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Model:

Z(n) - the number of individuals at time n.

Initially Z(0) = 1, i.e. an individual with life-length equal to 1. Dying it
produces & children where

P(¢ = k) = pi.

They constitute the first generation: Z(1) = £Z(0) = £. The newborn
particles have life-lengthes 1 and dying produce

2(2) =2 + .. +£3),
individuals in iid manner where 51-(2) iﬁ and so on. Thus,
( ) §1n + . +€Z(n 1)’

where ¢ £ ¢ are iid.
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One may consider Z(0) =k € {1,2,...} or even as a random variable. In
view of the branching property

{Z(n)|Z(0) = k1 + ko} =2 {Z(n)|Z(0) = k1} +{Z(n)|Z(0) = k2}.

=] = = = A2 N4
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Classification

m=E¢ =E[Z(1)|Z(0) = 1].

The process is called subcritical if m < 1, critical, if m = 1 and
supercritical, if m > 1.

Lemma

Ifm := E£ < oo, then
E[Z(n)|Z(0) =1] = m™.
If % := Var¢ < oo, then

e T

Var [Z(n)|Z(0) =1] =

o’n, if m=1.
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Generating functions
Let

f(s) = ZP§ k)s Zpks 0<s<1
k=0

be the generating functlon of the random variable £ with nonnegative
integer values.

o (w1 =
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Generating functions
Let

f(s) =E[s] = iP({ =k)sh = io:pksk,(] <s<1
k=0 k=0

be the generating function of the random variable £ with nonnegative
integer values.

We have
E¢=f'(1), E&E-1)=f"(1),

and

Var{ = E¢? — (E¢)?

E¢(¢ — 1) + E¢ — (E¢)?
F'O)+ (1) = (F ()%

o (w1 =
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Generating functions
Let

f(s) =E[s] = iP({ =k)sh = ipksk,(] <s<1
k=0 k=0

be the generating function of the random variable £ with nonnegative
integer values.
We have

E¢=f(1), E{E-1)=/f"(1),

and

Var{ = E¢? — (E¢)?

E¢(¢ 1) + E¢ — (E¢)?
F1O)+ (1) = (F ()%

Iterations

fo(s) = 5, fuy1(s) = fu(f(s))-

[} [ = =
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Let

F(n,s) =

1)

P(Z(n) =k|Z(0)=1)s"

=] = = = A2 N4
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Let N
ZP n) =k|Z(0) = 1) s*.
k=0

Given Z(0) = 1 we have

E [E [ e+ 450, _ 1)} 1Z(n — 1)} E [(Esg)z(nﬂ)}
F(n—1,f(s)) = F(n =2, f2(5)) = . = F(0: fu(8)) = fuls)-
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Calculation of iterations for the pure geometric reproduction law

O [ = Q
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qu s

q

1-ps’

o = = y N
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ﬂ@=§?@=mﬁ=
k=0

Clearly, f'(1) =m =p/q and

o0

Z gp* s

= q .
P 1—ps
1-s
1—ﬂ®=%_m)
and 1 _ 1 _ 1—ps _ q 1
1—f(s) m(l—s) p(l-s) p(l-s)

=] = = = A2 N4
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fs) = 3 PE =Rt = aptsh = L
k=0 k=0 ps

Clearly, f/(1) =m = p/q and

1 f(s) =~ fl__pz)

1 _ 1 1—ps q -
1—f(s) m(d—s) pl-s) p(l—s)
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Thus,
1
- 14+

1- fn(s)

1,1

m A fa(s)
Hence
U= fals)

n

L+ (1/m)+ (1/m)2+ ...+ 1/m)"  +1/m"(1 —s)

mn—1(m—1) + m"(llfs) if

m#1
n-l-ﬁ

m=1

=] = = = A2 N4
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Therefore,if m # 1 then

L— fn(s) =

and if m =1 then

m"™(m—1)(1—s)

m(m® —1)(1—s8)+m—1"

L fuls) =

n+(l—s)~1"

=] = = = A2 N4
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Remark If f(s) is a fractional-linear probability generating function and
h(s) is such that

is a probability generating function then

g(s) = ™ (f(h(s)))

gn() = W™ (fu(h(s)))-

=] = = = na
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Remark If f(s) is a fractional-linear probability generating function and
h(s) is such that

is a probability generating function then

g(s) = ™ (f(h(s)))

gu(s) = B (fa(h(s))).
Example If
1) = Ty
then

A>1,

and h(s) = s*, k — positive integer

h—l(fn(h(s))) = (A—(A— l)sk)l/ka

S

S

gn(s) = (A" (A — D)t n "

=1,2,....
[} = = = Q>
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Exercises. 1) For the processes with pgf
and

2
f(s) =
calculate

2) Let

fls) =

P (Z(10) > 0), P (Z(10) > 0, Z(15) = 0), P (Z(15) > 3).

1-p(1-s5)f,0<p<1,0<pB<l.

Show that this is a probability generating function and find f,(s).

S
[} = = = Q>
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Elementary properties of PGF
Let

f(5) =Es* =Y P(E=k)s" => pis*
k=0 k=0

be a PGF with pg + p1 < 1. Then

PICTURES

=] = = = A2 N4
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Extinction
Since

fa(s) = EsZ(W) = i P (Z(n) = k) s*,
k=0
we have P(Z(n) =0) = f,(0).

=] = = = A2 N4
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Extinction
Since

fn(s) = EsZ(W) = i P (Z(n)=k)s",
k=0

we have P(Z(n) = 0) = f,(0). Hence

fn(0)

Thus,

P(n) =

P(Z(n) = 0) < P(Z(n +1) = 0) = f,:1(0).

P(Z(n) = 0) = fu(0),n = 1,2...

is a monotone increasing sequence having the limit

lim P(n) = P.

=] = = = na
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Extinction
Since

fuls) = Es# = SR (2(n) = ),
k=0

we have P(Z(n) = 0) = f,(0). Hence
£(0) = P(Z(n) = 0) < P(Z(n+1) = 0) = fuy1(0).

Thus,
Pn)=P(Z(n)=0)= f,(0),n=1,2...
is a monotone increasing sequence having the limit

lim P(n) = P.

n—oo

P is the probability of extinction of the process which is the minimal
nonnegative root of the equation s = f(s).
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Asymptotic behavior of the survival probability for subcritical processes
Q) : =P (Z(n)>0[Z(0)

=Y P(Z

k=1

< Y kP (Z(n) =k) =EZ(n)
k=1

Is this estimate sharp?

:mn

=] = = = A2 N4
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Asymptotic behavior of the survival probability for subcritical processes

Q(n) : =P (Z(n)>0]Z(0) =Y Pz

k=1
< ikP (Z(n) =k)=EZ(n) =m™".

Is this estimate sharp?

Theorem
If m < 1 then

P(Z(n)>0)=Q(Mn)~Km"(1+o(1)), K >0,

if and only if
Etlogt ¢ = EZ(1)log™ Z(1)

= Zpkklogk < 0.
k=1
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NOTE THAT

P(Z(n+1)>0) 1= fu1(0) 1= f(fn(0)
mn+1 mnt1 mn+1

mn+1

_ P(Z(n) > 0)

m’ll

=] = = = A2 N4
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NOTE THAT
P(Z(n+1)>0)

1- .fn+1(0) _ 1- f(fn(o))
mn+1 mn+1 - mn+1
< m=fal0) _ P(Z(n) >0)
— mn+1 - mn .
This, in view of the theorem gives
lim 2 >0 _ oy
n— o0 mm
and P(7
(Z)>0) _
m"l
for ALL n.

=] = = = na
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NOTE THAT
P(Z(n+1)>0)
mn+1 -

1- .fn+1(0) _ 1- f(fn(o))
mn+1 - mn+1
< m=fal0) _ P(Z(n) >0)
— mn+1 - mn .
This, in view of the theorem gives
i EEM>0)
n—oo mm
and
P(Z(n) > 0) S K
m"l
for ALL n.
Besides,
mn

___Ez(n) _
Q(n)  P(Z(n)>0)

E[Z(n)|Z(n) >0~ K ', n— cc.
.




Practical estimates for the survival probability

Lemma
If € > 0 with probability 1 and is not identical to zero then

(E¢)®

P(¢>0)2 55

Proof. EXERCISE
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We have

Py >0) > EBZM)

B (EZ(n))*
EZ%(n)  VarZ(n) + (EZ(n))?
_ mntl (1 — m)

o2(1 —m™) + mnrtl (1 —m)

=] = = = A2 N4
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We have

P (Z(n) > 0)

Y

(EZ(n)”

_ (EZ(n))*
EZ2(n)  VarZ(n)+ (EZ(n))*
B m" (1 —m)
 o2(1—m") +mntl (1 —m)
Therefore, for any fixed n
P (Z(n) > 0) > lim
mn

P (Z(l+n) > 0)

mlJrn = K
lim

m(1—m)

1= 02(1 —mb) + mit1 (1 —m)

_ m(1l—m)

o2
=] = = = na
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Set

Py (Z(n) > 0) = P(Z(n) > 0[Z(0) = N),

By Markov inequality

En[Z(n)]
Py(Z(n) > 0) = P(Z(n) > 1|Z(0) = N) < Ex[Z(n)]

=Nm",

=] = = = na
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Theorem

Consider a subcritical Galton-Watson process, initiated by Z(0) = N
individuals. Then

NP (Z(n)>0)(1—-P1(Z(n) > 0))N_1 < Px(Z(n)>0)
< NP1(Z(n) > 0).
If the reproduction variance o < oo, then

Nm™ x W(l —m™)Nl <Py (Z(n) > 0) < Nm™

g
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Survival probability for the North Atlantic right whales

A female right whale may produce 0, 1, or 2 females the following year. It
is assumed that the death of a parent results in the death of a calf in the
first year.

Thus, a female at time n produces no offspring if she dies before n + 1,
one offspring (herself) if she survives without reproducing female
offspring and two offspring (herself and her calf) if she survives and gives
birth to a female calf. Generation length is then one year.
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Survival probability for the North Atlantic right whales

A female right whale may produce 0, 1, or 2 females the following year. It
is assumed that the death of a parent results in the death of a calf in the
first year.

Thus, a female at time n produces no offspring if she dies before n + 1,
one offspring (herself) if she survives without reproducing female
offspring and two offspring (herself and her calf) if she survives and gives
birth to a female calf. Generation length is then one year.

Let p be the survival probability and . be the probability of begetting a
female calf. The reproduction generating function of the process becomes

f(s) =1—=p+p(l—p)s+pps”

with mean
m = p(l —p) + 2pp = p(1 + p).
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The following estimates for p, i, and, as a result, for m are known:

pw=0.051 | p=0.038
p=094 | m=0.988 | m=0.976

Applying our results to the the data and knowing that there are now
around 150 female members of the North Atlantic right whales we get
m 0.988 | 0.976
357 177
796 395.

survival with probability > 0.99 for n years
extinction with probability > 0.99 within n years

ARG

n
n
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Conditional limit theorem for subcritical case

If m < 1 then

n—oo

lim E[s?™|Z(n) > 0] = F*(s) = Y _ rys",
=l

where r1 + 19 +--- = 1.
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Multidimensional limit theorems for subcritical case

Ifm <1 and
Nr=ny+no+---+n., r=12, ..
are such that n; — 0o, n,41 —n, — 00, then
L(Z(N1),...; Z(Ng41)|Z(Npy1) > 0) — L(Z7, ..., Zg 1),

where Z, ..., Z; are iid with Es?i = F*'(s) and are independent of
Fiy
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The time to extinction of subcritical processes

If m < 1 and E¢logt € < oo then

In N

En[r] = En[r[Z(0) = N] ~ Tom]’

N — co.
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The time to extinction of subcritical processes

Theorem
If m <1 and E¢logt € < oo then
In N

~ TN
[lnm|

En[r] = En[r[Z(0) = N] N — oco.

Proof. We know that
Km" <P1(Z(n) >0)=Pi(r >n) <m"
with

K~ '= lim E[Z(n)|Z(n) > 0],

n—00

and
Py(m>n) < Nm'™.
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Set

In N
(b(N):W’ P (

Observe that

)= InlnN —In K
N [Inm|
and

>0.
Nm¢(N) — Nm—(lnN)/lnm

=1

exp{—KNm¢( )71/’(N)} = exp{—Kmfw(N)} =exp{—-InN}=1/N.

=] = = = A2 N4
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For

:ZPN(T>'IL
n=0
we have
En[r] < Z Py(T>n)+ N Z m"

0<n<a(N) n>¢(N)

NmoWN)
< o(N)+1+

~ InN 2—m
1—-m

1—-m

=] = = = A2 N4
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For -
7= Px(r>n)
n=0
we have
En[r] < Z Py(T>n)+ N Z m"
0<n<¢(N) n>¢(N)
Nm?WN) In N 2—m
< N)+1 =
S SN +1+ 1—m |1nm|+1—m

On the other hand,
En[r] > > Py(T>n)
0<n<¢(N)—9(N)
(¢ (N) =o(N) =1)Py(T > ¢ (N) —(N))
= (¢(N)—=9(N)-1) (1 =Pn(r < (N) —¢(N)).

Y

=] = na
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Forany n >0

PN(T S n)

PY(r <n)=(1—-Py(r>n)V
efNP1(‘r>n) < efKNm"

IN

where we have used the inequality 1 — 2 < e™*, x > 0. Therefore,

Pn(T < ¢(N) —9(N)) < o KNme) =) 1

N

=} =
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Forany n >0

Py(T <n)

PY(r<n)=(01-Pi(r>n)N
< e—NP1(T>n) < e—KNm"

where we have used the inequality 1 — 2 < e~ *, x > 0. Therefore,

Px (T < ¢(N) —(N)) < o KNmetD=w) 1

N
As a result we get
In N Inln N —In K + |lnm)| 1
1- 1-—=] < E
[Inm| ( In N ) < N) < Byl
InN 2-m
lnm|  1-m’

o (w1 =
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Example with North Atlantic right whales
The reproduction generating function of the process is

f(s)=1—p+p(l—p)s+pus

with mean
m = p(1 — p) + 2pp = p(1 + p).

For the North Atlantic right whales we get the following estimates for the
expected time to extinction in the subcritical situation:

m | 0.988 | 0.976
E[7]Z(0) = 150] ~ | 415 | 206
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Supercritical processes

Consider now the situation m = E¢ > 1.

O [ = Q
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The survival probability of a slightly advantageous mutant gene in a large
stationary population

Assume that in a homogeneous well established large population, that is
in the population where the average offspring size equals 1, a mutant
individual appears with advantageous reproduction, i.e., that one whose
the average offspring size equals m > 1.
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The survival probability of a slightly advantageous mutant gene in a large
stationary population

Assume that in a homogeneous well established large population, that is
in the population where the average offspring size equals 1, a mutant
individual appears with advantageous reproduction, i.e., that one whose
the average offspring size equals m > 1.

Let f(s) = Es¢ be the offspring generating function of the mutant gene
and let Q = 1 — P be the survival probability of the corresponding
Galton-Watson process. Thus, for some 6 € [s, 1]

Q = 1-70-Q)
= rme-T0q > paye - Tl
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The survival probability of a slightly advantageous mutant gene in a large
stationary population

Assume that in a homogeneous well established large population, that is
in the population where the average offspring size equals 1, a mutant
individual appears with advantageous reproduction, i.e., that one whose
the average offspring size equals m > 1.

Let f(s) = Es¢ be the offspring generating function of the mutant gene
and let Q = 1 — P be the survival probability of the corresponding
Galton-Watson process. Thus, for some 6 € [s, 1]

Q = 1-70-Q)
= rme-T0q > paye - Tl

Since E[{(€ — 1)] = f"(1) we get
Q > mQ — B[~ 1)]Q*/2.
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The survival probability of a slightly advantageous mutant gene in a large
stationary population

Assume that in a homogeneous well established large population, that is
in the population where the average offspring size equals 1, a mutant
individual appears with advantageous reproduction, i.e., that one whose
the average offspring size equals m > 1.

Let f(s) = Es¢ be the offspring generating function of the mutant gene
and let Q = 1 — P be the survival probability of the corresponding
Galton-Watson process. Thus, for some 6 € [s, 1]

Q = 1-70-Q)
rme- L% > pme - g2

Since E[£(§ —1)] = f"(1) we get
Q >mQ - B - 1)]Q*/2.

Hence
2(m —1)
92 EBe— 1)
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Thus, for any Galton-Watson process with reproduction mean
m = 1+¢ > 1 and variance o
2e
Q>

o2 +me’
Exercise. Show that for the case of binary splitting,

f(s) =q+ps? q+p=1with E[(] = m = 2p > 1 this estimate is sharp.

o = = N QG
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Thus, for any Galton-Watson process with reproduction mean

m=14¢e > 1 and variance o2
2e
02 +me’

Q=

Thus, there is no smaller bound valid for all Galton-Watson processes,
and it is natural to suspect that for little & indeed
2¢e 2(m —1)
Q= ~ .

02 4+ me o2

o (w1 =
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Thus, for any Galton-Watson process with reproduction mean

m=1+¢e > 1 and variance o2
2e
02 +me’

Q=

Thus, there is no smaller bound valid for all Galton-Watson processes,
and it is natural to suspect that for little & indeed
2e 2(m —1)
Q= ~ -

02+ me o

Thus, the survival probability is proportional to the ratio between the
selective advantage of the mutant gene and variance of the offspring size.

LECTURE 1: Single-type Galton-Watson processes



Assume that the reproduction generating functions
F(s) =E[s£7], e > 0,

are such that E[¢®)] = 1 + ¢ and for some g9 > 0

sup E[(£©)3] = ¢3 < oo, inf E[£E(E — 1) =c, >0,
0<e<eo 0<e<ep
i (o) =
ogl?gfeo fE(0) = ¢ > 0.
Then 5
Q= = +o(e) as €—0.

E[¢©(© - 1)
If further
02 =Var[¢®] - o2 >0,

ase — 0, then
Q = 2¢/02 + oe).
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Accumulated population size of supercritical populations which are know
to die out

It is known that supercritical populations, which are known to die out
sooner or later, behave as subcritical populations. We study only the
accumulated populations size

Tn)=Z0)+Z(1)+---+Z(n—1).
up to generation n. If Z(0) = 1, then
E [T(n)] E[Z(0)+Z(1)+ -+ Z(n—-1)]

EZO)+E[Z)]+---+E[Z(n—-1)]
= 14+m-+---+m".
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If . < 1 then the process dies out rapidly, the total number of
individuals ever born

T(00)=2Z0)+Z(A)+---+Z(n)+---

is finite and
oo 1
_ k _
E[T(OO)]_,;:Om =T

On the other hand, if m > 1 then E [T'(n)] — oo, as n — oco. However, if
we condition on the event that a supercritical process dies sooner or
later and denote the extinction moment by 7, we get the following
statement.
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Theorem

If m > 1 then )

1-f(P)
where P = P(7 < o0) is the extinction probability of the process (check
that f'(P) < 1).

E[T |1 < 0] =
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Proof. We write

E[T |r < oo] = BT 37 <]

P(r < )

[m] = =
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Proof. We write

E[T |7 < o0] = E[T;7 < x]
Further,

P(r < )

n=0

=] = = = A2 N4
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Proof. We write
ET|r <o) =
Further,

E[T;7r<o]=)Y E[Z(n)in<T7 <o)
Now observe that

E[Z(n);n <7< )

kP(Z(n)
k=1
time n should die out.

since each of the populations stemming from the Z(n) = k individuals at
Or > (Er o®



Thus, we get

This gives the desired statement.

=} =
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In particular, in the supercritical geometric case P = q/p =m ! < 1 and

’ qp 1
Pl=———=—.
Hence,
ET|r<o] = —
T o1—m!
m 1
= =1 .
m—1 +m—1

Note that this expectation is monotone decreasing to 1 when m increases.

o (w1 =
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Conditional limit theorem for critical processes

If )

m=f(1)=1, f/(1)=2B € (0,00) .
then |

Qn) =P (Z(n) > 0) ~ =, 1. — o0,
and

lim B {exp{—k%} 1Z(n) > 0] -
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— }|Z(n)>0]:1—

Proof. First is well known (EXERCISE). For the second:
E [exp {_)\Z(n)

L— fu(exp{-55})
Q(n)

=] = = = A2 N4
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Proof. First is well known (EXERCISE). For the second
E {exp{ Q

1- n
}|Z()>0] =1- ! (exp{
Now let [ = I(n) be such that

b
Q(n)

fi1(0) <exp {—%} < f1+1(0)
or

1—fi( )21—exp{—%}21—fz+1()

=] = = = na
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Proof. First is well known. For the second:
E {exp {—/\Z( )

n B 1—f, (exp{—% )
S }|Z(n) >0] =1- o0 B
Now let [ = I(n) be such that

or

or

fi(0) <exp {—%} < f141(0)

A
1= fi(0) > 1 —exp{—ﬁ} > 1 fia(0)
A
where £*(n) — 0, n — oc.

Q) 2 -1 +e"(n) 2 QUA+1).

=] = = = na
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Proof. First is well known. For the second:
Z(n)
E == |Z =1
{exp{ A B }| (n) >0]

1 (e {-5:})
Now let [ = I(n) be such that

Q(n)
fi1(0) <exp {—%} < f1+1(0)

or

or

A
1= fi(0) > 1 —exp{—ﬁ} > 1 fia(0)
B
where £*(n) — 0, n — oo. Hence,

Q) 2 -1 +e"(n) 2 QUA+1).

1 A
Bl NQ(Z) ~

Bn  B(n/))
[} = = = Q>
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Consequently, [ ~ [n/)].

o (w1 =

LECTURE ingle-type Galton-Watson processes




Consequently, [ ~ [n/A]. Thus, in view of

we have

L= fu(fi42(0)) <1 —fn (eXp {—

Fa}) <1 fh)

1— fn (exp{—

A 1
E}) ~ 1= fai(0) ~ B(n +1)
1 )

Bn(1+A"1Y)  Bn(l+M\)’

] = = .
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Consequently, [ ~ [n/A]. Thus, in view of

L falfin(0)) <1 fo (exp{—
we have

fab) 1= o)
1= fa (exp{_ A

1
E}) ~ 1= funi(0) ~ B(n+1)
1 _ A
Bn(1+A"1Y)  Bn(l+\)’
Hence

1= fu (exp{-53})
Q(n)

Bn\

A
" Bn(l+XN) T+

] = = .
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Consequently, I ~ [n/A]. Thus, in view of
1= fu(fia(0) <1 fo (eXp{
we have

-%}) <1 fu(H(0))
- (p{_%}) ~ 1= fal0) ~ 7
1

Hence

p—
B A
Bn(1+A-1)

Bn(1+ M)

n+1)
1— fn (exp{

“al)
Q(n)

and, therefore

B A
Bn(1+ )

)
o {2220 120 >0] -

. 1
1— lim
proving the theorem

— o (exp{-5:})
D S
- I+X 142
. =] 5 = .

lim E

n—oo




Exercise. Let Z(k,n),

0 < k < n be the number of particles at moment
k which have nonempty offspring at moment n. Show that if
then

m=f(1)=1, f'(1) = 2B € (0,00)

n—oo

lim E |[sZ) | Z(n) > 0
and, therefore, for any k = 1,2, ...

}: s(l—t)

1—st
lim P (Z(nt,n) =k| Z(n) > 0) = (1 —t)t" 1.

[} = = = Q>
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Exercise 2. Show that if

m=f'(1)=1, f(1) = 2B € (0,0
then for any ¢ € (0,1)

{%M(n) > o} Ln+¢

where 7, ( are independent exponentially distributed random variables
with parameters

1
- and
t

(1—-t)t

=] = = = na
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Specified by

The Galton-Watson process with immigration

fls) =

Es5
and

Es" = Z P(n
Y(n+1) =&+ +e0)) +n™

7™ 4 7, and iid

=] = = = A2 N4
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The Galton-Watson process with immigration:
Specified by
f(s) =

Es
and

ESW—ZP

Y(n+1) =& +.. + &), +n™
We have

n™ < 1, and iid

B(n+1,5) = E[5Y<"+1>|Y(o) 0}

= E [sﬁi")+~~+£<")

vyt

Y (0) = o}
9(5)0(n, f(s

n+1
== I I 9(fr(s
=] = = = A2 N4
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Exercise 3

Show that if

and

then for § = b/B

. Y (n) 1 0—1 —
<L = Yduy.

[} [ = =
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