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Abstract

Constant step-size Stochastic Gradient Descent
exhibits two phases: a transient phase during
which iterates make fast progress towards the
optimum, followed by a stationary phase during
which iterates oscillate around the optimal point.
In this paper, we show that efficiently detecting
this transition and appropriately decreasing the
step size can lead to fast convergence rates. We
analyse the classical statistical test proposed by
Pflug (1983), based on the inner product between
consecutive stochastic gradients. Even in the sim-
ple case where the objective function is quadratic
we show that this test cannot lead to an adequate
convergence diagnostic. We then propose a novel
and simple statistical procedure that accurately
detects stationarity and we provide experimental
results showing state-of-the-art performance on
synthetic and real-world datasets.

1. Introduction

The field of machine learning has had tremendous success
in recent years, in problems such as object classification (He
et al., 2016) and speech recognition (Graves et al., 2013).
These achievements have been enabled by the development
of complex optimization-based architectures such as deep-
learning, which are efficiently trainable by Stochastic Gra-
dient Descent algorithms (Bottou, 1998).

Challenges have arisen on both the theoretical front — to
understand why those algorithms achieve such performance,
and on the practical front — as choosing the architecture of
the network and the parameters of the algorithm has become
an art itself. Especially, there is no practical heuristic to set
the step-size sequence. As a consequence, new optimization
strategies have appeared to alleviate the tuning burden, as
Adam (Kingma & Ba, 2014), together with new learning rate
scheduling, such as cyclical learning rates (Smith, 2017) and
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warm restarts (Loshchilov & Hutter, 2016). However those
strategies typically do not come with theoretical guarantees
and may be outperformed by SGD (Wilson et al., 2017).

Even in the classical case of convex optimization, in which
convergence rates have been widely studied over the last 30
years (Polyak & Juditsky, 1992; Zhang, 2004; Nemirovski
et al., 2009; Bach & Moulines, 2011; Rakhlin et al., 2012)
and where theory suggests to use the averaged iterate and
provides optimal choices of learning rates, practitioners
still face major challenges: indeed (a) averaging leads to
a slower decay during early iterations, (b) learning rates
may not adapt to the difficulty of the problem (the optimal
decay depends on the class of problems), or may not be
robust to constant misspecification. Consequently, the state
of the art approach in practice remains to use the final iterate
with decreasing step size a/(b + t*) with constants a, b,
obtained by a tiresome hand-tuning. Overall, there is a
desperate need for adaptive algorithms.

In this paper, we study adaptive step-size scheduling based
on convergence diagnostic. The behaviour of SGD with con-
stant step size is dictated by (a) a bias term, that accounts for
the impact of the initial distance ||6y — 6.|| to the minimizer
0, of the function, and (b) a variance term arising from the
noise in the gradients. Larger steps allow to forget the initial
condition faster, but increase the impact of the noise. Our
approach is then to use the largest possible learning rate
as long as the iterates make progress and to automatically
detect when they stop making any progress. When we have
reached such a saturation, we reduce the learning rate. This
can be viewed as “restarting” the algorithm, even though
only the learning rate changes. We refer to this approach
as Convergence-Diagnostic algorithm. Its benefits are thus
twofold: (i) with a large initial learning rate the bias term
initially decays at an exponential rate (Kushner & Huang,
1981; Pflug, 1986), (ii) decreasing the learning rate when
the effect of the noise becomes dominant defines an efficient
and practical adaptive strategy.

Reducing the learning rate when the objective function stops
decaying is widely used in deep learning (Krizhevsky et al.,
2012) but the epochs where the step size is reduced are
mostly hand-picked. Our goal is to select them automati-
cally by detecting saturation. Convergence diagnostics date
back to Pflug (1983), who proposed to use the inner product
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between consecutive gradients to detect convergence. Such
a strategy has regained interest in recent years: Chee &
Toulis (2018) provided a similar analysis for quadratic func-
tions, and Yaida (2018) considers SGD with momentum and
proposes an analogous restart criterion using the expecta-
tion of an observable quantity under the limit distribution,
achieving the same performance as hand-tuned methods on
two simple deep learning models. However, none of these
papers provide a convergence rate and we show that Pflug’s
approach provably fails in simple settings. Lang et al. (2019)
introduced Statistical Adaptive Stochastic Approximation
which aims to improve upon Pflug’s approach by formaliz-
ing the testing procedure. However, their strategy leads to a
very small number of reductions of the learning rate.

An earlier attempt to adapt the learning rate depending on
the directions in which iterates are moving was made by
Kesten (1958). Kesten’s rule decreases the step size when
the iterates stop moving consistently in the same direction.
Originally introduced in one dimension, it was generalized
to the multi-dimensional case and analyzed by Delyon &
Juditsky (1993).

Finally, some orthogonal approaches have also been used
to automatically change the learning rate: it is for example
possible to consider the step size as a parameter of the risk
of the algorithm, and to update the step size using another
meta-optimization algorithm (Sutton, 1981; Jacobs, 1988;
Benveniste et al., 1990; Sutton, 1992; Schraudolph, 1999;
Kushner & Yang, 1995; Almeida et al., 1999).

Another line of work consists in changing the learning rate
for each coordinate depending on how much iterates are
moving (Duchi et al., 2011; Zeiler, 2012). Finally, Schaul
et al. (2013) propose to use coordinate-wise adaptive learn-
ing rates, that maximize the decrease of the expected loss
on separable quadratic functions.

We make the following contributions:

e We provide convergence results for the Convergence-
Diagnostic algorithm when used with the oracle diagnos-
tic for smooth and strongly-convex functions.

e We show that the intuition for Pflug’s statistic is valid for
all smooth and strongly-convex functions by computing
the expectation of the inner product between two consec-
utive gradients both for an arbitrary starting point, and
under the stationary distribution.

e We show that despite the previous observation the em-
pirical criterion is provably inefficient, even for a simple
quadratic objective.

e We introduce a new distance-based diagnostic based on a
simple heuristic inspired from the quadratic setting with
additive noise.

o We illustrate experimentally the failure of Pflug’s statis-

tic, and show that the distance-based diagnostic competes
with state-of-the-art methods on a variety of loss func-
tions, both on synthetic and real-world datasets.

The paper is organized as follows: in Section 2, we intro-
duce the framework and present the assumptions. Section 3
we describe and analyse the oracle convergence-diagnostic
algorithm. In Section 4, we show that the classical criterion
proposed by Pflug cannot efficiently detect stationarity. We
then introduce a new distance-based criterion Section 5 and
provide numerical experiments in Section 6.

2. Preliminaries

Formally, we consider the minimization of a risk function f
defined on R? given access to a sequence of unbiased esti-
mators of f’s gradients (Robbins & Monro, 1951). Starting
from an arbitrary point 6, at each iteration ¢ + 1 we get an
unbiased random estimate f;, ;(6;) of the gradient f’(6;)
and update the current estimator by moving in the opposite
direction of the stochastic gradient:

9,‘4_1 = 01' — 'Yi+1fz’l+1(9i)a (1)

where ;41 > 0 is the step size, also referred to as learning
rate. We make the following assumptions on the stochastic
gradients and the function f.

Assumption 1 (Unbiased gradient estimates). There ex-
ists a filtration (F;);>o such that 0 is Fo-measurable, f/
is Fi-measurable for all i € N, and for each § € R%:
E [fl1(0) | Fi] = f(0). In addition (f;)i>o are identi-
cally distributed random fields.

Assumption 2 (L-smoothness). For all i > 1, the function
fi is almost surely L-smooth and convex:

V0.1 € RY[|f(0) — fi(n)|| < L|6 .

Assumption 3 (Strong convexity). There exists a finite con-
stant (1 > 0 such that for all 6,7 € R%:

FO) = F) + (f'(m), 0 =m)+ S 1o =l

For i > 0 and § € W, we denote by ,(0) = f/(0) — f'(0)

the noise, for which we consider the following assumption:

Assumption 4 (Bounded variance). There exists a constant
o > 0 such that for any i > 0, E {Hs,(@*)HQ] <o

Under Assumptions 1 and 4 we define the noise covariance
as the function C : R? — R%*? defined for all § € R¢ by
C(0) =E [e(0)e(6)"].

In the following section we formally describe the restart
strategy and give a convergence rate in the omniscient set-
ting where all the parameters are known.
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3. Bias-variance decomposition and
stationarity diagnostic

When the step size « is constant, the sequence of iter-
ates (6,,)n>0 produced by the SGD recursion in eq. (1)
is a homogeneous Markov chain. Under appropriate con-
ditions (Dieuleveut et al., 2017), this Markov chain has
a unique stationary distribution, denoted by ., towards
which it converges exponentially fast. This is the transient
phase. The rate of convergence is proportional to v and
therefore a larger step size leads to a faster convergence.

When the Markov chain has reached its stationary dis-
tribution, i.e. in the stationary phase, the iterates make
negligible progress towards the optimum 6* but stay in
a bounded region of size O(,/7) around it. More pre-
cisely, Dieuleveut et al. (2017) make explicit the expansion

Er, [||9 - 9*||2} = by + O(~?) where the constant b de-
pends on the function f and on the covariance of the noise

C(0*) at the optimum . Hence the smaller the step size and
the closer the iterates (6,,),,>0 get to the optimum 6*.

Therefore a clear trade-off appears between: (a) using a
large step size with a fast transient phase but a poor approx-
imation of #* and (b) using a small step size with iterates
getting close to the optimum but taking longer to get there.
This bias-variance trade-off is directly transcribed in the
following classical proposition (Needell et al., 2014).

Proposition 5. Consider the recursion in eq. (1) under
Assumptions 1 to 4. Then for any step-size v € (0,1/2L)
and n > 0 we have:

B (160~ #17] < (1= 00" (100 - 0°17] + 21

The performance of the algorithm is then determined by the
sum of a bias term — characterizing how fast the initial condi-
tion 6 is forgotten and which is increasing with |6y — 6*||;
and a variance term — characterizing the effect of the noise
in the gradient estimates and that increases with the variance
of the noise 0. Here the bias converges exponentially fast
whereas the variance is O(+). Note that the bias decrease
is of the form (1 — yu)™dp, which means that the typical
number of iterations to reach stationarity is ©(y~1).

As noted by Bottou et al. (2018), this decomposition natu-
rally leads to the question: which convergence rate can we
hope getting if we keep a large step size as long as progress
is being made but decrease it as soon as the iterates satu-
rate? More explicitly, starting from 6y, one could run SGD
with a constant step size -y for An; steps until progress
stalls. Then for n > An,, a smaller step size y; = 779
(where r € (0,1)) is used in order to decrease the vari-
ance and therefore get closer to 8* and so on. This simple
strategy is implemented in Algorithm 1. However the cru-
cial difficulty here lies in detecting the saturation. Indeed

Algorithm 1 Convergence-Diagnostic algorithm
Input: Starting point 6y, Step size vy > 0, Step-size
decrease r € (0, 1)

Output: 0y
R (e
forn =1to N do
on 4"9n—1 "Vjﬁ(en—l)
if { Saturation Diagnostic } is True then
YT Xy
end if
end for
Return: 6y

Algorithm 2 Oracle diagnostic

Input: ~, 6o, i, L, 02, n
Output: Diagnostic boolean
Bias « (1 — ~vu)™dp
2y02

“w

Return: { Bias < Variance }

Variance <

when running SGD we do not have access to ||6,, — 6*||
and we cannot evaluate the successive function values f(6,,)
because of their prohibitively expensive cost to estimate.
Hence, we focus on finding a statistical diagnostic which
is computationally cheap and that gives an accurate restart
time corresponding to saturation.

Oracle diagnostic. Following this idea, assume first we
have access to all the parameters of the problem: ||6y — 6*||,
i, L, 0. Then reaching saturation translates into the bias
term and the variance term from Proposition 5 being of the
same magnitude, i.e.

27002

1—yop)2™ ||6p — 67| =
(L =01)="" 160 | p

This oracle diagnostic is formalized in Algorithm 2. The
following proposition guarantees its performance.

Proposition 6. Under Assumptions 1 to 4, consider Al-
gorithm 1 instantiated with Algorithm 2 and parameter
r e (0,1). Let vy € (0,1/2L), o = ||6o — 6% and

Anq = ﬁ log(ﬁfg2 ). Then, we have for all n < Any:

E |16~ 671°] < (1 = 0m)"d0 + =2,

and for alln > Any:

o2
E {Hen B Q*Hﬂ = w2 (n — inl)(l —r) In (%)

The proof of this Proposition is given in Appendix B.1. We
make the following observations:
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o The rate O(1/pu?n) is optimal for last-iterate convergence
for strongly-convex problem (Nguyen et al., 2019) and
is also obtained by SGD with decreasing step size 7y, =
C/un where C > 2 (Bach & Moulines, 2011). More
generally, the rate O(1/n) is known to be information-
theoretically optimal for strongly-convex stochastic ap-
proximation (Nemirovsky & Yudin, 1983).

e To reach an e-optimal point, O ( ; ﬁ log(4£00)) calls
to the gradient oracle are needed. Therefore the bias is
forgotten exponentially fast. This stands in sharp con-
trast to averaged SGD for which there is no exponential
forgetting of initial conditions (Bach & Moulines, 2011).

e We present in Appendix B.2 additional results for weakly
and uniformly convex functions. In this case too, the
oracle diagnostic-based algorithm recovers the optimal
rates of convergence. However these results hold only
for the restart iterations n, and the behaviour in between
each can be theoretically arbitrarily bad.

e Our algorithm shares key similarities with the algorithm
of Hazan & Kale (2014) which halves the learning rate
every 2" iterations but with the different aim of obtaining
the sharp O(1/n) rate in the non-smooth setting.

This strategy is called oracle since all the parameters must
be known and, in that sense, Algorithm 2 is clearly non prac-
tical. However Proposition 6 shows that Algorithm 1 imple-
mented with a practical and suitable diagnostic is a priori a
good idea since it leads to the optimal rate O(1/p?n) with-
out having to know the strong convexity parameter y and the
rate «v of decrease of the step-size sequence v, = O(n™%).
The aim of the following sections is to propose a computa-
tionally cheap and efficient statistic that detects the transi-
tion between transience and stationarity.

4. Pflug’s Statistical Test for stationarity

In this section we analyse a statistical diagnostic first
developed by Pflug (1983) which relies on the sign of
the inner product of two consecutive stochastic gradients
(fi41(0%), fryo(Ory1)). Though this procedure was de-
veloped several decades ago, no theoretical analysis had
been proposed yet despite the fact that several papers have
recently showed renewed interest in it (Chee & Toulis, 2018;
Lang et al., 2019; Sordello & Su, 2019). Here we show that
whilst it is true this statistic becomes in expectation negative
at stationarity, it is provably inefficient to properly detect
the restart time — for the particular example of quadratic
functions.

4.1. Control of the expectation of Pflug’s statistic

The general motivation behind Pflug’s statistic is that dur-
ing the transient phase the inner product is in expecta-
tion positive and during the stationary phase, it is in ex-

pectation negative. Indeed, in the transient phase, where
|6 —60%|| >> /70, the effect of the noise is negligible
and the behavior of the iterates is very similar to the one
of noiseless gradient descent (i.e, £(6) = 0 for all § € R?)
which satisfies:
2
(FO). 50 =7£0) = 1O +0() > 0.
On the other hand, in the stationary phase, we may intu-
itively assume starting from 6y = 6 to obtain

E[{f1(00), f2(01)]=—E[(e1, f(0" +e1))]
=—yTr f"(6")E [e1] | +O(y) < 0.

The single values (f; ,(0), fi o(frs+1)) are too noisy,
which leads (Pflug, 1983) in considering the running aver-
age:

-
gz Fr10n)s fiqo(Orgn))-
k=0

This average can easily be computed online with negligi-
ble extra computational and memory costs. Pflug (1983)
then advocates to decrease the step size when the statistic
becomes negative, as explained in Algorithm 1. A burn-in
delay ny can also be waited to avoid the first noisy values.

Algorithm 3 Pflug’s diagnostic
Input: (f;(0k—1))o<k<n, N >0
Output: Diagnostic boolean
S+ 0
for k = 2ton do
S S+ (fr(Or-1), f1_1(0x—2))
end for
Return : {S < 0} AND {n > n;}

For quadratic functions, Pflug (1988a) first shows that, when
0 ~ ., at stationarity, the inner product of two successive
stochastic gradients is negative in expectation. To extend
this result to the wider class of smooth strongly convex
functions, we make the following technical assumptions.

Assumption 7 (Five-times differentiability of f). The func-
tion f is five times continuously differentiable with second
to fifth uniformly bounded derivatives.

Assumption 8 (Differentiability of the noise). The noise
covariance function C is three times continuously dif-
ferentiable with locally-Lipschitz derivatives. Moreover

E(|le1 (9°)°) is finite.

These assumptions are satisfied in natural settings. The
following proposition addresses the sign of the expectation
of Pflug’s statistic.
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Proposition 9. Under Assumptions 1 to 4, 7 and 8, for
v € (0,1/2L), let m., be the unique stationary distribution.
Let 61 = 6y — vf1(0o). For any starting point 6y, we have

E[(f1(80), f3(0:))] > (1—~L) || f'(60)]?
—~yLTr C(00)+0(+?).

And for 0y ~ ., we have:

Ex [(fi(60), fo(61))] = — %’yTr F1(0")C(0*) + O(*/?).

Sketch of Proof. The complete proof is given in Ap-
pendix C.1. The first part relies on a simple Taylor expan-
sion of f around 6y. For the second part, we decompose:

E[(f1(60), f2(61)) | 6o] =
E[(f'(60), f'(61)) | o] +E[(e1, f'(61) | 60)] -

Sgrad Snoise

Then, applying successive Taylor expansions of f’ around
the optimum 6* yields for both terms:

Sgrad =Tr f”(g*)2(00 - 9*)®2 + 0(73/2)5
Shoise = _'7Tr f//(e*)c(00> + 0(73/2)'

Using results from Dieuleveut et al. (2017) on
Erx., [(fo — 67)®?] and E,_ [C(6p)] then leads to

B, (St = 27T £1(0°)C(0%) 4+ O(2),

2
Er, [Shoise] = =7 Tr f7(6°)C(6") + O(y*/*). O
We note that, counter intuitively, the inner product is not
negative because the iterates bounce around 6* (we still have
Serad = E[(f'(61), f'(00))] > 0), but because the noise
part Snoise = E [{1, f/(01))] is negative and dominates the
gradient part Sgpag.

In the case where f is quadratic we immediately recover
the result of Pflug (1988b). We note that Chee & Toulis
(2018) show a similar result but under far more restrictive
assumptions on the noise distribution and the step size.

Proposition 9 establishes that the sign of the expectation of
the inner product between two consecutive gradients char-
acterizes the transient and stationary regimes: for an iterate
0o far away from the optimum, i.e. such that ||§y — 6*|| is
large, the expected value of the statistic is positive whereas it
becomes negative when the iterates reach stationarity. This
makes clear the motivation of considering the sign of the
inner products as a convergence diagnostic. Unfortunately
this result does not guarantee the good performance of this
statistic. Even though the inner product is negative, its value
is only O(). Itis then difficult to distinguish (f;_ |, fi o)
from zero for small step size ~y. In fact, we now show that
even for simple quadratic functions, the statistical test is
unable to offer an adequate convergence diagnostic.

4.2. Failure of Pflug’s method for Quadratic Functions

In this section we show that Pflug’s diagnostic fails to accu-
rately detect convergence, even in the simple framework of
quadratic objective functions with additive noise. While we
have demonstrated in Proposition 9 that the sign of its ex-
pectation characterizes the transient and stationary regime,
we show that the running average .S,, does not concentrate
enough around its mean to result in a valid test. Intuitively,
from a restart when we leave stationarity: (1) the expectation
is positive but smaller than v , and (2) the standard deviation
of S, is not decaying with ~y, but only with the number of
steps over which we average, as 1/4/n. As a consequence,
in order to ensure that the sign of S, is the same as the sign
of its expectation, we would need to average over more than
1/~? steps, which is orders of magnitude bigger than the
optimal restart time of ©(1/) (See Section 3). We make
this statement quantitative under simple assumptions on the
noise.

Assumption 10 (Quadratic semi-stochastic setting). There
exists a symmetric positive semi-definite matrix H such that
f) = %GTHG. The noise €;(0) = &, is independent of 0
and:

(&)iso areiid. , E[&] =0, E[¢le] = C.

In addition we make a simple assumption on the noise:

Assumption 11 (Noise symmetry and continuity). The func-
tion P ( ffg > w) is continuous in x = 0 and

Pf&>a)=P({ &< —a) forallz > 0.

This assumption is made for ease of presentation and can
be relaxed. We make use of the following notations. We
assume SGD is run with a constant step size 7,4 until the
stationary distribution 7., ,, is reached. The step size is then
decreased and SGD is run with a smaller step v =7 X,q4.
Hence the iterates cease to be at stationarity under 7., ,, and
start a transient phase towards 7.,. We denote by Eg ., ,,
(resp. Pgy~~,,,) the expectation (resp. probability) of a
random variable (resp. event) when the initial , is sampled
from the old distribution 7, ,, and a new step size v =
T X Yoid 18 used. Note that Eg,.,,, and E;_ have different
meanings, the latter being the expectation under 7.

We first split .S, in a y-dependent and a y-independent part.

Lemma 12. Under Assumption 10, let 0y ~ 7, and
assume we run SGD with a smaller step size ¥ = X Yoid,
r € (0,1). Then, the statistic S,, can be decomposed as:
Sp = =Ry, 4 + Xn. The part xy, is independent of y and

Y
E‘QONWWOM [erl,’y] < M(g + 72>;
1
E[xn] =0, Var(xn) = - Tr (02) and

E[(67&)"] - Te* C?
n3

Var(xi) =

)
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where M is independent of v and n.

Thus the variance of ,, does not depend on  while, from a
restart, the second moment Eg, ., [R2%]is O(Z +72).
Therefore the signal to noise ratio is high. This property is
the main idea behind the proof of the following proposition.

Proposition 13. Under Assumptions 10 and 11, let 6y ~
Toyra and run SGD with v =1 X Yo, 7 € (0,1). Then for
all0 < a <2,andny, = O(y~%) we have:

. 1
“1/13%) PQON”%M (SRW = 0) - 2

Sketch of Proof. The complete proofs of Lemma 12
and Proposition 13 are given in Appendix C.2. The main
idea is that the signal to noise ratio is too high. The signal
during the transient phase is positive and O(~y). However
the variance of S, is O(1/n). Hence Q(1/~?) iterations are
typically needed in order to have a clean signal. Before this
threshold, S,, resembles a random walk and its sign gives
no information on whether saturation is reached or not, this
leads to early on restarts. O

We make the following observations.

e Note that the typical time to reach saturation with
a constant step size vy is of order 1/vy (see Sec-
tion 3). We should expect Pflug’s statistic to satisfy
lim, 0 Pogror, (S, < 0) =0 for all constant burn-in
time n;, smaller than the typical saturation time O(1/7) —
since the statistic should not detect saturation before it is
actually reached. Proposition 13 shows that this is not the
case and that the step size is therefore decreased too early.
This phenomenon is clearly seen in Fig. 1 in Section 6.

o We note that Pflug (1988a) describes an opposite result.
We believe this is due to a miscalculation of Var(x,,) in
his proof (see detail in Appendix C.3).

e Lang et al. (2019) similarly point out the existence of a
large variance in the diagnostic proposed by Yaida (2018).
They make the strategy more robust by implementing a
formal statistical test, to only reduce the learning rate
when the limit distribution has been reached with high
confidence. Unfortunately, Proposition 13 entails that
more than O(1/+?) iterations are needed to accurately
detect convergence for Pflug’s statistic, and we thus be-
lieve that Lang’s approach would be too conservative and
would not reduce the learning rate often enough.

Hence Pflug’s diagnostic is inadequate and leads to poor
experimental results (see Section 6). We propose then a
novel simple distance-based diagnostic which enjoys state-
of-the art rates for a variety of classes of convex functions.

5. A new distance-based statistic

We propose here a very simple statistic based on the distance
between the current iterate 6,, and the iterate from which the
step size has been last decreased. Indeed, we would ideally
like to decrease the step size when ||n,,|| = ||0,, —0*|| starts
to saturate. Since the optimum 6* is not known, we cannot
track the evolution of this criterion. However it has a similar
behaviour as ||Q,| = |6, — 6]|, which we can compute.
This is seen through the simple equation

2 2 2
1921 = I I + lInoll™ = 2{mm, 70)-

The value ||, || is then expected to saturate roughly at the
same time as [|€2,,[|*. In addition, ||6,, — 6o||* describes a
large range of values which can be easily tracked, starting
at 0 and roughly finishing around [|6* — 6[|> + O(7) (see
Corollary 15). It is worth noting this would not be the case
if a different referent point, 0 # 6y, was considered.

To find a heuristic to detect the convergence of ||6,, — 6],

we consider the particular setting of a quadratic objective
with additive noise stated in Assumption 10. In this frame-

work we can compute the evolution of E [||Qn ||2} in closed-
form .

Proposition 14. Let 0y € RY and v € (0,1/L). Let Q,, =
0, — 0. Under Assumption 10 we have that:
B 10 °] = nf 11 = (1 = )" 2no

+ATr [I— (I —~H)* (2] —~vH)"'*H™'C.
The proof of this result is given in Appendix D. We can
analyse this proposition in two different settings: for small

values of n at the beginning of the process and when the
iterates #,, have reached stationarity.

Corollary 15. Let 6y € R and v € [0,1/L]. Let Q,, =
0., — 6o. Under Assumption 10 we have that for all n. > 0:

2 2 _ _
Ex, [120]°] = Inol ++Tx H-'C@I - yH) ™,
E [IIinlz} = %m0 H?no x n® +9°Tr C xn
+o((n7)?).

From Corollary 15 we have shown the following asymptotic
behaviours:
e Transient phase. For n < 1/(vL), in a log-log plot

E [||Qn|\2} has a slope bigger than 1.

e Stationary phase. For n > 1/(vu), E {HQHHQ} is con-
stant and therefore has a slope of 0 in a log-log plot.

This dichotomy naturally leads to a distance-based conver-
gence diagnostic where the step size is decreased by a factor
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1/r when the slope becomes smaller than a certain threshold
smaller than 2. The slope is computed between iterations of
the form ¢* and ¢**! for ¢ > 1 and k& > kq. The method
is formally described in Algorithm 4. We impose a burn-in
time ¢*° in order to avoid unwanted and possibly harmful
restarts during the very first iterations of the SGD recursion,
it is typically worth ~ 8 (¢ = 1.5 and kp = 5) in all our
experiments, see Section 6 and Appendix A.2. Furthermore
note that from Proposition 5, saturation is reached at iter-
ation ©(y~1). Therefore when the step-size is decreased
as vy < r x -y then the duration of the transience phase is
increased by a factor 1/r. This shows that it is sufficient to
run the diagnostic every ¢* where ¢ is smaller than 1/r.

Algorithm 4 Distance-based diagnostic
Input: 0y, 0,,, 0,,/4. 7, ¢ > 1, kg € N*, thresh € (0, 2]
Output: Diagnostic boolean
if n = ¢**! forak > ko in N* then
S log |6, —60]|2—log ||0n/q790||2

logn—logn/q
Return: {S < thresh}

else
Return: False
end if

6. Experiments

In this section, we illustrate our theoretical results with syn-
thetic and real examples. We provide additional experiments
in Appendix A.2.

Least-squares regression. We consider the objective
f(0) = iE [(y; — (z;, 0))?]. The inputs z; are i.i.d. from
N (0, H) where H has random eigenvectors and eigenval-
ues (1/k)1<k<q- We note R? = Tr H. The outputs y; are
generated following y; = (z;, 6*) + &; where (&;)1<i<n
are i.i.d. from N(0,02). We use averaged-SGD with con-
stant step size v = 1/2R? as a baseline since it enjoys the
optimal statistical rate O(o?d/n) (Bach & Moulines, 2013).

Logistic regression setting. We consider the objective
f(0) = E[log(1+ e vi{®i: @] The inputs x; are gen-
erated the same way as in the least-square setting. The
outputs y; € {—1,1} are generated following the logis-
tic probabilistic model. We use averaged-SGD with step-
sizes v, = 1/4/m as a baseline since it enjoys the optimal
rate O(1/n) (Bach, 2014). We also compare to online-
Newton (Bach & Moulines, 2013) which achieves better
performance in practice.

ResNet18. We train an 18-layer ResNet model (He et al.,
2016) on the CIFAR-10 dataset (Krizhevsky, 2009) using
SGD with a momentum of 0.9, weight decay of 0.0001 and
batch size of 128. To adapt the distance-based step-size

r=1/4n=10" - Rescaled Pflug statistic

/

—— nS, since last restart

1500 Pflug restarts

10! 10° 10° = 0.0 0.2 0.4 0.6 0.8 1.0

iteration n iteration n x10°
Figure 1. Least-squares on synthetic data. Left: least-squares re-
gression. Right: Scaled Pflug’s statistic n.S,,. The dashed vertical
lines correspond to Pflug’s restarts. Note that only the left plot is
in log-log scale.

statistic to this scenario, we use Pytorch’s ReduceLROn-
Plateau() scheduler, created to detect saturation of arbi-
trary quantities. We use it to reduce the learning rate by
a factor » = 0.1 when it detects that ||0,, — 9,.estm.t||2 has
stopped increasing. The parameters of the scheduler are
set to: patience = 1000, threshold = 0.01. Investigating if
this choice of parameters is robust to different problems and
architectures would be a fruitful avenue for future research.
We compare our method to different step-size sequences
where the step size is decreased by a factor » = 0.1 at vari-
ous epoch milestones. Such sequences achieve state-of-the-
art performances when the decay milestones are properly
tuned. All initial step sizes are set to 0.1.

Inefficiency of Pflug’s statistic. In order to test Pflug’s
diagnostic we consider the least-squares setting with n =
1e6, d = 20, 02 = 1. Algorithm 3 is implemented with
a conservative burn-in time of n;, = le4 and Algorithm 1
with a discount factor » = 1/4. We note in Fig. 1 that the
algorithm is restarted too often and abusively. This leads to
small step sizes early on and to insignificant decrease of the
loss afterward. The signal of Pflug’s statistic is very noisy,
and its sign gives no significant information on weather
saturation has been reached or not. As a consequence the
final step-size is very close to 0. We note that its behavior is
alike the one of a random walk. On the contrary, averaged-
SGD exhibits an O(1/n) convergence rate. We provide
further experiments on Pflug’s statistic in Appendix A.1,
showing its systematic failure for several values of the decay
parameter r, the seed and the burn-in.

Efficiency of the distance-based diagnostic. In order to
illustrate the benefit of the distance-based diagnostic, we per-
formed extensive experiments in several settings, more pre-
cisely: (1) Least Squares regression on a synthetic dataset,
(2) Logistic regression on both synthetic and real data, (3)
Uniformly convex functions, (4) SVM, (5) Lasso. In all
these settings, without any tuning, we achieve the same per-
formance as the best suited method for the problem. These
experiments are detailed in Appendix A.2. We hereafter
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Figure 2. Logistic regression on synthetic dataset. |6, — 67|
(dotted) and ||6, — 6ol (plain) for 2 different step sizes.

present results for Logistic Regression.

First, we consider the logistic regression setting with n =
leb, d = 20. In Fig. 2, we compare the behaviour of
6, — 6o||* and ||6,, — 6%||* for two different step sizes
1/2R? and 1/20R?. We first note that these two quan-
tities have the same general behavior: [|6,, — 6, ||® stops
increasing when ||,, — 6*||? starts to saturate, and that this
observation is consistent for the two step sizes. We addition-
ally note that the average slope of [|6,, — 6y |” is of value
2 during the transient phase and of value 0 when stationar-
ity has been reached. This demonstrates that, even if this
diagnostic is inspired by the quadratic case, the main con-
clusions of Corollary 15 still hold for convex non-quadratic
function and the distance-based diagnostic in Algorithm 4
should be more generally valid. We also notice that the
two oracle restart times are spaced by log(20/2) = 1 which
confirms that the transient phase lasts ©(1/7).

We further investigate the performance of the distance-based
diagnostic on real-world datasets: the Covertype dataset and
the MNIST dataset!. Each dataset is divided in two equal
parts, one for training and one for testing. We then sample
without replacement and perform a total of one pass over all
the training samples. The loss is computed on the test set.
This procedure is replicated 10 times and the results are aver-
aged. For MNIST the task consists in classifying the parity
of the labels which are {0, ...,9}. We compare our algo-
rithm to: online-Newton (y = 1/10R? for the Covertype
dataset and v = 1/R? for MNIST) and averaged-SGD with
step sizes v, = 1/2R?/n (the value suggested by theory)
and vy, = C'//n (where the parameter C'is tuned to achieve
the best testing error). In Fig. 3, we present the results. Top
row corresponds to the Covertype dataset for two different
values of the decrease coefficient r = 1/2 and r = 1/4,

available at
and MNIST at

!Covertype dataset
archive.ics.uci.edu/ml/datasets/covertype
yann.lecun.com/exdb/mnist.

Covertype. (thresh, q, k) = (0.6,1.5,5) Distance-based statistic (one experiment)
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MNIST. (r,q, ko) = (1/2,1.5,5) Distance-based statistic (one experiment)
1
10 P
T 107!
< =
= 107
— 3
,‘\ Lot | T distance-based, thresh = 0.6 °‘° 10-5
S distance-based, thresh = 0.8 -
A —— averaged 1 / 2R%/n E 107
— averaged C / R*\/n N distance-based, thresh = 0.6
—— online newton, v = 1/R? 1077 distance-based, thresh = 0.8

10" 10! 10% 10° 10! 10 10! 10% 10° 10!
iteration n iteration n

Figure 3. Top: Covertype dataset. Two different values of r are
used: 1/2, 1/4. Bottom: MNIST dataset. Two different values
of thresh are used: 0.6, 0.8. Left: Logistic regression. Right:
distance-based statistics ||6, — Orestart|”.

the other parameters are set to (tresh, q, ko) = (0.6,1.5,5),
left are shown the convergence rates for the different algo-
rithms and parameters, right are plotted the evolution of
the distance-based statistic ||6,, — 6o||>. Bottom row cor-
responds to the MNIST dataset for two different values
of the threshold thresh = 0.6 and thresh = 0.8, the
other parameters are set to (r, g, ko) = (1/2,1.5,5), left are
shown the convergence rates for the different algorithms and
parameters, right are plotted the evolution of the distance-
based statistic ||6,, — 6o||°>. The initial step size for our
distance-based algorithm was set to 4/ R?. Our adaptive al-
gorithm obtains comparable performance as online-Newton
and optimally-tuned averaged SGD, enjoying a convergence
rate O(1/n), and better performance than theoretically-
tuned averaged-SGD. Moreover we note that the conver-
gence of the distance-based algorithm is the fastest early
stage. Thus this algorithm seems to benefit from the same
exponential-forgetting of initial conditions as the oracle di-
agnostic (see Proposition 6). We point out that our algorithm
is relatively independent of the choice of r and thresh. We
also note (red and green curves) that the theoretically opti-
mal step size is outperformed by the hand-tuned one with
the same decay, which only confirms the need for adaptive
methods. On the right is plotted the statistic during the
SGD procedure. Unlike Pflug’s one, the signal is very clean,
which is mostly due to the large range of values that are
taken.

Application to deep learning. We conclude by testing
the distance-based statistic on a deep-learning problem in
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Figure 4. ResNet18 trained on Cifarl0. Left: test accuracies.
Right: distance-based statistic ||6,, — Orestart||”.

Fig. 4. In practice, the learning rate is decreased when the
accuracy has stopped increasing for a certain number of
epochs. In red is plotted the accuracy curve obtained when
the learning rate is decreased by a factor » = 0.1 at epochs
150 and 250. These specific epochs have been manually
tuned to obtain state of the art performance.

Looking at the red accuracy curve, it seems natural to de-
crease the learning rate earlier around epoch 50 when the
test accuracy has stopped increasing. However doing so
leads to a lower final accuracy (orange curve). On the other
hand, decreasing the learning rate later, at epoch 250, leads
to a good final accuracy but takes longer to reach it. If
instead of paying attention to the test accuracy we focus
on the metric ||0,, — OmsmrtHQ we notice that it still no-
tably increases after epoch 50 and until epoch 150. This
phenomenon manifests that this statistic contains informa-
tion that cannot be simply obtained from the test accuracy
curve. Hence when the ReduceLROnPlateau scheduler is
implemented using the distance-based strategy, the learn-
ing rate is automatically decreased around epoch 140 and
kept constant beyond (blue curve) which leads to a final
state-of-the-art accuracy.

Therefore our distance-based statistic seems also to be a
promising tool to adaptively set the step size for deep learn-
ing applications. We hope this will inspire further research.

Conclusion

In this paper we studied convergence-diagnostic step-sizes.
We first showed that such step-sizes make sense in the
smooth and strongly convex framework since they recover
the optimal O(1/n) rate with in addition an exponential
decrease of the initial conditions. Two different conver-
gence diagnostics are then analysed. First, we theoretically
prove that Pflug’s diagnostic leads to abusive restarts in the
quadratic case. We then propose a novel diagnostic which
relies on the distance of the final iterate to the restart point.
We provide a simple restart criterion and theoretically mo-
tivate it in the quadratic case. The experimental results on
synthetic and real world datasets show that our simple diag-

nostic leads to very satisfying convergence rates in a variety
of frameworks.

An interesting future direction to our work would be to
theoretically prove that our diagnostic leads to adequate
restarts, as seen experimentally. It would also be interesting
to explore more in depth the applications of our diagnostic
in the non-convex framework.
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