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Black-Box Optimization

optimize f : Q2 — R

discrete optimization 2 = {0, 1}"

continuous optimization {2 C R"

gradients not available or not useful



Adaptive Stochastic Black-Box Algorithm

f;: state of the algorithm

Sample candidate solutions

1 =80l(0, Ul ), i=1,..., )\
{Ut_|_1,t S N} 1.1.d.

Evaluate solutions

~

Update state of the algorithm

Or1 = F (eta (X1, f(Xii1) s - (X?H» f(XZ\H)))




Comparison-based Stochastic Algorithms
Invariance to strictly increasing transformations

Sample candidate solutions

1 =8ol(0, Ul ), i=1,..., )

Evaluate and rank solutions

S(1) S(A)
P << (50
S permutation with index of ordered solutions

Update state of the algorithm
0ir = F (0,05, UEY)
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Overview

O Black-Box Optimization
Typical difficulties

® Information Geometric Optimization
® Invariance

O Recovering well-known algorithms
CMA-ES
PBIL, cGA
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Information Geometric Optimization
Setting

mFamily of probability distributions (FPy)gce on {2

m () € & continuous multicomponent parameter
®: statistical manifold

Example: ) = R"

Py multivariate normal distribution

0 = (m,C)
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Changing Viewpoint |

m [ransform original optimization problem on ()
minazEQ f(aj)

mOnto optimization problem on © : Minimize

F(0) = [ () Palda)

Minimizing f©' < Find dirac-delta distribgtion
concentrated on argmin,, f(x)

[Wiestra et al, 2014]



Changing Viewpoint |

m [ransform original optimization problem on ()
mingcq f(x)

mOnto optimization problem on © : Minimize

F(9) = / #(2) Py(dz)

' But not invariant to strictly increasing 'llon
transformations of f in, f(x)



Changing Viewpoint ||

Invariant under strictly increasing transformation of f
m [ransform original optimization problem on ()

mingco f(x)

mOnto optimization problem on @ : Maximize

Jgi(0) = / Wi (z) Py(dx)
H/_/
w(Pyely : f(y) < f(x)])

with w : [0, 1] — R decreasing weight function

Rationale: f “small” Wé’i (x) “large”

13 [Ollivier et al.]



Maximizing Jy, (0)

Information Geometric Optimization

mPerform natural gradient step on &)

gt — gt 4+ 5tV | W1 (z) Py(dx)
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Information Geometric Optimization

mPerform natural gradient step on &)

gt — gt 4+ 5tV | W1 (z) Py(dx)



Natural Gradient
Fisher Information Metric

Natural gradient %9 :

gradient wrt Fisher metric defined via Fisher matrix

Oln Py(x) 0Oln Py(x
1y(0) = [ ST

82 In Pg (.CIZ‘)
— — ) 6’6’206’] P@(daj)




Fisher Information Metric

Equivalently defined via second order expansion of KL

Kullback—Leibler divergence:
measure of “distance” between distributions

KL(Py1Py) = [ 2’((35)) Py(dz)

Relation between KL divergence and Fisher matrix

KL(Pyis50|Py) = Z 1;;(0) 66;60,; + O(56°)




Natural Gradient
Fisher Information Metric

Natural gradient 69 :

gradient wrt Fisher metric defined via Fisher matrix

1,;(6) = / Oln Py(x) 0ln Py(x) Py (dz)

00, 00
82 In Pg (QZ‘)
— — ) 6’6’286’] P@(daj)

intrinsic: independent of chosen parametrization 6 of Fy

Fisher metric essentially the only way to obtain this
property [Amari, Nagaoka, 2001]
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Information Geometric Optimization
mPerform natural gradient step on &)
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Maximizing Jy, (0)

Information Geometric Optimization
mPerform natural gradient step on &)

ortot — gt 4 5tV / W1 () Py(dz)

_Ht—|—5t/ VQIDPQ( )‘gzgtpgt(dw)
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Maximizing Jy, (0)

Information Geometric Optimization

mPerform natural gradient step on &)
oIt = gt + 5tV / W, (x) Pp(d)

Vo P
= 0" + 6t /VVQJj5 () Ve e(x)Pgt ()dx
P@t(x)
—(9t—|—5t/ VthPg( )‘gz(gtpgt(dilf)

= 9" + 5t/w(P9t v f(y) < F(2)]) Vo ln Py(2)|g—gt Pyt (dx)

does not depend on V f

21



Maximizing Jy, (0)

Information Geometric Optimization

mPerform natural gradient step on &)
oIt = gt + 5tV / W, (x) Pp(d)

Vo P
= 0" + 6t /VVQJj5 () Ve e(x)Pgt ()dx
P@t(x)
—(gt—|—5t/ VthPg( )‘gzgtpgt(dilf)

= 9" + 5t/w(P9t v f(y) < F(2)]) Vo ln Py(2)|g—gt Pyt (dx)

0 IGO flow: 0t — 0 does not depend on V f

® |GO algorithms: discretization of integrals
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|GO gradient flow

Information Geometric Optimization

set of continuous time trajectories in the (- space
defined by the ODE:

d@t /0
Wgt v@ IHPH( )‘9 QtPHt(dm)

23 [Ollivier et al.]



Information Geometric Optimization Algorithm
Information Geometric Optimization (IGO)

Monte Carlo Approximation of Integrals
Sample X; ~ Py, 1=1,...N
w(Pply: f(y) < fx)]) = w (HEGL2)
rk(X;) = #{J[f(X;) < f(Xi)}

|GO Algorithm
N

1 k(X;) +1/2) =
t+ot __ pt ? ,
0 = 0"+ 5t—N izgl w ( N > Vo In P@(XZ)‘gzgt




|GO Algorithm

[Ollivier et al.]

Monte Carlo Approximation of Integrals

Sample X; ~ Py, i=1,...N
w(Ppely = f(y) < f(z)]) = w (rk(X’}QfH/ 2)

|GO Algorithm
N
1 k(X;)+1/2
gt — 9t+5tﬁgw (r (X ])\7 / ) VelnPg(X)|9 ot

N
= 0"+ 6ty h;Voln Py(X;)|g—pt
i=1
o Ly (rk(X» + 1/2) consistent estimator of integral
25




Instantiation of IGO
Multivariate Normal Distributions [Akimoto et al. 2010]

Py multivariate normal distribution, 8 = (m, C')

|GO Algorithm

N
mt+5t — mt -+ 0t Z UA)Z(XZ — mt)
1=1

N
ottt — Ot -+ (5?52?172 ((Xz — mt)(XZ — mt)T — Ct)
1=1

Recovers the CMA-ES with rank-mu update algorithm
N =\
0t learning rate for covariance matrix
additional learning rate for the mean
26



Instantiation of IGO
Bernoulli measures

Q= {0,1}4
Py(z) = po,(x1) ... po,(xq) family of Bernoulli measures

Recovers

PBIL (Population based incremental learning)
[Baluja, Caruana 1995]

cGA (compact Genetic Algorithm) [Harick et al. 1999]

27



Conclusions

m|nformation Geometric Optimization framework: a unified
picture of discrete and continuous optimization

mtheoretical foundations for existing algorithms
CMA-ES state-of-the-art in continuous bb optimization

msome parts of CMA-ES algorithm not explained by 1GO
framework step-size adaptation, cumulation

mNew algorithms: large-scale variant of CMA-ES based on
1IGO, ...

28
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