
PREZ - CLASS 6

EXERCICE 3 - CLASS 3

Let { we, - , rn) be n non- zero vectors such that vi. vj=o i#j
Llinearly

Show that { ve , - , rn) are independent .

-

Let da
, - ,
In n scalars such that devs +42kt - -

- t turn =o

We need to show that all Xi = o
.

Let's take the dot product between dunt - - - t down and un :

⑥ a Vat - -
- t Xnvm) . Va = ta vi. ve t kung,k t -

- - + thug, .vn = An Hour
✓

= la Hulk
= 0 he

70

Them da Hua 112=0 ⇒ di -
-
o

in
to

By repeating this procedure with each vi , we find that di = o Ki .



EXERCKE 2 - CLASS 4
.

e start from a norm on IR
"

,
( on vectors ) , H

-
H [Eg HxH=⇐Ixi )"

we define HAN -
- g:p "¥Yl= sup Han ,

" ' "" " "
' )

1141=1
E

x ⇒ HAI

y we want to show that HAXHE MAN 11×11 Fx to 4x4

since HAN -

- ×¥po 9,7¥ ⇒ two tangy ⇐ man ,
" "" think FH

Then f x to 11 Axil E NAHI 11×11

If x = o we also have that HAHto E THAN 11¥11
÷

Then we have tf x , HAXH E NAHI 11×11



4 We want to prove that N AB N E IHA Ill 11113111

From 1 we know that HAB x lls 111AM 1113×11 SHAHI 1111311111×11

For x #o
,
we have HABXH E NAHIN BHI 11×11

⇒ 11,777,112 E NAH 11113111 tf x # o

⇒ sup
HAB x11

x #o¥
E MAN 11113111
-

= HI ABHI

we have shown that 111 ABHI ENA Hl MBM

31 Given a symmetric matrix A, and the Euclidean norm
,
we want to

show that
111AM =¥ygqµ Hit

where di arietta eigenvalues of A .



A is symmetric , it has n eigenvalues da
,
-

,
tn

Let u be the eigenvector associated to t such that l H = zag .

.nl til
Then Au -

- In by definition .

Because MAN = s¥p.
"naff , then Yfn÷±s×¥

.

",F = NAH

"na: "HTT -- " III. HIT
""

we have HI ELHAM

A is symmetric , then from the spectral theorem : A = VDVT with

V : orthogonal .

11 Ax 11=11 vpvtxll
=p
ADITI

,

H=p [Because Dy -- ¥11) vow
, na ,

sine visorthgona-FI.iq?EeF?yit
We have died

-

fi wehmuaxikmnxv-FE.iq?-Hlllyy..wai#iT"
#Hlllxll



HI = ninax Hit ⇒ Hit a- HI
=""

⇒ Hit EHR
IEEE
-

How do we prove that VT is orthogonal ?

✓ is orthogonal VTV = VVT = Id
^

n

To
prove that

VT is orthogonaln Vt
= Id and Vt (V'T! Ed

: ±: :c:

.

.



We have shown that HAXHE 141 11×11

⇒ HAN

⇒
f Hl

⇒ :p.
"

Hilfe ' "

-

HAN E HI

we have shown that NAME 141 and Hl E 111AM

This implies that MAIN -_ HI = nina
,

Hit



CONVERGENCE of A SEQUENCE

Given a sequence of real numbers Lxn , new} we say that xm

converges to xn , demoted as Lingayen =xa if

F E >o
,
FN

,
tf n> N lxn

-

x. I c E

XL
.-

"

• a

•

a

¥j° i.:..:iXp - •

-



DIVERGENCE TO too :

{am , NEIN} diverges to too if
✓ A > o , F N

,
An > N an > A

Examples are In an -- I ran -

= n an -_tnI xn=l - i )
"

m2

Limits of those sequences. n> t new

1
← xii. E- on::

÷
.

o

a- B - s }
:

n -100 → 0,01
I

L

him the -- o nhjmaooin - no him Io
,

retro n
-Sto m



n Xi = - I
Xn = l - l) xz -- n ) → no Wnit

.

Xz = - l

X34 = I

-

How do we generalize the definition of convergence to a sequence
of vectors ?

Given a norm on Mn
,

11
.

H
,
we say that a sequence of vectors { xn EAM, new}

converges
to xk E IR

" if .

f Eso
,
I N

,
tf n z N

, 11 xn - x 'll E E

we can generalize the definition to matrices , using a norm on matrices
.



BIG O and little o :

Ym
xn =D (m2) what does it mean ?

Z C
,
I N such n z N

l nml E C m2

tant e cym

an = o ( yn)
f es o , Z N

,
An > N lanl E Eym

ORDER THE FOLLOWING IN TERMS OF O

eepln) , n , login) , mlogn

login) -- Oln ) n -
- Olmlogn) nloglmkoleeplnl)



GENERALIZATION TO FUNCTIONS

Let f : R → IR
,
we say that f converges to l when x goes to a

denoted finna fly =L

Fe so
,
2-

ay ,
if x ( x - a kg ⇒ If Cx) - ele e

t÷¥¥E÷m
A function f is continuous in a

, if Lizafix) = fla)

conk# !µhmou in a



flu) E. aolgkl) if ten, Firpo, fx leaky ⇒ HAI EE Ight

th :#gas) , a p, tx . , * a
,¥;!¥ -

-
o )

IfHIE Clg G) I

-

DERIVATIVE

het f : in → R
,
then f is derivable in x

if thing fHthh)-f exists
,
the limit is called derivative

and denoted f4x)

¥1, f't) is the slope of fin x .



If f is derivable in x then the IR Lk th) =L + hf'd) to( tht )
-

TAYLOR FORMULA
,

orde

het us take a function f : IR
"
→ R{ kn -nd→ fkn, - , xn)

how do we generalize the derivative for such a function ?

PARTIAL DERIVATIVE :

F¥a = thing
.

fkn-sxi-nxithxiez-n.in/-f#
h

I aihal derivative of f with respect to Xi



wenedehieao Dfw -

-

which is

:D!!
the gradient off

Taylorfrmu If f is differentiable then

the IR
"

flxth) = flx) t Dflx) . h t ohhh)
\ dot product .

Cohn EXERCICE : Compute Df where

ftp.xz/=xn2txz2fL.zXbxz)=tzXTDx D= (⇒
Ansate Dfa -- ¥7) ; Rfa =/:?)



CHAIN RULE

f : in → Ah
, g : IR →

IR

( fog)
'

H = ( f
'

. g) H x.gl
-

f.(gas) x gas

het f : Pi
"
→ Mm

,
we say that f is differentiable in x Elan

if there east a linear mapping Dfc⇒ e. BY→ IRM such that

the R " ,fh)=f4tDf¥h) toChhu)
Dflx) is called the differential of f in x

If f : IR '→ IR
,
then Dflx) (h) -- Dfa) . h



fe.mn → inn

↳→ Ax

where A nxn matrix
.

Dfa) : IR
"
→ R

"

{ h → *× [ CHECK AT Honey

CHANRou D( fog) A) =Df(gkDoDgH)

£DflglxD(Dglx) )



Let us consider f : x EIR" → Ax for A a nxn matrix
.

To find set whether f rs differentiable we have to see if we
can write fat h) = fix ) tw t ol 11h11)

something linear inh

flxth) = Ahhh) = Ax + Ah
=AHn

Since his Ahi is linear in h

Then DLG) ( h) = Ah

In general this is more complex .

,
A symmetric .

Compute flxttzxtax
differential off


