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Outline of the talk

-

® Some motivations for multiscale methods
# A prototypical 1D multiscale method

# Analysis of the method:
s case of a convex interatomic potential
s Lennard-Jones case
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Nanoindentation simulation

(R i ol g

Tadmor, Miller, Phillips, Ortiz, J. of Material Research, 1999
(ww. gcret hod. com J
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Smooth deformation\ o

o o @

Paradigm: study nanoscale localized phenomena

Nanoindenter (25 AK

Non smooth deformation

1000 A

2000 A

Large computational domain;
Expected deformation: non-smooth in some small region of the solid.

Coupling an (accurate) atomistic model with a (cheap) continuum
mechanics model.

|
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The atomistic model

|7 Reference configuration (1D): Q= (0,L) C R T
Current position of atom «: U’
Atomic lattice parameter: h, with Nh = L
1 . |
: . 0 N )
Energy per particle: Byl u) = o— Z W, (v — u?)
1]
W, (€)
th £ Wh(uj —’LLZ):W
N h

Atomistic model (assuming Nearest Neighbour interactions):

0 ve B u't — h e |
E, (u,...,u ):ZZW( ; )—ZZqu(zh)
i=0 i=0

inf{ Eu(uo,...,uN), w’ =0, v =a, vt >ui} o
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Continuum mechanics model

|7X. Blanc, C. Le Bris, P-L. Lions (ARMA 2002): if u is enough, T
}ILH]%E (uw(0),u(h),...,u(Nh)) = /W )d:c—/ f(x)u(z)dx
- Q

Continuum model (elastic energy density derived from atomistic model).

More generally, Wear (F) =1/2 Y W(F k).
keZ3 k£0

inf { Epr(u), w € H(Q), u(0) =0, u(L) =a, v’ > 0a.e. on Q}

What if deformation is not smooth in the
whole domain?

Use In the different do-

\— mains. J
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Coupled model: a first attempt

E.(u) = /Q ( )W(u’(a:)) — f(x)u(z)dx

+ Y w (“’Mh_ “’) —u'f(ih)

1€Q, (u)

Qs (u) = subdomain where « is smooth,

where { _
1, (u) = subdomain where w« is non-smooth.

Highly nonlinear problem —
remove the link between v and the partition of (2

|
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The natural coupled model

o N

For any partition Q = Q;, UQ, with Q= U,(a;h,bjh):
1 1
h

a;h Continuum mech. b, Atomistic model ajt1h

E.(u) := /Q W(u'(z)) — f(z) u(x) dx
M i+1

+ oY W(“ h‘”)-h S wlf(in)

i,[ih,ih+h] i,ih €€,

Balance between numerical efficiency / precision

o f Ee(u), wq,, € H' (Qur), uQ, = (ui)mesz,,,,,

L : , u(0) =0, uw(L)=a, ul J
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The coupled problem after discretization

ﬁDisoretization of the continuum mechanics term on a mesh of size H > hﬂ
Ef (U,uq,) = / 4% ZUkN,’g(x) dx—ZUk f(x)Ng(z) dz
Qs L L Qs

+ h Y W(“mh_w)—h Sl fin)

i,ih€Q,,

Questions:

® Howto the partition?
Idea: the set 2, should consist of all the zones of regularity of u,,

® Is E. a good definition for the ?

We will show that inf E* is not always the discretized version of inf !

o |
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Two different cases for the potential

-

® Convex interatomic potential W;

® The Lennard-Jones case.

o |
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Convex case: definition of the partition

|7 fec’(Q); WeC*R) with 0 <a<W'(z) and [W'(z)| < Bz —1] T
The atomistic, macroscopic and coupled problems are

W convex = elliptic regularity: {singularities of u} = {singularities of f}

Assume f ¢ C°(Q). The interval (ih,ih + h) is said to be regular if

h/if

| fll o iningny < k5 @nd - f" € Li(ih, ih + h), [/l L2n,ingn) < L

Set Q= U{(ih, ih 4+ h) which are regular} = U;(ajh,bjh)

L Partition just depends on f! J
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Estimates between . and u,, (convex case)

o N

With previous definition of partition, 3 Ay such that, for all » < hy,

. . g 1 Z.
uz—i—l — uH- —u
1 p
sup |— ; < — ; < Cihky,
e,

lue = (Mewp) || (@) < Crhry,

Sup}ui—-uZ}fnghﬁf, e — ey || Lo () < Cohky,
i€,

‘Ic — IM‘ S Ogh/ﬁ)f.

I1.. affine interpolation operator

o |
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The Lennard-Jones case

1 L T
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Macroscopic problem (f = 0)

Natural variational space:

Xp(a) = {u cWh(Q), — € L**(Q), v >0ae., u(0)=0, u(L) = a}

Ifa > L:
inf {Fp(u),u € Xp(a)} = LW (1)
Problem has no minimizersin X, (a).

“Minimizers” u,,; are s.t. wu, has
Dirac masses (“crack” nucleation).

L T 0 L 0 a J
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Macroscopic problem

SBV(Q)=<ueD(Q), v =Du+ Zvidm, Due L'(Q), z; €

o] -

inf {EM(U), u € SBV(Q), Diu c L*2(Q), v > 0a.e.,u(0) =0,u(L) = a}
When f = 0:
® fa<L: wupy(xr)=axr/L.

® |Ifa > L: infinity of solutions, uy =2+ >, v, H(x — ;).
Crack location is not determined (because NN interaction and f = 0).

Results can be generalized to the case f # 0, f € L1(Q): 30, s.t.
—if a < 6,4, 3! solution, which is smooth:;

\—— If a > 0,/, “crack’”. J
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The atomistic problem (f € C°(Q))

-

il g

o E o

N
; )—h;uif(ih), uO—O,uN—a,uT}

There exists a threshold 6, such that:
—if a < 6, uniqgue minimizer;

—if a > 0, and h small enough: one or many minimizers, smooth
everywhere except on a single bond (¢, %, + 1):

u(z)

i+1 i
Uy — Uy C §
~n_o — (“crack

h 0 h ( )

Vi # iy, (u) ! —ul) —h00

See L. Truskinovsky, 1996. J
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-

Natural micro-macro approach

Suppose f =0, a > L (crack case):

For any partition 2 = Qs U Q,,,

/ RS
Ec(u) = WLJ(U ($)) dx + h Z WLJ ( h )
2 i,[ih,ih+h]CQ,

E.(u), uja,, € SBV(Qum), v, = (Ui)iheﬂw
u%% =u((a;h)"), v’ =u((bjh)™), w(0) =0, u(L) =a, u

inf

There exist minimizers w..

u., has Dirac masses in €),,!

|
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u(x)

Energy cost of crack (case f = 0)

= [ Wty oS (S5E)

Qs

W

If crack localized in 2,

v (z) = 1+(a—L)oy,, Vi, =1

Ee(u) = Q| Wry(1) +[Qu| Wrs(1) = LWr,;(1)

u(x)

| - I S o
If crack in Q,: v (z) =1, ; =1(:#1,)

Ee(u) = [Qu|WLs(1)
+ (|| — k) W4 (1) + hWp,;(broken bond)
(L—h)Wrs(1) )

RS
&

So E.(FeQy)<E(FeQ,). J
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The natural algorithm leads to issues

o N

Consider the following algorithm: initialize €2, = €2,

® solve the coupled problem inf E.(u) with €5, fixed;

® |ook for the zones where the minimizer u. is not smooth (e.g. has a
large derivative), enlarge (2, correspondingly and go back to step 1.

Then, at the end,

o |
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A modified micro-macro approach

fldea: give an energy cost (surface energy) to a crack in 2. T
Emod(u) = Wi (W (2) — f(x) u(z) de
Qs
AR S .
+ h Z WLJ( h )—hz uf(zh)
i,[th,ih+h]CQ, 1,5h€e,
ST —_—
Wl (r) = Wis(r) + vVh (r=m), and 2+ |y -
ro € (1,7c). 1 | _
limy, .o Emod(u) = Ej(u) (consistency). 0L
-1 ‘\lﬁ’_

For f = 0:
® fracturein Q,: Emod(F € Q) = E(F € Q,) =LWr;(1)+ h.
L ® fracture in Qp: Emod(F € Q) :LWLJ(1)+O(\/E). J
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Partition Construction (Lennard-Jones case)

-

inf {EM(u), uw € SBV(Q), i, c L), v >0, u(0) =0, u(L) = a,} .

U

-

(1) Compute a solution u,, for the macro problem

(2) Define Qp := U,;(ih,ih + h) with (ih,ih + h) S.t.

i

Iz nineny < fps f7 € Ly ih B), || f s Gninny < 0=

and u ;s is continuous on (ih, th + h).

(3) On this partition, consider the modified coupled problem

f Emod(u), ujq,, € W (Qar), U, = (ui)z‘heﬂw

L u® =u((a;h)"), ub =u((bjh)™), w(0) =0, u(L) =a, u 1 J
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Modified coupled problem: error estimates

o, N

if a < 0, (no crack case): d! solution umeg, €Stimates similar to the
CONVeX case Ones;

® Ifa > 0,/ There are one or many minimizer(s).

o For any minimizer umog, @ “crack” nucleates in €2, at some bond
imod- T here is no crack in €2,,.

» Letwu, be a minimizer of the atomistic model with “crack” in ¢,,.

1+1 ) 1+1 )
U — U utt —u _
sup mod __mod _ _K 21 < Ch (and same in ),
iEQ,ua¢i/J7im0d h h

imoa+1 i1 i
unngd — unngd ~h—0 4 — 9M7 u,ﬁ - u,ﬁ ~h—0 @ — (9M7

tmod+1 mod i,+1 i
)(urﬁngd — umeq) — (" —u)| < Ch, [ Imod — 1] < Ch

o |
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In practice ...

fEf (U, uq,) :/ 4% ZUkN]g(CIZ) dx+h Z W(Uiﬂh_ UZW
v k cQ,

i,[ih,ih+h]

o |
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In practice ...

fEéH (U,UM) _ /QM 1% (; UkN,;(a;)> dz+h Z » W (uiﬂh_ UZW

u(zx) |
Qg
:H:
u(x)
Qg
| .

i,[ih,ih+h]

If crack localized in 2,

Y UpNi(z) =1,0(1/H),1; Vi, — 1

C

B = (1] = H) Wiy (1) + HWry (7 ) + 19 Wrs (1)
~ (L—H)WLJ(l)
AR

If crack in €2,,: ZUkN,g(a:) =1; ; =101 # i)

ECH(u) ~ (L — h) WLJ(l)

Whenh < H < 1: EX(FeQy)>EXNFeQ,).

|
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Conclusions

-

In a code, people work with the discretized natural coupled energy
EH  which leads to good results, even in the LJ case.

® if H— 0, B (u) — E.(u), the natural coupled energy. However,

inf E. and inf E have qualitatively different behaviours.

® the modified coupled energy Emoq has a correct behaviour.

® inf £ is not the discretized version of inf E.., but of inf Enoq.

X. Blanc, C. Le Bris, F. Legoll, Analysis of a prototypical multiscale method coupling atomistic and

continuum mechanics, Mathematical Modelling and Numerical Analysis, in press, 2005.

o |
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