
PRE 2 - CLASS 3

Correction from :

(x→ Ax is injective ) ⇐ ( kata ) =3 o) )
( i) Ci)

( i ) ⇒ Lii ) Let 2- E ka IA)
,
then Az

-

- o = Ao

by iyictivity 2- = o

Lii ) ⇒ Ci ) Let x
,
I be two vectors such that Ax -

-

Axn

by linearity ⇒Atx - xn) = o
then x - 5€ ka IA) and thus x -5=0

⇒ x -
-
xn

Element for the correction of the proof of the last THEOREM forum the last

class .

Since bijective means injective and surjective we only need to prove that
( ii )⇐ Gig



let us prove that
Iii ) ⇒ Ciii)

we know that Lo} C Ker LA) [ because Ao -- o ]
with the rank nullity theorem :

dinlkerIntItrank@a-TBangeFfEIhFnanunt.oambages,-

-
dim Loir )

n

"

[ because it>Ax is surjective ) = n

⇒ dim (Ker IAI ) = o

⇒ ka IA ) -- lo)

( iii ) ⇒ Cii ) If Keita ) -- Lo} ⇒ dim Iker CAI) -- o

By the rank nullity theorem ⇒ rank IAI -- m
dimlkerlAH-rankl.AT = n ⇐ xtsttx is surjective .

I
⇒ rank CA) -

-
m



For a square matrix .

When its Ax is bijective , we can talk about the inverse

of the matrix A , we denote it A- '
.

It satisfies A-
'

A = A-A
"

= I = ( t . . .
.Co)

Identity matrix , sometimes we denote

|itIno• The previous theorem tells us that the inverse of a matrixexists⇐(kalAI=ho))⇐(ranklA)=
Properties of identity matrix : Let A a nxn matrix

• AIn = INA = A

• InIn = In ⇒ In
-
'

= In

• In X = X
n

IR"



Inverse of product of matrices :
Let A and B be nxn matrices

,
invertible :

LAB)
"

= B-
'

A
- '

IRI
, CAB) (B-

'

A
-
') = In then CAB)

- '

= B-
'
A -

'

↳ (A B) B-
'

A-
'

= A BB
-
'

A
-

'

= A-In A
-
I

- -

In = A A-
'
= In

-

ExERci Are the following matrices invertible ? It so

compute the inverse :

fi
. ! ! → E) c-Kaal

a- =L: :) ; B -- l! ! :o) a

A- is invertible (rank IAI = 2) ,
B is not invertible ( rank (B)=L or (F) C- KAHA )

A-
'
= [
"
3 i ]



A- is a specific diagonal matrix .

Definition : A diagonal matrix ,
is a matrix with zeros on off - diagonal elements

'Yi:
A diagonal matrix is invertible if da to ,

da to
,

. -

y
dnto

If di #o ti -- n . - - in then '"

=/ .

.

.

'

÷
' )

'¥ : this .
'



Why do we want to inverse a matrix ?

for instance to solve a linear system .

Consider the system of equations :
an t 3 R2 t le Xz = 2

{
a. +

'at

:;
Is)

show that ( s) is equivalent to find * (¥!) such that

i: : :*. "
- w

=A = b

ie . to solve (s) we need to find x such that Ax =b



If we know that A is invertible
,
then

A-x = b

⇐s A-
'

Ax = A-
' b

-

⇐ I X = A-
'

b

⇐ x = A-
'

b

→

Norns
-

Given a vector space E .

A norm on E is a function : p : E→ Mt -- Iota
and that satisfies :

H X E IR
,
tf u

,
v E E

• p (u tr) E pla) t p ( u) TRIANGE INEQUALITY

. p ( Xn ) = Hl p tu)
Hank

is the length of x
• p ( v ) =o ⇒ v=o

Exampkinthn : Hall
,
= Eagan / ( usual length)

-



Given a=/!!) llnk-fait.r.tn#
example : Ill!) Hz =VI=P n

11111112=71--1 1:11.
")

" M "" A . . f
-

otherness Noelle = IIa tail
Hall
p
= ( Ea Ini IP)

"
P

Ha Hoo = max lait

Display in 1122
,
the unit balls with respect to the different norms

BG
,
e)=L xan't kill EI}



'¥÷¥i÷÷÷÷*÷¥÷¥t÷¥:#
Norms are useful) to measure distances :

dlx
,y) = H x -yl ( = Ily - xn )

Two different norms will give two different "measure
" of distances .



DOTSPRODUCTSANDORTHOGON.at#Examples:-p=f?÷) g ÷)
P

PRICES OF guattity of product
PRODUCTS sold

.

Value of what you
have sold in 4.90×20+2.20×100 +1.50×200 =

-

-

=p . q
← dot product

Definition The dot product or scalar product of two vectors

in IR
"

is defined as X.y = Xiyrtxzyzt - - ntxnyn = Xiyi
11

Lx
,y > (other notation )

standard

connection to Euclidean norm : x. x =exi2 = 11×113



IROPERTIES.es X.y =y . x
tf x.y [symmetry ]

x. y
= x. ( dy) -- X (x.y ) Htt IR ex, y EIR

"

X . (dy + Z) = Xx.y t x. 2- HEIR , X,Ya EIR
"

ExERCkE:_ Show that

they 112 -- (xty) . ( x -41=11×112+2 x.y + Hype Fx
,y
EIR
"

where k
.
It is the Euclidean norm

.

The dot product x.y
has a geometric connection with the angle it

between two vectors x and y :

x. y = llxllllyll cos lo)
when x.y = o we say that x and y are orthogonal .

GEohETRTERPRETATEN : If x.y
-

-
o then cos 101=0 ,

0=95



Examples of orthogonal vectors :

X x

I:-. ¥
y

Extract : Let u, -, von be a list of orthogonal non zero vectors
,

i.e vi.y
.
-
-

o ti# j .
Fore that they are linearly

independent .

TRANSPoSEofAMATP

Definition : Given a mxn matrix A
,
its transpose A-

'

or At is

a nxm whose ith row is equal to the ith column of A .

If A- = (aij ) ,
AE ( anij) where a7j=aji

Example
* f)atI : )I



For a square matrix :

a
at

Ahh

→
Swap symmetric elements Wrt diagonal .

PROPERTIES
-

T

• ( *At B) = AAtt Bt
T

EIR

• . ( A B)
T
= B.TAT

• LAIT -

= A

Definition A nxn matrix A satisfying AT = A is called Symmetric .



Exempt :
(¥32) is symmetric

ftp.gdzg) is symmetric

WRITING THE DOT PRODUCT WITH TRANSPOSE

Let x. y
EIR
" two vectors ( or nxt matrices)

xp.y=×'¥ xty=(x. - - - xn) =xyn - -txnyn

dot product product
between 2 matrices

ExERacE Show that u . (Av) = Atu . v tfuclhm
,
VERY
- A man matrix



ORTHOGONALCOMPLENENTTHE
orthogonal complement Vt of a vector space Vc in

"
is the set

of vectors which are orthogonal to every
vector in V

.

Example : In TP
-

V-- f!) V
= span (v)

what is Vt ?

" = spank:o), E) }

/ F
n.

→



An ¥¥ is a ban's den . - , em } such that

ei . ej = o itj

which orthogonal basis of pi do
you

know ?

standard basis
,

en -- ( , eat !%) , . .
.

, en =

TtEorE ) Every vector
space

VC R " has an orthogonal basis .

-

°RTH0GoNALnATRlCE#

Definition A square matrix U is orthogonal if UTU -
-
UU 'T I

UxOrthogonal matrices are morningserring :

U nxn orthogonal , tf Xan" 114411=11 xD
matrix

↳ How do you prove this
?



In ith
'

, orthogonal matrices are either rotations or refkxion along axis

¥¥÷
Ux

het us prove
that HUH = 11×11 if u is orthogonal

this is equivalent to show that A Uxh
'
= 11×112

i.e Ux
. Ux = x. x

Ux
.
Ux = LINUX . x = x. x

I

Remarking UTU = I

qthewhemnsofllaaotbgonalandofno.snU - Lun , . . .vn/utu=Ic=sHUrH=itiU:.vj=ofi-tj-



Find some 3×3 orthogonal matrices .

I:¥i÷÷s
i:÷÷÷H÷÷÷÷÷÷::

↳ orthogonal - Rotation maha
rotation in the plane (xx)

x -- ( ¥! ) Ax = ¥!) A is a permutation, it permutes the coordinate of x .



* ! :D
't:: 't :

-

-
e

Hall = I

Aa
.
Az = 0×0 to a 1+1×0 = 0

An . Az = - - . = O

A-2
. Az = -

-
- = o



U is an orthogonal matrix UTU = I

⇐ a- fun , . . .

,
un) twill =L

,
Ui
. Uj -- o
,*j

But it is not true that x EIR
"
and Ux

'

are orthogonal .fr U orthogonal.

Take : 4=1!!! !!) U is orthogonal
un

"

ve

11h11?- cost + since =L ; 1102117 sinotcofo =L
Un .lk = cosOf since) t Sind cos0=0

¥,

x. ux


