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Introduction - Experiment

Black-Box Optimization in High Dimension

In Black-Box Optimization,

» no priori knowledge about the problem; The objective function may
be nonsmooth, nonconvex, discontinous, rugged.

» f-evaluation is computationally expensive; it typically requires a
simulation. Therefore, the objective is to minimize the number of
f-evaluations.

» in high dimension, the internal time/space complexity of a search
algorithm can be the bottleneck; e.g., (d: number of variables)
» O(d) for f-call
» O(d?) for internal time/space complexity of a search algorithm

Objective: A linear time/space algorithm for black-box
optimization in high dimension.
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Covariance Matrix Adaptation Evolution Strategy
The CMA-ES!is a quasi parameter free and stochastic black-box
continuous optimization algorithm.

> Candidates (x\");-1,._ 1 are drawn from N (m®, (c")2C®).
> Sort (x\"));1,....4 with respect to f-value.

» Update m”, o), and C) using the sorted solutions (x;.1)i=1....
according to two principle: Natural Gradient and Cumulation
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Nikolaus Hansen and Anne Auger. “Principled Design of Continuous Stochastic Search: From Theory to Practice”.
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Invariance of the CMA-ES

» Invariant to strictly increasing map g of f; f ~go f
» Invariant to translation; f(x) ~ f(xo + x)

» Invariant to linear transformation; f(x) ~ f(Ax)
» invariant to rotation of search space x — Rx
R: orthogonal
» invariant to scaling of search space x — Dx
D: diagonal
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Computational Complexity
0(1d?) floating point (FP) multiplication + O(d> + Ad) FP memory. (1 € o(d))

—_

. VC® = MatrixSarT(C®)) (perform every O(d/A) iter.)
~N(@,I)fori=1,...,4

3. x; =m® + cOVCO g,

o(Ad?%)

4. (xi:2)i=1,..,4 = SORTW-R-T-f((xi)i=1,...,/l)

5. ™Y = (1-co)p® +4Jec @~ ) (E WD TE, wixiq—m®) /oD

6. P = (1 - coop® + \/ca(z—ca>/<2w$)z,4:1w,~zm

0(Ad)

7. oD = 5 exp(du_(—E Lo 1|>|||] 1)

8. m*D =m® + 34 v, Vnl(00);x;.0)

9. cU+D =
CO ey XA wiVel(@D:xi:0) + ¢ Vel (@D :m® + o Opl*hy

0(Ad?)
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Restricted Covariance Matrix

Restrict the covariance matrix to represent it with a linear number
of parameter

» C =D, where D is diagonal
= invariant to scaling of each coordinate x — Dux,
not invariant to rotation

» C=I1+vv', whereveR?
= invariant to rotation of the search space x — Rx,
not invariant to scaling

Our restriction:
C=DI+vwhHD

The parameter is 6 = (m,o,v,D) € R34+,
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Required Modification

O(d) sampling from A (m,oD( + vvT)D) is required

1. VC® = MarrixSart(C™®)) (perform every O(d/2) iter.) 0d?)
2. zi~N@ODfori=1,...,2
3. x; =m® + cOVCO);

4. (xi:2)i=1,....2 = SORMW.RTS ((xi)i=1,...2)

5. petl) = (1-c)p® +yfec @ = )T wH) Th | wixi:a -m®) /o ®

6. P = (1- e + \Jeo @ = co)[(Z WD) BL, wiziza

O0(Ad)

by _ co (_lIpg* "l
7. oD = oD exp(G (givonm — 1)
8. m*tD = m® + 21{1:1 wi Vil (01 x;.7)
O(d) update for v and D instead of C is required
9. CU+D) — 0(1d?)
CO 4 ey ¥ wiVel(0D;xi:0) + 1Vl m® + O'(t)P(CHl))
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Sampling in O(d)

1. zi~N@ODfori=1,...,4

2. yi=zi+ (Y1 + V2 = Iz.v)v

3. x; =m® + sODO)y;

o(1d)

4. (xi:2)i=1,..,4 = SortW.R.TS ((xi)iz1,.. )

5. pED = (1-co)p® +4Jce @ - co) (S WD) A wi(xjzq ~mD) /o ®

6. Y = (1= eI + \Jeo 2 = co) /(WD) TL | wiziea

O(Ad)

(t+1) _ (D) co o IDEN
7o = o exp(G (aarmnm — D)
8. mU+D =m® 4 Zlflzl wiVml (0 x;. )
O(d) update for v and D instead of C is required
9. Ct+D = O(Ad?)
CO ey XA wiVel(0D:xi:0) + ¢Vl (@D :m® + o Oplhy
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Update of vand D

CMA-ES:

ct+bh = c® +Cu Zflzl wiVel(0D: xi. ) + 1 Vel (09; m® +0'(’)p(cz+l))

» Vcl(6; x): natural gradient of the log-likelihood
> p*": accumulation of successful steps in the past
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[e]e]e] le]elele)

Update of vand D

CMA-ES:

ct+bh = c® +Cu Zflzl wiVel(0D: xi. ) + 1 Vel (09; m® +0'(’)p(cz+l))

» Vcl(6; x): natural gradient of the log-likelihood
> p*": accumulation of successful steps in the past

Our approach:

v =y 4o 3w V(005 x0.0) + e Vo[ (00;m®) + (r(’)p(ct”))

DD =D 4 ¢, 3L wiVpl(0©;x:.0) + ¢ Vpl(8D;m® + o Opl*th)
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Natural Gradient: Definition

The Natural Gradient Vg(0) is the steepest direction of g w.r.t. KL
divergence

po(x)
07 (X)

where Gy is the Fisher information matrix

KL(po || por) := f = pg(x)dx ~ —(9 -Gy’ -0) ,

Gy = fVl(Q;x)Vl(Q;x)Tpg(x)dx, where [(0; x) = In(pg(x)) .

The natural gradient Vg is given by

Veg(0) = G,'Vg(6)
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Natural Gradient Computation Vi(¢; x) = G,'VI(; x)
» In a naive way, it requires cubic time in the number of
parameters

» E.g., for Gaussian with full covariance matrix C, in which the
number of parameters is O(d?), then Gy is of dimension O(d?)
and its inversion requires O(d°)
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Natural Gradient Computation Vi(¢; x) = G,'VI(; x)

» In a naive way, it requires cubic time in the number of
parameters

» E.g., for Gaussian with full covariance matrix C, in which the
number of parameters is O(d?), then Gy is of dimension O(d?)
and its inversion requires O(d°)

» For N'(m,02C) with 8 = (m,C), VI(6; x) has a closed form

N x—m

N [(x -—m)(x-m)"/o? - C

= [Vml(8;x)
Vel = [vcl(e;m]

and it requires only O(d*).
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[e]e]e]e]e] lele)

Natural Gradient Computation Vi(¢; x) = G,'VI(; x)

» In a naive way, it requires cubic time in the number of
parameters

» E.g., for Gaussian with full covariance matrix C, in which the
number of parameters is O(d?), then Gy is of dimension O(d?)
and its inversion requires O(d°)

» For N'(m,02C) with 8 = (m,C), VI(6; x) has a closed form

?mlw;x)] B x—m

N [(x -—m)(x-m)"/o? - C

VI(6;x) = [vcl(e;x)

and it requires only O(d*).

> To compute the natural gradient for N'(m,o*D(I + vv')D)
efficiently, we need to compute VI(6; x) directly (without
computing the inverse of Fisher)
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O(d) Natural Gradient Computation

O(d) Natural Gradient Computation

Let © denote the element-wise multiplication. Let v = v/||v||, V = diag(¥),
V=VOV, 3y =1+ VI _
a =min(L, [IVII* + 2 = % "5/ max; 7)1/ + IVIP)),

b=—(1-ad)|v*y;' +2a% A =21 (b+2a)V . Compute
1. s—yoy—IIVI*y.Wyylyeov-1
2. t = (3, V)y - 271V + )V
3. s —s—ayy! (Q+ VDV - [IVIXV.0)
— — -1 — —
4. 5 A7l = (1+b(F.A7IV))  b(s,A"'9)ATIV
5.t—t—a[@+IVIHVOs—(s.V)V]

Then, V41(6; x) = ||Iv|l "' and Vpl(6; x) = Ds.
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VD-CMA: A Linear Time/Space Variant of CMA
1. zz ~N@ODfori=1,...,1
2. yi =z + ((L+ VD2 = D(z,v)v
3. xi =m® + cODPDy,

4. (xi:2)i=1,... 4 = SORIWRTS ((x1)i=1,.. 1)
5. p¢™) = (1 - co)pl + \Jee @ = co) (B WD) TE, wi(xiiq —m D) /o)
6. Y = (1 = eI + \Jeo @ = co) [(Z WD) ZL, wiziea

7 o) — (1) exp( e (el
- o = o exp(G (g 1)

8. m*D =m® 4+ £ W, Yl (0©); x;.2)
9. VD =y 4oy 3w Vyl(0W; xi:0) + 1 Wyl (0D m® + O'(t)p(CHl))
10. DD =DO 4 ¢, 32w Vpl(0D; x7.0) + ¢ Vpl(@D;m® + ¢ OplHD)
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Testbed
Sphere Seph(x) = xTLx
Tablet fiab(¥) = xTDigpx,  Digp = diag(10°,1,...,1)
Ellipsoid fell(x) = xTDgyx, Dy = diag(103a-T,...,1037T)
Cigar feig(x) = xTDgigx, Dyig = diag(1,10°,...,10)
Rot-Cigar feigrot(x¥) = xT(10°T + (1 = 10%)uu™)x
Ellipsoid-Cigar  felicig(x) = xT Deji (10T + (1 = 10®)uu™) Deyyx
Rot-Tablet fiabrot(¥) = xT (X + (106 — DuuT)x
Rot-Ellipsoid Jelirot(x) = xTRTDe”Rx
Rosenbrock fros(¥) = B0 (F — xi )2+ (xp = 1)?

Rot-Rosenbrock  frosrot(x) = fros(Rx)

> R is an orthogonal matrix and u is a unit vector, both are randomly
generated for each run.

» Target function value is 10~ !%; Maximum number of FEs is 5 - 107.
» The inverse Hessian of figprot aNd feirot are not of the form DA + vwT)D
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On 50 dimensional feicig
Jelioig(x) = xTDgyi(10°T + (1 — 10®)uu™) Deyix
> Dey = diag(1,...,103T,...,10%)
> u=(1/Vd,...,1/Vd)

> Hess(feicig) ™" o« Dl (L+ 10%uu™) D/

400
10" *'min; f{ : v
min, f(x) 300
10° N
200 10°/sqrt(d)= 141
0 o
107 e e e -
100
10° °
0
107"°
0 1 2 3 0 1 2 3 0 1 2 3
No. Func. Evals.  , 1o*

No. Func. Evals. 1¢* No. Func.Evals.  , 1¢*

(Do DI, v~ 10%u),

D + vv)D becomes proportional to Hess(feucig)‘ e” ,

and speed up the convergence afterwords.
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VS. CMA (averaged over 10 independent runs)

(@) (b)
sph +—v—
® tab --@-
€ L cig *
8 T
= 5]
4 ]
T
v o
rosrot i@
107
0
5 10
£ &
o (6]
= S o
T % 10
© o
-2

Dimension Dimension
(a) Number of function evaluations (FEs) and CPU time [s] divided by d.

(b) FEs and CPU time spent by VD-CMA divided by those spent by the CMA.

O

» Needs more than 5d x 10* FEs on figprot and folirot-
> Faster in CPU and even in FEs on other functions due to larger ¢, and c;.
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VS Other Linear Time Variants

Sphere Tablet Cigar Rotated Cigar
& 7y

107

10°

10°

10

10°

10" 107 107 10 107 10° 10 107 10° 107 107 107

Ellipsoid Ellipsoid Cigar Rosenbrock Rotated Rosenbrock

107

Function Evaluations

100

107

10*

10*

107 10% 10° 107 10% 10° 107 107 10° 107 107 10°
Dimension

Sep-CMA: covariance matrix restricted to diagonal, C =D
R1-NES: covariance matrix restricted to C = I + vvT
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Source code available at
» my homepage (Matlab/Octave)
https://sites.google.com/site/youheiakimotospage/
» Shark Library in C++
http://image.diku.dk/shark
» libcmaes in C++
https://github.com/beniz/libcmaes
For more details, see

» Youhei Akimoto, Anne Auger, and Nikolaus Hansen.
“Comparison-based Natural Gradient Optimization in High
Dimension”. In: Proceedings of Genetic and Evolutionary
Computation Conference. 2014, pp. 373—-380
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VD-CMA: Modified Fisher Information

To update m, v, D in O(d), we need to compute VI(6; x) = G,'VI(6; x)

analytically, where

Gm 0 0
0 Gv,v GV,D
0 GED Gp.p

Gyg =

v,V

Gu,
Diagonal blocks are all nonsingular, however [GT conr | is sOmetimes

singular. Then the natural gradient is not well-defined and the update
becomes unstable.
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VD-CMA: Modified Fisher Information

To update m, v, D in O(d), we need to compute VI(6; x) = G,'VI(6; x)

analytically, where

Gm 0 0
0 Gv,v GV,D
0 GED Go,p

Gyg =

v,V

Gu,
Diagonal blocks are all nonsingular, however [GT conr | is sOmetimes

singular. Then the natural gradient is not well-defined and the update
becomes unstable.

We define the modified Fisher information and define the natural
gradient using this:

Gm 0 0
0 Gyy aGyp
0 [07 G3 D GD, D

Gy =

Then, for an appropriate « € [0, 1], Gg is guaranteed to be nonsingular.
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