¤K�@3B}nA�Aip��<0@�GW8;L;8;DWK�<AGZL~K�DR�[�zTGFVW8;:CS�@0IVWEQS�@�8;G¡DFB
K�L~K�8HVW:�X�8;L

�8;:=<AG

‖x− 1

2
(yn + yp)‖2 + ‖1

2
(yn − yp)‖2 =

1

2
(d2

n + d2
p).

�oV
X3I3K�VxB=E�<��:Ty8;GWz�S�:
K
X
(yn + yp)/2 ∈ K

X�:TG ‖x− 1
2
(yn + yp)‖2 ≥ d2 i1�pKvVoBTE�<3DFz=>Q@�:=<AG

‖yn − yp‖2 ≤ 2(d2
n + d2

p)− 4d2,

B=:C>A@38�[�E�<AGFVW:�>A@3:
yn :TDRGZ@�<3:JDF@�8;GW:�S: �¤K�@3B}nA�Ai �9E�[�[�:

V
:TDRG�@�<0:=DFI3K�B=:�S�:��o8;L~O&:#VFG
XY8;L9:=DRG

B=E�[�I�L~:#G
X�S�E�<3BCL~K�DF@�8;GW:
yn :=DRGJBTE�<Q��:TVWm�:=<AGW:���:TVWDZ@�<3:CL;8~[�8HGW:

xK
i��pKvV�K�8~L;L;:=@VWD=X%BTE�[�[�:

K
:=DRG

�u:TVW[�z�XQBT:TGFGW:kL;8;[�8HGW:
xK

K�I3I3K�VFGW8;:=<AGx�
K
i�pK�VxB=E�<3DFz
>A@3:T<QG
XQE�<lK

d = ‖x− xK‖
iA�9E�[�[�:]GWE�@�GW:kL~K

DF@38HGW:_[�8;<38;[�8;DWK�<AGW:k:=DRGxBTE�<Q��:TVWm�:=<AGW:�X3L~KZL;8;[�8HGW:�:=DRGx�uE�VWB=z=[�:=<AGx@�<38~>A@3:�X:TG
xK

:=DRG]L;:_DF:=@3L'I&E�8;<AG]S�:
[�8~<�8;[Z@3[�S�:

miny∈K ‖x− y‖ i¢ E�8;G
xK ∈ K

B=:¡I&E�8;<AG\S:¡[�8;<�8~[�@3[�i3�YE�@VkGWE�@G
y ∈ K

:TG
θ ∈ [0, 1]

X"I3K�V_B=E�<Q��:Ty8HGWz�S:
K
X

xK + θ(y − xK)
K�I3I3K�VFGW8;:=<AG]�

K
:TG]E�<�K

‖x− xK‖2 ≤ ‖x− (xK + θ(y − xK))‖2.
��<lS�z=��:TL~E�I3I3K�<AGxL;:�GW:TVW[�:_S�:�SVWE�8HGW:�X38;L��Q8;:=<AG

‖x− xK‖2 ≤ ‖x− xK‖2 + θ2‖y − xK‖2 − 2θ〈x− xK , y − xK〉,
B=:\>A@38'S�E�<3<3:kI&E�@�V

θ > 0

0 ≥ −2〈x− xK , y − xK〉+ θ‖z‖2.
��<��NK�8;DWK�<AGtGW:=<1SQVW:

θ
��:TVWD��XE�<CE�O�GW8;:=<AGtL~K¡B=K�V}K�B#GWzTVW8;DWK�GW8;E�<0sR�
£Qi;�vw#iI@]z=B=8;I�VWEQ>A@�:=[�:=<AG
X�DFE�8;G

xK
>A@�8

��zTVW8H§1:�BT:TGFGW:_B
K�V}K�BTGWzTVW8;DWK�GW8;E�<�i"�YE�@�VxGWE�@G
y ∈ K

E�<�K

‖x− y‖2 = ‖x− xK‖2 + ‖xK − y‖2 + 2〈x− xK , xK − y〉 ≥ ‖x− xK‖2,
B=:\>A@38"I�VWE�@3��:_>A@�:

xK
:TDRGoO�8;:=<�L~KZI�VWEvPR:TBTGW8;E�<�E�VFGWn�E�m�E�<1K�L;:�S:

x
DF@�V

K
i

�

� g �\i\kHm;knoEi �&� �������&C�� � � �
V

�����$� � �%� �0�%�*s � ��� ��% �.� �
�&% � �M�8%��I�
� � �/� � �:� � � %�� 〈, 〉 "cv>�����8'
� ����� � � �:���  � ��� ��% � � � � �5� <>��� � �0����%��"�	� �>B �%�

V
��� � 
��0� � ��� �K�"���5�
���	%��"�	���

(en)n≥1
�.� �����	'

��� � � � �%�
V

5 � � �	� ���:% �! #�
�5�:% ���:� ���#�0�&%J� � � %�� �0� � � � � �-� � � % � ��� � �	��� � 5 � �3�(� �	� �#�6� � � � � ���-% � �	�
� ��++� �8�:%!��� �:% � � � � � 
��0� � ��� ���	� �7�6��������6�
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F � oM� oE�1knm1k oMi �&� ������� G � � � �
V

��� �	� �#�6� � �%� s � ��� ��% � � �
�&%0� �3� %�� �0� � �M� � �:� � � %�� 〈, 〉 "
� � � �

(en)n≥1
��� ��� � � �  � ��� �	% � � � � � � �%�

V
"\� �
�&% � �
��� ����� � � � �

x
�%�
V �

� ���!� � � � ����� ����� �,5 � �
� � � � �

(xn)n≥1
�%�*%�� �	� � � �	��� � 5 � � � ��� �0� ���7� �:% � � �	����� ∑p

n=1 xnen
� �0��
�	% +6�*� ��%��

x
5 � �
�8�

p
��� �8��� ��%�� �(� � � 2 � � � � �>� � � � � � � � � � �	� �7�"�,2 � � �M�#�-%

xn = 〈x, en〉
" ��7�8� � � � �
� �

‖x‖2 = 〈x, x〉 =
∑

n≥1

|〈x, en〉|2.
F`���([ � Y

v>� � ��% � � �:� �-%��

x =
∑

n≥1

〈x, en〉en.

��h�*�`"r �=g=,v+�g
fd`"r�2 ¢ M 8;L�:Ty8~DRGW:_@�<3:_DF@�8;GW:
(xn)n≥1

S�:�VWz=:TL~D]GW:=L;L;:�>A@�:
limp→+∞

∑p

n=1
xnen = x

X
K�L;E�VWDxI1KvVxI�VWEvPR:=BTGW8;E�<�DF@�V

en
sN:TGxB=E�[�[�:oB=:TGFGW:�DF@�8HGW:�:=DRGxI1KvV]S�zT§3<38HGW8;E�<U8~<3S�z=I&:T<1S3K�<AGW:kS:

p
w%E�<�K

xn = 〈x, en〉
X�B=:]>A@38I�VWE�@3��:tLNM @3<�8~BT8;GWzoS�:tL~K_DF@38HGW:

(xn)n≥1
iI?lE�<AGFVWE�<3D�[CK�8;<AGW:=<1K�<QG�DFE�<�:Ty8;DRGW:=<3B=:�i

�pKvV�S�zT§3<38HGW8;E�< S'M @3<�:lO3K�DF:�n�8~L;O&:TVFGW8;:=<�<3:�X�I&E�@�VJGWE�@�G
x ∈ V

:TGCI&E�@VJGWE�@G
ε > 0

X%8;Lx:Ty8;DRGW:
y
X

BTE�[ZO�8;<1K�8;DFE�<�L;8;<3z=K�8HVW:Z§1<�8;:�S:=D
(en)n≥1

X&GW:=Lp>A@3: ‖x − y‖ < ε
i BoV���B=:JK�@��¤n3z=E�VW�=[�:��
£Qi;��i;� �lE�<

I&:T@�G9S�zT§3<38HV¤@�<3:]K�I�I3L;8;B
K�GW8;E�<UL;8~<�z
K�8HVW:
Sp

>A@�8�XA�_GWE�@�G9I&E�8;<AG
z ∈ V

X��uK�8HGtB=E�VFVW:=DFI&E�<3SVW:
Spz = zW

X
E��

zW
:=DRGYL~KxI�VWEvPR:=B#GW8~E�<ZE�VFGWn3E�m�E�<3K�L;:¤DF@�VcL;:%DFE�@3DR� :=DFI1K�B=:¤��:TBTGWE�VW8;:=L

W
:=<�m�:=<3SVWz�I1KvVYL;:=D

p
I�VW:=[�8;:TVWD

��:=BTGW:=@VWD
(en)1≤n≤p

i���<U��:#VFGW@US:�sR�
£Qi;�vw#X
(z−Spz)

:=DRGtE�VFGWn3E�m�E�<3K�L��\GWE�@�Gtz=L;z=[�:T<QG¤S�:
W
XQS�E�<3B

:T<lI1KvVFGW8;B=@3L;8;:TVk�
Spz

i1�k<l:T<�S�z=S�@38HG]>A@3:

‖z‖2 = ‖z − Spz‖2 + ‖Spz‖2, sR�
£Qi �Aw
BT:\>Q@�8"8~[�I�L;85>A@�:

‖Spz‖ ≤ ‖z‖∀z ∈ V.
�9E�[�[�:

Spz
:=DRG_:T<3m�:T<1SVWzZI1K�V�L~:TD

(en)1≤n≤p
X':TG\>A@3:

(z − Spz)
:=DRG_E�VFGWn3E�m�E�<3K�L%�UB}n1K�B=@3<�S�:=D

(en)1≤n≤p
X3E�<l��zTVW8H§3:��NK�BT8~L;:=[�:T<QG]>A@�:

Spz =

p
∑

n=1

〈z, en〉en.

�YE�@�V
p
DF@���DWK�[�[�:=<AGcm�V}K�<1S"X�E�<JK

Spy = y
B
K�V

y
:TDRG�@3<3:%B=E�[�O38;<1K�8;DFE�<ZL;8;<3z=K�8HVW:¤§1<�8~:9S�:=D

(en)n≥1
i

�pKvV]B=E�<�DFz
>A@3:=<AG

‖Spx− x‖ ≤ ‖Sp(x− y)‖+ ‖y − x‖ ≤ 2‖x− y‖ ≤ 2ε.

�k<U:=<�Sz
S�@�8;GxL~KJB=E�<Q��:TVWm�:T<3B=:\S:
Spx

��:TVWD
x
iACk:_B=:TGFGW:_B=E�<��:TVWm�:=<�B=:_:TGoS�:_LNM z
>A@1KvGW8;E�<�sR�v£Ai �AwtE�<

GW8HVW:
lim

p→+∞
‖Spx‖2 = ‖x‖2,

>A@�8'<'M :=DRGxVW8~:T<�S'M K�@GFVW:_>A@3:�L~KZ�dE�VW[Z@�L;:_S�:�DFE�[�[CK�GW8;E�<�sR�v£Ai ��w#X&S8;GW:\S:_�pK�VWDF:T��K�L�i
�

� d 2?R&,:"`5@21'#BD24$Ld  #'(2%)#AC"`2%T(,/9:)E2?+@5@,:2?'('(24$&>?'#�!3%)#+-A!)(9/28' d 2;"|5*<#A!"	�CAJ+IAJ'65-,/28<E�! (+�5@�C #"f9:21"
21"@<#A!B?21"8$&2�Ef,:9:)M21+`5;[ � A <(+-�!<E�C"@,/5@,:�!'�"` (,:0QAJ'65@2�$&�C'('(2� ('#2 BD�!'M$&,_5-,/�C'S'#>1BD2;"@"-AJ,:+-2 2?5%"` $�@�
"@A!'C5-28$Ld 2?R&,:"`5@21'#BD28$Ld  ('(28)#AC"`2=T(,:9:)M21+`5-,/21'('(2]$&>1'(�!3 )(+-A!)(9:2![

F � oM� oE�1knm1k oMi �&� �������1Q � � � �
V

��� �$� � �%� � �%�{s � ��� ��% � ���;�#�-%������ �0< � " ��" � � �!� � � � � ��� �#
��
� � ��� �
��� � �
����%������ ���%� �1� �0�%�
��

V
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�Uh�*�`"r �=gT,�+�g
fd`"r�2 ¢ E�8HG
(vn)n≥1

L~Kl�uK�[�8;L;L~:�SE�<AG¡L~:CDFE�@3DR� :=DFI1K�B=:C��:=BTGWE�VW8;:=L9:=<�m�:=<3SVWzJ:TDRGJS:=<3DF:
S3K�<�D

V
s�>A@�8;GFGW:¡�JVW:=<Q@3[�z#VWE�GW:TV]L;:=D

vn
:TG_��:=<�DF@�I3IVW8~[�:#VkB=:#VFG}K�8;<3D=X&E�<�I&:=@�G]GWE�@�PRE�@VWD�DF@3I�I&E�DF:TV

>Q@'M 8~L;DoDFE�<AGkL;8;O�VW:TD}w#i'�pK�V_K�I3I�L~8;B
KvGW8;E�<�S�@�IVWEAB=z
S�z�S�: BoV}K�[J� ¢ B#n�[�8~SG]�JB=:TGFGW:\�NK�[�8;L~L;:�X"E�<�E�OGW8~:T<QG
@3<3:��uK�[�8;L;L~:�E�VFGWn�E�<�E�VW[CK�L;:

(en)n≥1
i��9E�[�[�:

[v1, · · · , vn] = [e1, · · · , en]
X�E�<�:=<|S�z
S@38HG�>Q@�:CL~:

DFE�@3DR� :=DFI3K�B=:_��:=BTGWE�VW8;:=L':=<�m�:=<3SVWz�I3K�V
(en)n≥1

B=E���<3B=8~S�:�Kv��:=B�B=:=L;@�8':T<3m�:T<1SVWzkI1K�V
(vn)n≥1

>A@38&:TDRG
S�:=<�DF:_S3K�<3D

V
i5C�E�<3B�X

(en)n≥1
:=DRG]@3<�:�O1K�DF:_n38;L;O&:TVFGW8;:=<3<�:�i

�

� g �\i\kHm;knoEi �&� ������� 	�� � � �
V

���
W

�%� ��� �$� � �%� �$� �6� s � ��� �	% �3%�� ��� � " q � � �!�"�8� � � �
� � �
� � � '
� � � � %��

A
�6�
V

�%�
��
W

�	� �7� � ����� �
� � � � � � �1� � � �!� � � � � ���5� � �
�� ���0� � �
C

� �	��� � 5 � �

‖Ax‖W ≤ C‖x‖V ∀x ∈ V.
� �P�8� � ��� ��� � � � � �0�1� ���0� � �

C
5 � � �:��% � 2 � � ���7� � � � � ++�:� � �9� �	� �0��� �5�:% ��� �6� �(� �!�"�8� � � �0� � �0�

� � �8� � � %��
A � �
��� %������ � �7� � �

‖A‖ = sup
x∈V,x6=0

‖Ax‖W
‖x‖V

.
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V
2;"|5*$&2 $&,:3�2?'#"@,:�!'b^#'(,:2!K�AJ9:�!+I"e5@�C &5@2;"�9:21"NAJ<(<#9/,�B?AJ5@,:�!'#"

9:,:'(>1A!,/+-21"N$&2
V
$(AJ'M"

W
"@�!'65*B?�!'65@,:'O (21"1K#3�A!,:"*BD2 'ad 2;"|5*<(9: #"*06+IAJ,\"`,

V
2;"|58$&24$&,/3�21'#"`,:�!'

,:'&^#'#,/2C[

� g �\i\kHm;knoEi �&� ��������� � � � �
V

��� �$� � �%� �*�6��s � ��� �	% � %�� ��� " � �0�P�0� �:�
V ′ �$� � �(� � �1� � ����� �L�%�	�


��-% � �	� � � � � � � %��	� �!oEi�m1k iL�l�O� � �&%
V � �� �	� � '`u-'(� � %�� �(� � �1� � ����� �6�6�$� ����� � � � �
� � �
�1� � � � � � � %��	�

� �0� � � � � �	� �6�
V

�%�
��
R
"a� �:%L�"�,2 � � � � �
� � � ���5�:% ���*� � ��� ��������� � �

L ∈ V ′ �	� �

‖L‖V ′ = sup
x∈V,x6=0

|L(x)|
‖x‖ .

)*AJ'#"4 ('y21"@<#ACBD2h$(2 E�,/9:)M21+`5�9�AS$( #AJ9:,_5-> AS ('(2 ,:'C5-2?+-<(+->D5-AJ5@,:�!'�5-+@.;" "@,:34<#9/2 �!+ �!B?2GAJ 
5-T(>?�C+@.13�2N$&2 �c,:21"��4Fn0!�!,:+ 9:2N5@T(>1�!+-.?3�2��M[ � [/�N$&2 U �QVHY 7C #,E<E2?+-3�2D5c$Ld ,:$&21'65@,/^#2?+{ ('h21"@<#A!B?2N$&2
E�,/9:)E2?+@5��4"@�!'b$& #A!9a<#A!+e,�"@�!3��!+-<(T(,�"`3�2C[

�%� g oM� �O��� �1� � ��� �Opx�|�\�t�Q�6�l� g �1�Oi�m;�&m1k oMi��\� � k �6���6� � � � �
V

��� �	� � �%� � �%��s � �D� ��% �
%!� ��� � � �0� � � �

V ′ � �
� �
� �-� "N� �0�&% � �
��� �*
��-% � � � � � � � � %�� � �
��� � ��� �
L ∈ V ′ � � ��� � � � �����

��� �,5 � �
y ∈ V � �	� 5 � �

L(x) = 〈y, x〉 ∀x ∈ V.
��7� � � � � �
� � ‖L‖V ′ = ‖y‖ "

�Uh�*�`"r �=gT,�+�g
fd`"r�2 ¢ E�8HG
M = KerL

iQ¥ L1D=M K�m�8HG]S'M @3<CDFE�@�DR� :=DFI1K�B=:o�d:TVW[�zkS:
V
B
KvV

L
:=DRGtBTE�<AGW8;<@�:�i

¢ 8
M = V

X&K�L;E�VWD
L
:=DRG]8~S�:=<AGW8~>A@3:=[�:=<AGt<Q@�L~L;:_:TGoDF:=@�L

y = 0
BTE�<Q�Q8~:T<QG
i ¢ 8

M 6= V
X1K�L;E�VWDo8;Lc:Ty8;DRGW:
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z ∈ V \M
i ¢ E�8HGxK�L;E�VWD

zM ∈M
DWK¡IVWE�P :=BTGW8;E�<�DF@V

M
iA�9E�[�[�:

z
<'M K�I3I3K�VFGW8;:=<AGtI3K�Dt�

M
X
z− zM:TDRG¤<3E�<�<Q@3L:TG
XAI1KvV9L;: �¤n3z=E�VW�=[�:\�v£Qi;��i~� �X:=DRG%E�VFGWn�E�m�E�<1K�L"�_GWE�@�G%z=L;z=[�:=<AG9S�:

M
i ¢ E�8HG�§1<3K�L;:=[�:=<AG

z0 =
z − zM

‖z − zM‖
.

��E�@�Gx��:=BTGW:=@V
x ∈ V

I&:=@�GxD=M z=B#VW8;VW:

x = w + λz0
K
��:TB

λ =
L(x)

L(z0)
.

�k<���zTVW8H§3:JK�8;DFz=[�:T<QG_>Q@�:
L(w) = 0

X�S�E�<3B
w ∈ M

i �9:TB=8%IVWE�@���:Z>A@�:
V = Vect(z0) ⊕M

i��pKvV
SzT§1<�8HGW8~E�<�S:

zM
:TGoS�:

z0
X�E�<lK 〈w, z0〉 = 0

X3BT:\>Q@�8"8~[�I�L;85>A@�:

L(x) = 〈x, z0〉L(z0),

S"M E ��L;:�VWz=DF@�L;G}KvGoS�z=DF8HVWz\K
��:=B
y = L(z0)z0

sNLNM @3<38;B=8HGWz_:=DRG]z=�Q8~S�:T<QGW:
w#i5C�M K�@�GFVW:�I3K�VFG
X�E�<�K

‖y‖ = |L(z0)|,
:#G

‖L‖V ′ = sup
x∈V,x6=0

|L(x)|
‖x‖ = L(z0) sup

x∈V,x6=0

〈x, z0〉
‖x‖ .

�':�[CKvy8~[�@3[ S3K�<3DoL~:ZS�:TVW<�8;:TVkGW:TVW[�:�S�:¡B=:TGFGW:�z=m�K�L;8;GWzZ:=DRG_KvGFGW:=8;<QG�I1K�V
x = z0

X&B=:J>A@�8Y8;[�I3L;8~>Q@�:
>A@�: ‖L‖V ′ = ‖y‖ i �

��'�+@>;"` (9/5-AJ5821"-"`21'C5-,/219 <M�C (+8<E�! (0C�!,:+]$&>?3��!'65-+@21+*9:2 � 21343�2 $&2 2MAJ+ ,QA!"4� �#[ �([/���tFH (5@,:9/2
2?'b�!<&5-,/3�,�"@AJ5@,:�!'MYc21"`5f9:A�<(+-�!<#+@,:>D5-> �C>?�C34>?5@+-,:76 (2]"@ (,:0QAJ'65@2]76 (,a2;"|5�5@�! (5��4�nAJ,/5NBD�C'&�H�!+-3�2=�
9 d ,/'65- (,_5-,/�C'a[

�]� g oM�Q�6�	� �1� �������&zx��� g �j�&�Q�&m1k oMi����/�\iy� oMk i�m4�6m����/�\i��!oEi��M�'�a�(� � � � �
K

��� ���#�-%$'
� � � � �0��
���)��� �
� � � �6� � �#
���% ��� � �.� ��� �	� �#�6� � �%�4s � �D� ��% �

V � ��� x0 /∈ K " O � �:%�� � � �!� � � � �
���  4!� �	% � � �
��
��	% ���*�6�

V
5 � � ���9� �:% � � � % � � � ���������

x0
���
K � �� �	� � '`u-'(� � %�� 5 � � � � ��� � � � � ��� �


��:% ���*� � �8� � � %��
L ∈ V ′ ��� α ∈ R

� ��� � 5 � �

L(x0) < α < L(x) ∀x ∈ K .
F|���&[ �!Y

��h�*�`"r �=g=,v+�g
fd`"r�2c¦kE�GWE�<3D
xK

L5K\I�VWEvPR:TBTGW8;E�<�S:
x0
DF@V

K
i��@�8;DW>Q@�:

x0 /∈ K
XQE�<UK

xK −x0 6= 0
i

¢ E�8HG
L
L~K��uE�VW[�:�L~8;<�z
K�8HVW:�S�zT§3<38;:�I&E�@VCGWE�@�G

y ∈ V
I1KvV

L(y) = 〈xK − x0, y〉
X9:TG�DFE�8;G

α =

(L(xk) +L(x0))/2
i'C�M K�I�VW�=DksR�v£Qi;�
w#X�E�<lK

L(x) ≥ L(xK) > α > L(x0)
I&E�@V9GWE�@G

x ∈ K
XQB=:�>A@�8

K�B#n��=��:�L~K�Sz=[�E�<�DRGFV}K�GW8;E�<'i
�

���! #"{A! (+@�C'#"X21'&^#' )E21"@�!,:' <E�! (+{$&>134�C'65@+-2?+e9/2*�{T(>?�C+@.1342N$&2 1 ,/' ,C���f"�,O,l�!�![ � [:��$Ld  ('(2
0 A!+@,�AJ'65-2=$( b5@T(>1�!+-.?3�2]$&2%"@>?<#A!+-AJ5@,:�!'aKO�nA!,:"-AJ'65f,:'65@2?+-0!21'(,:+f9:A�'#�J5@,:�!'b,:3�<M�C+`5IAJ'65@2%$ad TOPO<M21+��
<(9:A!' $Ld AJ<(<( #, [ � ,

K
21"`5N (' B?�!'O0!2?RO2]$ad  (' 21"@<#A!B?2]$&2LE�,/9:)M21+`5

V
KE�!' AJ<#<M219/9:2 � 'L� �6� ��� �(i

���:�&�l�j�\k $&2
K
21'� ('�<E�!,:'65

x
 #'�T6PO<E2?+-<(9�AJ'�A#��'(2

H = {y ∈ V | L(y) = α} KlA 0!2;B
L ∈ V ′ K L 6= 0

K&2D5
α ∈ R

K&5-2?9 76 (2
α = L(x) ≤ L(y)

K(<E�! #+{5@�! (5
y ∈ C [
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� �%$ ��� � � �(������� �#	 ��������

� oM�Qo � �n�(kn� � �1� � �����#�y��� 'L� �C� � �n�(i����/�(�l�j�lk ��� �>�!� � � � � ���  &4!�#��% �8� �0� �.� ����� � � � � � �
���
� � � ���8
�% �
� � ��� %��L� � ��� � �
��� �!�)� 
���% ���

K
� � ��� �	� �#�6� �0�%�=s � ��� �	% �M�%�0� � ������ � �
��2�� � ��"

�Uh�*�`"r �=gT,�+�g
fd`"r�2 ¢ E�8;G
x
@3<�I&E�8;<AGt�dVWE�<AGW8~�#VW:_S�:

K
�8~L":Ty8;DRGW:_K�L~E�VWDt@3<�:kDF@38HGW:

xn ∈ V \K
X�K
��:=B

xn → x
i&�': �¤n�z=E�VW�T[�:�S:\DFz=I1KvV}K�GW8;E�<��v£Ai;��i;��GC�uE�@VW<38HG�I&E�@�V]GWE�@G

n
@3<3:_�dE�VW[�:\L;8~<�z
K�8HVW:

Ln
<�E�<

<@�L;L~:]GW:=L;L;:_>A@3:
Ln(xn) ≤ Ln(y)

I&E�@�V¤GWE�@�G
y ∈ K

i��k<�I&:=@GtB#n�E�8;DF8HV
Ln

S�:k<�E�VW[�:
1
iA�9E�[�[�:

V:=DRGxS�:kS�8;[�:=<�DF8~E�<�§3<38;:�XQL~K\DFI3n3�#VW:k@3<�8HGWz�S�:
V ′ :=DRGxBTE�[�I1K�BTGW:�XQ:TGt>Q@�8HGFGW:k�\VW:=[�I3L~K�BT:TV Ln

I3K�Vt@�<3:
DFE�@3DR� DF@�8;GW:�X�E�<�I&:=@�G�DF@�I3I&E�DF:#V9>A@�:

Ln
B=E�<Q��:#VWm�:t��:TVWD�@�<3:9�dE�VW[�:tL;8;<3z
K�8;VW:

L
X�>A@�8�:=DRG�<�E�<Z<Q@�L~L;:�X�B
KvV

S�:9<�E�VW[�:
1
i�¥ LADF@�JGp[CK�8;<AGW:=<3K�<AGpS:¤I1K�DFDF:TV��oL~KoL;8;[�8HGW:¤S�K�<3D

Ln(xn) ≤ Ln(y)
XvB=:t>A@�:%LNM E�<]PR@3DRGW8H§3:

:=<lz=B#VW8~��K�<AG
Ln(xn) = Ln(xn − x) + Ln(x)

:TGx:T<l<3E�G}K�<AGx>A@3: |Ln(xn − x)| ≤ ‖Ln‖‖xn − x‖ =
‖xn − x‖ XQI&E�@�VxE�O�GW:=<�8HV L(x) ≤ L(y)

>A@�:=L">A@3:kDFE�8HG
y ∈ K

i5Oo8;<3DF8NX
H = {y ∈ V | L(y) = L(x)}:=DRG]@3<lnA�I&:TVWI�L5K�<lS"M K�I3I�@38�S�:

K
:=<

x
i

�

(C)�*�+�,�-c.�)0/��'2N/12	�'/$��K�IVW:=@3��:�S�@ �9E�VWE�L;L~K�8HVW:��v£Ai~��i £ �l<�:�D=M zTGW:=<3S�I1K�Dk:=<�S�8;[�:=<3DF8;E�<�8;<§1<38;: �
S3K�<�D�B=:tB
K�D=X�L~K�DF@38HGW:

Ln
K�O38;:=<J@�<3:¤��K�L;:=@V9S"M K�S�n�zTVW:=<�B=:

L
I&E�@�V�L~KkGWE�I&E�L;E�m�8;:]�uK�8;O3L;:�X�[CK�8;DpVW8~:T<J<3:

S�8HG�>A@�:
L 6= 0

iN�9E�[�[�:\B=E�<AGFVW:¡:#y�:T[�I3L;:�X1BTE�<3DF8~SzTVWE�<�D�LNM :T<3DF:=[�O3L;:
K
S:=DoDF@�8HGW:=D�S:

`2
�JGW:TVW[�:=D

I&E�DF8HGW8H�uD_E�@�<Q@3L;D=X">A@�8Y:=DRG�@�<�B=E�<Q��:Ty:_�u:#VW[�zZS:
`2
S"M 8;<AGWzTVW8;:=@V��Q8~S�:�i ��E�@�GkI&E�8;<AG_S:

K
:TDRG_S�E�<3B

I&E�8;<AG��5VWE�<AGW8;�TVW:�X�[CK�8;D�DF8
x
:=DRGJ@�<3:CDF@38HGW:�S�:

`2
��GW:TVW[�:=D¡DRGFVW8;BTGW:=[�:=<AG�I&E�DF8HGW8H�uD=X�8;L¤<�M :Ty8;DRGW:CI1K�D

S'M nA��I&:#VWI3L~K�<lS'M K�I�I3@38":=<
x
i •
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����
 �����	�������	������� ���!�#"$�%�	&�'(���)����� ��*���+,���
�N' A!<(<E2?9:9/2%"@P&"|5-.?3�289:,/'(>;AJ,:+@289:2]<(+-�!)#9/.1342]76 (,\BD�C'#"`,�"`5@2]��5-+@�C (0!21+c9:A��C b9/2;"�"@�!9: &5@,:�!'#"

x ∈ Rn Fn"@,L2?9:9:282DR&,:"`5@2 Y{$&2=9 d >176 #AJ5@,:�!'bAJ9 �!>1)(+@,�76 (2="` (,:0QAJ'65@2

Ax = b,
F`� � [:�;Y

���
A
AJ<(<#A!+`5-,/21'65 �]9Wd 21'#"@2?3%)#9/2 Mn(R)

$&2;" 3�AJ5@+-,:B?21"X+->?219/9:21" B?A!+@+->?2;"X$Ld �!+I$&+@2
n
KC2?5

b ∈ Rn
21"`5h (' 0C21BD5@2? #+hAJ<#<M219/> "@21B?�!'#$ 3�213%)(+-2![��e,/21' ".-(+;Ke�!' $&,�"`<E�C"@2 $&2;"hB?>?9:.?)(+-21" �H�!+-3% (9:21"
$&2 0 +IAJ3�2?+ 7C #, Kj<E�! (+  ('(2G3�AJ5@+-,:B?2 ,/'O0C2?+I"`,:)(9:2

A
$&2 BD�C9/�C'('(21"

(a1, · · · , an)
K\$&�C'('(21'C549:A

"`�C9/ &5-,/�C' $(2 F|� � [/� YX<MAJ+f"@21"cBD�C3�<M�6"@A!'C5-21"

xi =
det(a1, · · · , ai−1, b, ai+1, · · · , an)

detA
.

�N'�<M�C (+-+-A!,_5 B?+@�C,/+-2 76 (2hB?2D5@5@2h�H�!+-3% (9:2 2DR&<(9:,�BD,/5@2h"@ $��5�<M�C (+ '#�C"])E21"@�!,:'#"1[(1 AJ,�"],:9e' d 21'
21"`5 +-,/21'aKcB?A!+G9:21"h�H�!+-3% (9:21" $&2 0 +-A!3�2?+b"`�C'C5 m1oMm1� � �O���Oi�myk il�(�\�&�\m g �O� <E�! #+bB1AJ9�BD (9:2?+
2 � B?ACBD2?3�21'C5j9�AN"@�!9: &5@,:�!'4$Ld  ('4"@P&"|5-.?3�2e9/,:'(>1A!,/+-2![ �X'42-,�2D5;KQ9/21 (+ BD�/-&5 2?']5-2?3�<#" $Ld 2DR&>;BD &5-,/�C'
"` (+{ (' �!+I$&,:'#AQ5-2? (+e21"`5c<(+-�!T(,:)(,/5@,/�10&,/9��nA! &5fB?A!9:B? (9/21+

n+ 1
$(>D5@21+@3�,:'#AJ'65I" 2?5f"`,��!'h &5@,:9:,:"@2=9:A

34>?5@T(�&$&2*$& h$(>?0!219/�C<(<E2?3�2?'65 <MAJ+ 9:, �!'(24FH�! hBD�!9:�!'#'(2;Y BIT#A!76 (2�$(>D5@21+@3�,:'#AJ'65{$&2?3�AJ'M$&2�<(9: #"
$&2
n!
3% #9_5-,/<(9:,�B?AQ5-,/�C'#"1[ �  5@�!5-A!9 KO9�A]3�>D5-T(�&$&2*$(2 0 +IAJ3�2?+ '(>1B?21"-"`,/5@2*$&�!'#BN<(9: #"e$&2

(n+ 1)!3% (9/5@,:<(9:,:B1AQ5@,:�!'M"?KjBD2G76 (,e21"`5 ,:'(21'60O,�"@A �!2;AJ)(9:220l<MAJ+42DR&2?3�<(9:2 <E�! (+
n = 50

K\"`,e9/2;" B1AJ9�BD (9�"
"`�C'C5c2�,E2;B~5@ #>1"c"@ (+c ('b�!+I$&,:'#AQ5-2? (+e�H�!'MB~5@,:�!'#'#AJ'65f� �43*, �CA �#�!<M"*Fn ('b3�,/9:9/,�AJ+I$ $Ld �C<M>1+-AJ5@,:�!'#"
<#AJ+f"@21B?�!'#$&2 Y~K&9:2=5@2134<M"f$&2]B?A!9:B? (9L21"`5�$&289Wd �C+-$(+@2=$&2

4.8 1049 A!'('(>?2;"65 1�.13�2]"`,L�C'  (5@,:9/,�"`2
 ('(2G3�21,/9:9/21 (+-2G3�>D5-T(�&$&2h<E�! #+4B1AJ9�BD (9:2?+ 9/2;" $&>?5@21+@3�,:'#AJ'65-" 9�A 3�>D5-T(�&$&2h$&2 0 +IAJ3�2?+ 'ad 2;"|5
<#A!" BD�!3�<E>D5-,_5-,/0C2G<#A!+]+-A!<(<E�!+@5 AJ &R�AJ9 �!�C+@,/5@T#342;"]76 (2G'#�! #" AJ9:9/�C'#"80!�C,/+ Fn$&�C'65%9/2h'(�!3 )(+-2
$Ld �C<M>1+-AJ5@,:�!'#"{"@2?+IA 5|P6<#,:76 (213421'65c$(289 d �!+I$&+-2*$&2

n3 Y~[���! #"N0!21+@+-�!'M"f$&2? (R 5|PO<E21"*$&2%3�>?5@T(�&$&2;"N$&2 +@>;"`�C9/ (5@,:�!' $&24"`P&"`5@.?3�2;"f9:,/'(>;AJ,:+@2;"�0�BD219/9:21"
$&,_5-21"e$&,:+@2;B~5@2;"?KOBJd 21"`5�������$&,:+@2N7C #,M<E2?+-3�2D5`5-2?'65c$&2NB1AJ9�BD (9:2?+ 9:A "`�C9/ &5-,/�C'�2DR(A!BD5@2N2?'  ('h'(�!3 )(+-2
^#'(,=$Ld �C<M>1+-AJ5@,:�!'#"1KX2?5 BD219/9:21"h$&,/5@21" kHm g �Q�&m;kH�E�6� K{BJd 21"`5�������$&,/+-2t76 (,*B1AJ9�BD (9:2?'65G #'(2 "@ (,_5-2S$&2
"`�C9/ &5-,/�C'#"cAJ<#<(+@�&BIT(>121"{76 (,aBD�C'O0!2?+ �!2N0!21+-"{9�A�"`�C9/ &5-,/�C'h2?R(A!B~5-2![
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�M� � ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

�����!���!� �� 0/0 ����8 8
	 2��*��8 + )�2 67��8 6  &%�2 '�9 '*�����*��8

���! #"NBD�!3�3�2?'�D�!'M"{<#AJ+f+IAJ<#<M219/21+f9:A�'#�J5@,:�!'t$&2 iloM�Q���t�1� � oM�Q�loEili g � <E�! (+�9/2;"c3�A��
5-+@,�BD2;"?[8�N'�'(�J5-2 Mn(R)

FH+-21"@<M2;B~5@,:0!213�2?'65 Mn(C)
Yt9Wd 21'#"@2?3%)#9/2	$(21" 3�AJ5@+-,:B?21" B1AJ+-+@>121"

+->?219/9:21"tFn+@2;"`<E21BD5@,:0!213421'65GBD�!3�<(9:2DR&2;"-Y�$Ld �!+I$&+-2
n
[$1�.?3�2 "@,�9Wd �C'�BD�!'M"`,�$&.?+-2t$&21" 3�AJ5@+-,:B?21"

+->?219/9:21"1KX,:9N2;"|5h'(>1B?21"-"@A!,/+-2!KX<E�! #+G$&21"h+IAJ,�"`�C'#"45@2;BIT('(,�7C #21"G76 (,*"`21+@�C'65 2DR&<M�6"`>121" ��9:A �f2N�
3�A!+-76 (2�� � [/�C[ �MK6$(289/2;"e5@+IAJ,/5@2?+fB?�!3�3�28$&21"c3�AJ5@+-,:B?21"cBD�C3�<(9/2?R&21"1[
� g �\i\kHm;knoEi � C�������� � � � � ‖ ·‖ ���5� �5�:% ���3� � � ���-% � �	��� � � �&%

Cn " v2� � � � � ��� ��� � � ���5� � �:% ���
���
� % � � � �	��� � � � � ��� � �� �:%��6�
� � � � u � � �7��� � �:% ���*� � � ���-% � �	��� � � �"�,2 � � �M�#�-%

‖A‖ = sup
x∈Cn,x6=0

‖Ax‖
‖x‖ .

� A!+]AJ)( #"%$&2�9:A!' �CA �!24�!'�'(�J5-2 $&2�9�Ab3�.13�2��nA D�C'S9:21"]'(�!+-3�21"=0!2;B~5-�!+-,/219/9:2 2?5]3�AQ5@+-,�BD,:2?9:9/2
"@ ()E�!+I$&�!'#'(>?2C[J�N' 0!>1+@,/^#2{AJ,�"`>13421'65j76 ad  ('(2{'(�C+@3�2c"` #)M�C+-$&�C'('(>12 AJ,:'#"@,($&>D^M'(,/2{2;"|5 )(,:2?'4 ('(2
'#�!+-342=3�AQ5-+@,�BD,:2?9:9:2="@ (+ Mn(C)

�C "@ (+ Mn(R)
[

� �O����� � C���������� � � � ‖ · ‖ ���5� �5�:% ��� ���
� %
� � � ����� �*� �� �:%��6�
� � � � � �&% Mn(C)

"
=%"*� �
�&% � �
��� � ���
� % � � �

A � � ��� �:% ��� ‖A‖ �	� �2�0� �!�
� �"�,2 � � �M�#�-%

‖A‖ = sup
x∈Cn,‖x‖=1

‖Ax‖ = sup
x∈Cn,‖x‖≤1

‖Ax‖.

� " � � �!� � � ���
xA ∈ Cn, xA 6= 0

� �	� 5 � � ‖A‖ =
‖AxA‖
‖xA‖

.

� "3� ��� �0� % � � � � �%� � � � �;� �:�	% � 2>� ‖ Id‖ = 1.
 " � � � �����

A
���
B

�%� ��� � �0� % � � �	��"ev2� � ‖AB‖ ≤ ‖A‖ ‖B‖.
� g ��oEil�1m?�Q�&m;knoEi �&� 2e<(+-2?3�,:2?+j<M�C,/'65j21"`5 >?0O,:$(2?'651[ � 2{"@21BD�C'#$%"@2{$&>?3��!'65-+@2 2?'4+@213�A!+-76 #A!'65
76 (2 9:A{�H�C'#B~5-,/�C']BD�C'C5-,/'O (2 ‖Ax‖ AQ5@5@2?,:'65l"@�!'83�AQR&,:3% (3�"` #+a9/2 BD�!3�<#ACB~5 {x ∈ Cn, ‖x‖ = 1} [� 245@+-�!,�"`,:.?3�2�21"`58>?0O,:$(2?'651KL5IAJ'#$(,:"876 (2�9:2 7C MAQ5@+-,:.?3�2 2;"|5] #'(2�BD�!'M"`>;7C #2?'#B?2�$(249Wd ,/'(>��CA!9/,/5@>
‖ABx‖ ≤ ‖A‖ ‖Bx‖ [ �

� �O���&���L�l� �&C � ����C ��9l2DR&,�"|5-2%$&21"�'(�!+-3�21"c3�AJ5@+-,:B?,/219/9:21"f76 (,l'(2%"@�!'65�"@ ()M�C+-$(�!'('(>121"f�GAJ 1�
B? ('(2�'(�C+@3�2�0!2;B~5@�C+@,:2?9:9:2![ � 2�3�2?,:9/9:2? (+82?R&2?3�<(9:2421'�21"`5=9�Ah'(�!+-3�2421 #BD9:,�$&,/21'('(2�$&>?^#'(,:2�<#AJ+

‖A‖ =
√

∑n
i,j=1 |aij |2

[ �X' 2�,E2?51K#�C' A ‖ Id‖ =
√
n
KMB?2%76 (,l' d 2;"|5�<MA!"f<E�C"-"@,/)(9:2]<E�! (+N ('(2

'#�!+-3428"@ ()E�!+I$&�!'('#>?2![ •
�N' '(�!5@2 ‖A‖p

9�A�'(�C+@3�2b3�AQ5@+-,�BD,:2?9:9/2 "@ ()E�!+I$&�!'('#>?2t��9:A�'(�C+@3�2b0!2;B~5-�!+-,/219/9:2t"` (+
Cn

$(>D^#'(,:2�<E�! (+
p ≥ 1

<MAJ+ ‖x‖p = (
∑n

i=1 |xi|p)1/p Kf2D5 <E�! #+
p = +∞ <#AJ+ ‖x‖∞ =

max1≤i≤n |xi|
[M�N'h<M21 &5fB?A!9:B? (9/21+{2DR&<(9:,:B?,_5-2?3�2?'65cBD2?+@5-A!,/'#21"{$&2=BD21"{'#�!+-342;" "@ ()E�!+I$&�!'#'(>?2;"?[

F�)NA!'#"{5-�! &5fBD2]76 (,l"` (,/5c�!'b'(�!5@2
A∗ 9�A43�AQ5@+-,�BD28A!$ }|�C,/'65-2]$&2 A [ Y
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� �#�C�

<�>
‖A‖2 = ‖A∗‖2 =

*+�/X�8�*1� * ���4! ]3� " �&� ��!D!�8���jE��" 8 )����/! ���
A ,�E>

‖A‖1 = max1≤j≤n (
∑n

i=1 |aij |) ,
YE>
‖A‖∞ = max1≤i≤n

(

∑n
j=1 |aij |

) >

� �O���&���L�\��� C�������G �f'(2]3�AJ5@+-,:B?2]+@>12?9:9/28<E2? (5�.D5-+@2 BD�!'M"`,�$&>?+->?2]"@�!,/5�BD�C3�342% ('(2%3�AJ5@+-,:B?2
$&2 Mn(R)

K\"`�C,_5]BD�C3�342� ('#243�AJ5@+-,:B?2�$(2 Mn(C)
B?A!+

R ⊂ C
[ � , ‖ · ‖C

2;"|58 ('#2�'(�!+-3�2
0!21BD5@�C+@,:2?9:9/2=$(A!'#"

Cn K&�!' <M21 &5�$&>D^M'(,/+f"-A +@2;"|5-+@,�B~5-,/�C' ‖ · ‖R
�

Rn 76 (,L21"`5fAJ #"-"`,� ('#28'(�!+-3�2
0!21BD5@�C+@,:2?9:9/2]$#AJ'#"

Rn [	�j�C (+� ('#2%3�AQ5-+@,�BD2]+->?219/9:2 A ∈ Mn(R)
KE�!'t<E2? &58$&�!'MB]$&>D^M'(,/+=$&21 &R

'(�!+-3�21"{3�AQ5-+@,�BD,:2?9:9/2;"{"` ()E�!+I$&�C'('(>?2;" ‖A‖C
2D5 ‖A‖R

<#AJ+

‖A‖C = sup
x∈Cn,x6=0

‖Ax‖C
‖x‖C

2?5 ‖A‖R = sup
x∈Rn,x6=0

‖Ax‖R
‖x‖R

.

� <(+-,/�C+@,EBD2;" $&21 &R $&>D^#'#,_5-,/�C'#" <E2? #0!2?'65'.D5@+-2N$(,:"`5@,:'#B~5-21"1[ 3*+ �!B?2�AJ (R �H�C+@3  (9/2;"X2?RO<#9/,�BD,/5@2;" $&2
9 d � R&2?+IBD,�BD2 � � [/�C[/�CKM�C'S"-AJ,/5876 ad 2?9:9:21"=BD��� '#B?,:$(2?'65="@, ‖x‖C

21"`5= #'(24$(21"='(�C+@3�21" ‖x‖1
K ‖x‖2

K
�! ‖x‖∞

[ 0 21<M21'#$(AJ'65;K(<M�C (+f$Ld AJ &5-+@2;"c'(�C+@3�21"{0C21BD5@�!+-,:2?9:9/2;" �C'b<M21 &5NA 0!�C,/+ ‖A‖C > ‖A‖R
[

�jA!+NA!,/9:9/21 (+I"?K�$(AJ'M"f9�A <(+-2? (0C2%$&2 9:A��X+@�C<M�6"`,/5@,:�!'�� � [:�![��4�!'SA�)M2;"`�C,/'S$&2%9�AG$&>?^#'(,/5@,:�!' "@ (+
C
$&2*9:A '(�!+-3�2N"@ ()E�!+I$&�!'('#>?2�3 .1342="@,E9�A]3�AJ5@+-,:B?2N2;"|5{+@>12?9:9/2C[ 0 d 21"`5{<M�C (+-76 (�C,M�C'G &5-,/9:,�"`2

C$(AJ'#"{9�A�)�>?^#'(,/5@,:�!'�� � [/�C[/�=$&289�A4'(�!+-3�2="@ ()E�!+I$&�!'#'(>?2C[ •
�hg �jilknm1knoEi � C�������Q�� � � �

A
��� � ���
� % � � � �6�
�1� Mn(C)

"jv2� ����� �	����� %��:4%�0� � � � ��� %��:� �%�
A ����2�
���5�
� �

ρ(A) � � � ����� � � ��� �%�	� � �I�
�&� �	�*�%�	� � �-� � �&%��/� %��!� %��	� �6�
A
"

� 2�+-A PC�!' "@<M2;B~5@+IAJ9
ρ(A)

' d 2;"|5=<#A!"* ('#24'#�!+-342�"@ (+ Mn(C)
[ � 'S2�,E2?51KL�!'�<E2? &5]A 0!�C,/+

ρ(A) = 0
A 0!2;B

A 6= 0
Fn<(+-2?'#$&+-2!KM<#AJ+N2DR&2?3�<(9:2!KM ('(2 3�AJ5@+-,:B?285@+-,�AJ' �C (9:A!,/+-2]A 0!2;B8$&21" �?>1+@�6"

"` (+ 9:AS$&,�A �!�C'#AJ9:2;YD[ 0 21<M21'#$(AJ'65;Kl9:2G9:2?3�3�2hB?,���$&21"-"@�! #"83��C'C5-+@2h7C #2hBJd 21"`5  #'(2G'(�C+@3�2G"@ (+
9 d 2?'#"@2?3 )(9:2=$(21"c3�AQ5-+@,�BD2;"e'(�!+-3�AJ9:21"1[

� �O����� � C������
	 ���
U

�	� � ���5�'� �0� % � � �'��� � ��� � %��0<
U∗ = U−1 B � �
� � ‖UA‖2 = ‖AU‖2 =

‖A‖2
" � �:% � �
���� 5 � � � � � � �

A
�	� � ��� ��� �0� % � � � � �-% � �-� � <

A∗A = AA∗ B � �-� �:%�� ‖A‖2 =
ρ(A)

"

�hg ��oEil�1m?�Q�&m;knoEi � 0 �!3�3�2
U∗U = Id

K#�!'bA

‖UA‖22 = sup
x∈Cn,x6=0

‖UAx‖22
‖x‖22

= sup
x∈Cn,x6=0

〈U∗UAx,Ax〉
〈x, x〉 = ‖A‖22.

)%d AJ &5-+@2=<#A!+`5;K&9/2]BITMAJ' �C2?3�2?'65f$&2=0QAJ+-,:A!)(9/2
y = Ux

0!>1+@,/^#2 ‖x‖2 = ‖y‖2
K(2D5�$&�C'#B

‖AU‖22 = sup
x∈Cn,x6=0

‖AUx‖22
‖x‖22

= sup
y∈Cn,y 6=0

‖Ay‖22
‖U−1y‖22

= sup
y∈Cn,y 6=0

‖Ay‖22
‖y‖22

= ‖A‖22.

� ,
A
21"`5t'(�!+-3�AJ9:2!K{2?9:9/2�2;"|5 $&,�A �C�!'#A!9/,�"@A!)(9:2S$(A!'#"  ('(2�)#A!"@2��!+@5@T(�C'(�!+-3�>?2�$&2�0!21BD5@21 (+-"

<(+@�C<(+-21"e2D5f�C' $&>;$& (,/5�$&21"f+@>;"` (9/5-AJ5-"{<(+->1B?>1$&21'65-"{76 (2 ‖A‖2 = ‖ diag(λi)‖2 = ρ(A)
[

�

�N'tB?�!3�<#AJ+-2*3�A!,/'65-2?'#A!'C5c9�A4'(�!+-3�2=$ad  ('#283�AJ5@+-,:B?2
A
A 0!21B*"@�!' +-A PC�!'h"@<E21B~5-+-A!9

ρ(A)
[
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�M��� ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

F �QoM� oE�1knm1knoEi � C������ ��� � � � ‖ · ‖ ���5� �5�:% ��� � �� �:%��6�
���8� � � �&% Mn(C)
"ev2� �

ρ(A) ≤ ‖A‖.
� � � � � %�� 5 � � � � � � � � �
�&%�� �
��� � � �0� % � � �

A
���/� �
�&%�� �
��� %�� ���

ε > 0 �
� �2�!� � � ��� ��� � �5�:% ���

� �� �:%!�%�
���8� � ‖ · ‖ < 5 � � �"�9� ��� � �6�
A

���
ε
B�� �	����� 5 � �

‖A‖ ≤ ρ(A) + ε.
F`� � [ �CY

� g ��oEil�1m?�Q�&m;knoEi � � �!,/5
λ ∈ C

 ('#280 A!9/21 (+f<(+-�!<#+@28$&2
A
5@2?9:9:2%76 (2

ρ(A) = |λ| K#2?5 x0 6= 0 #' 0C21BD5@2? #+c<(+@�C<(+-2*AC"@"@�&BD,:>4F
Ax0 = λx0 Y~[E�N'tA

‖λx0‖ = ρ(A)‖x0‖ = ‖Ax0‖ ≤ ‖A‖‖x0‖,
$ad �.�x9Wd �C'x$&>;$& (,/5

ρ(A) ≤ ‖A‖ [ 0 �!3�3�2 9:2b0!2;B~5@21 (+�<(+-�!<(+-2 x0 <E2? &5 .?5@+-2 B?�!3�<(9:2DR&2!K ,:9
2;"|5�2;"@"@2?'65@,:2?9c$Ld  &5-,/9:,:"@2?+� #'(2b'(�!+-3�2h0C21B~5-�!+-,/219/9:2b"` (+

Cn 3�.13�2t<M�C (+� ('(2b3�AQ5@+-,�BD2b+@>12?9:9/2
F B~�|[ �c2?3�AJ+I76 (2b� � [/�C[ �OY~[ �c>;BD,:<(+@�&76 (213421'651Ka,:9 2?RO,�"`5@2� ('(2�3�AJ5@+-,:B?2

U
,:'O0!21+-"@,/)#9/245@219/9:2G76 (2

T = U−1AU
"`�C,_5�5@+-,�AJ' �C (9:A!,/+-2h"@ (<E>?+-,/21 (+-2![p�j�! (+�5-�! &5

δ > 0
�!' $&>?^#'(,/5� #'(2t3�AQ5@+-,�BD2

$(,:A �!�!'MAJ9:2
Dδ = diag(1, δ, δ2, · · · , δn−1)

$&2=5@219/9:28"`�C+`5-287C #2*9�A�3�AQ5-+@,�BD2
Tδ
$(>D^#'(,:28<#A!+

Tδ = (UDδ)
−1A(UDδ) = D−1

δ TDδ

0C>?+-,_^M2

Tδ =













t11 δt12 · · · δn−1t1n

0

[ [ [ [[[
[[[ [ [ [ [ [ [

δtn−1n

0 · · · 0 tnn













A 0C21B
T =













t11 t12 · · · t1n

0

[ [ [ [[[
[[[ [ [ [ [ [ [ [[[
0 · · · 0 tnn
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4X5-AJ'65f$&�C'('(>
ε > 0

KO�!' <M21 &5�BIT(�C,:"@,/+
δ
"@ $� "-AJ3�3�2?'65c<M2?5@,/5f<M�C (+c7C #2*9:21"{>19/>13�2?'65-"{2?R65-+-AI�

$(,:A �!�!'MAJ &R=$&2
Tδ
"@�!,:2?'65a5@+-.1" <M2?5@,/5-"\AJ #"-"@, K1<#AJ+l2DR&2?3�<(9:2X<E�! (+\7C #2!K;<M�C (+a5-�! &5

1 ≤ i ≤ n−1
K

n
∑

j=i+1

δj−i|tij | ≤ ε.

� 9/�C+-"=9Wd AJ<(<(9:,�B?AQ5-,/�C'
B → ‖(UDδ)

−1B(UDδ)‖∞
21"`5] ('(2 '(�C+@3�2�"@ ()M�C+-$(�!'('(>12tFn76 (, $(>N�

<E2?'M$ $(2
A
2D5
ε
Y 76 (, 0!>?+-,/^#2N)#,/21'�F`� � [ �CY~[

�

� �O����� � C������:p � � � �
A
��� �'���
� % � � � �%� Mn(C)

" � �$� 5 � �0� %�� � �0�8� � � � �
�� � � � �
�
�����	� � �
���
� 5 � � � �-� � � � �$�

=%"
limi→+∞ Ai = 0 �

� "
limi→+∞ Aix = 0

�#�0�&% ���0��� �
� � � ���&%
x ∈ Cn �

� "
ρ(A) < 1 �

 " � � �!� � � � � �0� � � � �1� ��� � � �-% � � � �0� % � � � ����� �L� �� �-%��%�0� � � � ������� � 5 � � ‖A‖ < 1
"
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� �#� �

�hg ��oEil�1m?�Q�&m;knoEi � 1t�!'65@+-�!'M"e5@�! (5c$ad A!)M�C+-$ 76 (2 F|� Ye,/3�<(9:,:76 (2�F �!Y~[ � d ,/'(>��CA!9/,/5@>

‖Aix‖ ≤ ‖Ai‖‖x‖
34�C'65@+-2e76 (2

limi→+∞ Aix = 0
[ � '#"` #,_5-2!K(F��CYl,/3�<(9:,:76 (2=F � Y\B?AJ+;K "`,

ρ(A) ≥ 1
KQAJ9:�!+I"l,/9O2DR&,�"|5-2

λ
2D5
x 6= 0

5@219:"f76 (2
Ax = λx

2?5 |λ| = ρ(A)
K#2D51KM<#AJ+fB?�!'#"@>176 (21'651K&9�A4"@ (,/5@2

Aix = λix
'(2

<M21 &5f<#A!"{B?�!'O0!21+ �C2?+ 0C2?+I"��#[ 0 �!3�3�2Y�1F � Y ,/3�<(9:,:76 (2�F)�6Y[�*21"`5{ #'(28BD�!'M"`>;7C #2?'#B?2N,:3�34>;$&,�AQ5@2
$&2�9�AZ�X+-�!<E�C"@,_5-,/�C'b� � [:�![��OK!,/9E'(2f+-21"`5@2f<#9/ #"e76 ad �83��!'65@+-2?+ 76 (2 F��6YX,/3�<(9:,�7C #2 F|� Y~['�j�! (+ B?2?9�A(K
�!'bBD�!'M"`,�$&.?+-2=9:A4'(�C+@3�2=3�AQ5-+@,�BD,:2?9:9/28"@ ()E�!+I$&�!'('#>?2N5@2?9:9:2]7C #2 ‖A‖ < 1

K&2D5f�C' A

‖Ai‖ ≤ ‖A‖i → 0
9/�C+-"-76 (2

i→ +∞,
BD2876 (,a3��!'65@+-2876 (2

Ai 5-2?'#$ 0!21+-"��#[
�

�����!����� � )�+/-/'*%('*),+3+ ��67��+�%:� % 8 %� 43'��!' %��
� 0QAJ'65]$&2�$&>1B?+@,:+-2%9:21"=AJ9 �!�C+@,/5@T(3�2;"N$&2�+->1"@�!9: &5@,:�!'�$&2�"`P&"`5@.?3�2;"N9:,:'(>1A!,/+-21"1K�,/9j'(�C #"*�nAJ &5

>?0!�&76 (21+ 9:21"e<(+-�!)(9:.?3�2;"e$(2N<(+->1B?,:"@,:�!' 2?5c$(2="`5-A!)(,:9/,/5@>=$& #"cA! &R 2?+-+@21 (+I" $Ld AJ+-+@�C'#$&,W[ � 'h2�,E2?51K
$(AJ'#"* ('��!+I$&,:'#AQ5-2? (+*,:9 'ad PSAG<#AC"=$&2�B?AJ9�BD #9:"*2DR(ACB~5-"1K�2D589�AG<(+->1B?,:"@,:�!' 2;"|5=9:,/3�,/5@>?2��bB?A! #"@2
$& �'(�C3%)(+-2S$(2S)(,/5-"b (5@,:9/,�"`>;" <M�C (+h+-2?<#+@>;"`21'C5-2?+ 9/2;"G'#�!3%)#+@2;"G+->?219:" 0f$Ld T#AJ)(,/5@ M$&2 � ���C 
�I� )(,/5-"bF BD2b7C #, �nA!,_5��t<E2? 	<#+@.;" $ �! �%� BIT(, ,E+-21"4"`, �!'#,_^MB1AQ5-,_�n"IY~[���9e�nAJ &5�$&�!'MB��nAJ,:+-2�5@+-.1"
AQ5`5-2?'65@,:�!' A! &R ,:'(>106,/5-A!)(9:21"X21+@+-2? #+-" $Ld AJ+-+-�!'#$&,#2D5 �89:2? #+X<(+-�!<#A �CAQ5-,/�C'4A! BD�C (+-" $Ld  #' B?AJ9�BD #9 [
� 21"e3�>D5-T(�&$&21"e'O (3�>?+-,�7C #21"e$&2N+->1"@�!9: &5-,/�C'G$&28"`P&"`5@.1342;" 9:,:'(>1A!,/+-21"e76 (,�'ad A!3�<(9/,/^#21'C5c<#AC" B?21"
2?+-+@21 (+-"*"@�!'65=$(,_5-21"8"`5-AJ)#9/2;"?[ �X'�<(+IAQ5@,�76 (2!K��C'S &5-,/9:,�"`21+-A $&�!'MB $&2;"=AJ9 �!�!+-,/5@T(3�21"=76 (, "@�!'65=�
9:A �H�!,�" �����C�(�!�O���6m��?m;�$��� �O� [ 0 2D5@5@2bAJ3�<(9:,_^EB?AQ5-,/�C'x$&2;"42?+-+@21 (+-" $&>?<E2?'M$x$&2b9�A 3�AJ5@+-,:B?2
BD�!'M"`,�$&>?+->?2C[.�j�C (+c7C MAJ'65@,/^#2?+{BD2=<(T#>?'(�C34.1'(2!KO�C'G,:'C5-+@�&$& #,_5c9�A%'(�!5@,:�!' $&2*B?�!'#$(,_5-,/�C'('(2?3�21'C5
$Ld  #'(283�AQ5@+-,�BD2![

�hg �jilknm1knoEi � C������:z � � � � ��� � � �-% � �����
� % � � � ����� ��� �� �-%��%�0� �8� � 5 � �0�(� �
� � �0��� ‖A‖ < �
� � %
� � 0� 2�� � � � �
�K= � "�=%"�=�B%"�v2� �!�"�#����� ��� �
� � � � � �
��� � � � � �M�.� ���5� ���
� % � � �

A ∈ Mn(C) � % �	� �0� � 

u�� ���7� � � �-% � � � � ��� �-� � �&%*��� 2�� � �M� �:%

cond(A) = ‖A‖.‖A−1‖.
0 2?5`5-2%'(�!5@,:�!' $&24BD�!'M$&,_5-,/�C'('(213421'65�0QA�<M21+@3�2?5`5@+-2 $(2]3�21"@ (+@21+�9Wd A!3�<(9/,/^MB1AQ5@,:�!' $(21"f21+��

+@21 (+-"{$&2;"f$&�C'('(>?2;"8Fn"@21B?�!'#$h3�2?3%)#+@2=�! 3�AQ5-+@,�BD2 Y{AJ +@>;"` (9/5-AJ51[

F � oM� oE�1knm1k oMi � C��������&��� � � �
A
���5� ���
� % � � � � ��
��%�� � ��� ��" � � � �

b 6= 0
���6� � � ��� �&% � �0��� �&��"

=6" � � � �
x
���
x+ δx

� �	� ���-� ��� � �
�1� %��	� �#� � � � �
�	� �6�$� �$4 � � � ���$�

Ax = b � ��� A(x + δx) = b+ δb.

O � �-%�� �0� �
‖δx‖
‖x‖ ≤ cond(A)

‖δb‖
‖b‖ .

F`� � [ � Y
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�M�H� ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

� " � � � �
x
���
x+ δx

� �	�3� �-� ��� � �0�1� %��	� �#� � � � �
�$�*�6�$� �$4 � � � � �	�

Ax = b � � � (A+ δA)(x + δx) = b.

O � �:%�� �0� �
‖δx‖
‖x+ δx‖ ≤ cond(A)

‖δA‖
‖A‖ .

F`� � [ �6Y
��7� � � � � � �$�

� �8�9++�:� � �;�	� ���0� � �!�5� � ���:� �	� "

� �O���&���L�l� �&C � ��� ��� �N't$&,:+-A�76 ad  ('(2]3�AJ5@+-,:B?2821"`5�)(,:2?' BD�C'#$&,/5@,:�!'('#>?2]"@, "`�C' BD�C'#$&,/5@,:�!'1�
'#2?3�2?'65%2;"|5%<#+@�&BIT(2G$(2 � Fn"-Ab0QAJ9:2? (+ 3�,/'(,:3�AJ9:2;Y=2?5476 ad 2?9:9/2G21"`5%3�AJ9 B?�!'#$(,_5-,/�C'('(>?2 "@, "@�!'
B?�!'#$(,_5-,/�C'('(2?3�21'C5=21"`5 �!+IAJ'#$a[ � B?A! #"@24$&2;"=+@>;"` #9_5IAQ5-"*$&2�9�A��X+-�!<E�C"@,/5@,:�!'	� � [:�![:� �#K#2?'�<(+IA��
5-,:76 (24,:9l�nA! #$&+IA��nA!,/+-2 AJ5`5@21'65@,:�!'SA! &Rt2?+-+@21 (+I"�$Ld AJ+-+@�C'#$&,\"`,j�!' +@>;"`�C &5N ('�"`P&"`5@.134249:,/'(>;AJ,:+@2
<E�! #+c ('(283�AQ5-+@,�BD2=3�AJ9aB?�!'#$&,/5@,:�!'#'(>?2C[ •
� g ��oEil�1m?�Q�&m;knoEi � �j�C (+G3��!'65-+@21+G9:2 <(+-2?3�,:2?+G+->1"@ (9/5-AJ51Ke�!' +-2?3�AJ+I76 (2 76 (2

Aδx = δb
K

2?5 $&�C'#B ‖δx‖ ≤ ‖A−1‖.‖δb‖ [e�N+;K �!' AxAJ #"-"@, ‖b‖ ≤ ‖A‖‖x‖ KeBD2 76 (,=$&�C'('(2xF`� � [ � Y~[0 2?5`5-2G,:'(> �6AJ9:,_5-> 21"`5 �C<&5@,:3�AJ9:2hAJ �"@2?'M"%"@ (,/0QA!'C5 0l<E�! #+]5@�C &5@2h3�AQ5@+-,�BD2
A
K\,:9e2DR&,:"`5@2

δb
2D5

x
F 7C #,j$(>?<E2?'#$&21'658$(2

A
Yf5-2?9�"=7C #2 F`� � [ � Y�21"`5=2?' �nA!,_58 ('#2 >��CAJ9:,/5@>![ �X'�2-,�2D5;KL$Ld A!<(+-.1"* ('(2

<#+@�C<(+@,:>D5->8$&21"c'#�!+-342;"{3�AQ5@+-,�BD,:2?9:9/2;"f"` #)M�C+-$&�C'('(>121"=FH0C�!,:+f9/2 � 2?3�3�2�� � [/�C[ �CY ,:9a2?RO,�"`5@2
x
5-2?9

76 (2 ‖b‖ = ‖A‖‖x‖ 2D5f,:9a2?RO,�"`5@2 δb 5-2?9 76 (2 ‖δx‖ = ‖A−1‖‖δb‖ [�j�! #+ �!)&5-2?'(,:+ F|� � [ �6Y �!' +-2?3�AJ+I76 (2b7C #2
Aδx + δA(x + δx) = 0

K 2D5G$&�C'#B ‖δx‖ ≤
‖A−1‖‖δA‖‖x + δx‖ K B?2 7C #,X,/3�<(9:,�7C #2 F|� � [ �6Y~[c�j�C (+]2?'�$&>13��!'65@+-2?+89Wd �C<&5@,:3�AJ9:,_5->!Ka�C'�0 A3��C'C5-+@21+X76 (2f<E�! (+ 5-�! &5-2c3�AQ5@+-,�BD2

A
,:9#2?RO,�"`5@2c ('(2�<M21+`5- (+@)MAQ5@,:�!'

δA
2?5  ('�"`2;BD�C'#$434213%)(+-2

b
<E�! #+ 9:21"-7C #2?9�"X,:9MP�A8> �6AJ9:,_5->![ 3*+ �CBD2fAJ � 2?3�3�2%� � [:�![ �*,/9M2DR&,:"`5@2

y 6= 0
5-2?9�76 (2 ‖A−1y‖ =

‖A−1‖‖y‖ [ � �C,_5 ε  (' "@B1AJ9�AJ,:+@2N'(�!'h'6 #9 [#�N'G<E�C"@2 δA = εId
2D5
b = (A+ δA)y

[M�N'h0!>1+@,/^#2
A!9/�C+-"{76 (2

y = y + δx
2?5
δx = −εA−1y

K(2D5�B?�!3�3�2 ‖δA‖ = |ε| �!'b�!)(5@,:2?'65f9 d > �6AJ9:,_5->8$(AJ'#"F`� � [ �OY~[
�

� 21"fB?�!'#$&,/5@,:�!'#'(2?3�2?'65I"{9/2;"{<(9/ M"c &5@,:9:,:"@>1"{21' <#+-AJ5@,�7C #2="@�!'65

condp(A) = ‖A‖p‖A−1‖p
<E�! #+

p = 1, 2,+∞,
�.��9:21"h'(�!+-3�21" ‖A‖p "`�C'65h2DR&<(9:,�BD,/5@2?3�21'C5t$&>?^#'(,:21"b$(AJ'M"h9:2 � 2?3�3�2y� � [:�![:�![c�N'�0C>?+-,_^#2
�nACBD,:9/213�2?'65c ('tBD2?+@5-A!,/' '(�C3%)(+-28$&28<(+-�!<(+-,/>?5@>;"e$( bB?�!'#$(,_5-,/�C'('(2?3�21'C5;[


 �a�6�Q�!kn�C� �&C � �������L_8 �+� ���g*+�����	8 26�
A ∈Mn(C)

>�� K&�	8 ^_�&� �E���
<�>

cond(A) = cond(A−1) ≥ 1 , cond(αA) = cond(A) ∀α 6= 0 ,
�E>+$&�� � � ���G*+������8 24�1�����&" 24��3�����

, cond2(A) = µn(A)
µ1(A) ,

"!
µ1(A), µn(A)

!d����;���/!6$&�/26�H8 	
]���*��&���;" �N$ "Q��!;$&�6�H8 �9�I�4��" �S$�"Q��! j��7� �����;]�� " �����a!R8���j�� " 8 )&�'�;���

A ,YE>+$&�� � � ���g*+�����	8 26�g��L� *+� " �
, cond2(A) = |λn(A)|

|λ1(A)| ,
"!
|λ1(A)|, |λn(A)|

!dE�/�����/!6$&�/26�H8 	
]���*��&���;" �N$ "Q��!;$&�6�H8 �9�I�4��" �S$�"Q��! j��7� �����;]�� " ����� $&��E$&�'�;���N*�_��� " �I���

A ,@Z>+$&�� � �9����9�g*+�����	8 26�g����8 �d��8��'�
U , cond2(U) = 1 ,
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� �#� �

eE>;$&E��� �9E�/�9�g*+�����	8 26�g� �&8 �d��8��'�
U , cond2(AU) = cond2(UA) = cond2(A)

>


 �a�6�Q�!k �!� �&C � ����C ������������a�E���b" �I26E���_8 �H8 �� ���&*����/�`���b" �N*;������8 24�1���b�	8 jL8 �_8 �9K
Kh ,

���� ��K/�
$���� : ?Z>�<���A�$&�� � " �N*+K6��J�L���I���/! K&" K&*+�&���9!`^ ��8 !

P1

� $ $ " 8 ����K4�I� ���&� $ " �32�8 �&�
,
�4!d�

cond2(Kh) ≈ 4

π2h2
.

F`� � [ �CY

�+�G*�E�/���'�&�7�F�E���g" �/! ]�� " �����'!;$&��E$&�'�4!D���
Kh

!dE�/�

λk = 4h−2 sin2

(

kπ

2(n+ 1)

)

1 ≤ k ≤ n,
$&�� �a���/! ]���2��9�&� �'!+$���E$&���/!

uk
��E����K4!;$3�&�C" �����'!B26E*1$&�!H� �/�9�/!

uk
j = sin

(

jkπ

n+ 1

)

1 ≤ j, k ≤ n.

� �O���&���L�\��� C��������1��� d 2;"|5-,/3�AQ5-,/�C'�F|� � [ �CY*$& �BD�C'#$&,/5@,:�!'('(213�2?'65%$&2 9�Ab3�AQ5@+-,�BD2 $&2�+-, �C,��
$&,_5-> Kh

"`213%)(9:2X5-+@.;" <E21"-"`,:3�,:"`5@2CK10C�!,:+@2 B?AQ5IA!"`5@+-�!<(T#,:76 (2C[ �X'%2�,E2?51K 9�Af3�>D5-T(�&$&2 $&2;" >19/>13�2?'65-"
^#'(,�"�BD�C'O0!2?+ �!2="@,

h = 1/(n+ 1)
5@2?'M$b0!2?+I"2�?>1+@�M[ �  &5-+@213�2?'65N$&,/51KE$&21"c+->1"@ (9/5-AJ5-"c<(+->1B?,:"f'(2

<M21 (0!21'C5�.?5@+-2N�C)&5@21'6 M"e76 (28"@,L9:A 3�AQ5-+@,�BD2*21"`5{5@+-.1" �!+IAJ'M$&2�2?5e5-+@.;"e3�A!9aBD�C'#$&,/5@,:�!'('(>12![51 A!,:"
$(AJ'#"�BD2]B?AC"?K#9/2;"c,/'#>?0O,_5IAJ)(9:21"f2?+-+@21 (+-"c$ad A!+@+-�!'#$(,a"` (+�9/2%"@21B?�!'#$h3�2?3 )(+@28�C t"` (+�9:A�3�AJ5@+-,:B?2
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kk

DFE�8HG9<3E�<�<Q@�L�i ¢ 8
ak

kk 6= 0
X

K�L;E�VWD_8;L�DF@��JG_S�:ZIVW:=<1SQVW:
P k = Id

i ¢ 8;<3E�<�X"D=M 8;L�:#y�8;DRGW:
ak

ik 6= 0
K
��:=B

i ≥ k + 1
X'E�<�I&:TVW[�@�GW:\L~K

k
� �=[�:�L~8;m�<3:�K
��:=B�L~K

i
� �=[�:�:T<�I�VW:T<1K�<AG

P k = (e1, ..., ek−1, ei, ek+1, ..., ei−1, ek, ei+1, ..., en)
sNDF8

GWE�@3D%L;:=D¤z=L;z=[�:=<AGWD%S�:]L~K
k
� �=[�:xB=E�L;E�<�<3:oDFE�@3D9L5K\S85K�m�E�<1K�L;:�X

ak
ik

K
��:=B
i ≥ k

XQDFE�<QG9<Q@3L;D=XQK�L;E�VWDt8~L3<�M �



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� �#���

K¡VW8~:T<����NK�8HVW:�� w#i1��@38;DxE�<l[Z@3LHGW8;I3L;8;:
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ãk
k,j

I&E�@V
k + 1 ≤ i, j ≤ n

ip��K�[CK�GFVW8;B=:
Ak+1 K�S�E�<�B�O38;:=<0L~Kl�dE�VW[�:

Sz=DF8HVWz=:�K
��:=B�DF:=D
k
I�VW:=[�8;�TVW:TD�B=E�L;E�<3<3:TD\K
�AK�<AG_@3<�8~>Q@�:=[�:=<AGoS�:=D��=zTVWE�D_DFE�@3D_L~KlS8~K�m�E�<1K�L~:�i O]I�VW�=D

(n − 1)
zTG}K�I&:=D=X�L~K�[CKvGFVW8;B=:

An :=DRGJGFVW8~K�<�m�@3L~K�8;VW:lDF@3I&zTVW8;:=@VW:U:TGZ��zTVW8H§1:
An = MA

K
��:=B
M =

En−1P n−1...E1P 1 i3�cKZ[CKvGFVW8;B=: M
:TDRGo8;<Q��:TVWDF8;O�L~:_B=K�V

detP i = ±1
:TG

detEi = 1
i

�k<�I&:=@G_[�:TGFGFVW:��¡P E�@�V\L;:JDF:TB=E�<3S�[�:=[�O�VW:CsNB�M :=DRGF������S8;VW:ZB
K�L;B=@�L~:#V
Mb

w�K�@��u@V\:TG\�U[�:TDF@�VW:
>A@�:¤LNM E�<�B
K�L;B=@�L;:]L;:=D�[CK�GFVW8;B=:TD

P k :TG Ek iQ�k<�B=E�<�DRGFVW@38HG�@3<�:tDF@38HGW:xS�:tDF:=BTE�<1SD�[�:=[ZOVW:=D (bk)1≤k≤nSzT§1<�8;DtI1K�V
b1 = b, bk+1 = EkP kbk I&E�@�V 1 ≤ k ≤ n− 1,

:#G9E�<CK�O38;:=<
bn = Mb

iA�YE�@V%VWzTDFE�@1SQVW:xL~:]DR�DRGW�=[�:tL;8;<3z
K�8;VW:
Ax = b

8~L3<3:tVW:=DRGW:xI3L;@3D%>A@�M �oVWz=DFE�@1SQVW:
L;:_DR�DRGW�=[�:

Anx = Mb
E��

An = T
:=DRG]@�<3:�[CKvGFVW8~BT:kGFVW8~K�<3m�@3L~K�8HVW:\DF@3I&z#VW8~:T@�VW:�i

�

(�)�*�+�,�-�.�)0/��"2N/12N/�� ¥ <�DF8;DRGWE�<3D_DF@V\>A@3:=L~>A@3:TD_K�DFI&:=B#GWD_I�V}K�GW8~>A@3:TD\S�:ZL~K�[�zTGWn3EQS:ZS"M zTL~8;[�8;<1KvGW8;E�<
S: B�K�@�DFD=i

��i¡�k<l<�:�B
K�L;B=@�L;:xPRK�[CK�8~D
M

�1�k<l<'M K�I1K�DxO&:=DFE�8;<�S�:�[�@3LHGW8;I3L;8;:TVxL;:=Do[CKvGFVW8;B=:=D
Ek :TG P k I&E�@�V

B
K�L;B=@�L;:TV
Mb

:#G
An i

£Ai ¢ 8
A
<'M :TDRGtI1K�D¤8;<��:TVWDF8;O3L;:�XQE�<���K_GFVWE�@3��:#V¤@3<CB=EA:#��B=8;:=<AGxS�8~K�m�E�<3K�L'S�:

An = T
<Q@3L1:TG9E�<�<3:

��K¡I1K�D]I&E�@3��E�8HVtVWz=DFE�@3SVW:
Tx = Mb

i1�pKvV]B=E�<AGFVW:�LNM z=L;8;[�8~<3K�GW8;E�<�:TDRG]GWE�@�P E�@�VWDxI&E�DFDF8~O�L;:�i
�Qi O�LNM zTG}K�I&:

k
X�E�<�<�:][�EQS8H§1:x>A@3:tL~K�I1KvVFGW8;:kS:=D�L~8;m�<3:=D

k+1
�

n
B=E�[�IVW8;DF:]:T<QGFVW:tL;:=D%B=E�L;E�<3<3:TD

k + 1
�

n
i

�i��9E�[�[�:oDFE�@3DR� IVWEQS�@38HGoS�:kL�M z=L;8;[�8;<1KvGW8~E�<�S�: B�K�@3DFD=X3E�<�I&:=@GxB
K�L;B=@�L;:TV]L~:\SzTGW:TVW[�8;<1K�<AG]S�:�L~K
[CK�GFVW8;B=:

A
i���<�:+]":TG
X3E�<�K

detA = ±detT
DF:=L;E�<�L;:_<3E�[ZOVW:�S�:kI&:TVW[Z@G}K�GW8;E�<�Dt::]":=BTGW@�z=:=D=i



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

�M� $ ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

�Ai_�YE�@�V]E�OGW:=<38HV]@3<�:�[�:=8;L;L~:T@�V]DRG}K�O�8~L;8HGWz_<Q@3[�zTVW8~>A@3:kS3K�<3DxL;:=DxB
K�L;B=@�L~D]DF@�VxE�V}S�8;<1KvGW:=@�VWD]E�<UI&:=@
B}n3E�8~DF8HV�K�DRGW@�B=8;:=@3DF:T[�:=<AG_L;:ZI38;��E�G

ãk
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k
� .?3�2�BD�!9:�!'#'(2 21' 2-,�21BD5@ #A!'658$(21"
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k
� .?3�2f9:, �C'(2NA 0C21BcBIT#ACBD ('(2N$&21" 9/, �!'(2;" $&2

k+1
�
n
[ 0 �!3�3�2

� 9Wd >?5-AJ<E2
k
9:21"

k
<(+-2?3�,/.1+@2;"]9:, �C'(21"42?549:21"

k − 1
<(+@213�,/.1+@2;" B?�!9:�!'('(2;" $(2G9�A 3�AQ5-+@,�BD2h'(2

"`�C'C5 <(9/ M" 3��&$&,/^#>?2;"?KC�!' <E2? &5{"|5-�&B�,!2?+ $(AJ'#"  (' 3 .?3�2�5-AJ)#9/2;AJ aKOBD�C'C5-2?'#A!'65X,/'(,/5@,�AJ9:2?3�21'C5e9:A
3�AJ5@+-,:B?2

A
K69:21" 3�AQ5-+@,�BD2;"

Ak 2D5 Lk = (E1)−1...(Ek−1)−1 FH�C' '(2="|5-�&B�,!2�76 (2*9/2;" >19/>13�2?'65-"
'(�!'�5-+@,:0O,:A! &R�$&2

Lk �]9�A8<(9�A!B?2N$&2;" �1>?+-�C"X$&2 Ak "`�C #"X9�A%$&,�A �C�!'#A!9/2f$(2*"@21" k− 1
<(+-2?3�,:.?+-21"
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L
2D5
U
F
L
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+@,:2? (+-2�Fn"-AJ'#"{9�A�$&,�A �!�C'#AJ9:2=$&2��;Ye2D5
U
$(A!'#"c"@A4<#A!+`5-,/28"@ (<E>?+-,/21 (+@2 Y~[

� =%A)8
k = 1, n− 1 ←− � (#4%* < k� =%A�8

i = k + 1, n ←− � 9��+: < i
aik = aik

akk
←− :#=%A	�#< �
� < ;%= � =%:): < @�<��

� =%A�8
j = k + 1, n

aij = aij − aikakj ←− ;%= 3�59�: 4�9+B0=%: @�<#B � 9��+: < B i <6(
k� 9�: @�< � 4� =%A5; � < <%:

j� 9�: @�< � 4� =0A5; � < <%:
i� 9�: @�< � 4� =%A ; � < <%:

k

� oE���\m1�x���:o#� g �Q�&m;knoEil� � �j�C (+%3�21"@ (+-2?+ 9 d 2 � B?ACBD,/5@>G$(2G9Wd A!9 �C�!+-,_5-T(3�2G$&2 9�A $&>;BD�C34<E�I�
"`,/5@,:�!' � � �C' BD�C34<(5@2%9:24'(�!3 )(+@2 $Ld �C<M>1+-AJ5@,:�!'#"�'(>1B?21"-"@A!,/+-21"��G"@�!' ACB?BD�C3�<(9/,�"-"`213421'65 Fn76 (,
"`21+-AS<(+-�!<E�!+@5@,:�!'('(219c��"@�!'	5@2134<M" $Ld 2DR&>1B? &5@,:�!' "` #+� ('x�C+-$(,/'#AJ5@21 (+IYD[ �N'x'(2 B1AJ9�BD (9:2 <#A!"
2DR(A!BD5@2?3�21'C5cBD2='(�C3%)(+-2N$ad �C<M>1+-AJ5@,:�!'#"1KO2D5c�!' "`2=BD�C'C5-2?'65@28$& <(+-2?3�,:2?+ 5@2?+-3�28$&28"`�C'h$&>10!2N�
9/�C<(<M213�2?'65*AC"`PO3�<&5@�!5@,�76 (2]9:�!+I"@76 (289�A $&,:3�2?'#"@,/�C'

n
21"`5	�!+IAJ'M$&2![ )N2%<#9/ #"1KE<M�C (+N"@,/3�<(9:,/^#2?+

�!' '(2=BD�C3�<&5@2*7C #2N9:21" 3% (9/5@,:<(9:,:B1AQ5-,/�C'#" 2?5{$(,/0O,�"`,:�!'#"*FH2?5e<MA!" 9/2;" AC$($&,/5@,:�!'#"e$&�!'65e9/2*'(�!3 )(+-2
21"`5f2?' �!>?'#>?+IAJ9L$& b3 .?3�28�!+I$&+-2*$&2 �C+-A!'#$&21 (+IYD[

	 4X9:,/3�,:'#AQ5-,/�C't�! b$&>1B?�!3�<E�C"@,_5-,/�C' � � 0&9/28'(�C3%)(+-28$Ld �!<E>?+IAQ5@,:�!'M"
Nop

2;"|5

Nop =

n−1
∑

j=1

n
∑

i=j+1

(1 +

n
∑

k=j+1

1),

76 (,WK#AJ <(+-2?3�,/21+c�!+I$&+-2!K($&�C'('(2
Nop ≈ n3/3

[
	 �  ()M"|5-,_5- &5@,:�!' FH�C �+-2?3��!'65->?2N��$&2;"@B?2?'65@2�"` (+ 9:21"t$&21 &R�"`P&"`5@.1342;"h5@+-,:A!' �! (9�AJ,:+-21"IY 0c9/2
'(�C3%)(+-28$Ld �C<M>1+-AJ5@,:�!'#"

Nop
2;"|5�$(�!'('(>=<#A!+c9:A �H�C+@3  (9/2

Nop = 2
n
∑

j=1

j,

76 (,WK#AJ <(+-2?3�,/21+c�!+I$&+-2!K($&�C'('(2
Nop ≈ n2 [�  �5@�!5-A!9#9�A8+@>;"`�C9/ (5@,:�!'�$Ld  #'G"`P&"`5@.1342�9/,:'(>1A!,/+-2

Ax = b
<#AJ+ 9:A83�>?5@T(�&$&2�$(2f9:A8�nA!B~5-�!+-,:"-AQ5-,/�C'

� � $(2?3�AJ'#$(2
Nop ≈ n3/3

�!<E>?+IAQ5-,/�C'#"]B1AJ+
n2 21"`5%'(>��!9:, �C21A!)(9/2h$&2?0QAJ'65 n3 76 #AJ'#$ n 2;"|5
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� �O���&���L�l� �&C � ��� �Op �N'� &5@,:9:,:"@2NA! #"@"@,(9�A83�>D5-T(�&$&2�$&2f9�A=�nACB~5@�C+@,�"-AQ5@,:�!' � � <M�C (+ B1AJ9�BD (9:2?+
9:2S$(>D5@21+@3�,:'#AJ'65 2D5b9 d ,/'O0C2?+I"`2 $Ld  ('(2�3�AQ5-+@,�BD2C[X�j�! #+G�!)(5@2?'#,/+

A−1 K{�!'�$(>1BD�C3�<M�6"`2 A 2?'
�nACB~5-2? (+I" � ��2?5 �!'=+->1"@�! &5

n
"@PO"`5@.13�21"�9:,/'(>;AJ,:+@2;"aA 0!2;BjBD�!3�3�2X"@21BD�C'#$("�3�2?3 )(+-21"L9:21"L0C21BD5@2? #+-"

$(28)#A!"@2
(ei)1≤i≤n

F��4"` #)#"|5-,_5- &5@,:�!'M"f<#A!+c+@>;"`�C9/ &5-,/�C'aK&3�AJ,�"{9/2;"c0!2;B~5-2? (+I"c$&28)#AC"`2
ei
�!'65�$&2

'#�!3%)#+@21 #"`2;" B?�!3�<E�C"-AJ'65@2;" 'O (9:9:21"1K(BD2=7C #,L+@21'#$G3��C,/'#"cBIT#.?+-2N9Wd >?5-A!<M28$&28$&2;"@B?2?'65@2=A 0!2;B
L
Y~[

� 2='(�!3 )(+@28$Ld �!<E>?+IAQ5-,/�C'#"e<M�C (+�B1AJ9�BD (9:2?+
A−1 21"`5

Nop ≈
n3

3
+

n
∑

j=1

j2

2
+ n(

n2

2
) ≈ n3.

�j�C (+ B?A!9:B? (9/21+�9/2t$&>?5@21+@3�,:'#AJ'65G$&2
A
K �!'�$&>1B?�!3�<E�C"@2

A
21'	�nACB~5@21 (+I" � � 2D5 �C'yB1AJ9�BD (9:2

9:2t$&>D5-2?+-3�,/'#A!'65�$&2
U
FnBD219/ #,f$&2

L
0QAJ &5t� Y~KXBD2b76 (,c'(2b'(>;BD21"-"@,_5-2 76 (2t$&2 3% (9/5@,:<(9:,/21+�9/2;"

>19/>13�2?'65-"*$&,�A �!�C'#AJ (Rb$&2
U
2?'65-+@2 2? &R�F

n − 1
3% (9/5@,:<(9:,:B1AQ5@,:�!'M"-YD[ � 2%'(�C3%)(+-2%$Ld �!<E>?+IAQ5-,/�C'#"

<E�! #+fB?AJ9�BD #9/21+
detA

2;"|5f$&�C'#B
Nop ≈ n3/3

[ •
��g m � o �l�b�\� � � o �n�O��� '
0 d 21"`5c ('(283�>D5-T(�&$&287C #,L'(28"?d AJ<(<#9/,�76 (2*76 ad AJ (RG3�AQ5@+-,�BD21"{"@PO34>?5@+-,:76 (2;"e+@>12?9:9/2;"?K&$&>?^#'(,:21"

<E�C"@,/5@,:0!21"1[ �X9/9:2�BD�C'#"`,�"`5@2 �G�nA!BD5@�C+@,�"`21+N #'(2 3�AJ5@+-,:B?2
A
"`�C #"N9:AG�H�!+-3�2

A = BB∗ ��� B 2;"|5
 #'(283�AQ5@+-,�BD2*5@+-,:A!' �! #9:A!,/+-2�,:'&�H>?+-,:2? (+-2�FH2D5

B∗ "@�!'bA!$ }|�C,/'65-2*�C G5-+-A!'#"@<M�6"`>12;Y~[

F �QoM� oE�1knm1knoEi � C��������&z�� � � �
A
���5� ���
� % � � �J�$4
����� % �,5 � �J%�� ����� � � ��� 2�� � � � � � � � � � ��" � � �!� � � � �

���5�'��� �,5 � �'� �0� % � � � %!� ����� �
B

� % � �
� +0�&� � � %�� � �I
	�	% � � �&%�� � � ����� �
5 � � ���0� �J� �$� �	��� �������,�3� � ��++�:'

�5�
����� � � � � � �#�:� � � � 
!� � � �
5 � � � ��% � 2 �

A = BB∗.
� g ��oEil�1m?�Q�&m;knoEi � � AJ+jAJ<(<#9/,�B?AJ5@,:�!'%$&2e9�A^�X+-�!<E�C"@,_5-,/�C' � � [/�C[/� �&K1,/9O2DR&,�"|5-2  ('  ('(,�76 (2eB?�! (<#9/2
$(2 3�AQ5-+@,�BD2;"

(L,U)
5-2?9X76 (2

A = LU
A 0!2;B

U
5-+@,�AJ' �! (9�AJ,:+@2 "` (<E>?+-,:2? (+-2 2?5

L
5@+-,�AJ' �C (9:A!,/+-2

,:'&�H>1+@,:2? (+-28A PCA!'C5{ ('(28$&,�A �C�!'#A!9/2=$&2��![M�N'b'(�!5@2
D
9:A43�AQ5-+@,�BD28$&,�A �C�!'#A!9/2=$&>D^M'(,/28<MAJ+

D =
diag(

√
uii)

[	��9 2;"|5�<E�C"-"@,/)(9:2]$&2]<#+@21'#$&+-2*9�A�+IA!B?,/'(28B1AJ+-+@>8$&2;"f>?9:>?3�21'C5I"f$&2]9�A�$&,�A �C�!'#A!9/28$&2
U
B1AJ+8 ('�AJ+ �! #3421'658$(2�3% (9/5@,:<(9:,:B1AQ5@,:�!'�$&2�3�AJ5@+-,:B?21"=<#A!+])(9:�OB1"=3��!'65@+-2 76 (2 ∏k

i=1 uii =
det∆k > 0

KO���
∆k 21"`5e9�A%"@�! M"h� 3�AQ5@+-,�BD2N$(,:A �!�!'MAJ9:2�$Ld �!+I$&+@2 k 2?R65-+-A!,_5-2N$&2 A K&$&�C'#B*BIT#A!76 (2

uii
2;"|5X"`5@+-,:BD5@213421'65\<E�C"@,_5-,_�|[C�N'4<E�C"@2eA!9/�C+-"

B = LD
2D5
C = D−1U

76 (,&0!>1+@,/^#21'C5
A = BC

[
0 �C3�342

A = A∗ Kj�!'�21'x$&>;$& (,/5 C(B∗)−1 = B−1(C∗)
[ �X'	0C2?+@5@ 	$& � 21343�2�� � [/�C[/���

9�AS3�AJ5@+-,:B?2
C(B∗)−1 2;"|545@+-,�AJ' �C (9:A!,/+-2G"@ (<E>?+-,/21 (+@2CK\5-AJ'M$&,:"�76 (2 B−1C∗ 21"`545@+-,:A!' �! (9�AJ,:+-2

,:'&�H>1+@,:2? (+-2![ �X9/9:21" "`�C'65 $&�!'#Be5-�! &5-21" 9/2;"X$&2? (R�$&,�A �C�!'#A!9/2;"?[#)N2f<(9: #"1K!9:21" >19/>13421'65-" $(,:A �!�!'MAJ &R
$(2

B
2D5
C
"@�!'65]9:21"%3�.13�21"1Kl$&�C'#B�9�A $&,�A �!�C'#AJ9:2�$&2

B−1C∗ 'ad 21"`5 B?�!'#"`5@,/5@ (>12G76 (2G$&2 �!K
B!d 2;"|5F� �I� $(,/+-2 76 (2

C(B∗)−1 = B−1C∗ = Id
K{$&�!'MB

C = B∗ [j�j�! (+h3��!'65@+-2?+ 9Wd  ('(,�BD,/5@>
$(2t9:A�$&>;BD�!3�<E�C"@,_5-,/�C'�$&2 0 T(�!9:21"�,OP!K �!'�"@ (<(<E�C"@2t7C d ,:9f2DR&,�"|5-2 $&2? (R	�nA!BD5@�C+@,�"@AJ5@,:�!'#"

A =
B1B

∗
1 = B2B

∗
2

K $Ld ���
B−1

2 B1 = B∗
2(B∗

1 )−1 [ )N � 2?3�3�2	� � [/�C[/���OK �C'�2?'�$&>;$& (,/5 76 (2
B−1

2 B1 = D = diag(d1, ..., dn)
KL2D5]$&�!'MB476 (2

A = B2B
∗
2 = B2(DD

∗)B∗
2

[ 0 �!3�3�2
B22;"|5 ,/'O0!21+-"@,:)(9/2CKQ,/9M0O,/21'C5

D2 = Id
$&�!'MB

di = ±1
[O�N+ 5@�C #"X9:21"XB?�O2 � BD,:2?'65-" $&,:A �!�C'#AJ &R�$Ld  ('(2

$(>1BD�C3�<M�6"`,/5@,:�!' $&2 0 T(�!9:21"�,OP�"@�!'65{<M�6"`,/5@,/�n"{<#A!+eTOPO<E�J5@T#.1"@2![$)��C'#B
di = 1

K&BD2876 (,L,:3�<(9/,�76 (2
B1 = B2
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � � �

� � �n�!�����\� �(m1k��L�\�4�l� �n� � �(�Jm;o#�Qk �1�&m;knoEi �\� � � o � �6��� ' � �X' <(+IAQ5@,�76 (2!K1�!'%B1AJ9�BD (9:2 9:2X�nACB��
5@2? #+f$&2 0 T(�!9:21"�,OP

B
<#AJ+c,�$&2?'65-,_^MB1AQ5-,/�C' $(A!'#"{9Wd >��CAJ9:,/5@>

A = BB∗ [ � �!,/5 A = (aij)1≤i,j≤n
K

B = (bij)1≤i,j≤n
A 0!21B

bij = 0
"`,
i < j

[��j�! (+
1 ≤ i, j ≤ n K#,/9L0O,:2?'65

aij =

n
∑

k=1

bikbjk =

min(i,j)
∑

k=1

bikbjk.

�X' ,�$&2?'65-,_^MA!'65N<#A!+N�C+-$&+-2%B?+@�C,:"-"@A!'65�9/2;"NB?�!9:�!'('#21"�$(2
A
FH�! �"`2;"�9:, �!'(2;"?K�BD247C #,l+-2?0O,:2?'65*A! 

3�.13�24<# (,:"-76 (2
A
2;"|58"@P63�>?5@+-,:76 (2 Yf�C' 2?'�$&>1$( (,_5]9:21"=B?�!9:�!'('(2;"N$(2

B
[ � ,/'M"`,WKaAJ<(+-.1"*A 0!�C,/+

B?AJ9�BD #9/>N9/2;"
(j − 1)

<(+-2?3�,:.?+-21"eBD�!9:�!'#'(21" $&2
B
2?'G�H�!'#BD5@,:�!' $&21"

(j − 1)
<#+@2134,:.?+-21"eBD�C9/�C'('(2;"

$&2
A
K(�C'h9:,/5f9:A

j
�W.13428B?�!9:�!'('(28$&2

A
21' $(21"-"`�C #"c$&289�A4$(,:A �!�!'MAJ9:2

ajj =

j
∑

k=1

(bjk)2 ⇒ bjj =

√

√

√

√ajj −
j−1
∑

k=1

(bjk)2

ai,j =

j
∑

k=1

bjkbi,k ⇒ bi,j =
ai,j −

∑j−1
k=1 bjkbi,k
bjj

<M�C (+
j + 1 ≤ i ≤ n.

�N'hB?A!9:B? (9:2*$&�C'#BN9:A
j
�W.1342=BD�C9/�C'('(2=$&2

B
21'G�H�C'#B~5-,/�C'h$&2="`2;"

(j − 1)
<(+-2?3�,:.?+-21"eBD�C9/�C'('(21"1[

� B?A! #"@2]$& t5@T#>?�!+-.?3�2]<#+@>;BD>1$(2?'651KM�!'t21"`5N" -(+N76 (2CKM"@,
A
21"`5N"@P63�>?5@+-,:76 (2%$(>D^#'(,:2]<E�C"@,_5-,/0C2!K

9/2;"�5-2?+-3�21"="`�C #"*9/2;"*+-ACBD,:'(21"*B?A!+@+->?2;"�"@�!'65="`5@+-,�B~5@213�2?'658<M�6"`,/5@,/�n"?[ �  �B?�!'65@+IAJ,:+@2CKE"@,
A
'ad 2;"|5

<#A!"e$&>D^M'(,/2*<E�C"@,_5-,/0C2!K6�!' 5-+@�C (0!21+-A876 (2
ajj −

∑j−1
k=1(bjk)2 ≤ 0

<E�! #+  (' BD21+`5IAJ,:' +-A!' �
j
K&BD2

7C #,a2?3�< .1BIT(28$&2=5-2?+-34,:'(21+c9 d AJ9 �!�C+@,/5@T(3�2C[

� ���EoM� knm � ���*iL�l� g �Qk��L�\��� � d A!9 �C�!+-,_5-T(3�2X$&2 0 T(�C9/2;"�,OP�<E2? (5\"1d >;BD+-,/+-2 $&2 �nA ?�!'*5@+-.1"lBD�C3V�
<#A!BD5@2{2?'4 &5@,:9:,:"-AJ'65  ('�"`21 (9O5-A!)(9:21AJ �76 (,(BD�C'65@,:2?'65 �!+-, �C,/'(219/9:2?3�21'C5

A
2D5X76 (,("@2{+@2134<#9/,/5X<M21 4�

<M21 $& 4�nA!B~5-2? (+
B
[��f2?3�AJ+I76 (�!'#" 76 ad ,:9#"` �45e$&2f"|5-�&B�,!2?+ 9�A=3��!,/5@,:>c,/'(�H>?+-,/21 (+@2f$(2

A
<( (,�"@76 (2

A
21"`5c"@PO3�>D5@+-,�7C #2![

� =%A�8
j = 1, n� =0A�8

k = 1, j − 1
ajj = ajj − (bjk)2� 9 : @)< � 4� =%A ; � < <%:

k
ajj =

√
ajj� =0A�8

i = j + 1, n� =%A)8
k = 1, j − 1
aij = aij − bjkbik� 9�: @�< � 4� =%A5; � < <%:

k
aij =

aij

ajj� 9 : @)< � 4� =%A ; � < <%:
i� 9�: @�< � 4� =0A5; � < <%:

j

� oE���\m1�����/oM� g �Q�&m1k oMi\� � �j�! (+�3�21"@ (+-2?+�9Wd 2 ��B1A!B?,_5-> $&2b9�A�34>?5@T(�&$&2t$&2 0 T(�C9/2;"�,OP��C'
BD�!3�<&5-2�9:2N'#�!3%)#+@2*$Ld �C<M>1+-AJ5@,:�!'#"NFH ('#,:76 (213421'65e9:21" 3% (9/5@,:<(9:,:B1AQ5-,/�C'#"-Y '(>;BD21"-"-AJ,:+@2;" �%"@�!'hA!B��
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�(��� ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

B?�!3�<(9:,:"-"@2?3�2?'651[ � 2f'#�!3%)#+@2f$&2�+-ACBD,:'(21"XB1AJ+-+@>121"j2;"|5
n
76 (,M21"`5 '(>��!9:, �C21AJ)#9/2f$(A!'#" B?2�BD�C3�<&5@2

$ad �C<M>1+-AJ5@,:�!'#"1[
	 2#ACB~5@�C+@,�"-AQ5@,:�!' $&2 0 T(�C9/2;"�,OP 0&9:28'(�!3 )(+-2=$ad �C<M>1+-AJ5@,:�!'#"

Nop
21"`5

Nop =

n
∑

j=1



(j − 1) +

n
∑

i=j+1

j



 ,

76 (, KMAJ <(+@213�,/21+c�!+I$&+@2CK&$&�!'('#2
Nop ≈ n3/6

[
	 �  ()#"`5@,/5@ (5@,:�!' 0l,/9 �nAJ (5%2-,�21BD5@ (21+  ('#2 +@213��!'65@>12 2D5% #'(2h$&2;"@B?2?'65@2h"` (+%9/2;" "@P&"|5-.?3�21"
5@+-,:A!' �! #9:A!,/+-2�A!"-"`�&BD,:>1"=�

B
2?5
B∗ [ � 2�'(�C3%)(+-2�$Ld �!<E>?+IAQ5@,:�!'M"=21"`5%AJ �<(+@213�,/21+8�!+I$&+@2

Nop ≈ n2 [� Ab3�>D5@T#�O$(2G$&2 0 T(�C9/2;"�,OP 2;"|5 $(�!'#B�A!<(<(+-� RO,:3�AQ5-,/0C2?3�2?'65 �l�O��� � oEkn�t� �n�\�b�Q�&�jkn�\� 76 (2
B?2?9:9/28$&2�3=A! #"-"{<M�C (+c ('(283�AQ5-+@,�BD28"@PO34>?5@+-,:76 (28$&>?^#'(,:28<M�6"`,/5@,:0!2C[

� �&m?�Qkn�C�O���\�(i\�\�6���6m����&m1� k �!�O�4�J�Q�O�l�;�O�
� �!+I"@76 ad  ('(2 3�AJ5@+-,:B?2eAN)E21AJ MBD�! #<%$&2{BD�O2 � BD,:2?'65I"l'O (9�"1K;�C' $&,/5 7C d 219/9:2 2;"|5 �!� �O�\�1� [ � ,O9:21"

>19/>13�2?'65-"l'(�!'%'6 #9:"j"@�!'65l+->?<#A!+`5-,:"l�f<(+-� R&,/3�,/5@>e$&2 9�A�$&,�A �C�!'#A!9/2CK?�C'%$&,/5j76 (2e9:A�3�AQ5@+-,�BD2 A� ('(2
"`5@+- #BD5@ (+-2 �\�#il�\� [#�j�! #+%BD2;"]$&2? (RS5|PO<E21"%$(2 3�AQ5@+-,�BD21"GFn76 (, A!<(<#A!+-A!,:"-"`21'65='MAQ5@ #+@219/9:2?3�2?'65
$#AJ'#"c9�A�3�>D5-T(�&$&2%$&2;"f>19/>13421'65-"{^#'#,:"NBD�!3�3�2%$(A!'#"c9�A�<(9: (<#A!+`5�$&2;"�A! &5@+-21"c3�>?5@T(�&$&2;"-YDK#�!'
<E2? (5 AJ3�>?9:,/�C+@21+j9/2fB?�!3�<&5@2c$Ld �!<E>?+IAQ5-,/�C'#"j2D5X9�AN5-A!,/9:9/2c$&2f"`5@�&B�,QA �C2 '#>1BD2;"@"-AJ,:+-2 <E�! (+ +@>;"`�C #$&+-2
 #'b"@P&"|5-.?3�2=9/,:'(>;AJ,:+@2C[ 0 2 �6AJ,:'h2;"|5c5-+@.;"{,/3�<E�!+@5-A!'C5c21' <#+-AJ5@,�7C #2![

� g �\i\kHm;knoEi � C��������M� q � � � �0� % � � �
A ∈ Mn(R)

�	� �J� � �������
� % � � ��� �0�8�6� � �%���%� � � �0� �:%$'
++� �&%M�6� � �0�8�%�*<  #�-%��M� � ��++�
� �-� �>B

p ∈ N
� � � �$�J�	�D���������,���:�	% � 2>�����

ai,j = 0
�#�0�&% |i−j| > p

"
� �����:% ++���&%*�6� ��� � �
� �%� �$� �2�:� �-%��

2p+ 1
"

� d ,:'65@>1+ .?5c$(21"c3�AQ5-+@,�BD2;"e)#AJ'#$(21"{0O,/21'65�$&289:A4<(+-�!<#+@,:>D5->*"@ (,:0 A!'65@2![


 �a�6�Q�!kn�C� �&C � ���DG#������������a�����g" �4! c	�32��9L�	8 !=���H8 E��!Z��� �6� �����CJ�E" �4!4Pv�F26E��!=�&��]����/�+" �1!9��� �32
	
��� �'�b(�� �3���I���4!;*+�����	8 26�/!/>

� �O���&���L�l� �&C � ����� � � ,\9/2;"f�nACB~5-�!+-,:"-AQ5-,/�C'#" � � 2D58$&2 0 T(�!9:21"�,OPh<#+@>;"`21+@0C2?'65f9:Ah"|5-+@ MB~5@ #+@2
)MAJ'#$&24$&21"*3�AQ5-+@,�BD2;"?KM,/9j'ad 2?'S21"`5*<MA!"*$&2%3 .?3�2�$&249/21 (+*"`5@+- #BD5@ (+-2 B?+@21 #"`2C[ � ' �!>1'(>?+IAJ9WKM"@,
A
21"`5NBD+-2? M"`2GFn3 .?3�2 ��9Wd ,/'65@>1+@,:2? #+N$Ld  ('(2 )#AJ'#$(2;Y~KE9:21"c�nACB~5-2? (+I"

L
2?5
U
KE�! 

B
2D5
B∗ "@�!'65�`<(9:2?,:'#"h��FH9:2]BD�C'65@+IAJ,:+@2*$&2]BD+-2? &R#Ye�49 d ,:'C5->?+-,/21 (+f$&289�A43�.13�28)#AJ'#$(2![ •

� d 2?R&2?+IBD,�BD2c"` #,/0QAJ'65X<E2?+-3�2D5 $&2f76 #A!'65@,/^#2?+ 9:2 �CA!,/'�76 ad ,/9MP A8�= &5-,/9:,:"@2?+ $&21" 3�AJ5@+-,:B?21"j)#A!'#$&21"1[


 �a�6�Q�!kn�C� �&C � ����Q ������������ �����
,
$&E���D� ��� *;������8 24� (3� �3���N�hU L�7���'�

n
�4�;���G����*O8 �S" ���'j��&� �

��� (3� �����
p ,

" �S24�*1$��9�G�ZU �$&K��'���H8 E��!1��� " � c	�32��9L�	8 !=���H8 E�?��� �/!9�
O(np2/3)

�4�F26�&"Q��8 ��� " �
c	�326�9L��8 !H���H8 ��1���C�CJ��" �4!4Pv�1�4!d�

O(np2/6)
>
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � � �

� AC"@"@�!'#"4AJ yB?AC" $&2;"43�AJ5@+-,:B?21"4BD+-2? #"@21"1[�� R&<(9/,�76 (�!'M"4$ad A!)M�C+-$�9�AS3�A!'(,:.?+-2h$&2t"`5@�&B�,!21+
BD21"=3�AJ5@+-,:B?21"8BD+-2? M"`2;"*$#AJ'#"89�A 3�>?3��!,:+@2�$&2;"=�!+I$&,:'#AQ5-2? (+I"?[ 0 �C3�342��C'S'(2 "`5@�&B�,C2�76 (2�9:21"
>?9:>?3�2?'65-"N'(�C' 'O (9:"*$&2 9:A�3�AJ5@+-,:B?2!KE�!' �C)&5@,:2?'65N #' �CA!,/' $&2 <(9�A!BD24AJ<(<#+@>;BD,�AJ)(9:2![��f�! M"�<(+->��
"`21'C5-�!'#"e ('#2834>?5@T(�&$&2]$(2="`5@�&B�,QA �C2!K&AJ<#<M219/>12 �1m1o ���(���M� � o#�Q�;� K&"@ (+c ('b2DR&2134<#9/28"@,/3�<(9:2!K
>D5-A!'65=21'65@2?'M$& �76 ad �!'�'(2�9Wd  &5-,/9:,�"`2�2?'�<(+IAQ5-,:76 (2�76 (2�<M�C (+8$&21"=3�AJ5@+-,:B?21"=$&2 �!+IAJ'#$(2%5IAJ,:9/9:2![
� �!,/5�$&�!'MBN9�A43�AQ5@+-,�BD2

A =







9 0 −3 0
7 −1 0 4
0 5 2 0
1 0 −1 2






.

� 21"=>19/>13�2?'65-"8$&2
A
"@�!'65]"`5@�&B�,!>;"?K�9:, �C'(2�<#AJ+89:, �C'(2!Ka$#AJ'#"= ('�5IAJ)(9:21A! ��  ('(2�"@2? (9:2�2?'65-+@>12

���	��
��� [X�N'�$&>D^M'(,_5� ('�5IAJ)(9:21A! �������� ��� 7C #, ,:'#$&,�76 (2G9:2h$&>1)( &5�$&21" 9/, �!'#21"%$(2
A
$#AJ'#"

���	��
��� 0j<(9: #"4<(+->1BD,�"@>?3�2?'65 ���	��
���� F�������� ��� F
i
Y@Y]2;"|549/2 <(+-2?3�,:2?+4>?9:>?3�2?'65�'(�!'�'O (9c$&2

9:Ab9:, �C'(2
i
[\�N'�AtAJ #"-"@, )M2;"`�C,/'�$Ld  ('�5-A!)(9:21AJ :���	�#� 
�
 76 (, ,:'#$&,�76 (2�9�AtBD�!9:�!'#'(2�$&2GBIT#AC7C #2

>?9:>?3�2?'65 "`5@�&B�,!>f$#AJ'#" ���	��
���� 0C"@,
ai,j

2;"|5e"|5-�OB�,C>f$(AJ'M" ���	��
����
(k)
K6AJ9:�!+I",���	��� 
�


(k) = j
[

� 2G'#�!3%)#+@2 $Ld >?9:>?3�21'C5I"%'#�!'�'O (9�"%$&2
A
2;"|54> �CA!9 �t9�Ab5IAJ,:9/9:2h$& 	0!21BD5@21 (+ ���	�#� 
�
 Fn�! 	$( 

0!21BD5@21 (+ ���	��
���� Y~[ � 2 '#�!3%)#+@24$&2�9/, �!'(2;"=$&2
A
2;"|5=> �6AJ9 � 9�A 5IAJ,:9/9:2�$& 0C21BD5@2? #+�������� ��� [

)NA!'#"{'(�J5-+@2=2?RO213�<(9/2CK(�!'bA

���	��
���� ���	�#� 
�
 ������� ���

9 1 1
−3 3 3

7 1 6
−1 2 8

4 4
5 2
2 3
1 1
−1 3

2 4

� ' �!>1'(>?+IAJ9WK&9/2;"c�nACB~5@�C+@,�"-AQ5@,:�!'M" � ��2D5*$&2 0 T(�C9/2;"�,OPh$ad  ('#2]3�AQ5@+-,�BD2]BD+-2? M"`2=<(+-�&$& (,�"`21'C5
$&21"N�nA!BD5@21 (+-"Y�`<(9/21,/'M"�� A 0C21B8<E2? �$Ld >19/>13�2?'65-"*'(�C' 'O (9�" Fn,/9 2?RO,�"`5@2 $(21"=AJ9 �!�C+@,/5@T(3�2;"�76 (,j3�,��
'(,/3�,�"`21'65%BD2l�`+@2134<#9/,�"@"-A �C2��%3�AJ,�"=,:9:"]"@�!'6583��!,:'#"82 ��B1A!B?21"=76 (2 $(AJ'M"=9/2 B1A!"8$&2;"83�AQ5@+-,�BD21"
)#AJ'#$(21"IY~[ �X'b<(+IAQ5-,:76 (2CK&9/2;"c3�AQ5-+@,�BD2;"cBD+-2? #"@21"{"@�!'65�"`�C (0!21'65{AC"@"@�&BD,:>?28AJ &Rh34>?5@T(�&$&2;"c,/5@>?+IA �
5@,:0!21"%7C #2 '(�! M"80!21+@+-�!'#"8$#AJ'#"89�A � �C #"!��"@21B~5-,/�C' � � [:�![ �tBD,"� $(21"-"`�C #"?[ � '�2-,�2D51K\9:21"8<(+-�&$& (,/5-"
3�AJ5@+-,:B?2�� 0!2;B~5@21 (+c"`�C'65e�nACBD,:9/2;"c�4>?0QAJ9: (2?+fA 0C21B*BD2*5|PO<M2]$(2]"|5-�OB�,QA �!2![

# �L�\kH�(� � �Oil�C�t���:o#� g �Q�&m;knoEil���6m4� ���Eo#�QkHm � �	� �\� �am?�Q�(�;�1�Oi
�k<CVW:T[CK�V}>A@3:]>A@3:xGWE�@GW:=D¤B=:=D9[�zTGWn3EQS:=D9S:]VWzTDFE�L;@�GW8;E�<lS�:]DR�DRGW�=[�:=D9L;8;<3z=K�8HVW:=DtE�<AG9@3<CB=E�[�IGW:

S"M E�I&zTV}KvGW8~E�<3D]S�:kL�M E�V}SVW:\S�:
n3 X�S:�[��=[�:�>A@�:kL;:_B
K�L;B=@�LcS:kLNM 8;<��:TVWDF:�sN��E�8HVxL~K�@]:=[CK�V}>A@�:¡�=�i;��i;�%$�w

E�@UL~K¡[Z@3LHGW8;I3L;8;B
KvGW8~E�<lS:�S:=@�yC[CKvGFVW8~BT:=DtS'M E�V}SVW:
n
i¥ L&<�:kD=M K�m�8HGoI3K�DxS"M @�<3:]B=E���<�B=8~S�:=<�B=:�B=E�[�[�:]L;:

[�E�<AGFVW:tL~:xVWz=DF@�L;G}KvG¤DF@�8~��K�<AG9>A@383[�E�<AGFVW:�XAS:][CK�<38;�TVW:xDF@�VWIVW:=<1K�<AGW:�XA>A@3:xLNM 8;<��:TVWDF8;E�<�S'M @3<�:x[CK�GFVW8;B=:
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�(� � ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

K�L~K�[��=[�:xB=E�[�I3L;:Ty8HGWz�>A@3:oL~K�[Z@�LHGW8~I�L;8~B=K�GW8;E�<US�:_S:=@�yJ[CK�GFVW8;B=:=D�sNO�8;:=<�>A@3:]LNM 8~<Q��:#VWDF8~E�<lDF:=[�O3L;:�X�
I�VW:=[�8;�TVW:��Q@�:�X@3<3:kE�I&zTV}KvGW8~E�<�O38;:=<UI3L;@3DxB=E�[�I3L;8~>Q@�z=:vw#i

�%)�*0*�)�/ �'2N/12	� ����� 24/���(+*-,�2J �/�0 ( !3.�&6*+268+(+,�(+&K= .�!�$I= &62 #1= 268-."&62J �/�0 ( !3.�&6*+268+(+,  �/5& = .�!��+! ( 8- "!
	
#1=L(7M�24&���.�,�>�! #%&; �&62�:$A(�� 8�� (+,�&���0�24*7(�:$A(�,�� 26=�(7M�24,�&)(3$'/ .Q= �9 �*-24&��'!�(�#I "$I*�=�� $'/ (30 (�8-(+,� -#��+*7.�&62J "/A,
&)(:=�:$%(�,+ �/�/1 �!3<:*�(�0��  +#��+* .�&62J �/5, (+,�&_<� �*+/�� #I.�* O(nα)

.���(78
α ≥ 2

�K.Q=  �*-,  �/�#5(+$'&_8� �/A,�&6*-$I2S*�( $'/
.Q= �9 �*-24&��'! (�#I �$'*�=�� .�$'&6*�(� +#��+*7.�&626 �/ 0Q �/A& =L(�/% �!�<:*7(�0��  +#��+* .�&62J �/5, (+,�&D.�$',�,-2 <� �*-/��D#I."* O(nα) �
�Uh�*�`"r �=gT,�+�g
fd`"r�2 ¢ E�8;G

I(n)
L;:U<3E�[�O�VW:�S'M E�I&zTV}K�GW8;E�<�DJI&E�@VJB
K�L;B=@3L;:TV

A−1 I1K�VZ@3<?K�L~m�E�VW8HGWn3[�:
S�E�<�<3z�XAGW:TL�>A@'M 8;L&:Ty8;DRGW:

C
:#G

α ≥ 2
��z#VW8;§1K�<AG

I(n) ≤ Cnα i5?lE�<QGFVWE�<3Dx>A@�M 8;L&:Ty8;DRGW:�@3<�K�L~m�E�VW8HGWn3[�:
I&E�@�V�B
K�L;B=@�L~:#V�L;:JIVWEQS�@�8;G

AB
S�E�<AG_L;:J<�E�[�O�VW:�S'M E�I&zTV}KvGW8;E�<3D

P (n)
:TDRG_GW:=L�>Q@'M 8~L�:Ty8;DRGW:

C′ I&E�@�V
L~:=>Q@�:=L

P (n) ≤ C′nα K
��:TB_L~:_[��T[�:k:TyI&E�DWK�<AG
α
i"�k<�VW:=[CK�V}>A@3:k>A@3:

(

Id A 0
0 Id B
0 0 Id

)−1

=

(

Id −A AB
0 Id −B
0 0 Id

)

.

�pK�VtB=E�<3DFz
>A@�:=<AG
XAL;:�I�VWEQS@38HG
AB

:=DRGtE�OGW:=<Q@C:=<C8~<Q��:#VWDWK�<AG¤@�<3:][CK�GFVW8;B=:��_�uE�8;DtI3L;@3D¤m�V}K�<3S�:�i'C�E�<3B

P (n) ≤ I(3n) ≤ C3αnα.

¢ E�8HG%[CK�8;<AGW:=<1K�<AG
P (n)

L;:x<3E�[ZO�VW:¤S'M E�I&zTV}KvGW8;E�<3D%I&E�@V9B
K�L;B=@3L;:TV
AB

I3K�V%@3<�K�L;m�E�VW8HGWn�[�:oSE�<�<3z�X�GW:=L
>Q@'M 8~L':Ty8;DRGW:

C
:TG

α
��zTVW8H§1K�<AG

P (n) ≤ Cnα iA?lE�<AGFVWE�<�D]>Q@'M 8~L':Ty8;DRGW:_@3<UK�L;m�E�VW8HGWn3[�:_I&E�@V]B
K�L;B=@�L~:#V
A−1 S�E�<AG�L;:�<�E�[�O�VW:¡S'M E�I&z#V}K�GW8;E�<�D I(n)

:=DRGkGW:=Lp>A@�M 8;Lp:Ty8;DRGW:
C′ I&E�@V�L;:
>A@3:=L I(n) ≤ C′nα K
��:=B

L~:_[��T[�:k:TyI&E�DWK�<AG
α
i"�k<CVW:=[CK�V}>A@�:_>A@3:

(

A B
C D

)−1

=

(

A−1 + A−1B∆−1CA−1 −A−1B∆−1

−∆−1CA−1 ∆−1

)

.

Kv��:=B
∆ = D − CA−1B

s�K�I3I&:=L;z_I1KvVF�uE�8~D]B=E�[�I3L;z=[�:=<AGxS: ¢ B}nQ@�V#w#i3�k<l:=<lS�z
S@38HG

I(2n) ≤ 2I(n) + 6P (n),

DF8�E�<�<3z=m�L;8~m�:\L~:TDoK�S3S8;GW8;E�<3D=i&��<l8HGWzTV}K�<AGoBT:TGFGW:��uE�VW[Z@3L;:�I&E�@�V
n = 2k X�E�<lE�O�GW8;:=<AG

I(2k) ≤ 2kI(1) + 6

k−1
∑

i=0

2k−i−1P (2i) ≤ C

(

2k +

k−1
∑

i=0

2k−i−1+αi

)

.

�9E�[�[�:
α ≥ 2

X3E�<�:=<�Sz
S�@�8HG
I(2k) ≤ C′2αk.

¢ 8
n 6= 2k I&E�@VxGWE�@�G k

X38;L�:Ty8~DRGW:
k
GW:=LY>A@�:

2k < n < 2k+1 i&�k<U8;<3DFBTVW8HGkK�L;E�VWD]L~KJ[CK�GFVW8;B=: A
S�K�<3D

@3<3:kI3L;@3Dtm�V}K�<1S:_[CK�GFVW8;B=:\S:kG}K�8;L;L;:
2k+1

(

A 0
0 Id

)

E �
Id
:=DRG]LNM 8~S:=<AGW8;GWz\S"M E�V}SVW:

2k+1 − n
i&�k<UE�O�GW8;:=<AG

I(n) ≤ C′(2k+1)α ≤ C′2αnα,
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � �'�

BT:\>Q@�8":=DRG]L~:�VWzTDF@3LHG}K�GoS�zTDF8;VWz�i
�

�k<�KZL;E�<�m�GW:=[�I�DtBTVW@�>A@3:�L~KJ[�@3LHGW8;I3L;8;B
K�GW8;E�<�S�:�[CKvGFVW8~BT:=D]S'M E�V}SQVW:
n
sN:TG]SE�<3B_L;:=@V]8~<Q��:#VWDF8~E�<&w

<�:\I&E�@3��K�8HGoI1K�DkDF:\�NK�8HVW:�:=<�[�E�8;<3DoS�:
n3 E�I&zTV}KvGW8~E�<3D=i ?�K�8;DkS�:=I�@38;Do@�<3:¡S�zTB=E�@���:TVFGW:¡S�: ¢ GFV}K�DFDF:=<

:T< ��G��QGQXYE�<�DWK�8HG�>A@3:JB=:Z<�M :=DRG¡I1K�D_�QV}K�8NiY��<�::]":#G
X ¢ GFV}K�DFDF:=<�Kl[�8;D\K�@�I&E�8;<QG\@�<�K�L;m�E�VW8HGWn�[�:CS�:
[�@3LHGW8;I3L;8;B
K�GW8;E�<�S:l[CK�GFVW8;B=:TDC>Q@�8xS�:=[CK�<1S:UO&:
K�@3B=E�@3I|[�E�8;<3DJS'M E�I&zTV}KvGW8;E�<3D�I&E�@�V

n
m�V}K�<1S"i�¥ LxK

E�O�GW:=<Q@UI&E�@�VxDFE�<�K�L;m�E�VW8HGWn3[�:_@�<lB=E�[�I�GW:_S"M E�I&zTV}K�GW8;E�<3D

Nop(n) = O(nlog27)
K
��:=B

log2 7 ∼ 2, 81.
sR�
�Qi H�w

�9:oVWz=DF@3LHG}K�G
XQGWE�@�Gx�_�NK�8;G]DF@VWI�VW:=<3K�<AG
XQKZS:=I3@�8;D¤zTGWz�K�[�z=L;8;E�VWz��E�<UK¡GFVWE�@3��zoS'M K�@�GFVW:=DxK�L~m�E�VW8HGWn3[�:TD=X
S:xI3L;@3D%:=<�I3L;@3D%B=E�[�I�L;85>A@�z=D=XASE�<AG9L;:]<3E�[ZO�VW:xS"M E�I&zTV}KvGW8~E�<3D¤B#VWE�8HG¤[�E�8~<�D%�Q8HGW:]I&E�@�V

n
m�V}K�<1S"XA[CK�8;D

E�<U<'M K¡GWE�@�PRE�@�VWDtI1K�D¤GFVWE�@���zkL;:�[�:=8;L;L;:=@�V]K�L;m�E�VW8HGWn�[�:�I&E�DFDF8;O3L;:JsNB�M :TDRGF� �v��S�8HVW:�B=:=L;@�8�>A@�8&B=E�<3S�@38;DF:_K�@
I�L;@3D�I&:TGW8HG9:TyI&E�DWK�<AG

α
GW:TL&>A@3:

Nop(n) = O(nα)
w#i����Q8~S�:=[�[�:=<AG
XvI&E�@�V9S�:tGFVW�=D�m�V}K�<3S�:=D�[CK�GFVW8;B=:TD=X

L;:¡m�K�8~<�S�:_GW:=[�I�DoIVWEAB=@�VWz\I3K�V�BT:=D�K�L~m�E�VW8HGWn3[�:TD�:=DRGkGFVW�TD�K�I�I�VWz=BT85K�O3L;:�sNL�M K�L~m�E�VW8HGWn3[�:ZS�: ¢ GFV}K�DFDF:=<
K\::]":=B#GW8~��:=[�:=<AG9z#GWzk@�GW8;L;8;DFz�DF@�VtS�:=D¤DF@�I&:TVF� E�V}S8~<3K�GW:=@VWD}w#i5?�K�L;n3:T@�VW:=@�DF:=[�:=<AG
XAB=:=D¤K�L;m�E�VW8;GWn�[�:=DtE�<AG
DFE�@3��:T<QGcS�:TDcI�VWE�O3L;�=[�:=DcS�:�DRG}K�O�8~L;8HGWz9<Q@�[�zTVW8~>Q@�:tsN8;L~DYK�[�I3L;8H§1:T<QG�L;:=DY:TVFVW:T@�VWDYS"M K�VFVWE�<3S�85wc>A@38�L;8~[�8HGW:=<AG
L;:=@V]@3DWK�m�:_I�V}KvGW85>A@�:�i

��M K�L;m�E�VW8HGWn3[�:¡S�: ¢ GFV}K�DFDF:=<UVW:=I&E�DF:\DF@�VxL;:_L;:=[�[�:oDF@38;��K�<AG]S'M K�I�I1K�VW:T<3B=:_O�8~:T<lO&z=<�8~m�<3: �

��)�*0*�)�/��"2N/12	� ��� +3bSV1`1,�fdg�TY*�) c)��'g=,v+%���=)�r�� � ( #A*7 �0�$'24&�0 (�0 (+$QM !�.�&6*-2J8-(+,�0��  �* 0�*�(	��#5(+$I&
,:(�
�.�2S*�(�.���(78�� !�$I= &62 #%= 2J8�.�&62J �/5, (+&��� .9090�24&626 �/A,��).�$ = 2;(+$�0 (���!�$I= &62 #%= 2J8�.�&62J �/5, (+&���.Q090�24&62J "/A,�#I.�*
= .3*�� �Q=L( �5.9<:24&6$A(:=4=L(��

�
��h�*�`"r �=g=,v+�g
fd`"r�2�jo<lDF8;[�I3L;:�B=K�L;B=@3L�[�E�<AGFVW:�>A@�:

(

a b
c d

)(

α β
γ δ

)

=

(

m1 + m2 −m4 + m6 m4 + m5

m6 + m7 m2 −m3 + m5 −m7

)

,

K
��:TB
m1 = (b− d)(γ + δ) m5 = a(β − δ)
m2 = (a + d)(α + δ) m6 = d(γ − α)
m3 = (a− c)(α + β) m7 = (c + d)α
m4 = (a + b)δ�k<UB=E�[�IGW:�O38;:=<�H�[Z@�LHGW8~I�L;8~B=K�GW8;E�<�D]:#G¡� $JK�S�S�8HGW8;E�<�D=i

�

��:�I&E�8;<AGZBTVW@�B=8~K�LtS�K�<�D�L;:U��:=[�[�:l�=�i;��i £���:=DRGJ>Q@�:�L~K�VW�Tm�L;:lS:C[Z@3LHGW8;I3L;8;B
KvGW8~E�<|S�: ¢ GFV}K�DFDF:=<
:TDRGkK�@3DFDF8Y��K�L~K�O3L;:_DF8cL;:=D]B=EA:T��BT8~:T<QGWDoS�:TDo[CKvGFVW8~BT:=DxDFE�<AGoS3K�<�Do@�<3:_K�L;m��=OVW:�<�E�<lBTE�[�[Z@G}K�GW8;��:�i���<
I3K�VFGW8;B=@�L~8;:TV
X3B�M :=DRGoS�E�<3B��AV}K�8'I&E�@VoS�:=Dt[CKvGFVW8~BT:=DxO3L;EAB=D=i

¢ E�8HGZK�L;E�VWD¡@3<�:J[CK�GFVW8;B=:CS:ZG}K�8;L;L;:
n = 2k i��k<�S�z=BTE�@3I&:�BT:TGFGW:J[CK�GFVW8;B=:�:T<0��O3L;EAB=D�S�:�G}K�8;L;L~:

2k−1 Xc:TG�E�<?K�I�I3L;8~>A@3:�L~K�VW�=m�L;:US�: ¢ GFV}K�DFDF:=<�i ¢ 89E�<0B=E�[�I�GW:�<3E�<�DF:=@3L;:=[�:T<QG¡L;:=D¡[Z@�L;GW8;I�L~8;B
KvGW8;E�<3D
[CK�8;D�K�@3DFDF8%L~:TDZK�S3S�8HGW8;E�<�D=XYL;:C<3E�[ZO�VW:JS'M E�I&zTV}KvGW8;E�<3D

Nop(n)
I&E�@V¡::]":=BTGW@�:TV¡L~:CIVWEQS�@38HG�S�:CS:=@�y

[CKvGFVW8;B=:=Dx��zTVW8H§1:
Nop(2

k) = 7Nop(2
k−1) + 18(2k−1)2,

B=K�V�LNM K�S3S8HGW8~E�<JS:tS�:=@y_[CK�GFVW8;B=:TD�S�:%G}K�8;L~L;:
n
VW:
>A@38;:TVFG

n2 K�S3S8HGW8~E�<3D=i�jk<�:%VWz=B=@VFVW:=<3BT:9DF8;[�I3L;:¤SE�<�<3:

Nop(2
k) = 7kNop(1) + 18

k−1
∑

i=0

7i4k−1−i ≤ 7k (Nop(1) + 6) .

�k<�:=<US�z
S@38HG¤�uK�B=8;L;:=[�:=<AG]>A@3:oL~:k<3E�[�O�VW:]E�IGW8~[CK�L'S'M E�I&zTV}KvGW8;E�<3D
Nop(n)

��zTVW8H§1:kL5K¡O&E�VW<�:JsR�
�Qi H�w#i
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�(�0$ ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

�����!����� � � % �/)�-/��8 ' %�� 2( &%('��,�#8
� 21"N34>?5@T(�&$&2;"*,_5->?+IAQ5@,:0!2;"�"@�!'65N<MAJ+@5@,�BD (9:,/.1+@213�2?'65�,:'C5->?+-21"-"@A!'65@21"�<M�C (+*9/2;"f5-+@.;" �!+IAJ'M$&21"

3�AJ5@+-,:B?21"c�C 9:21"f3�AJ5@+-,:B?21"fB?+@21 #"@21"1[ �X't2-,�2D5;KM$(A!'#"fBD2]B1A!"c9:21"f34>?5@T(�&$&2;"�$&,:+-21B~5-21"c<E2? #0!2?'65
A 0C�!,:+G (' BD�/-&5b$(2�B1AJ9�BD (9=2D5t$&2�"`5@�&B�,QA �!2 2?'�3�>134�C,/+-2�<(+@�CT(,:)(,_5-,_� Fn"@2S+IAJ<(<E2?9:2?+b76 (2�9:A
�nACB~5-�!+-,:"-AQ5-,/�C' � ���! h$(2 0 T(�C9/2;"�,OP�$&2?3�A!'#$&2=$&2N9Wd �!+I$&+@2N$&2

n3 �!<E>?+IAQ5-,/�C'#"IY~[ 0 �!3�3�2?' ?�!'#"
<MAJ+c ('(28B?9:AC"@"@2*5@+-.1"c"@,/3�<(9:2]$&2=3�>D5@T#�O$(21"c,/5@>1+-AJ5@,:0!21"1[

� g �\i\kHm;knoEi � C��������G � � � �
A

��� � ���
� % � � � � ��
��%�� � ��� ��"=v2� � � � %��I�
� � � ���5����� � �
� � � � � � � �0�
%!� +%�&� ��� %�� �6�

A
< ��� �0��+�� � � ����� �8� � �7� � � +�� B � ��� �$� � '`u:'(� � % � ��� � �
�I�8��� �%� � �0� % � � �	�

(M,N)
�:�
� �

M
� ��� ��%�� � �	��� < ��� 
��%� � � � u � ��
�	%�� ��%0�6�
�1� ��� � %��
� �,5 � �>B�� �	� 5 � �

A = M −N " � �������! #�I�%�
� �;��%��
� � � �0� � ��� �*� �&% � � � �8� � �7� � ��+

(M,N)
�$� ����� 2�� � �J� �:%

{

x0
�%�0� � �L�6�
�1�

Rn,
Mxk+1 = Nxk + b ∀k ≥ 1.

F`� � [ $CY

� ,#9:A8"@ (,/5@2c$&2f"@�!9: &5@,:�!'#" A!<(<(+-�&BIT(>?2;"
xk
BD�!'O0C2?+ �!2 0C2?+I"\ ('(2c9:,/3�,/5@2

x
76 #AJ'M$

k
5@21'#$40!2?+I"

9Wd ,/'&^M'(, K(A!9/�C+-"1K6<#AJ+{<#AC"@"-A �C2��49:A 9/,:3�,_5-28$(AJ'#"e9�A%+-2?9�AQ5-,/�C'G$&2=+->1BD #+@+-2?'#B?2 F`� � [ $CYDKO�!'G�C)&5@,:2?'65

(M −N)x = Ax = b.

� A!+NBD�C'#"@>176 (2?'65;KM"@,l9�A "@ (,_5-2 $&24"`�C9/ (5@,:�!'#"NAJ<(<(+-�&BIT(>?2;"fBD�C'O0!2?+ �!2CK("@A 9/,:3�,_5-2 2;"|5N�H�!+IBD>?3�21'C5
9�A�"`�C9/ (5@,:�!'b$& t"`P&"`5@.?3�2=9:,/'(>;AJ,:+@2C[

) d  #'%<E�!,:'C5\$&2 0O (2X<#+-AJ5@,�7C #2!K?,:9C�nAJ &5j"@A 0C�!,:+a7C MAJ'#$=�C'8<M21 &5jA!+@+/.D5-2?+L9:21"l,_5->?+IAQ5-,/�C'#"?K1BJd 21"`5 �
� � $(,/+-28� 76 (2?9a3��C3421'65

xk
2;"|5�"@ $� "@A!3�3421'65�<(+-�OBIT#2]$&289:AG"`�C9/ &5-,/�C'b,/'#B?�!'('O (2

x
[ 0 �C343�2

�C'�'(2fBD�C'('#A�"�5 <#A!"
x
K!�C' '#2f<M21 &5X<#AC"X$&>1B?,:$(2?+X$Ld AJ+-+ .?5@21+ 9/2fB1AJ9�BD (9#$(.1"X76 (2 ‖x−xk‖ ≤ ε

���
ε
21"`5{9�A4<(+->1BD,�"@,/�C'h$&>;"`,:+@>12![ � AJ+cBD�C'65@+-2N�C' B?�!'('#A#":5

Ax
F 7C #,a0QAJ &5

b
YDK&2D5c ('tBD+-,_5-.?+-2*$ad A!+@+/.D5

�H+->176 (213�3421'65{ (5@,:9/,�"`>=2;"|5 ‖b−Axk‖ ≤ ε
[ 0 2?<E2?'#$(A!'651K("@,L9:A4'(�C+@3�2=$&2

A−1 21"`5 �C+-A!'#$&2=BD2
B?+@,/5@.1+@2=<E2? &5#.?5@+-2*5@+-�!3�<M21 (+fB?A!+

‖x− xk‖ ≤ ‖A−1‖ ‖b−Axk‖ ≤ ε‖A−1‖
76 (, <M21 &5f'(28<#AC"�.D5@+-2=<M2?5@,/51[

� g �\i\kHm;knoEi � C��������8Q v2� � � � 5 � � ��� � �����! #�I�%� � �;�	% �
� � � � �	� � � �
��
��% +6� � � � � � �
�L�\� � �L�\�

�;oEkHm � ��� � oEk � �\���M�O�Jm;�O� ��k ilknm1k � �
x0 ∈ Rn � � � � � � ���K�%� � �:� ��� � �0�1� �����8% � �  1� �	�

xk� �0��
�	% ++�*� ��%�� � ��� �:� ��� � �0� �!�+�6��� �
x
"

�N'	B?�!3�3�2?'#B?2G<#A!+ $&�C'('(21+  ('#2hBD�C'#$&,/5@,:�!'�'#>1BD2;"@"-AJ,:+-2�2D5�"` $� "-AJ'65@2h$&2hB?�!'O0!21+ �C2?'#B?2
$ad  ('#243�>?5@T(�&$&2�,/5@>?+IAQ5-,/0C24� 9Wd A!,:$(24$& �+IA P!�!'S"`<E21BD5@+IAJ9 $&2�9:A 3�AQ5-+@,�BD2�$Ld ,_5->?+IAQ5-,/�C'xFH0C�!,:+=9:A
)N>D^M'(,_5-,/�C'�� � [:�![ �%<M�C (+c9:A4'(�!5@,:�!'t$&2=+IA P!�!' "`<E21BD5@+IAJ9ZY~[

� �O����� � C���������	 � �������! #�I�%� � �;�	% �
� � � ����� 2�� � �J�#�-%�<>= � "�N	B � �
��� ��% ++� � � � � � � �&� � � � � � � �
��� %��-4%�
� � � � ��� %��-�#�%�*� ��� �0� % � � �0�.� � �;�	%��0� � �0�

M−1N
�:�	% � 2>�

ρ(M−1N) < 1
"
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � ���

�hg ��oEil�1m?�Q�&m;knoEi � �N'b$(>D^#'(,/5f9Wd 21+@+-2? (+
ek = xk − x

[��N'bA

ek = (M−1Nxk−1 +M−1b)− (M−1Nx+M−1b) = M−1Nek−1 = (M−1N)ke0.
�jA!+�AJ<#<(9/,�B?AJ5@,:�!' $& � 2?3�3�2 � � [/�C[ $#K(�!'t21' $&>1$( (,_5=76 (2

ek
5@21'#$b0!21+-"#�#KM76 (219l76 (2%"@�!,/5

e0
K

"`,L2?5�"`21 (9/213�2?'65�"`,
ρ(M−1N) < 1

[
�

C_K�<�D_L5KCI�V}KvGW8~>Q@�:ZL;:ZV}K=�AE�<�DFI&:TBTGFV}K�L�S'M @�<3:Z[CKvGFVW8;B=:Z:=DRG_S�8H��B=8;L;:��UB=K�L;B=@3L;:TVCsN8;LY�uK�@�G\B=K�L;B=@3L;:TV
DF:TD9��K�L;:=@�VWD�I�VWE�I�VW:=D}w#i'�oM :TDRG¤I&E�@V}>A@3E�8�E�<�@GW8~L;8;DF:oS'M K�@GFVW:=D%BTE�<1S8HGW8~E�<3D%DF@���DWK�<QGW:TD¤S�:tBTE�<Q��:TVWm�:=<3B=:�X
BTE�[�[�:k8;<3S�8~>A@3z�B=8H��S�:TDFDFE�@3D=i

��)�*0*�)�/��"2N/12	�1R��1 �2S&
A
$I/1( !�.�&6*-2J8-( �A(+*-!�24&62J(+/A/ (�� 0 ����/52;( #I �,�24&62���(

�
�1 �2S& $'/ (�0 �78� �! #I �,�24&62J �/

*�����$5= 2 �+*�(�09(
A

0 ���K/A2;( #I.�*
A = M − N

.���(78
M

24/���(+*-,�2J<�=L(
��� =  �*+,3= .�!3.�&6*-2J8-(

(M∗ + N)
(+,�&

�5(+*+! 24&62;(+/A/1(
�	� (�#%= $I, ��,�2 (M∗ + N)

(+,�&�.�$',�,�2 0 ���K/A2;(�#I �,�24&62 ��(�� .Q=  �*-,

ρ(M−1N) < 1.
��h�*�`"r �=g=,v+�g
fd`"r�2 ��E�@�GoS"M K�O&E�V}S"X3[�E�<QGFVWE�<3Dx>A@3:

M∗ + N
:TDRGxO38;:=<�n�:TVW[�8HGW8~:T<3<3:��

(M∗ + N)∗ = M + N∗ = (A + N) + N∗ = A∗ + N∗ + N = M∗ + N.

�k<�SzT§1<�8;GkL~K�<�E�VW[�:\��:=BTGWE�VW8;:=L;L~: |x|A =
√

〈Ax, x〉 DF@V Rn s�>Q@�8Y:=DRG_O�8;:=<�@3<3:¡<3E�VW[�:\B
K�V
A
:=DRG

SzT§1<�8;:JI&E�DF8HGW8;��:vw#iY�k<�<�E�GW: ‖.‖ L~Kl<3E�VW[�:Z[CK�GFVW8;B=8;:=L;L;:�DF@3O&E�V}S�E�<3<3zT:C� |.|A iY�k<���KU[�E�<QGFVW:#V\>A@3:
‖M−1N‖ < 1

B=:\>A@�8'8;[�I�L~8~>A@3:kL~:�VWzTDF@3LHG}K�GoS�zTDF8;VWz_m�V���B=:¡�ZL~KJ�pVWE�I&E�DF8HGW8~E�<��
�i;��i HAi'�k<lB=K�L;B=@3L;:

‖M−1N‖2 = max
|v|A=1

|M−1Nv|2A.

�oV
X3S'M K�I�VW�=DxL;:\��:=[�[�:¡�
�Qi~��i £QX&8;L':Ty8~DRGW:
v
X3S�zTI&:=<1S�K�<AGxS�:

M−1N
X3GW:=L�>A@3: |v|A = 1

:TG

|M−1Nv|2A = ‖M−1N‖2.
�9E�[�[�:

N = M −A
X�E�<�E�O�GW8;:=<AG
X:=<�I&E�DWK�<AG

w = M−1Av
X

|M−1Nv|2A = 〈AM−1Nv, M−1Nv〉
= 〈AM−1(M −A)v,M−1(M −A)v〉
= 〈(Av −AM−1Av), (I −M−1A)v〉
= 〈Av, v〉 − 〈AM−1Av, v〉

+〈AM−1Av, M−1Av〉 − 〈Av, M−1Av〉
= 1 − 〈M−1Av, MM−1Av〉

+〈AM−1Av, M−1Av〉 − 〈MM−1Av, M−1Av〉
= 1 − 〈w, Mw〉+ 〈Aw,w〉 − 〈Mw, w〉
= 1 − 〈(M∗ + N)w, w〉.

�oV 〈(M∗ +N)w, w〉 > 0
XAB
KvV

(M∗ +N)
:=DRGtSzT§1<�8;:]I&E�DF8HGW8~��:�XQ:TG

w 6= 0
B=K�V

A
:TG

M
8;<��:TVWDF8;O3L;:=D=i

CkE�<3B
‖M−1N‖2 = 1− 〈(M∗ + N)w, w〉 < 1,BT:\>Q@�8&GW:TVW[�8;<3:�L~KJSz=[�E�<�DRGFV}K�GW8;E�<'i

�

��@�8~DW>A@�:_B=:=Dt[�zTGWn�EQS�:=Dt8HGWzTV}KvGW8~��:=D]S�:kVWz=DFE�L;@�GW8;E�<�S:�DR�DRGW�=[�:=DtL;8;<3z
K�8HVW:=DoDFE�<AG]S�:=DRGW8;<3zT:=D]�Z�TGFVW:
@GW8;L~8;DFz=:TD�DF@�V�S�:=D�E�V}S8~<3K�GW:=@VWD�S�E�<AGlL;:=DUB
K�L;B=@�L~Dl<3:�DFE�<AG�I3K�DU:Ty�K�BTGWDU[CK�8;Dl:=<AG}K�B#n�z=D�S"M :#VFVW:=@�VWD
S"M K�VFVWE�<3S�8NX�8;L:=DRG%<3z=B=:TDFDWK�8HVW:]S�:t��zTVW8H§3:TV%>Q@�:¤B=:=D�:TVFVW:T@�VWD�<3:tDF:tI�VWE�I1K�m�:=<AG�I1K�D%K�@JI&E�8;<AG%S�:xSzTGFVW@38HVW:
L~K�B=E�<Q��:TVWm�:=<3BT:JS�:TD�[�zTGWn3EQS:=D�E�@�X'I38HVW:�X'S:ZL;:=D��NK�8HVW:�B=E�<Q��:TVWm�:TV_��:#VWD_S�:¡�NK�@�DFDF:=D\DFE�L;@�GW8;E�<3D=i F3E�VFG
n�:=@�VW:T@3DF:=[�:=<AGtBT:=L~KZ<�M :=DRG]I1K�DxL~:_B=K�D]B=E�[�[�:oL~:_[�E�<AGFVW:kL;:�VWz=DF@3LHG}KvGkDF@�8~��K�<AG
i
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� � � ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

�%)�*0*�)�/ �'2N/12	��� �1 "24&�$'/ (�0 ��8� �! #I �,�24&62J �/ * ����$I= 2 �+*�(�09(
A

0 ����/52;(�#I.�*
A = M − N

.���(78
M24/���(+*-,�2J<�=L(

�
�% �24& $'/
,:(78� �/10�!�(+!�<:*7(

b ∈ Rn (+& = . ,+ Q= $'&62J �/
x ∈ Rn &)(:=4=L(�:$A(

Ax = b ��� /�,�$ #9#I �,:(:$ � �
8 �5. :$A(��+&;.+#5(
k
= .�!��+&��I �0 ( 24&��+*7."&62 ��( (+,-& .�� (78:&���( 0 � $'/ (3(+*-*�(+$'*

εk ∈ Rn .�$ ,:(+/A,  ��
xk+1/�� (+,�& #I.�, (7M9.98:&)(+!�(+/A&D0Q �/A/�� #I.�* ����

�
� ��!�.�2S, #1= $'&
	�& #I."*

xk+1 = M−1Nxk + M−1b + εk.

� /
,�$ #9#I �,:( :$%( ρ(M−1N) < 1
(+& :$ � 26=1(7M�24,�&)(�$'/ (�/% �*+!�(���(�8:&; "*+2;(:=S=L(�(+&K$'/ (�8� �/5,-&;."/A&)(D#I ",-2S&62 ��(

ε
&)(:=4=L(+, :$A( #I "$I*�&; "$I&

k ≥ 0

‖εk‖ ≤ ε.

� =  �*+,�26= (7M�24,�&)(�$'/ ( 8� �/5,�&;.�/A&)( K
� :$'2_/1( 0 �)#5(+/%0 :$A(�09(

M−1N
��&)(:=4=L( :$A(

lim sup
k→+∞

‖xk − x‖ ≤ Kε.

�Uh�*�`"r �=gT,�+�g
fd`"r�2��k< S�zT§3<38HG�:=<3BTE�VW:�LNM :TVFVW:=@�V
ek = xk − x

:TG�E�< K�[CK�8;<AGW:=<3K�<AG
ek+1 =

M−1Nek + εk
i1�k<l:T<�S�z=S�@38HG

ek =
(

M−1N
)k

e0 +

k−1
∑

i=0

(

M−1N
)i

εk−i−1.
sR�
�i G�w

�pK�V9K�I3I�L;8~B=K�GW8;E�<CS:tL5Kk��VWE�I&E�DF8HGW8;E�<��
�Qi~��i H\8;L:Ty8~DRGW:x@�<3:¤<�E�VW[�:t[CK�GFVW8;B=8;:=L;L;:xDF@3O&E�V}S�E�<�<3z ‖·‖s GW:=L;L~:>Q@�: ‖M−1N‖s < 1
I�@38;DW>A@3:

ρ(M−1N) < 1
i��k<�<�E�GW:�S�:¡L5KC[��=[�:��uK��=E�<�L~KC<3E�VW[�:¡��:=B#GWE�VW8;:=L;L;:

K�DFDFEAB=8;z=:�ik�oV�GWE�@GW:=DlL;:=DU<3E�VW[�:TDU��:TBTGWE�VW8;:=L;L;:=D�DF@V
Rn DFE�<QGUz
>A@38;��K�L;:=<AGW:=D �t8;L�:Ty8;DRGW:�SE�<�B�@�<3:

B=E�<�DRG}K�<AGW:
C ≥ 1

X&>A@�8'<�:_S�zTI&:=<1SUK�8;<3DF8�>A@3:_S:
M−1N

X3GW:=L;L;:\>A@3:

C−1‖y‖ ≤ ‖y‖s ≤ C‖y‖ ∀y ∈ R
n.

��<U[CKvP E�V}K�<AG¡sR�
�Qi G�wt8~L'�Q8;:=<AG

‖ek‖s ≤ ‖M−1N‖ks‖e0‖s +

k−1
∑

i=0

‖M−1N‖isCε ≤ ‖M−1N‖ks‖e0‖s +
Cε

1− ‖M−1N‖s
S'M E ��LNM E�<lE�O�GW8;:=<AGxL;:�VWz=DF@�L;G}KvGoKv��:=B

K = C2/(1 − ‖M−1N‖s)
i

�

��9*21"`5 5@213�<#"h$(2S$&�C'('(2?+G9/2;" 2DR&2134<#9/2;" 9:21"h<(9/ M"GBD9�A!"-"@,:76 (2;" $&2 3�>?5@T(�&$&2;" ,/5@>?+IAQ5-,/0C21"
)MA!"@>?21"{"@ (+c ('(2]$(>1BD�C3�<M�6"`,/5@,:�!' +@>��! (9:,:.?+-2![

� g �\i\kHm;knoEi � C��������Mz	�`� g m � oa�l�b�\��a�(�!o �\k � � � � �
A = (aij)1≤i,j≤n

"4v2� �5�
� �
D =

diag(aii)
��� � � ��++�
�5�:� �3�%�

A
"lv>���!�"�#����� � ��� �! #�I�%�J�6�����%� ��� � � �'��� �! #�I�%� � �;�	% �
� � � � � ��� � � � � �

u�� � �"� � �0�J� � � � � � �
�

M = D, N = D −A.
��9L"1d A �!,/5{$&2*9�A]<(9: #"{"`,:3�<(9:2*$&2;"e34>?5@T(�&$&2;"e,_5->?+IAQ5@,:0!2;"?[ �j�! (+{76 ad 2?9:9/2="`�C,_5e)(,:2?'h$(>D^#'(,:2!K&,:9

�nA! &58)(,:2?'S" -(+876 (249:Ah3�AQ5@+-,�BD2�$&,:A �!�C'#AJ9:2
D
"`�C,_5=,/'O0C2?+I"`,:)(9:2![��jA!+8AJ<(<(9:,�B?AQ5-,/�C' $& � 21343�2

� � [:�![ �.�&K!$(AJ'M" 9:2NB1A!" ���
A
21"`5{"@PO34>?5@+-,:76 (2�+@>12?9:9/2CKC9�A]3�>D5-T(�&$&2N$(2'�6A!B?�!)(,EBD�!'O0C2?+ �!2f"@,

A
2D5

2D −A "@�!'65f$&>D^#'#,/2;"{<M�6"`,/5@,:0!2;"?[
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � � �

�hg �jilknm1knoEi � C������DCE�	�`� g m � oa�\� �\� � �(�\�1� &
� �Okn�\� �W� � � � �

A = (aij)1≤i,j≤n
"4v2� ����'

� �0�J� � � �
A

� �
� � � � 
��:% ���
A = D −E − F ���

D = diag(aii)
�	� �/��� � � � +6�0� �-� � � −E �$� �

� �L� �:% � � ��� % � �
��+%�&� � � %�� � �I
	�	% � � �&%�� < � � % � ��� � � � � ��B � � � −F �	� �J� �L� �:% � � ��� % � �
� +0�&��� � %���� �I���'
% � ���&%��6< � � % � � ��� � � � ��B �6�

A
"*v>� ����� �	�����������! #�I�%� �%��� �
� ���$' � � � �%��� � � �����! #�I�%� � �;�	%��0� � �
�

� ��� � � � � �4u�� � �"� � �0�J� � � � � � �
�

M = D −E, N = F.

�j�C (+X76 (2c9:A*3�>D5-T(�&$&2f$&2�3=AJ M"@" � � 2?,�$&2?9("@�!,/5 )(,/21'4$(>D^#'(,:2!K!,/9&�nA! &5 76 (2{9:A*3�AQ5-+@,�BD2
D−E"`�C,_5\,/'O0!21+-"@,:)(9/2CK1B!d 2;"|5 � � � $&,:+-2X7C #2

D
"@�!,/5l,:'O0!2?+I"@,/)(9:2�Fn9:A�3�AJ5@+-,:B?2

(D−E)
2;"|5l�nA!B?,/9:2 ��,/'O0!21+-"@2?+

B?AJ+j219/9:2c21"`5j5@+-,:A!' �! (9�AJ,:+-2;Y~[ � A!+jA!<(<(9:,:B1AQ5-,/�C'4$& � 2?3�3�28� � [:�![ �.�&K;"@,
A
21"`5 "@P63�>?5@+-,:76 (2{+->?2?9:9:2

$&>D^#'#,/28<E�C"@,_5-,/0C2!K&9�A434>?5@T(�&$&2]$(2�3=AJ #"-"!� � 21,:$&219LBD�!'O0C2?+ �!2![
�hg �jilknm1knoEi � C������DC����`� g m � oa�\� �\�b�Q� �n���a�&m;knoEi � ��� � �?� � � � �

ω ∈ R+ "4v2� �!��� ����� �
��� �  � �6� �%� %���� ���)�
� � �
� < � v � ��� �
� +-� � � � � �
�&% � � � � � �	�!� � �
� v��
�	% � �	�����)�
� � �
� � B � �#�0�&%�� �
�#�-%��
� � � %��

ω � � ����� �  � �6� � �;��%��
� � � ��� ��� ��� � � ��u�� � ��� � �
� � � � � � � �0�

M =
D

ω
−E, N =

1− ω
ω

D + F

�j�C (+�76 (2]9�A�3�>D5@T#�O$(2]$&2]+-2?9�AQR(AQ5-,/�C'h"@�!,/5f)(,/21' $&>D^M'(,/2CK#,:9L�nAJ (5�2?'#B?�!+-287C #2]9:A�3�AJ5@+-,:B?2
D
"`�C,_54,/'O0C2?+I"`,:)(9:2![��\�C (+

ω = 1
Kl�C'�+-2D5@+-�! #0!2 9�A 3�>D5-T(�&$&2b$&2 3=A! #"@" � � 2?,�$&2?9W[ � ,

ω < 1
K

�!' $&,/587C d ,:9 "?d A �C,_5=$Ld  #'(2 3�>?5@T(�&$&2�$&2 "@�! M"!� +@219:AJR(AQ5@,:�!' K&5-A!'#$&,�"*76 (2
ω > 1

BD�C+@+-21"@<E�!'#$t�
 ('(2�3�>D5@T#�O$(2 $&2�"` (+ � +@219:AJR&AJ5@,:�!'a[ �X' �!>1'(>?+IAJ9WK�,/9 2?R&,:"`5@2� ('�<#A!+-A!34.?5@+-2 �C<&5@,:3�AJ9

ωopt
76 (,

34,:'(,:3�,:"@2]9:28+-A PC�!'h"@<E21B~5-+-A!9 $&2]9�A�3�AQ5-+@,�BD28$Ld ,_5->?+IAQ5-,/�C'
M−1N

K#2D5N$&�C'#B876 (,a3�AQR&,:3�,:"@289:A
06,/5@2;"@"@28$&2]BD�C'O0!2?+ �!21'#BD2C[


 �a�6�Q�!k �!� �&C � ��� 	 �L_8 �
A

����� *+�����	8 26� J��&� *O8 �H8 �&� ��� ��K4^h��8 � $&�!�8 �H8 ]�� >B������������;�E��� $&E���
�9����

ω ∈ ]0, 2[ ,
" �S*�K6��J�_���I���g����" �/X3���H8 E�F26���]��&�'j���>


 �a�6�Q�!k �!� �&C � ��� � ������������a�E���
,
$&�� � " �N*�K4��J�_���I���g�'�&" �/X&���H8 ��

,
��F�1�9���� �� �'!

ρ(M−1N) ≥ |1− ω| , ∀ω 6= 0,

�6� ����32O���_U �&"Q" �g���b$&���/� 26E�/]��&�'j���� �����I!R8
0 < ω < 2

>

�hg �jilknm1knoEi � C������DC ���`� g m � oa�\� �\���M� �#�lk �6i�mQ�K� � � ����� � �:%��0� � � % �K%�� �	�
α 6= 0

"Gv>�
�!��� ����� ����� �! #�I�%�0�
� +�%���� � �����/� �������! #�I�%� � �9��%��0� � �
� � ��� � � � � �4u�� � �"� � �0�J� � � � � � �
�

M =
1

α
Id

� �
N =

(

1

α
Id−A

)

.

� A�3�>D5@T#�O$(2 $& �!+IA!$(,/21'C5 "@2?3 )(9/2t21'#BD�C+@2b<(9: #"�<#+@,:3�,_5-,/0C2 7C #2t9/2;"�3�>D5@T#�O$(21" <#+@>;BD>��
$&2?'65@2;"?K 3�A!,:"�219/9:2 A� ('(2t,:'C5-2?+-<(+->D5-AJ5@,:�!'x2?'y5-A!'C5 76 (2t3�>D5-T(�&$&2 $&2b3�,/'#,/3�,�"@AJ5@,:�!'�$&2b9:A
�H�!'#BD5@,:�!'

f(x) = 1
2Ax · x− b · x

76 (, 9/ (,l$&�!'('#2* #'(28<(9: #" �!+IAJ'#$(2=A!<(<(9:,:B1AJ)(,:9:,_5->![
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� � � ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

� �O����� � C������DC8C�� � � �
A

��� � ���
� % � � �P� � ��++�
�5�:� � � ����� � �%� �
�:�����&%�� � %��!� %��	�
λ1 ≤ λ2 ≤

... ≤ λn
" ���

λ1 ≤ 0 ≤ λn � �:� �-%�� ��� ��� �! #�I�%� �0�K+�%��"� � � � � �5� � �
��� ��% ++�0� �
�&% �
� � ��� �
�
�:�����&%K�%�

α
" �8�

0 < λ1 ≤ ... ≤ λn � �:� �-%�� � � �����! #�I�%� �0� +�%���� � ������� �0��
�	% +6� � � � �
� � �&� � � � � � � �

0 < α < 2/λn � � �/� �M� �:%��0� � � % �
α
�!�5� � ���:� �

5 � � � � � � � � � �
ρ(M−1N) � �$� �

αopt =
2

λ1 + λn

���
min

α
ρ(M−1N) =

λn − λ1

λn + λ1
.

� �O���&���L�l� �&C � ����CG � ,
λ1 ≤ ... ≤ λn < 0

KXAJ9:�!+I"4�!'�A� (' +@>;"` #9_5IAQ5 "`PO3�>D5-+@,�76 (2 $& 
B1A!"4$&>D^M'(, <E�C"@,/5@,/��2?'yBIT#AJ' �C21A!'C5

α
21' −α [��j�! (+49:2h<#A!+-A!3�.D5@+-2 �C<&5@,:3�AJ9 αopt

K\9:2G+IA P!�C'
"@<E21B~5-+-A!9 $&289�A�3�AQ5@+-,�BD28$Ld ,_5->?+IAQ5@,:�!'b2;"|5f ('#28�H�!'#BD5@,:�!'tBD+-�!,�"-"@A!'C5-2*$( t+-A!<(<M�C+`5

λn/λ1
[ � ,

A2;"|5{AJ &5-� ��A!$ }|�C,/'65-2!KCA!9/�C+-" BD2�+IAJ<#<M�C+`5 ' d 2;"|5{AJ &5-+@2*7C #2f9/2=BD�C'#$&,/5@,:�!'('#2?3�2?'65
cond2(A)

$&2�9�A
3�AJ5@+-,:B?2

A
[�� AJ+*BD�!'M"`>;7C #2?'651KM<(9/ M"�9�A�3�AQ5-+@,�BD2

A
21"`5N)(,:2?'SBD�!'M$&,_5-,/�C'('(>12!KE3421,/9:9:2? (+-2]21"`5N9�A

B?�!'O0!21+ �C2?'#B?2N$&289�A43�>D5@T#�O$(2]$& �!+IA!$&,:2?'651[ •
� g ��oEil�1m?�Q�&m;knoEi � ) d AJ<(+-.1"{9:2 � 2?3�3�2�� � [/�C[ � �(K6�!'b"@A!,_5f76 (2=9�A 3�>?5@T(�&$&2]$& �C+-AC$&,/21'65e2;"|5
B?�!'O0!21+ �C2?'65@2*"`, 2D5f"`21 (9:2?3�2?'65�"@,

ρ(M−1N) < 1
[M�N+

M−1N = ( Id− αA)
KE$&�!'MB

ρ(M−1N) < 1⇔ |1− αλi| < 1⇔ −1 < 1− αλi < 1 , ∀i.
0 2;BD,X,:3�<(9:,:76 (2 76 (2

αλi > 0
<M�C (+=5@�C &5

1 ≤ i ≤ n
[	� AJ+]B?�!'#"@>176 (21'65*5-�! &5-21"89:21"]0 A!9/21 (+I"

<#+@�C<(+@2;"j$&2
A
$&�!,:0!21'65(.?5@+-2c'(�!'4'O (9/9:21"j2?5 $& �3 .?3�2f"`, �!'#2{76 (2

α
[ � A*3�>D5-T(�&$&2f$& �!+IA!$&,:2?'65

'#2 BD�!'O0C2?+ �!2 $(�!'#B4<#AC"8"`,
λ1 ≤ 0 ≤ λn

Ka2D5%B?21BD, 7C #2?9�7C #2�"@�!,/5
α
[ � ,WK AJ �BD�C'C5-+-A!,/+-2!K��C'�A

0 < λ1 ≤ ... ≤ λn
KXA!9/�C+-" �!'x2?' $&>1$& #,_5G76 ad ,/9{�nA! &5

0 < α < 2/λn
[ �\�C (+�B?A!9:B? (9/21+�9/2

<MAJ+IAJ3�.D5-+@2 �!<&5-,/3�AJ9
αopt

KL�!'S+@213�AJ+I7C #2 76 (2�9:AG�H�!'MB~5@,:�!'
λ → |1 − αλ| 21"`5]$&>1B?+@�C,:"-"-AJ'65@2"@ (+

]−∞, 1/α]
<( #,:"cB?+@�C,:"-"@A!'65@2="` (+

[1/α,+∞[
K($&�!'#B

ρ(M−1N) = max{|1− αλ1|, |1− αλn|}.
� A!+�BD�C'#"`>;76 (2?'651K#9/283�,:'(,/3  (3 $&2]9�A4�H�!'#BD5@,:�!'

α → ρ(M−1N)
2;"|5NAJ5`5-2?,:'C5*AJ b<M�C,/'65N$ad ,:' �

5-2?+I"`2;B~5-,/�C'
αopt = 2

λ1+λn

$&2]B?21"c$&21 &R $(+@�C,_5-21"1[
�

�����!����� � � % �/)�-/� - 	���2( �-3'*��+�% 9;),+��
	�� 	 �

� A]3�>D5-T(�&$&2*$( ��!+IA!$(,/21'C5{BD�C'Q}| �! #>�21"`5 9�A]3�>?5@T(�&$&2*,_5->?+IAQ5-,/0C2N$&2=BIT(�!,/R�<M�C (+{+@>;"`�C #$&+-2
$(21"*"`P&"`5@.?3�2;"�9:,/'#>1AJ,:+-21"*$&�!'65N9�A 3�AJ5@+-,:B?2%21"`58"`PO3�>D5-+@,�76 (2%+->?219/9:2 $&>?^#'(,:2 <E�C"@,/5@,:0!2![*��9 "?d A �C,_5
$ad  ('#2=A!3�>?9:,/�C+-AJ5@,:�!'G"@<M2;B~5IA!BD #9:A!,/+-2*$(2*9�A43�>D5@T#�O$(2=$( �C+-AC$&,/21'65=F "` (+@5@�C &5f"`,L219/9:2=BD�!3 )(,:'(>?2
A 0C21B8 #' <(+->1BD�C'#$&,/5@,:�!'('#2?3�2?'651KE0!�C,/+N9:A )�>?^#'(,/5@,:�!'	� � [:�![ � � Y~[��j�! #+*B?�!'#"`5@+- (,:+@2]9�A 3�>?5@T(�&$&2
$( �C+-AC$&,:2?'65{B?�!'Q}| �! (>CK&�!'b,/'65-+@�&$& (,/5c9:A�'#�J5@,:�!'b$Ld 21"@<#A!B?28$&2 *=+@PO9:�Q0E[

� g �\i\kHm;knoEi � C������DC Q � � � �
r0

��� �
� � � ���&% �6�
�1�
Rn " v>� �!�"�#����� � �	� � �%� � �%���L%$4:� �-� �:������� � �

�0�K� � � ��� �&%
r0 � � � �
� � �
� �

Kk � � ��� �
� �$'?�	� � �%� ��� � � ���-% � �	� �6�
Rn ��� +6� �8�-%��3� �:%�� �	�

k + 1�
� ��� � �&%�� {r0, Ar0, ..., Akr0}
"
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � ���

� 21"�21"@<#A!B?21"�$(2 *=+@PO9:�Q0
(Kk)k≥0

�H�C+@3�2?'65� #'(2 "@ (,/5@2%B?+@�C,:"-"@A!'65@2]$&2%"@�! M"!� 21"@<#A!B?21"{0C21B%�
5@�!+-,:2?9�"

Kk ⊂ Kk+1 ∀k ≥ 0
[ 0 �C3�342

Kk ⊂ Rn KjBD2?5`5-2h"@ (,_5-2h$&210O,/21'C5 �H�!+IBD>13421'654"`5-A �
5@,:�!'('#A!,/+-2��%<#AJ+@5@,:+ $Ld  ('GB?2?+@5-A!,/'�+IAJ' �M[ �X9: #" <(+->1BD,�"@>?3�2?'651K6'(�C #"X9�AJ,�"@"@�!'M"X9:2�9:21B~5-2? (+ 0!>1+@,/^#2?+
7C d ,:9a2DR&,�"|5-2= ('(2]$&,:3�2?'#"@,/�C' B?+@,/5@,�76 (2

k0
K#A 0C21B

0 ≤ k0 ≤ n− 1
K&5@219/9:2]7C #2

{

dimKk = k + 1
"@,

0 ≤ k ≤ k0,

dimKk = k0 + 1
"`,
k0 ≤ k.

�X'�<(+@21'#AJ'65
r0 = b−Ax0

KQ,:9&21"`5j�nA!B?,/9:2c$&2{0!�!,:+ 76 (2!KQ<E�! (+ 9�AN34>?5@T(�&$&2f$( �C+-AC$&,/21'651K 9 d ,/5@>?+->?2
xk

AJ<(<#A!+`5-,/21'65*�h9 d 21"@<#A!B?24A-��'(2
[x0 + Kk−1]

F $&>D^M'(,XBD�C343�249 d 2?'M"`213%)(9:24$(21"*0!2;B~5@21 (+I"
x5@2?9�"=76 (2

(x − x0) ∈ Kk−1
Y~KLBD2�76 (,j,/3�<(9:,:76 (2�76 (249/24+@>;"`,�$& 

rk = b − Axk
AJ<#<#AJ+@5@,:2?'65*�

9 d 21"@<#A!B?28$&2 *=+@PO9:�Q0
Kk

F A!"-"`�&B?,/>8AJ +->1"@,:$& ,:'(,_5-,:A!9
r0
Y~[

�j�C (+ A!3�>?9:,/�C+@21+ 9:A�34>?5@T(�&$&2�$& �C+-AC$&,:2?'651K �!' $&>;BD,�$&2S$&2S�|3�,:2? &R BIT(�C,:"@,:+h�
xk

$#AJ'#"
9 d 21"@<#A!B?2]A#��'(2

[x0 +Kk−1]
[ � A�3�>D5-T(�&$&2%$& �C+-AC$&,/21'65cB?�!'Q}| �! (>%B?�!'#"@,�"|5-2!K#��<#A!+`5-,/+f$ad  ('

0!21BD5@21 (+�,/'#,_5-,:A!9
x0 ∈ Rn 2?5G$&2 "@�!'y+@>;"`,�$& 

r0 = b − Ax0
K ��B?�!'#"`5@+- (,:+@2b ('(2 "@ (,/5@2 $&2

0!21BD5@21 (+-"
xk ∈ [x0 +Kk−1]

5-2?9�"{7C #2
rk = b−Axk

2;"|5{�!+@5@T#� �!�C'#AJ9MAJ h"@�! M"!� 21"@<#A!B?2
Kk−1

K
<M�C (+

k ≥ 1
[

� �O����� � C������DC�	�� � � �
A
��� � � �0� % � � �J�$4
��� � % �,5 � �M%!� ����� �3��� 2�� � � � � � � � � � � �.� �-%��:% �

n
" � � � �

x0 ∈ Rn � r0 = b − Ax0 � ��� (Kk)k≥0
� � � � � � ���%�	� �	� �#�6� �$���%� �L%$4:� �-� � ��� � � � �	��u

r0
" � �

��� �  � �6�L�0� +-% ��� � � � � � �
�1� ��+0�� �$� �M��� 2�� � � � � �
�&%
k ≥ 1 � �#�-%

xk ∈ [x0 +Kk−1]
� �

rk = b−Axk⊥Kk−1.
F|� � [:� �6Y

� �
�&% ���0���
k ≥ 1 �

� � �!� � � � � � � � � ��� ��� �,5 � �3�
� ��� � �&%
xk

�%�0� � � �#�-%L<>= � "�= � B0"5�� �8� � � � � � �7������ �  � �6� � �0��
�	% ++�M�
��%��7� � ���-� ��� � �
� �0�L�$4 � � � ���M� � � � � � %��
Ax = b

� � � �0� � � � � � n
� �;��%��
� � �
���"

� �O���&���L�\��� C������DC ��� 2 � 21343�2�� � [:�![ � �S3��!'65@+-2 76 (2 9Wd A!9 �C�!+-,_5-T(3�2 $& �!+IA!$(,/21'C5GB?�!' �
}| �! (>h7C d �C'�AtB?�!' ? �BD�C343�2� ('#2 3�>D5@T#�O$(2 ,_5->?+IAQ5-,/0C2�21"`5]2?'��nAJ,/5% ('#2 3�>D5@T#�O$(2G$&,:+@2;B~5@2
<( (,�"@76 ad ,/9*BD�C'60C2?+ �!2 2?'� ('�'#�!3%)#+@2b^#'#,N$Ld ,_5->?+IAQ5-,/�C'#" FH2?R(A!B~5-2?3�2?'65

k0 + 1
� �

k0
21"`5 9:A

$&,/3�21'#"`,:�!'�B?+@,/5@,�76 (2 $&2 *=+-P69:�Q0(Y~[ 0 2?<E2?'M$(AJ'651Kl$(AJ'#"]9:A <(+IAQ5-,:76 (2��C'�9Wd  &5@,:9/,�"@2 BD�!3�3�2� ('(2
34>?5@T(�&$&2G,_5->?+IAQ5@,:0!2 76 (,eBD�C'60C2?+ �!2Z�|'O (3�>1+@,�76 (2?3�2?'65���21'�)M2;AJ #B?�! (<�3��!,:'#"]$&2

k0 + 1
,_5->��

+-AJ5@,:�!'#"1[}��'C5- (,/5@,:0!2?3�21'C58,:9 21"`5=�nA!BD,:9:2�$(240C�!,:+=<M�C (+-76 (�C,j9/2 �!+IA!$(,/21'C58BD�C'Q}| �C (>4A!3�>?9:,/�C+@249/2
�!+IA!$&,:2?'65f"`,:3�<(9:2![ �X't2�,E2?51KM9/28+->1"@,:$( 

rk
21"`5f�!+@5@T(� �!�!'MAJ9L�4 (' "`�C #" �W2;"`<#ACBD2

Kk
$&2]<(9: #"c21'

<(9/ M" �!+IAJ'#$a[ •
�hg ��oEil�1m?�Q�&m;knoEi � 1t�!'65@+-�!'M"]5-�! &5�$Ld AJ)E�!+I$�76 ad ,:9{2DR&,�"|5-2h)(,:2?'x ('	 #'(,:76 (2

xk
76 (,c"@AJ5@,�"!�

�nAJ,/5�9/2;"fTOPO<M�!5@T(.;"`2;"?[ 0 �!3�3�2
A
2;"|5N$(>D^#'(,:2]<E�C"@,_5-,/0C2!KM�!'t<E2? &5N$(>D^#'(,:+�9:2%<#+@�&$& (,/5N"-B?A!9:A!,/+-2

〈x, y〉A = Ax · y "@ (+ Rn [��N' BIT(21+-BIT(2 xk
"@�! #"�9:A��H�C+@3�2

xk = x0 + yk
A 0C21B

yk ∈ Kk−1
K

2D5f9�A4B?�!'#$(,_5-,/�C' $Ld �!+@5@T#� �!�C'#AJ9:,/5@>=$&2
rk
$&2106,:2?'65

〈A−1r0 − yk, y〉A = 0 ∀ y ∈ Kk−1,

BD2f76 (,('ad 21"`5X+-,/21'�$ad A! &5@+-2f76 (2c9:A=B1AJ+IA!B~5->?+-,:"-AQ5-,/�C' $&2
yk
B?�!3�3�2c<(+@�!}|21BD5@,:�!'4�!+@5@T(� �!�!'MAJ9:2e$&2

A−1r0
"` (+ 9:2�"@�! #" � 21"@<#A!B?2

Kk−1
Fn<M�C (+ 9:2c<(+-�O$( (,_5e"@B1AJ9�AJ,:+@2 〈, 〉A

Y~[ 0 21B?,(<(+-�! (0C2e9Wd 2DR&,:"`5@21'#BD2
2D5f9Wd  ('#,:B?,_5->]$&2

xk
[
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� � � ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

� �C,_5
k0
9�A $&,:3421'#"@,/�C'	BD+-,_5-,:76 (2h$&21" 21"@<#A!B?21" $&2 *=+-P69:�Q0�K BJd 21"`5 ��� ��$&,:+@2 76 (2CKl<E�! #+%5-�! &5

k ≥ k0
K

dimKk = k0 + 1
[ �X'�<#AJ+@5@,�BD (9:,:2?+;K

AKk0 ⊂ Kk0+1 = Kk0

Ka$&�!'MB
rk0+1 = b −

Axk0+1 = r0−Ayk0+1
AJ<(<#A!+`5-,/21'65 �

Kk0

5@�C &5 21' 9/ #,#>D5IAJ'65 �C+`5-T(� �C�!'#A!9 [ � AJ+eBD�!'M"`>;7C #2?'651K
rk0+1 = 0

2D5
xk0+1

21"`5f9:A�"@�!9: &5@,:�!' 2DR(A!BD5@28$& t"@PO"`5@.13�2*9:,:'(>1A!,/+-2![
�

� �O���&���L�l� �&C � ����CMp�� AS3�>D5-T(�&$&2 $& �!+IA!$&,:2?'65�BD�!'J}| �! (>tAS>D5->t<(+@>;"`21'65@>?2bBD�C3�342b ('
<#+@�&BD>;$&>=$Ld �C+`5-T(� �C�!'#A!9/,�"-AQ5@,:�!'G<#AJ+{+IAJ<(<E�!+@5{�49Wd 2;"`<MA!BD2=$&2+*=+-PO9/�Q0�[ �f�! M"{0!2?+-+-�!'#" <(9: #"{9/�C,/'
76 (2CK1$&2 3�A!'(,:.?+-2X>176 (,:0QAJ9:2?'65@2CK?�!'8<E2? (5l9Wd ,:'65@+-�O$( (,/+-2XBD�C3�342  (']<(+-�!)(9:.?3�2 $(2X3�,/'(,:3�,:"-AQ5-,/�C'a[
� 9/ #"f<(+@>;BD,�"`>13�2?'651K

xk ∈ [x0 +Kk−1]
+->1A!9/,�"@2N9:283�,/'(,:3% #3 $(A!'#"

[x0 +Kk−1]
$&2

f(x) =
1

2
Ax · x− b · x,

�C h)#,/21' 21'#BD�C+@2=9:2=+@>;"`,�$& 
rk = b−Axk

34,:'(,:3�,:"@28$(AJ'#"
Kk

9�A �H�!'#BD5@,:�!'

g(r) =
1

2
A−1r · r

A 0C21B
r = b−Ax [ •


 �a�6�Q�!kn�C� �&C � ����p �L_8 �
A

� ����*+�����	8 26� !W� *�K4����8 �E��� ��K6^ �&8 ��$&�!�8 �H8 ]�� > �_L8 �
(xk)0≤k≤n

" �
!4�&8 �9� ���G!=�"Q���H8 ���!1� $�$���_23J�K4�/!I�(��9�&� ���/!N$3�&�+" � *+K6��J�L���S�E� jE�'�3�_8 �&���126E� �H��jE��K >%�+� $&�!d�

rk = b−Axk

�4�
dk = xk+1 − xk

> �FE�/���'�&�a�E���
:�8 A "�U �4!4$��324�I����� �5� " &]

Kk

�/!9�D� ��!=!R8 K/j�� " f

Kk = [r0, ..., rk] = [d0, ..., dk],

:�8Q8 A " ��!6��8 �9�
(rk)0≤k≤n−1

�4!9� L�W��J��j���3� " �

rk · rl = 0
$&E��� �9E�/�

0 ≤ l < k ≤ n− 1,

:�8Q8Q8 A " �F!6��8 �9�
(dk)0≤k≤n−1

�4!9�D26E� �H��jE��K/�F$3���C�'� $ $&L�W�Df
A

Adk · dl = 0
$&�� � �9����

0 ≤ l < k ≤ n− 1.

� AS$&>?^#'(,/5@,:�!'y7C #2h9Wd �C'	0O,:2?'654$&2b$&�C'('(2?+�$&2 9�A 3�>D5-T(�&$&2t$& �C+-AC$&,/21'65 BD�C'Q}| �! #>h2;"|5
<# (+@213�2?'65 5@T#>?�!+-,�7C #2![ � '�2-,�2D5;K �C'�'ad A�<#AC" ,:'#$&,�7C #>S$Ld AJ9 �!�C+@,/5@T(3�2t<E�! (+ BD�C'#"|5-+@ #,/+-2

rk�C+`5-T(� �C�!'#A!9Q�
Kk−1

K?'#,C$&,/5\B?�!3�3�2?'65 �!'8B1AJ9�BD (9:2
xk
$#AJ'#"L9�Ac<(+IAQ5-,:76 (2C[ � 2X5@T(>1�!+-.?3�2X"` #,/0QAJ'65

$(�!'('(28$&2;"{�H�!+-3% #9/2;" <#+-AJ5@,�7C #21"{<#A!+`5-,:B? (9/,:.?+-2?3�21'C5f"@,/3�<(9:21"{<E�! #+fB?AJ9�BD #9/21+fBD21"{0C21BD5@2? #+-"1[

F �QoM� oE�1knm1knoEi � C������DCEz�� � � �
A

��� � � �0� % � � � �$4
��� � % �,5 � �P�"�,2 � � � �#�:� � � � �
� � � � x0 ∈ Rn "� � � �
(xk, rk , pk)

� %�� � � � � � � �$� ��� 2�� � �$�7� �:% � �	� %���� �
� � �
�� �6� %!� � �&%$%�� � � �

p0 = r0 = b−Ax0,
� � � �
�&%

0 ≤ k







xk+1 = xk + αkpk

rk+1 = rk − αkApk

pk+1 = rk+1 + βkpk

F|� � [:�!�;Y



Ec
ol

e 
Po

ly
te

ch
ni

qu
e.

 N
e 

pa
s 

re
pr

od
ui

re
.

���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � � �

�:�
� �

αk =
‖rk‖2
Apk · pk

���
βk =

‖rk+1‖2
‖rk‖2

.

O � �:%�� � (xk)0≤k≤k0+1
�	� �3���6� � � � �P�%� � �:� ��� � �0�1� �����8% � �  1� �	� �%� ������� �  � �6�6�
� +�%��"� � � � �

� �0�?� ��+%��L�"�,2 � � �M�#�-%�<>= � "�= � B%"

��h�*�`"r �=g=,v+�g
fd`"r�2�¥�L�:TDRG]�uK�B=8;L;:¡S�:�[�E�<AGFVW:TVxI1KvV]VWzTB=@�VFVW:=<�B=:_>A@3:kL~:TD]VW:=L~KvGW8~E�<3D

r0 = b−Ax0
:TG { rk+1 = rk − αkApk

xk+1 = xk + αkpk

8;[�I�L~8~>A@3:T<QGY>A@3:�L5K]DF@38HGW:
rk
:=DRG�O38;:=<¡B=:=L;L;:tS@¡VWz=DF8~S@�X��oDWK
��E�8;V

rk = b−Axk
i�jk<�:9K�@�GFVW:9VWzTB=@�VFVW:=<�B=:

�uK�B=8;L;:\[�E�<AGFVW:_>A@3:kL~:TDxVW:TL5KvGW8;E�<3D

r0 = p0
:TG { rk = rk−1 − αk−1Apk−1

pk = rk + βk−1pk−1

8;[�I�L~8~>A@3:T<QG'>A@�:
pk
:TG

rk
K�I3I3K�VFGW8;:=<3<�:=<AGY�¤LNM :=DFI3K�B=:9S�:���VF�L~Ev�

Kk
X
I&E�@�V'GWE�@G

k ≥ 0
i��k<�:=<\Sz
S�@�8HG
X

I3K�V_L~K�VW:=L~K�GW8;E�<�S�:¡VWz=B=@�VFVW:T<3B=:
xk+1 = xk + αkpk

X'>Q@�:
xk+1

K�I�I1K�VFGW8;:=<AG_O�8;:=<���LNM :=DFI1K�B=:CK��J<3:
[x0 + Kk]

i3�YE�@VxB=E�<�B=L;@�VW:�X�8;L�<�E�@3D¤�uK�@Go[�E�<AGFVW:TVx>A@3:
rk+1

:TDRGxE�VFGWn3E�m�E�<1K�Lc�
Kk

i �cE�@�G]S"M K�O&E�V}S"X
<�E�@�D\K�L;L;E�<3D\[�E�<QGFVW:#V_I1KvV¡VWzTB=@�VFVW:=<�B=:�>A@3:

rk+1
:=DRG\E�VFGWn�E�m�E�<1K�L¤�

rj
X�I&E�@V_GWE�@�G

0 ≤ j ≤ k
Xc:#G

>A@�:
pk+1

:=DRGoB=E�<�PR@3m�@3z=:\�
pj
X�I&E�@V]GWE�@�G

0 ≤ j ≤ k
X1B�M :=DRGF������S8;VW:\>A@�:

Apk+1 · pj = 0
i%O LNM E�V}SVW:

��E�<�K
r1 · r0 = ‖r0‖2 − α0Ap0 · r0 = 0

B=K�V
p0 = r0

X3:#G

Ap1 · p0 = (r1 + β0p0) · Ap0 = α−1
0 (r1 + β0r0) · (r0 − r1) = 0.

�k<UDF@3I�I&E�DF:\>A@3:9P @3DW>A@�M �ZLNM E�V}SQVW:
k
E�<�K

rk · rj = 0
I&E�@V

0 ≤ j ≤ k − 1,
:TG

Apk · pj = 0
I&E�@V

0 ≤ j ≤ k − 1.

?lE�<AGFVWE�<3D%>A@3:tB�M :=DRG9:=<3BTE�VW:x�AV}K�81�_LNM E�V}SQVW:
k+1

i O�B
K�@3DF:oS�:tL~K��uE�VW[Z@3L;:xS:xVWzTB=@�VFVW:=<�B=:]>A@38�S�E�<�<3:
xk+1

E�<�K
rk+1 · rj = rk · rj − αkApk · rj ,:#Gk��B
K�@�DF:\S�:�L~K�VW:=L~KvGW8~E�<

rj = pj − βj−1pj−1
E�<lE�O�GW8;:=<AG

rk+1 · rj = rk · rj − αkApk · pj + αkβj−1Apk · pj−1.

O B
K�@3DF:_S:kLNM nQ�I&E�GWn3�=DF:kS�:oVWzTB=@�VFVW:=<�B=:�XE�<U:=<US�z
S@38HG9�uK�B=8;L;:=[�:=<AG]>A@3:
rk+1 · rj = 0

DF8
j ≤ k− 1

X
G}K�<1S8~Dl>A@3:�L~K?�dE�VW[�@3L;:�I&E�@�V

αk
8;[�I3L;8~>A@3:�>A@3:

rk+1 · rk = 0
i CZM K�@�GFVW:�I1KvVFG
XtL~K0�uE�VW[�@3L;:�S�:

VWzTB=@�VFVW:=<�B=:\>A@38'S�E�<3<�:
pk+1

B=E�<1S�@�8HG]�

Apk+1 · pj = pk+1 ·Apj = rk+1 ·Apj + βkpk ·Apj ,

:#GoBTE�[�[�:
Apj = (rj − rj+1)/αj

E�<U:=<�Sz
S�@�8;G

Apk+1 · pj = α−1
j rk+1 · (rj − rj+1) + βkpk ·Apj .

�YE�@�V
j ≤ k−1

X�L�M nA�I&E�GWn��=DF:xS�:9VWzTB=@�VFVW:=<�B=:t:TG�LNM E�VFGWn3E�m�E�<1K�L;8HGWzoS�:
rk+1

s�>Q@�:¤LNM E�<J�Q8;:=<AG�S'M E�OGW:=<38HV#w
IVWE�@���:x>A@3:

Apk+1 ·pj = 0
iA�YE�@V

j = k
XAE�<�E�O�GW8;:=<AG

Apk+1 ·pk = 0
m�V���B=:]K�@yZ�dE�VW[Z@�L;:=D9SE�<�<1K�<AG
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� � � ��)������$� � )��(���$�	����*� � �#���	��(	 �$�*�+�

αk
:TG

βk
iN�9:=B=8YGW:#VW[�8~<�:�BT:TGFGW:¡VWzTB=@�VFVW:=<�B=:�iN�9E�[�[�:\L5K��NK�[�8;L~L;:

(rk)0≤k≤k0

:=DRG_E�VFGWn�E�m�E�<1K�L;:�X':=L;L~:
:=DRGkL;8;O�VW:_G}K�<QGo>A@3:

rk 6= 0
i&�oV

rk ∈ Kk
X3B=:¡>A@38':=<AGFV}K��5<3:

Kk = [r0, ..., rk]
B=K�VoB=:=DoS�:=@yl:=DFI3K�B=:TD

E�<AGt[��=[�:oS�8;[�:=<�DF8~E�<�i��pK�VxBTE�<3DFz=>Q@�:=<AG
X
rk+1

:=DRGxO38;:=<�E�VFGWn�E�m�E�<1K�Lc�
Kk

X:TGtL~KZDF@�8;GW:
xk

:TDRGxO38;:=<
B=:=L;L;:�S@Um�V}K�S8~:T<QG]B=E�<�P @3m�@�z�i

�

(C)�*�+�,�-c.�)0/ �'2N/12 ��� �k<�S�8HG\>A@3:JL~K�DF@38HGW:
(pk)

:=DRG¡^�`"r��
. V".'h)�I3K�V_V}K�I�I&E�VFG¡�
A
B
KvV�:TL~L;:�:=DRG

E�VFGWn3E�m�E�<1K�L;:¡I&E�@VkL;:¡I�VWEQS�@�8HGoDFB=K�L~K�8HVW: 〈x, y〉A = Ax · y i �oM :=DRGkB=:TGFGW:\I�VWE�I�VW8;zTGWz¡>A@38YK�SE�<�<3z_DFE�<<3E�[���L5K�[�zTGWn3EQS:�i
��:�L;:=BTGW:T@�V¡DF:�S�:T[CK�<1S:ZI&:=@GF� �TGFVW:JB=E�[�[�:=<AG�L;:=D_�uE�VW[Z@3L;:=DCsR�=�i;���
w\E�<QG\I�@��#GFVW:Z� 8;<Q��:=<AGWz=:TDR�}i

��<C�NK�8;G
X�8;L&:Ty8;DRGW:�@3<�:oVWz=B=8;IVWEQ>Q@�:��¡L5K���VWE�I&E�DF8HGW8;E�<��
�i;��i ��Gi"��L;@3D¤IVWz=B=8;DFz=[�:=<AG
XQLNM ��y:TVWBT8~BT:J�
�i;��i $
[�E�<AGFVW:9>A@�:9L~KoDF@�8;GW:

dk = xk+1−xk
:=DRG�BTE�<�P @3m�@3z=:¤I3K�VYV}K�I3I&E�VFG��

A
:TG�>A@3:�L;:¤DFE�@�DR� :=DFI1K�B=:¤:=<�m�:=<�

SVWz�I3K�V
(d0, ..., dk)

BTE���<3B=8~S:_K
��:=B
Kk

i1�k<�:=<lS�z
S@38HGxS�E�<3Bo@3<�[�Ev��:=<UIV}K�GW8~>A@3:kS�:kBTE�<3DRGFVW@�BTGW8;E�<
S�:¤L~KkDF@�8;GW:

dk
��E�<�K�I3I3L;8~>A@3:%L~:tIVWEAB=z
SzxS'M E�VFGWn�E�<3E�VW[CK�L;8;DWK�GW8;E�<JS�:DBoV}K�[J� ¢ B#n�[�8~SGp�

(r0, ..., A
kr0)I&E�@�VxL;:�IVWEQS�@�8;GxDFB=K�L~K�8HVW: 〈x, y〉A

i3��:kVWzTDF@3LHG}K�G]DF:kGFVWE�@3��:��#GFVW:�L~KZDF@38HGW:
pk
>A@38&:=DRG]<3zTB=:=DFDWK�8HVW:=[�:T<QG

B=E�L;8;<3z
K�8HVW:��
dk

sNE�<�GFVWE�@���:_>A@3:
dk = αkpk

w#i1BoV���B=:\�ZL~K�DR�[�zTGFVW8;:_S:
A
XL;:=Dt�uE�VW[Z@�L~:TDoS: BoV}K�[J�

¢ B}n3[�8~SGZ>A@38tSzT§1<�8~DFDF:T<QG
pk

DF:lDF8;[�I3L;8H§1:=<AGZB=E�<�DF85SzTV}K�O�L;:=[�:=<AG
X�:TG�E�< K�O&E�@GW8;G�s�K�I�VW�TDC>Q@�:=L~>A@3:=D
B
K�L;B=@�L~D}wxK�@yC�uE�VW[�@3L;:=D_sR�=�i;���
w#i •

� ���Eo#�Qknm � ����iL�l� g �Qk �L�l� )*AJ'M"89:A <(+-AJ5@,�76 (2!Ka9:�!+I"-7C d �C'S3�2D5 2?'��O2? (0O+-2�9 d AJ9 �!�C+@,/5@T#342
$( �!+IA!$&,:2?'65 BD�C'Q}| �C (>!KC9/2;" �H�!+-3% #9/2;"�F|� � [:�!� Yj$&2f9�A��X+-�!<E�C"@,_5-,/�C' � � [:�![ � �="@�!'65 <(+-� �C+-A!343�>12
$(289:A43�AJ'(,:.?+-28"` #,/0QAJ'65-2

9�: 9 (59
4 � 9+B%4%(590=%:
{ ; & =�9�� 9 : 9 (5904 � x0

r0 = p0 = b−Ax0

9 ( � 8#4%(590=%:5B k ≥ 1



























αk−1 =
‖rk−1‖2

Apk−1·pk−1

xk = xk−1 + αk−1pk−1

rk = rk−1 − αk−1Apk−1

βk−1 = ‖rk‖2

‖rk−1‖2

pk = rk + βk−1pk−1

)�.;" 76 (2
rk = 0

KQ9Wd AJ9 �!�!+-,/5@T(3�2 A=B?�!'O0!21+ �C>!K1B!d 2;"|5 � � � $(,/+-2 76 (2
xk
2;"|5 9�AN"@�!9: &5@,:�!'4$& �"`P&"`5@.?3�2

Ax = b
[!�N'4"@A!,_5j7C #2 9�A�B?�!'O0!21+ �C2?'#B?2 21"`5jAJ5`5@21,/'65-2 21'

k0+1
,/5@>1+-AJ5@,:�!'#"1K;���

k0 ≤ n−1
21"`5\9�A

$(,/3�2?'M"`,:�!'4BD+-,_5-,:76 (2e$&21"\21"@<#ACBD21"l$&2 *=+@PO9:�Q04F 7C #2 9Wd �C']'(2{BD�C'('#A�"�5l<MA!"jAf<(+-,:�!+-,�YD[ 0 21<M21'#$(AJ'65
$#AJ'#"L9�A{<(+IAQ5-,:76 (2CKD9/2;"aB?A!9:B? (9�"a"` #+a�!+I$&,:'#AQ5-2? (+I"L"`�C'65L5@�! J}|�! (+I"L"` J}|2D5-"l�c$&21" 2?+-+@21 (+I"E$ad A!+@+-�!'#$(, K
2?5]�!'�'(2�5@+-�! #0!2�<#A!"=2?R(A!B~5-2?3�2?'65

rk0+1 = 0
[ 0 d 2;"|5]<E�! (+I76 (�!,WKL�!'�,:'C5-+@�&$& #,_5] ('	�D<M2?5@,/5��

<MAJ+IAJ3�.D5-+@2
ε
FZ5|PO<(,�7C #2?3�2?'65

10−4 �! 10−8 "@2?9:�!'b9�A�<(+->1BD,�"@,/�C'b$(>1"@,/+->?2 Y~K(2?5��!' $&>;BD,�$&2%76 (2
9Wd AJ9 �!�!+-,/5@T(3�2=A4B?�!'O0!21+ �C>*$(.1"c76 (2

‖rk‖
‖r0‖

≤ ε.
� A!+{A!,/9:9:2? (+I"?KO<E�! (+f$(21"c"@PO"`5@.13�21"{$&2 �!+IAJ'#$(2�5IAJ,:9/9:2�FH<E�! (+c9:21"-76 (2?9�"

n
2D5
k0
"`�C'65
� �!+IAJ'#$("��QK

$(2 9 d �!+I$&+-2t$&2
104 � 106 Y~K 9:A�3�>?5@T(�&$&2�$& �!+IA!$&,:2?'65 BD�C'Q}| �C (>t21"`5G &5-,/9:,:"@> B?�!3�3�2  ('(2

3�>?5@T(�&$&2 ,_5->?+IAQ5-,/0C2!K BJd 21"`5 ��� ��$&,:+@2G76 ad 2?9:9:2bB?�!'O0!21+ �C2!K A! x"@2?'#"�$& BD+-,/5@.?+-2hB?,���$&2;"@"@ #"1Kl21'x ('
'#�!3%)#+@28$Ld ,_5->?+IAQ5-,/�C'#"e)(,/21'b,/'&�H>1+@,:2? #+f�

k0 + 1
FnB~�|[ �X+@�C<M�6"`,/5@,:�!'����#[/�C[ �(�]B?,���$&21"-"@�! #"IY~[
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���5� ��� ����+��� �'�(	���)"���������
�!���$�������!	 )#�$��	 ���� � � �

� �O���&���L�\��� C�������G �
�![ �X' �C>?'(>1+-A!9 K("@,a�!'b'ad A4<#A!"�$Ld ,:'#$&,�B?AJ5@,:�!'#"�"` (+c9�A�"@�!9: &5@,:�!'aK&�C'tBIT(�!,�"`,/5�$Ld ,/'#,_5-,:A!9/,�"`21+c9:A
3�>D5-T(�&$&2]$& �!+IA!$(,/21'C5cBD�C'Q}| �C (>=<#AJ+

x0 = 0
[ � ,a�C'h+->1"@�! &5c ('#2]"` (,/5@2]$(28<(+@�C)(9:.?3�21"

<E2? 4$&, ,�>?+-2?'65I" 9:21"l ('#"j$&2;"lA! &5@+-21"1K1�C']<E2? &5j,/'#,_5-,:A!9/,�"`21+
x0
<#AJ+l9:A*"`�C9/ (5@,:�!'8<(+->1B?>1$&21'C5-2![

�&[ � BIT#AC7C #2*,/5@>1+-AJ5@,:�!' �!' 'ad A�)M2;"`�C,/'b$&2=�nAJ,:+-2=76 ad  ('b"`21 (9a<(+-�&$& (,/5f3�AQ5@+-,�BD2�� 0!2;B~5-2? (+;K6�
"-A 0!�C,/+

Apk
K6B?AJ+

rk
2;"|5{B?A!9:B? (9/>�<#AJ+ 9:A=�H�C+@3  (9:2�$&2�+->1B? (+-+@21'#BD2{2D5e'(�!'G<#AJ+ 9:A8+-2?9�AQ5-,/�C'

rk = b−Axk
[

�([ �j�! #+e3�2?5`5@+-2=2?' �O2? (0O+-2N9�A%3�>?5@T(�&$&28$& �!+IA!$&,:2?'65cBD�C'Q}| �! #>!KO,/9L' d 2;"|5c<#AC"{'(>1B?21"-"@A!,/+-2
$&2�"`5@�&B�,!21+N9�A 3�AQ5@+-,�BD2

A
$#AJ'#"= ('S5-A!)(9:21AJ �"`, �C'�"-AJ,/5]B?A!9:B? (9/21+=9/24<(+-�O$( (,_5]3�AJ5@+-,:B?2

0C21B~5-2? (+
Ay

<M�C (+{5@�C &5f0!2;B~5-2? (+
y
[

�#[ � A�3�>D5@T#�O$(2 $& �!+IA!$&,:2?'65�BD�C'Q}| �C (>%2;"|5N5@+-.1"N2 � B?ACBD2]2?5�5@+-.1"N &5-,/9:,:"@>?2C[ � 9/9:24A )M2;AJ �
B?�! (<	$(2h0QAJ+-,�AJ'65@2;"]�! y$&2 �!>?'#>?+IAJ9:,:"-AQ5-,/�C'#"?K '(�J5IAJ3�3�2?'65�A! 	B?AC" $(21"43�AQ5@+-,�BD21" '(�C'
"@PO34>?5@+-,:76 (2;"{$&>D^#'#,/2;"c<M�6"`,/5@,:0!2;"?[

•

 �a�6�Q�!k �!� �&C � ����z �E8&��;26���!R8 ��)&�'�;" �1*+K6��J�L���D���+j��7�3�L8 ���/� 26����=��j���KD26E*1*��;�����O*�K4��J�_���
�L8��'�/26�9�

,
*�E�/���'�&� �����1� � ��!O" �12/��!O" �b$�"Q��!B��K4c	��]�L�7� ( " �

, k0 = n− 1 ,
" �b��E*1(&�'�1�ZU �$&K��'���H8 E��!

:9*1� " �H8�$�" 8 2/���H8 ���!`!=�&� " �&*����/�=A�$&E���C�'K4!=��3���'�g���F!}��!d�9)&*��g" 8���K/��8��'�O�4!9�
Nop = n3 (1 + o(1))

>

���! #"�A!$&3�2D5@5@+-�!'#"{9:2=+@>;"` #9_5IAQ5f$&2]BD�C'O0!2?+ �!21'#BD2*"` #,/0QAJ'65]FH0C�!,:+8U �QVZYD[

F � oM� oE�1knm1k oMi � C�������G � � � � �
A

���5�����
� % � � � ��4
��� � % �,5 � � %�� �	��� � �"�,2 � � � �#�:� � � � �
� " � � � �
x� � � �:� ��� � �
� �!�)�%� ���6�0� �$4 � � � ���

Ax = b
" � � � �

xk
� � � � � ���P�6� � �:� ��� � �
�� �����8% � �  1� �	�6�0�

+-%��"� � � � � � �
�?� ��+%�� � " O ���:%��

‖xk − x‖2 ≤ 2
√

cond2(A)

(

√

cond2(A)− 1
√

cond2(A) + 1

)k

‖x0 − x‖2.

�N'x+-A!<(<E2?9:9/2 7C #2h$(A!'#"49/2 B?A!"4$Ld  ('(2 3�AQ5@+-,�BD2h"@PO3�>D5@+-,�7C #2G+->?2?9:9:2h$&>?^#'(,:2h<E�C"@,_5-,/0C2!K\9/2
BD�!'M$&,_5-,/�C'('(213421'65f21"`5�$&�!'('#>8<#AJ+c9�A4�H�!+-3% (9:2

cond2(A) = λn/λ1
K#���

λ1, λn
"`�C'C5f+-21"@<E21B%�

5@,:0!2?3�21'C5*9:A <(9/ M"�<E2D5-,_5-2%2D5*9:AG<(9: #" �C+-A!'#$&2]0QAJ9:2? #+�<(+-�!<(+-2]$&2
A
[ � A �X+-�!<E�C"@,/5@,:�!'����#[/�C[ �(�

AJ3�>?9:,/�C+@2G9/2 � 2?3�3�2 � �([:�![ � �tB?2h76 (,e0!2? (54$&,:+@2h7C #2G9�A 3�>D5-T(�&$&2h$& �!+IA!$&,:2?'65%B?�!'Q}| �C (>?2
BD�!'O0C2?+ �!2�)E21A! #BD�C (< <(9/ M"c0O,_5-2]7C #2*9�A43�>D5@T#�O$(2]$& �!+IA!$&,:2?'651[

�N'4$&>1$( (,_5 $&2{BD2 +@>;"` (9/5-AJ5 5-+@�C,:"\BD�C'#"`>;76 (2?'#B?21" ,/3�<E�!+@5-AJ'65-21"1[;�l�! &5j$Ld AJ)E�!+I$LK19�AN34>?5@T(�&$&2
$& �!+IA!$(,/21'C5�B?�!'Q}| �! (>=�H�C'#B~5-,/�C'('(2%)#,/21' BD�!3�3�2] ('#2%3�>D5-T(�&$&2],/5@>?+IAQ5-,/0C2![ �X' 2-,�2D5;KM3 .1342
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 ('(2t3�AJ5@+-,:B?2 "`PO3�>D5-+@,�76 (2t+->?2?9:9:2

$Ld �C+-$(+@2
n
K#$&280QAJ9:2? #+-"e<(+-�!<(+-21"

(λ1, · · · , λn)
A 0C21B

λn > |λi|
<M�C (+{5@�C &5

1 ≤ i ≤ n− 1
[ � A

34>?5@T(�&$&2=$&2*9:A%<( (,�"@"-AJ'MBD2�<E�! #+{B1AJ9�BD (9:2?+ 9:A <(9: #" �!+IAJ'#$(2f0QAJ9:2? (+e<(+-�!<(+-2
λn

21"`5c$&>D^#'#,/2*<#AJ+
9 d AJ9 �!�C+@,/5@T(3�2=BD,"� $(21"-"`�C #"?[
� 1���: 9 ( 904 � 9+B046(590=%: ,

x0 ∈ Rn (#< ��� A < ‖x0‖ = 1
1

� 1�� ( � 8�46(590=%: B ,�* =%A�8
k ≥ 1

� 1
yk = Axk−1� 1
xk = yk/‖yk‖� 1�(�< B
( @�< ;%=%:	�#<%8 �#<%:5;0< ,�B�9 ‖xk − xk−1‖ ≤ ε � =%: 468)8��6(#< 1

)*AJ'M"c9/2]5@21"`5�$&2]B?�!'O0!21+ �C2?'#B?2
ε
2;"|5N ('b<M2?5@,/5�'(�!3 )(+-2*+->?219 K(5|P6<#,:76 (213421'65f> �CA!9a�

10−6 [
� ,
δk = xk − xk−1

2;"|5*<M2?5@,/51KLAJ9:�!+I"
xk
21"`5N (' 0C21BD5@2? #+�<(+-�!<(+-2]AJ<#<(+@�&BIT(>]$(2

A
$(2%0QAJ9:2? (+

<(+@�C<(+-2*A!<(<(+-�OBIT#>?2 ‖yk‖
B1AJ+

Axk − ‖yk‖xk = Aδk
[

F � oM� oE�1knm1k oMi � C"!��#!$� v2� � �I�"�#�:��� 5 � � ��� � �0� % � � �
A

�	� � ��4
��� � % �,5 � � %�� ����� � � �%� � �-'
� ���&%�� � %��!� %��	�

(λ1, · · · , λn) � � ��� � � � � �$� u ���5� � � � � �-% �  �
� �-% ��� � �6� �
� ��� � �&%�� �8%����8%��	�

(e1, · · · , en) � � �
5 � �����P�
�:� � �&%3�8%����8%�� �%� �8� � � +�%��0�8� ���I�
�&� �

λn
�	� �J� � �J� � � ��� �#�:� � � � �
� ��� �	� � '`u-'(� � %�� 5 � � |λ1|, · · · , |λn−1| < λn

" v2� � �I��� � � ���
� ��� � 5 � � ��� �
� � � ���&% � � � � � �:�
x0

� � �$� �
�#�:� �-% �  ��++�
�5�:�ju

en
" O � �-%��3� �������! #�I�%�0�%�L� � � � � ��� �
� � ��� �
��
��% +6� � ��� �$� � '`u:'(� � %�� 5 � �

lim
k→+∞

‖yk‖ = λn, lim
k→+∞

xk = x∞
�:�
� �

x∞ = ±en.

� ��� � � �$��� �0�%��� �0��
�	% +6� � � ���$� � �8%����#�-% � � �0� � ����� � �
�P% �!��� �:% � |λn−1|/|λn|

|‖yk‖ − λn| ≤ C
∣

∣

∣

∣

λn−1

λn

∣

∣

∣

∣

2k

, ‖xk − x∞‖ ≤ C
∣

∣

∣

∣

λn−1

λn

∣

∣

∣

∣

k

.
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xk

F 76 #A!$&+IAQ5-,:76 (2�AJ �9:,/21 �$&2
9/,:'(>1A!,/+-2;YD[ � AG3�>?5@T(�&$&2�$&249:Ah<( (,�"@"-AJ'MBD2]�H�C'#B~5-,/�C'('(2�AJ #"-"@,l<E�! (+8$&2;"*3�AJ5@+-,:B?21"N'(�!'�"`PO3�>��
5@+-,:76 (2CK&3�A!,:"{9�A�BD�C'O0!2?+ �!21'#BD2*$&2 ‖yk‖

2;"|5f"@2? (9:2?3�21'C5f9:,:'(>1A!,/+-2*$#AJ'#"fB?28B?A!"1[ •
�hg ��oEil�1m?�Q�&m;knoEi)! � �C,_5

x0 =
∑n

i=1 βiei
9:2%0C21BD5@2? #+f,/'#,_5-,:A!9 K�A 0!2;B

βn 6= 0
[ � 2]0C21BD5@2? #+

xk21"`5f<(+@�C<M�C+`5-,/�C'('(219��
Akx0 =

∑n
i=1 βiλ

k
i ei
K($Ld � �b,/9a0O,:2?'65

xk =
βnen +

∑n−1
i=1 βi

(

λi

λn

)k

ei

(

β2
n +

∑n−1
i=1 β

2
i

(

λi

λn

)2k
)1/2

.
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 �C3�342 |λi| < λn
�!'b21' $&>;$& (,/5N76 (2

xk
BD�C'O0!2?+ �!2N0!21+-"

sign(βn)en
[ )N283 �13�2!K(�C' A

‖yk+1‖ = λn

(

β2
n +

∑n−1
i=1 β

2
i

(

λi

λn

)2(k+1)
)1/2

(

β2
n +

∑n−1
i=1 β

2
i

(

λi

λn

)2k
)1/2

,

76 (,lBD�!'O0C2?+ �!2�0C2?+I"
λn
[

�

�X'b<(+IAQ5-,:76 (2�Fn2D5f'(�!5-AJ3�3�2?'65{<M�C (+c9:2=B1AJ9�BD (9a$(21"{0QAJ9:2? (+I"e<(+-�!<(+-21"{$&2=9�A4$(,:"-BD+->D5-,:"-AQ5-,/�C'
$ad  ('	<(+@�C)(9:.?3�2GAJ (R�9:,:34,/5@2;"%219/9:,:<&5@,�76 (21"IY~K\�!'�2;"|5�"` (+@5@�C &5 ,:'65@>1+@2;"@"@>�<#AJ+ 9:A ��� �l� � �6m1knm1�
0QA!9/21 (+c<(+-�!<(+-2!KO2?'b3��&$& (9:2!K#$(2

A
[E�N'b<E2? &5�AC$(AJ<&5-2?+c9:21"{,�$&>?2;"c<(+->1B?>1$&21'C5-21"1K(BD2876 (, $&�C'('(2

9�A*3�>D5@T#�O$(2f$&2c9:A=<# (,:"-"-AJ'#B?2e,:'O0!21+-"@2e$(�!'65 9 d AJ9 �!�C+@,/5@T(3�2{21"`5X>1B?+@,/5XBD,"� $(21"-"`�C #"?[C�N'�BD�C'#"@,:$&.1+@2
 #'(2 3�AJ5@+-,:B?2e"@PO34>?5@+-,:76 (2e+->?2?9:9:2

A
$&�!'65j9:AN<(9: #"\<M2?5@,/5@2{0QAJ9:2? (+j<(+-�!<#+@2 2?'%3��&$& (9:2{21"`5j"@,:34<#9/2

2?5�"|5-+@,�B~5-2?3�2?'65c<E�C"@,_5-,/0C2
0 < λ1 < |λi|

<E�! (+{5-�! &5
2 ≤ i ≤ n [

� 1 ��:59 (5904 � 9+B%46(59
=%: ,
x0 ∈ Rn (#< ��� A#< ‖x0‖ = 1

1
� 1 � ( � 8#46(59
=%:5B ,�* =%A�8

k ≥ 1� 1�8 � B%=%A�@+8#< Ayk = xk−1� 1
xk = yk/‖yk‖� 1�(#< B
( @�< ;%=%:	��<68 �#<%: ;%< ,�B�9 ‖xk − xk−1‖ ≤ ε � =0: 468+8��6(#< 1

� ,
δk = xk − xk−1

21"`5�<E2D5@,/51K�AJ9:�!+I"
xk−1

21"`5� (' 0C21BD5@2? #+f<(+-�!<(+-2]AJ<(<#+@�&BIT(>]$&2 0QAJ9:2? (+
<#+@�C<(+@2=AJ<#<(+@�&BIT(>12

1/‖yk‖
B?AJ+

Axk−1 − xk−1

‖yk‖ = −Aδk
[

F �QoM� oE�1knm1knoEi � C"!��#!DC v>� � �I��� � � � 5 � � � � ���
� % � � �
A

�	� � �$4
����� % �,5 � � %�� �	����� � �%� �
�:'
�����&%�� � %��!� %��$�

(λ1, · · · , λn) � �:������� � � �	� u ��� � � � � � �:% �! #�0� �-% ��� � �%� �
� ��� ���&%�� � %��!� %��	�

(e1, · · · , en) � � �
5 � �*� ���
�:�����&%7� %��!� %����%�M�8� � �7� ��� � �2� �I�
�&���

λ1
�	� � � � � �8� � � � � � % � ��� � � � � �

� � � � � � � � � ��� �$� � '`u:'(� � %�� 5 � �
0 < λ1 < |λ2|, · · · , |λn|

"ev>�6� �I�"�#�:� � �0� �!� � 5 � � � �*�
� � � ���&% � � � '
� � �:�

x0
� � �	� � � � ���:% �! #�!+6�0� �-� u

e1
" O � �-%��*� � �����! #�I�%���6�0� �*� � � ��� �
�5� � � ��
�	%�� ��� �
��� ��% ++� ���� �	� � '`u:'(� � %�� 5 � �

lim
k→+∞

1

‖yk‖
= |λ1|, lim

k→+∞
xk = x∞

�-� � �
x∞ = ±e1.

� ��� � � �$��� �L�6� � �0��
�	% ++� � � � �	� �.� %��!� �:% � � �
��� ����� � �
�P%������ �:% �
λ1/|λ2|

∣

∣‖yk‖−1 − λ1

∣

∣ ≤ C
∣

∣

∣

∣

λ1

λ2

∣

∣

∣

∣

2k

, ‖xk − x∞‖ ≤ C
∣

∣

∣

∣

λ1

λ2

∣

∣

∣

∣

k

.
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A
76 ad �C' +-2?3�<(9�A!BD2%<#AJ+

A − σ Id
A 0C21B

σ
 #'(2

A!<(<(+-� R&,/3�AQ5-,/�C'h$&2
λ1
[ •
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A
2?'� ('(2
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<(+@�C<(+-21"{$Ld  ('(283�AQ5-+@,�BD2*5@+-,�$&,:A �!�C'#AJ9:2![
� �O����� � C"!��#!�Qx�|�\� �toE�l�;� � o �n�\�6�J�K� � � �

A
���5� � �0� % � � � �$4
��� � % �,5 � � %�� ����� � �.� �-%��:% �

n
"

� � �!� � � � �
(n− 2)

� �0� % � � �	� �:% �! #�!+6�0� �:���$�
Hk

� �	�����$� 5 � �

T = (H1H2 · · ·Hn−2)
∗A(H1H2 · · ·Hn−2)

��� � � � % � � � � +6�0� �-� � "	� � ��� ��
&% � A ���
T
�
� �/� �	� �� � �	� � �-� ���&%��7� %��!� %��$� "

��h�*�`"r �=g=,v+�g
fd`"r�2 O I3K�VFGW8HV�S:
A
X�E�<�B=E�<3DRGFVW@38HGo@3<�:¡DF@�8HGW:�S:_[CK�GFVW8;B=:=D

(Ak)1≤k≤n−1
GW:=L;L;:¡>A@3:

A1 = A
:TG

Ak+1 = H∗
kAkHk

K
��:=B
Hk

@3<�:�[CKvGFVW8;B=:\E�VFGWn3E�m�E�<1K�L;:JB}n3E�8;DF8~:ZS�:_GW:=L;L;:Z[CK�<38;�TVW:¡>A@3:
Ak

K�8;G]L~KJDRGFVW@3B#GW@�VW:�I3K�V]O3L;EAB=DxDF@38;��K�<AGW:

Ak =

(

Tk E∗
k

Ek Mk

)

E��
Tk

:=DRGJ@�<3:�[CKvGFVW8~BT:�B=K�VFVWz=:CGFVW8~S�8~K�m�E�<1K�L;:�S�:�G}K�8;L;L;:
k
X
Mk

:TDRGJ@3<�:�[CK�GFVW8;B=:CB
KvVFVWz=:lS:�G}K�8;L;L~:
n−k

X�:TG
Ek

:=DRG9@�<3:t[CKvGFVW8~BT:¤VW:=BTG}K�<�m�@�L5K�8HVW:k�
(n−k)

L;8;m�<�:=D9:TG
k
B=E�L;E�<�<3:=D%S�E�<AG%DF:T@3L;:xL5K_S:TVW<38;�TVW:

BTE�L;E�<�<3:�X3<3E�GWzT:
ak ∈ Rn−k :TDRGo<�E�<U<@�L;L~:

Tk =











× ×

×
i i i i i i
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×
× ×
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:TG
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0 · · · 0 ak,1iii
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ak,2iii iii iii
0 · · · 0 ak,n−k
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¥�L�:TDRG%BTL5K�8HV¤>A@�M K�8~<�DF8
An−1

DF:TV}K�DFE�@�D��dE�VW[�:¤GFVW8~S�8~K�m�E�<3K�L;:�i�k<¡VW:=[CK�V}>A@�:t>A@3:
A
:TDRG%O�8;:=<ZDFE�@3D�B=:TGFGW:

�dE�VW[�:_I&E�@�V
k = 1

i ¢ E�8HG]L5K�[CK�GFVW8;B=:
Hk

SzT§1<�8;:�I1KvV

Hk =

(

Idk 0

0 H̃k

)

,

K
��:TB
Idk

L~K�[CK�GFVW8;B=:_8~S�:=<AGW8HGWz¡S'M E�V}SQVW:
k
:TG

H̃k
L~KJ[CK�GFVW8;B=:�X1S�8HGW:\S�: �oE�@3DF:Tn3E�L~S:TV
X&S"M E�V}SVW:

n − kSzT§1<�8;:�I1KvV

H̃k = Idn−k − 2
vk(vk)∗

‖vk‖2
,
K
��:TB

vk = ak + ‖ak‖e1,
sR�=�i;�
��w

E��
e1
:=DRGpL;:�I�VW:=[�8;:TV���:=B#GW:=@�VYS�:�L5KtO3K�DF:9B=K�<3E�<38~>A@3:%S�:

Rn−k i�@]:=[CKvV}>Q@�E�<�Dc>A@3: H̃kak = −‖ak‖e1
X

:#G¡>Q@�:
Hk

:=DRG\E�VFGWn�E�m�E�<1K�L~:C:TG\DR�[�zTGFVW8~>A@3:�i"¦kE�GWE�<3D¡>A@3:
H̃k

<'M :TDRG�O�8;:=<0SzT§1<�8~:Z>A@3:JDF8
vk 6= 0

X
[CK�8;D9DF8 �
K\<�M :=DRGtI3K�D¤L;:oB
K�DtK�L;E�VWDtL~K

k
� �=[�:]B=E�L;E�<�<3:kS�:

Ak
:=DRGxSz PF�¡S�@�G �I&:oS�z=DF8HVWz�XQ:#Gt8;L&DF@��JG¤S�:

IVW:=<1SQVW:
Hk = Idn

ijk<UDF8~[�I�L;:_B
K�L;B=@�L�[�E�<QGFVW:�>Q@�:

Ak+1 = H∗
kAkHk =

(

Tk (H̃kEk)∗

H̃kEk H̃kMkH̃k

) K
��:TB
H̃kEk =











0 · · · 0 −‖ak‖iii
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S�E�<�B
Ak+1

DF:_[�:TG¤O38;:=<�DFE�@3DxL~K��uE�VW[�:\S�z=DF8HVWz=:�i
�

� 5- #$&,:�!'#"%3�AJ,:'C5-2?'#A!'65=9Wd AJ9 �!�!+-,/5@T(3�2�$&2�)(,�"@"@21BD5@,:�!'�$&2�3*,:0!2?'M"=<M�C (+] ('(2�3�AJ5@+-,:B?2 5-+@,"�
$(,:A �!�!'MAJ9:2*"@PO34>?5@+-,:76 (2=+->?219/9:2

A =













b1 c1 0

c1

[ [ [ [ [ [
[ [ [ [ [ [

cn−1

0 cn−1 bn













,

� �b�!' "@ (<(<E�C"@2!KM"-AJ'M"c<M21+`5-2%$&2 �C>?'(>1+-A!9/,/5@>CK#76 (2
ci 6= 0

<M�C (+
1 ≤ i ≤ n− 1

[ �X't2��E2?51K�"?d ,/9
2?R&,:"`5@2= ('b,:'#$&,�BD2

i
5-2?9 76 (2

ci = 0
K(A!9/�C+-"e�!' 0!�C,_5{�nACBD,:9/213421'65�7C #2

det(A− λ Id) = det(Ai − λ Id) det(An−i − λ Id)

� �
Ai

2D5
An−i

"@�!'65h$(2? &R�3�AQ5-+@,�BD2;"G$& �3 �13�2 5|PO<M2�76 (2
A
3�A!,:" $Ld �!+I$&+-2

i
2?5
n − i+-21"@<E21B~5-,/0C2?3�2?'65;[ )��C'('(�!'M"e5@�! (5�$Ld A!)M�C+-$ $&21 &RG9:2?3�3�21"{5-21BIT('(,�76 (21"1[

� �O����� � C"!��#!�� � �
�&%
1 ≤ i ≤ n � �0� ��� 2�� � � ���5� ���
� % � � �

Ai
�6� � � � �����

i
� �:%

Ai =













b1 c1 0

c1

" " " " " "
" " " " " "

ci−1

0 ci−1 bi













.

� � � �
pi(λ) = det(Ai−λI)

� �0�*� �:� 4
���
��� � �-%��%� �9��% � � � �,5 � ��"8� �L� � � ���
pi

� ��% � 2 � ����
��:% ���&� �
�6� %!� � �&%$%�� � � �

pi(λ) = (bi − λ)pi−1(λ) − c2i−1pi−2(λ) ∀i ≥ 2,
�-� � �

p1(λ) = b1− λ
���
p0(λ) = 1

" ��/�8� � � � �#�0�&% ���0���
i ≥ 1 � � ���#�-� 4
���0� �

pi
�#�:�!� � �%� � �	�

� %��!� % � ���;�	� � � � �
�
�����	�
=%"

lim
λ→−∞

pi(λ) = +∞ �
� " � �

pi(λ0) = 0 � �:���:%�� pi−1(λ0)pi+1(λ0) < 0 �
� "
pi

���0� � �
i

% �%� � � �	� %�� �	��� �	�L� � � � � � � ���	� 5 � � �	�;� �:%�� � �7� � % � � � ��������� � �	�
(i+ 1)

%��6� � �5�$�
�%�
pi+1

"

�Uh�*�`"r �=gT,�+�g
fd`"r�21��<ZSz=��:=L;E�I3I1K�<AG
det(Ai−λ Id)

I3K�VYV}K�I3I&E�VFGY�]L~KoS�:TVW<�8~�#VW:%L;8;m�<�:�X�E�<¡E�O�GW8;:=<AGcL5K
�uE�VW[�@3L;:xS�:tVWz=BT@�VFVW:=<�B=:]S�z=DF8HVWz=:�i��cK_I�VW:T[�8~�#VW:tI�VWE�IVW8;zTGWzx:=DRG9zT�8~S:=<AGW:tI1K�V%SzT§1<�8;GW8;E�<CS�@JI&E�L;�<���[�:
B
K�V}K�BTGWzTVW8;DRGW8~>Q@�:�i'�YE�@VkIVWE�@���:TV]L~K�S:=@�y8;�=[�:�X�E�<�VW:=[CKvV}>A@3:\S3K�<3D]L~K��dE�VW[�@3L;:¡S�:_VWz=B=@VFVW:=<3B=:¡>A@3:�X
DF8

pi(λ0) = 0
X3K�L;E�VWD

pi+1(λ0) = −c2
i pi−1(λ0).

�9E�[�[�:
ci 6= 0

X�E�<�K
pi−1(λ0)pi+1(λ0) ≤ 0

iQ�9:TGFGW:¤8;<�z=m�K�L~8HGWzt:=DRGY:=<¡�uK�8HG�DRGFVW8;BTGW:�X�B
K�VYDF8
pi−1(λ0) =

pi+1(λ0) = 0
L~KZVW:=L~K�GW8;E�<�S:\VWzTB=@�VFVW:=<�B=:\8;[�I3L;8~>Q@�:\>A@3:

pk(λ0) = 0
I&E�@�V]GWE�@�G

0 ≤ k ≤ i + 1
X1B=:

>Q@�8"<�M :=DRG]I1K�D]I&E�DFDF8;O3L;:\I3@38;DW>A@3:
p0(λ0) = 1
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�YE�@�V¡Sz=[�E�<AGFVW:TVkL~K�GFVWE�8;DF8;�=[�:�I�VWE�IVW8;zTGWz�X'E�<�B=E�[�[�:T<3B=:¡I1KvV�VW:=[CK�V}>A@�:TV_>A@3:
pi(λ)

K�S�[�:TG
iV}K�B=8;<3:=DYVWzT:=L;L~:TD=X�<�E�GWz=:=D

λi
1 ≤ ... ≤ λi

i

I3@�8~DW>A@�:
Ai
:=DRG�DR�[�zTGFVW8~>Q@�:pVWz=:=L;L;:�i ?lE�<AGFVWE�<3DpI3K�VYVWzTB=@�VFVW:=<�B=:

>A@�:]BT:=D
i
V}K�BT8~<�:=DtS:

pi
DFE�<AGtS8~DRGW8;<�BTGW:=D¤:TG9DFE�<AG¤DFzTI1K�VWzT:=D¤I1KvVtB=:=L;L;:=DtS:

pi−1
i �cE�@GtS"M K�O&E�V}S"XQB=:TGFGW:

IVWE�IVW8~z#GWz_:=DRG]�QV}K�8;:_I&E�@�V
i = 2

X�B
K�V

p2(λ) = (b2 − λ)(b1 − λ)− c2
1

K\S:=@�yJV}K�B=8;<3:=D
(λ2

1, λ
2
2)
>Q@�81:=<�B
K�SQVW:=<AG¤L~K¡DF:T@3L;:]V}K�B=8;<3:

λ1
1 = b1

S:
p1(λ)

XA8Ni :�i;X
λ2

1 < λ1
1 < λ2

2

i�k<
DF@�I3I&E�DF:Z>A@3:

pi(λ)
I&E�DFDF�
S:

i
V}K�B=8;<3:=DoVWz=:=L;L;:=D\S�8;DRGW8;<3BTGW:TDkDFz=I3K�VWz=:=DkI1K�VkB=:=L;L;:=D\S�:

pi−1
iN?lE�<AGFVWE�<3D

>A@�:
pi+1

K
i + 1

V}K�BT8~<�:=DoVWzT:=L;L~:TD_S�8;DRGW8;<3BTGW:TDkDFz=I3K�VWz=:=DkI1K�VoB=:=L;L;:=D_S:
pi
i"�k<�S�zT§3<38HGo@3<�I&E�LH�<3��[�:

qi
S:\S�:=m�VWz

2i
I1KvV

qi(λ) = pi−1(λ)pi+1(λ).
�k<�B=E�<3<1K �~G]S�z PR�

i− 1
V}K�B=8;<3:=D]S�:

qi
sNBT:=L;L~:TDoS:

pi−1
w�:TGx8;L"�UK

i
��K�L;:=@VWDtS�:

λ
sNL;:=D¤V}K�B=8;<�:=D]S�:

pi
w

GW:TL~L;:=Do>A@3:
qi(λ) < 0

X3B�M :=DRGF���v� S8HVW:�>A@�:

qi(λ
i−1
k ) = 0 1 ≤ k ≤ i − 1, qi(λ

i
k) < 0 1 ≤ k ≤ i,

K
��:TB
λi

1 < λi−1
1 < λi

2 < ... < λi−1
i−1 < λi

i.��<AGFVW:
λi

k

:TG
λi

k+1

X�DFE�8;G
qi
D=M K�<3<Q@3L;:t:=<�@�<�K�@GFVW:tI&E�8;<AG

γk 6= λi−1
k

:TG�E�<CK_SE�<�B¤GFVWE�@3��zt@3<3:¤V}K�B=8;<3:
DF@�I3I�L~zT[�:=<AG}K�8HVW:_S�:

qi
SE�<3B\S:

pi+1
X3DFE�8;G

qi
<3:_D=M K�<�<Q@3L;:\>A@�M :=<

λi−1
k

X�[CK�8;D]S3K�<3DxB=:_B
K�DxB�M :=DRG�K�@
[�E�8;<3D_@3<�:ZV}K�BT8~<�:CS�E�@3O3L;:JB=K�V¡DWK�S�z#VW8~��z=:

q′i
S�E�8HG¡K�@3DFDF89D=M K�<3<Q@3L;:TV¡:=<

λi−1
k

ip�oV
λi−1

k

:TDRG¡V}K�B=8;<3:
DF8;[�I�L~:]S:

pi−1
XASE�<3B

λi−1
k

:=DRG¤K�@3DFDF8�V}K�B=8;<3:]S:
pi+1

i'?�K�8;D=X��B
K�@�DF:kS:]L~KkVW:=L~KvGW8~E�<lS:¤VWz=B=@VFVW:=<3B=:�X
BT:=L~K¡IVWE�@3��:TV}K�8HGt>A@�:

λi−1
k

:=DRGt@�<3:tV}K�BT8~<�:oI&E�@�V%GWE�@3D%L;:=D¤I&E�LH�<3��[�:=D
pj
K
��:=B

0 ≤ j ≤ i+1
XAB=:o>A@38

<'M :=DRG_I1K�D�I&E�DFDF8;O�L~:ZB
K�V
p0 = 1

i'�pK�V\B=E�<3DFz
>A@3:T<QG
X1E�<��8;:=<AG�S�:Z[�E�<AGFVW:TV�>A@'M :T<QGFVW:¡B}n1K�>A@�:ZB=E�@3I3L;:
λi

k, λi
k+1

8~L9:Ty8~DRGW:�@3<�:�K�@�GFVW:�V}K�B=8;<3:
γk 6= λi−1

k

S�@0I&E�L;�<���[�:
qi
SE�<3B�S:

pi+1
iKO]@�GWE�G}K�L�X�E�<

�Q8;:=<AG�S�:JGFVWE�@3��:TV
(i − 1)

V}K�BT8~<�:=DJS8;DRGW8~<�BTGW:=D�S�:
pi+1

>A@38�:=<3B=K�SVW:T<QG�B=:=L;L;:=DZS�:
pi
ip�pKvVJK�8;L~L;:=@VWD=X

qi(λ
i
1) < 0

:#G
qi(λ

i
i) < 0

XG}K�<1S8;Do>A@�:

lim
λ→±∞

qi(λ) = +∞.

�k<U:=<�Sz
S�@�8HGtLNM :#y�8;DRGW:=<�B=:\S�:�S�:=@y�V}K�B=8;<3:TD]DF@�I3I�L~zT[�:=<AG}K�8HVW:=DxS�8;DRGW8;<3B#GW:=D]S�:
qi
X3S�E�<3B_S:

pi+1
X�>A@38

:T<3B
K�SVW:=<AGxB=:=L;L;:=DoS�:
pi
i

�

� �O����� � C"!��#! � � �
�&% � �
���
µ ∈ R � �
� ��� 2�� � �

sgnpi(µ) =

{ � � +0�5�L�6�
pi(µ)

� �
pi(µ) 6= 0,� � +0�5�L�6�

pi−1(µ)
� �
pi(µ) = 0.

� � � �
N(i, µ)

���>� �
����%����%� �  #�
� +6� �������,�7�6�/� � +0�5�>� � � %������������ � � � � �0�1��� ����� � 
!�/�%�7���#
��0� � �����
�:%��6�
� � � �

E(i, µ) = {+1, sgnp1(µ), sgnp2(µ), ..., sgnpi(µ)} " O � �:%�� � N(i, µ)
�	� � � � � �0�L'

�	%��0�%�*%��6� � �5�$�*�%�
pi

5 � � ���0� � � � % � � ��� � � � � � � 
	��% � ���&% �$�%u
µ
"

��h�*�`"r �=g=,v+�g
fd`"r�2��k<�VW:=[CKvV}>A@3:oS'M K�O&E�V}SU>A@3:
sgnpi(µ)

:=DRGxSzT§1<�8HGtDWK�<�DxK�[ZO�8;m�@ �NGWz]I3@�8~DW>A@�:�XQDF8
pi(µ) = 0

XAK�L;E�VWD
pi−1(µ) 6= 0

�_B
K�@3DF:]S�@�I&E�8~<AG¤£�S�@��':=[�[�:k�=�i £Qi �i3�k<JIVWEAB=�
S:oI3K�V�VWz=B=@�VFVW:T<3B=:
DF@V

i
i3�YE�@V

i = 1
X3E�<���zTVW8H§3:�L;:�VWz=DF@3LHG}K�G

µ ≤ b1 ⇒ E(1, µ) = {+1, +1} ⇒ N(1, µ) = 0,
µ > b1 ⇒ E(1, µ) = {+1,−1} ⇒ N(1, µ) = 1.
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�k<�DF@�I3I&E�DF:tL;:9VWzTDF@3LHG}K�G��AV}K�8vPR@�DW>Q@'M �oLNM E�V}SVW:
i
i ¢ E�8;G

(λi
k)1≤k≤i

L;:=DpV}K�B=8;<3:=D�S�:
pi
:TG

(λi+1
k )1≤k≤i+1B=:=L;L;:=DkS:

pi+1
X�V}K�<3m�zT:=DoI3K�VxE�V}SVW:_BTVWE�8~DFDWK�<AG
i"�k<�K

λi
1 < ... < λi

N(i,µ) < µ ≤ λi
N(i,µ)+1 < ... < λi

i,

:TG
λi

N(i,µ) < λi+1
N(i,µ)+1 < λi

N(i,µ)+1,
:=<l��:#VFGW@�S�@UI&E�8;<AG]�JS�@l��:=[�[�:¡�
�Qi £Ai �i&¥�L'�UK�GFVWE�8~DxB
K�DoI&E�DFDF8;O3L;:=D=i
/12 ¢ 8

λi
N(i,µ) < µ ≤ λi+1

N(i,µ)+1

X3E�<�K
sgnpi+1(µ) = sgnpi(µ)

X3S�E�<3B
N(i + 1, µ) = N(i, µ)

i
�'2 ¢ 8

λi+1
N(i,µ)+1

< µ < λi
N(i,µ)+1

X
E�<¡K
sgnpi+1(µ) = − sgnpi(µ)

XvS�E�<3B
N(i+1, µ) = N(i, µ)+1

i
�'2 ¢ 8

µ = λi
N(i,µ)+1

X¤E�< K
sgnpi(µ) = sgnpi−1(µ) = − sgnpi+1(µ)

XtSE�<�B
N(i + 1, µ) =

N(i, µ) + 1
X3�ZB
K�@3DF:\S@�S�:T@�y8;�=[�:kI&E�8~<AGoS�@l��:=[�[�:\�
�Qi £Qi �i

C_K�<�D�GWE�@3D�L;:=D9B
K�D
N(i+1, µ)

:=DRG%O38;:=<JL;:]<3E�[�O�VW:tS:tV}K�B=8;<3:TD9S:
pi+1

8;<��dzTVW8;:=@�VW:TD9DRGFVW8;BTGW:=[�:=<AG
�

µ
i

�

� ���Eo#�Qknm � ���G�\�Q�&m1k &L�l�S�l� � kn�M�Oi\� ! �N'b'(�J5-2
λ1 ≤ · · · ≤ λn

9/2;"{0QAJ9:2? (+I"{<(+-�!<(+-21"{$&2
A+IAJ' �!>?2;"{<#AJ+N�!+I$&+-2]BD+-�!,�"@"-AJ'651[ �j�C (+NB1AJ9�BD (9:2?+f'O (3�>1+@,�76 (2?3�2?'65�9�A

i
� .?3�2]0QAJ9:2? (+N<(+-�!<(+-2

λi
K

�C'S<#+@21'#$  #'�,:'65@21+@0QAJ9:9:2
[a0, b0]

$#AJ'#"=9:2176 (219 �!'�21"`5%".-(+876 (2
λi
"`2�5-+@�C (0!2bFH<MAJ+82DR&2134<#9/2

−a0 = b0 = ‖A‖2
Y~[J�N'8B?AJ9�BD #9/2 A!9/�C+-"�9:2X'(�C3%)(+-2

N(n, a0+b0
2 )

$&>?^#'(,O$(AJ'M"L9/2 � 2?3�3�2f� �([��&[ �

Fn9/2;"80QAJ9:2? (+I"8$&2�9�Ab"` (,/5@2
pj(

a0+b0
2 )

Ka<E�! (+
1 ≤ j ≤ n

K "@�!'65]B?A!9:B? (9:>?21"=<MAJ+89�A �H�!+-3% (9:2�$&2
+->1B? (+-+@21'#BD2 $& � 213�342����([��&[ �CYD[ � d ,/96"`2j5-+@�C (0!2 76 (2

N(n, a0+b0
2 ) ≥ i K1AJ9:�!+I"��!'=2?']$&>;$& (,/5l76 (2

λi
AJ<#<#AJ+@5@,:2?'65c� 9Wd ,/'65@21+@0QA!9/9:2

[a0,
a0+b0

2 [
[ � ,aAJ bBD�!'65-+-A!,/+-2��C'G5-+@�C (0!2=76 (2

N(n, a0+b0
2 ) < i

K
A!9/�C+-"

λi
AJ<#<#AJ+@5@,:2?'65%� 9 d AJ (5@+-2�,/'65@21+@0QA!9/9:2

[a0+b0
2 , b0]

[ )*AJ'#"85@�! M"89/2;"8B?AC"8�!'�At$&,:06,�"@>�<#AJ+
$(2? &RG9Wd ,/'65@21+@0QA!9/9:2=,/'(,/5@,�AJ9a76 (,aB?�!'65@,:2?'65

λi
[ � AJ+f$(,:BIT(�!5@�C34,:2!K&B!d 2;"|5 � � � $&,:+-2N21'h+->?<E>D5IAJ'65fBD2D5@5@2

<#+@�&BD>;$& (+-2*$(2*$&,:0O,:"@,:�!'b$&2N9Wd ,/'65@21+@0QA!9/9:28BD�!'65-2?'#A!'C5
λi
KO�!'bAJ<#<(+@�&BIT(2N9:A40QAJ9:2? #+e2?R(A!B~5-2*$(2

λiA 0C21BN9:A4<(+->1B?,:"@,:�!'b$&>1"@,/+->?2C[

��������� � � � % �/)�-/� - ���  �+/9�� )�8
� A 3�>D5-T(�&$&24$(2 � AJ'#B �?�C"�<M21+@3�2?5=$&24B?A!9:B? (9/21+N9:21"N0QAJ9:2? (+I"N<(+@�C<(+-21"�$ad  ('#2 3�AQ5-+@,�BD24"`P �

3�>?5@+-,:76 (2 +@>12?9:9/2 2?'x &5@,:9:,:"-AJ'65�9:AS'(�!5@,:�!'x$ad 2;"`<#ACBD2 $&2 *=+@PO9:�Q0EK\$&>|}`��,:'65@+-�O$( (,_5-2 �S<(+-�!<E�C"
$(2%9Wd A!9 �C�!+-,_5-T(3�2 $& �C+-AC$&,:2?'65*B?�!'Q}| �C (>![ 
 2D5@5@243�>D5@T#�O$(2hFH2?5="@21"N'(�C3%)(+-2? #"@21"	�!>1'(>?+IAJ9:,:"-A �
5-,/�C'#"IYf2;"|5N5@+-.1"N2�� B?ACBD2%<E�! #+*9:21"N3�AQ5-+@,�BD2;"N$&2 �!+IAJ'M$&285-A!,/9:9:2![ ��9\"1d A �!,/5N<#9/ #"*,�BD, $&2�$&�!'#'(2?+
9:28<(+-,/'MBD,:<M28$&2]B?2D5`5-283�>D5@T#�O$(2]7C #2*9:21"�$&>D5IAJ,:9:"c$&2]"@�!' ,:34<#9/>13421'65-AQ5-,/�C'h'O (3�>1+@,�76 (2![

)*AJ'#"4BD2h7C #,e"@ (,/51K\�!'�'(�!5@2
A
 ('(2h3�AJ5@+-,:B?2G"@P63�>?5@+-,:76 (2 +->?219/9:2G$Ld �!+I$&+-2

n
K
r0 6= 0 ∈

Rn  (' 0!2;B~5-2? (+ $&�C'('(>b'(�C'y'O (9WKX2?5
Kk

9Wd 21"@<#A!B?2b$(2 *=+@PO9:�Q0�A!"-"`�&BD,:>!Kj21' �!21'#$&+-> <MAJ+�9:21"
0C21BD5@2? #+-" {r0, Ar0, · · · , Akr0}

[��fA!<(<M219/�C'#"G76 ad ,:9*2?R&,:"`5@2  #'�2?'65-,/21+
k0 ≤ n − 1

K{AJ<(<E2?9:>
$(,/3�2?'M"`,:�!' BD+-,_5-,:76 (2b$&2 *=+-P69:�Q0�K 5-2?9f76 (2CKX"`,

k ≤ k0
K 9:AS�nAJ3�,:9/9:2

(r0, Ar0, · · · , Akr0)
2;"|5

9:,:)(+@2=2?5
dimKk = k + 1

KO5-A!'#$&,�"c76 (2]"`,
k > k0

�!'bA
Kk = Kk0

[
� d A!9 �C�!+-,_5-T(3�2]$&2 � A!'#B��1�C"cBD�C'#"@,:"`5@2]��B?�!'#"`5@+- (,:+@28 ('#2%"` #,_5-2]$&2]0!2;B~5-2? (+I"

(vj)1≤j≤k0+1<MAJ+c9�A%�H�C+@3  (9:2=$(28+@>;BD (+-+@21'#BD2*"` #,/0QAJ'65-2!K(<E�! (+
2 ≤ j ≤ k0 + 1

K

v̂j = Avj−1 − (Avj−1 · vj−1)vj−1 − ‖v̂j−1‖vj−2 , vj =
v̂j

‖v̂j‖
,

F|� �([:���6Y
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� ��� ��� �
� � � ���� ��� � � � ��	
	 � ��������� ��	�	��	����	���	 � � �

A 0!21B
v0 = 0

2D5
v1 = r0/‖r0‖

[��\�C (+f5-�! &5=2?'65-,/21+
k ≤ k0 + 1

KE�!' $&>?^#'(,/5* #'(2%3�AQ5-+@,�BD2
Vk$&2�5-A!,/9:9/2

n × k $(�!'6589/2;"]BD�C9/�C'('(21"="@�!'6589/2;"80!2;B~5-2? (+I" (v1, · · · , vk)
K\AJ,:'#"`,X76 ad  ('(2�3�AJ5@+-,:B?2

"`PO3�>D5-+@,�76 (2 m?�Qkn�\kn� �EoEil� � �
Tk
$(2N5IAJ,:9/9:2

k × k $&�C'C5c9:21"{>19/>13421'65-"f"@�!'65

(Tk)i,i = Avi · vi, (Tk)i,i+1 = (Tk)i+1,i = ‖v̂i+1‖, (Tk)i,j = 0
"@, |i− j| ≥ 2.

� 0C21B=BD2;"{'(�J5IAQ5@,:�!'M"?K&9�A4+@>;BD (+-+@21'#BD2=$&2 � AJ'#B �?�C"e0C>?+-,_^#2=$&2;"c<(+-�!<(+-,/>?5@>;" +-2?3�A!+-76 #A!)(9/2;"?[
� �O����� � C"!��#!:p � �L� � � � �

(vj)1≤j≤k0+1
�	� � � � � � �"�,2 � � �/� �:%�<>= � "�=  B�� �:% ‖v̂j‖ 6= 0

�#�0�&%
���0���

1 ≤ j ≤ k0+1 � ���0�8� � � 5 � �
v̂k0+2 = 0

"6� �
�&%
1 ≤ k ≤ k0+1 � � � 
��
� � ��� �

(v1, · · · , vk+1)� ��� � � � �%���-� � �L� � � � � � �:% �! #�0� �:% ��� ���%�
Kk

� �0�1� � % � � ���M�#�-%*� �J� %�� ���������6� �7% �
�0' � �  )� � �
�
�!��� � �,5 ��4u � � 
��
� � ��� �

(r0, Ar0, · · · , Akr0)
"  �M�8� � � � � �
�&%

1 ≤ k ≤ k0 + 1 � �
� �

AVk = VkTk + v̂k+1e
∗
k,

F|� �([:� �CY
���

ek
�$� �/� �

k
' � ��� �
� ��� � �&% �6� ��� � � � ��� �
� �0� �,5 � �L�6�

Rk �

V ∗
k AVk = Tk

���
V ∗

k Vk = Idk,
F|� �([:���6Y

���
Idk

�	� �/� ��� �0� % � � � � �%� � � � �9�0�%� ��� � ��� �
k × k "

��h�*�`"r �=g=,v+�g
fd`"r�2k�k@�O3L;8;E�<3D_I&E�@�V¡LNM 8~<�DRG}K�<AG¡L~K�S�zT§3<38HGW8;E�< sR�
�i;�T�Aw\S�:�L~KlDF@38HGW:
(vj)1≤j≤k0+1

:TG
VW:T[�I3L~K��=E�<3DtL~K�I3K�VxL~KZ<�E�@3��:=L;L~:kS�zT§3<38HGW8;E�<�s�S�E�<AGtE�<l[�E�<QGFVW:#V}K�>A@�M :=L;L;:�:=DRGxz=>Q@�8;��K�L~:T<QGW:k�UsR�=�i;�=��wFw

v̂j = Avj−1 −
j−1
∑

i=1

(Avj−1 · vi)vi , vj =
v̂j

‖v̂j‖
, j ≥ 2,

sR�=�i;� H�w

K
��:TB
v1 = r0/‖r0‖

iY6%8~:T<0DF��V
X%sR�
�Qi~��H�w_<�M K�S:JDF:=<3D¡>A@3:ZDF8 ‖v̂j‖ 6= 0
i ¢ 8 ‖v̂j‖ = 0

XcE�<�S�8HG¡>A@3:
LNM K�L;m�E�VW8HGWn3[�:oDRGWE�I3I&:]�_LNM 8~<3S�8;B=:

j
i�pK�V¤S�zT§3<38HGW8;E�<�X

vj
:=DRG%E�VFGWn�E�m�E�<1K�L"�

vi
I&E�@�V

1 ≤ i ≤ j−1
i��pK�V

VWzTB=@�VFVW:=<�B=:�X�E�<���zTVW8H§1:%�NK�BT8~L;:=[�:T<QG�>A@�:
vj ∈ Kj−1

i9�9E�[�[�:9L~K]DF@38HGW:xS�:=Dp:TDFI1K�BT:=D�S�: ��VF�L;Ev�
Kj

:=DRG
DRGFVW8;BTGW:T[�:=<AGYBTVWE�8~DFDWK�<AGW:tI&E�@�V

j ≤ k0+1
XvE�<Z:=<¡S�z=S�@38HG�>A@�:�X=G}K�<AG�>A@�:%LNM K�L;m�E�VW8HGWn3[�:t<�M KxI1K�DYDRGWE�I�I&z�X

L;:=Dk��:=BTGW:=@VWD
(v1, · · · , vj)

�uE�VW[�:=<AG�@�<3:¡O1K�DF:�E�VFGWn�E�<3E�VW[CK�L;:�S�:
Kj−1

i'�pKvV_B=E�<�DFz
>A@3:=<AG
X
vj
zTG}K�<AG

E�VFGWn3E�m�E�<3K�L��
(v1, · · · , vj−1)

:=DRGpK�@3DFDF8E�VFGWn�E�m�E�<1K�L�
Kj−2

i���<¡I1KvVFGW8~BT@3L;8;:TV
X�L~Kx�NK�[�8;L;L;:
(v1, · · · , vj)

X
SzT§1<�8;:UI3K�V�sR�=�i;� H�w#X�B=E���<3BT85S:lK
��:TBUL~K�O1K�DF:UE�VFGWn�E�<3E�VW[�z=:US�:

Kj−1
B=E�<�DRGFVW@38HGW:lI3K�VZL~:UI�VWEAB=z=S�z

S:3BoV}K�[J� ¢ B}n3[�8~SGoK�I�I3L;8~>A@3z���L~K��uK�[�8;L;L;:
(r0, Ar0, · · · , Aj−1r0)

iN�9:TB=8�I�VWE�@���:�>Q@�:�LNM K�L;m�E�VW8HGWn3[�:
DRGWE�I3I&:_IVWz=B=8;DFz=[�:=<AG]�ZL~K�S�8;[�:=<�DF8;E�<lB#VW8;GW8~>A@3:\S: ��VF�L~Ev�

k0
X�B�M :=DRGF������S�8HVW:¡>A@3: ‖v̂j‖ 6= 0

G}K�<AG]>A@3:
j ≤ k0 + 1

:TG
v̂k0+2 = 0

i
?lE�<AGFVWE�<�Dp[CK�8;<AGW:=<1K�<QGc>A@3:�L;:=DpS�z#§1<38HGW8;E�<�D¤sR�
�Qi;�=�Awc:#G¤sR�
�Qi;� H�wpS:%L~KxDF@38HGW:

(vj)
DFE�<AGp8~S�:=<AGW8~>A@3:=D=i

�9E�[�[�:
A
:TDRGoDR�[�zTGFVW8~>A@3:�XQE�<�K

Avj−1 · vi = vj−1 ·Avi = vj−1 · v̂i+1 +

i
∑

k=1

(Avi · vk)(vj−1 · vk).

BoV���B=:�K�@�yUI�VWE�I�VW8;zTGWz=DkS'M E�VFGWn�E�<�E�VW[CK�L;8HGWz¡S�:=D
(vk)

X1E�<�:=<�S�z
S@38HGo>A@3:
Avj−1 · vi = 0

DF8
1 ≤ i ≤

j − 3
X3:TG]>A@3:

Avj−1 · vj−2 = ‖v̂j−1‖
iAC�E�<3B_L;:=D]S�z#§1<38HGW8;E�<�D_sR�
�Qi~�T�Awx:TG\sR�
�Qi~��H�wtB=E���<�B=8~S�:=<AG
i

FY8~<3K�L;:=[�:=<AG
XvL~KtVW:=L~K�GW8;E�<UsR�
�i;����w#X�I�VW8;DF:9B=E�L;E�<3<�:9I3K�VpB=E�L;E�<3<�:�Xv<�M :=DRGcVW8~:T<ZS"M K�@�GFVW:9>Q@'M @3<3:pVWz=zTBTVW8H�
GW@VW:�S:JsR�
�Qi~�T�Aw¤:=<Uz=L;8~[�8;<3K�<AG

v̂j
i��cK¡I�VWE�IVW8;zTGWz

V ∗
k Vk = Idk

Sz=B=E�@�L;:\S�@�B
K�V}K�BTGW�TVW:_E�VFGWn�E�<�E�VW[CK�L
S:�L~K¡�uK�[�8;L;L~:

(v1, · · · , vk)
XQG}K�<1S8;Dx>Q@�:�L~K¡VW:=L~KvGW8~E�<

V ∗
k AVk = Tk

D=M E�OGW8;:=<AGxDF8~[�I�L;:=[�:=<AG¤:=<U[Z@�L;GW8H�
I�L;85K�<AG�sR�=�i;� ��w]��m�K�@�B#n�:_I1KvV

V ∗
k

B
K�V
V ∗

k v̂k+1 = 0
i

�
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% �O���&�'&L�l� �&C#!�� !�z�� d A!9 �C�!+-,_5-T(3�2c$&2 � A!'#B��1�C"jAJ<(<MAJ+IA�"�5 B?�!3�3�2c ('(2c3�>D5-T(�&$&2f$&2f+->1$( #B%�
5-,/�C'�"@�! M"��H�C+@3�2 5@+-,:$(,:A �!�!'MAJ9:2 BD�C3�342�9Wd A!9 �C�!+-,_5-T(3�24$(2�E��! #"@2?T#�!9�$&2?+*0O S<(+->1B?>1$&213�3421'651[
��>1A!'(3��!,:'#"?K!9 d AJ9 �!�C+@,/5@T(3�2c$&2 � AJ'#B �?�C"j' d 2;"|5X<#AC"  &5-,/9:,:"@>c2?'�<#+-AJ5@,�7C #2{B?�!3�3�2c ('(2f3�>?5@T(�&$&2
$(2 5@+-,�$&,:A �!�C'#AJ9:,:"-AQ5-,/�C'yB1AJ+;K <E�! (+

n
�!+IAJ'#$aK 9:21"h2?+-+@21 (+-"G$Ld A!+@+-�!'M$&,�$&>?5@+- (,:"@2?'65 2?'�<#A!+`5-,/2

9Wd �!+@5@T(� �!�!'MAJ9:,_5->*$&2;"c$&2?+-'(,:2?+I"e0!21BD5@21 (+-"
vj
<#A!+c+-A!<(<M�C+`5cAJ (RG<(+-2?3�,/21+-"1[ •

���! #"�AJ9:9/�C'#"t3�AJ,:'65@21'#AJ'65SB?�!3�<#AJ+-2?+ 9/2;" 0QAJ9:2? (+I" <#+@�C<(+@2;"t2D5�0!2;B~5@21 (+I"t<(+-�!<(+-21" $(21"
3�AJ5@+-,:B?21"

A
2?5
Tk0+1

Fn76 (,N'(2 "@�!'65 <#A!"G$&2 3 �?3�2t5IAJ,:9/9:2 2?'�+-. �C9/2 �C>?'(>1+-A!9/2 Y~[ �N'�'(�!5@2
λ1 < λ2 < · · · < λm

9:21"h0 A!9/21 (+I" <(+-�!<(+-21"G$&,:"`5@,:'#BD5@21" $&2
A
FnA 0C21B

1 ≤ m ≤ n
YDK 2?5

P1, · · · , Pm
9:21"f3�AJ5@+-,:B?21"f$(2]<(+-�J}|21BD5@,:�!'#"{�C+`5-T(� �C�!'#A!9/2;"{"` (+�9/2;"f"`�C #" �W2;"`<#ACBD2;" <#+@�C<(+@2;"cBD�C+ �

+-21"@<E�!'#$(A!'65-"{$&2
A
[��N'h+IAJ<(<E2?9:9:2=76 (2

A =
m
∑

i=1

λiPi, Id =
m
∑

i=1

Pi,
2D5
PiPj = 0

"`,
i 6= j.

F`���#[/��$CY

� �O����� � C"!��#!$�&� � �$� � �-� ���&%����8%����8%��	�K�6�
Tk0+1

� �
���L� � � �8� �	� � ��� �
�����0� ��� � � �-� � �&%��
� %��!� %��	���6�

A
" � � � � �8%�� 5 � � ������� � � � �
� � �I�"�#�:��� 5 � �

r0
�:�	% � 2>�

Pir0 6= 0
�#�0�&%����0���

1 ≤
i ≤ m � �:���:%������0�����	��� �$���
�:� � �&%��3�8%����8%��	� �%�

A
� �
���'�
� ��� � � �-� � �&%�� � %��!� %��	���6�

Tk0+1
� �

k0 + 1 = m
"

% �O���&�'&L�l� �&C#!�� ! � � )*AJ'#"89:2 B?AC"8���
Pir0 6= 0

<E�! (+]5@�! (5
i
Ka9/2;"83�AQ5-+@,�BD2;"

A
2D5
Tk0+1�C'65 2DR(ACB~5@213�2?'65e9:21" 3 �?3�21"e0QAJ9:2? #+-" <(+-�!<(+-21"1KC3�A!,:"eA 0!2;Bf ('(2*3% #9_5-,/<(9:,�BD,/5@>*>?0!21'65@ (219/9:2?3�2?'65

$(, ��>?+-2?'65@2b<( #,:"-76 (2b9/2;"�0 A!9/21 (+I" <#+@�C<(+@2;"�$&2
Tk0+1

"@�!'65�"@,:34<#9/2;"?[e�N'x0!21+@+IAS$#AJ'#"49�A�$(>��
3��C'#"|5-+-AJ5@,:�!'G$( � 213�3424���#[ �([/� �876 ad ,:9L2DR&,�"|5-2NA! #"@"@,E ('h9:,:2?'G21'65@+-2�9:21"e0!2;B~5@21 (+I"X<(+-�!<(+-21"e$&2
A
2?5
Tk0+1

[ � AhB?�!'#$(,_5-,/�C'S$&213�A!'#$&>12�"@ (+
r0
<E�! #+*9�A +@>;BD,:<(+-�O76 (24$&2�BD2�9:2?3�3�242;"|58)(,:2?'

'#>1BD2;"@"-AJ,:+-2![ � ' 2 ��2D5;KO"@,
r0
21"`5  ('G0!21BD5@21 (+ <#+@�C<(+@2N$&2

A
KOA!9/�C+-"

k0 = 0
2D5{9�A]3�AQ5-+@,�BD2

Tk0+1AC$&3�2D5f<E�! (+c #'(,:76 (280QA!9/21 (+{<(+@�C<(+-2=B?2?9:9/2876 (,a2;"|5fAC"@"@�&BD,:>?28�
r0
[ •

�Uh�*�`"r �=gT,�+�g
fd`"r�2 ¢ E�8HG
λ
:TG

y ∈ Rk0+1 @3<�:���K�L;:=@�V�I�VWE�I�VW:�:TG�@�<���:=B#GW:=@�V�I�VWE�I�VW:�GW:=L;D�>A@3:
Tk0+1y = λy

i �9E�[�[�:
v̂k0+2 = 0

XYL~KlVW:=L~K�GW8;E�< sR�=�i;� ��w�S:=�Q8~:T<QG
X�I&E�@V
k = k0 + 1

X
AVk0+1 =

Vk0+1Tk0+1
X&:TG�S�E�<3B�X&I3K�V�K�I3I�L;8~B=K�GW8;E�<�S�@���:=B#GW:=@�V

y
X&E�<�E�OGW8;:=<AG

A (Vk0+1y) = λ (Vk0+1y)
i'��:

��:=BTGW:=@V
Vk0+1y

<'M :TDRGoI3K�D]<Q@3L"B
K�V
y 6= 0

:TG]L~:TDoB=E�L;E�<3<�:=DoS�:
Vk0+1

DFE�<AGoL;8;O�VW:TD=i&�pK�V]B=E�<3DFz
>A@�:=<AG
X
Vk0+1y

:=DRG]O38;:=<l@3<���:TBTGW:=@�VxIVWE�IVW:\S�:
A
K�DFDFEAB=8;zZ�JL~KJ��K�L;:=@�V]IVWE�I�VW:

λ
>A@�8�:=DRGoSE�<3B��dE�VWB=zT[�:=<AG

z=m�K�L~:¡�Z@�<�S:=D
λi
i

@ozTB=8;I�VWEQ>A@3:=[�:T<QG
X=E�<\8;<QGFVWEQS@38HGpL;:9DFE�@3DR� :=DFI3K�B=:¤��:=BTGWE�VW8;:=L
Em

S�:
Rn :=<3m�:=<1SQVWz9I1KvVpL;:=DY��:TBTGW:=@�VWD

(P1r0, · · · , Pmr0)
i ¢ 8

Pir0 6= 0
I&E�@VYGWE�@G

1 ≤ i ≤ m
X�B=:TDp��:=BTGW:=@VWDYDFE�<AG�L;8;O�VW:=D�B
KvV�L;:=DpI�VWEvPR:=B#GW8~E�<3D

Pi
DFE�<AG\S:=@�y��CS�:=@y�E�VFGWn�E�m�E�<1K�L~:TD=ic�pKvV_B=E�<3DFz
>A@3:T<QG
X1L5K�S�8;[�:=<�DF8;E�<�S�:

Em
:TDRG_:Ty�K�BTGW:T[�:=<AG

m
i

¦kE�@�D9K�L;L~E�<3D%[�E�<AGFVW:TV%>A@3:xS3K�<3D�B=:]B
K�D�E�<CK
m = k0 +1

iA�pK�VosR�
�i;� $�w%E�<CK
Akr0 =

∑m

i=1
λk

i Pir0
X

B�M :=DRGF������S�8HVW:�>A@3:
Akr0 ∈ Em

X'SE�<�BJL;:=D_:=DFI1K�B=:=D¡S�: ��VF�L~Ev����z#VW8;§3:=<AG
Kk ⊂ Em

I&E�@�V_GWE�@�G
k ≥

0
ix��< I1KvVFGW8~BT@3L;8;:TV
XxB=:=B=8k8~[�I�L;85>A@�:�>Q@�:

dimKk0 = k0 + 1 ≤ m
ix�pKvV�K�8;L;L;:=@�VWD=X]S�K�<�DUL~K�O1K�DF:

(P1r0, · · · , Pmr0)
S�:

Em
XQL;:=D¤B=EAE�V}S�E�<3<3zT:=DtS�@C��:TBTGW:=@�V

Akr0
DFE�<AG

(λk
1 , · · · , λk

m)
iIOo@�GFVW:T[�:=<AG9S8HG
X

L5KZ�uK�[�8;L;L;:
(r0, Ar0, . . . , A

m−1r0)
S:

Em
:=DRGxVW:=I�VWz=DF:T<QGWzT:�S�K�<�D]L~KZO3K�DF:

(P1r0, · · · , Pmr0)
I1KvVoL~K

[CK�GFVW8;B=:
M

S�zT§3<38;:�I1KvV

M =







1 λ1 λ2
1 · · · λm−1

1iii
iii

1 λm λ2
m · · · λm−1

m






.
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��K�[CK�GFVW8;B=:
M

:=DRG_@3<�:\[CK�GFVW8;B=:�S�:��9K�<�C�:TV ?lE�<1S:ZS"M E�V}SVW:
m
>Q@�8c:=DRGk8;<��:TVWDF8;O3L;:�B=K�V�GWE�@3DkL;:=D

λi
DFE�<AGZS�8;DRGW8;<3BTGWD=i C�E�<�B�L5K��uK�[�8;L;L~:

(r0, Ar0, . . . , A
m−1r0)

:=DRG�L~8;OVW:�I�@38;DW>A@3:
(P1r0, · · · , Pmr0)LNM :=DRG
iN�9:TB=8Y8;[�I3L;8~>A@3:\>A@3:

dimKm−1 = m
X1S�E�<3B

m− 1 ≤ k0
i1C�M E���LNM E�<�S�z
S@38HG]§1<1K�L;:=[�:=<AG]>A@3:

m = k0 + 1
:TG

Em = Kk0

i
BoV���B=:���L~K��uE�VW[Z@�L~:�sR�
�Qi;�%$�w�E�<�K

A(Pir0) = λi(Pir0)
i �9E�[�[�:

Pir0
:=DRG_<3E�<�<Q@�L�X"8;LpD=M K�m�8HG

O�8;:=<�S'M @3<���:=B#GW:=@�VkI�VWE�IVW:JS:
A
K�DFDFEAB=8;zC�CL~K���K�L;:=@V_I�VWE�I�VW:

λi
i �9E�[�[�:

Em = Kk0

:TG_>Q@�:�L;:=D
BTE�L;E�<�<3:=D�S�:

Vk0+1
�uE�VW[�:=<AG�@�<3:JO3K�DF:�S�:

Kk0

XYE�<�:=<�S�z=S�@38HG¡>A@�M 8;L�:Ty8~DRGW:C@�<���:=B#GW:=@�V¡<3E�<�<Q@3L
yi ∈ Rm GW:TLt>A@3:

Pir0 = Vk0+1yi
i��k<�[�@3LHGW8;I3L;8;:�L5K�IVW:=[�8;�TVW:Cz=m�K�L~8HGWzlS�:�sR�
�Qi~����w�I3K�V

yi
I&E�@�V

E�O�GW:=<�8HV

Tk0+1yi = V ∗
k0+1AVk0+1yi = V ∗

k0+1APir0 = λiV
∗
k0+1Pir0 = λiV

∗
k0+1Vk0+1yi = λiyi,

K�@�GFVW:=[�:T<QG_S�8HG
X
yi
:=DRG¡��:=BTGW:=@V_I�VWE�I�VW:CS:

Tk0+1
I&E�@�V¡L~Kl��K�L;:=@V\I�VWE�IVW:

λi
i �9:C>A@�8�GW:#VW[�8~<�:ZL~K

Sz=[�E�<�DRGFV}K�GW8;E�<'i
�

� 2=+@>;"` (9/5-AJ5f$& � 2?3�3�2����#[ �([/� �8<M�C (+-+-A!,_5{9:A!,:"-"@2?+cBD+-�!,:+@2=76 ad ,/9��nA! &5fAJ<(<(9:,�7C #2?+c9�A%+->1B? (+ �
+@21'#BD2�$(2 � A!'#B��1�C"a}| #"@76 ad �89Wd ,/5@>1+-AJ5@,:�!' 3�AJRO,:3�AJ9:2

k0 +1
K!<( (,�"eB?AJ9�BD #9/21+ 9:21"X0QA!9/21 (+-" <(+-�!<(+-21"

$&2
Tk0+1

AJ^#'t$Ld 21't$&>1$& #,/+-2=9/2;"c0QAJ9:2? (+I"{<(+-�!<(+-21"e2D5f9:21"{0C21BD5@2? #+-"{<(+-�!<#+@2;"e$(2
A
[ 
 219:A�+-2?' �

$&+-A!,_5X9�A=3�>D5-T(�&$&2f$&2 � A!'#B��1�C" B?�!3�<#AJ+IAJ)#9/2c�8BD219/9:2f$&2 3*,:0!21'#"!�;Ef�C #"@2?T(�C9:$&21+cFH2?' �C>?'(>1+-A!9
k021"`5 $&2f9Wd �C+-$&+-2c$&2

n
K!B?2f7C #,#+-2?'#$49:2fBD�!3�<&5-2f$Ld �!<E>?+IAQ5@,:�!'M" "`,:3�,/9�AJ,:+@2f$#AJ'#"j9:21"X$(2? &R�B?AC"-YD[ )�2

<(9/ M"?K A!<(<(9:,:76 (>12 AJ,:'#"@,X9:Ab3�>?5@T(�&$&2 $&2 � AJ'MB��?�6"8"`21+-A!,_58,:'#"`5-AJ)#9/2�'O (3�>?+-,�7C #2?3�2?'65%�tB?A! #"@2
$&2f9�A8<M21+`5-2�$Ld �!+@5@T(� �!�C'#AJ9:,_5->c$&21" 0C21BD5@2? #+-"

vj
B1AJ #"@>?2c<MAJ+X9:21" ,/'(>10O,_5IAJ)(9:21" 21+@+-2? #+-" $Ld AJ+-+-�!'#$&,

FH0!�C,/+{9�A �c2?3�A!+-76 (24���#[ �([ �6Y~[
�#�!+@5]T(2? #+@21 #"`213�2?'651Ka9:2�+@>;"` #9_5IAQ5%"@ (,/0QA!'C5],:'#$&,�76 (2 76 ad ,/9X' d 2;"|5]<#AC"='(>1B?21"-"@A!,/+-2�$&2��nAJ,:+-2

)M2;AJ #B?�! (<G$ad ,/5@>1+-AJ5@,:�!'#" $(AJ'#" 9�A8+@>;BD (+-+-2?'#B?2�$&2 � AJ'#B �?�6"X<E�! (+e�!)&5-2?'(,:+ $(21" 0 A!9/21 (+I"X<(+-�!<(+-21"
$&2
Tk
76 (,E"@�!,:2?'65 $&2N)M�C'('(2;" AJ<#<(+@� R&,:3�AQ5@,:�!'M" $&2NB?2?9:9/2;" $&2

A
FnA 0C21B

k
)M2;AJ #B?�! (<�<#9/ #" <E2D5@,/5

7C #2
k0
�C 

n
YD[

F � oM� oE�1knm1k oMi � C"!��#!$�1� � � � � ��������� � ��%
1 ≤ k ≤ k0 + 1

" � � � �
λ
���5� �
�:� � �&%/�8%����8%��0�%�

Tk���
y ∈ Rk ���P�
� ��� � �&% � %��!� %�� �5�
� ���&� � ��� � � � � " � � �!� � � � � ���5� � �-� � �&% � %��!� %��

λi
�%�
A
������� �

5 � �

|λ− λi| ≤ ‖v̂k+1‖
|ek · y|
‖y‖ ≤ ‖v̂k+1‖,

���
ek

�$� �/� �
k
' � ��� �
� ��� � �&% �6� ��� � � � ��� �
� �0� �,5 � �L�6�

Rk "

% �O���&�'&L�\�(� C"!��#!$�&C � A�<(+-2?3�,:.?+-2SBD�C'#BD9: #"@,/�C'�$&2�9:A �X+-�!<E�C"@,_5-,/�C' ���#[ �([/� ��21"`5b76 (2CKc"`,
‖v̂k+1‖

21"`5%<E2D5-,_5;K\A!9/�C+-"=9:21"%0 A!9/21 (+I"8<(+-�!<(+-21"8$&2
Tk

"@�!'65 $&2G)M�C'('(21"%AJ<(<(+-� R&,/3�AJ5@,:�!'#"8$&2
BD2?+@5-A!,/'#21"�0QAJ9:2? (+I"�<(+-�!<(+-21"�$(2

A
[ � A�$&2? &R&,:.?3�2 BD�C'#BD9: #"@,/�C'x2;"|5 9�A�<(9: #"�,:3�<M�C+`5IAJ'65@2t21'

<(+-AJ5@,�76 (2 0X"@,{9:AS$&2?+-'(,:.?+-2hBD�C3�<M�6"@A!'C5-2h$Ld  ('y0!2;B~5@21 (+4<(+@�C<(+-2h$&2
Tk

21"`5�<M2?5@,/5@2!KXA!9/�C+-"%9:A
0 A!9/21 (+ <#+@�C<(+@2fB?�!+-+@2;"`<E�!'M$(AJ'65@2{2;"|5  #'(2�)E�!'('#2�AJ<(<#+@� R&,:3�AJ5@,:�!'�$Ld  ('(2f0QA!9/21 (+ <(+-�!<#+@2f$&2

A
[

•
��h�*�`"r �=g=,v+�g
fd`"r�2 ¢ E�8HG�@�<���:=BTGW:T@�VJIVWE�IVW:U<�E�<?<Q@3L

y ∈ Rk GW:=L¤>Q@�:
Tky = λy

i�?l@�LHGW8~I�L;85K�<AG
sR�=�i;� ��wxI3K�V

y
E�<�E�O�GW8;:=<AG

AVky = VkTky + (ek · y)v̂k+1,
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� � � ����� ���)	 ����������	��������	�����
	�������������

S'M E ��LNM E�<�S�z
S@38HG
A(Vky)− λ(Vky) = (ek · y)v̂k+1.

sR�=�i;��G�w
�k<�S�zTB=E�[�I&E�DF:_K�L;E�VWD

Vky
DF@VoL~KZO3K�DF:\S:=Dx��:=BTGW:=@VWDtI�VWE�I�VW:=D]S�:

A

Vky =

m
∑

i=1

Pi(Vky).

�k<lI�VW:T<1SUL;:_IVWEQS�@38HGxDFB
K�L~K�8HVW:ZS:JsR�
�Qi;��G�wxK
��:=B
Vky

X:TGo�ZLNM K�8~S:\S�:=DtVW:=L~K�GW8;E�<3D¡sR�
�i;� $�wtE�<�K

m
∑

i=1

(λi − λ) |Pi(Vky)|2 = (ek · y) (v̂k+1 · Vky).
sR�
�i £ ��w

��<�[�8~<�E�V}K�<QG\L;:JGW:TVW[�:ZS�:�SQVWE�8HGW:�:TG¡:=<�[CKvP E�V}K�<AG¡B=:=L;@�89S:Jm�K�@3B}n3:JI3K�V¡LNM 8;<�z=m�K�L~8HGWz�S�: �¤K�@3B}nA��
¢ B}n��¤K�V���X�8;L��Q8;:=<AG

min
1≤i≤m

|λi − λ| ‖Vky‖2 ≤ ‖y‖ ‖v̂k+1‖ ‖Vky‖.
�9E�[�[�:ZL;:=D\B=E�L;E�<3<�:=D¡S�:

Vk
DFE�<AG\E�VFGWn�E�<3E�VW[�z=:=D=X�E�<�K ‖Vky‖ = ‖y‖ X�:TG\I1KvV\DF8;[�I3L;8H§1B
KvGW8~E�<0E�<E�O�GW8;:=<AG

min
1≤i≤m

|λi − λ| ≤ ‖v̂k+1‖.
�9:TGFGW:k8;<3zTm�K�L;8HGWz_I&:=@Gt�TGFVW:�K�[�z=L;8;E�VWz=:�DF8&E�<l<'M K�I3I�L~8~>A@3:]I1K�D �¤K�@�B#nA�Q� ¢ B}n��¤K�V��oK�@CGW:TVW[�:

< ek, y >S3K�<�D_sR�
�Qi £ ��w#i1C�K�<3DxB=:kB
K�D]E�<�GFVWE�@3��:

min
1≤i≤m

|λi − λ| ≤ ‖v̂k+1‖ |ek · y|
‖y‖ ,

B=:\>A@38&GW:TVW[�8;<3:�L~KJSz=[�E�<�DRGFV}K�GW8;E�<'i
�
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��� ����� �K�%�
�8%��"�	� � ���$� �
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 E � � 
 [:K � � 3 � � � ��# � � � � 
 [:K v � '
� � � � � �
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A∗ '1�!�����-�C�7�	�
	H��$����� [D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[ ��.�5
�C� X �(�=
��&$�+�+D�7�C�	�=
� O �:��� X [1[D[?[?[?[D[1[D[?[D[1[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[,4/	/
Ck(Ω), Ck(Ω) �(#�+�����:���(#�� ��D�����$��D# k � �	�$#���������$���'0�����M� G ���$
A�;�&$�(# [D[1[D[?[D[1[D[?[?[?[D[1[D[?[1[	//
C∞

c (Ω) �(#�+��	�C�:���(#�� �	���������	��#T�$� ^ ���$'0����� � G ���$
A�;�&$�(#�R0# � +�+D�	�F� ���'0+��	��� [?[D[1[D[?[D[VA ��3?.(5BA
C∞

c (Ω) �(#�+��	�C�:���(#�� �	���������	��#T�$� ^ ���$'0����� � G ���$
A�;�&$�(#�R0# � +�+D�	�F�M;P���� G [?[?[?[D[1[D[?[1[D[?[D[1[D[?[?AE
D(Ω) ��#F+��	�C�:���(#�� ����C���$���#T�$� ^ ���$'0����� � G ���$
!�%;�&$�(#�R0# � +�+P��������'0+��	��� [?[D[1[?[D[1[D[?[D[1[D[?[?[-A �
D′(Ω) �(#�+�����2���(#M���-#F������; � ���$���# [1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[�.(5BA
δij
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dx '0�(# � ���2
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ds '0��# � ���7# � ��� �	�C�-K � ��� ����� �(;D��#FN � ��� [?[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[A/BA
∂α � G ����
 G �2+��%�����$��&$&��7� d �� ����� α [?[?[?[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[%E0A
∂Ω ;D�	���6� d � � � � 
	����� Ω
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Epi(J)

G +���N	���+�8��:� d � ����� ����C���$�� J [?[?[?[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[ �E �
� O ��� K �(��#F�('<;�&$������#T+D�	������#T� O ��� G '1� ��O � d � �B����=
� O � K [D[?[D[1[D[?[?[?[D[1[D[?[1[D[?[D[1[D[?[?[?[D[1[D[H4/	/
H1(Ω) ��#F+D��C�7�������;P�&$��
 [?[?[?[D[1[D[?[D[1[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[@A/
H1

0 (Ω) ��#F+D��C�7�������;P�&$��
 R)��� ����S� � &$&$� [1[D[?[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[E5
Hm(Ω) �(#�+�����:�������;P�&$��
 � d �� ����� m [D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[(EE
H1/2(∂Ω) �(#�+�����:���(# ��� ����(# [?[?[D[1[D[?[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[!E �
H(div) �(#�+�����7���7� 8��%'0+�#����7
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Pe

���=
	��&$�+�+P�S�(�����$Q����:��� P [?[D[1[D[?[D[1[D[?[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[1[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[ 4/0A
Pk

��#F+D��C�7����#T+D�	&�J=� 	 '0�(#��������(N� G ���%� �%& k [1[D[?[?[?[D[1[?[D[?[?[?[D[1[D[?[D[1[D[?[?[?[D[1[D[?[D[1[D[?[1[D[?[?[?[D[1[!.A""
Qk

��#F+��	�C�7����#T+D�	&�J=� 	 ')��#��������(N� G �(�B� 8D�K � �:
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