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Abstract

The goal of this paper is to reconstruct a collection of small inclusions inside a homogeneous
object by applying a heat flux and measuring the induced temperature on its boundary. Taking
advantage of the smallness of the inclusions, we design efficient non-iterative algorithms for locating
the inclusions from boundary measurements of the temperature. We illustrate the feasibility and the
viability of our algorithms by numerical examples.
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1 Introduction

Thermal imaging is a technique of wide utility in nondestructive testing and evaluation. To apply this
procedure one uses a heat source to apply a heat flux to the boundary of an object and then observes the
resulting temperature response on the object’s surface. From this information one attempts to determine
internal thermal conductivity of the object. Thermal imaging has been significantly investigated as a
method for damage and corrosion detection [22, 18, 7]. For mathematical considerations of thermal
imaging we refer to [17, 14, 5, 6, 10, 11] and the references therein.

In its most general form thermal imaging is severely ill-posed and nonlinear [17]. If, however, in
advance we have additional structural information about the object, then we may be able to determine
specific features about the internal thermal conductivity of the object with a good resolution. One
such type of knowledge could be that the object consists of a smooth background containing a number
of unknown small inclusions with a significantly different thermal conductivities. In this case thermal
imaging seeks to recover the unknown inclusions. Due to the smallness of the inclusions the associated
temperatures measured on the surface of the object are very close to the temperatures corresponding to
the object without inclusions. So unless one knows exactly what patterns to look for, noise will largely
dominate the information contained in the measured temperature. Furthermore, in applications it is
often not necessary to reconstruct precisely the thermal properties or the geometry of the inclusions. The
information of real interest is their positions.

Our goal in this paper is to develop, in a mathematically rigorous way, a numerical method to detect
the location of the inclusions from boundary measurements of the temperature. We find an asymptotic
expansion of solutions to the transmission problem for the heat equation in terms of the geometry of the
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inclusion. This formula describes the perturbation of the solution caused by the presence of an anomaly
of small diameter. Based on this asymptotic expansion we derive formulae to find the location of the
inclusions with good accuracy. The formulae are explicit and can be easily implemented numerically.
The general approach we will take is in the spirit of that developed for reconstructing small conductivity
inclusions from boundary measurements, see [16, 9, 4, 20, 1, 8, 2] and the references therein.

The paper is organized as follows. In the next section we formulate the problem and state the
asymptotic expansion of the boundary perturbations that are due to a collection of conductivity inclusions.
The rigorous derivation of this formula is explained in sections 3 and 4. In section 5 we use our asymptotic
expansion to design direct reconstruction algorithms for locating the inclusions. Numerical examples given
in this section illustrate the feasibility and the viability of our direct procedures.

2 Problem formulation

Let © be a bounded Lipschitz domain in R%, d = 2, 3. Assume that ) contains a finite number m of small
inclusions {Ds}™ ,, each of the form Dy = B, + z5, where B, s = 1,---,m, is a bounded Lipschitz

domain in R containing the origin. We denote the collection of inclusions by D = U™, D,. We assume

that the inclusions Dg, s = 1,...,m, are well-separated from each other and from 9Q2. More precisely, we
assume that there exists a constant dy > 0 such that

inlf; dist(z,09Q) > dp and dist(D;, D;) > do, @ #J. (2.1)
xeDs
We also assume that the background is homogeneous with thermal conductivity v¢ and the inclusion

Dy has thermal conductivity s, where v and 7y are positive constants, vs # 79, s = 1,--- ,m. The
thermal conductivity profile . of € is the piecewise constant function

B Yo for z€Q\D,
T Vs for z€Dgs=1,---,m.
In this paper we consider the following transmission problem for the heat equation:
Ou—V - (7.Vu)=0 in Qx(0,7),
u(z,0) =0(z) for xe€Q, (2.2)
0
%a—Z =g on 00x(0,7T),

where the Neumann boundary data g € L2(0,T; L?(0€2)) and the initial data 6(x) € C'(Q) are subject

to the compatibility condition:

o0
"3y, = g(-,0) on 09. (2.3)

Here and throughout this paper, the vector v denotes the unit outward normal to 92. We will also use
the following notation:

Qr =Qx(0,T), Degr=Dsx(0,T), 0Qr=002x(0,T), 0Dsr =09Dsx (0,T).
Let U be the background solution defined as the solution of

8,5U — ’yoAU =0 in QT,
U(x,0) =6(z) for x€Q,
0

U
Yo=— =g on O0Qrp.
ov



Introduce 1/)5»8) forj=1,--- ,dand s =1,...,m, to be the unique solution of

A (z) = 0 in R\ OB,
V(@) — | (2) = 2 on 0B,
31/)5»8) 31/)5»8) 8xj (2.4)
07, +(x)—% 5 _(w)—vog on OB;,
W9 (x) = O(J %) as  |a] — oo,

Here v denotes the outward unit normal to dB,; superscripts + and — indicate the limiting values as we
approach 0B, from outside Bs and from inside Bj.
Let o .
"r/)‘s (x)7 QEERd\BS,
v (2) = J(S) (2.5)
V() + 2y, x € Bs.

Then it follows from (2.4) and (2.5) that

ow'? ou'® P
) _g®) _ J _ J _ _ Lj
5 |+ v |- =0, 05, N ", . (Yo — 7s) 5 on OB;. (2.6)
Define the d x d matrix M) = (mgjs)) fors=1,---,m, by
oyt
(s) _ A/
My, _~/BBS Yi v _(y) doy,

where y; is the i-th component of y. The matrix M(®) is the Pélya-Szegd polarization tensor associated
with the domain By and the conductivity 75 [23]. Its properties were extensively studied in [2]. Recall
that if By is a disk, then the polarization tensor M (*) has the following explicit form [9]:

d70|Bs|

() — ___ dv0|Bs|
M= (s + (d = 1)y0)

14, (2.7)
where I; is the d x d identity-matrix.
The following asymptotic expansion holds.

Theorem 2.1 Let ® € C=(Qr) satisfy (0 +0A)®(x,t) = 0 in Qp with ®(x,T) =0 for x € Q. Define
the weighted boundary measurements

r O
Is(T) := Yo(u —U)(x,t) = (x,t) dogdt.
0o Joo ov
Then the following asymptotic expansion for I(T) holds as € — 0:

m T O(e*) ifd = 3,
_ _ e
Is(T) € E (o 78)/0 VU (zs,t) - MNP (z4,t) dt + { O loge]) if d = 2. (2.8)

s=1
By making appropriate choices of test functions ® and background solutions U we will develop from the

asymptotic formula (2.8) efficient location search algorithms for detecting the inclusions Dy, s =1,...,m,
from measurements of u — U on 0Q 7.



3 Preliminary results

For the transmission problem for the heat equation there are convenient functional spaces which we recall
below. The first one is formed of all functions v(x,t) on Qp with finite norm

T 1/2
1ol 220 2t = ( [ ol dt) ,

where H(Q) = L?(Q) or H'(Q2), and the second one of all functions v(x,t) on 7 with finite norm

[vlar = sup |[[v(-,t)||z.0 + [[VY]|2,0-,
0<t<T

ot liza = [ |v<x,t>|2dx)l/2, ol = ( [ ' / |v<x,t>|2dxdt)l/2.

We also recall that the Lipschitz character of Q is the L*-norm of the gradient of the function
parametrizing the boundary 092. See for example [2]. It is clear that the Lipschitz character of the
domain t, t > 0, is independent of ¢. The following regularity result on the transmission problem for
the heat equation will be of use to us.

where

Lemma 3.1 Let v be the solution of the following transmission problem for the heat equation:

Op(x,t) — yolAv(z,t) = F(x,t) in Q\ D x (0,T),
Opv(x,t) — ’ySAv(x, ) F(x,t) in Dgp, s=1,...,m,
V|4 (z,t) —v|_(x,t) =0 on dDgr,

% (x,t)—'ysa—Z‘ (z,t) = f(x,t) on dDgr,
+ p—

v(x,0) =vo(x) for x €,

'70%(95,75) = h(z,t) on 0Qr.
Then the following reqularity estimate holds:
e < C|lollan + T2 (1P lsarznay + Iloraon + Ioermen) | 62

where the constant C depends only on the Lipschitz characters of Q0 and Bg,s = 1,...,m, and the
constants vs,s =0,...,m.

Proof. We first recall the trace estimate

llull L200) < Cllullar (),



where the constant C' depends only on the Lipschitz character of Q. See [15] and [21]. Through integra-
tions by parts over Q x (0,t) for 0 <t < T and straightforward calculations, we have

t t mo ot
//75|VU|2=// ’yoVU-VU-i—Z// vV - Vo
0 Ja 0 Jo\p ‘= Jo Jp,
—/t/W@v—ki/t/ (’y@ —W—U )v—/t/(av—F)v
0 Joq *ov =170 JoD, ov|_ 03V+ 0 JQ '

“J L= L L= | Lo =pe

It then follows from the above trace estimate that

// —0p(v?) + 7| Vv)? = //Fv—i—//mhv—/ 6va

S/O IFC Dl 2@ llvC iz + 1R Dl 200l T L2600

+ 1) e2op) v Dl L2 opy | dr
< [ Fllz2o,7;z2 @)Vl L2 0,7522(0)) + 1Rl 20,7522 00)) [Vl 200,752 (002))

+1f 20,7502 00) |V 20,7522 (D))
S WFlz20,msz2 ) vl 20,1522 ) + CllRI 220, 1522 000 1Vl 220, 7557 (92))

+ C\ fllz20,7;220p) 1Vl 20,7, 51 (DY)

<cr'/? <||F||L2(O,T;L2(Q)) +1Ihllz2(0,;22(00)) + ||f||L2(O,T;L2(8D))> [v]ar,

for some constant C' depending only on the Lipschitz characters of Q and Bs,s =1,...,m.
Let 1
uw= mln{g, oin Vs }- (3.2)

Then, by using Young’s inequality, we obtain that

CcT 30
plvld, < 2||UO||2 ot 55 <||F||L2(o 2y T 10ll720c200)) + 117207 L2(8D))> + 7|”|?2T7

which gives the desired estimate by taking § small enough. This completes the proof. O
We start the derivation of the asymptotic formula (2.8) for u with the following estimate of v — U.

Lemma 3.2 There exists a constant C' such that

4
2,

|u — U|QT < (Ce

where C' = —Tl/2 sup |VU(x,t |Z |70 — vs||Bs| and p is given by (3.2).
12 (z,t)eQr —1



Proof. Let W =u — U. Then W is the solution of

= Uy .
5tW—V-(’yEVW) —;(’}/3—70) |:XD5AU_53DSE mn QT,
W(z,0)=0 forzeq, (3:3)

’yoa—W =0 on INr.
ov

Here xp, is the characteristic function of the domain D and dsp, is the Dirac-delta function on the
boundary of Ds. The function W also satisfies

W s =W|- =0 ondD,r,

oW oW i oU
‘ — s v | = Z:('Ys - 70)5 on OD,.
Let
m 8U
= . — AU — Spp. — | .
f ;(7 70){XD5 U —dap, 5y]

Multiplying the first equation in (3.3) by W, integrating by parts over Q x (0,¢) and using the divergence
theorem and (3.3), we obtain

t t
//dea:dT:/ / (&W—V-(%VW))Wda:dT
o Ja 0o Ja
t 1 t (9W t
:/ /—at(WQ)da:dT—// vs—Wdasz—&—/ /WEVW-VWda:dT
0 Ja?2 o Joo =~ OV 0 Ja

1 t
§HW(7t)”%,Q+/ / Ve | VW |2 dadr.
0 JQ

On the other hand, making use of the divergence theorem and Holder’s inequality, we readily get

S s [ eonain]

(vo —vs)VU - VW dzdr

m T
<y / 10 = %) VU 8) 20, [VW (-, 8) o0,
s=1 0

m

<> 1(vo = ) VUll2.0.r
s=1

IVWill2,p.r

< o -7l sup [VU (@, 0][D: V2TV Wla,

(z,t)eQr

d
= ce? |W|QT,



where ¢ = T2 sup(, ycq, [VU (2, 1) Y02 |70 — 7s||Bs|. Combining the above estimates we obtain that

1 T
5 5w [WEOBa+ [ [ 9w dsdr < et Wi,
0<t<T 0 Ja

and hence .,
pW g, <ce?|Wia,,

which completes the proof. O

Lemma 3.3 Let u, U and ® be the functions defined in Theorem 2.1. Then the following identity holds:

m T
Io(T) = (0 —7s) /0 ; Vu(z,t) - VO (x,t) dedt. (3.4)

s=1

Proof. Set W = u — U. Then integrating by parts and using the conditions ®|;—7 = 0 and W|;—g = 0
we obtain that

/OT/Q (8,5W<I>+70VW-V<I>> :/ [W(x T)®(x, T) — W(z,0)®(x, 0)} dx

e [ s e
_70/ /m 2

On the other hand, we have

/T/<6W<I>+7VW-V<I>>—/T/ 7@<I>+i/T/ 7@|<I>
0o JQ ' 0 a(N\D) o 4D, Tov'
S fosamee [ e

:iwo—w/() /| vu-va

The proof of identity (3.4) is now complete. a

4 Proof of the asymptotic expansion formula

In this section we prove Theorem 2.1. Recall that D = U7, Dy = U7, (¢ Bs + z5). Let

Vix,t) = u(x,t) — Uz, t) +6ZZ&UZS, \I/(S( — S) (4.1)

s=1j=1

where \II is defined by (2.5).



Lemma 4.1 The following estimate holds

52 ifd=3,
[VV]z,0, <C (4.2)
e?|loge| ifd=2,

for some constant C independent of €.

Proof. We suppose that there is only a single inclusion D = ¢B (z = 0) with conductivity v. The general
case of multiple inclusion follows by iteration of the arguments that we will present for the case m = 1.
In other words, we may develop asymptotic formulae involving the difference between the fields v and U
with s inclusions and those with s — 1 inclusions, s = m, ..., 1, and then at the end essentially form the
sum of those m formulae.

Observe that V satisfies

d
OV — AV =3 8,0,U(0,1)F, (g) — F(z,t) in (Q\D)x (0,T),
j=1
d X
0V — YAV = (3. —50)xpAU +¢ > 8:0;U(0,1)¥, (g) .= F(z,t) in D x (0,T).
j=1

We also have
Ve =V|-=0 ondD x (0,7),

1% o &
. L (v =) [5 - 2 0;U(0,1t)

J

ov

o Oz;
Yo Y

ov

] :=G(x,t) on dD x (0,T),

and
d z
=3 0,0007,(2) mQ
V(x,0) 5j:1839(0) J(g) in Q,

oV d oV, [z
N0 = WO;ajU(o,t)E (g) = H(z,t) on 092 x (0,T).

Let Q = ¢ 'Q and B
v(z,t) = V(ex,e*), x€Q, 0<t<T/e2

Then,
J T/e?
IV, = [ 19000t
and hence it suffices to show that
T/e?
[ Ivetagad<c (43
0

for some constant C' independent of €.



Observe that v satisfies

0w — yoAv = e2F(ex, %t) := f(x,t)
Ov — yAv = e?F(ex, %) := f(x, 1)

vy —v[- =0
v ov| 2
705 N _’75 B —5G(€1’7€ t) T g(mvt)

d
v(z,0) =¢ Z 0;0(0)T,(x)

ov

_— = 2 =
"5, cH(ex,e%t) := h(x,1)

Since ¥;(z)

2 _ (log)

and therefore

?|loge|

e ifd=3,
/jvugnﬁdxg<7 .
Q 13

Moreover, we claim that

in (Q\ B) x (0,T/e?),
in B x (0,7/¢2),
on 9B x (0,T/e?),

on OB x (0,T/e?),
in Q

)

on 9 x (0,T/e2).

= O(|z|*~%) as |z| — oo and diam(Q) = O(e ™), we have

if d =2,
if d = 3,

ifd=2.

T/e2 T/ T/e2
|wreogga<c [T gt <o [ eI g < e

and hence (4.3) follows from Lemma 3.1.
We now prove (4.5). By definition of f and F', we get

T/e? T/e?
‘/ 1£(, ) 2~dt<Ck./ ‘/|AUaxst|%mw
0

T/

+C’562/

|@6U05tﬁﬁ/ﬁw )|? da.

Since U is a smooth function, the first inequality in (4.5) follows from (4.4).

To prove the second inequality in (4.5), we note that
d

ov

for all (x,t) € 9D x (0,T). Therefore,
g(x,t) = eG(ex, %)

and hence the second inequality in (4.5) holds.

ou ox;
_(xvt) - Z 8JU(O7t)8—VJ

= O(|)

= 0(e?),

(4.5)



For the third inequality, we have

T/e 2 2 8‘I’j ?
/0 1R85 pg dt < & Z/ |6U0t|dt/EZ 5. (@)

Since |VV;(z)| = O(|z|~%) as |z| — oo, we have [V, (z)| = O(e?) for all x € 99Q. Thus we get

dzx.

T/e?
[ I e < cet.
0
This completes the proof of (4.5) and Lemma 4.1. ad

We are now ready to prove Theorem 2.1. Since V\Ilg-s) (z) = O(|z|~%) as |z| — oo and the inclusions
are well-separated, it follows from (3.4) and (4.2) that

d

—ijvo—%/ / VU(.t) = Y U (e VI (5] - Va(a, 1) dadt

s=1 Jj=1

m

T
Z(’YO - ’73)/0 A VV(z,t) VO®(z,t)dzdt

s=1

O(e*) if d = 3,
< Ce"2|VV o0, =
O(e3|logel) if d = 2.

Since VU (z,t) = 2?21 0;U(2s,t)Va; + O(e) and VO(z,t) = Zd 0;®(zs,t)Vx; + O(e) for all z € Dy,

J [

we get the following modulo O(e*) if d = 3 and O(&3|loge|) if d = 2:

1¢(T):gdz(%_%)/o ZZ@UZS, )0; B (2, t) / V(z ()) Va; drdt
s=1

j=11i=1
— Z(Pyo _ %)/ ZZ&) Ul(zs,t)0;P(zs, )/ T; ?y dodt
s=1 0 j=11i=1 9B; -

= ey (0 — ) / VU (20, 8) - MEOVD (4, 1) dt,
=1 0

as desired.

5 Location search algorithms

In this section we apply the formula (2.8) in Theorem 2.1 (with an appropriate choice of test functions ®
and background solutions U) for the purpose of identifying the location of the inclusions Dy, s =1,...,m.
We first design a real-time location search algorithm with good resolution and accuracy for detecting a
single inclusion (m = 1). This algorithm is related to the constant current projection algorithm developed
in [20]. See also [3]. It makes use of constant heat flux and not surprisingly, it is limited in its ability to
effectively locate multiple small inclusions.

Using many heat sources we then describe an efficient method to locate multiple inclusions (m > 1)
and illustrate its feasibility. Our approach is related to the linear sampling method [19] and MUSIC
algorithm [13, 12]. For the sake of simplicity we only consider the two-dimensional case.

10



5.1 Detection of a single inclusion
For y € R?\ , let

1 le—y|?
@(x,t) = q) (iC t) me S T-n (51)
The function ® satisfies (9; + 1A)® = 0 in Qr and the final condition ®|;—r = 0 in Q.
Suppose that there is only one inclusion D = z + B with conductivity «. For simplicity assume that
B is a disk. Then it follows from (2.7) that the polarization tensor associated with B and ~y is given
by M = —(2v0|B|/(v + )) I2, where I5 is the 2 x 2 identity matrix. Choose the background solution
U(x,t)(= 0(x)) to be a harmonic (time-independent) function in Q7. We compute

y—z _ ==yl
VO, (2,t) = =5 ——se T0T-0
y(2,t) = 871'70( t)ze 0
|B| 2oy e
MV Z,t = e 470(T—t)7
y(z:1) ¥ 40 4my0(T — t)?
and
g Bl z—y [T e Tt
/ MV, (z,t)dt = / 5 dt.
0 ‘ Yo + 7 470 (T —1)
But
e
_ \zfy\Q _|Z_y|26 4y (T—1)
—e 40(T-t) =
dt 470 (T —t)?
and therefore
Bl  z—y L=y l®

— 7 e T@T-o,

/MV@ztd— 5
¥+ 70 7z — Yy

Then the asymptotic expansion (2.8) in Theorem 2.1 yields

T
Is(T)(y) = —%(y0 — 7)/ VO(z) - MV ®,(z,t) dt + O(e*|loge|)

270 =7 o VOE) (g —2) _ueep
=c e T +0(e’|logel). 5.2
B CE) (52)

Now we are in a position to present our location search algorithms for detecting a single inclusion.

o First algorithm (with one measurement): We prescribe the initial condition #(x) = a - x for some
fixed unit constant vector a and choose g = vpa - v as an applied time-independent heat flux on
0. Throughout this section, a is taken to be a coordinate unit vector. Take two observation lines
¥ and Y contained in R? \ © such that

Y1 := a line parallel to a, ¥, := a line normal to a.
Next we find two points P; € ¥;(i = 1,2) so that I (T)(P1) =0 and

minweEQ I@(T)(f) if Yo —7v <0,

1o(T)(P2) = {

maxgzex, lo(T)(z) if 40 —7>0.

11



Finally, we draw the corresponding lines I1;(P;) and Il (P») given by
Hl(Pl) = {x|a (ac - Pl) = 0},

II3(Py) := {z|(z — P) is parallel to a}.

Then the intersecting point P of II; (P;) NIIz(P,) is close to the inclusion D. The proof of following
lemma follows from [20]. We sketch it for the reader’s convenience.

Lemma 5.1 There exists a positive constant C independent of € and z such that |P—z| < Ce|loge|
for € small enough.

Proof. Fix for example 79 > 7. From (5.2) it follows that there exists a constant C, independent
of y = (y1,0),z = (21, 22), and € such that

Y0 =Y o (Y1 — 21) =zl
Is(T)(y) §€2<’7+70|B|7r|y—2|2e 5T +C’6|10g€|>,

and

o= p U —2) =z
Is(T > g2 B DT — (el
o)) > & (2B P2 — Ceioge] )

for all y € 1. Therefore, for y = (y1,0) € X7 satisfying

I W =~ ~ C(y +10)elloge]
ly — z[? - (70 —7)|B|

we have Is(T)(y) < 0. On the other hand, for y € ¥ satisfying

y1—2 =l C(y 4 y0)ellogel
5€ T >
ly = 2| (7o — 7)|B|

we similarly have I (7T)(y) > 0. This implies that the quantity I4(7")(y) changes sign on 3, for y
satisfying
C(v +0)e|loge| <= 2126—% < C(v + )¢l 10g€|7

(Yo —)|B] ly — 2 (70 — )| B]
for some positive constant C' independent of . Therefore, the zero point P; satisfies |[(P — z) - a|] <
C’e|loge| for some constant C’ depending only on Q, B, T, v, and 7. Let y = (0,y2) € 3. The
point y* = (0, z2) € ¥q is the unique point where

_ . _ =2
200 7|B|V9(2) (y - 2)
Yo + 7y mly — 2|

attains its maximum. Following [20], we can easily see that the point P, € X9 where I (T)(y)
attains its maximum belongs to an e-neighborhood of y* and conclude that P = II; (P;) N Iz (P)
satisfies |P — z| < Ce|loge| for some constant C' depending only on 2, B, T, o, and ~. |

12



e Second algorithm (with two measurements): Consider two measurements corresponding to the
initial conditions 0 (z) = a-x and fa(x) = a* -z for some fixed constant vector a, where a* is a unit
vector orthogonal to @ and choose g1 = Yoa - v and go = Ypa' - v as applied time-independent heat
flux on 9Qr. Here ¥ and X are as in the first algorithm. Denote by I (T) the function I (T)
corresponding to § = 6;,i = 1,2. Then we find two points P; € ¥;(i = 1,2) so that I%(T)(P;) = 0.
We draw the corresponding lines IT; (P;) and IIo(P») given by

Hl(Pl) = {x|a (ac - Pl) = 0},

II3(P) := {z|(z — P) is parallel to a}.
From the proof Lemma 5.1 it immediately follows that the intersecting point P of IT; (P;) NIIz(Ps)
is close to the inclusion D: There exists a positive constant C' independent of ¢ and z such that
|P — z| < Ce|loge| for e small enough.
5.2 Detection of multiple inclusions

Consider m inclusions Dy = eBs + 25, s = 1,--- ,m. Choose

Uz, t) =Uy(x,t) =

or equivalently g to be the heat flux corresponding to a heat source placed at the point source 3’ and the
initial condition #(x) = 0 in €, to obtain that

| 2

T 2 /
70_'78 s 1 ly — 2| ly' — zs
_ y _ ZS)M( )( — ZS)A 7#(71 mny exp(— — )dt

6471'2 4’)/0(T - t) 4’)/0t
+ 0(53| logel),

where ® is given by (5.1).

Suppose for the sake of simplicity that all the domains B are disks. Then it follows from (2.7) that
M) =m() I, where m(®) = —2+0|B|/(7vs +70)- Let the source points y; € R?\ Q for I € N. We assume
that the countable set {y;};en has the property that any analytic function which vanishes in {y;}ien
vanishes identically.

Our location search algorithm for detecting multiple inclusions is as follows. For n € N sufficiently
large, define the matrix A = [A;]/')_; by

m T 2 2
(70 — ) 1 Y1 — 2s| [y — zs]
Ay = —&? m (yp — 24) - — 2z / S — — dt.
. c £~ 647y, 6dm2Ad (e = 25) - (0 = ) o t2(T —1)2 exp( 4vo(T — t) 4ot )

For z € Q, we decompose the symmetric real matrix C' defined by

T 2 2
1 ly1 — 2| lyr — 2|
C .= [/ exp(— — dt
o (T —1)? ( dyo(T — ) 4ot ) LU=1,...n

as follows

C=> ul(z)u(z),

=1
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for some p < n, where v; € R" and v denotes the transpose of v;. Define the vector ggl) € R"*2 for
z € Q by

g = ((yl o) (g - z)vln(z>> S i=1...p.

Here v1,. .., v, are the components of the vector v;,l = 1,...,p. Let 1 = (Y, y1y) for I =1,...,n
2 = (2a, 2y), and zs = (Zsa, 2sy). We also introduce

gt = ((ylm — 2)on (2),s -+ s (Yna — zmn(z))

and

ggly) = <(y1U - Zy)Ull(Z), ) (ym; - Zy)Uln(Z)> .

Lemma 5.2 The following characterization of the location of the inclusions in terms of the range of the
matriz A holds:

x

g and gglu) € Range(A), VY1 e{l,....p} iff z€{z1,...,2m} (5.3)

Proof. Let for z € Q suppose that ggw) and g(l) € Range(A), VI € {1,...,p}. Thus,

m

ggl) = Z ﬁgl) ((yl - Zs)vll(zs)v ) (yn - Zs)vln(zs)) )
s=1

for some constants 69, which implies that

T 2 2 2 2 2
ly — 2| Iy — 2| ly — 2| / lye— 2" ly1 — 25| lyr — 2|
— - — )dt = - — dt,
/0 2T 02 P T ot Z“S S o= Aot
Vi =1,...,n, for some constants {as}s=1,. m. Therefore, provided that the countable set of sources

{y1}1en has the property that any analytic function which vanishes in {y;};en vanishes identically, it
follows that

/T ly — 2| exp(— ly — 2 _|Z/—2f|2 Z / |y—Zs| exp(— ly — 2] _|Z/—Zs|2)dt
o (T —1)? 4vo(T — t) 4ot 4v(T = t) 4ot ’

Yy # 2,y ¢ {z1,...,2m}, which proves that

T m T
/ VU, (2, )V, (2, 1) dt — Zas/ VU, (20, )V Dy (20, ) dt, Ty 2y & {215 2m )
0 0
Next, taking Laplacian in y yields
T m T
Ay/ VU, (2, )V, (2, 1) dt — ZAy/ VU, (20, )V, (20, ) dt, Ty £ 2y & {21s. .. 2]
0 0
The singularity of A, fOT VU, (z,t)V®,(z,t)dt at the point z:

T
Ay/ VU, (2,t)V®y(z,t) dt = Véy—, + smoother function,
0

14



gives that z € {z1,...,2m}, as desired. O

Let the singular value decomposition (SVD) of the matrix A be defined by A = UXV*. Suppose that
the vectors {922, gily)}l:l,,,,m are linearly independent. The rank of A is then equal to 2p and the first 2p
columns of U, {u1, ..., usz,}, provide a basis for column space of A which is denoted by Ug, and the rest
of the matrix U, {ugp+1, U2p+2, - - -, Un}, provides a basis for the left null space of A, denoted by Uy.

From Lemma 5.2 we have that a test point z coincides with one of the positions z, if and only if
P(gg) -¢) =0, for any vector ¢ € R?\ {0}, where P = I — (UsU}) is the orthogonal projection onto the
null space of A. Thus we can form an image of the locations {zs}7.; by plotting, at each point z € Q,
the quantity W< (2) = ||g§l) -c||/||P(gg) -¢)|| for L =1,...,p. The resulting plot will have large peaks at
the locations of z5,s =1,...,m.

Note that the smallest number n which is sufficient to efficiently recover the inclusions depends on
the (unknown) number m. This is the main reason to take n sufficiently large.

5.3 Numerical experiments
5.3.1 Detection of a single inclusion

In this subsection we present numerical experiments for locating a single inclusion D. We consider {2 as a
unit disk centered at the origin in R2. The applied time-independent heat flux is given by g = e; - v (and
g1 = €1V, ga = eg-v for the second algorithm) on 92, and the inclusion D is taken as a homogeneous disk
of diameter € = 0.1, centered at z = (0.43,0.27) with conductivity v = 3. The thermal conductivity of the
background o = 1. The observation lines are given by X1 = {(x, —2),2 € R} and 33 = {(2,2),z € R}.
Figs. 5.3.1.1 and 5.3.1.2 show the result of our algorithms. Observing the function Is(T)(z) on the
lines 3 and X5 we obtain the zero point P; = (0.43, —2) of Is(T) on 37 and the minimum point (or the
zero point for the second algorithm) Py = (2,0.27) of Is(T) on Yo, noting that o — ~ is negative. Then
the intersecting point P of II; (P;) N3 (P;) in the location search algorithm is given by P = (0.43,0.27).

150
1509

Figure 5.3.1.1: Patterns of Is(T)(z) calculated on the observation lines X1 = {(z,—2),z € R} and X2 =
{(2,z),z € R}. (a) and (b) correspond to the first algorithm; (a) and (c) correspond to the second algorithm.

5.3.2 Detection of multiple inclusions

In this subsection we present numerical experiment for locating multiple inclusions. Let again 2 be a
unit disk in R? centered at the origin. We assume that we know the values A; of the pattern Ip (1), for

15
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Figure 5.3.1.2: Location detection intersecting the lines II1(P1) and II2(P2). The intersecting point is P =
(P, P2).

some positive 7', and for a small finite number of equidistantly distributed source points

2nl . 2wl
yy=plcos—,sin— |, [=1,...,n.
n n

Here p denotes the (minimal) distance between the source points y;, [ = 1,...,n and the origin. We have
two cases of interest: p > T and p <T.

In the first numerical experiment we take two homogeneous circular disks of diameter ¢ = 0.1 denoted
as D1 and D, and respectively centered at z; = (0.21,0.32) and 2z = (—0.43,—0.35), to be retrieved
using n = 10 source points. Corresponding conductivities 75, s = 1,2, are equated to 3. The thermal
conductivity of the background vy = 1.

Within the above setting, the retrieval of the inclusions involves the calculation of the SVD A = UXV*
of the matrix A = [4;y] € R™*"™ and the decomposition of the matrix C. It was observed numerically
that the rank of C' is equal to one (p = 1). Therefore, we expect to see four non-zero singular values of
the matrix A. Denote by {e;}?_; the orthonormal basis in R?. Then, for each discrete location z € § (the
sampling step henceforth is h = 0.03), the identifier of interest is W.(z) (:= 0(1))7 c={e1, €2, €1 + €2},
calculated within Q. Plots of 2z — W,.(z) illustrate the result achieved, sharp peaks being expected to
occur at the locations of the inclusions, z5, s = 1,2. Other accompanying results displayed consist of the
singular values of A, using a standard log scale.

First we take p = 2.5 and T = 1 (first case of interest). The singular values are displayed in Fig.
5.3.2.3, the identifier W.(z), for ¢ = e1, e2 and e + ey is displayed in Fig. 5.3.2.4.

The results obtained are easy to interpret. Four singular values emerge from noise, noticing that two
singular values are associated to one specific inclusion. The inclusions, be they observed via different
We(z), are clearly discriminated from the background, the visual aspect depending upon the choice of c.

In the second numerical example we take p = 2.5 and T' = 3 (the second case of interest) and next we
take p =4 and T = 3 (the first case of interest).

Fig. 5.3.2.5 shows the distribution of the singular values of A for two cases. Fig. 5.3.2.6 shows the
identifier W,(z), ¢ = e, for two cases, where the images of W,(z) are obtained by using 5 and 4 largest
singular vectors (associated to the 5 and 4 largest singular values of A, respectively) in the second case

16
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Figure 5.3.2.3: p > T distribution of the singular values of A for n = 10 sources.
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Figure 5.3.2.4: p > T gray-level (or color) map of W.(z), ¢ = e1, e2 and e1 + ez, ordered from left to right, for
all points z in Q.

of interest and 4 largest singular vectors (associated to the 4 largest singular values of A) in the first case
of interest.

The results obtained are evidently less easy to interpret than before. Five singular values emerge
from noise in the second case and four (as in the numerical example above) in the first case of interest.
The inclusions, be they observed via W.(z), ¢ = ey, are clearly discriminated from the background (Fig.
5.3.2.6 (b) and (c) ). Notice that in the second case the positions of the inclusions are moving away from
the actual positions.

The second numerical example involves one more inclusion than the previous one. We add one more
homogeneous circular disk of the same diameter ¢ = 0.1 denoted as D3 and centered at z3 = (0.4, —0.51),
to be retrieved using n = 14 source points, with conductivity v3 = 3.

The result for p = 4, T =1 is shown in Fig. 5.3.2.7 (the distribution of the singular values of A for
14 source points and the identifier W.(z), for ¢ = e1).

As in the first numerical example the results obtained are easy to interpret. Six singular values emerge
from noise, noticing that two singular values are associated to one specific inclusion. The inclusions, be
they observed via W,.(z), ¢ = ey, are clearly discriminated from the background.
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Figure 5.3.2.5: Distribution of the singular values of A for n = 10 sources.
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Figure 5.3.2.6: Gray-level (or color) map of Wc(z), ¢ = e1 for all points z in Q. (a) p = 2.5, T = 3: the map
of We(z) is obtained by using 4 first singular vectors of A; (b) p = 2.5, T = 3: the map of W,(z) is obtained by
using 5 first singular vectors of A; (¢) p =5, T = 3: the map of We(z) is obtained by using 4 first singular vectors

of A.

Acknowledgements

This research was partly supported by ACI NIM 171, CNRS-KOSEF grant No. 14889, Korea Science
and Engineering Foundation grant R02-2003-000-10012-0, and BK21 at Seoul National University.

References

[1] H. Ammari and H. Kang, High-order terms in the asymptotic expansions of the steady-state voltage

18

potentials in the presence of conductivity inhomogeneities of small diameter, STAM J. Math. Anal.
34 (2003), 1152-1166.



Singular Values of A (14x14)

o
10 o o8
o
06
107 ° o 3
o 04
o | ®
S 02
G ° o
c’a 1 %0 8 o
>
O Ll ° o 1 02
«S\ @
: ®
% o 06
107
08
107 L L n n n L o
) 2 Si 4 | \/5 | ’i‘ bm 12 1 s s o w2 o 02 04 o5 08 1
Ingular Value Num el',()'i X axis

(a) (b)

Figure 5.3.2.7: p > T: (a) distribution of the singular values of A for n = 14 source points; (b) gray-level (or
color) map of We.(z), ¢ = e:1 for all points z in Q.

2]

[8]

[10]

[11]

H. Ammari and H. Kang, Reconstruction of Small Inhomogeneities from Boundary Measurements,
Lecture Notes in Mathematics, Vol. 1846, Springer-Verlag, Berlin, 2004.

H. Ammari and J.K. Seo, An accurate formula for the reconstruction of conductivity inhomogeneities,
Adv. Appl. Math. 30 (2003), 679-705.

M. Briihl, M. Hanke, and M.S. Vogelius, A direct impedance tomography algorithm for locating
small inhomogeneities, Numer. Math. 93 (2003), 635-654.

K. Bryan and L.F. Caudill, An inverse problem in thermal imaging, STAM J. Appl. Math. 56 (1996),
715-735.

K. Bryan and L.F. Caudill, Stability and reconstruction for an inverse problem for the heat equation,
Inverse Problems 14 (1998), 1429-1453.

W.J. Cantwell and J. Morton, The significance of damage and defects and their detection in composite
materials: A review, J. Strain Anal. 27 (1992), 29-42.

Y. Capdeboscq and M. Vogelius, A general representation formula for boundary voltage perturba-
tions caused by internal conductivity inhomogeneities of low volume fraction, Math. Model. Num.
Anal., 37 (2003) 159-173.

D.J. Cedio-Fengya, S. Moskow, and M.S. Vogelius, Identification of conductivity imperpections of
small diameter by boundary measurements: Continuous dependence and computational reconstruc-
tion, Inverse Problems 14 (1998), 553-595.

R. Chapko, R. Kress, and J.R. Yoon, On the numerical solution of an inverse boundary value problem
for the heat equation, Inverse Problems 14 (1998), 853-867.

R. Chapko, R. Kress, and J.R. Yoon, An inverse boundary value problem for the heat equation: the
Neumann condition, Inverse Problems 15 (1999), 1033-1046.

19



[12] M. Cheney, The linear sampling method and the MUSIC algorithm, Inverse Problems, 17 (2001),
591-595.

[13] A.J. Devaney, Super-resolution processing of multi-static data using time reversal and MUSIC, to
appear in J. Acoust. Soc. Am.

[14] A. Elayyan and V. Isakov, On uniqueness of recovery of the discontinuous conductivity coefficient
of a parabolic equation, SIAM J. Math. Anal. 28 (1997), 49-59.

[15] L.C. Evans and R.E. Gariepy, Measure Theory and Fine Properties of Functions, Studies in Advanced
Mathematics, CRC Press, Boca, 1992.

[16] A. Friedman and M.S. Vogelius, Identification of small inhomogeneities of extreme conductivity by
boundary measurements: a theorem on continuous dependence, Arch. Rat. Mech. Anal., 105 (1989),
299-326.

[17] V. Isakov, Inverse Problems for Partial Differential Equations, Springer-Verlag, New York, 1998.

[18] A. Killey and J.P. Sargent, Analysis of thermal non-destructive testing, J. Phys. D: Appl. Phys. 22
(1989), 216-224.

[19] A. Kirsch, The MUSIC algorithm and the factorisation method in inverse scattering theory for
inhomogeneous media, Inverse Problems, 18 (2002), 1025-1040.

[20] O. Kwon, J.K. Seo, and J.R. Yoon, A real-time algorithm for the location search of discontinuous
conductivities with one measurement, Comm. Pure Appl. Math. 55 (2002), 1-29.

[21] O.A. Ladyzhenshya, The Boundary Value Problems of Mathematical Physics, Applied Mathematical
Sciences, Springer-Verlag, New York, 1985.

[22] P.M. Patel, S.K. Lau, and D.P. Almond, A review of image analysis techniques applied in transient
thermographic nondestructive testing, Nondestructive Testing Eval. 6 (1992), 343-364.

[23] G. Pdlya and G. Szego, Isoperimetric Inequalities in Mathematical Physics, Annals of Mathematical
Studies Number 27, Princeton University Press, Princeton 1951.

20



