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Acoustic scattermg problem

Notations :

Let a solution u defined in the full
space R3 \ I with :
@ [ smooth and oriented,
o u= ulq, and™& = ulg;
o p=[u]=v~u'and
A = [Opu] = Opu® — Opu'.
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Theorem of integral representation

If u satisfies Helmholtz equation and Sommerfeld radiation condition :

—(Avf +K20) = 0eQ,
—(Aut + Kk2u®) = 0€ Qs
lim r (O,u® + iku®) = 0O,
r——+o00o
then u satisfies :
u(x) = Du(x) — SA(x) ¥x € Q'U Q¢

o
E(u’(x) +ué(x)) = Du(x)—SA(x) VxerT,

%(8nui(x) + 0,uc(x)) = Hu(x) — D*A(x) Vxer.
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Boundary EIeme Method

@ Single layer potential (idem for Double layer) :
; efik\xfy\
SMx) = [ Gl yARdr,  Glxy) =
e Boundary finite elements (¢,(X))1<n<ny, :

Naor

A(X) ~ Ap(x) = Y Anohn(x).

o Discretization of ' with a quadrature (yq, Vq)1<q<n,

Ny

SA(x) ~ G * Ag(x) = Z'YqG(Xqu)/\aﬁ(Yq)-

gq=1

o Galerkin formulation (dense) :

[Slij = /r /r@(X)G(x’y)%(Y)drxdry Sk
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Point to point interactions

With Ny depending on computer used :
@ Direct method : Computing and storing dense matrix ...
. O(N?) operations, impossible for N > Nj.

@ lterative method : Only computing dense matrix ...
. O(N?) operations, slow for N > Nj.

o Fast iterative method : Split the variables x and y in G(x,y)...
. O(N) operations, fast for N > Np.

Example : If G(x,y) = |x —y|?> = |x|> —2x -y + |y|?, then
Vi, v, ZGX,,XJ = Zuj—2x, ZXJUJ+Z|XJ|ZUJ
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The Fast Multipole Method (FMM)

@ Helmholtz Green kernel with Gegenbauer addition theorem,
for all (x,y) € R®:

efik|x7y| ik
G(x,y) =

lim / ks M M, (s)e*s MY gs;
s€S?

4r|x —y| T 1672 Lo

@ Separation of the variables x et y — Compression !

@ (A lot of) numerical and technical difficulties ...
... Complexity — O(N log ).
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Sparse Cardinal Sine Decomposition
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The SCSD

@ Principle : Convolution in space +» Product in Fourier variables.
e Fourier transform of the cardinal sine ( S = unit sphere) :
sin(|z
F(|(||)) = 27T2652 Vz € R3.
z
@ Integral representation :
sin(|z il ;
(1) = — e'$%ds Vz € R3.
F4 4t Jso

e Imaginary part of G, setting z = k(x —y) for all (x,y) € R3 :

Jm(G(x,Y)) = SlZSTka__yy||) = (4:_)2

elks-xe—/ks»yds.

(]

Simple separation of the variables x and y.
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Flrst step towards a fast convolution

@ Convolution for the imaginary part :

p

@ Fast evaluation thanks to a Non Uniform 3D Fourier Transform
(NUFFT 3D type-lll), in space x, and frequencies &, :

N
NUFFT(f), = Y e*ié™
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e Complexity O(Nlog N)!
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Real part of the Green kernel

Principle : 9Re(G) is expressed using Jm(G)
Fourier transform of the cardinal cosine :

(]

cos(|z|) 4t

FITTE

F( Y(z,€) € R® x R3,

Integral representation of the Green kernel :
COS(|Z|) — i/ 1 eif-zd§.
2| 22 Jps €7 — 1

Change of variable Cartesian — Spherical :

1 - ;
cos(lz]) _ == 2p / 72 ds ) dp.
|Z| 27T R+ P° — 1 52

@ Expression 1D of cosc as a function of sinc :

coslll) _2 [ _snied) e

= . ——
R+ P — 1 ‘Zl OLYTECHNIQUE
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Quad rature

cos([z]) _ 2 / p_siniolz)

2] +p7—1 |

@ We look for points and weights (pm; @tm)1<m<m

cos( sin pm|z
Z n

o We solve in (pm; @m)i<m<m with a least square approximation, and
pm=F(2m—=1)

Vjzi| € [a,b]: > amsin(pm|zi]) = cos(|zi]) = A(p)a = B.

m=1

@ Fundamental result :
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Final SCSD-formalism

e For k|x —y| € [a, b] :

4r|x —y| <=, Am|x —y|
o We append (pm; am) with apmi1 = —i and pyy1 =1
el M+1 : M+1
SVF (5 ansnlpnkx—yl) 3~ om [, emreovas
TP P S P O

o Quadrature of R? with (§, € USF, ;wp)i<p<n,

N, Nq
G * Ap(x) ~ (@n)? Z &P wp Z e Yy Ay (yg)
[5=ik g=1

p
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Explanatlon

o Quadrature of R® with (£, € USF, ;wp)i<p<n, :

G x Ao (x 226'&’ Wp Ze Se¥ay3 A6 (¥a)

@ Mimicks

G * )\¢(X)

F(6(6)F(ir)
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@ SCSD quadrature for far interactions (in [a, b]) :
(& € R% wp)i<pen, -

@ Type-lll NUFFT (yq)1<q<n, to (£p)1<p<n, ON
(Yare(Ya))1<a<n,-

© Weighting of the result @ with (wp)i1<p<n, -

Q@ Type-lll NUFFT (&5)1<p<n, to (Xi)i1<i<n; on the result Q) :
Grar *x Ap(Xi)1<i<N;-

@ Close interactions correction (in [0, a]) : Georr * Agp(Xi)1<i<n;-

Q@ G x Ap(Xi)1<i<n;, ~ (Gar + Georr) * Ag(Xi)1<i<n;-
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Comparison FMM and SCSD

Time (s)

Time (s}

Number of points
Total time, helmholtz kernel, sphere

£ E—TY
S MM

5CsD

2| ——s508D -MV |3

Legend :

DM (exact) on [0, b].
FMM 2 on [0, b].
SCSD on [0, b].
SCSD-MV on [a, b].

Precision : ¢ = 1073,
Theoretical complexity :

Ball : O(Nlog V).
Sphere : O(N®/5 log N).

MNumber of points

a. see www.cims.nyu.edu/cmcl
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MyBEM
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MyBEM - A Matlab fast BEM library

© MyBem 2015 - version 2.00
Initializatio

HEO8KkHZ03.ply

___ Reorientnomals | Adjustsize: [N

Calculation Method

Precision

Max. number of iteration

100
Resolution
Frequency (Hz) ,73mm
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Post-processing
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Main
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features

MyBEM
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Galerkin approximation with Finite Elements type P! and RT
on triangles

Semi-analytical for singular integrations in close interaction
New fast method SCSD with NUFFT mexfile !

Fast Multipole Method ! for comparisons

Infinite radiation (RCS), on any field and on the mesh

LU preconditioning and Brackage-Werner regularization
Indirect jump formulations

Object-Oriented Programming

High-level script call or standalone GUI

Parallel loops (parfor)

Non regression tests
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. Mex-file from L. Greengard : www.cims.nyu.edu/cmcl
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RCS of the unit sphere (1)

Helmholtz problem - Dirichlet Brackage Werner
Mesh generated with Matlab - 1 000 degrees of freedom
0.3 kHz - 5 iterations - 2 seconds

— MyBEM, N=1000
——- Analytique

Solution {dB)

A0 . . . . . . .
0 50 100 150 200 250 300 350
Al incidence (°)

i P?L‘Y('I;ECHNIQUE QI/IAP




MyBEM
[ee]e] lelelelelele]e]

RCS of the unit sphere (2)

Helmholtz problem - Dirichlet Brackage Werner
Mesh generated with Matlab - 1 000 000 degrees of freedom
10 kHz (krmax = 369) -

Solution (dB)

40 . T T

12 iterations - 20 minutes

— MyBEM, N=1000000
—— - Analytigue

350
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| | POLYTECHNIQUE

1risTech

250 300




MyBEM
[ee]ele] Telelelele]e]

Ears modes of human head

Helmholtz Problem - Neumann Brackage Werner
Mesh from SYMARE project - 20 000 degrees of freedom
8 kHz - 17 iterations - 54 seconds

)
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HEEH - Copuright. 2015°GHEP & Ecole Polutechniaue - atthieu.aufsaldpoltechnique.
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Resonance in a 3D cubic cavity

Helmholtz problem - Neumann Brackage Werner
Mesh generated with Matlab - 10 000 degrees of freedom
600 Hz - 56 iterations - 1 minute

~
WEEH - Copprisht 2015 OWP & xals Potuasta
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Surface current on Boeing 747

Maxwell problem - PEC CFIE
Mesh from Gamma project - 150 000 degrees of freedom
5 GHz - Vertical polarisation - 164 iterations - 16 minutes
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uface current on NASA Almond

Maxwell problem - PEC CFIE
Mesh of an industrial - 1 000 000 degrees of freedom
8.5 GHz (krmax = 478) - Vertical polarisation - 112 iterations - 2 hours

Eﬁimp
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Surface current on NASA Almond

Maxwell problem - PEC CFIE
Mesh of an industrial - 1 000 000 degrees of freedom
8.5 GHz (krmax = 478) - Vertical polarisation - 112 iterations - 2 hours
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Earth’'s magnetic field

Laplace problem - Double layer potential
Mesh generated with Matlab - 10 000 degrees of freedom - 3 seconds
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Gravitational interactions

Laplace problem - Double layer potential
10 000 degrees of freedom - Runge-Kutta 4 scheme (100 000 time step) -
10 minutes
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Conclusion
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CONCLUSION :

@ New SCSD fast convolution for many kernels (Laplace, Helmholtz,
Maxwell, Stokes),

@ Creation of an object based Matlab library for fast BEM,

@ Analytical validation up to 10° degrees of freedom.

FUTURE WORKS :

More kernels...,

Preconditioning,

High Performance Computing,

Domain Decomposition Method and coupled FEM/BEM,

Benchmarks and industrial applications.

® © o @
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Thanks for your attention

Alouges, F., Aussal, M. (2015) The Sparse Cardinal Sine Decomposotion and its application
for fast numerical convolution. Numerical Algorithms, 1-22.

Aussal, M. (2014) Méthodes numériques pour la spatialisation sonore, de la simulation 3 la
synthése binaurale. PhD thesis to be published.

Greengard, L., & Rokhlin, V. (1987). A fast algorithm for particle simulations. Journal of
computational physics, 73(2), 325-348.

Greengard, L. (1988). The rapid evaluation of potential fields in particle systems. MIT press.

Greengard, L., & Lee, J. Y. (2004). Accelerating the nonuniform fast Fourier transform.
SIAM review, 46(3), 443-454.

) e ) E &

Lee, J. Y., & Greengard, L. (2005). The type 3 nonuniform FFT and its applications. Journal
of Computational Physics, 206(1), 1-5.




	Context
	Sparse Cardinal Sine Decomposition
	MyBEM
	Conclusion

