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Abstract

We derive a complete asymptotic expansion for eigenvalues of the Lamé system of
the linear elasticity in domains with small inclusions in three dimensions. By an integral
equation formulation of the solutions to the harmonic oscillatory linear elastic equation,
we reduce this problem to the study of the characteristic values of integral operators in
the complex planes. Generalized Rouché’s theorem and other techniques from the the-
ory of meromorphic operator-valued functions are combined with asymptotic analysis
of integral kernels to obtain full asymptotic expansions for eigenvalues.

1 Introduction

Let Q be an elastic media in R* with a connected Lipschitz boundary whose Lamé constants
are A, u. We consider the eigenvalue problem for the Lamé system of the linear elasticity:

pAu+ A+ p)VV-u+ku=0 in Q, (1.1)

with the Neumann boundary condition du/dv = 0 on 9. Here the conormal derivative
Ou/0v is defined to be

g_: = A(V - w)N + u(Vu + Vu')N, (1.2)

where the superscript ¢ denotes the transpose and NN is the unit normal to the boundary
on.

Suppose that € contains a small inclusion D of the form D = z + ¢B, where B is a
bounded Lipschitz domain containing the origin, € is a small parameter, and z indicates the
location of the inclusion. Due to the presence of the inclusion D, the eigenvalues of the
domain 2 are perturbed. Our goal is to find an asymptotic expansion for the perturbation
of eigenvalues due to the presence of the inclusion. Let k; < k2 < ... be the eigenvalues of
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(1.1) and k5§ < k§ < ... be the eigenvalues in the presence of the inclusion. The main result
of this paper is a complete asymptotic expansion of £§ — k; as € = 0.

The main ingredients in deriving the results of this paper are the integral equations
and the theory of meromorphic operator-valued functions. Using integral representations
of solutions to the harmonic oscillatory linear elastic equation, we reduce this problem to
the study of characteristic values of integral operators in the complex planes. Generalized
Rouché’s theorem and other techniques from the theory of meromorphic operator-valued
functions are combined with asymptotic analysis of integral kernels to obtain full asymptotic
expansions for eigenvalues. This method was first used in [4] to obtain an asymptotic formula
for the eigenvalues of Laplacian under the shape deformation. Another related work is [3]
where complete asymptotic formulae for eigenvalues of the conductivity equation in the
presence of small inclusions are derived. See also Rauch-Taylor [14], Ozawa [11, 12, 13], and
Besson [6] where leading-order terms in the asymptotic expansion of the eigenvalues for the
Laplacian in domains with small holes have been obtained.

The inclusions we deal with in this paper are of two kinds: hard and soft inclusions. A
hard inclusion D is characterized by the boundary condition v = constant on its boundary
OD (we set the constant = 0), while a soft one is characterized by the transmission conditions
on its boundary. The complete asymptotic expansions in both cases are given by infinite
number of operators. We will calculate the leading order terms in both cases. It turns out
that the leading order term for the hard inclusion is of order e and expressed in terms of
the eigenfunctions and some quantity related to the capacity of the inclusion. On the other
hand, that for the soft inclusion is of order €3, the volume of the inclusion, and expressed in
terms of the eigenfunctions and the elastic moment tensor, for which we refer to [2]. Even if
it requires some endeavor (but straightforward), it is of some interest to compute the higher
order terms. The second order terms of the perturbation of the eigenvalues for the Laplacian
has been dereived by Ozawa [12] when the hole is of spherical shape.

The paper is organized as follows. We recall relevant definitions and state the generalized
Rouché’s theorem in the next section. In Section 3, we derive full asymptotic expansions
for eigenvalues and calculate the leading order term explicitly when the inclusion is a hard
one. In Section 4, we deal with the case of inclusions with finite Lamé constants.

Here we confine our attention to the eigenvalues of the Neumann boundary value problem.
The Dirichlet boundary case can be treated in a similar way with only minor modifications
of the techniques presented here. We intend to use this expansion in identifying the small
inclusions by taking eigenvalue measurements.

2 Preliminaries

2.1 The generalized Rouché’s theorem

In this section, we review the main results of Gohberg and Sigal in [9].

Let G and ‘H be two Banach spaces and let £(G,#H) be the set of all bounded operators
from G to H. Let U be an open set in C. Suppose that A()) is an operator-valued function
from U to L(G,H). Ao is a characteristic value of A(\) if

e A()) is holomorphic in some neighborhood of Ag, except possibly for Ag;

e There exists a function ¢(A) from a neighborhood of Ag to G, holomorphic and nonzero
at Ao such that A(X)¢(\) is holomorphic at Ag and A(Xg)d(Ag) = 0.



The function ¢(A) in the above definition is called a root function of A()\) associated to Ag
and ¢(\g) is called an eigenvector. The closure of the space of eigenvectors corresponding
to Ag is denoted by Ker A(\g).

Let ¢g be an eigenvector corresponding to Ag. Let V(\g) be a complex neighborhhod
of A\g. The rank of ¢ is the largest integer m such that there exist ¢ : V(Ag) — G and
1 : V(Ag) — H holomorphic satisfying

ANSN) = (X = x0)™ (M),
d(Xo) = do, ¥(Xo) #0.

Suppose that n = dim Ker A(\g) < 4oc and the ranks of all vectors in Ker A()\g) are
finite. A system of eigenvectors ¢, j = 1,--- ,n, is called a canonical system of eigenvectors
of A(X) associated to Ag if the rank of ¢)g is the maximum of the ranks of all eigenvectors in
some direct complement in Ker A(A\g) of the linear span of the vectors ¢, - - - ,gzﬁéfl. Then
we define the null multiplicity of the characteristic value Ay of A()) to be the sum of ranks
of ¢, j=1,---,n, which is denoted by N(A(Xo)).

Suppose that A~1()\) exists and is holomorphic in some neighborhood of \g, except
possibly at this point itself. Then the number

M(A(X0)) = N(A(X)) = N(A7 (M)

is called the multiplicity of the characteristic value Ag of A(N).
Suppose that the Laurent expansion of A(A) in Aq is given by

A()\) = Z ()\ - AO)jAj.

j=—s

If the operators Aj;, j = —s,---,—1, are finite dimensional, then A(X) is called finitely
meromorphic at Ag. If the operator Ag is a Fredholm operator, A(\) is said to be of
Fredholm type at \o.

If A()) is holomorphic at Ao and A()\g) is invertible, the \g is called a regular point of
A(M). A point \g is called a normal point of A(X\) if A()\) is finitely meromorphic and of
Fredholm type at Ao and there exists some neighborhood V (Ag) of A¢ in which all the points
except Ao are regular points of A(A).

Lemma 2.1 Every normal point Ao of A()\) is a normal point of A=1(\).

An operator-valued function A(X) which is finitely meromorphic and of Fredholm type
in V(XAo) and continuous at 0V (Ag) is called normal with respect to 9V (Ag) if A(A) is
invertible in V' (Ag), except for a finite number of points of V(Ag) which are normal points
of A(X).

Suppose that A()) is normal with respect to dV(\g) and \;, i = 1,--- , 0, are all its
characteristic values and poles lying in V()\g), we put

M(AN);Y (h)) = 3 M(AN)).

The generalization of Rouché’s theorem is stated below.



Theorem 2.2 Let A(\) be an operator-valued function which is normal with respect to
AV (Xo). If an operator-valued function S(X\) which is finitely meromorphic in V(\o) and
continuous at OV (\o) satisfies the condition

[ATTNSMlegan <1, A€V (o),
then A(X) + S(X) is also normal with respect to OV (Ag) and
M(AN); OV (X)) = M(AX) + S(A); 0V (Xo)).
The generalization of Steinberg theorem is given by

Theorem 2.3 Suppose that A(\) is an operator-valued function which is finitely meromor-
phic and of Fredholm type in V(Xo). If A(X) is invertible at one point of V(\o), then A(N)
has a bounded inverse for all A € OV (X\g), except possibly for certain isolated points.

Theorem 2.4 Suppose that A()\) is an operator-valued function which is normal with re-
spect to OV (Ag). Let f(X) be a scalar function which is holomorphic in'V (Ag) and continuous
in V(Ao). Then we have
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o[ FATI) AN = 3T MAG) SN,
oV (Xo) j=1
where X\j, j =1,---,0, are all the points in V(Xo) which are either poles or characteristic
values of A(N).

Here tr denotes the trace of operator which is the sum of all its nonzero eigenvalues. We
mention the following property of the trace:

tr /avu@ AN)B(N)dA = tr /aV(m B\ AN, (2.1)

where A(\) and B(A) are operator-valued functions which are finitely meromorphic in V' (Ag),
which contains no poles of A(A) and B(\) other than Ag.

2.2 Integral representation of solutions to the Lamé system

Let Q be a bounded domain in R?® with a connected Lipschitz boundary. Let A, u be the
Lamé constants for ) satisfying

p>0 and 3A+2p > 0.
The corresponding Lamé system is given by
LY = pAu+ A+ p)VV - u,

and the conormal derivative is defined to be

ou

o AV -u)N + p(Vu + Vu')N,



where N is the unit normal to the boundary.
The Kupradze matrix I'” = (I'¢;)? ,_; of the fundamental solution to the operator £L# +
w? is given by

iw|az| iw|a|
iwla] 1 ec°L —e °r
E

0:0;

w 51
Fij(m) = .

_47ru|a:|e ! +47rw2 ||

where 6;; is the Kronecker’s delta, 0; denotes 9/0x;, and

CT:\//_J,, cr, = A+ 2u.
See [10, Chap. 2]. One can easily see that I'{; allows the following expansion:

1 400 .n

1 n+1 1
I (z) = —— (5 + 5o )"l (2.2)
J 47 nz:;] (n + 2)n! CT+2 CL+2

+oo

1 XRirtn—1), 1 1 L
+ — ( - )w” z|" Cxix;.
in T; (T 2yl \ ez~ g )"l i

If w = 0, then I'Y is the Kelvin matrix of the fundamental solution to the Lamé system, i.e.,

70 Ve TT;

Mz =-—=2_- =27 2.
1S v R P T (2:3)
where 1/1 1 1/1 1
L = (- . 24
" 2<u+2u+/\> and 72 2<u 2u+/\> (24)
The single and double layer potentials are defined by

Shela) = [ T*(a = elu)doty) (25)

0
Do) = [ ST~ y)ply)doly), (26)

oD OVy

for any ¢ € L?(0D)3. The following formulae give the jump relations obeyed by the double
layer potential and by the conormal derivative of the single layer potential:

a(Sy 1 )
%‘i(x) - (i ST+ (K3) )g@(m), ae. z € 0D, (2.7)
1
( %@)‘i(m) - (; ST+ }C‘g"z)go(a:), a.e.z € 0D, (2.8)
wherh&Gperator defined by
o (z —
Ka@) =p. [ OO pyaaty), (2.9
Yy
antl igkite L2-adjoigt tfial€ s,
AT ( —
ey @ =p. [ 0T o)doty)
8D Vg



Here p.v. means the Cauchy principal value. See [10, 7].

0]
Let ¥ be the vector space of all linear solutions to the equation £)*u = 0 and a—u =0
v

on 0D, or alternatively,
U ={¢:9;;+ 050 =0, 1 <i,j <3}

Define a subspace of L?(9D)? by
L3(0D) = {f € (D)’ ; /

f-do = 0 for alli/)E\Il}.
oD

In particular, since ¥ contains constant functions, we get

/ fdo =0
aD

for any £ € L% (0D). We also know that if u is smooth and satisfies £)#u = 0 in D, then

ou
3 lop € L%(0D).

Let us formulate the radiation conditions for the elastic waves when Im w > 0 and w # 0.
Any solution u to (LM* + w?)u = 0 admits the decomposition, see [10, Theorem 2.5],

u=u? +u®, (2.10)
where u® and u®) are given by
ul® = (K — ki)™ (A + kp)u,
ul® = (k] = k7)7H(A + ki),

with kr = % and kr = ﬁ Then u® and u(® satisfy the equations

(2.11)

(A + E2)u®) =0, V xul® =0,
(A+ED)u® =0,  V-u® =0.

We impose on u?) and u®) the Sommerfeld radiation conditions for solutions of the Helmholtz
equations by requiring that
rulP) (z) —ikpu® (z)
opu®) () — ikpu® (z)

o(r™),

X as r = |z| - 4o0. (2.12)
o(r™),

We say that u satisfies the radiation condition if it allows the decomposition (2.10) with
u® and u®®) satisfying (2.11) and (2.12). By a straightforward calculation one can see that
single and double layer potentials satisfy the radiation condition. We refer to [1, 10] for
details.

Let 5\, [t be another pair of Lamé parameters such that

A=Nu=) >0, A=A+ (u—-p)#0. (2.13)
Let Sj:", denote the single layer potential defined by (2.5) with A, u replaced by :\, . We also

3j .
denote by a—lj the conormal derivative with respect to A, i. Let the space H!(0D) be the
v

set of functions f € L?(0D) such that 8f /0T € L*(0D), where §/9T denotes the tangential
derivative on 9D.
We now state the following solvability theorem.



Theorem 2.5 Suppose that (A\—\)(u—f) > 0 and 0 < X, fi < +00. Suppose that Im w > 0
and w? is not a Dirichlet eigenvalue for —L** on D. For any given (F,G) € HY(0D)? x
L?(0D)3, there exists a unique pair (f,g) € L?(0D)3 x L?(0D)? such that

Saf,ﬂ_ - ;sgl; =F,
%SDH— - angH =G.

If w =0, we have that G € L% (D) implies g € L% (0D) and moreover, F € ¥ and G =0
imply g = 0.

Proof. For w = 0, the theorem is proved in [8].
The case w # 0 can be treated as a compact perturbation of the case w = 0. In fact, let
us define an operator T : L?(0D)3 x L?(0D)®> — H'(0D)? x L?(0D)? by

Sw w 0 Sw 0 w
T(f, g):= <8Df|— - Spgl+s gspﬂ— - ESDgh-)'
We also define Ty by

. 9 0
To(f.g) == (51%“ — Spgl+, %S%fﬁ - Es%gh)-

It is easily checked that T'— T} is a compact operator. Since we know that Tj is invertible,
by the Fredholm alternative, it is enough to show that T is injective. Suppose that T'(f,g) =
0. Then the function u given by

. JSPe(@), zeR\D,
T Spf(z), zeD,

is the solution to the transmission problem

LM+ w?a =0, in R*\ D,
LA+ w?a =0, in D,
u|+—u|_:O, on 0D,
Ou Ou

£|+—%|_:0, on 8D,

satisfying the radiation condition. By the uniqueness of a solution to this transmission
problem, see for instance [10, Chap.3], we have u = 0. From the assumption on w, we

conclude that f = g = 0. This completes the proof. |
In Section 4, we are primarily concerned with the following transmission problem:
(LM + w?u =0, in Q\D,
LM+ w?u =0, in D,
0
g _ g, on 99,
ov (2.14)
u|+—u|_:O, on 9D,
ou ou
L5|+_%|7_0’ on OD.



For this problem we have the following representation formula.

Theorem 2.6 Let Im w > 0. Suppose that w? is not a Dirichlet eigenvalue for —LM* on
D. Let u be a solution of (2.14) and f := u|sq. Define

H(z) := D% () (z) — S5(g)(z), =€ R \aQ. (2.15)

Then u can be represented as

H @ Q\D
wo) - [H@ +S30@). e\, 16)
SPé(x), zeD,
where the pair (¢,v) € L?(0D)3 x L?(0D)? is the unique solution of
Sp¢ — Spv = Hlap,
o PT v PT T v lap’
Moreover, we have _
H(z) + Spep(z) =0, z € R\ Q. (2.18)
Proof. We consider the following two phases transmission problem:
LMV 4+ w?v =0, in (Q\D)Y(R®\Q),
LYy 4+ WPy =0, in D,
ov ov
v|7—v|+:f, EL—%L:g, on 0f, (2.19)

ov ov
V|_—V|+:0, %|_—$|+:O, on 8D

with the radiation condition. This problem has a unique solution. See [10, Chap.3]. It is
easily checked that both v and v defined by

v(z) = u(z), =€,  and (@) =408 () + S¥(z), x€Q\D,
0. zeR\Q, Spo(a), reD,
are solutions to (2.19). Hence v = v. This completes the proof. -

3 Hard inclusion case

Let & be the eigenvalue of —£** in Q with the Neumann condition on 912 and let u denote
the eigenfunction associated with &, i.e.,

LrMu+ku=0 in Q\D,
Ou (3.1)

B_VZO on Of.

We note that since —£M* is elliptic, it has discrete eigenvalues of finite multiplicities. The
following lemma from [10, Chapter 7] is of importance to us.



Lemma 3.1 The necessary and sufficient condition for (3.1) to have a nontrivial solution
is that k is nonnegative and \/k coincides with one of the characteristic values of %I — £~
If kK = W3 is a m-fold eigenvalue of (3.1), then (1 51— ICSO)u = 0 has m linearly independent
solutions. Moreover, for every eigenvalue k > 0, \/k is a simple pole of the operator-valued

function e (' 51— Ky

Let 0 < k1 < kg < --- be the eigenvalues of —£*# in Q) with the Neumann condition
on 8Q. For w ¢ {,/ Fj}j>1, let Ng(z,2) be the Neumann function for £2* + w? in Q
corresponding to a Dirac mass at z. That is, Ng is the solution to

(Lre + w?)NY (2, 2) = =6, (2)1, x € Q,
w (3.2)
82\;9 (w,z) =0, x € 0N

Then the following relation holds (see [2]):

(— %1 + /cg)(Ng(-,z)(x) =T%(z,2), €00, z€q. (3.3)

Let u; denotes the orthogonal eigenfunction associated with «;, with |[u;|[z2(q) = 1. Then
we have the following spectral decomposition:

' S (@)uy(2)"
— h:j — W

j=1
Here we regard u; as a column vector, and hence u;(z)u;(z)" is a 3 X 3 matrix-valued
function. We refer the reader to [15] for its proof.

Suppose that Q contains a small hard inclusion D of the form D = z + e¢B, where B is
a bounded Lipschitz domain in R® containing the origin. Let k¢ be an Neumann eigenvalue
of —L** in the presence of the inclusion, and let u¢ be a corresponding eigenfunction, i.e.,

LAMu 4 kfuc =0 in Q\D,
ouw _ on 90, (3.5)

ov
u‘=0 on OD.

Let ¢ := u|pq, ¢ = %—‘5|3D, and w = v/k¢. By the Green’s formula, one can see that
the solution u® of (3.5) can be represented as

u’ =Dy + Spo, (3.6)

where ¢ and ¢ satisfy
1
(§I—IC§)1/)—$§5¢:0 on Of,
(3.7
oY +Spe =0 on OD.

Conversely, if a nonzero pair (1, ¢) € L2(02)® x L?(92)? satisfies (3.7), then u defined by
(3.6) is the solution to (3.5). We can assume that w? is not a Dirichlet eigenvalue for —£**
on D since the Dirichlet-eigenvalues for D tend to +o0o as € tends to 0. In this case, the



resulting u is also nonzero. Therefore the square roots of the eigenvalues correspond exactly
to the characteristic values of the following operator-valued function:

1 w w
oo (Groxa) —sp)
Dg Sh
Lemma 3.2 For ¢ € L2(00)% and ¢ € L2(dD)? let ¢(x) = ed(ex + z) for x € IB. Then
we have

Spo(z) = +§ )t Z 8‘1]_““’ (. —2) /83 Y2 o(y)do(y), = €09, (3.8)
n=0 aj=n &
QU(ex + z) = Z Z —8“ Gv)(z)z®, =z € IB, (3.9)
n=0 |a
and for x € OB and i = 1,2,3,|
S5 (@)iler +2) = — - i (e + ) @) [ ey, )do)

1 Ki"tn—-1)/ 1 1 . - .
i nz::O (n + 2)n! (cgﬂ‘ e ) (ew) /83 |z = y[" " (@i = yi) (25 — y5) 95 (y)do(y),
(3.10)

where S%(¢); denotes the i-th component of S%)(¢).

Proof. The series (3.9) is exactly a Taylor expansion of Dg(¢)(ex + z) at z. By a change
of variables, we have that for any x € 912,

S8(x) = /8 (e = D)oli)do(q) = ¢ /3 (e =z = a)ily)do(y)

Using the Taylor expansion of T“(z — z — ey) at x — z, we obtain (3.8). Similarly, (3.10)
immediately follows from a change of variables and (2.2). This completes the proof. a

By Lemma 3.2, (3.7) can be written as

) —
e ( (5) —0, A=Y (e A

n=0
where
= (0N &)
a()(z)  Sg
and forn=1,2,...,
(_l)n 1 aw a
0 T Z aar (w—z)/ﬁBy do(y)
‘Az — 1 1 la]=n—1
o 2 a0 RO () S

10



Here the operator S,, is given by

3
Sn(ﬁg)z = Z (Sn)”(ﬁéj)

Jj=1

for ¢ € L2(dB)? and i = 1,2,3 where
1 qn n+1 1
S,).. =—— 8 —yl*t-d
( )z] 47 (n+2)n!(cg+2 +Cz+2) J/aB |z -yl o(y)

1ittn—1)/ 1 1 B
Ar - —y|" i—Yi)(z;—y;)-d .
* 4 (n + 2)n! (c’iﬁJr2 cz+2) /BB |z — " (@i —yi)(z; —y;) - do(y)

Then the following assertion holds.

Lemma 3.3 For each eigenvalue k; of —L M and sufficiently small e, there exists a small
neighborhood V; of \/k; such that AY is normal with respect to OV; and M(AY,0V;) =

dim Ker (%I - }C;{E)
Proof. We note that each operator A% maps L?(9Q)% x L2(0B)? into L2(00Q)* x H*(0B)3.

We also know that $I— K, is a Fredholm operator of index 0 and S% : L*(0B)? — H*(9B)?
is invertible (See [1]). Combining these facts with Lemma 3.1 we see that A is normal in

a small neighborhood V; of \/&;. Moreover, the order of ,/kj as a pole of (11— k)
is precisely the maximum of the ranks of the eigenvectors in Ker (1 51 — IC;Z/'T" ) Hence
M(AY,0V;) is equal to dim Ker (11 — IC;{E) By Theorem 2.2, the proof is complete. O

Finally we obtain the following full asymptotic formula.

Theorem 3.4 Let k; be a simple Neumann eigenvalue for — LM in Q without the inclusion
and K be that with the inclusion. Let wg := \/K; and we = /K- Then we have

_wo_%z Zetr/ B p(w (3.11)

where

Bupw) = (=17 3 (AG) AR, - (A5) A W (3.12)

ni+--Fnp=n
n;>1

Proof. By Lemma 3.3, w, is a characteristic value of A¥ with multiplicity 1. Applying
Theorem 2.4, we get
1 d
We — wo = — tr (w—wo)(AY)™ —A;"dw.
av; dw

211

For €, small enough, the following Neumann series converges uniformly in w in 9Vj:

+o00 P
U= [(Azww - Af)] (A5) !

p=0

11



By (2.1) and the relation

d — w\— d w w\—
%(Ag) 1:_(Ao) 1%-'40(-'40) !

we have
1 1d R " P
9 tr /{:)V]- (w— WO)E% [(./40) (Ay — A )} dw
p—1 d
= — _ w)—1 w _ w w @ w w
ot /avj (w = wo) [(AO) (Ag — A )] (Ag) 7o (AG — AL )dw

1 1 w _ pAw ? wfli w
ot ), ) (D) s )| ) A

= 1d »
Q—MZ;tr/BV]w—wo)pd )7 5 - )
+oo
_Q_MPZOH/BV](W wo)[(AO) (A A‘“)] (A9) L A
bt [ o) oA
Since
%“/avf‘““"“( 7L gae =0
and
. )
gt [ a7 g - 4|
:_%u«/avj [(A‘”) A - A‘“)]p
we have
+oo 1 e " " p
=DY /avj]—g[< £)71( O—AJ} do

1 w w
_Q_Mtr/avj(w_w())(A) .Adw

By expanding [(A§) ! (Ay — A)]", we obtain the desired result. O
We emphasize that the expansion (3.11) is complete, and all the terms can be computed
even if the computation requires some endeavor

. Here let us compute the leading order
term.

12



Theorem 3.5 Let k; be a simple Neumann eigenvalue for — LM in Q without the inclusion
and k5 be that with the inclusion and let u; be the corresponding eigenfunction such that
[ujl[z2() = 1. Then we have

RS — Ky = —eu,-(z)t(/aB(sg)*l(I)da) ;(z) + O(e?). (3.13)

Proof. By theorem 3.4, we have

We — wo = . tr/ (A9 AYwdw + O(€?).
av;

271
Since
aw=|, 0 —E]_‘“’(m—z)/aB do
~VDYE()(2) -z C| -do
w 5B
and
( w)1_< GI-gr! 0 )
S MDY ST-KE) TO)(z) (SR 1)
we have

€ 0\—1 w 1 w\—11w 2
we—woz—Ttr/avj(SB) (I)[DQ(EI—}CQ) r (—z)](z)/ - dodw + O(€”)

™ 8B

=t ‘/BB(S%)A(I)dU/ (DENG (-, 2)) (2)dw + O(€?).

2mi av;

By Green’s formula, the following relation holds:

D (w)(2) = u;(2) + (K — w?) /Q (2 — y)u,(y)dy. (3.14)

Combining (3.14) with (3.4), we obtain

1 . 1 1 -1
ami Jov, (DaNG(, 2)) (2)dw = 5—u;(2)u;(2)" /av,- o —o? dw = 2\/ﬁ—juj(z)uj(z)t-
(3.15)
Therefore, we have
K — kj = —€ tr l/ (S%)_I(I)da(uj(z)uj(z)t) + O(€?)
oB
——ew ) ([ ()7 Wdo)us(a) + 0,
oB

which completes the proof of the corollary. O

13



If B is a ball, then (3.13) takes a particularly simple form. It is easy to see from the
symmetry of the ball and (2.3) that for i,j = 1,2, 3,

0 (o — Ndo(y) — — 1% 1 P [ @iy —yy)
/BBFZ-J-@ y)do(y) = /3 do (y) /BB do (y)

i Jop o=y 4x |z —yP?

. . L oay:)2
— _’7162] / 1 da(y) _ '72613 / (1132 yz) da(y)
Is] 7]

dr BT —yl 4r B |lT—y?

By symmetry again, we have
(zi — yi)® 1 1
do(y) =3 dO’(y),
/83 |z —y? 3 Jon |z -yl

1 .1 1
9. (z — y)do(y) = —6;; Sy — [ ———do(y).
. o (x —y)do(y) i +372) /83 T o(y)

Since 7= [, 5 ‘Ilfy‘do(y) = r, the radius of B, for all z € B, it follows from (2.4) that

and hence

3p+ 2A
0 (2 — y)do(y) = —rdy —LT 22
/BB z](‘r y) U(y) T0ij 3/"’(2/"’+A)
which in turn implies that
_ 3u2u+ A
sy m = -2

It then follows from (3.13) that if B is the unit ball, then

c 3u2p+A)

Note that 47 is the capacity of the unit ball B. See [3].

4 The transmission problem

We now investigate the perturbation of eigenvalues due to the presence of small elastic
inclusions which are not hard. Suppose that the elastic medium 2 contains a small inclusion
D of the form D = z + eB, whose Lamé constants are X, i satisfying (A — X)(u — ji) > 0
and 0 < /N\,ﬂ < +oc. Let £y, be an eigenvalue of —L*# and & be the perturbed eigenvalue
in the presence of the inclusion. Then the eigenfunction uj, corresponding to the (simple)
eigenvalue &, is the solution to (2.14) with w? = k§. Recall that S§ and K% denote the
single layer potential and the boundary integral operator respectively defined by (2.5) and
(2.9) with \, i replaced by X, i.

Let u be the solution to (2.14). We may assume that w? is not a Dirichlet eigenvalue for
— LM on D since the Dirichlet eigenvalues on D go to infinity as € tends to 0. By Theorem
2.6, u can be represented as

(4.1)

D8 +Sge  in Q\D,
8y in D,
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where 9, ¢, and 6 satisfy

(%I_Kg)d)_gf)qj:o, on 0f),
v+ Spo — Sph =0, on 0D, (4.2)
a(Dg) n (S5 9) _ 8(8{)9) =0, on OD.
ov ov + ov -

Conversely, (¢,,0) € L?(092)® x L2(0D)3 x L?(0D)? satisfying (4.2) yields the solution to
(2.14) via the representation formula (4.1).

Let o(z) = ep(ex + z) and ¥(z) = ef(ex + z). Then using Lemma 3.2, (4.2) can be
written as

(0 +o0
Ao L] =0,  A2=(we)" A2,

v n=0
where
(%I /Cg) 0 O~
s= | Dy Sy sy .
0 TG - Ky
and forn =1,2,...
(_1)n i AW (. / a
0 o alz;_l a!a I'“(z — 2) 6By do(y) 0
1 1 a qayw Q
AL = " T 9°Dg(-)(2) Sn —Sn
lal=n
1 19°T) ., ~
Emfna p) 9 DQ()( ) K, K,

with

1 " n+1 1
S,). =— — ( )5/ —yltd
( )zy 4 (n +2)n! \ 2 +cz+2 " Jon =9l a(v)

1i"(n—-1) ( 1 1 ) / n—3
o - - i —Yi)(xj —y;) - do(y),
Ar (n+ 2! \eat? 2 fop |z — " (@i —yi)(z; —y;) - do(y)
and K,, given similarly by
1 i n+1 1 0]
K, =-— ( )52/ B P
( )” 4 (n+ 2)n! \ cnt? + 2)% [, vy |z -yl o(y)
1 i"(n—-1) ( 1 1 ) 0 5
_ _ ™ =) (@ —yi)-d )
e (n+2)n!\cit2  N42) Jop Ov, o = yI" @i =y = ;) - do(y)
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Operators S,, and K,, are defined in the exactly same way with ¢y and ¢j, replaced by
ér = /Tt and é;, = \/ X + 2fi.

With these operators in hand, Theorem 3.4 is valid in this case. We now derive from
(3.11) the leading order term. Unlike the hard inclusion case, the leading order term in this
case turns out to be of order €3, the order of the volume of the inclusion. Moreover it is

determined by the elastic moment tensor associated with the inclusion. The elastic moment

— (1] ;
tensor M = (mpq)z.’],71[)7(1:172’3 is defined by

ij _ ol
my, —/ zpeq - g;do,
OB

where (f/,g7) € L2(8B)? x L?(dB)? is the solution to

SOt — S%el|, = ziej|om,
0 j 0 0 - 8(:ciej)
5758t | aVSBgL T v lom

Here e; is the standard basis for R®. See [2]. We note that the eigenvalue perturbation for
the Laplacian due to the presence of a soft inclusion is expressed in terms of the polarization
tensors. This was first obtained in [5]. See also [3].

Theorem 4.1 Let ky, be a simple Neumann eigenvalue for — LM in Q without the inclusion
and ki, be that with the inclusion and let uy be the corresponding eigenfunction such that
l[ugllz2(q) = 1. Then we have

K — kg =€ Z mid 0 (ug);(2)0p (ur)q(2) + O(e*), (4.3)

%,5,p,qg=1

where (uy); denotes the j-th component of uy and M = (mi) is the elastic moment tensor
associated with B.

We note that because of the symmetry of the elastic moment tensor m” = m” = m’J
(see [2]), (4.3) can be written in more dense form using the standard notatlons of the
contraction and the strain tensor:

K — kg = €E(ug)(2) : ME(ug)(2) + O(e*), (4.4)

where a : b=}, a;;b;; for two matrices a and b, and £(uy) = 1(Vu + Vuy). It is worth
mentioning that if the inclusion is harder (softer resp.) than the background, i.e., i > u
and \ >\ (r < pand hy < )\, resp.), then M is positive (negative, resp.) definite, and hence
kS > K (kS > kg, resp) provided that e is small enough and £(uy)(z) # 0.

Proof of Theorem 4.1. We first observe from (3.11) that the € order term is given by

1
——t YL AYwd, 4.
L R (45)
the €2 order term is given by
1 1
—u«/ [ = (A2) 72 AS + = ((A9) 71 A9) wPd, (4.6)
2mi Vi 2
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and the €* order term is given by

1 -1 qw wy—1 qw; qw\—1 qw 1 wy—1 jw
o 10 [T (A7 (D) A ()8 = (D)) Tt (@)
OV
Let } .
b ) R R
I+ (K% 11— (KY)* As Ay)° '

where the invertibility is guaranteed by Theorem 2.5. As a direct consequence of Theorem
2.5, we have that

A (f), Ax(g) € L3(9B) (4.9)
for any f € H'(0B)? and g € L%(dB), and

A(f)=0 forany fe U. (4.10)
Explicit calculations show that (A‘é’)fl takes the following form
1
- (1KY 0 0
(./43) = ~ 0 A1 A2 .
B) TODPa(C s T-EF 1 O)](z) As Ay

Since A;, i = 1,2,3,4, are independent of w, we have
tr/ (AT AY W dw = 0, (4.11)
Vi

for every integer n.
By (4.9) and (4.10) we have

0 . Ty 0
| S e o 0
0 1W = | lal=1 ,
3 (A3(x“1)+A4(8(;ZI)))8“D‘5(-)(2) Ty —wAsS,
la]=1
where

Ti= (31— K8) Tow—2) [ -doly).

Ty = ~(85) 'DE[(GT-K5) T -]) [ - dot) + Ass.

By (4.9) we have

9(z°1)
ov

AL (2°T) + AQ( ) do(y) =0 if |a| = 1.

oB
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It is then easy to check that

tr/ ((Ag“)‘lA‘f)nw"dw =0, (4.12)
Vi
for every integer n. It now follows from (4.5)-(4.7), (4.11), and (4.12) that
3
W — wo = E—,tr/ (A2) ™1 A2 (AL) " AL wsPdas + O(€b). (4.13)
271 oV

We know

0 T3 0
(./4‘6’)*1,4;)@2 = (T5 wQ(A1SQ + AQKQ) —w2(A1s2 + AQI:{Q)) ,
TG T4 —UJ2(A352 + A4K2)
where

o= Y (GI-K8) 0T e -2) [ 4 doty)

laj=1 0B

Ty= ) (S3)7'D4(°T¥(z - Z))(Z)/ y* - do(y) +w*(AsS2 + AyKs),

o =1 oB

7= Y L (A + A (2ED) o o),

|a]=2

o= Y L (A + ad(2ED) o o).
lal=2

Then we will prove the following identity at the end of this section:

1 i i
ohr tr/ (T1T5 — W Ty(A, S, + AQKQ)) dw = 0. (4.14)
T Vi

Therefore,
1 wy—1 fw w\—1 fqw, .3
9 tr /avk (AT AV (AE) T A widw

=LY / (Asta) + A (A52) )0 D5 (T ) )

la|=1

= ﬁtr > (Al(g;al) +A2(8(;ZI))) » 99D (T3 (1)) () dw. (4.15)

la|=1
By (3.3) and (3.4) we have
1

(51 K8) 9T — 2)(a) = —83(%1 —K8) T - 2)(a),
+oo 1
= p—e u;(z)0%;(2)". (4.16)



We also know from (3.14) that

DG (ur)(2) = 0%y (2) + (wp —w?) [ 0°T¥ (2 — y)uk(y)dy. (4.17)

From (4.16) and (4.17) it follows that

1 1 .
3mi [, T PAT O =~ 3 w0 () / W odo(y).  (418)

Combining (4.15) and (4.18), we have

i /m (AF) ™ A (AF) ™" Ao
= —2\}@ tr Z (A1 (z°I) + A, (8(g:1)))8auk(2)3ﬁuk(2’)t /BB yﬁ - do(y)

l|=[B]=1

= \/_ Z %y (2 ()/aByﬁ(Al(x“I)+A2(8($a1)))do(y)

ov
|a|=]B8|=1

_ 2\/1_ Z aﬁuk(z)t[ /aByB(Al(ac“I)+Ag(a(gzl)))d(x(y)]aauk(z). (4.19)

But, by the definition of A; and As, the (i, j)-component of

[ v (A + 4 (M5 o)

is equal to —mgg. Now, plugging (4.19) into (4.13) we arrive at

we—wo—

Z m&] 95 (up)i(2)a(ur); (2) + O(e*),

z ,Jsa,B=1
as desired. O

Proof of (4.14). We can use the similar procedure as in the proof of the above theorem
to obtain

s e ], (a6m s (OGR) Jart]orue
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where ugf) (x) = Z i'maaauk(z). Using (3.15), we also know
a!

|a|=2
—— tr/ OJ2T2 (A1§2 + AQKQ)dw
2mi Vi

1 w1 s B - (30 y\—1
=5 tr /9Vk w D¢ [(51 — /CQ) I“(z - Z)] (2) op AK(Sp) do(y)dw
= \/;_ktruk(z)uk(z)t ALK, (SR) do(y)

8B
- @uk(z)t /83 ArK,(SE) " (ug(2)) do(y).

Inserting the Taylor’s expansion of uy at z into (LM + ki )uy, = 0, we have

E)"“uﬁf) + kpug(z) = 0.

(4.20)
Since S = S% + Z w"S,,, we have
n=1
LM85(8%) ™ (ue(2)) + ug(2) = 0. (4.21)
By the definition of A, and the jump relation of single layer, we have
0 0 0 = 0
As(f) = —S%AL(f)| — —S%AL(f)| =f+ —=SLA,(f)| — =—S%A(f
of) = 5o ShANE)| |~ - ShAND)| =1+ ZSHAD)| — - ShAND)| .
and hence
As(f)do = / £do. (4.22)
8B dB
From (4.20), (4.21), and (4.22), we have
8“22) > 1 30\—1
[ Aa(5) = o Ka(5) ! (a2 dorly)
au(Q) L
= [ T - ruKa(8Y) (w(2) doty)
aB OV
- /B“’“uﬁf) — LS (85) 7" (un(2)) do(y) = 0,
which completes the proof. O
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