Submitted to the Annals of Statistics

BRIDGING THE GAP BETWEEN CONSTANT STEP SIZE
STOCHASTIC GRADIENT DESCENT AND MARKOV
CHAINS

BY AYMERIC DIEULEVEUT! ALAIN DURMUS =~ AND FRANCIS BacH f

INRIA - Département d’informatique de I’ENS, Ecole normale supérieure,
CNRS, PSL Research University
CMLA - Ecole normale supérieure Paris-Saclay, CNRS, Université
Paris-Saclay

Abstract: We consider the minimization of an objective function
given access to unbiased estimates of its gradient through stochastic
gradient descent (SGD) with constant step-size. While the detailed
analysis was only performed for quadratic functions, we provide an
explicit asymptotic expansion of the moments of the averaged SGD
iterates that outlines the dependence on initial conditions, the effect
of noise and the step-size, as well as the lack of convergence in the
general (non-quadratic) case. For this analysis, we bring tools from
Markov chain theory into the analysis of stochastic gradient. We then
show that Richardson-Romberg extrapolation may be used to get
closer to the global optimum and we show empirical improvements of
the new extrapolation scheme.

1. Introduction. We consider the minimization of an objective func-
tion given access to unbiased estimates of the function gradients. This key
methodological problem has raised interest in different communities: in
large-scale machine learning [6, 39, 40], optimization [30, 33|, and stochastic
approximation [20, 35, 38]. The most widely used algorithms are stochastic
gradient descent (SGD), a.k.a. Robbins-Monro algorithm [37], and some of
its modifications based on averaging of the iterates [35, 36, 41].

While the choice of the step-size may be done robustly in the deterministic
case (see e.g. [5]), this remains a traditional theoretical and practical issue
in the stochastic case. Indeed, early work suggested to use step-size decaying
with the number & of iterations as O(1/k) [37], but it appeared to be non-
robust to ill-conditioning and slower decays such as O(1/v/k) together with
averaging lead to both good practical and theoretical performance [2].

We consider in this paper constant step-size SGD, which is often used in
practice. Although the algorithm is not converging in general to the global
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optimum of the objective function, constant step-sizes come with benefits: (a)
there is a single parameter value to set as opposed to the several choices of
parameters to deal with decaying step-sizes, e.g. as 1/(0k + A)°; the initial
conditions are forgotten exponentially fast for well-conditioned (e.g. strongly
convex) problems [28, 29|, and the performance, although not optimal, is
sufficient in practice (in a machine learning set-up, being only 0.1% away
from the optimal prediction often does not matter).

The main goals of this paper are (a) to gain a complete understanding of
the properties of constant-step-size SGD in the strongly convex case, and
(b) to propose provable improvements to get closer to the optimum when
precision matters or in high-dimensional settings. We consider the iterates
of the SGD recursion on R? defined starting from 6y € R?, for k > 0, and a
step-size v > 0 by

(1) 00, =0 — [0 + ensn (0]

where f is the objective function to minimize (in machine learning the gen-

eralization performance), sk+1(9,(§7)) the zero-mean statistically independent
noise (in machine learning, obtained from a single observation). Follow-
ing [3], we leverage the property that the sequence of iterates ((9,(:)) k>0 is an
homogeneous Markov chain.

This interpretation allows us to capture the general behavior of the algo-
rithm. In the strongly convex case, this Markov chain converges exponentially
fast to a unique stationary distribution 7, (see Proposition 2) highlighting
the facts that (a) initial conditions of the algorithms are forgotten quickly
and (b) the algorithm does not converge to a point but oscillates around
the mean of 7. See an illustration in Figure 1 (left). It is known that the
oscillations of the non-averaged iterates have an average magnitude of v/2
[34].

Consider the process (él(:))k:zo given for all k£ > 0 by

k
a0 _ 1 o)
(2) 0, _k+1jz(:)93 .

Then under appropriate conditions on the Markov chain (9,(3)) k>0, a central

limit theorem on (67](3)) k>0 holds which implies that 51({7) converges at rate

O(1/Vk) to
(3) g, = [ 9dn ).
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 3

)

The deviation between H_I(j and the global optimum 6* is thus composed of

a stochastic part §,E:7) — 9_7 and a deterministic part 0_7 — 6%,

For quadratic functions, it turns out that the deterministic part vanishes [3],
that is, 97 = 0" and thus averaged SGD with a constant step-size does
converge. However, it is not true for general objective functions where we
can only show that 6, — 0* = O(v), and this deviation is the reason why
constant step-size SGD is not convergent.

The first main contribution of the paper is to provide an explicit asymptotic
expansion in the step-size v of 57 — 0*. Second, a quantitative version of a
central limit theorem is established which gives a bound on E[[|6, — 9,27) %]
that highlights all dependencies on initial conditions and noise variance,
as achieved for least-squares by [10], with an explicit decomposition into
“bias” and “variance” terms: the bias term characterizes how fast initial
conditions are forgotten and is proportional to N(§y — 6*), for a suitable
norm N : R? — R, ; while the variance term characterizes the effect of the
noise in the gradient, independently of the starting point, and increases with
the covariance of the noise.

Moreover, akin to weak error results for ergodic diffusions, we achieve
a non-asymptotic weak error expansion in the step-size between m, and
the Dirac measure on R% concentrated at 6*. Namely, we prove that for all
functions g : R? — R, regular enough, [5q g(0)dm,(0) = g(6*) +~C{ + 14,
r§ € R, ||| < C§~2, for some C{,C§ > 0 independent of . Given this
expansion, we can now use a very simple trick from numerical analysis,

namely Richardson-Romberg extrapolation [42]: if we run two SGD recur-
sions (Gl(j)) k>0 and (9,&27));@0 with the two different step-sizes v and 27, then
the average processes (9,9));@0 and (07,(62’0)@0 will converge to 6, and 0,
respectively. Since 9_7 = 0" + A + rfyd and égfy = 0" + 2yAld + r%‘i, for
r%d,r% € RY, max(HQr%d V%H) < 2C~2, for C > 0 and A € R indepen-

dent of v, the combined iterates 2519) — 9_1(57) will converge to 6* + 27‘%‘i — r%‘;

which is closer to 8* by a factor 7. See illustration in Figure 1(right).
In summary, we make the following contributions:

)

e We provide in Section 2 an asymptotic expansion in v of 0_7 — 0% and
an explicit version of a central limit theorem is given which bounds
E[)|6, — él(j)HQ]. These two results outlines the dependence on initial
conditions, the effect of noise and the step-size.

e We show in Section 2 that Richardson-Romberg extrapolation may be
used to get closer to the global optimum.

e We bring and adapt in Section 3 tools from analysis of discretization
of diffusion processes into the one of SGD and create new ones. We
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4 A. DIEULEVEUT, A. DURMUS, F. BACH

Figure 1: (Left) Convergence of iterates 0,&7) and averaged iterates 97,(3) to the
mean 6, under the stationary distribution 7. (Right) Richardson-Romberg
extrapolation, the disks are of radius O(v?).

believe that this analogy and the associated ideas are interesting in
their own right.

e We show in Section 4 empirical improvements of the extrapolation
schemes.

Notations. We first introduce several notations. We consider the finite
dimensional euclidean space R% embedded with its canonical inner product
(-,-). Denote by {ey,...,e4} the canonical basis of R%. Let E and F be two
real vector spaces, denote by £ ® F the tensor product of £ and F'. For
all z € F and y € F denote by x ® y € E ® F the tensor product of z
and y. Denote by E®* the k' tensor power of E and z®* € E®F the k"
tensor power of z. We let £((RY)®* RY) stand for the set of linear maps
from (R™)®* to R’ and for L € L((R?)®* R¥), we denote by ||L|| the operator
norm of L.

Let n € N*, denote by C"(R%, R™) the set of n times continuously differ-
entiable functions from R¢ to R™. Let F € C"(R%,R™), denote by F(™ or
D"F, the n' differential of f. Let f € C*(R?% R). For any = € R%, f((z) is
a tensor of order n. For example, for all 2 € R?, f®)(z) is a third order tensor.
In addition, for any z € R? and any matrix, M € R™? we define f®) (z)M

as the vector in R? given by: for any [ € {1,...,d}, the I** coordinate is
given by (f@)(x)M); = szzl Mm%@). By abuse of notations, for

f € CYRY), we identify f’ with the gradient of f and if f € C%(R%), we
identify f” with the Hessian matrix of f. A function f : R? — RY is said
to be locally Lipschitz if there exists o > 0 such that for all z,y € R,
I f(z) = f)ll < @+ || + [ly[|*) |= — y||. For ease of notations and de-
pending on the context, we consider M € R%*? either as a matrix or a second
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 5

order tensor. More generally, any M € L((R?)®* R) will be also consider as
an element of L((R4)®(*~1) R) by the canonical bijection. Besides, For any
matrices M, N € R¥% M ® N is defined as the endomorphism of R**? such
that M ® N : P+ MPN. For any matrix M € R4 tr(M) is the trace of
M, i.e. the sum of diagonal elements of the matrix M.

For a,b € R, denote by a Vb and a A b the maximum and the minimum
of a and b respectively. Denote by |-| and [-] the floor and ceiling function
respectively.

Denote by B(R?) the Borel o-field of R?. For all 2 € R%, §, stands for the
Dirac measure at x.

2. Main results. In this section, we describe the assumptions underly-
ing our analysis, describe our main results and their implications.

2.1. Setting. Let f : R* — R be an objective function, satisfying the
following assumptions:

A1l. The function f is strongly convex with convexity constant p > 0,
i.e. for all 01,0, € R% and t € [0,1],

F(t0 + (1= )02) < ££(01) + (1 — £)F(82) — (u/2)t(1 — ) [0 — 0> -

A2.  The function f is five times continuously differentiable with second to
fifth uniformly bounded derivatives: for allk € {2,...,5}, supgcpa Hf(k) (0) H <
+00. Especially f is L-smooth with L > 0: for all 61,05 € R¢

| £/(61) = f'(62)|| < L |6y — 02 .

If there exists a positive definite matrix ¥ € R%¢, such that the function
f is the quadratic function 6 — ||XY/2(6—6*)||?/2, then Assumptions A1, A2
are satisfied.

In the definition of SGD given by (1), (ex)x>1 is a sequence of random
functions from R? to R? satisfying the following properties.

A3. There exists a filtration (Fi)r>o0 (i.e. for all k € N, F, C Fi41) on
some probability space (Q, F,P) such that for any k € N and § € R?, £;.,1(0)
is a Fii1-measurable random variable and E [er11(0)|Fx] = 0. In addition,
(ex)ken+ are independent and identically distributed (i.i.d.) random fields.
Moreover, we assume that 0y is Fy-measurable.

A3 expresses that we have access to an i.i.d. sequence (f})gen+ of unbiased
estimator of f’, i.e. for all k € N and 6 € R,

(4) Fer1(0) = f'(0) + ex41(0) -
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6 A. DIEULEVEUT, A. DURMUS, F. BACH

Note that we do not assume random vectors (5k+1(9,(€7)))k€N to be ii.d.,
a stronger assumption generally referred to as the semi-stochastic setting.
Moreover, as 6y is Fyg-measurable, for any k € N, 6, is Fi-measurable.

We also consider the following conditions on the noise, for p > 2:

A4 (p). Foranyk € N*, f] is almost surely L-co-coercive (with the same
constant as in A2): that is, for any 0,0 € R, L{fi.(0) — fi.(n),0 —n) >
| f.(0) — f,’c(n)H2 Moreover, there exists 7, > 0, such that for any k € N*,
EVP[llex(0%)II) < 7.

Almost sure L-co-coercivity [46] is for example satisfied if for any k €
N*, there exist a random function f; such that f;, = (f)" and which is
a.s. convex and L-smooth. Weaker assumptions on the noise are discussed
in Section 7.1. Finally we emphasize that under A3 then to verify that A4(p)
holds, p > 2, it suffices to show that f] is almost surely L-co-coercive and
EYP|le1(6%)||P] < 7p. Under A3-A4(2), consider the function C : R? — R¥*d
defined for all § € R? by

(5) C(0) =E [e1(0)?] .

A5.  The function C is three time continuously differentiable and there
exist M., k. > 0 such that for all § € RY,

]c@(a)H < {1+fo—ot}

max
1€{1,2,3}

In other words, we assume that the covariance matrix 6 — C(0) is a
regular enough function, which is satisfied in natural settings.

ExAMPLE 1 (Learning from i.i.d. observations). Our main motivation
comes from machine learning; consider two sets X,Y and a convex loss
function L : X x Y x R* — R. The objective function is the generalization
error f1,(0) = Exy[L(X,Y,0)], where (X,Y) are some random variables.
Given i.i.d. observations (X, Yi)ken+ with the same distribution as (X,Y),
for any k € N*, we define fr(-) = L(Xy, Yy, ) the loss with respect to
observation k. SGD then corresponds to following gradient of the loss on a
single independent observation (Xy,Yy) at each step; Assumption A3 is then
satisfied with Fi, = o((X;,Yj)jeq1,.. k})-

Two classical situations are worth mentioning. On the first hand, in least-
squares regression, X = R%, ) = R, and the loss function is L(X,Y,0) =
((X,0) —Y)%. Then fx, is the quadratic function 0 — | SY2(0 — 6*)||?/2, with
¥ = E[X X "], which satisfies Assumption A2. For any 6 € R,

(6) e’:‘k(g) = XkX]j@ — XkYk
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 7

Then, for any p > 2, Assumption A/(p) and A5 is satisfied as soon as
observations are a.s. bounded, while A1 is satisfied if the second moment
matrix is invertible or additional reqularization is added. In this setting, €
can be decomposed as €, = o + & where o is the multiplicative part, & the
additive part, given for 6 € R? by o(0) = (XX, — £)(0 — 0*) and

(7) &= (X, 0" — Yi) Xy .

For all k > 1, & does not depend on 0. This two parts in the noise will
appear in Corollary 6. Finally assume that there exists v > 0 such that

(8) E[|| Xk || X1 X0 ] < 25,

then A4(4) is satisfied. This assumption is satisfied, e.g., for a.s. bounded
data, or for data with bounded kurtosis, see [12] for details.

On the other hand, in logistic regression, where L(X,Y,0) = log(1 +
exp(—Y(X,0))). Assumptions A4 or A2 are similarly satisfied, while A1
needs an additional restriction to a compact set.

2.2. Related work.

Constant step-size SGD. Several attempts have been made to improve con-
vergence of SGD. [3] proposed an online Newton algorithm which converges in
practice to the optimal point with constant step-size but has no convergence
guarantees. The quadratic case was studied by [3], for the (uniform) aver-
age iterate: the variance term is upper bounded by o2d/n and the squared
bias term by ||6*||2/(yn). This last term was improved to || ~Y26*|2/(yn)?
by [10, 13], showing that asymptotically, the bias term is negligible, see
also [21]. Analysis has been extended to “tail averaging” [18], to improve
the dependence on the initial conditions. Note that this procedure can be
seen as a Richardson-Romberg trick with respect to k. Other strategies were
suggested to improve the speed at which initial conditions were forgotten,
for example using acceleration when the noise is additive [12, 19]. A criterion
to check when SGD with constant step size is close to its limit distribution
was recently proposed in [7].

Link between discretization of ergodic diffusions and SGD. In the context
of discretization of ergodic diffusions, weak error estimates between the
stationary distribution of the discretization and the invariant distribution of
the associated diffusion have been first shown by [43] and [26] in the case of
the Euler-Maruyama scheme. Then, [43] suggested the use of Richardson-
Romberg interpolation to improve the accuracy of estimates of integrals
with respect to the invariant distribution of the diffusion. Extension of these
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8 A. DIEULEVEUT, A. DURMUS, F. BACH

results have been obtained for other types of discretization by [1] and [8].
We show in Section 3.3 that a weak error expansion in the step-size « also
holds for SGD between 7., and 8y«. Interestingly as to the Euler-Maruyama
discretization, SGD has a weak error of order ~. In addition, [14] proposed
and analyzed the use of Richardson-Romberg extrapolation applied to the
stochastic gradient Langevin dynamics (SGLD) algorithm. This method
introduced by [45] combines SGD and the Euler-Maruyama discretization
of the Langevin diffusion associated to a target probability measure [15, 9].
Note that this method is however completely different from SGD, in part
because Gaussian noise of order 4'/2 (instead of ) is injected in SGD which
changes the overall dynamics.

Finally, it is worth mentioning [24, 25| which are interested in showing
that the invariant measure of constant step-size SGD for an appropriate
choice of the step-size 7, can be used as a proxy to approximate the target
distribution 7 with density with respect to the Lebesgue measure e /. Note
that the perspective and purpose of this paper is completely different since
we are interested in optimizing the function f and not in sampling from 7.

2.3. Summary and discussion of main results. Under the stated assump-
tions, for all 4 € (0,2/L) and 6y € R?, the Markov chain (9,(3)) k>0 converges
in a certain sense specified below to a probability measure on (R, B(R%)), .,
satisfying [pa 19> 7y (d¥) < 400, see Proposition 2 in Section 3. In the next
section, by two different methods (Theorem 4 and Theorem 7), we show that
under suitable conditions on f and the noise (¢j)r>1, there exists A € R4
such that for all v > 0, small enough

0., = / Iy (d0) = 0% +vA + V)|

R4
where rf(yl) € R4, ||7‘g1)\| < C~? for some constant C' > 0 independent of ~.
Using Proposition 2, we get that for all £ > 1,

n A(007 /7)
9) E[f) — 07 = =5t yA Y,
where 7“9 € R4, Hrg) | < C(y2+e~*#7) for some constant C' > 0 independent
of .
This expansion in the step-size v shows that a Richardson-Romberg

extrapolation can be used to have better estimates of *. Consider the
(k)
2y

27 and ~ respectively. Then (9) shows that (2@({7) - 5,(627))@0 satisfies
_ 24(00,7) = Ao, 27)
k

average iterates (6, )r>0 and (9,27)) k>0 associated with SGD with step size

E[%_?l(j) - é,(fv) —07] + 27“g2) — 7“%27) ,
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 9

and therefore is closer to the optimum 6*. This very simple trick improves
the convergence by a factor of v (at the expense of a slight increase of the
variance). In practice, while the un-averaged gradient iterate 9,&7) saturates
rapidly, 97,9) may already perform well enough to avoid saturation on real
data-sets [3]. The Richardson-Romberg extrapolated iterate 251(3) — 9_1(37) very
rarely reaches saturation in practice. This appears in synthetic experiments
presented in Section 4. Moreover, this procedure only requires to compute
two parallel SGD recursions, either with the same inputs, or with different
ones, and is naturally parallelizable.

In Section 3.2, we give a quantitative version of a central limit theorem for
(5,(3)) k>0, for a fixed v > 0 and k going to 400 : under appropriate conditions,
there exist constants By (y) and Bz(7) such that

(10) E [HG‘,@ —éVHQ] = Bi(y)/k + Ba(7) /K> .

Combining (9) and (10) characterizes the bias/variance trade-off of SGD
used to estimate 6.

3. Detailed analysis. In this Section, we describe in detail our ap-
proach. A first step is to describe the existence of a unique stationary
distribution 7, for the Markov chain (0,(3)) k>0 and the convergence of this

Markov chain to 7, in the Wasserstein distance of order 2.

Limat distribution. We cast in this section SGD in the Markov chain frame-
work and introduce basic notion related to this theory, see [27] for an in-
troduction to this topic. Consider the Markov kernel R, on (RY, B(R%))
associated with SGD iterates (Gl(j))keN, i.e. for all k € N and A € B(R?),
almost surely R (0k,A) = P01 € Aldy), for all §y € R? and A € B(R?),
6 — R,(6,A) is Borel measurable and R, (6o, -) is a probability measure on
(R4, B(RY)). For all k € N*, we define the Markov kernel R,]j recursively by
Rl =R, and for k > 1, for all 6 € R? and A € B(RY)

Ry (00,A) = | B5(00, dO)R, (0, A) .

For any probability measure A on (R B(R?)), we define the probability
measure AR, for all A € B(R?) by

ARE(A) = / A(dO)RE(O,A) .
R4

imsart-aos ver. 2014/10/16 file: main_aos.tex date: March 26, 2018



10 A. DIEULEVEUT, A. DURMUS, F. BACH

By definition, for all probability measure A on B(RY) and k € N*, )\Rfj is
the distribution of «9,27) started from 6y drawn from A. For any function
¢ :RY = R, and k € N*, define the measurable function RQ% :R? — R for
all fy € RY,

Rioon) = | o0)R(00,0).

For any measure A on (RY, B(R?)) and any measurable function h : RY — R,
A(h) denotes [pq h(0)dA(#) when it exists. Note that with such notations, for
any k € N*, probability measure A on B(R?), measurable function h : R? —
Ry, we have )\(Rf;h) = ()\Rs)(h). A probability measure 7., on (R%, B(R?))
is said to be a invariant probability measure for R, v > 0, if R, = R,. A
Markov chain (0,(:))%1\1 satisfying the SGD recursion (1) for v > 0 will be

said at stationarity if it admits a invariant measure ., and 0,(3) is distributed

according to .. Note that in this case for all £ € N, the distribution of 0,(:)

is 7.

To show that (9,@)@0 admits a unique stationary distribution ., and
quantify the convergence of (VOR,Ij) k>0 to 7y, we use the Wasserstein distance.
A probability measure A on (R, B(RY)) is said to have a finite second moment
if [pa 19| A\(d¥) < +oo. The set of probability measure on (R%, B(R))
having a finite second moment is denoted by P2(R%). For all probability
measures v and A in Py(R%), define the Wasserstein distance of order 2
between A and v by

o) = int ([l an)

Eell(A\v

where TI(u, ) is the set of probability measure & on B(R? x RY) satisfying
for all A € B(R?), £(A x RY) = v(A), E(RY x A) = A\(A).

PROPOSITION 2. Assume A1-A2-A3-A4(2). For any step-size 7 €

(0,2/L), the Markov chain (9;(3))k20} defined by the recursion (1), admits a
unique stationary distribution m, € P2(R%). In addition

(a) for all § € R, k € N*:
WHRSD,).m) < (1 = 2y (1= L/2)* [ 10 =) dm,(0)

(b) for any Lipshitz function ¢ : R® — R, with Lipschitz constant Ly, for
all € R, k € N*:

1/2
RE0(0) - 1,(0)] < Lo(1-2un (12 [0 oPam,0))
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 11

PROOF. Let v € (0,2/L) and A1, My € P2(RY). By [44, Theorem 4.1],
there exists a couple of random variables (9(()1), 6(()2) such that W3 (A1, A2) =
E[HH(()I) - 982)\\2] independent of (gx)gen+. Let (0121))k207(91(cg))k20 be the SGD
iterates associated with the step-size ~, starting from 0(()1) and 9(()2) respectively
and sharing the same noise, i.e. for all k£ > 0,

(1) {9221 =60 A [£00) + exn (6]
2 2 2 2
00 =00 [ (07) + e (0)] -

Note that using that 9(()1), 9(()2) are independent of €1, we have for i, 5 € {1,2}
using A3, that

(12) E[(6,=(06”))] = 0.

Since for all £ > 0, the distribution of (9,(61), 9,&2)) belongs to H()\le, )\gRs),
by definition of the Wasserstein distance we get

W Ry, deRy) < E [[l0f - 0112

<E[I6§7 ~165) — (05 — £ (O MIP]

%) 2

<[ o2 | - 226 - 0,07 - o)

—i—’yQE U

i) - s
2K [Hefﬁ — 02|~ v a2 (r0) - 16200 - Géﬂ
< (-2 -/ [ - o]

using (12) for ¢), A4(2) for ii), and finally A1 for ii7).
Thus by a straightforward induction, we get, setting p = (1—2uy(1—~L/2))

1 2
W3 (MRE \RE) <E [H@;i "o )HQ]
1 2
(13) < pE [”9/2_)1 — 9,53_)1!\2} <P"WE(A, A2)

Since by A2-A3-A4(2), A1 R, € P2(RY), taking A2 = A1 R, in (13), for any
N € N*, we have Y3 WE(AMRE, AaRE) < S0, p*W2(A1, AiR,). There-
fore, we get > 729 WQQ()\lRij,)\lR’;H) < +00. By [44, Theorem 6.16], the
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12 A. DIEULEVEUT, A. DURMUS, F. BACH

space Po(R%) endowed with Wy is a Polish space. Then, (AlleY)kzo is a
Cauchy sequence and converges to a limit 7@1 € Pa(RY):

14 lim Wa(ARE, 721) =0.

(14 Jm W R )

We show that the limit 7@1 does not depend on A;. Assume that there exists

77;\2 such that limg_, 4 WQ()\QR,];, 7@2) = 0. By the triangle inequality

Wa(m)t, m)%) < Wa(m)', M RE) + Wa(MRE, Ao RE) + Wa ()2, Ao RE) .
Thus by (13) and (14), taking the limits as k — +00, we get Wa (731, 72) = 0
and 77%‘1 = 773‘/2. The limit is thus the same for all initial distributions and is
denoted by .

Moreover, 7., is invariant for R,. Indeed for all k¥ € N*,

Wa(my Ry, my) < Wa(my Ry, my RE) + Wa(my RE, 70,) .

Using (13) and (14), we get taking k — +o00, Wa(m Ry, m) = 0 and 7 R, =
7. The fact that 7, is the unique stationary distribution is straightforward
by contradiction and using (13).
Taking A1 = 8p, A2 = 7, using the invariance of 7, and (13), we get (a).
Finally, if we take A\; = 8y and Ay = 7, using 7, R, = 7y, (13), and the
Cauchy-Schwarz inequality, we have for any k € N*:

RE6(0) — m0(0)| = [E [0(6)) - 6(62))]| <LB (o) — 63
1/2
<Lo(1 =21 - L2 [0 ofam )

which concludes the proof of (b).
O

A consequence of Proposition 2 is that the expectation of é,(J) defined by
(2) converges to [pa ¥dm,(¥) as k goes to infinity at a rate of order O(k™!),
see Proposition 16 in Section 7.2.

3.1. Expansion of moments of w,, when 7y is in a neighborhood of 0. In this
sub-section, we analyze the properties of the chain starting at 6y distributed
according to m,. As a result, we prove that the mean of the stationary
distribution 6, = [p, U7y (dV) is such that 6, = 6* + yA + O(+?). Simple
developments of Equation (1) at the equilibrium, result in expansions of
the first two moments of the chain. It extends [34, 23] which showed that
(y"Y2(1 — 8g+))4>0 converges in distribution to a normal law as y — 0.
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 13

Quadratic case. When f is a quadratic function, i.e. f’ is affine, we have
the following result.

PROPOSITION 3. Assume f = fx, fx:0— HZl/Z(O - 9*)“2/2, where
is a positive definite matriz, and A2-A3-A4(4). Let v € (0,2/L). Then, it
holds 0, = 0%, X @I + 1 ® ¥ —yX ® X is invertible and

/ (6 — 6%, (d0) =1 (SR I+ IR —yS @ %) [ C(G)M(de)} ,
Rd

Rd
where 0., and C are given by (3) and (5) respectively, and ., is the invariant
probability measure of R, given by Proposition 2.

The first part of the result, which highlights the crucial fact that for a
quadratic function, the mean under the limit distribution is the optimal
9(“/) 0(()’7)

point, is easy to prove. Indeed, since 7, is invariant for (6, )x>o, if

is distributed according to =, then 9&7) is distributed according to ., as

well. Thus as 99) = 0(()7) - yf’(G(()W)) + 751(0(()7)) taking expectations on both
sides, we get [pq f'(0)dmy(9) = 0. For a quadratic function, whose gradient
is linear: [pq f'(9)dmy(9) = f'(0y) = 0 and thus 6, = 6*. This implies that
the averaged iterate converges to 6%, see e.g. [3]. The proof for the second
expression is given in Section 7.3.

General case.  While the quadratic case led to particularly simple expressions,
in general, we can only get a first order development of these expectations
as v — 0. Note that it improved on [34], which shows a similar expansion
but an error of order of O(y%/?).

THEOREM 4. Assume A1-A2-A3-A/(12)-A5 and let v € (0,2/L). Then
70" @ I+ 1I® f"(0*) is invertible and

(15) 0, — 0% = f"(6) " £ (6*)AC(6%) + O(+?)

(16) / (0 — %)%, (d0) = VAC(0") + O(2) |
Rd

where

(17) A=(f"O)ol+Ief6%) ",

0., and C are given by (3) and (5) respectively, and m., is the invariant
probability measure of R, given by Proposition 2.

PROOF. The proof is postponed to Section 7.4. O
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14 A. DIEULEVEUT, A. DURMUS, F. BACH

This shows that + + 6, is a differentiable function at v = 0. The “drift”
@7 — 0* can be understood as an additional error occurring because the
function is non quadratic (f"/(6*) # 0) and the step-sizes are not decaying
to zero. The mean under the limit distribution is at distance v from 6*. In
comparison, the final iterate oscillates in a sphere of radius proportional to

V-

3.2. Expansion for a given v > 0 when k tends to +o0o. In this sub-
section, we analyze the convergence of 9_,27) to 57, when k — oo, and the
convergence of IE[HG_,(J) — 6,]|?] to 0. Under suitable conditions [16], 0_,(:)

satisfies a central limit theorem: {\/E(é,y) —0,)}ken+ converges in law to a
d-dimensional Gaussian distribution with zero-mean. However, this result is
purely asymptotic and we propose a new tighter development that describes
how the initial conditions are forgotten. We show that the convergence
behaves similarly to the convergence in the quadratic case, where the expected
squared distance decomposes as a sum of a bias term, that scales as k=2, and
a variance term, that scales as k~1, plus linearly decaying residual terms. We
also describe how the asymptotic bias and variance can be easily expressed
as moments of solutions associated to several Poisson equations.

For any Lipschitz function ¢ : R — R?, by Lemma 8 in Section 7.2, the
function ¢, = ;ODO{R?YQO — ()} is well-defined, Lipschitz and satisfies
7y (y) = 0, (Id =R, ), = ¢. 1, will be referred to as the Poisson solution
associated with . Consider the three following functions:

e 1, the Poisson solution associated to ¢ : 0 — 6 — 0%,
e X! the Poisson solution associated to 6 — (1, (6))®2,

3 2

e X7 the Poisson solution associated to 6 — ((¢, — ¢)(6))®>.

THEOREM 5. Assume A1-A2-A3-A4(4) and let v € (0,1/(2L)). Then
setting p = (1 — yp)'/2, for any starting point 0y € R%, k € N*,

B[ - 0,] = k(w5 (60) + 0("))
B (00 -0,) 7] = [ [0, 0)7 - 0, - 20O, 9)0)] dmy (0
(18) k72 [16(60)165(80) T + x4 (60) — X2 (80)] + O(")

where 07,(3)

, 0, are given by (2) and (3) respectively, and m- is the invariant
probability measure of R, given by Proposition 2.

Equation (5) is a sum of two terms: (i) a variance term, that scales as 1/k,
and does not depend on the initial distribution (but only on the asymptotic
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 15

distribution 7, ), and (ii) a bias term, which scales as 1/k?, and depends on
the initial point 6y € R%.

PROOF. In order to give the intuition of the proof and to underline how
the associated Poisson solutions are introduced, we here sketch the proof
of the first result. By definition of ¢ : 6 +— 6 — 0" and since v, satisfies
(Id —R,)1y = ¢, we have

E[00)|-0" = (1) 12 L 0)(00) = o () +(k+1) " b, (Bo)+ REH 14, (60),
where we have used that

ZR @ — 7y (i Rk“ZRZ ¢ —m(p) =ty — REFLp,

Finally, we have that R,’;l/by(g()) converges to 0 at linear speed, using Proposi-
tion 2 and (1) = 0.

The formal and complete proof of this result is postponed to Section 7.5.

O

This result gives an exact closed form for the asymptotic bias and variance,
for a fixed «, as k — oco. Unfortunately, in the general case, it is neither
possible to compute the Poisson solutions exactly, nor is it possible to prove
a first order development of the limits as v — 0.

When fyx is a quadratic function, it is possible, for any v > 0, to compute
1, and X}y,z explicitly; we get the following decomposition of the error, which
exactly recovers the result of [10].

COROLLARY 6. Assume that f is an objective function of a least-square
regression problem, i.e. with the notations of Fxample 1, f = fs, ¥ =
E[XX ], ex are defined by (6), and step-size v < 1/r2, with r defined by
(8). Assume A1-A2-A3-A4(4). For any starting point 6y € R? :

0y — 0*=(1/ (k7)) (0 — 07) + O(")
E [(9}? - 6*)®2]:(1/k:)2_1 {/RdC(G)dm(G)} L

+(1/(K*9*) 2712 [p(00) — 7y (0(0)*)] =71 + O(p*) .
With Q= (@I +10X -2 (@l +10% —4T)"}, and

(19) TR SR A E [(XTAX)XXT] .
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16 A. DIEULEVEUT, A. DURMUS, F. BACH

PROOF. The proof is postponed the supplementary paper [11], Section
S3. O

The bound on the second order moment is composed of a variance term
k1%, (C)X 7!, and a bias term which decays as k~2. Interestingly, the
bias is 0 if we start under the limit distribution.

3.3. Continuous interpretation of SGD and weak error expansion. Under
the stated assumptions on f and (gj)ken+, we have analyzed the convergence
of the stochastic gradient recursion (1). We here describe how this recursion
can be seen as a noisy discretization of the following gradient flow equation,
for t € Ry

(20) b =—f'(6:) -

Note that since f/(6*) = 0 by definition of 8* and A1, then #* is an equilibrium
point of (20), i.e. §; = 0* for all ¢ > 0 if 6y = 6*. Under A2, (20) admits
a unique solution on Ry for any starting point § € R Denote by (i;)i>0
the flow of (20), defined for all § € R? by (¢4(6))i>0 as the solution of (20)
starting at 6.

Denote by (A, D(A)), the infinitesimal generator associated with the flow
(¢t)i>0 defined by

h(pi(6)) — h(6
D(A):{h:]Rd—HR: for all § € RY, lim (il )Z ()exists}
—

(21) An(9) = lim {h(‘ptw)z — MO} gy e D(A), §cR?.
Note that for any h € CY(R?%), h € D(A), Ah = — (f', ') .

Under A1 and A2, for any locally Lipschitz function g : RY — R (extension
to a function ¢ : R — R? can easily be done considering all assumptions and
results coordinatewise), denote by hy the solution of the continuous Poisson
equation defined for all € R? by hy(0) = Jo" (g(s(0)) — g(6*)) ds. Note
that hg is well-defined by Lemma 21-b) in Section 8.1, since g is assumed to
be locally Lipschitz. By (21), we have for all g : R¢ — R, locally Lipschitz,

(22) Ahy(0) = 9(6") — 9(0) -

Under regularity assumptions on g (see Theorem 23), hy is continuously differ-
entiable and therefore satisfies < 1, h;> = g—g(0*). The idea is then to make a

Taylor expansion of hg(Hl(cl)l) around 9,(;’) to express k1 Zle g(@lh)) —g(0%)

as convergent terms involving the derivatives of hy. For g : R? — R and
£,p € N, £ >1 consider the following assumptions.
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 17

A6 (¢,p). There exist ag,by € Ry such that g € CYR?) and for all
0 R andie {1, 0}, [|[gD(0)] < ag {16 — 0%||” + by}

THEOREM 7. Let g : R? = R satisfying A6(5,p) for p € N. Assume
A1-A2-A3-A5. Furthermore, suppose that there exists ¢ € N and C > 0
such that for all € R?,

E[lles (0) P75+ < c(1+ 11— 0°)1%
and A4 (2p) holds for p =p+ 3+ qV k.. Then there exists a constant ¢ > 0

only depending on p such that for ally € (0,1/(cL)), k € N* and any starting
point Oy € RY it holds that:

k

Y (o0l - gw*)}] = (1/ (k) {hy(0) — B [ny(60))] }

i=1
+(7/2) tr (hg(6%) C(6%)) — (v/k) Av(8o) —~* A2 (60, k) ,

(23) E

where (9,(:) is the Markov chain starting from 6y and defined by the recursion
(1) and C is given by (5). In addition for some constant C' > 0 independent
of v and k, we have

A1(00) < C {14100 = 0717}, Aa(B0, k) < C {1+ 1160 — 077 /R .
PROOF. The proof is postponed to Section 8. O

First in the case where f’ is linear, choosing for g the identity function,
then hig = fOJroo{tps —60*}ds = X1, and we get that the first term in (23)
vanishes which is expected since in that case 6, = 0*. Second by Lemma 22-
b), we recover the first expansion of Theorem 4 for arbitrary objective
functions f. Finally note that for all ¢ € N, under appropriate conditions,
Theorem 7 implies that there exist constants Cq,C2(6y) > 0 such that

E [k S0 1607 - 01%1] = Cuy + Cal60) /k + O(2).

3.4. Discussion. Classical proofs of convergence rely on another decom-
position, originally proposed by [31] and used in recent papers analyzing the
averaged iterate [4] . We here sketch the arguments of these decompositions,
in order to highlight the main difference, namely the fact that the residual
term is not well controlled when ~ goes to zero in the classical proof.
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18 A. DIEULEVEUT, A. DURMUS, F. BACH

Classical decomposition. The starting point of this decomposition is to
o) ) around #*. For any k € N,

k+1
2
o).

As a consequence, using the definition of the SGD recursion (1),

consider a Taylor expansion of f(

ror) = e - o) +o (o -

0L =00 =~ ) - e @)
2
= o) — 0%) - wam(e,@)ﬂo(uegﬂ s ) |
Thus
2
f//(e*)(elg’Y)_a*) — ( 0(_31+9( ))_5k+1(‘91(3))+0<H91(J) 6* > .

Averaging over the first k iterates yields:
(k + 1) (éé’Y) _ 6*> _ ,Yflf//(a*) (0(’)’ _ 0k+1> Zf// 0* 81—{-1 ( ( ))

(24) + io( 00 — o+ 2).
=0

=
The term on the right-hand part of Equation (24) is composed of a bias
term (depending on the initial condition), a variance term, and a residual
term. This residual term differentiates the general setting from the quadratic
one (in which it does not appear, as the first order Taylor expansion of f’ is
exact). This decomposition has been used in [4] to prove upper bound on
the error, but does not allow for a tight decomposition in powers of v when
v — 0. Indeed, the residual (91(7) — 6" simply does not go to 0 when v — 0:
on the contrary, the chain becomes ill-conditioned when v = 0.

New decomposition. Here, we use the fact that for a function ¢ : R — RY
regular enough, there exists hy : R? — RY satisfying, for any 6 € R%:

hg(0)£'(0) = 9(6) — g(0%),
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 19

where hy(6) € R9*? and f'(§) € R?. The starting point is then a first order

(7 ()

Taylor development of hg(6, ;) around 6, ". For any k € N*, we have

he(00),) = hy(60)) + 10060, — 60)) + 0 <H9,§1>1 - e,ngQ)
= 1g(87) —Amy (0711 (6L7) ~ A hi (0 i (6)) + O (Hekﬂ - 951)\\2)
= 1y 0) = 10(6”) = 9(6°)) = 21,6 ewna6) + 0 (o2 - 7).
Thus reorganizing terms,
g0 = 9(0") = {ny(07) = hy (020 }
0 e 0 +70 (ol -0 [).

Finally, averaging over the first k iterations and taking g = Id give
(k+1) (07 = ) =y (ma(65) = mua(6y) ) + Zh 07z (6)
9(’}’

) ﬂlio( 2 -0)

This expansion is the root of the proof of Theorem 7, which formalizes the
expansion as powers of 7. The key difference between decomposition (24)
and (25) is that in the latter, when v — 0, the expectation of the residual
term tends to 0 and can naturally be controlled.

4. Experiments. We performed experiments on simulated data, for
logistic regression, with n = 107 observations, for d = 12 and 4. Results are
presented in Figure 2. The data are a.s. bounded by R > 0, therefore R = L
We consider SGD with constant step-sizes 1/R?, 1/2R? (and 1/4R?) with or
without averaging, with R? = L. Without averaging, the chain saturates with
an error proportional to 7 (since ”91(3) — 0% = O(\/7) as k — +00). Note
that the ratio between the convergence limits of the two sequences is roughly
2 in the un-averaged case, and 4 in the averaged case, which confirms the
predicted limits. We consider Richardson Romberg iterates, which saturate
at a much lower level, and performs much better than decaying step-sizes
(as 1/4/n) on the first iterations, as it forgets the initial conditions faster.
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20 A. DIEULEVEUT, A. DURMUS, F. BACH

Finally, we run the online-Newton [3], which performs very well but has no
convergence guarantee. On the Right plot, we also propose an estimator
that uses 3 different step-sizes to perform a higher order interpolation. More
precisely, for all k£ € N*, we compute 0,?; = %9,(]) — 2@,?*) + %@247). With such
an estimator, the first 2 terms in the expansion, scaling as v and 2, should
vanish, which explains that it does not saturate.

1 1
— —
* *
D o > -2
= =
S S
[ | -3
— —~
2 IR S 4m
= le12m? = |l12R?
S |[-1/2Rm o 51—1/2R*/n
o0 -5 [|—Richardson 20 —Richardson
< —Online-Newton S -6 {|—Online-Newton

0 2 4 6 0 2 4 6
log;, (n) 10%10(”)

—

*

>

=

S~

| Si~=1/R?

~ ||—1/2R?

S 4t 1ap

= |12rm
©-5 [|—Richardson
a0 Richardson 3y
L6 — Online-Newton

0 2 4 6
log,4(n)

Figure 2: Synthetic data, logarithmic scales. Upper-left: logistic regression,
d = 12, with averaged SGD with step-size 1/R?, 1/2R?, decaying step-sizes
(v = 1/(2R*Vk)) (averaged (plain) and non-averaged (dashed)), Richardson
Romberg extrapolated iterates, and online Newton iterates. Upper-right:
same in lower dimension (d = 4). Bottom: same but with three different
step-sizes and an estimator built using the Richardson estimator 92 =

%5,(3) — 20_1(37) + %9_1(:17)7 with 3 different step-sizes 3v, 2y and v = 1/4R2.

5. Conclusion. In this paper, we have used and developed Markov chain
tools to analyze the behavior of constant step-size SGD, with a complete
analysis of its convergence, outlining the effect of initial conditions, noise and
step-sizes. For machine learning problems, this allows us to extend known
results from least-squares to all loss functions. This analysis leads naturally
to using Romberg-Richardson extrapolation, that provably improves the
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BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 21

convergence behavior of the averaged SGD iterates. Our work opens up
several avenues for future work: (a) show that Richardson-Romberg trick
can be applied to the decreasing step-sizes setting, (b) study the extension
of our results under self-concordance condition [2].
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7. Postponed proofs.

7.1. Discussion on assumptions on the noise. Assumption A4, made
in the text, can be weakened in order to apply to settings where input
observations are un-bounded (typically, Gaussian inputs would not satisfy
Assumption A4). Especially, in many cases, we only need Assumption A7
below. Let p > 2.

AT (p). (i) There exists 7, > 0 such that {EVP[||le1(6*)||P]} < 7, .
(i) For all x,y € R?, there exists L > 0 such that, for ¢ =2,...,p,

(26) E[||f1(z) — fi(w)||"]
<Lz —yl|" (z -y, fl(2) - f(y)

where L is the same constant appearing in A2 and f| is defined by (4).

On the other hand, we consider also the stronger assumption that the
noise is independent of 6 (referred to as the “semi-stochastic” setting, see
[12]), or more generally that the noise has a uniformly bounded fourth order
moment.

AS8. There exists T > 0 such that supgega{EV4[[|e1(0)||*]} < 7.

Assumption A7(p), p > 2, is the weakest, as it is satisfied for random design
least mean squares and logistic regression with bounded fourth moment of
the inputs. Note that we do not assume that gradient or gradient estimates
are a.s. bounded, to avoid the need for a constraint on the space where
iterates live. It is straightforward to see that A7(p), p > 2, implies A4(p)
with 7, = 7, and A8-A2 implies A4(4).

It is important to note that assuming A3 —especially that (ej)ren+ are
i.i.d. random fields— does not imply AS8. On the contrary, making the
semi stochastic assumption, i.e. that the noise functions (e (0x_1))ren+ are
ii.d. vectors (e.g. satisfied if ¢ is constant as a function of 6), is a very
strong assumption, and implies AS.

7.2. Preliminary results. We preface the proofs of the main results by
some technical lemmas.

LEMMA 8. Assume A1-A2-A3-A4(2). Let ¢ : RY — R be a Lipschitz
function. For any step-size v € (0,2/L), the function 1, : R? — R defined
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for all € R? by

“+oo
(27) by (0) =D RLg(0)
=0

is well-defined, Lipschitz and satisfies (1d —Ry)y, = ¢, my(1y) = 0. In
addition, zf@ZJ,Y R? — R is an other Lipchitz function satisfying (Id —R )1/)7 =

o, Ww(wv) =0, then ¢y = %

PrROOF. Let v € (0,2/L). By Proposition 2-(b), for any Lipschitz con-
tinuous function ¢, {6 — Zle(Rfyqﬁ(H) — 7 (¢)) }e>0 converges absolutely
on all compact sets of R?. Therefore 1 given by (27) is well-defined. Let
(6,9) € R? x R, Consider now the two processes (012:1))207(91(62))k20 defined
by (11) with A; = 8y and Ay = 8y. Then, for any k& € N*, using (13):

REol0) ~ Rbo0) < £5Y2 | of2) - o]

(28) < L= 2uy(1 = yL/2)2)0 - 9] .

IN

Therefore by definition (27), 1, is Lipschitz continuous. Finally, it is straight-
forward to verify that 1), satisfies the stated properties.

If 1/;7 R? — R is an other Lipchitz function satisfying these properties,
we have for all € R?, (¢, —1,)(0) = Ry (¢, — 1,)(6). Therefore for all
ke N, 0eRe (¢, — wv)( ) = Rﬂj(w7 —1,)(#). But by Proposition 2-(b),
limy,_y 4 o0 RE(1hy — 1) (0) = (5 — 1) = 0, which concludes the proof. []

LEMMA 9. Assume A1-A2-A3-A4(2). Then we have for any~y € (0,2/L).
£/(0)m(d8) = 0.
Rd

PROOF. Let (9( ))keN be a Markov chain satisfying (1), with 9(()7) dis-
tributed according to 7. Then the proof follows from taking the expectation

n (1) for k =0, using that the distribution of 99) is 7, Ele1(0)] = 0 for all
6 € R? and ¢; is independent of 0[()7). ]

LEMMA 10. Assume A1-A2-A3-A7(2). Then for any initial condition
0(()7) € R?, we have for any v > 0,

+ 272%22 ,

o -o
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24 A. DIEULEVEUT, A. DURMUS, F. BACH

where (9](67));620 is given by (1). Moreover, if v € (0,1/L), we have

(29) [ 10— 071 (@0) < 57 (1 =)
PROOF. Using A3-Al and f'(6%) = 0, we have
B oo ) < o o[ |t H H
(30) =29 [ (12 (07) — fia (07),65 = 0°)| 7|
1) < (12 o o +72E[Hf,;+1<0£>H a8

In addition, under A3-A7(2) and using (4), we have:
2
E “ o) ’Jfk]
2 (u«:

(LE <fk+1( N i 67),60 >_9*>
<2 (L< _7(0%),00 _9*> +72> |

Combining this result and (31) concludes the proof of the first inequality.

IN

7] 2 [Isaer|s])

I +)
fk} +72)

O) = f11(0%)

| —

L (00) — £ (67)

| /\

| —

IN
N\

Regarding the second bound, let a fixed initial point 0(()7) € R%. By Jensen
inequality and the first result we get for any k € N and M > 0,

2 A M] < (1= 2yu(1 — ~L))*! He(()'y)

U\@kﬂ a
k
+ 2927 Z (1—2yp(1—~L))" .

9(7

w1 — O I1P A M = [oa{llO — 07> A

Since by Proposition 2-(b), limg_, 1 o El||
M}, (df), we get for any M > 0,

/{He 07|12 A My, (46) < 472/ (u(1 — L))

Taking M — +oo and applying the monotone convergence theorem concludes
the proof. ]
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Using Lemma 10, we can extend Lemma 8 to functions ¢ which are locally
Lipschitz.

LEMMA 11. Assume A1-A2-A3-A4(4). Let ¢ : R* — R be a function
satisfying there exists Ly > 0 such that for any x,y € R?,

(32) |9(x) = o(y)| < Lo lz = yl[ {1 + [l + [lyll} -
For any step-size v € (0,1/L), it holds:
(a) there exists C > 0 such that for all § € R, k € N*:

REg(0) - m,(9)] < C(1 = 2uy(1 =42 {1+ |}6 - 07|} ;

(b) the function 1 : RT — R defined for all § € RY by (27) is well-defined
satisfies (Id —R,)y, = ¢, 7y (y) = 0 and there exists Ly > 0 such
that such that for any x,y € R,

(33) (@) = ()] < Ly [lz =yl {1+ [l=]| + [lyl[} -

PRrOOF. The proof is similar to the proof of Proposition 2 (b) and Lemma 8.
It is given in the supplementary paper [11]. O

7

It is worth pointing out that under Assumption A8 (the “semi-stochastic
assumption), a slightly different result holds. The following result underlines
the difference between a stochastic noise and a semi-stochastic noise, espe-
cially the fact that the maximal step-size differs depending on this assumption
made.

LEMMA 12.  Assume A1-A2-A3-A8. Then for any initial condition 9(()7) €
RY, we have for any v € (0,2/(m + L)],

2
" [Helgrl)l -0 +9%77

2
M < (1= 2yl /(u+ 1)) |6 — 0"

where (9;(3))1420 is given by (1).

ProOOF. First, note that since f satisfies A1 and A2, by [32, Chapter 2,
(2.1.24)], for all 2,y € RY,

’ / Ly 1 / ’
(39) (f@) = F e —y) > o=yl + o 1) = W)l
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Besides, under A8, we have:
E U

So that finally, using (30), A3, (34), A2 and rearranging terms we get

2
@) = 60|

fen 17 = |

re| +e||

< ||+

2
E [He,(jjl — 0 17772

2
M < (1 2yuL/(u+ L) [0 — 0

g ‘ 1) H2 2‘ 1) H2
—2— 0 0 .
L+p f( k N +7] f( k )
Using that v < 2/(m + L) concludes the proof. O

We give uniform bound on the moments of the chain (9,(3)) k>0 for v > 0.

For p > 1, recall that under A4(2p), the noise at optimal point has a moment
of order 2p and we denote

(35) rp =BV a1 (0] -

We give a bound on the p-order moment of the chain, under the assumption
that the noise has a moment of order 2p.
For moment of order larger than 2, we have the following result.

LEMMA 13. Assume A1-A2-A3-A4(2p), for p > 1. There exist numeri-
cal constants Cp, D), > 2 that only depend on p, such that, if v € (0,1/(LCp)),
for all k € N* and 6y € R?

2 D, ~12
B2 |60 - oo |”] < a2 -cont 2t 160 - o] 4
W

where (91(:))keN is defined by (1) with initial condition 9(()7) = 6y. Moreover,
the following bound holds

(36) Ll =01 @) < (D)

REMARK 14. e Notably, Lemma 13 implies that [5q |6 — 9*”471'7((319) =
O(v?), and thus [, |0 — 0%|)* 7, (d0) = O(v*/2). We also note that [ga [0—
0*||?m,(d0) = O(v), also implies by Jensen’s inequality that ||0, — 6*|*> =
O()-
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e Note that there is no contradiction between (36) and Theorem 7, as for
any p > 2, one has for g(0) = ||0 — 0*||* and hg the solution to the Poisson
equation, that hy(0*) = 0, so that the first term in the development (of
order ) is indeed 0.

PRrROOF. Let v € (0,(1/2L)). Set for any k € N*, ¢ = ||9,(J) — 0*||. The
proof is by induction on p € N*. For conciseness, in the rest of the proof, we
skip the explicit dependence in ~ in 0(7) we only denote it 6;. For p = 2, the
result holds by Lemma 10. Assume that the result holds for p — 1, p € N*,
p > 2. By definition, we have

S = (07 = 29(fhia (Ok), O — 07 + 22| fryr (O0)I7)7
p j *\ ]
B = X @0 a6 0 6]
4,5,0€{0,...,p}>
i+j+Il=p

We upper bounds each term for 4, j,1 € {0,...,p}, as follows:

1. Fori=p,j=1=0, Wehave(52p

2. Fori=p—1,j=1,1=0, we have p2v(f;_ ,(0r), ek—e*)52(” 2 , for which
it holds by A3

(38) B [p21(Fhr (00). 60— 005 | Fi ] = 200/ (00), 06 — 0705

3. Else, either [ > 1 or j > 2, thus 2]/ + j > 2. We first upper bound, by the
Cauchy—Schwarz inequality:

(39) E[(ft1(0%), 0k — 0°)|Fi] < 07 || frsr (O

Second, we have

E[|| £ (08)|2H|F) < 224971 (Emf,;ﬂwk) — S (092 | R
E[|rf,;+1<e*>||2l“\fkl>

(40) < 2t (E[Hf;;mek) B 0297 + 2l+z) ,

using for any z,y € R, (z+y)2H7 < 224715247 10247) A4(2p), 20+5 < 2p
and Holder inequality. In addition, using A4(2p), we get

Ef1 i1 (B) = flya (0P| ] < P26 1 (8) = flya (6717
< LI 00) — 1(67). 06— 6°)
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Combining this result, (39) and (40) implies using i +j + 1 < p,
B[ (20) (Fipa (00), 0k = 0% || a0 7| Fi]
< 039 283 (B 4 (80) = SO IR+ 7 )

< 72[+j22[+2j715ii+2j+2l—2L21+j71<f/(0k) _ f'(9*), Op — 0%)

(41) + ,Yzl+j 22l+2j—15zi+j7_22;+j ]

Define then

P! 20425—1
Cp=max (2,(1/p) D lellQ e
i,j1€{0,.p}® T
i+j+1l=p
j+21>2

Note that using j + 21 > 2, for v such that yL < 1/C,, it holds

1 ! , .
(42) -y "?w (YL)2H—19242i-1 < ypen <
p Z7]7le{07'7p}3 /L']' '
i+j+l=p
j+21>2

Therefore, we have combining this inequality, (38)-(41) in (37),
2(p—1 * *
BI6 1 Fe) < 67 = 29p(1 = yLCo/ 257V (' (0) = 1(6%), 0 — %)
Pl ol i1 2045 20+
D T,
i,5,0€{0,...,p}3

i+j+l=p
J+20>2

Using Al, for j € {0,...,p}, ('yTgpék)j < 2(772p)2j +2(6,)%, we get

E[5% ] < (1 — 2yup(1 — vLC,/2))E[5;7]

Pyt (02,2 \IHiR[52 Pl i 2 9 NI s2i42)
+ X gt O VER + T (00, )
i7j7l€{07"'?p}3
i+j+l=p
j+20>2

Finally, denoting ¢, = EV/P [5Zp ], using that by Holder inequality E[627] < ¢,
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for all i € {0,...,p}, we have:

p! j j
&< (U= 2yup(1 —LCy/2)) e+ S a2 ) el

LAl
i,7,0€{0,...,p}>
i+j+l=p
j+21>2
(43) 4 Z p! 4l+j( 2.2 )l i+j
TR A
i,7,0€{0,...,p}>
i+j+1=p
jH20>2

Define

-1 | |
_ D—1U D b: l+j p: l+j
D, = max 2 (u E 7“],'“4 + E 7i!j!l!4

u€e{0,...,p} !
1,5,0€{0,....p}3 1,5,0€{0,....p}3
i+j+l=p i+j+=p
j+20>2 j+20>2
L l+j=u l=u i

Note that using (42), C, > 2 and p < L, (1 — 2yu(1 —yLCp/2)) > (1 —
vLCy(1 —vLC,/2)) > 1/2. Using this inequality and 1 — pt < (1 — ¢)P for
t > 0 we get by (43) setting p = (1 — 2yu(1 — vLC,/2)),

p

(ﬂck + Dp’Y2Tp)p = Z (Z) (Pck)p_u(Dp72Tp)u

u=0

p
> (1 21 =1 2Cy /) + 32 () (o (D) = Ly

u=0

A straightforward induction implies the first statement.The proof of (36) is
similar to the one of (29) and is omitted. O

LEMMA 15. Let g : R? — R satisfying A6(1,p) for p € N. Then for all
61,6, € RY,

19(61) — g(02)] < ag (|61 — 02| {bg + 1161 — (|7 + (|62 — 7|7} .

PROOF. Let 6,609 € R% By the mean value theorem, there exists s € [0, 1]
such that if 7y = s6; + (1 — s)02 then

l9(01) — g(02)| = Dg(ns) {61 — 02} .
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30 A. DIEULEVEUT, A. DURMUS, F. BACH
The proof is then concluded using A6(¢, p) and
s — 07| < max (|61 — 67|, |62 — 67])
L]

PROPOSITION 16. Let g : R* — R satisfying A6(1,p) for p € N. Assume
A1-A2-A3-A4(2p). Let Cp > 2 be given by Lemma 13 and only depending
on p. For all v € (0,1/(LC,)), for all initial point Oy € RY, there exists C,
independent of Oy such that for all k > 1:

E [ki {gw@)}] - / 9(0)m,(d6)
i=1 Rd

PROOF. The proof is postponed to the supplementary document [11].
O

< Cg(L+ 1160 — 67[7) /K .

7.3. Proof of Proposition 3.

PROOF OF PROPOSITION 3. By Lemma 9, we have [p, f'(6)7(d6) = 0.

Since f’ is linear, we get f’(f,) = 0, which implies by A1 that 6, = §*.
Let v € (0,2/L) and (91(:))keN given by (1) with 0(()7) distributed according
to 7, independent of (e4)ren+. Note that if f = fx, (1) implies for k& = 1:

(07 — 0% = (1) (65 - 0*) + 781(9(()7))>®2

Taking the expectation, using A3, 0(()7) is independent of 1 and 7 R, = 7,

we get

/Rd(@ — 0%)%%71.,(dF) = (Id —X) [/Rd(g _ 9*)®2M(d9)} (1d —%)

+ 72 /R C(0)my(d0) .

(44) (Zo1d+1d@Y—1SoY) [/ (9—0*)®2m(d9)} _7/ C(0)m,(d8) .
R R

It remains to show that (¥ ® Id +1d ®3 — v ® ¥) is invertible. To show
this result, we just claim that it is a symmetric definite positive operator.
Indeed, since v < 2L7%, Id —(v/2)X is symmetric positive definite and is
diagonalizable with the same orthogonal vectors (f;);cqo,..ay as 2. If we
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denote by (Ai)ico,...a), then we get that (X @ Id+1d®X — X ® ¥) =
Y ® (Id —y/2%) + (Id —y/2%) ® ¥ is also diagonalizable in the orthogonal
basis of R? @ RY, (£ ® £); jefo,...ap and (Ai(1 = yA;) + X (1 = YX))i jeqo.,...4)

O

are its eigenvalues.

Note that in the case of the regression setting described in Example 1, we
can specify Proposition 3 as follows.

PROPOSITION 17. Assume that f is an objective function of a least-
square regression problem, i.e. with the notations of Erample 1, f = fx,

Y =FE[XXT] and ¢}, are defined by (6). Assume A1-A2-A3-AJ(4) and let
r defined by (8). We have for all v € (O, 1/7“2),

(Z®@Id+1d®Y —4T) [/ (0 — 0%)%2m, ()| = R[],
R

d

where T and & are defined by (19) and (7) respectively.

PROOF. The proof follows the same line as the proof of Proposition 3 and
is omitted. ]

7.4. Proof of Theorem 4. We preface the proof by a couple of preliminaries
lemmas.

LEMMA 18. Assume A1-A2-A3-A/(6V 2k.)-A5 and let v € (0,2/L).
Then

@) 8- =) 00A| [ e mo] +on).
Rd
where A is defined by (17), 0, and C are given by (3) and (5) respectively.

PROOF. Let v € (0,2/L) and (9,(:));.361\1 given by (1) with 9(()7) distributed

according to 7, independent of (ej)ren+. For conciseness, in the rest of the

proof, we skip the explicit dependence in ~ in 92(7): we only denote it 6;.

First by a third Taylor expansion with integral remainder of f’ around 6*,
we have that for all z € R,

(46)  f'(0) = f"(07)(0 — 6) + (1/2) f"(67)(0 — 6")%* + Ra(0)
where R : R? — R? satisfies

(47) sup {|R1(9)]| /10 — 07|} < 400
R4
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It follows from Lemma 9, taking the integral with respect to 7,

0= /Rd {f//(g*)(e —0%) + (1/2)f/,/(9*)(9 _ 0*)@2 + Rl(ﬂ)} 7T,y(d0) ‘

Using (47), Lemma 13 and Hoélder inequality, we get

(48) f’/(a*)(é'y —0") + (1/2)f//,(9*) [/R 6 — «9*)®27r7(d9) _ 0(73/2) _

d

Moreover, we have by a second order Taylor expansion with integral remainder
of f’ around 6*,

91 — 0" = (90 - ’y[f”(e*)(eg — 9*) + 51((90) + RQ(Q())] s
where Ry : R — R? satisfies

(49) sup {[Ra2(6)]| / 16 — 6%]*} < +o00 .
HER4

Taking the second order moment of this equation, and using A3, 6y is
independent of 1, (49), Lemma 13 and Holder inequality, we get

[ (6-6%m @0) = (a0 | |

77 [ com @) +00")

- 0*)%@9)} (1d—f"(6"))

d

This leads to:
[ o-0m @) =aa | [ coman|+o0>.
R4 R4

Combining this result and (48), we have that (45) holds if the operator
(f"(6*) @ Id+Id@f"(6*) — vf"(6*) @ f”(0*)) is invertible. To show this
result, we just claim that it is a symmetric definite positive operator. Indeed,
since v < 2L~ 1, by A1, Id —(v/2)f"(6*) is symmetric positive definite and
is diagonalizable with the same orthogonal vectors (f;);cqo,...ay as f"(6%).
If we denote by (\i)icqo,....a}, then we get that (f(6*) @ Id+1d®f"(6*) —
VFI0%) @ 7(6°)) = f1(67) & (1d = /207 (6)) + (1d — /20" (6)) 2 £ (6°) is
also diagonalizable in the orthogonal basis of R? @ RY, (f; ® £i)ijefo,...,.ay and
(Ai(L = 9Aj) + Ai(1 = 9Ni))ijeqo,....qp are its eigenvalues. O
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LEMMA 19. Assume A1-A2-A3-AJ(2(k. +1))-Ab. It holds as v — 0,
y C(0)m(dO) = C(07) + O(7) ,

[ cO@ (00, (@) = o) (8, ~ 07} +0(2)
where C is given by (5).

PROOF. By a second order Taylor expansion around 6* of C and using
A5, we get for all 2 € R? that

C(z) —C(07) =C'(0") {w — 0"} + Ru(x) ,

where Ry : R? — RY satisfies sup,cga [|R1(2)]| /(|z — 0%|>+ ||z + 6%]/*2) <
+oo. Taking the integral with respect to 7, and using Lemma 18-Lemma 13
concludes the proof. O

PROOF OF THEOREM 4. Let v € (0,2/L) and (0,(])

9(()7) distributed according to 7, independent of (ej)ken=. For conciseness, in
o).
(]

)ken given by (1) with

the rest of the proof, we skip the explicit dependence in v in we only

denote it 6;.

The proof consists in showing that the residual term in (45) of Lemma 18
is of order O(~?) and not only O(7%2). Note that we have already prove
that 6, — 0" = O(~). To find the next term in the development, we develop
further each of the terms. By a fourth order Taylor expansion with integral
remainder of f’ around 6*, and using A2, we have

Oy = 0% =00 — 0 = y[f"(6")(00 — ") + (1/2) 1) (6") (09 — 0")**
(50) +(1/6)£D(6°) (60 — %) + 1 (00) + Ry (6)]

where Rz : RY — RY satisfies sup,cga | R3(z)|| / |z — 8*||* < 4+00. Therefore
taking the expectation and using A3-Lemma 13 we get

(51) J"(67)(0, = 07) = —=(1/2)/(0") /R (0= 67)my(d6)
~ (/670 [ (8- 67)m,(8) + 00
Rd

Since f”(0*) is invertible by A1, To get the next term in the development,
we show that

() Jra(0 = 07)%my(d0) = Wy + o(y?).
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(b) (fRd)(H —0%)%27,(df) = Oy + Ay2 + o(v?), for O given in (16), proving
16).
(a) Denote for i = 0,1, 7; = 6; — 6*. By (46)-(47), Lemma 13 and A3-
A4(12), we get
B[] = B [{(1d—f"(0"))m0 — 121(60) — 7" (67§ + Ra(60)} ]
= E [{(1d—7f"(6)n0}** + 7 {e1(60)} > © {(Id —.f"(8"))no}
+ A Ad =y " (0)mo}=* @ {f"(6" )15}
A0} © {(Id =7 f"(6*)n0} 2] + O(v?)
= E [{(1d —7f"(6))m0}** +~7*{e1(60)}* @ {(Id —7f"(8"))no}] + O(7?)
=E [{no}**] + E [yB{no}®* + v*{e1(60)}** ® {(Id =" (6*))no}] + O(v*) ,
where B € L(R? | R?") is defined by
B=/"0")oldeld+ldef"(0*) @ 1d+ ldeoldef” (") .

Using A1 and the same reasoning as to show that A in (17), is well defined,
we get that B is invertible. Then since ng and 7; has the same distribution
Ty, We get

[ 0= @0
=B | [ @) (@66 - 671, (0| + 012,

By Lemma 19, we get

/Rd(H—H*)mm(d@) =B~ {C(0)} ® {(1d —f"(67))(0, — 0)}] +O(v*) -

Combining this result and (45) implies (a).
(b) First, we have using (50), A3 and Lemma 13 that:

E[(61 — %)% = E [(6p — 0*)%* —~(Id @ f"(0%) + f"(6%) @ 1d) (0 — 6*)%>
+ (7/2) (00 — 0%) @ {fP(67) (60 — 6)¥2}
+(v/2{FP(O7) (80 — 07)*} ® (B — 6%) +v2e1(00) 2 (60) | + O(+%) .
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Since 6y and 0 follow the same distribution 7, it follows that
(52)

yId & f"(0*) + f'(6*) ®1d) [/R (0 — 6%)%*r.,(d0)

d

~06)+ [ /20 -0 0 (06—
F QIO 6~ 6} © (0 - 0%) 4971 (60)(00)] 7 (d0)

Then by linearity of f”/(6*) and using (a) we get (b).
Finally the proof of (15) follows from combining the results of (a)-(b) in
(51).
O

7.5. Proof of Theorem 5.

THEOREM 20. Let ¢ : R? — RY be a Lipschitz function Assume A1-A2-
A3-AJ(4) and let v € (0,1/(2L)). Then setting p = (1 — 2u~y(1 — ~yL))'/2,
for any starting point 6y € R?, k € N*

k—1

FLS T 0(0)

=0

E = () + k(W (60) + O(") |

and if 7, (¢) =0,
k—1 ®2 1
E {k—l Zw(eﬁ))} Tk /R [14(0)%% = (4, — 9)(0)%?] dy (6)
=0
- % [x3(60) = X5 (60)] + O(p")

k

where 1., x% and X’Q)/ are solutions of the Poisson equation (27) associated
with @, Wﬂ , (R7¢7)(R7¢7T ) respectively.

PROOF. In the following proof, we skip the dependence on ~ for 9,(3),
simply denoted 0. We prove the result for a general starting distribution

and conclude using 1y = 3p,, as we assume that we start from a deterministic
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point. We denote @y, := k™ 1ZZ o ¢(0:).

k—1 k—1 '
Bl = K'Y Elp(0)] =k Y (0R)) ()
=0 - 1=0
= m(p) +E ) w(R(p —m ()
=0
= m(p) +k w(¥y) — vo(RE(Y))
= () + k() + 0"

with p := (1 — 2uy(1 — yL))"/?, and using the fact that I/()(R,li(w,y)) =
Vo(R,k;(’gZny — (1)) = O(pF). Indeed, using Lemma 8, v, exists and is
Lipshitz, and using Proposition 2, Item (b), we have that VQ(R,@(’(/J,Y» = 0(p").
We now consider:

E[®,®)] =—

i j=i+1
1 k—1 A
=— = 2 (R (peh)
.
+ 3 ( [Ep(0:)p(0;) " + E«P(%)«ﬁ(@z)TD
=0 Jj=t
= = omy(ep’) = 50 (Z R, ((WT) - m(WT)> +0(p")
=0
1 k—1k—1
- [Ep(0:) (R 0(60:)) T + E(RS 0 (0))0(6:) "]

With Xf’y the solution to the Poisson equation associated with ¢!, that
exists according to Lemma 11. We have used, for (D), that, first, for i < j,
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Elp(0:)p(0) "] = E[E[(6:)¢(0;)"|Fi]] = Elp(6:) (R "¢(6:) "], and then
using Lemma 11, that VO(REY(X,?;)) = O(p¥). Thus:

1 1
B[00]] =~ 1 (pp7) 150 (&) +0(")

k—1
1 ) .
+ ﬁ Vo (R’7 [c,m/}v — @(R,ﬁ*’wy)T] + symmetric term) .

Using that kQ ZZ 0 V0 (RZ [ (Rﬁ_iwy)—r]) = O(pk), we get:

1
El@@]] = —m(eeT) — 500 ()

1 1
+E777 <80¢7 ) + EVO(Xi)
+ symmetric terms 4+ O(p") .

With x* the solution to the Poisson equation associated with gm/);r , and using
same reasoning as before to upper bound residual terms. For the first order
terms, which scale as k~1, we have:

E[@r®;] = 27y (—p0| + @] + thyp )+0(k_2)

(-

(—p™ + o] +T) + O(72)
(<= v =)+ ) + Ok
(~(Ry) (Row)T + 0] ) + O(72),

using the fact that for the solution to the Poisson equation: ¢y, — Ryt = ¢,
i.e. ¥y — ¢ = Ry1),. This can also be written:

1 _
i L 20 = 0, = O]y (0) + 007
For the following order O(k™2), we have, using the linearity of R, and
the fact that: —p@" + ¥y 0T + i) = —(0 = 1¥y)(© — 1y) T + 41, thus

(=3 +x2+03)7) =wmid —x3):

3 3
=2 =2

N
3

?M}—‘?v\r—‘?r\»—*wM—‘

(53)  E[®,®,] =

term 1
E[@@f] - = = 5 (10(=x3) + 100 + 1)) + 0(6")
1

(54 = 5 —xE) + 0"

Combining Equations (53) and (54), and using vy = 8, (thus for any function
g:RY =R, 15(g) = g(6p)), this is the result of Theorem 20, which results in
Theorem 5 when using ¢ : 6 — 0 — 0*. O
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7.5.1. Proof of Corollary 6. Corollary 6 is proved in the supplementary
paper [11], Section S3.

8. Proof of Theorem 7. Before giving the proof of Theorem 7, we
need several results regarding Poisson solutions associated with the gradient
flow ODE (21).

8.1. Regularity of the gradient flow and estimates on Poisson solution.
Let ¢ € N* and consider the following assumption.

A9 (0). f e C'RY and there exists M > 0 such that for all i €
{2,...,0}, supgcpa Hf(l)(G)H < L.
LEMMA 21. Assume A1 and A9(L+ 1) for £ € N*.

a) For allt >0, ¢, € CY R, RY), where (¢1)ier, is the differential flow

associated with (20). In addition for all @ € R, t gogz)(ﬂ) satisfies the
following ordinary differential equation,

e (0) ‘

V4
P S:t:D{f’ocpt}(ﬂ),foralltzO,

with gpz) =1Id and 90(()5) =0 for > 2.
b) For allt >0 and 6 € R%, ||@i(0) — 6%||2 < e~21 || — 0%|)* .
c) If £ > 2, for allt >0,

G(0%) = IO
d) If ¢ > 3, for allt >0 and i,5,l € {1,...,d},
(o (07) {fi @ £}, 81)
e~ Mt~ (MitA )t * .
_ {Mﬂ‘”(e HEofiefi} ifN#XN+N

—te M B (0 {f; @ f; @ i} otherwise
where {f1,...,£5} and {\1,..., g} are the eigenvectors and the eigen-
values of f"(0%) respectively satisfying for alli € {1,...,d}, f"(0*)f =
At

ProoOF. a) This is a fundamental result on the regularity of flows of
autonomous differential equations, see e.g. [17, Theorem 4.1 Chapter V]

b) Let 6 € R Differentiate ||¢;(#)||* with respect to ¢ and using A1, that
f is at least continuously differentiable and Grénwall’s inequality concludes
the proof.
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¢) By a) and since #* is an equilibrium point, for all 2 € R?, £F(6*) =
©y(0*) {x} satisfies the following ordinary differential equation

(55) E07) = —f"(0s(67)E5(07)ds = — f" (65 (6%)ds .

with &§(0*) = x. The proof then follows from uniqueness of the solution of
(55).

d) By a), for all 1,29 € RY, £7072(0%) = ¢,"(0%) {x1 ® x2} satisfies the
ordinary stochastic differential equation:

dé-(sj;’ 2 (9*) — _f(3)(905(0*)) {@8/(9*)x1 Q 9081(0*)1‘2 ® ei}
— s (@) {2 @ e}
By ¢) and since 6* is an equilibrium point we get that &2 (6*) satisfies
ag

S (07) = — £ ) { Oy @ ey @ o} (07 {5 @ e}

Therefore we get for all i,75,1 € {1,...,d},
d(5,5)
ds

This ordinary differential equation can be solved analytically which finishes
the proof.

= — 3 {e*Mf,- ®e M ® fl} -\ <§§i’fj , fz> :

O]

Under A1l and A9(¢), for any function g : R* — RY, locally Lipschitz,
denote by hy the solution of the continuous Poisson equation defined for all
6 € R? by

(56) hy(0) = /0 " (9(pa(8)) — 9(67))dt

Note that hg is well-defined by Lemma 21-b) and since g is assumed to be
locally-Lipschitz. In addition by (21), hy satisfies

(57) Ahg(0) = g(0) — g(0%) .
Define hiq : R* — R? for all z € R¢ by

o
(55) ma(t) = [ {n(6) =7} dt.
0
Note that hiq is also well-defined by Lemma 21-b).
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LEMMA 22. Let g : R — R satisfying A6((,p) for £,p € N, £ > 1.
Assume A1 and A9l +1).

a) Then for all @ € R?,
gl (0) < ag {(bg/m) 10 — 67| + (pp)~H |6 — 6*|1"}
b) If £ > 2, then Vhig(0*) = (f"(0*))~L. If £ > 3, then for all i,j €
{1,...,d},

(f; glgj ) =3 [-1Oe) { [0 e 1a+1a@"(67) " e v e}| @i}

=1

X (f1(07) e
PROOF. a) For all € R we have using Lemma 15 and (56)

+0o0
|g(6)] Sag/o s (0) = %[ {bg + llps(6) — 67[["} ds .

The proof then follows from Lemma 21-b).
b) The proof is a direct consequence of Lemma 21-c)-d) and (56).
O

THEOREM 23. Let g : RY — R satisfying AG({,p) for £,p € N, £ > 2.
Assume A1-A9(l+1).

a) For alli € {1,... ¢}, there exists C; > 0 such that for all § € R? and
t>0,

[e @) < i

b) Furthermore, hy € CH(RY) and for alli € {0, ..., £}, there exists C; > 0
such that for all € R?,

|ro@) < i+ - ey

PRrROOF.  a) The proof is by induction on ¢. By Lemma 21-a), for all
r € R and 0 € RY, £F(0) = Dy (0) {x} satisfies

dés(9)

(59) s

= —f"(e(0))& (0) -

s=t

with £Z(6) = . Now differentiating s — [|€2(6)]|?, using A1 and Gronwall’s
inequality, we get [|€Z(0)||> < e~2™||z||* which implies the result for £ = 2.
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Let now ¢ > 2. Using again Lemma 21-a), Faa di Bruno’s formula [22,
Theorem 1] and since (20) can be written on the form

d
WO~ S a0 (e

J=1

s=t

foralli € {2,...,0}, 0 € RY and z1,--- ,2; € R? the function &% () =

@Ei)(ﬁ) {r1 ® --- ® x;} satisfies the ordinary differential equation:

agir " (6)
(60) ds s=t
d
_ _Z Z f(\QH-l)( e; ®® ® 13 i1 Jl (6) e,
J=1Q€eP({1,...,i}) =1 j1,,j1€Q

where P({1,...,i}) is the set of partitions of {1,...,i}, which does not
contain the empty set and |Q2| is the cardinal of Q € P({1,...,i+1}). We
now show by induction on i that for all i € {1,..., ¢}, there exists a universal
constant C; such that for all ¢ > 0 and 6 € R?,

(61) sup
zeR

H<C’e ut

For i = 1, the result follows from the case £ = 1. Assume that the result is
true for {1,...,i} for i € {1,...,£ —1}. We show the result for i + 1. By
(60), we have for all # € R? and z1,--- ,2; € RY,

dflg O

ds s=t
i+1
= Y e gTTT e e®@ @ &)
QeP({1,...,i+1}) =1 j1,....51€Q

Isolating the term corresponding to Q@ = {{1,...,7+ 1}} in the sum above
and using Young’s inequality, A1, Gronwall’s inequality and the induction
hypothesis, we get that there exists a universal constant C;1q such that for
all t > 0 and = € R? (61) holds for 4 + 1.

b) The proof is a consequence of a), (56), A6(¢,p) and Lebesgue’s domi-
nated convergence theorem.

O
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8.2. Proof of Theorem 7. We preface the proof of the Theorem by two
fundamental first estimates.

THEOREM 24. Let g : R? — R satisfying A6(3,p) for p € N. Assume
A1-A2-A3-A5. Furthermore, suppose that there exists ¢ € N and C > 0
such that for all € R?,

Elle1 (@) I7**] < cu+ 1o - 7119

and A4(2p) holds for p=p+ 3+ qV k.. Let Cj be the numerical constant
given by Lemma 13 associated with p.

(a) For all v € (0,1/(LCy)), k € N*, and starting point 0y € R?,

 hgl00) = E [hy(6)7),)]
_ =

E

k

K1Y {000~ 90)}

=1

v/ [ 1@ | {a@)} | am @ - /04 00.5) 2t

(")

where 0,." is the Markov chain starting from 6y, defined by the recursion

(1), and

(62) sup A1 (6, 1) < c{1+ Heo—e*uﬁ} :
1EN*

(63) Aa(00,k) < C {1+ 160 — 0% [k} .

for some constant C' > 0 independent of v and k.
(b) For all v € (0,1/(LC3)),

W(O)E [{s(e)}@] dm(é)' <.

/ 9(@)m(dB) — 9(6%) + (1/2) /
Rd

Rd

ProOF. (a) Let & € N*, v > 0 and 6 € R? Consider the sequence

(9,(3)) k>0 defined by the stochastic gradient recursion (1) and starting at .
Theorem 23-b) shows that h, € C3(R?). Therefore using (1) and the Taylor
expansion formula, we have for all i € {1,... k}

ho(020) = hg(0) + 70y (07) { =7/ (60" + i1 (6}
+ (2 {1 00) + e @)}

®3
+ (/AP O + 57800 {700 + e (60}

(2
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where s( M e €[0,1] and A0 =0 — 91(7). Therefore by (57), we get

i+1 T Vel

hy(8) — g (7))

k
k_l Z {9(01(’7)) _g(e*)} _ k+1 +k 1 Zh Z 1 EH»I (V))
=1

ky

k
o/ 2h) SO0 {1 0) a6}

=1

+(52/(3)) YA 0 + 57800 { =1(0) + e (67))

i=1

kol

®3

Taking the expectation and using A3, we have

k

E Y {90 - 900}

=1

_E [hy(6) — hy(62)]

E
kry

+0/2) [ @ [{a1®) ] dn,0) - (/200 B + 0/ (310 B

where

Bi(fo. k) =E

i (h"w*) {16y =y o) {16 + swl(ef’))}m)]

k

®3
Ba(6o, k) Zh (00 + 57207 {160 + 21 (67 } ] .

Then it remains to show that (62) and (63) holds. By A2, Theorem 7-b) and
A5, there exists C' > 0 such that we have that for all # € R¢,

HHI(Q)H <Ci(1+ 60— 9*er+p+2) ’

where H : 6 — hJ(0)E[{—f'(0) + £1(0)}*?]. Therefore (62) follows from
A3, Lemma 15 and Proposition 16. Finally by Theorem 23-b) and Jensen

inequality, there exists C' > 0 such that for all ¢ € {1,...,k}, almost surely,
®3
BP0 + 57800 {-1(60) + 2 (6 }

") (Jreo] + Jee])

The proof of (63) then follows from A2, A3, (62) and Lemma 13.

< C( D+ [lena6?)
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(b)

A. DIEULEVEUT, A. DURMUS, F. BACH

This result is a direct consequence of Proposition 16 and (a).
O

PrROOF OF THEOREM 7. Under the stated assumptions, the functions

(VI

0 — h’g’(H)E[{E(H)}®2] and ¢ satisfy the conditions of Theorem 24.

The proof then follows from combining Theorem 24-(b) applied to ¥ and
Theorem 24 applied to g. O
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