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Abstract
In this paper we derive high-order asymptotic expansions of the effective viscos-
ity properties of a dilute periodic suspension composed of freely-suspended arbitrarily
shaped particles dispersed in an incompressible Newtonian fluid. High-order terms are
not only function of the viscous moment tensor but also of a distortion tensor that
characterizes the periodic array.
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1 Introduction

In this paper we consider the derivation of macroscale properties of a dilute suspension
composed of identical arbitrarily shaped viscous particles dispersed in an incompressible
Newtonian fluid from knowledge of its microscopic properties. This problem becomes in-
creasingly important in chemical engineering, polymer science, and biophysics. Analytic
calculations of the macroscale properties can be performed for only a limited number of
shapes and calculations for bodies of complex shape have required approximation.

In this paper we derive high-order asymptotic expansions of the effective and the intrinsic
viscosities of the suspension in the dilute limit in terms of the volume fraction occupied by
the particles and their viscous moment tensor. Our derivations follow the layer-potential
approach developed in [10, 6, 8, 4] and are valid even when the viscosity of the particles
differs significantly from that of the fluid. The concept of viscous moment tensor has been
introduced in [3] in connection with small volume expansions for the solution to the modified
Stokes system.

The effective viscosity of a suspension is defined to be the four-tensor that relates the
average stress to the average rate of strain [34]. We determine the effective viscosity of
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a periodic array of particles in an incompressible Newtonian fluid. High-order asymptotic
expansions for low concentrations are obtained for particles of arbitrary shape. These ex-
pansions are written in terms of the volume fraction occupied by the particles and their
viscous moment tensor.

The effective scalar viscosity is obtained from the effective viscosity tensor after an an-
gular averaging. The derivative of the effective scalar viscosity with respect to the volume
fraction is called the intrinsic viscosity [17, 19, 22, 32]. It is invariant under suspension ro-
tation. The mixture of randomly orientated particles behaves as a Newtonian viscous fluid
with viscosity equals the effective scalar viscosity of a periodic suspension of the same parti-
cles. If in the expansions of the effective scalar viscosity we take spherical particles and their
viscosity goes to +o0o with the ambient viscosity fixed, we find the limiting case of a suspen-
sion of rigid spherical particles and the first-order approximation of the effective viscosity of
the mixture is found to be in agreement with the Einstein formula. A justification of the an-
alyticity of the effective scalar viscosity in the volume fraction together with the high-order
asymptotic expansions derived in this paper would suggest that introducing Padé approxi-
mations would yield a very accurate algorithm for computing the effective scalar viscosity of
suspensions of arbitrarily shaped particles for higher concentrations. The implementation
of this algorithm is under consideration and numerical results will be reported elsewhere.
In this connection, we refer to [16, 12] for empirical formulae which describe the effective
scalar viscosity of a suspension of spherical particles as a function of its volume fraction by
extrapolating the Einstein formula to higher concentrations.

The problem considered in this paper has a quite long history. Einstein [20], as part of his
investigation of the molecular nature of the matter, first calculated the first-order expansion
of the effective scalar viscosity of a dilute hard sphere suspension. Rayleigh [36], Goodier
[23], and Hill and Power [27] pointed out a fundamental analogy between the hydrodynamics
of suspensions and the elastostatics of incompressible solids with rigid inclusions. This
implies that Einstein’s expansion also approximates the effective shear modulus of a quasi-
incompressible elastic medium containing stiff inclusions at low concentration. We shall
revisit this analogy in this paper. Lévy and Sanchez-Palencia [30, formula (2.31)] obtained
the first-term in the asymptotic expansion of the effective viscosity tensor for particles
of arbitrary shape. Their derivations are based on the general homogenization method
developed in [35]. See also the papers by Almog and Brenner [1, 2]. Douglas and Friedman
observed an interesting relation between hydrodynamics and electrostatic problems [17].
Batchelor and Green [11] obtained the second-order term in the effective viscosity of a
suspension of spherical particles.

One of the reasons of the limited progress in calculating high-order approximations of
the effective scalar viscosity of a suspension is the surprising difficulty in solving not only the
transmission problem but also the Dirichlet problem for the Stokes system with particles of
general shape. Having in hands the concept of viscous moment tensor together with earlier
derivations based on layer-potential techniques of high-order expansions of the effective
properties of dilute elastic composites, it becomes now possible to solve this problem and
find in a simple and systematic way high-order approximations to the effective viscosity
properties of a suspension of viscous particles in terms of their volume fraction.

Indeed, our main contribution in this paper is to rigorously derive higher-order approxi-
mations of the effective viscosity of dilute suspensions of particles with arbitrary shape and
viscosity. Our expansions are in terms of the viscosity moment tensor, a notion that has
been recently introduced in [3]. The viscosity moment tensor is the limit of the shear part



of the elastic moment tensor as the compression modulus goes to +0o. This has allowed us
to relate these calculations to previous ones on estimating effective properties of electrical
conductive and elastic composites. We refer to our recent paper [3] for the derivation of
some useful relations between the effective viscosity properties, the effective shear modulus,
and the effective conductivity of a dilute suspension. High-order terms in our formulae are
not only function of the viscous moment tensor, which is a function of the shape and the
viscosity of the particle, but also of a distortion tensor that characterizes the periodic array.

The paper is organized as follows. We first recall the definition and useful properties
of the elastic moment tensor. Section 3 is devoted to explanation of the notion of viscous
moment tensor. In section 4 we provide explicit formulae for the viscous moment tensor
for ellipses and ellipsoids and give the corresponding formulae for the intrinsic viscosity. In
section 5 we present the derivation of the effective properties of periodic dilute two-phase
elastic composites in terms of the elastic moment tensor and the volume fraction occupied by
the inclusions in the three-dimensional case. Using the analogy between the hydrodynamics
of suspensions and the elastostatics of incompressible solids with rigid inclusions, asymptotic
expansions of the effective viscosity tensor for low concentrations can be derived from those
for an elastic composite. However, using exactly the same approach as in [8], a more direct
derivation of such expansions can be easily written down. This approach is briefly described
section 6 and the main modifications to the arguments given in [8] are provided. In the
final section we use our asymptotic formula for the effective viscosity to explain how the
absorption can be amplified in a composite.

2 Elastic moment tensor

In this section we recall the definition and properties of the elastic moment tensor (EMT)
which was first introduced in [9] in connection with the inverse problem of detecting small
elastic inclusions from boundary measurements.

Let B be a bounded Lipschitz domain in R%, d = 2 or 3. Suppose that B and R?\ B are
the elastic bodies with the Lamé constants (A, u) and (X, 1), respectively. The elastostatic
system corresponding to the Lamé constants (A, ) is defined by

Lypu:=pAu+ A+ p)VV - u,

and the corresponding traction du/Ov on JB is defined to be
ou T
P MV -u)N + p(Vu+Vu' )N on 0B, (2.1)
where N is the outward unit normal to B. Those corresponding to (X, i) are denoted by

L
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For p,q=1,...,d, let wp, be the solution to

Ly, Wp, =0 inRY\ B,
L5 iWpg = 0 in B,
Wpg|_ = qu|+ on 9B, (2.2)
awfq _ OW g 0 B,
ov o |,
Wpq(2) — Tpeq = O(|$|1_d) as |z — +oo,

where the subscripts + and — indicate the limits from outside and inside of B, respectively.
Here and throughout this paper, (e1,...,e4) denotes the standard basis for R?. The elastic
moment tensor M = (m;;pq) associated with the domain B and the pairs of Lamé parameters

()HX; i, i) is defined by

d(&ie;j) | O(&ie)) .
miqu:/aB { 81/] + 8§j “Wpedo, i,7,p,q=1,...,d. (2.3)

The notion of the EMT occurs naturally in various contexts such in asymptotic expan-
sions of the perturbation of the displacement vector due to the presence of small elastic
inclusions [9] and in the effective elastic moduli of dilute periodic composites [8]. The EMT
enjoys several important properties: It is known that the EMT M = (m;jp,) has the follow-
ing symmetry:

Mijpq = Mpqiz = Magpij = Mpgjis ivjvpv q= 1; R da (24)

which allows us to identify the EMT with a symmetric linear transformation on the space
of symmetric d x d matrices. It also has a property of positivity (positive or negative
definiteness). For the proofs of these properties we refer to [9, 4]. It is worth mentioning
that these properties allow the EMT to be an (anisotropic) elasticity tensor after taking a
proper sign.

3 Viscous moment tensor

In this section we review the notion of viscous moment tensor (VMT) which was introduced
for the asymptotic expansion of the solution to the Stokes system [3]. While the notion
of EMT corresponds to the Lamé system, that of VMT corresponds to the Stokes system.
Since the Stokes system is a limiting case (A, A\ — +00) of the Lamé system, it is natural to
realize the VMT as a limit of the EMT, and the VMT inherits all the important properties
of EMT.

Suppose that the particle B has the (scalar) viscosity ji while the ambient fluid R? \ B
has p. For x € R?, let d(z) := ézk zrer and let vpq, p,g =1,...,d, be the solution to the



following transmission problem for the Stokes system:
pAVy, +Vp=0 in R\ B,
HAV,, +Vp=0 in B,

Vpgl— — Vpgl+ =0 on 0B,
_OVpq OVpq
(PN + 7| — PN+ pm )| =0 ondB, (3.1)

- +
V:vpy, =0 inR%

Vpg(T) — zpey + dpgd(x) = O(|33|1_d) as |x| — o0,

p(x) = O(jz|~%) as |z — +oo,

where the conormal derivative g—l‘\’I is given by
gT‘\/I = (Vv + VvI)N, (3.2)

and 0,4 is the Kronecker’s delta. Since z,e, — d,,d(z) is divergence free, there is a unique
solution to (3.1). The VMT V = (vijpq)i.jp.g=1,....d associated with the particle B and the
viscosity pair (u, it) is defined by

Viipa = (7 — 1) /B Vg (Vare;) + V(zie;)T) de. (3.3)

It is helpful to notice the similarity between the definitions (3.3) and (2.3). Note that we
have used the standard notation of the contraction: For matrices a = (a;;) and b = (b;;),
a:b= Zi,j aijbij.

Let wp, and v,, be the solutions to (2.2) and (3.1), respectively. We have proved in [3]
that

1)
= 1 - 3.4
SERCILARE Dot o

in a proper (locally) H'-norm where the limit is taken under the assumption that /\/X =
O(1). (H! standing for the usual Sobolev space of order one).
In particular, the following convergence holds:

Jpg
\Y (qu — Wpq + 0 Zk: Wkk)

The relation (3.4) basically says that the solution to the Stokes system is the limit of the
solution to the Lamé system. When p = ¢, the correction on the right-hand side (3.4) is
required since wp,, is not divergence free. Since

5‘(ziej) + a(l’ie]‘) -
ov o

it follows from the divergence theorem that

—0 as A\, A — +oo. (3.5)
L2 (R4)

O(w;e;)

A =MV (zie;) N+ (i — ) AN

Mijpg — % > Mikkpg = (i — 1) /B VW (V(xie; — 0i5d(x)) + V(x5 — 6i5d(x))"). (3.6)
k



Combining (3.4) and (3.6), we immediately get

d d
. 0ij 0550
Vijpg = _lim Mijpg — % kakpq mess + ” H Z Mikss (3.7)
AA— too k=1 k,s=1
for i,j,p,q =1,...,d, as was done in [3]. The limit is still taken under the assumption that
A/A=0(1).

Formula (3.7) can be written in a condensed form: Let P = (P;j,,) be the orthogonal
projection from the space of symmetric d x d matrices onto the space of symmetric matrices

of trace zero, i.e.,
1

1
Pijpg = 5(51'105]'!1 + ‘5iq5jp) - géijépq' (3.8)
Then (3.7) is equivalent to
V= lim PMP (3.9)
A, A——+o0
We can also see that
V= lm PM= Ilm PM. (3.10)
A=A—+o0 A=A—+o0

The following properties of the VMT are inherited from those of the EMT and (3.9).
Theorem 3.1 (i) vijpg = Vpgij = Ugpij = VUpqji for 4,5, p, ¢ =1,...,d.
(i) >°, vigpp = 0 for alli,j and 3, viipg = 0 for all p,q, or equivalently V = PV P.
(iii) V s positive (negative, resp.) definite on the space of symmetric matrices of trace zero
if > p (B <p, resp.)

Let us now derive a rotation formula for the VMT which might be useful in dealing
with suspensions of Brownian particles [22]. Let R be a unitary transformation and let
B = R(B). We seck a relation between the VMT V of B and the VMT V of B.

Let X be the space of d X d symmetric matrices of trace zero. Then Theorem 3.1 says
that V' is a nonsingular symmetric linear transformation on X. Let d* = @ — 1. There
are eigen-matrices Aq, ..., Ag« such that

I
V=> A;®A; (3.11)

j=1
The following lemma holds.

Lemma 3.2 Let B = R(B), where R is a unitary transformation. Let V and V be the
VMTs associated with B and B, respectively, and the same viscosity p. We have

-
V=Y RA;R" ® RA;R", (3.12)
j=1

where Aj,j =1,...,d*, are defined by (3.11).
Since (3.12) holds for EMTs (see [9, 4]), (3.12) for VMTs follows from (3.9).



4 VMT and the intrinsic viscosity for ellipses and ellip-
soids
We now write down the VMTs for ellipses and ellipsoids. In [7], EMTs for ellipses and

ellipsoids are computed explicitly using a layer potential technique. Thus using (3.9), we
can calculate the corresponding VMTs. If B is an ellipse of the form

x? 22
J+F§:1, a>b>0, (4.1)
then the VMT for B is given by
2u(fi — p)
V1111 = U2222 = —V1122 = —V2211 = |B| —— ;
pt = (f = p)m?
2 [ —
V1212 = U2112 = V1221 = V2121 = |B| i = 1) (4.2)

p+p+ (= p)m?
the remaining terms are zero,

a—=b

where the volume of B, |B| = mab and m =

a+b’
If B is a ball in three dimensions, we can find the VMT for any p :
20p|B — 10p|B — L,
Vigis = v |'Li7M’ Viijj = — d |57M (i # 7),
3 2p+ 3u 3 2pu+3u

4.3
Vijij = Vigzi = 5| Bl e , (P #4), (4.3)

20+ 3
the remaining terms are zero.

The VMT for ellipsoids can be computed from the EMT computed in [7], but the formula
involves too many terms to be written down. Instead, we write down the VMT for ellipsoids
when 11 = 400, which means that the viscosity of the particle is infinite and hence the
particle is solid. Before writing down the formula for the VMT, let us briefly mention about
the transmission conditions (the third and fourth equations in (3.1)) when & = +o0. In this
case, the fourth condition in (3.1) becomes (')qu |- =0, and hence v,; =a x z+b in B for
some constant vectors a and b. Then by the thlrd equation, we have the following boundary
condition for the exterior problem:

Vpg=axz+b ondB. (4.4)
Suppose that B is an ellipsoid given by
22 2,2
P + yf + —= = ]_7

a? a3 d}
and its viscosity g = +oo. Let, for 4,5 =1,...,d,
o — 7&1(12&3(&?‘5‘&?) /+oo ds
Y 2 o (af +s)(af +s)g(s)’

t‘—aaa/ﬁ_oo(a%'i‘S)SdS
S T E




where g(s) = \/(a? + s)(a3 + s)(a2 + s). Then the VMT for B is given by

4,u|B| (t1 +to + tg) + 3t;

Vigis = 0 e
o= 4Bl (t +ta + ts) — 3t — 3t 2
" 9 t1to + tltg —+ t2t3 ’ Js (45)

the remaining terms are zero.

We note that formula (4.5) was also obtained in [13].

Before completing this section, let us compute the intrinsic viscosity. We denote the
intrinsic viscosity by [u]p ;i to signify its dependence on B and . When i = 400, we
simply denote it by [p]p. The definition of the intrinsic viscosity will be given in the last
section where we compute the intrinsic viscosity of a dilute suspension of particles. Our
computation will show that
tr(V)
2tr(P)
where V' is the VMT associated with B (and p, z). Recall that tr(C) for a 4-tensor C' =
(Cijpqg) is given by tr(C) = Z‘ij:l Cijij- Note that tr(P) = 2 in two dimensions and
tr(P) = 5 in three dimensions.

Assuming |B| = 1, we obtain the following list of intrinsic viscosities from (4.2), (4.5),
and (4.3).

[l = (4.6)

e If B is an ellipse: N N
(e — p) (e + )

o = G e — G = et 47

In particular,

I
R 4.
s = 1 (438)
e If B is an ellipsoid:
w8 t1 + 1o+ t3 1
== — — . 4.9
[M]B 10 |3 tltz + tltg + Ifztg ity Sij ( )
o If B is a ball: ~
L= pu
[kl B,; T (4.10)
In particular,
o
s = 2. (4.11)

Note that the intrinsic viscosity for a spherical particle (4.11) coincides with the one derived
by Einstein [20]. We also note that there is discrepancy between (4.8) and the one derived
in [17]. This discrepancy occurs because in [17] the Brownian motion effect is included and
hence the boundary condition is set to be zero instead of (4.4), which is the correct one.



5 Effective elasticity tensor

In this section we consider the effective property of a periodic elastic dilute composite, which
was obtained for two dimensions in [8]. We derive a similar formula for three dimensions
using the same method as in the afore mentioned paper. We will be brief and only indicate
main differences.

The periodic structure is given by the unit cell Y =] — 1/2,1/2[% and the inclusion
D = pB, where B is a reference Lipschitz bounded domain containing 0 whose volume, |B|,
is 1. Denote f = p? the volume fraction of the inclusion. Suppose that both D and Y\ D are
isotropic whose Lamé constants are (X, i) and (A, ), respectively. So, the elasticity tensor
for Y\ D and D are given by C and C°, respectively, where

Ciint = MOk + (irdji + 6:udjn),
Cijrt = N0 + 1001 + 610 1).-
Moreover, the elasticity tensor C' for the composite is periodic with the periodic cell Y and

given on Y by R
C =C% (Y \ D) + Cx(D). (5.1)

where x (D) is the characteristic function of D.

We consider the problem of determining the effective elastic properties of the composite
with the elasticity tensor C(x/€) as € — 0. The effective property is defined as follows: Let
wi be the solution to the following equation:

V- (CE&wy))=0 inY,
W — Tpe; is periodic, (5.2)

/ (Wix — wpep)dr = 0,
%

where &€(wy,) = 2(Vwy, + Vwy, 7). The effective elasticity tensor C* = (Cfipq) 1s then
defined by (see, for example, [28])

C;qu = / (Cg(wij))quxv 7:,]'717,(] =1,... 7d- (53)
Y

In [8], the following asymptotic expansion of the effective elasticity tensor in two dimen-

sions was derived:
C* = C° 4 fM(I - fS°M)™" + O(s?), (5.4)

where M is the EMT associated with B and S¢ = (55;;,) is a 4-tensor given by

1
Se = S¢ :064»77 S¢ = S¢ = —Ce¢,
1111 2222 20+ 2) 1122 2211
STo12 = St221 = S5121 = S5112 = —Ce + m (5.5)

the other entries are zero.



Here c. is a constant given by

A+ 1 2T n2e—2mn ne—2wn
e = ——— | — + 167 -8 5.6
¢ 4/1’()‘ + 2#) ( + Z — e 27rn Q Z e—2mn ( )

The tensor S¢, which we call the array tensor, is of particular interest. The superscript e
is to emphasize its role in elasticity. We will make some remark on S¢ at the end of this
section. !

We now extend (5.4) to the three-dimensional case. Since the procedure of derivation of
the three-dimensional formula is identical to the two dimensional case except the analysis
for the periodic Green function, we will make an expansion of the periodic Green function
and then write down the final formula for the effective elasticity tensor without details of
derivation. One is referred to [8] for details of the derivation.

If we define G = (qu)p,q:1,2,3 by

1 ) A4 p npn —
qu(x) = — Z |: p‘12 + P 4‘1 el2mm x, (57)
i 2 TP T X2

then G is periodic and satisfies

Ly, G(z) = Z So(x+n)I —1I, xR (5.8)
nez3

The following lemma was obtained in [26] using Ewald’s technique.

Lemma 5.1 Let us define

1 127Tn-x
Sy == S (5.9)
€723\0 | |
1 61271‘?7, x
Sy = ——— _ 5.10
2 A3 Z n|* (5.10)
n€ezZ3\0
Then
1 2
S = ‘37| —c + —|x\ +O(|z|"), (5.11)
Sy = %' —cy — %|w|2+%\x|4+0(|x|6), (5.12)
for some constant ¢y, co.
Since s At
Opq_ K
_ 1
Gro = = 1S+ T Oy 2y 05 (5.13)

we have the following lemma.

Tt should be noted that the sign for S€ in [8] is incorrect and the array tensor in this paper has the sign
opposite to that in [8].

10



Lemma 5.2 There exists a smooth function R such that
G(z) =T(z)+R(z), z€Y.
The function R = (Ryq), p,q = 1,2,3, has the following Taylor expansion at 0

AN+ 9 A

2
__EATIR 1 2s _ AT
50u0n 1 20 0t 50 2

Rpq(x) = Rpq(0) zpzq + O(|z|*). (5.14)
We can follow the same process as in the derivation of (5.4) in [8] to obtain the following

Theorem. Uniformity in A and X of the asymptotic formula in the theorem is proved in
Appendix A.

Theorem 5.3 Let S¢ = (S7;;;) be the 4-tensor given by

e 22 +Tu
1911 15#()\4_2#)’
e _ Atp e _ 3A+38u e (5.15)

W T a0 2
the other entries are zero.

Then the following asymptotic expansion for the effective elasticity tensor C* holds
C*=C%+ fM(I — fS°M)~" +O(f5), (5.16)

where M is the EMT associated with B. Moreover, the projected remainder term PO(f3)P
is uniformly bounded as X and X tend to oo with A/A = O(1).

We now make some important remarks on formulae (5.4) and (5.16).

(i) The array tensor S¢ is derived as follows: Let G be the periodic Green function for
the Lamé system. If

G(z) - T'(z) =c— Z QijpgLiTj€p & €q + O(|[*) (5.17)
,5,P,4
in a neighborhood of 0 where a;;pq = @jipq, then S€ is given by
1
Sijit = 5 (@ipjq + Gigjp + Ajpig + @jqip)- (5.18)

Thus S°¢ is independent of the inclusion. If other kind of periodic structure or array,
other than the orthogonal square or cubic array we are dealing with in this paper,
then the periodic Green function G is different and hence S¢ will be different. This is
why we have called it the array tensor.

(ii) The formula (5.4) and (5.16) can be written as
2(d+1)
C*=C%+ fM + fPMS°M +0O(f~a ). (5.19)
This formula shows that the first-order term is independent of the periodic structure
and depending only on the single particle. On the other hand, the second-order term
depends on both the particle and the periodic structure and the term M S¢M yields a
clear decomposition of this dependency.

11



(iii) If A — +oo0, then S¢ converges to S where in two dimensions

v v 1 . .
Sliii = Cous Sq;z’jj = —Co, Sijij = —Cy + @a i # J, (5.20)

the other entries are zero.
with

o ) 2 —27rn ,ne—27m
= 4 < +16 Z —e 27rn SWZ —e —27n (521)

and in three dimensions
2 1

G = T zpijj:_ﬁa ;Ujij:mv i # J (5.22)

the other entries are zero.

The tensor S¥ will play the role of the array tensor for the effective viscosity ten-
sor which we will compute in the next section. It should be noted that >, S%,, =
> SP; = 0 for all k, 1, which amount to saying

5Y = PS"P. (5.23)

(iv) If A — 400, then the periodic Green function G defined by (5.7) converges to the
periodic Green function of the Stokes system given by Hasimoto in [26].

6 Effective viscosity tensor

In this section, we will derive an asymptotic formula for the effective viscosity properties
of the material containing a square or a cubic array of viscous particles occupying a small
volume fraction.

We first note that making use of remarks (iii) and (iv) in the previous section together
with the representations formulae for the solutions to the Stokes system provided in our
recent paper [3], we can easily derive, by following exactly the same arguments as those
developed in [8], the effective viscosity properties of the mixture. In this section, we rather
make use of the analogy between hydrodynamics and elasticity.

Let Y =] — %, %[d and D = pB, where B is a smooth bounded domain containing the
origin with the volume |B|1. We set & and p to be the viscosity of D and Y\ D, respectively
and extend it to the whole space periodically with the periodic cell Y, i.e.,

n = px(R\ D#) + fix(D¥)

where D# := ], cza(D +n). Then we will consider the problem to determine the effective
viscous properties of the material with viscous constants n(z/¢) as ¢ — 0.
We define the effective viscosity tensor to be the rate of the averaged viscous stress to
the averaged strain [34]: R
(o) = Ce). (6.1)

Since the stress and the strain are of trace zero, the fourth rank viscosity tensor can be
understood as an operator from the space of symmetric matrices of trace zero to itself,

12



which means that the viscosity tensors are not uniquely determined. This can be remedied
by posing the following restriction:

Cijii = Cjim = Cijie 4,5,k 1 =1,...4d,
~ N 2
Z Ciirt = 0, chm =0, (6.2)

or equivalently, C = PCP.
For k,l=1,...,d, let vi; be the solution to

AV +Vp=0 in Y\E,

AV +Vp=0 in D,

Vk:l|— — Vkl|+ =0 on 8D,
_Ovy AN
(pN+MW)|— —(pN+MW)|+ =0 ondD, (6.3)
V- Vil = 0 in K
vii(z) — xre + 0d(x), p(z) are periodic,
/ (Vkl —x€er + (5k1d(l‘))da}‘ =0.
Y
Lemma 6.1 Let wy; be the solution to (5.2). Then, we have
w —%Zw--—v — 0 as A\, X — 00 (withgzO(l)) (6.4)
kl d : % kl ) ) 2 . .

Proof. Define e in Y by
0
€ = Wypq — % Zwkk — Vpgq-
k
By using (6.3) and (5.2) we have

Ly,e=Vp inY\B,
Ly-e=Vp in B,

Al
e’+ = eL on 0B,
Oe Oe
0o =] 4ol o

e, p are periodic,

/edsz.
Y

13



Using integration by parts we obtain the following energy identity:

[ OB+ @IV e 4 5 [ v\ B+ i(B)IVe + (Vo) = |

Then _
inf (g1, 1) ||e[[71 vy + inf(A V[V - e[| 72(vy < CIIV - €]l 20y,

from which it follows that ) .
19 - ellzzen < € (54 5).
and therefore

. ~ 1 1
e )l < € (54 3).

as desired. This completes the proof.

Then the following asymptotic expansion for the effective viscosity tensor C holds.

pV-e.

O

Theorem 6.2 Let f = p? and let S? be the array tensor given in (5.20) and (5.22). Then

2(d+1)
d

C =2uP + fV + f2VS'V + O(f ),

where V is the VMT associated with B and the pair (u, jt).
Proof. From the definition (6.1) of the effective viscosity tensor we obtain that

[ 20+ G wx(B)ES)sds = Cogn [ 1)

Y Y
By the periodicity of vi;(z) — zjex + dkid(x), we have
1 1
/ E(vi) = / E(xiey — Opyd(z)) = 5(81 Re,+erRe) — EI’
Y Y
which, combined with the condition (6.2), gives
Oijmn/ EVik)mndr = Cijii.
%
Because Tr€(vyi) = 0, we also have
PCE(vir) = 2(p+ (1 — p)x(B))E (Vik)-

By (6.6), (6.7), and (6.8), we get

Cijklz/(PCE(Vlk))ijdl'.
Y

On the other hand, by (6.4), it follows that

/ (PCE(vir))ijdz = lim (POE <wlk — %’“ Zwii)> dz.
Y Y -
i ij

A, A—00

14
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Therefore, from (5.3), we conclude that

C= lim PC*P. (6.9)

A, A—00
Using (5.19), (3.7), and the fact that PC° = 2P we obtain (6.5). O
The quantity 2ttrr((CP)) is called the effective scalar viscosity and denoted by p*. It is defined

as follows the angular averaging of the effective viscosity tensor C. The scalar coefficient
©* is the viscosity of a Newtonian fluid that behaves as the mixture of randomly oriented
particles with shape B and viscosity p. It is then invariant under suspension rotation.

By taking the trace of identity (6.5) we get

. tr(V)
S )

2(d+1)
d

tr
+ f?

+O(f

;‘t/s V) ). (6.10)

r(P)

Formula (6.10) is our main contribution in this paper.

Note that in view of the property of positivity of the viscous moment tensor V' in Lemma
3.1, adding particles with higher viscosity than the one of the ambient fluid increases the
effective viscosity of the suspension while the addition of particles with lower viscosity par-
ticles decreases the overall viscosity properties of the fluid. Note also that the second-order
term in (6.10) depends on the array tensor SV, which means that the second-order correc-
tion would be different for other periodic arrays than the orthogonal square or cubic array
considered here.

The derivative the the effective scalar viscosity with respect to the volume fraction f is
called the intrinsic viscosity which we denoted by [u]p 5 or [1]p. One can now see that (4.6)
follows from (6.10).

Using the formula (4.2) and (4.5), one can explicitly compute the effective viscosity for
ellipses and ellipsoids. It is worth mentioning that the EMT for inclusions of general shape
can be computed numerically by solving certain boundary integral equations (see [4]). Then
one can compute the VMT using (3.9), and hence the effective viscosity tensor and the
intrinsic viscosity can be computed. We emphasize that this process works not only for the
solid particle (1 = o0), but also for the soft particles (i < o)

Before concluding this section, let us write down the formula for the effective scalar
viscosity when the inclusion is a ball. Using (4.3), (4.10), and (6.10), we have

-~ ~ 2
« H— Hp (p—p 2 8
—ptsp B SR AR +O(f5). 6.11
= ssh e (B o) (6.11)
It should be noted that (6.11) holds for soft particles as well as solid ones. In particular, if
1 = +00, then

pr =t R o), (6.12)

Note that the first-order term (the intrinsic viscosity) in (6.12) was derived by Einstein [20]
while the second-order term seems to be new as far as we are aware of.

To conclude this section, we point out that if the particles orient accordingly to a prob-
ability distribution ¥(6) then, from Lemma 3.2 and formula (6.10), the effective scalar
viscosity of the suspension (say, to fix ideas, in the two-dimensional case) is given by

f
2tr(P)

=t / W O)x(Vp) db + O(f2),
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where

-
Vo= R(O)ARO)" @ RO)A;R6)",

cosf) —sinf - T _ " . )
sin COS&),06[O,27r],andAj,j—1,...,d,gwenbyV—Zj_lA]@A].

A similar formula holds in the three-dimensional case.

with R(0) =

7 Apparent absorption

In this final section, we use the asymptotic formula we derived for the effective viscosity to
explain how the absorption can be amplified in a composite.

When studying composites, both theoretically and experimentally, one occasionally no-
tices that the effective viscosity could have a nonzero imaginary part even though no ab-
sorption term was input in the model. It means that even if the microstructure is non
dissipative or of negligible dissipation, one could observe an effective loss of energy, yielded
by the complex value of the effective viscosity p*. This is called the “apparent absorption”;
see [29]. In the framework of a periodic setting, we encounter a similar behavior for the
effective viscosity. We set a dilute periodic collection of ellipses in 2D with a shear modulus
u for the background and g for the inclusions. Then we study the case where p € R and
= kup(1l +49), that is, elastic inclusions that are slightly dissipative are scattered over a
purely elastic background.

We recall from (4.6), (4.7), and (6.10) that in this case

* H 1 1
W—p=r5lwn RS
D S -

—|+0(”),

where k* = % = k(1 4+ i6) and m is a parameter of excentricity of the ellipse. Assuming
0 << 1, this leads to the following expression for the viscosity amplification:

Im(p*)
Tm() A(k) +O(8) + O(f?),
where
2f 1 +m*a? k-1

A(k) =

G+12(1—mia22 “ "kt

The amplification factor A(k) is maximal at k¥ = 0 and decays as k — oco. It is worth
noticing that although the term (1 + m*a?)/(1 —m*a?)? is invariant under k& — 1/k and
thus obeys a reciprocity principle, A is not invariant under & — 1/k. If one would like to
investigate efficient absorption, one should focus on the maximum of amplification:

14+ m?
Amam - A(k - 0) - 2fm
This means that if the microstructure is anisotropic enough then one could observe a sig-
nificant amplification of the absorption coefficient. That is, even if the microstructure
is marginally absorbing, the effective medium could have a nonzero absorbing coefficient
Im(p*). In other words, by putting an imaginary part of negligible size in the model, we
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observe absorption amplification, this amplification seems related to the apparent absorp-
tion in the sense that the more heterogenous and anisotropic the microstructure is, the more
absorption we observe on the macroscopic level.

This computation is done in the framework of the present article, in particular in the
framework of dilute materials, that is neglecting any interactions between the inclusions.
Interacting particles should not differ radically from our situation, at least we expect the
apparent absorption effect to be still present and even enhanced by a “multiple scatter-
ing” effect. Moreover, we expect inclusions of low viscosity to produce still more apparent
absorption than those of high viscosity.

A A proof of uniformity

This section is devoted to the proof of uniformity of the projected remainder of the asymp-
totic formula (5.16).

To make notation short put X := L?(0D) (actually X := L?*(0D)3) and Y := H'(0D)3.
Let Xy and Y} be subspaces of X and Y, respectively, with the zero flux through 0D, namely,
Xo={9oeX| [,p¢Ndo=0} Let P: X — X, (Y — Y) be the projection defined by

B Jop ¢ - Ndo

Pl =0~ 2

Let Sp and Sp be the single layer potentials corresponding to the Lamé system with
Lamé constants (A, u) and (A, iz), respectively, and let Gp be the periodic single layer po-
tential corresponding to Lamé constants (A, pu). We refer to [4] for the definition of the
single layer potentials. The following theorems are essential ingredients for derivation of the
asymptotic formula (5.16) in [8]; the first one was obtained in [21], and the second one in

8].

Theorem A.1 Suppose that (A — X)(u — 1) >0 and 0 < X\, Ji < co. For any given (f,9) €
Y x X, there exists the unique solution (¢,1) € X x X such that

Splll- — Splwlls = f
_ (A1)
9 somil| - Lspi| =g

%SD[ - Ov +

where |+ and |— indicate the limit along the normal direction to 0D from outside D and
inside D, respectively. Moreover, there exists a constant C such that

I8llx + l2lx < C(Iflly + llgllx)- (A.2)

Theorem A.2 Suppose that (A — X)(u — 1) >0 and 0 < X\, Ji < co. For any given (f,9) €
Y x X, there exists the unique solution (¢,1) € X x X such that

Splell- — Go[¥]l+ = f

%SDW] T EQDM L g.
Moreover, there exists a constant C' such that
léllx + Ivllx < CUflly +llgllx) - (A.4)
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The constant C' in both (A.1) and (A.3) depends on g, i, A, and X in general, which
makes the asymptotic formula (5.16) obtained in [8] depend on the same parameters. In
order to prove (A.3) as claimed in Theorem 5.3, we need to clarify the dependency of the
constants C on A, and . For that we obtain the following theorems.

Theorem A.3 Suppose that (A — X)(p —n)>0and0< X,ﬁ < oo. If A, X are suﬁicierﬁfly

large with A/\ = O(1), then there exists a constant C, independent of A (and hence of \),
such that for any solution (¢,v¥) € X x X to (A.1)

I6llx + IPYllx < CUflly + lgllx) (A.5)

(I =P)lx < CUPflly + Al =P)flly + llgllx) - (A.6)

Theorem A.4 Under the same_hypotheses as in Theorem A.3, there exists a constant C,
independent of A (and hence of \), such that for any solution (¢,¢) € X x X to (A.3)

lollx + 1PYlx < C(flly + llgllx) (A7)
(I =P)pllx <CUPflly + MU =P)flly + llgllx)- (A.8)

Theorems A.3 and A.4 show that
9llx +1llx < CUPflly + AT —=P)flly +llglx)- (A.9)

So, if f € Yy (zero flux), then ||¢| x +||¢||x is bounded independently of A and X. In general,
lollx + ||¥]|x may not be bounded, but ||¢||x + ||P¥||x is bounded. One can use Theorem
A.3 and A.4 to derive (A.3) in Theorem 5.3 by simply following the same lines of derivation
in [8].

The rest of this section is devoted to the proof of Theorem A.3. Theorem A.4 can be
proved in the same way.

The integral equation (A.1) can be rewritten as

J-1)
A = A.10
M} (A.10)
where the operator A: X x X — Y x X is defined by
Sp -Sp
TSD‘ _7SD‘
ov - ov +
Let (I'%, F') be the fundamental solution to the Stokes equation with viscosity u, i.e.,
1 0ii Xy 1 =z
I¥(z)=——-(2 kaat) d F(x)=——=.
W0 =g (M +ER) ™0 FO= g

Define the single layer potential S§, and a boundary integral operator (K%,)* associated with
the Stokes system by

Spl8li(x) = /8 Tya=0)o@)doy). @R

s 8Ffj(3@ —y) I 8Flsj<x - y)
D ox; ox;

(K3)[6)i () =p.v. /

17}

) Ny(2)é;(y)do(y)

oy [ Fio - )N ()dol), x € 0D,
oD
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for i = 1,2,3. Here p.v. stands for the Cauchy principal value. We denote the same
operators for viscosity p by 8§ and (K%)*. It is worth emphasizing that (K%)* is related
to S7, by the formula

meStlal], = (514 @ )= ([ Fe-w)-otasm) | .

+

We observe that the operator A can be decomposed as follows

A:AoJrAl, (A.12)
where ~
Sh =-S5
= 1 ~ 1 .
Aos= | L g (1 + Kg) (A.13)
2 2
and
1 B 1
TN 8T(2u+ A
Ao |BTOEEN) TR (19
—C -
AT (200 + ) Am(2p+ A)

in which the operators B and C are defined by

o _oily) | @iyl —y)ei W)
ol o= [ (o + ) doto)

|z —y[?
R (25 —y5)9i(y)N; (@) + (i = 4i) &5 (y) Ny () — (25 = y;)d; () Ni(@) |
col=v [ et )dotw
. (i — yi)(2; — i) (@ — y)$; (y)Ni(@)
P ./BD |z —yl[5 do (y)
for i =1,2,3.

Note that C is a Calderén-Zygmund operator and hence bounded on X. On the other
hand, VB is a Calderén-Zygmund operator and hence B is bounded from X into Y. Thus

we have
aH

for some constant C' independent of A\. The operator Ay arises from the transmission problem
for the Stokes’ system and is the limit of A as A and A tend to co. It is proved in [3] that
Ap is bounded from X x X into Y x X and invertible as an operator from X x X, onto

¢

YxX A

(I8llx + ll¥llx) (A.15)

Yy x X, and the null space of Ay on X x X is one dimensional and generated by [10\1}, in

other words,

Ay {( ; _OP) w} _0 (A.16)
for any ¥ € X. By (A.1) and (A.16), we have
Ao {;ﬁw] A ww] A {(1 —Op)w} — [ﬂ . (A.17)
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Suppose f € Yy. We get from (A.15) and (A.17)

o ]| =<t b+ 5 ol + 1Pl + 17 =Pyl
Since Ap [75)1/1} and Lﬂ belong to Yy x X, we have from (A.17) that

o= fA el o]+ Lol ] 1o

<ol ] o e 4 )

By divergence theorem we have

fo 4 |8 (6] = sy [, o0

_ 1 N(z) - N(y) o (2)do () — |D|
B +)‘)/8D oD - do(z)do(y) 2u+ A

4dm(2p x —y

Therefore we get

- S0n [ a[3) ]

It then follows (A.15) that

< C(lollx +1IPlx) -

YxX

U_m¢X§CWM{£A

Since Ay is an invertible operator from X x Xy onto Yy x X, we get from (A.18)

C
I9llx +1P¥lx < CUflly +lgllx) + + (1ellx + [Pllx) -
Thus, if A is sufficiently large, then we have

Iollx + IPelx < C(IFlly + llgllx) -
We finally obtain from (A.19) and (A.20)

I6llx + l¥llx < C(Iflly + llgllx) -

Now suppose that f = [N] and g = 0. Arguing as before we get

0

oo == (4[] (o] o)

(I =P)dllx < CO+ I8l x + [P x)-

which yields

20
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(A.19)

(A.20)

(A.21)

—~

A.22)

(A.23)



On the other hand, we have from (A.17) and (A.22)

o] + 0 ] = Hor” (o ] o] vt [5] + ]

which yields

C
16x + 1PYllx < C+ < (I8]x + [1PYx).

Thus, if A is sufficiently large, then we have

Illx + IPwllx < C. (A.24)

This completes the proof of Theorem A.3.
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