ON COMPOUND POISSON POPULATION MODELS

Martin Mohle, University of Tubingen

(joint work with Thierry Huillet, Université de Cergy-Pontoise)

Workshop on Probability, Population Genetics and Evolution
Centre International de Rencontres Mathématiques (CIRM)

Marseille-Luminy, France

June 11, 2012



Exchangeable population models (Cannings)

Non-overlapping generationsr € Z = {...,—1,0,1,...}

Population size [V, i.e. N individuals (genes, particles) in each generation

I/i(r) := number of offspring of individual ¢ of generation 7, VY) + - V(T)

N

Additional assumptions on the offspring

Exchangeability: ( 7(T1), . V7(T]\)[) L (VY), e V](\j:)) vV
Homogeneity: (14 ") ](V))r i.i.d.
Avoid the trivial model (VZ- ") = 1). Define (11, ..., UN) = (Vfo), e V](\([))).
Examples.  Wright-Fisher : (vq,...,VN) 4 Multinomial (N, % %)
Moran: (v1, ..., Vy) = random permutation of (2,1,...,1,0)




Exchangeable population models (graphical representation)

Past Example: Population size N = §
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Conditional branching population models

Let &1, &o, . . . be independent random variables taking values in Ny := {0, 1,2, ...}.
Assume that P(&; +---+ &y = N) > 0foral N e N:= {1,2,...}.

Perform the following two steps:

1. Conditioning: Let iy, ..., un be random variables such that the distribution of them coin-
cides with that of &1, . . ., £y conditioned on the eventthat & + -+ - + &y = V.
2. Shuffling: Let vy, ..., vy bethe uq, ..., uy randomly permutated.

Conditional branching process models are particular Cannings models with offspring variables

V1, ..., VN constructed as above (Karlin and McGregor, 1964).



Compound Poisson population models

Compound Poisson population models are particular conditional branching process models for

which &,, has p.g.f.

E(z*) = exp(—0u(6(2) — ¢(22))), |z <LneN,

0 m
z
with parameters 0 < 6,, < oo and with a power series ¢ of the form ¢(z) = E qu—',
m!
m=1

| 2| < r, with positive radius r of convergence and ¢,,, > 0, ¢; > 0.



Distribution and factorial moments of

Notation: Taylor expansion exp(f¢(z)) = Z
k=0

— 0x(0)
k!

2",

2| < 7.

(The coefficients o, (0) can be computed recursively.)

Distribution of ;| P(p1 = j1, ..., iy = jn) =

N!

05, (01) - 0y (ON)

jil

N UN(ZTJ:; On)

(J1,---,Jn € Nowith j; +-- -+ v = N)

Factorial moments of :

E((1)ry - (U )ky) = N

05, (01) - - i (On)

O-N(anl 97@) 1>k N RN (.]1 T kl)' vt (]N - ]’fN)'




A subclass of compound Poisson models

We focus on the subclass of compound Poisson models satisfying

or+1(0) n op1(0) _ Ohiwa(0+6)
ow(0)  ow(0) Opi (0 +0)

k. k' € Np,0,0 € (0,00). (+)

Lemma. A compound Poisson model satisfies () if and only if ¢,,, = (m—1)!¢(¢o/¢1)™*
for all m € N. (These are essentially Wright—Fisher models and Dirichlet models.) If () holds

then 1 has factorial moments

Ok, (01) -+ Oky (ON)
gk(el ‘|‘“"|‘9N)

(kla'”akNENO)

E((Ml)kl n (/LN)kN) — (N)k1+---+kN

Assumption. In the following it is always assumed that (*) holds.



Ancestral process

Take a sample of n (< V) individuals from some generation and consider their ancestors.

(1,7) € Ry = R§”> ;<= individuals 7 and 7 have a common parent ¢ generations back-

wards in time.

The ancestral process R := (Rt)tzo,l,_“ is Markovian with state space &,, (set of equivalence

relations on {1,...,n}).

Transition probabilities: P(R;.1 = 1| Ry = &) = <I>§-N)(k1, ki), Eme &y withé T
with

N
1
O (ky, . k) = Y ok (Ony) 0y (0)
) Y N n n
’ O-kl—l——l_kj (Z’n:l en) ] yeeey TLj:l 1 1 ’ ’
all distinct
where j := |n| = number of blocks of 7,

ki,..., kj := group sizes of merging classes of . (= k1 + - - - + kj = |€\)



Two basic transition probabilities

N
Notation: For N, k € N define ©(N) := Z oF
n=1
cy .= ‘coalescence probability’ := IED(Z individuals have same parent)

N

1 $201(N) + ¢102(N)

_ (V) — 02\Un) = .
= ¢17(2) = 02(@1(]\7))2 (6) $201(N) + ¢7(01(N))?

n=1

We also need

dy := P(3individuals have same parent)
_ $301(N) + 3010202(N) + $7O5(N)
9301(N) + 30102(01(N))? + ¢1(01(N))*
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O

O
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Exchangeable coalescent processes

Exchangeable coalescents are discrete-time or continuous-time Markov processes 11 =

(IT; ), with state space &, the set of equivalence relations (partitions) on N := {1,2,...}.

During each transition, equivalence classes (blocks) merge together. Simultaneous multi-

ple collisions of blocks are allowed.

Schweinsberg (2000) characterizes these processes via a finite measure = on the infinite

simplex

A= {r=(r1,29,...) : w3 >20>--->0,|2|:

These processes are therefore also called =-coalescents.
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Domain of attraction

Forn € Nlet g, : £ — &, denote the restriction of £ to &,,, the set of equivalence relations
on{l,...,n}.

Definition.

o We say that the considered population model is in the domain of attraction of a continuous-
time coalescent I = (I1;);>, if, for each sample size n € N, the time-scaled ancestral

process (RE;)CN])QO weakly converges to (g, o Il;);>0 as N — oo.

o We say that the considered population model is in the domain of attraction of a discrete-
time coalescent II = (Ht)tzo,l,___, if, for each sample size n € N, the ancestral process

(R§”))t:0,1,m weakly converges to (9, © Il;);—0 1. as N — oo.
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Results (Regime 1)

Theorem 1. Suppose that (*) holds. If 2720:1 0, < oo, then the compound Poisson populati-

on model is in the domain of attraction of a discrete-time =-coalescent.

Characterization of =. There exists a consistent sequence (Qj)jeN of probability measures
Q; on the j-simplex A; := {(x1,...,2;) € [0,1) : 21 4+ -+ + x; < 1} uniquely

determined via their moments

bk Oky (1) -+ - ok, (0;)
Ly X5 Qj(dazl,...,dxj) — , kl,...,ijNo.
/Aj ’ Okq+-+k; (2211 Qn)
Let () denote the projective limit of (Qj)jeN, let X1, X, ... be random variables with joint

distribution (), and let v be the joint distribution of the ordered variables X(l) > X(g) e
Then, = has density « — (x,2) := > -, 2 with respect to v. The measure = is concen-

trated on the subset A* of points © = (1, X2, ...) € A satisfying |z| := > 7z, = 1.

12



Regime 1 (continued)

Remark. The proof of Theorem 1 is based on general convergence theorems for ancestral
processes of Cannings models (M. and Sagitov 2001) and on the moment problem for the

j-dimensional simplex (Gupta).

Examples. Suppose thatf := > > 6, < oc.

Wright-Fisher models. If ¢(2) = ¢12, then 0,(0) = O%@%. In this case v is the Dirac

measure at p = (601/60,60,/0,...) € A*. The measure = assigns its total mass Z(A) =
(p7p> = (Zzozl (97%)/92 to the single point p.

Dirichlet models. If ¢(x) = —log(1 — z), then ¢,,, = (m — 1), m € N, and 0(0) =
Oy =00+ 1)---(0+k — 1), k € Ny. The limiting coalescent is the discrete-time

Dirichlet-Kingman coalescent with parameter (6, ),,en-
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Results (Regime 2)

Theorem 2. Suppose that () holds. If > °° . 0, = oo andif > -, 02 < o0, then the

n=1"n

compound Poisson population model is in the domain of attraction of the Kingman coalescent.

Remarks.

1. Time-scaling satisfies cy = O9(N)/(O1(N))*if oo = 0and cy ~ @2/ (¢701(N)) if
ds > 0, where Ox(N) := S0 0 fork € N,

n=1"n

2. In contrast to the situation in Theorem 1, the limiting coalescent in Theorem 2 does not
depend on the function ¢ of the compound Poisson model. Theorem 2 is for example

applicable if ,, = n~* with a € (3, 1.

14



Sketch of proof

The proof of Theorem 2 is based on the following technical lemma.

Lemma. If (x) holds, then the following five conditions are equivalent.

Vv @mre ~ " Vi emem
(i) lim cy = 0. (iv) Nliinooi—z = 0.

(v) The compound Poisson model is in the domain of attraction of the Kingman coalescent.

Remark. The proof that (i) - (iii) are equivalent is technical but elementary. The equivalence
of (iv) and (v) and the implication ‘(iv) = (iii)’ hold even for arbitrary Cannings models (M.,
2000). The interesting point is that, for compound Poisson models, (iii) implies (iv). Note that

this implication does not hold for arbitrary Cannings models.
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Results (Regime 3)

Theorem 3. Suppose that (x) holds, that > >, 0, = oo and that >~ , 2 = o0. Then
the compound Poisson model is in the domain of attraction of the Kingman coalescent if and
only if ©3(N)/(©1(N))? — 0as N — oo. In this case the time-scaling ¢ satisfies

cn ~ ¢2/(4101(N)) 4+ O2(N)/(O:1(N))*.

Corollary. (unbiased case, Huillet and M., 2010) If (x) holds and if #,, = € does not depend on
n, then the compound Poisson model is in the domain of attraction of the Kingman coalescent.
The time-scaling ¢y satisfies cy ~ (1 + ¢5/(¢%6))/N.

16



Results (Regime 3, continued)

Theorem 4. Suppose that (*) holds and that all the limits

O(N)

k) := lim ke N
pl( ) Nooo (@1([\]))]{:7 )
exist. Then all the limits
| N
p] (klj < e ey k]) T ]\}E}loo (@1(N))k1++k] : Zn‘_l 9711 97’137

a}l, .(:‘l‘i’stijnct
ki,...,k; € N, exist. Suppose now in addition that > >~ , 6, = oo and that p;(2) >
0. Then, the compound Poisson model is in the domain of attraction of a discrete-time =-
coalescent I1. The characterizing measure v(dz) := Z(dx)/(xz,z) of Il is the Dirac-
measure at © = (21,T,...) € A, where 7, := lim,_(pi(k))"/* and 7,1 =
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Regime 3 (continued)

Remarks.

o Let Zx be a random variable taking the value 6,,/©1(N) with probability 6,, /01 (),
n € {1,...,N}. The existence of all the limits p1(k), k € N, is equivalent to the

convergence Z — / in distribution, where Z has characteristic function
t— > 0 (/KDpi(k+1),t € R

o In contrast to the situation in Theorem 1, the limiting discrete-time =-coalescent in Theo-

rem 4 does not depend on the function ¢ of the compound Poisson model.

Example. Fix A > 1 and suppose that §,, = A", n € N. Then, p;(k) = (A — 1)*/(A\F —
1) > 0, k € N. In this case the measure = of the limiting =-coalescent assigns its total mass

=(A) =p1(2) = (A —1)/(A+ 1) to the single point x = (x1, X2, ...) € A* defined via
T, = A—=1)/A"= (1 -1/ 1/ )" LneN

18



Generalization: Assume that () does not hold

Theorem. (Huillet, M. 2011)
Fix 6 € (0,00) and suppose that the equation 8z¢'(2) = 1 has a real solution z(0) €

(0,7). Then uy — X in distribution as N — 00, where X has distribution

k
P(X =Fk) = 0&9)%6_%(49)) ke{0,1,2,...}.

The associated symmetric compound Poisson model is in the domain of attraction of the King-

man coalescent. The effective population size N, := 1/cy satisfies N, ~ oN as N — o0,

where o0 := 1/E((X),) = 1/(1 4+ 0(2(0))?¢"(2(0))) € (0, 1].
Remark. Proof uses the saddle point method to establish the asymptotics of JN(NG).

Open cases.
a) Symmetric models without a solution z(9) condensation (work in progress).

b) Non symmetric models.
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Conclusions
Asymptotics of the ancestry for some compound Poisson population models analyzed

Results essentially based on convergence theorems (M. 2000 and M. and Sagitov 2001)

for ancestral processes of exchangeable Cannings population models
Convergence to the Kingman coalescent if and only if ©5(N)/(©1(N))? — 0

Compound Poisson models satisfying (*) are never in the domain of attraction of a con-
tinuous-time coalescent different from Kingman'’s coalescent; discrete-time =-coalescents

(with simultaneous multiple collisions) arise if the parameters 6,, are ‘unbalanced’

Three regimes depending on the behavior of the series Zn 6,, and Zn 93; complete con-
vergence results for the first two regimes; partial convergence results for the third regime

(when both series diverge)

Convergence to the Kingman coalescent holds even for more general symmetric com-

pound Poisson models, which do not necessarily satisfy the restriction ()

20
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