
PRE2 - MATH FOR DS - CLASSI

LINEARALGEBRAIVEETORSPACEA
vector space ( V

,*. . ) is a set endowed by two operations :

* y
( V
,
V) → V that allows to add two vectors

.

(x , y) i→x*y
•

/
(R
,
v) → V that is the multiplication of a vector by a

(a , x ) → a. x scalar

Formally a number of axioms need to be satisfied such that

→ ( V
,
t) is an additive

group check what is a group after the class

→ G. (x * g) = d.x * day
k u

"

v
"

Elements of V are called vectors
.

→ an . ( az . x) = (dead . x -

→ Greta2) - X = dex * 22 X



Q -
which vector space do

you
know ?

4Th
,
t
.
. ) is a vector space IR : is the set of real numbers

(pi , t, .) is a vector space ←ER

x is a vector of IR" if x

← EIR

Xi are the components or entries of the vector

* i rt:
""÷:*:



Example Add the two vectors of R2 :

lit
Scalar in multiplication in R" :

¥"

4omee : simplify 3 tf!)
camuvesubstuactvedorof.IR#

f:) - ? '



I - I:] -tilt
Yes we can substact vectors because it is actually adding - the vector.

GEOMETRICAL INTERPRETATION :
-

In IR
'

,
we consider the vector x=

ny

"

÷÷;
. .:*.

→ a vector has a direction and an

amplitude



Addingtwoveetonse Xt y = (1) t )

scalarmuttiph.ca#on:-x=-!)

¥i*. ÷:
pros
.EE?- -2x

multiplying by a scalar changes the amplitude but
we keep the same direction .



LINEAR INDEPENDENCE
,
SPAN AND BASIS

!t÷ht-----¥
Va
, - ,

vk are vectors

on, - , ok are scalars ( reel numbers)[
This is a linear combination of the vectors
in

.
- Nk )

-

The scalars ee
,
- ,
ck are called the weights .

ii.title:D
-
this is a linear combination of LI) and



Definitions The span of a list of vectors is the set of all
vectors which can be written as a linear combination of the rectos

in the list
.

Notation span ( un . . . .

,
uh) [FEET:3

.

.
.

,.es/whatisIspanfxfo] ,EL:] ?

I be a vectors of R2

←
w wit:] .- I:*]

y
'

i z -
- 2x +y = Ez + we

÷;:*
the weights WE , we



Then span ( I:] , [ : ) ) = in

what is the span of [ !) , [3) ?
→

span ( l! ), 13)) - ray
=3 II), xen)I.ee#.e:s...-Ett::::.s--fot3Bg



Definition A list of vectors is linearly independent if
none of the vectors in the list can be written as a

linear combination of the others .

Pks " EL!) , If!) , Are they linty independent ?

No
, they are not lin

.
ind .

because Vz =3 vs

same question with [ ! ) , .

?

Yes they are .

Proposition ( ve
,
-

,
uh) are linearly independent vectors
⇐\ da Ve t - - - t XKVK = O ⇒ He =L = . . . = Ak -

- o

-



Use this proposition at home to show ( ! ) , (f) are linearly independent

Definitions A spanning list of a vector space V is a list of
\ vectors in V such that the spam is equal to V .
-

Example { ( f) , ( f)) is a spanning list of R2

You can verify that I ;) , (1) is a spanning list of R2

.
We consider V = } (

"

g) , x EIR) C 1123

→ V is a vector space ( check this at home)

span ( t ) = V such that / !) is a spanning last of V



Definition A linearly independent spanning list of a rectors
space V is called a basis

.

Proposition All basis of a vector space have the same

length ,
which is called the dimension of the vector/ space .

-

Given a basis of V there is an unique way to write

any
vector of v as a linear combination of the element

of the basis
.

If Iva . - - ,
uh] is a basis of V .

Let y E
V
,
there exists an unique set of scalars ( de , . . ., ak )

( xn , I , are) are calledsuch that y = dive t - - it dkvk the coordinates of y with
respect to the basis Cre , - , uk)



Let's go
back to Rn

.

en =/!) , ee (Ff) , .
. .

,
en -- (

n

!)
{ en , ez, . - y en) is a basis of R " . [HOME EXERCICEJ
↳ the dimension Rn is n .

Let x =/ !!) E R" , how do we decompose x into her , ez, - ,en) ?

X = Xn en t R2 ez + - -
- t en em

So
,
the coordinates of a vector of Pi coincide with its

corqdinateswithcspeettothebasishea.n.cn#{ en , - , en ) is called the standard basis of pin .|[FRANE:"bakeanomique'



dim ( pi) = m
⇒ R2 is a 2 - dimensional vector space .

1123 is a 3 - dimensional vector space .

-

LINEAR TRANSFORMATIONS

Definition L : V→⑤ is a linear transformationT T
vector spaces

if t ve , vz EV ,
an .az EIR the following is satisfied :\ L ( dunt aah) = da Ll ve ) + a L(vz)
-

Example ly "!
"

"Yo
,

Verify Intranet that
2 is a linear transformation .



Definition The rank of a linear transformation 2 : v→ W

is the dimension of Ltv)
where LN) =3 y Ew such that y= Llx), x Ev}

LIRANCE : Lcu) is the image of L)\ rankly = dim ( ups)
-

Image of h
Example

consider L : R2→ IR
'

tix . →

y show that 2 is a linear transformation
2) find rank ( 2) .



Consider L : R2→ R2 rankle) f- dim ( co- qbmain )tix .
. → ( Y) it In

= 2

y show that L is a linear transformation
2) find rank (2) .

a
.

rank 14 = dim ( 4mg) < CRY =L y =/!) , ya ER)
(f) is a basis of 24134

( !) is independent and it is a spamming bit of 41124



Let
y E KAY , yet !) = ya (f) ⇒ (1) is a spanning

list

of 41122)
Then din ( HIRD) = i = rank CL)

x L is the projection of x onto the first

,

axis
.

' TT
it's a basis of LORD



Proposition of other example :

L : R2→D④/x=f!!)→ (I) rankly -- T ?

L ( x ty) -- 2K) -121g ) if 2 is a linear transformation

testing:D -

- HEH"
-

Xin:#D

l"
" #

the example is not a linear

transformation .



-consider L ( (Ff)) = Ly) L :iR3→ Pd

Hone EXERCKE : show that L is linear

rank ( 4=2

-

L : IRL → R2

{E)→ Gx;D
is linear taeesformatin

L :
1122 → R2

hx⇒→



Definition :

Thenullspace on kernel of a linear transformation
is the set of vectors mapped to o

.

Let 2 : V→ W be a linear transformation\ Kall) =L rev , 214=04
-

⇐

÷
..

"

!;¥¥¥÷÷. ¥¥.
din ( Kerk)) = 1 ( ( f) is a basis of

the kernel)



Remark : dem ( Kerk)) t dim ( Ltv )) = 1+1=2
RANK NULLITY THEOREM
-

Let V
,
w be two vector spaces ( V finite dimensional)

Let L : V→ w be a linear transformation .\ Then
rank.CL) + dim ( Kall) ) = dim (V)
-



41194

%"¥,
U IR2)= / (%) , Xz EIR}

÷: '
.
. . .

¥
dim ( ka CLI ) t rank CL) = it r = 2


