How to update the different parameters m, o, C ?

2. Adapting the step-size o



Why Step-size Adaptation?

Assume a (141)-ES algorithm with fixed step-size ¢ (and

C = 1) optimizing the function f(x) = xl.2 = ||x]|* .
i=1

Initialize m, o
While (stopping criterion not met)
sample new solution:

X —m+ o/ (0,1
if f(x) < f(m)

m < X

What will happen if you

look at the convergence

of f(m)?



Why Step-size Adaptation?
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Why Step-size Adaptation?
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Methods for Step-size Adaptation

1/5th success rule, typically applied with “+4" selection

[Rechenberg, 73][Schumer and Steiglitz, 78][Devroye, 72]

o-self adaptation, applied with “," selection [Schwefel, 81]

random variation is applied to the step-size and the better one, according to

the objective function value, is selected

path-length control or Cumulative step-size adaptation (CSA), applied with

. selection
[Ostermeier et al. 84][Hansen, Ostermeier, 2001]

two-point adaptation (TPA), applied with “,” selection [Hansen 2008]

test two solutions in the direction of the mean shift, increase or decrease

accordingly the step-size



Step-size control: 1/5th Success Rule
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Step-size control: 1/5th Success Rule

Probability of success (ps) Probability of success (ps)

1/2 1/5 “too small”



Step-size control: 1/5th Success Rule

probability of success per iteration:

#candidate solutions better than m

S
P #candidate solutions

1 N r
T4 T X exp _Xps Ptarget
3 1 — Ptarget

(1+ 1)-ES
Ptarget — ]-/5

Increase o if ps > prarget
Decrease o if ps < prarget

IF offspring better parent [f(x) < f(m)]
ps =1, 0 < o x exp(1/3)

ELSE

ps =0, 0 — o/exp(1/3)Y/4



(14-1)-ES with One-fifth Success Rule - Convergence

(1 + 1)-ES with one-fifth success rule (blue)
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Path Length Control - Cumulative Step-size Adaptation (CSA)

step-size adaptation used in the (u/pu,, 4)-ES algorithm framework (in
CMA-ES in particular)

Main ldea:

m < mM+0oYw

Measure the length of the evolution path

the pathway of the mean vector m in the iteration sequence

| S

U Y

decrease o INnCrease o




CSA-ES The Equations

Sampling of solutions, notations as on slide “The (u/u, A)-ES - Update of
the mean vector’ with C equal to the identity.

Initialize m € R"”, & € R4, evolution path p, =0,
set ¢, ~4/n, d, = 1.

m < m-+oy, Wherey, = 27:1 Wi Yi update mean

pr — (1—c)p, +1/1—(1—-¢,)* Vitw Yw
— —~

accounts for 1—c, accounts for w;

7o e <cC/_Z<EH/l‘/%‘,|I)H 1>> pcate steprsize

>1 <= ||p,|| is greater than its expectation




Convergence of (u/u,,1)-CSA-ES
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Convergence of (u/u,,,1)-CSA-ES
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Convergence of (u/u,,,1)-CSA-ES
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Optimal Step-size - Lower-bound for Convergence Rates

In the previous slides we have displayed some runs with “optimal”

step-size.

Optimal step-size relates to step-size proportional to the distance to

the optimum: o, = o||x — x™|| where x* is the optimum of the

optimized function (with o properly chosen).

The associated algorithm is not a real algorithm (as it needs to
know the distance to the optimum) but it gives bounds on
convergence rates and allows to compute many important

quantities.
The goal for a step-size adaptive algorithm is to achieve convergence rates
close to the one with optimal step-size



We will formalize this in the context of the (1+1)-ES. Similar

results can be obtained for other algorithm frameworks.



Optimal Step-size - Bound on Convergence Rate - (1+1)-ES

Consider a (1+41)-ES algorithm with any step-size adaptation
mechanism;

Y = X+ oV iy it f(X+ o 1) < AX)
e X, otherwise

with {4 ,t > 1} iid. ~ 40,1

equivalent writing;:

Xt 1] = X; + Ur/’/ t+11{ fXAo N, DSSf(X)]}



Bound on Convergence Rate - (1+1)-ES

Theorem: For any objective function f: R" — R, for any
y*ezﬂQn
E[ln ||Xt+1 o y*H] > E[ln HXt o y*”] — 1
where 7 = max E[ln" ||e; + 0/VH] with e; = (1,0,...,0)

ceER>

= 40(0)

Theorem: The convergence rate lower-bound is reached on
spherical functions f(x) = g(Jlx — x™|) (with g : R,, — R strictly
increasing) and step-size proportional to the distance to the

optimum o; = o, |lx — x*|| with o, such that ¢(c,,) = 7.



Log-Linear Convergence of scale-invariance step-size

Theorem: The (1+1)-ES with step-size proportional to the

distance to the optimum o, = o||x|| converges (log)-linearly

on the sphere function f(x) = g(||x||) almost surely:
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Asymptotic Results (n — o)

Theorem
Let o > 0, the convergence rate of the (14+1)-ES with

scale-invariant step-size on spherical functions satisfies at the limit
o, = o|| X, — x*||

i O —0 0'2 0'2 0O
lim nx CRuy () = —Zew (=5 )+ 50 (-3)

where ® is the cumulative distribution of a normal distribution.
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