
CLASS 2 - LINEAR ALGEBRA 2 PREZ - MATH FOR DATASCIENCE

we come back on the example from last time

L : IR
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This is not a linear transformation because

47 -- (E) to
Imposition If L is a linear tausformation then
|4o)= l:v→w

Since L is linear
, Lcxty) -- Ux) -14g )

Hence L( out or) = Hov) t Hou )
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⇒ L Cov ) =LCov) + you) ⇒ L(ou) = Ow



MATRI
A matrix is a rectangular array of numbers .
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, Zo) is a 2×2 matrix

If m = n ,
we talk about a square matrix .



A-ddingtwomahicesl.netA be a man matrix
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MULTIPLICATION BY A SCALAR

t÷÷i:
MATRIX-VECTORNULTIPLICATIONLe.tt

a man matrix ;
x a n - dim vector ( that we can also see as

x
a nut matrix )

- earn
-

a. I:&:
"""

?
"-tan" I:*,

amanat
"am2azt

-
-
- tamam
]



Example
* [I f) ; * [I] , compute Ax = ?

*÷÷⇒÷
..

Another way to see the matrix - vector multiplication :
-

a
.

Ax . .ci#......+.na-
An

linear combination of the columns
of A (which are vectors) with weights
see , . . . , xn ( coordinates of vexctor)



a- I ! ! ) x --

Ax -
- 2J! ) t 3 [!) = [Y)
-

Let A- be a mx n matrix ,
A- IAn-n-yt.tn# [ m

IR
"
→ IRM

d f x→ Ax (= an Ant -
- - tan An)

T a
IRopositix.rs Ax is a linear tausformation from R" to Rm

1-

Proof : Verity : L (x t y ) = 4×1 t 4y/
4TH -

-
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We have seen that we can associate to a matrix a linear transformation .
The converse is true

,
we can associate to a linear transformation from

two vector spaces of finite dimension a matrix
.

let b : E→ V be a linear transformation .
E : is a n dim -

vector

space
✓ is a m dem -

vector space

Let Len, - - , en) be a basis of vectors of E

het } be, - , bm)- of V

L ( en) E V , I can cleanpolite it in a unique way on } be, -, bm)

ii:* :÷:: ÷: ..÷÷÷
.

i. in
Amn L

we say that B is the representation of c-
n

L in the basis { en , - , en} ; Ibn -Ibm ) B is a mxm matrix



Exercise find the matrix corresponding to the linear transformation
If = ( Ig) T : R'→ if in the standard

basis
.

Standard bases in IR'
, If !) , (%) , (%) }

Men) =L! ) , Tle) -- f!) ; Test (!)
II

= Oer ther toes = oentoezt lez = I eat Oezt Oeg

Teen) Tle ) Tks )

Af ! !
.

* " the rebpcsentahn of t.in#e
standard basis

.

÷



In IR " the standard basis is Jen, -, en }
ei= ( !)← i

There is not an unique way
to represent a linear transformation

as a matrix
. If you change the basis

,
this will change the

matrix representation .

If you
consider the basis

⇐ (g) , ,e¥ !) , (1) e5 will be different .

If L i. E-s v is a linear transformation , B its matrix representation in
Zen , -, en) and I be, -, bm }
** E E represented x =/!! ) in Lee , - , en}

then L ( x) is represented as Bx in l be, - , bm}-

Product . aniahix
,
vector .



MATRIX MULTIPLICATIONS :
-

Let A be a rmxm matrix

Let B be a nxp matrix

Then AB is a map matrix such that
4QnHpxp0d
Im ,p ) FXEIRP ( AB) x = A- ( Bx)

concretely
LAB)ii aik.bg.

bn
, bnp

n
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a:/ £④# ambm-ianbaata.sn,

in



"⇒ ÷:p
It, Be careful about sizes

, you can't multiply a 12×2) & (3×4)
matrix

possible

Remi:b
. Cpap)
same↳

( map) matrix



tNK,KERNEL(NULLSPACE),INVERSEofAhAT#

Definition :
The rank of a matrix A is defined as the
rank of the linear tausformation

1
,

ah
" ''¥
-

rank CA) = dim ( A-( NY)
in

rage of A or Image of A

fine Ax = an Art xz Aet - - -t amAn
-

linear combinations of columns of A-
Them rankLA) is the dimension of the spam (Aa , - ,An)

Enameled rank ( ( if I ) ) = a rank ( l! !) ) -- i rank =L



Definition The kernel or null space of a man matrix A
is the kernel of x c- pints Ax C- pin that is

| kata ) =L x EIR" , Ax = only
-

Example Rank and kernel of A-[: I {)
ranked span { I:) , (f) , ( E) ) = R2 rankCn
""":*: axes :

'÷
=L x c- R' I see -_ as -0) are consistent

=iydim( Kaal = a rank.tn?tdumlkeflAD--dimlglR3)



We forget about matrix, linear transformation and we want to talk

for a mapping L : I→ Tf bijection , surjection , injection .

set set

f can be f : exp IR → Rso{ x → exp

→

⑤

Definition we say that f is surjective if all elements off have a
pre- image by f y f y E F , F KEE , flxl =y/"antecedent " IN FRENCH



DEFINITION : we say that f is injective if two elements of E are
sent on different elements of F
I H *

,# E E , flan) -- floor) ⇒ an = xz

EXAMPLES fr
fr # a

=: :
fs

fr , injective , surjective ? → fr is not surjective because d has no pre - image .

fz- fi - infective became frG) = f.G)

f, - ?
Same for fz : not infective and not surjective .

fz is both injective and surjective



This is injective but not

survive

DEFINITION :

'

aY
-

If f : E → F is both injective and
surjective, we say that f is bijective .

-

If f is bijective then f
y
tf ghee zeds! an¥=xee

such that y
-

- Jk) - eats '
unique

If f is bijective there ousts an inverse mapping denoted f-
'
-

such that

Loft =L
-'

of= id
t
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¥f=× LEFT F-se
x→ fix)→ f-

'

lfkdtx
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We go
back to matrices

.

Proposition Let A be a mxn matrix
,

-them

/ (xEAh→ Ax is injective)⇐ ( ka# =Lof)
-

Ithoof : Look for the proof for the next class EEEERCKEJ

( its Ax is surjective ) ⇐ range
,

IA) -- IRM

AIRY

rHEs If A is a#aHx¥.Them the following
are equivalent : ( i) the transformation xts Ax is bijective

Cii ) range (A) = Rn ( x⇒ Ax i's surjective )/ Liii) Kee A -- 203 ( x↳ Ax is injective)
PROLE : EXERITE



ELEnENTSFoRTt
↳ :(f) ,→ (f) CORRECTION OF EXERCICES
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