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PRE 2 - CLASS 5 8. 10.2020

EXERCICE 3 ( sheet for class u)

A syncretic and which is positive semi- definite
[which means tf x

,
x'
-

A x zo ]
We want to show that all eigenvalues of A are non- negate
which means 30 .

→ Since A is symmetric , from the spectral theorem ,
we know that there exits I an orthogonal
matrix such that : A = PD PT where

ti : eigenvalues of A.
D= ' I?)



A = P Dpt
/

Since A is positive semi- definite xtttxzo Fx
T

s
: * tis .

.

-

c
If thief!) -- en KEDIRI) = Go -all:X:'ll 4.⇒

(xn § nxn nxt

- = de
1×1

If x -- CPT)
-
'

en = Ien
,
then xTAx -- la

Since tf x
, xtttx so ,

this implies that de so

I can take x= Rei with ei= ( &;)← ith , xtax Xi

since xTAx so
,
this implies that di zo



LEGIT DIII -- y
'-

Dy → II. diyiz so
-

If A is positive definite , we know IA x -- o ⇒x --o
ie if x # o , then xTAX > o .

Then if x = Pei # o , therefore xTAx=Xi > o .

-

ExERClC : A a nxm matrix
,
show that

rank ( ATA ) = rank CA)



ExERClCE4_ : A a n x m matrix
,
show that

rank ( ATA ) = rank CA)
MX h K hX M

-

mxm

From the rank - nullity theorem : rank IA ) t din Kalat = m
rank IATA) t dim ka IATA) = m

Therefore if we show that dim (ka A) = dim Kee IATA )
,
we will have

rank (A) = rank IATA )

we will prove that Ker IA) = Ker ( ATA) .

We want to show that
-

it K¥k¥A). Let x E KalAl
,
Ax = o ⇒ At Ax -- Ato -- o

⇒ X E Ker (ATA)
we want to show that

21 Ka IATA) C Ker IA) Let x Eka LATA)
,
ATA x = o
-

I multiply by xt
I A¥=*0=0

,
µ÷q×ekHMLAX) TAD = o

nxn nxh I
y
-

- Ax , y
-
- ly!!) , LAD 'TAxl -- ly . . . .

, yall!! ) = , yi
2=0 ⇒ yi

-roti



We have shown that Kee CATA) = Kala )
=) dim (ka IATA) ) = dim ( Kee CAI )
⇒ rank (ATA) = rank LA) ( see above) .



WRAP - UP :

-

Spectral theorem : A nan symmetric can be diagonalized in an
-

orthogonal basis gie I U orthogonal matrix , Dediagonal
A- = UD UT D= (Yo ,¥) ) ti : eigenvalues .

of A

In addition if A is positive definite ,

Xi > o

- if A- is positive semi- define , Xi z o .

IoLAR DECOMPOSITION : A nxn matrix
,
F R orthogonal such that

A = R TATAin
T
-

Gram matrix , positive semi - definite



SINGULAR VALUE DECOMPOSITION

start ( for the moment ) from a square matrix A
,
nxn

( r) A = RIATA ( polar decomposition )
-

I symmetric positive semi - definite .

Them from the spectral theorem

b) TATA = VI. VT -2=1 join ) ti : eigenvalues of AFA
( = Square root of

✓ ' orthogonal eigenvalues of ATA)

Xiao because FAA is positive semi - definite .

I can put le) and 12) together :

A = RVZVT with R and V orthogonal
RV is orthogonal sure R AV are orthogonal . , Let denote U= RV



then A = U Z VT with U
,
V orthogonal

-2 diagonal with positive values
.

A = U Z VT is a singular value decomposition of AISVD
I = diag(ti ) , Xi are called the singular value

(Yo ji )
of A .

Note : this is different from diagonalized'm where :

A- =p -2 p
- I

Here v a V are different matrices .

Proof that if R and V are orthogonal, then RV is orthogonal . ✓ orthogonal
CR orthogonal

I need to show : CRDTLRV) = I (RvJRV=VTn¥RV= VTIV -- VTV ! I



GEOMETRICAL INTERPRETATION : = UZVT

⇒

*
→

Eiiiisgoa! / V [rotating

↳ Rotation) = (% ! )

¥47



⑤ IN GULAR VALUE DECOMPOSITION FOR RECTANGULAR

MATRICES

Let A be man matrix
,
there exist U

,
V
, Z

U : mxm orthogonal matrix
V : n xn orthogonal matrix
⇐ mm In on:::

manera

r -
- number of non zero singular value .

r = rank (A)⇐ rank ATA)
A = U -2 ✓

T



Where do u
,
-2
,
V come from ?

A = UZ VT ATA = (UE ( u -2 V'T
mxn mxmmxn min

=¥TzTuT UZVT
= V ET VTV ZVT-
I

= V ZTZVT with V orthogonal
nxm mxn
-

nxn IT-2 : diagonal matrix

It -2 is the diagonal matrix that contains the eigenvalues of ATA which are so

because ATA is positive
V.contains the eigenvectors of ATA .

Semi- definite .

→ Similar
y

AAT = UZVT ( VEVTJT = UEVTVZUT = UEZTUT

U contains eigenvectors from A-AT



Rank IA) = # non - zero singular values
.

A square matrix is non - singular , ie invertible or fill rank
⇐ all its singular value are non- zero .

. The ratio tells how close A is to being singular
(The larger the ratio

,
the closest the matrix is from

being singular )

The ratio is called the condition number of A .



DETERMINANT

det (A) =/ Al is a single number with lots of information .

(A is invertible ) ⇐ ( def (A) *e)
LA is singular) ⇐ ( defeat = o )

Three properties :

① det ( I) = I

② If I exchangeJews of a matrix : reverse sign of determinant

= . " :p ..]
.
- s

c :O : :O - c: : :)



3① If I scale a row by t = determinant is multiplied by t :

it: : t.tl : : ,
④ la: ::'t : : H : :L

Linear fun at Wrt 1st row
, given 2nd fixed.

-

A and B are square matrices :

( i ) det (A) = det ( AT)
Cii ) det ( AB) = det CA) det (B)

If A is invertible : det ( A-
') =¥q, [ektfaa

-
' I = delta delta - ')

detlef = I ⇒ detail =L
defA



det (A) -- It if A is orthogonal

°F:AisrHogona1AA=
⇒ .÷÷¥¥x:ti¥i÷:

'

)⇒oktlA)2=1⇒detlA)=i
det IAI =/ ! off = ad

- eb

BACK TO SVD :
-

A = U -2 VTfor a square mahik
um naunanuxn

( detent Htlv -2M¥ ldettufdetczlldetlvtf
U is orthogonal , I detail = A g ldetlvt) I = I



I det LA) ) = I def (2) I = on .
. . on

f p

% = (Yo,' . ign ) Oi > o
singular Values

det LZ) = det (
"⇒ = on deff!:\!) -- Eor deff

"

15
,,n)= - -

-

- oi -on detente
= On - Sm

Given a matrix A
,
the absolute value of det CA )

= product of the singular values of A

GEOMETRICAL INTERPRETATION

212

→ iaa scathed ::L 's;
I def tall



in higher dimension :

Ime New volume = I defCall . Volume
.

.BA#hansformedinto hyper - ellipsoid via A



EXERCICET ( class E)

A can be diagonalized V=[un , - , um]
A = VDV

"
D=(Yo, )

A-
'
= (VDV -1) ( VDV - 1) = VD V - 'VDV - I

= V D ID V
- l

!
= V D2V

- t DZ
.

.,
/

Ah
= Ugh V - ' oh

.

- ft!; . !!! )Diagonal matrix

-
Ah are diagonalizeble , eigenvalues are dik , eigenvectors are the same

as eigenvectors of A
'



othersobetionsvdieigenvector of A associated to di

Aki
-

- di Ni

⇒ Atri -
- A- (Avi ) -- A- (divi ) -- ti Avi -- di Zvi
Vi eigenvector of At associated to ti

-

ExERcice Av =3 v Aw=2w

Ann = An ( rt w) = ?

AV = 3. V ⇒ AT =3 Av - 34 .
.

. Amv =3
"

V

Amw -_ 2MW

Amu = An (Vt w)= Amit Amw = 3mV + 2mW

HAY a) H 113mV + awh 1137 -iemwH=kvtEzYwH
---11Anvil

=

113mV 11
=

zmllvll 'Hull

since Ed:* HEY w for ⇒ him.MIL#M-=YfuuI-- I



Property Iff : ( E, 1111 ) → R is continuous in a EE

them if xnn a flan) flat

ut#
"
w v

f) inn ! it is continuous rn v. then HRH ;)"wH→ Hull
-

flutter)→ flu)


