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@ CSBP’s with catastrophes

© Existence and long time behavior

© Speed of extinction

@ Application : parasite infection in dividing cells
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CSBP'’s with catastrophes

CSBP : Definition 1

@ Continuous time and continuous state space
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CSBP'’s with catastrophes

CSBP : Definition 1

@ Continuous time and continuous state space

@ Non negative Markov Process absorbed at 0 and oo
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CSBP'’s with catastrophes

CSBP : Definition 1

@ Continuous time and continuous state space
@ Non negative Markov Process absorbed at 0 and oo

@ Branching property
Zwy £ 200 4 20

where Z(1) and Z are independent copies of Z
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CSBP'’s with catastrophes

CSBP : Definition 1

@ Continuous time and continuous state space
@ Non negative Markov Process absorbed at 0 and oo

@ Branching property

ity £ )51) + Zy(Z)

where Z(1) and Z are independent copies of Z

CSBP <= Scaling limit of GW (Lamperti 1967)

C. Smadi, with V. Bansaye and J. C. Pardo Millan On the extinction of CSBP with catastrophes



CSBP'’s with catastrophes

CSBP : Definition 2

Solution of an SDE (Fu and Li 2010)

Z; = Zg+/ gZs ds+/ V202Z st—l—/ / / zNo (ds, dz, du)

@ g malthusian parameter

@ B brownian motion, Ny Poisson random measure (dsu(dz)du),
independent of B

@ Ny compensated measure of Nj.
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CSBP'’s with catastrophes

Stable CSBP's : a particular class (1)

@ Applications

@ Simplest ones
@ Exact speed of extinction

@ Give bounds for speed of extinction of a wide class of CSBP's
with catastrophes
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CSBP'’s with catastrophes

Stable CSBP's : a particular class (2)

@ Simplest ones : scaling limit of renormalized GW with the
same law p
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CSBP'’s with catastrophes

Stable CSBP's : a particular class (2)

@ Simplest ones : scaling limit of renormalized GW with the
same law p

@ If the process is continuous and has finite variance, Feller
process :

t t
Y: = Y0+/ gsts—i-/ v 02YsdBs
0 0
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CSBP'’s with catastrophes

Stable CSBP's : a particular class (2)

@ Simplest ones : scaling limit of renormalized GW with the
same law p

@ If the process is continuous and has finite variance, Feller
process :

t t
Y: = Y0+/ gsts—i-/ v 02YsdBs
0 0

@ Otherwise stable CSBP :

t t 00 Ys
Y, = Y0+/ gY5d5+/ / / zNo(ds, dz, du)
0 0 Jo 0

where No(ds, dz, du) is a Poisson random measure with

intensity ds Zcz‘ifg du
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CSBP'’s with catastrophes

CSBP with catastrophes

o Catastrophes independent of the CSBP
@ N, Poisson Point Process with intensity dtv(dx)

@ Finally, process solution of

t t
Y, = Yo—i-/ gsts+/ \V/202YsdBs
0 0

t Yoo
+/ / / zNy(ds, dz, du)
0 J[o,00) Jo

t
+// (z = 1)Ys_ Ny (ds, dz)
0 J[0,00)
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Existence and long time behavior

© Existence and long time behavior
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Existence and long time behavior

t t
Y, = Yo—l—/ gsts—i—/ /202 YsdBs (1)
0 0

t Yoo
-l—// / zNy(ds, dz, du)
0 J[o,00) Jo
t
+// (z = 1)Ys_ Ny (ds, dz)
0 J[0,00)

Proposition

If
/ 1A |x —1|v(dx) < oo,
(OOO)

(1) has a unique strong solution (Fu and Li 2010)
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Existence and long time behavior

Lévy process describing environment
t
A, — / / In(x)N (ds, dx) = 3 In(ms)
0 J(0,00)

s<t

Proposition
(i) (Subcritical) If (A + gt)e>0 goes to —oo, then Y; — 0 a.s.
(ii) (Critical) If (At + gt)e>0 oscillates, then liminf;_ o Y =0
a.s.
(iii) (Supercritical) If (A; + gt)¢>0 goes to +oo, then
P(vt >0,Y; >0)>0and 3 W > 0 such that

e EAy, W as, {W=0}= { lim Y; = 0}.
t—o0 t—o0

4
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Existence and long time behavior

Proposition (stable case, 5 € (0,1])
(i) (Subcritical) If (At + gt)¢>0 goes to —oo, then 3t >0, Yy =0
(ii) (Critical) If (At + gt)e>0 oscillates, then 3t >0, Yy =0

(iii) (Supercritical) If (A¢ + gt)¢>0 goes to 400, then
P(Vt >0,Y; >0)>0and 3 W > 0 such that

7gt7At — — H —
e thW EloSog {W—O}—{tll)rgoyt_o}

4
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Speed of extinction

© Speed of extinction
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Speed of extinction

Proposition

Assume we are in the stable case (8 € (0, 1]). For all xo > 0 and
t>0:

't
Px(Ye>0)=1—E |exp {XO (C/ 63(As+g5)d5>
0

Laplace exponent

o E[er] = et for) t >0

~1/8

The Laplace exponent ¢ is a convex function.
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Speed of extinction

Theorem
We consider subcritical case (¢'(0) + g < 0)
(a) (strongly) If ¢'(1) +g < 0: Py, (Y: > 0) = xpet(¢()+e)

—00
(b) (intermediate) If ¢/(1) 4+ g=0:
Px(Y: >0) =~ xot~1/2et(@(1)+e)
o t—00

(c) (weakly) If ¢/(1) +g > 0: Py, (Y: > 0) =N c(xo)t~3/2eTt
(7 = minygpo,1{#(A) + gA})

0 10 10 1

1

(@ ¢'(1)+g<0 (b)) ¢'(1)+5=0 () ¢'(1)+&>0

Figure: t — ¢(t) + gt
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Speed of extinction

Equivalent linked to Ef[exp(infscjo,r(As + g5))]

Strongly subcritical
Escher transform

@ Discretization of the Lévy process A; + gt to obtain a random
walk

@ Limit theorems on functionals of arithmetico-geometric
sequences Upi1 = A,Un + B, with (A, By) iid (Guivarch and
Liu 2001)

@ Continuous limit
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Application : parasite infection in dividing cells

@ Application : parasite infection in dividing cells
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Application : parasite infection in dividing cells

Model

Evolution of parasites in a cell

dX! = gXlids + \/202XidB!
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Application : parasite infection in dividing cells

What is the quantity N; of infected cells at time ¢ 7

Result (Bansaye and Tran 2010)

E(N?) = e"P(Y; > 0) = E(N;)P(Y; > 0)

t t t ol
Y: —x0+/ gster/ \/202st85+/ / (0—1)Ys_p(ds, dO)
0 0 0 Jo

p(ds, df) Poisson random measure with intensity 2rdsP(© € df)
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Application : parasite infection in dividing cells

Proposition
© (Supercritical) If g > 2rE [log(1/©)], then E[N{] ~ cse™,

© (Critical) If g = 2rE [log(1/0©)], then E [N}] ~ cgt~/2e™,
© (Subcritical) If g < 2rE (log(1/0)) :
(i) (Strongly) If g < 2rE(©1log(1/0)), E(N]) ~ c1e8,

(ii) (Intermediate) If g = 2rE (©log(1/©)), E (N;) ~ cyt~1/2e8t,

(iii) (Weakly) If g > 2r (©log(1/©)), E(N;) ~ cst—3/2e°t,
where o = minyepo 1({(gX + 2r(E(©*) — 1/2)}.
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Application : parasite infection in dividing cells

g =growth rate of parasites, r =division rate of cells,
(6,1 — 0) =sharing law of parasites

surcritical
alr

weakly subcritical

strongly subcritical
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Application : parasite infection in dividing cells
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Application : parasite infection in dividing cells
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