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Abstract

We consider the generalized version in continuous time of the parking problem
of Knuth introduced in [1]. Files arrive following a Poisson point process and are
stored on a hardware identified with the real line, at the right of their arrival point.
We study here the evolution of the end-points of the data block straddling 0, which
is empty at time 0 and is equal to R at a deterministic time.
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1 Introduction

This paper is a continuation of [1] but it can be read independently. We consider
a generalized version in continuous time of the original parking problem of Knuth, as
a model for the storage of files on a hardware. We are interested in the evolution of a
typical data block while files are stored on the hardware and we shall characterize the
process of the end-points and the length of this block.

We recall now the process of storage of files. In the original problem of Knuth, files
arrive successively at independent locations chosen uniformly among n spots. They
are stored in the first free spot at the right of their arrival point (see [6, 8, 9]). In the
model considered here, the hardware is identified with the real line and a file labelled
i of length (or size) [; arrives at time t; on the real line at location z;. The storage of
this file uses the free portion of size [; of the real line at the right of x; as close to z; as
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possible (see Figure 1). That is : it covers [x;, z; 4+ ;[ if this interval is free at time ¢;.
Otherwise it is shifted to the right until a free space is found and it may be split into
several parts which are stored in the closest free spots.

Figure 1. Arrival and storage of a file on the hardware, where the data blocks are
represented by black rectangles.
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The arrival of files follow a Poisson point process (PPP) : {(¢;,z;,l;) : i € N} is a
PPP with intensity df ® dz ® v(dl) on RT x R x RT. We denote v(z) = v(]z,o0])
and we assume m := [ lv(dl) < co. So m is the mean of the total sizes of files
which arrive during a unit interval time on some interval with unit length. In [1], this
random covering has been constructed rigorously and some statistics of this covering
were given. We proved that the hardware becomes full at a deterministic time equal to
1/m, studied the asymptotics at this saturation time and characterized the distribution
of the covering at a fixed time by giving the joint distribution of the block of data
straddling 0 and the free spaces on the sides of this block.

In this work, we focus on the dynamics of the covering and we shall study the block
of data straddling a typical point, say 0 for simplicity, which is denoted by Bg. Thus
By (t) is the block of data of the hardware containing 0 at time ¢. We will show that its
end-points and its length are pure jump Markov processes.

Specifically, if a file arrives at time ¢ at the left of B(t—) and cannot be stored entirely
at its left, it yields a jump of the left end-point of By. The data of this file which
cannot be stored at the left of By(t—) are called remaining data. These remaining data
yield a jump of the right end-point of By (see Figure 2). We shall prove that these
events happen at instants which accumulate at 1/m and induce a random partition
of the time interval [0,1/m] with the Poisson-Dirichlet distribution (Theorem 2) and
that the jumps of the end-points at these instants form a PPP on [0,1/m] x Ry x R4
(Proposition 3). Moreover the successive quantities of remaining data form an iid
sequence (Corollary 2).

If a file arrives on By, it yields a jump of the right end-point only (see Figure 3).
The other files do not induce immediately a jump of By and we get the evolution of
(Bo(t))t>0 (Theorem 4). Finally, we prove that the process describing the length of
(Bo(t))+>0 is a branching process with immigration (Corollary 5).



Figure 2. Jumps of the end-points of By (Ag(t) and Ad(t)) and remaining data
induced by the arrival of a file at time ¢ at the left of Bo(¢™).
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Figure 3. Jump of the right end-point of By (Ad(t)) induced by the arrival of a
file at time ¢ on Bg(t7).

storege at the

arrival of right of B(t-)
afile on
Byt
uuuuu - S I
gt=gt-) dg-) dih)

By(t—) :

2 Preliminaries

The covering C(t) described in Introduction has been constructed in Section 2.1 in [1]
and we recall some useful results of that work. We denote by R(t) the complementary
set of C(t). It is natural and convenient to decide that files and so C(¢) and R(t) are



closed at the left, open at the right. We introduce the process (Yx(t))xeﬂg defined by

Yo(t) =0 ; Yb(t) —vH = Z li — (b—a) fora<hb. (1)

t; <t
x;€la,b]

It has cadlag paths and stationary independent increments. The process (Yaft))zzo is
then a Lévy process. Its drift is equal to —1 and its Lévy measure is equal to tv. Its
Laplace exponent U® defined by

V=0, E(exp(—pY,")) = exp(-2¥"(p)), (2)
is given by

Vp=0, ¥(p)=—p+ /OOO (1 — e ") tr(dx). (3)

Introducing also its infimum process Lgt) = inf{Yy(t) sy < x} for every x € R, we got
the following expression for the covering and the free space (Proposition 1 in [1])

Ct)=fzeR: YO >ID R ={zeR: YD =10} as (4)

Figure 4. Representation of Y on a part of the hardware.
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We have the following geometric properties (see Proposition 3 in [1]), where for all
RCRandz € R, d,(R):=inf{y € R : y > z}.

Proposition 1. For everyt > 0, R(t) is stationary, its closure is symmetric in distribu-
tion and it enjoys the regeneration property : For every x € R, (R(t)—d.(R(t)))N[0, 00|
is independent of R(t)N] — oo, z] and is distributed as (R — do(R(t))) N [0, ool
Moreover for every x € R, P(x € C(t)) = min(1, mt).



By Proposition 2 in [1], the time when the hardware becomes full is equal to 1/m, that
isa.s C(t) =Riff ¢t > 1/m. Thus we already know that By(0) = @ and By(1/m) = R
and we shall study (Bo(t)):c(0,1/m)- In that view, we introduce g(t) (resp. d(t), resp.
[(t)) the left end-point (resp. the right end-point, resp. the length) of the data block
containing 0 :

d(t) := do(R(t)), g(t) := —do(=R(t)), Bo(t) :=[g(t),d(t)[, () :=d(t) —g(t).

—

We will also need the free space at the right of By(¢) denoted by R(t) and at the left of

—

By(t), turned over, closed at the left and open at the right, denoted by =(). If R C R
and R = Upenlan, by, we denote by R = Upen[—bn, —an[ the symmetric set closed at

the left and open at the right. Then we can define (see also the figure below and Section
3.1 in [1] for details)

R = (R() —d() N[0,00],  R@) := R0,

which satisfy the following identity

R() = (d(t) + R() U (—g(t) + R(). (6)

Figure 5. Time t is omitted and R, R and R are represented by the dotted line.
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In Section 3 in [1], we proved that R(t) and R(t) are the range of the processes (7 t))xzo

and (73(;)

)z>0 respectively defined by

(1) — —@) —

7, =inf{y >0:|R@®)N[0,y]| >z}, 7, =inf{y >0:|R@®)N[0,y]| > x}.

Moreover denoting by () the inverse function of —¥®) and by I its Lévy measure :
Ao (U0 =1d,  ¥p20, xO(p)=p+ /0 (1 - mI(d),  (7)

enabled us to describe R(t) in the following way (see Section 3.1 in [1]) :

Theorem 1. (i) The processes 7D and 79 are two independent subordinators with

Laplace exponent k), which are independent of (g(t), d(t)).
(ii) The distribution of (g(t),d(t)) is specified by :

(9(t),d(t)) = (=UI(t), (1 = U)I(t)),
P(I(t) € dz) = (1 — mt) (Jo(dz) + Lyz=gy 21 (dz))

where U uniform random variable on [0,1] independent of I(t).



For the basic example v = §1, we got for all x € R, and n € N,

P(YH 42 =n)= e_tzw
v n! ’
and IP’(?S) =z+n)= T ptatn) 7@(” +2)) , ) (n) = (tn) e
T+n n! n.n!

Thus [(t) follows a size biased Borel law : P(I(t) = n) = (1 — t)(tn)"e~" /n!.

We proved also the following identities :

mt 1

f10(0) = (0 /“’ 1 (dz) = O] (0) = 9
(0) = tw(0), o (de) = ——. [KOT0) = T (9)

and the following identities of measures on Ry x R,
2P(7 " € dz)dl = 2P(7" € da)di = IP(~Y®) € di)da. (10)

Finally, we recall a useful expression for the law of g(¢) ((25) in [1]). For all ¢ € [0,1/m]
and A > 0,

E(exp(Ag(t))) = e><;p</ooo(e_>‘m — 1)z 'P(y® > O)da:). (11)

We can focus now on the evolution of the block containing 0, Bg. First, we prove
some properties of absence of memory (Section 3) : the evolution of By after time ¢
depends from the past of this block only through I(t) (Markov property). Then we
focus on the left end-point : it is an additive process and we give its Lévy measure. As
a consequence, we get the distribution of the instants at which the left end-point jumps
(Section 4). We then derive the distribution of the remaining data which completes the
description of the process of storage at the left end-point (Section 5). By taking also
into account the data fallen on By, we get then the evolution of (g(t),d(t)) (Section 6).
The latter characterizes the evolution of the right end-point and the length (Section 7).

3 Markov property of B

We have already proved that R(t) enjoys a ’spatial’ regeneration property (see Propo-
sition 1). To study the evolution of By, we need ’time’ regeneration property. Here we
prove that the evolution of the block containing 0 up to time t is independent of the
covering outside [g(t),d(t)] up to time ¢. In Section 5, this property will ensure that
the evolution of By after time ¢ depends from the past of this block only through I(¢)
(Markov property).

Proposition 2. For every t € [0,1/m], the following three processes with values in the
space of subsets of R

(9(t) =R(s)) N[0,00[, O0=<s<t,
(R(s) —d(t)) N[0,00[, 0=s<t,
R(s) N [g(t), d(t)); 0<s<t,

are independent.



Remark 1. Actually, we have the following regeneration property : Vt € [0,1/m[, Vz € R,
((R(s) — da(R(t))) N [0,00: s € [0,¢]) is independent of ((R(s) — dyx(R(t)))N] — 00,0] :
s € [0,¢]) and is distributed as ((R(s) — do(R(t))) N[0, 00[: s € [0,]).

This result is a direct consequence of the following lemma where we consider the
point processes of files until time ¢ at the left of/at the right of/inside [g, d] :

Py(t) :={(ti,g —wi, ;) : t;: < t, ; < g}, PUt) = {(ti,xi —d, ;) : t; < t, d < 2;},
PAt) i={(ti,xi, i) : t: < t, g < ; < d}.

Lemma 1. For every t € [0,1/m[, the point processes Py (t), P;((tt)) (t) and Pyq)(t) are
independent.

Proof. First we prove a weaker result, where times (¢;);en are not taken into account.

Denote by (Y( ))w>0 the cadlag version of (Y. v ))x>0 This is a spectrally negative Lévy
process with bounded variation, which drifts to co. Note that,

g(t) = go(R(t)) =sup{z <0: V! = IV}
= sup{z <0: Yx(f) = I(gt)} = —inf{z >0: YV =inf{y® : 2 > 0}}.

a2
Then (Y,g )+

process at its infimum [11]). Considering the locations and sizes of the jumps of these
two processes yields

— ?fltg)(t))mzo is independent of (i\/ég(t))ggxg_g(t) (decomposition of a Lévy

{(g(t) =z, l;) : t; < t, x; < g(t)} isindependent of {(x;,1;) :t; <t, g(t) < z; <0}

Adding that {(z;,1;) : t; < t, x; > 0} is independent of {(z;,l;) : t; < t, z; < 0} and
g(t) is {(zi, ;) : t; <t, x; <0} measurable, we get

{(g(t) — i, ;) = t; <t, x; < g(t)} isindependent of {(x;,1;):t; <t, ;> g(t)}.

We now extend the preceding by incorporating the times (t;);en. In this direction,
we recall that if (Z;,1;)ien is a PPP on R x R with intensity tdz @ v(dl) and (£;)ey is
an iid sequence distributed uniformly on [0, ], then {(#;,%;,1;) : i € N} is distributed as
{(tiyzi, ;) : 1 € Njt; < t}. Adding that g(¢) is {(z;,l;) : ¢ € N,¢; < t} measurable, we
get

{(tiyg(t) — zi, ;) : t; < t, ; < g(t)} 1isindependent of {(t;,z;,0;) :t; <t, x; > g(t)}.
This ensures that Py (t) is independent of (P ((t))( ), PO (1)),

d .
Pg((tt)) (t)) using that

— Y4 Ja0 is independent of (Vi”),<4) or Lemma 2 in [1]. —

One can prove similarly that P4(®)(t) is independent of (Pyt)(t),

(t)
Y1) 4o

This guarantees the absence of memory at the left of By(¢). First we have :



Corollary 1. (g(t))c[o,1/m] has decreasing cadlag paths with independent increments.

Proof. Let 0 <t <t+s <1/m. The increment g(t + s) — g(t) just depends on 7(2?) and
the point process of files which arrive after time ¢ at the left of Bo(t) {(t;,z; — g(t), ;) :
ti >tz < g(t)}. By the Poissonian property, these two quantities are independent and
(g(u) : u € [0,t]) is independent of this point process of files. Moreover (g(u) : u € [0,])
is also independent of (g(t) — R(t)) N [0,00] by Proposition 2. So (g(u) : u € [0,¢]) is
independent of g(t + s) — g(t). O

This explains the observation made in [1] Section 3 that the distribution of g(t) is
infinitively divisible (see [7] on page 174 or [13] on page 47 for details).

4 Evolution of the left end-point

Now we describe the process (g(t))icjo,1/m[- We know that its increments are
independent and (11) specifies its marginals. We shall determine its Lévy measure and
prove that its mass is finite (see [13] for terminology). This means that the instants
when a file arrives at the left of Bg and joins this data block during its storage do
not accumulate before time 1/m, even if 7(0) = oo (files arrive densely near the data
block). Proposition 3 in [1] ensures that the first time 77 when 0 is covered, which is
also the first jump time of (g(t));c[0,1/m], is uniformly distributed on [0,1/m]. Actually
the second jump time is uniformly distributed in [77,1/m] and so on ... More precisely,
we have :

Theorem 2. The jump times of (g(t))icio,1/m] are given by an increasing sequence
(T})ien which accumulate at 1/m. More precisely, using the convention Ty = 0, it
holds that for every i > 1, conditionally on T;—1 = t, T; is independent of (T})o<j<i—1
and is uniformly distributed on [t,1/m].

Then, denoting by —G; the jump of (g(t))ie[o,1/m) at time T; for everyi € N, we have

g(t) == — Z G;

T;<t

where {(T;,G;) : i € N} is a PPP on [0,1/m[xR" with intensity
dtdz / P(Y,"® e —d)u(l).
0

In other words, (g(t))ie(o,1/m] 8 an additive process and its generating triplet is

(o,/ot ds /OOO]P’(Yx(S) € —dl)y(l),o).

In particular, the interarrival times of {T; : i € N} form a ’continuous uniform stick
breaking sequence’ (see the residual allocation model in [12] on pages 63-64) : the
distribution of ((Tj41 — T)/m), oy is the Griffiths-Engen-McCloskey distribution with



parameter (0,1) (i.e. rearranging these increments in the decreasing order yields the
Poisson-Dirichlet distribution of parameter (0,1)).

Further, for every i € N, conditionally on T; = ¢, the law of G; is given by

1 —mt

P(G; € dz) = dx
m

/ TRy ® e —diy(), (12)
0

and as a consequence,

E(G;) = ((1 _1mt)2 +%1 _mmt)/o 2y(dl).

Ezample 1. For the basic example (v = d1), conditionally on T; = t, we have,

—tx (tx) 2] T
[z]!

P(G; € dz) = (1 —t)e

writing [z] = sup{n € N: n <z} and using (8).

For the proof, we need the following identity

Lemma 2. Let (St)i>0 be a subordinator with no drift and Lévy tail . Then for all

(t,z) € R2, we have
t T
P(S; > z) = / ds/ P(Ss € db)u(z — b).
0 0

Proof. As S has no drift, we have for all t > 0 and = > 0,
Se>x & Fse€l0,t] @S- <z, ASg >z — S, a.s.

We get then, using also the compensation formula (see [2] on page 7),

t
P(S, > 2) =E( Y s <oylias,sa-s, }) = (/0 dsllis, <zyfi(x — Ss))

0<s<t

which completes the proof. One can also give an analytic proof by computing the Laplace
transform of the right hand side for ¢ > 0 and using Fubini :

00 t T
/ d:re_qx/ ds/ P(Ss € db)u(z — b)
—ab _ c—a(b+y) t oo — e
= /ds/ p(dy) / (Ssedb)ez—/ dse_¢(q)s/ u(dy)lqe
0 0

1—e 2@t g(q) / >
= X = dxe” P(S; > x
¢(q) q 0 (5: > @)
which proves the lemma. O



We are now able to establish Theorem 2.

Proof. We know from Corollary 1 that (g(t))¢c[0,1/m] i an additive process. Moreover

for every x > 0, (Ym(t) + 2)¢>0 is a subordinator with no drift and Lévy measure zv (see
(1)). So Lemma 2 ensures that

PY,"® >0) = PY® +
= /Ods/ P(Y,®) + 2 € db)xi(x — b)

0

t o]
= /ds/ P(Y,®) e —dl)zi(l).
0 0
Using (11), we get

E(exp(A\g(t))) —eXp</0 (e -1 / ds/ ) € dl)z?(l))

So (g())te(0,1/m] is an additive process with generating triplet

(/ds/ edl)(l))

using Definition 8.2 and Theorem 9.8 in [13]. This characterizes the distribution of
(9(t))tc(0,1/m] (by Theorem 9.8 in [13]) and proves that {(7};,G;) : i € N} is a PPP
on [0,1/m[xR" with intensity dtdz [;*P v e —dl)(l). One can also compute the
distribution of g(t + s) — g(t) using the mdependence of increments and (11) : this
proves that that g(.) is the sum of jumps given by a PPP.

~+

By projection, {T; : i € N} is a PPP on [0,1/m[ with intensity m(1 — mt)~'d¢.
Indeed, for every t € [0,1/m],

/ d:E/ P(Y®) € —dl)p(l) = / ]P’(_)(t de/ di— Vl) using (10)
0 0 0
o0 =)y
oy G
0 l

= T using (9).
Thus, writing N} := card{i € N : T; €]t,#]}, we have N} < oo a.s. for every t € [0,1/m],
We we can then sort the times 7T; and we have

% /
N v m 1l —mt
P(Tiy1 >t | Ti = t) = P(Ny = 0) = exp( — ¢ dsl—ms)_l—mt’

10



meaning that Tj;; is uniformly distributed in [T;,1/m]. The independence is a
consequence of the Poissonian property of {7} : ¢ € N} and we get the theorem.

Finally, this proves (12) and for every i € N, conditionally on T; = t, we get

—()

—m > 12w
E(G;) = ! - t/o dlw using again (10)
1—mt 9 fooo 12v(dl)

- S w0 )

since [£()]'(0) is given by (9) and [£(®]”(0) is given by Proposition 4 in [1]. O

5 The process of remaining data

We still consider the files which arrive at the left of By, the block containing 0, and
cannot be entirely stored at the left of this block (see Figure 2). Such events occur at the
jump times of (g(t));c(0,1/m), that is at time 7;. We focus here on the portions of these
files which cannot be stored at the left of By and are shifted to the right of By(7;—) to
find a free space. They are called remaining data and denoted by R;. Thus R; is the
quantity of data which arrives at the left of By at time 7; and is stored at the right of
By. Then it is also the quantity of data over g(T;_1—) at time T; (see Section 2.1 in [1]
for details) and it is given by

) () _ 7(Ty)
\V/l 2 ]" Rl T Yg(Tifl—) Ig(Tz‘—l—)'

We aim at determining the distribution of {(7;, G;, R;) : i € N} which is the key to the
characterization of the jumps of (g(t),d(t))tc[0,1/m]- In that view, we need to describe
the arrival of files which induce the jumps (G;, R;). So we consider the half hardware
at the left of g(t), which we turn over, so that it is now identified with Rt and its free

—

space is given by R(t) (see Section 2). The size of free space and the first free plots of
this half hardware are given by the processes (Lg))wzo and (Dg(ct))xzo defined by

—

Vte[0,1/m[, V2 >0, LY =ren[0,2z]|, DY =inf{y>z:yecrn}

x

When at time ¢, a file of length [ arrives at location —x + g(t—) on the hardware (i.e. at

)

between

—x + g(t—) and g(t—) is less than I. Then the quantity of remaining data is | — Lg_)

and the jump of the left end-point is Dg(ff) (see Figure 2). So we naturally introduce

the measure p® on Ri defined by

location x on the half hardware), it yields a jump of g(.) if the free space Lgt_

pB(dydz) = / da / v(dDP(DY e dy, 1 — LY € dz).
0 0
In forthcoming Lemma 3, we give a useful alternative expression of p(t). This measure

gives the intensity of the point process {(T;, G;, R;) : i € N}, as stated by the following
result.

11



Theorem 3. {(1;,Gi,R;) : @ € N} is a PPP on [0,1/m[xR2% with intensity
dtp® (dydz).

A remarkable consequence is that (R;);en is an iid sequence : whereas the rate at
which jumps occur increases as time gets closer to 1/m, the quantity of remaining data
keeps the same distribution.

Corollary 2. {(T;,R;) :i € N} is a PPP on [0,1/m[xR* with intensity dtdz22

1—mt "
In other words, (R;)icn is tid, independent of (T;)ien and its distribution is given by :

P(R; € dz) = m 'p(2)dz, z>0.

Ezample 2. Using the expression of p(*) given by Lemma 3 below, the expressions (23)
and (24) in [1] yield an expression of p®) for the basic example and the gamma dis-
tribution which is quite heavy and not mentioned here. Nonetheless the quantity of
remaining data can be often calculated explicitly. For the basic example (v = 47), the
remaining data are uniform random variables on [0, 1]. For the exponential distribution
(v(dl) = ]l{lzo}e*ldl), the remaining data are also exponentially distributed.

The proofs of these results are organized as follows.
First, in Lemma 3, we give a more explicit expression of p(t) which will be useful for the
proofs and will enable us to derive Corollary 2 from Theorem 3.
Second, we prove that p(*) gives the intensity of the point process {(T;, Gy, R;) : i € N}
(Lemma 4). That is for every ¢ € [0,1/m[ and A =]ay,b1]x]az, bo] C R, we have :

iy PEEEN:T, €t t +1], (Gi, Ri) € A)

— ,®A
h—0 h p ( )

The lower bound appears naturally by considering the arrival of one single file inde-
pendently of the past which induces a jump of the left end-point, as described at the
beginning of this section (see also Figure 2). However, in the case 7(0) = oo, some
jumps of the left end-point could be due to the successive arrival of many files during a
short time interval |¢,¢ + h]. Thanks to Theorem 2, we already know the rate at which
jumps occur (i.e. the total intensity). This will give us the upper bound.

Finally, we prove that the point process {(7},Gi, R;) : i € N} enjoys a memoryless
property (Lemma 5), which is a direct consequence of results of Section 3. We get then
the complete description of this point process, which enables us to prove Theorem 3.
Corollary 2 follows by integrating p() with respect to the first coordinate.

Recall the notation in Theorem 1 and (7).

12



Lemma 3. For every t € [0,1/m[, the measure p(dydz) can also be expressed as

dz / N (P(?l(t_’z e dy) + /0 "B, € da)(y — )T (dy - x))

:/00 v(dl)(l - z) <y_1dy}P’(Yy(t) +ledz)+ /y P(Y® +1 € dz)(yz™" — 1)IIO (dy — x))
z 0

—(t)

Proof. By Lemma 1.11 in Chapter 1 of [4] applied to (7,
and ¢ > 0 (¢ is fixed and omitted in the notation),

)z>0, we have for all a,b > 0

k(a+q) — k(a)
q(r(a+q) +b)°

/ dze  ¥E(exp(—bL, — aD,)) =
0

Letting ¢ — 0, we get

/OO dzE(exp(—bL, — aD,)) = _rla) = /00 dze %K/ (a)eH(@2,
0 k(a) +b  Jo
From /(a) = [;° e~ (o(dy) + yII(dy)) and e #¥)? = [ e~ WP(7, € dy), we deduce
/ dzE(exp(—bL, —aDy)) = dz/ v, (dy)e 7", (13)
0 0 0

«—
T

where 7, is the convolution of dy(dy) + yII(dy) and P(7, € dy). Thus,
wldy) = [ B € doboldy —a) + (o - )y - )
= P(7,edy)+ /Oy P(r, € dz)(y — x)II(dy — ).
And the identification of Laplace transforms in (13) entails that

/00 dzP(L, € dz, D, € dy) = dz(]P’(:z € dy)—i—/y P(+, € dx)(y—x)ﬂ(dy—x)), (14)
0 0

which proves the first identity of the lemma integrating with respect to . Using (10)
gives the second one. O

Remark 2. A recent work of Winkel (Theorem 1 in [14]) enables us to calculate differently
the law of P(L,, € dz, D, € dy) (L corresponds to Ty in [14] and Dy to X (Tp—) +Ay) :

/ daP(L, € dz, D, € dy) = dyP(H, € dz) + dz/ P(7; € dz)(y — 2)[I(dy — z),
0 0

where H, = inf{a > 0,7, = z}. Then observe that the measures on R? dyP(H, € dz)
and dzP(r . € dy) coincide by computing their Laplace transform using (4) in [14]. This
proves (14).

Second, for every Borel set B of [0,1/m[xR?%, we define Np := card{i € N :
(T;, G;, R;) € B} and we say that A is a rectangle of D C RY if A is a subset of D
of the form

{x = (xl,xg, ..,:cd),al <z1 <by,..,0q9 <xq < bd}.

Then, we have
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Lemma 4. For allt € [0,1/m[ and A rectangle of R%, we have :

. PNy inxa > 1)
11m
h—0 h

=p"(4).

Proof. First we prove the lower bound. Second, we check that the convergence holds
for A = Ri.

—

e Let € > 0, A =la,b]x]c,d] and work conditionally on R(t). We consider a file
labelled ¢ which arrives at time t; €]t,t + h] at location z; < g¢g(t). We put
Z; = ¢g(t) — x; > 0 the arrival point on the half line at the left of g(¢) and require that
li— LY €le,d— ¢, DY €la,b—¢, |1V LY < e, D" — D] <.
Then file ¢ verifies
li— LY €le,d), DY) €a, ).

So this file induces a jump of the left end-point and Nj; ;4«4 > 1 (see the beginning
of this section or Figure 2 for details) and we get the lower bound :

P(Nsinpa =1 | R®)
> P(3ieN : tielt,t+h], i — L €le,d e, DY €la,b— ¢,
07— L) < 108 - D < | 7

Ay(h).By(h) (15)

AV

where
Ai(h) :=P(JieN: t; elt,t+hl,;; — LY €le,d— ¢, DY €la,b— ¢ | =),

By(h)=P( suwp {|L{" L'} <e swp {ID{) -DP|} <€ | m).
t'e(t,t+h] t'e[t,t+h)

1) By Theorem 2, P(N!*h £ 0) 2200 50 a.s for h small enough, g(t + h) = g(t). Then,
using the Hausdorff metric on Ry (denoted by H(Ry) in Section 2 in [1]), we have

R(t+h) — R(t) a.S.
Then By(h) converges a.s. to 1 as h tends to 0.

2) As {(t;,@;,1;) 1 i € N,t; €]t,t+h],x; < g(t)} is a PPP on Jt,t+ h] x R? with intensity

dt®dx ® v(dl) independent of R(t),

(o.¢] oo
Ay(h) =1—exp(— h/o dx/o V(dl)Il{l—Lét)e]qd—e},DS)e}a,b—e]}) a.s.

This term is a.s. equivalent when A tends to 0 to
h/o d$/0 l/(dl)]l{lfLS)e]c,de},Dg)e]a,bfe]}'

14



Then, letting h — 0 in (15), 1) and 2) give

s P(‘N]t,t-&-h}xAZl | 7%)) o0 00
lim ipf " S R ) PR

Integrating this inequality and using Fatou’s lemma yield

. P(Nginyxa = 1) o0 0
fiipt h ZE(/O dx/o L1000 elas-d))

>0 (Ja,b— € x]e,d — €]).

As p®(Ja,b] x {d} U {b}x]e,d]) = 0 (use the two equalities of Lemma 3), we get letting

e tend to 0 :
P(N >1
lim inf ( Jtt+h]xA = )

> pM(A).
h—0 h =P (A)

e We derive the upper bound from Theorem 2. First,

P(Ninrg 21)  P(HieN : Teltt+h) g m
h a h 1 —mt

and identity (17) below gives

t) (T2 m
P( )<R+) T 1 _—mt
So we just need to prove the following result : Let (un)nen and p be finite mea-
sures on R? such that for every A rectangle of R : liminf, .o pn(A) > pu(A) and
limy, o0 pn(R2) = pu(R%). Then for every A rectangle of R%, limy, o0 pin(A4) = u(A).
In that view, suppose there exist a rectangle A, € > 0 and a sequence of integers k,, such
that pg, (A) > u(A) + e. Choose B union of disjoint rectangles all disjoint from A such
that u(BUA) > pu(R2) — /2. Then,

liminf 1o, (R%) > liminf g, (AU B) > u(A) + e+ p(B) > p(RY) +¢/2,

which is a contradiction with lim,, e pn(R%) = p(R?). O

To prove the theorem, it remains to prove the absence of memory.

Lemma 5. Let t € [0,1/m][, then {(Ti,Gi,Ri) cieN, T; < t} is independent of
{(TZ‘,GZ',RZ‘) 1N, T; > t}.

Proof. First {(Ti,Gi,Ri) T < t} is given by {(ti,li,:ci) ct < ta; € [g(t),d(t)]}.
Moreover {(T;,Gi,R;) : T; > t} depends on (R(t) — g(t))N] — 00, 0] and {(t;,z; —
g(t),l;) : t; >t, x; < g(t)} which are independent. Moreover (R(t) — g(t))N] — o0, 0]
is independent of {(t;,1;,2;) : t; < t,x; € [g(t),d(t)]} by Lemma 1 and so is {(t;,z; —
g(t),l;) = ti>t x; < g(t)} by Poissonian property. This proves the result. O
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We can now prove the theorem and its corollary.

Proof of Theorem 3. We prove now that for every B finite union of disjoint rectangles
of [0,1/m[xR2:
P(Ng =0) =e "B where ~(dtdydz) = dtp' (dydz). (16)

As 7 is non atomic (use Lemma 3), this will ensure that {(T;, G;, R;) : i € N} is a PPP
with intensity v (use Rényi’s Theorem [10]).

Let t € [0,1/m[ and A a finite union of rectangles of R3. We consider H(s) :=
P(Njt45)xa = 0) for s € [0,1/m —¢[. Lemma 5 entails that
H(s + h) = IP)(]V]t,t-&-s}xA = O)P(]V]t—&-s,t—i-s-&-h}x/l = 0) = H(S)P(Af]t—&—s,t—ks—&-h}xfl = 0)-

We write A = Lli\ilAi where A; rectangle of ]Ri. Theorem 2 and Lemma 4 ensure
respectively that for all 1 <4, < N such that ¢ # j:

P(Nigonxa; = 1 Neernxa; = 1) P(Nginyxa;, = 1)

1 = M 1 i — = (t) .
ar I 05 jim h P
Then N
IP(]V]tt+h xA > 1) N]tt+h]xA >1)
I — DA
lim E P (A),

i= 1
and the derivative of H is given by

. H(s+h)—H(s) . 1= P(Nysirstnxa=0) (t+s)
lim A = H(s) lim . = H(s)p"""(A).

Thus H (s) satisfies a differential equation of order 1 and we get (16) for B =|t,t+s] x A.

§ t+s
H(s) = exp( — /0 dup(t+u)(A)) = exp( _ / dup(“)(A)) — o (ttts]xA)
t

Using again Lemma 5 and additivity of measures proves (16) for every B finite union of
rectangles of [0, 1/m[xR* x R*. O

Proof of Corollary 2. As projection of the PPP {(7;,G;, R;) : i € N}, {(T;, R;) : i € N}
is a PPP with intensity dt ny[O o] p¥(dydz). By Lemma 3, we have :

O(dyds) = dz(p(2 = o0 can (O — NV
/yE[OOO}p (dydz) d(()+/z (dl)/0 P( ZZEd)/x O (dy — z)(y — x))

— der2)(1+ [ Tyy)
0
v(2)
= dz by (9) (17)
1—mt
which gives the intensity of {(7;, R;) : @ € N}. In other words, (R;);en is an iid sequence
independent of (T});en such that P(R; € dz) = m~'(2)dz, (z > 0). O
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6 Evolution of B,

The processes (9(t))ic(0,1/m) and (d(t))ic(o,1/m) of the left and the right end-points of
By have a quite different evolution, even though their one-dimensional distributions
coincide. The process (d(t));e[o,1/m] jumps each time (g()).e[0,1/m) jumps and each time
a file arrives on Bg. More precisely, there are two kinds of jumps of (Bo(t)):e[0,1/m]
corresponding respectively to :

- files which arrive at the left of By and cannot be entirely stored at its left (recall the
previous section). These files induce the jumps (—Gj, D;) of the end-points of By at
time 7; independently of the past (see Figure 2).

- files which arrive on By. These files induce jumps of the right end-point d(.) only, with
total rate equal to [(¢)7(0) (see Figure 3). This rate is infinite when 7(0) = co. Observe
also that the jumps depend from the past of By through the value of the length I(¢).
Note that a file which arrives at the left of Bo(t—) at time ¢ with remaining data of
size R induces the same jump of the right end-point as a file of size R which arrives on
By(t—) at time ¢. Obviously, the other files (files which are entirely stored at the left
of By or which arrive at the right of Bg) do not yield a jump of By.

Thus, we define
D;:=d(T;) —d(T;")

7

and we decompose the process (g(t), d(t))ic[0,1/m[ into two processes (Cl(t))te[()’l/m[ and
(CQ(t))te[m /m[, Which give the variation of the end-points of By respectively at times
(T})ien (due to the arrival of a file at the left of g(¢)) and between successive times
(T3)ien (due to the arrival of files on Bg(t)). That is, for every ¢ € [0, 1/m],

C(t) := § (—Gi, Dy), C3(t) := (0, § : Ad(s)),
T;<t 0<s<t
s¢{T;:ieN}

(9(t),d(t)) = C'(t) + C*(t).

First, we specify the distribution of (C*(t))ie[o,1/m] (see below for the proofs).

Proposition 3. The point process {(T;, G;, D;) : i € N} is a PPP on [0,1/m] x R with
intensity dtu® (dydz), where

p®(dydz) = / p® (dydz)IP’(?it) € dz).
0

We can now specify the distribution of the process (g(t), d(t)):e[o,1/m| as follows.
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Theorem 4. (g(t),d(t))cjo,i/m{ @ a pure jump Markov process equal to
(CL(t) + 02(t))te[071/m] such that for all0 <t <t+s<1/m,

(i) CH(t + s) — CU(t) is independent of (g(u),d(w))yeo, -

(it) Conditionally on I(t) =1, C*(t + s) — C*(t) is independent of (g(u),d(w))yeo,q-
Conditionally also onT; <t <t+s <T;yq for somei € N :

C2(t+5) — C2(t) £ (0,757),

where (Sg)z>0 i a subordinator with no drift and Lévy measure v, which is independent

Of (—>(t+8)

Te x>0

Recalling that vague convergence of measures on A is the convergence of the integrals
of measure against continuous functions with compact support in A, the jump rate of

(g(t), d(t))te[o,l/m[ is then given by :

Corollary 3. Ift € [0,1/m], we have the following vague convergence of measures on
[0, 00[%]0, co[ when h tends to O :

W 'P(g(t) —g(t +h) €dy, d(t+h) —d(t) €dx | I(t)=1) ==

p® (dydz) + lég(dy)/ u(dz)]P’(?it) € dz).
0

We begin with two lemmas which state the independences needed for the proofs.
Lemma 6. {(T;, G, D;) :i € N, T; > t} is independent of (g(u), d(u))yefo,q-

Proof. Using (18) below, we see that {(1;, G, D;) : i € N, T; > t} is given by
((T;,Gi, Ri) i e N,T; >t} and  (R(5))snt-

These quantities depend from the past through (7(2?),72—(:;)) which is independent of
(g(w),d(u))yejo,q by Proposition 2. O

Lemma 7. Leti € N and 0 < t' <t < 1/m. Conditionally on T;—1 = t' and T; = t,

—

(R(w))uepy 4 s independent of the point process Py (t).

Proof. Conditioning by T;_1 = ¢ and T; = t ensures that all the data arrived at the

left of g(¢') during the time interval [t',¢[ are stored at the left of g(t'). So (R(w))uef ¢

depdns only on the point process P;(%) (t)U Pt (¢) which is independent of Py (t) by
Lemma 1. O
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Proof of Proposition 3. At time T;, the quantity of remaining data R; is stored at the
right of Bo(7;—). It induces a jump D; = d(T;) — d(T;—) of the right end-point which
is equal to R; plus the sum of the lengths of blocks at the right of Bo(T;—) which are
reached during the storage of these data (see Figure 2). More precisely :

D, = if{fx >0, | R(T;—) N [d(t),d(t) + z[| = R;}

= inf{z >0, | RN [0,2] |= Ri}

—>Ti_
S (18)

by definition of 7 (see Section 2). Lemma 7 ensures that conditionally on T; = t,
(H(Tﬁ))xzo is independent of (G;, R;) and distributed as (7(t)

Tx T

ue the law of (G;, D;) conditioned by T; = t, we have

)z>0. Then denoting by

pe(dydz) = P(Gy € dy, 74 € dx), (19)

where (G, Rt) is a random variable independent of (?xt))IZO and distributed as (G;, R;)
conditioned on T; = t.

By Lemma 6, {(TZ-,Gi,Di) 1 €N, T; > t} is independent of {(TZ-,GZ-,DZ-) NS
N, T; < t}. Then conditionally on (7;);en, (Gi, D;)icn are independent. Adding that
{T; : i € N} is a PPP on [0, 1/m] with intensity dtm/(1 —mt) ensures that {(T;, G, D;) :
i € N} is a (marked) PPP with intensity

m
1 —mt

dtp(dydx).

Furher, by (19), this intensity is eqaul to

z

dt / P e da) P(Gy € dy, R; € dz) = dt / P e da)p® (dydz)
0 0

m
1—mt

using Theorem 3. This completes the proof. O

Proof of Theorem /.
(i) Thanks to Lemma 6, C*(t + s) — C*(t) is independent of (g(u), d(w))yeo,4-

(11) We condition by T; < t < t+ s < Tjy; for some ¢ € N and [(t) = [. Then
g(t +s) — g(t) = 0 and no data arrived at the left of Bo(¢) during the time interval
Jt,t + s] is stored at the right of this block. So the increment d(t + s) — d(t) is caused
by files arriving on Bg(t) : they are stored at the right on Bgy(¢) and may join data
already stored. Note that we can change the order of arrival of files between ¢ and ¢ + s
(use identity (4)). Thus, we first store the files which arrive at the right of d(t) between
times ¢ and ¢ + s, then the files which arrive on Bg(¢) between times ¢ and ¢ + s and we
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forget the files which arrive at the left of g(t).

STEP 1 : At time t, we consider the half hardware at the right of d(¢) which we

—

identify with [0, co[. Its free space is equal to R(t). We store the filesi € {i e N: ¢; €
Jt,t+s],z; > d(t)} on this half hardware [0, oo[ at location z; —d(t) following the process
described in Introduction (the size of the file i is still /;). Following Section 2.1 in [1],
we get the counterpart of the characterization of the free space (4). That is, the new
free space of the half hardware is equal to {z > 0: Y, = fx} , where for every = > 0,

YVo=—a+ Y U Le=nfY,:0<y<az)
0<t;<t+s
d(t)<z; <d(t)+=z

Using Lemma 1, we see that {(¢;, z; —d(t),1;) : #; > d(t)} is a PPP on R*3 with intensity
dt ® dz ® v(dl). Then,

(?x) x>0 i (Yx(t—’—S) ) x>0

is a Lévy process with Laplace exponent W(+s)  As [@(+9)]/(0) < 0, (}71)390
for ] — 00,0[, in the sense that it takes negative values for some arbitrarily small z
(Proposition 8 on page 84 in [2]). So for every stopping time 7" such that Yy = I,
there is the identity T = inf{z > 0 : Y, < Yp}. This ensures that the free space
{>0:Y, = I} of the half hardware is the range of (Tz)z>0 defined by

is regular

Ty = inf{z > 0: }72 < —zx}.

By Theorem 1 on page 189 in [2], (7z)z>0 is a subordinator with Laplace exponent
x(+5) which is the inverse function of —W(+9), So (7,) >0 is distributed as (?S*S))xzo.
By Lemma 1 again, {(t;,z; — d(t),l;) : x; > d(t)} is independent of (g(u),d(u))yuefo,-

So (Tz)z>0 is independent of (g(u), d(u))ue[oﬂ.

STEP 2 : To obtain the covering C(t+ s), we now store the files {i : t; €]t,t +s],z; €
[g(t),d(t)[}. Tt amounts to store these files in the first free spaces (i.e. as much on the
left as possible) of the half hardware considered above, whose free space is the range of
(Tz)z>0- The variation of the right end-point is equal to the sum of the sizes of these
files, say Si*®, plus the sizes of the lengths of the blocks of the half hardware joined
during their storage. That is, as for (18),

C%*(t+s) — C*(t) = (0,7~'Stt+s), where S}T° = Z l;.
t<t;<t+s
i €[g(t),d(t)[

Conditionally on [(t) = I, by Poissonian property, Si*s 4 Sg, where (S3)z>0 is a
subordinator with no drift and Lévy measure v. Adding that Sf“ is independent of
(T2)z>0 gives the law of C2(t + s) — C2(t). As (T4)z>0 and S{™* are independent of
(9(u), d(u))uefo, s0 is C*(t + ) — C*(1).

These properties ensure that (g(t), d(t))iec[0,1/m[ is @ Markov process. O

To prove Corollary 3, we need the following result which uses notation of Theorem 4.
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Lemma 8. We have the following vague convergence of measure on |0, 00| :

hP(FY) € da) =50 / v(d2)P( € da).
0

Proof. Denoting by ¢ the Laplace exponent of (S3)z>0, (7(;) ) o is a subordinator of
Laplace exponent lgpox® (see (2)). Moreover for every A > 0, ¢(\ =[S (1—e" M) (dy),

which entails that

g

porM(n) = e "Ny (d2)

— ()

E(l1—e” AT Jv(dz)

e AT / v(d2)P(Y € da).

OO

Il
o\o\go\

Then (7(621):00 is a subordinator with no drift and Lévy measure

> —(1)
l v(dz)P(7," € dx).
0

Using Exercise 1 Chapter I in [2] or [3] on page 8 completes the proof. O

Proof of Corollary 8. We consider first the case when the increment of the left end-point
is zero.

e Using Theorem 4 and recalling that N/ ™" = Nyt ytih)xRr2 = card{i € N : T; €]t,t+h]},
we have for all ¢ > 0 such that [j* V(dz)IP’(?(t) =¢),

P(g(t+h) = g(t) =0, d(t+h) —d(t) > ¢ | U(t) =1) = PN = 0)P(7§), > o). (20)

Adding that IP’(NtHh =0) '=01 and using Lemma 8 give

h=LP(g(t+h)—g(t) = 0, d(t+h)—d(t) > ¢ | I(t) = 1) ’i?z/oo V()P > ¢). (21)
0

e Let a,b > 0 and write
P(t,t+h)=P(g(t) —g(t+h)>a, dit+h)—d(t)>b | I(t)=1).

By Proposition 3, {(T;,Gi,D;) : @ € N} is a PPP on [0,1/m] x R% with intensity
dtp® (dydz). The latter verifies P(N/™ > 1) = o(h) (h — 0), so we have

hIP(CL(t + h) — C(t) €] — 00, —a] x [b,00]) =9 1@ ([a, co[x[b,oc]).  (22)
We can prove now that

lim A7UP (8t + h) = u([a, 0o[x [b, o0]). (23)
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- First we give the lower bound.
P(t,t+h) > P(C*(t+h) — CL(t) €] — 00, —a] x [b,00] | I(t) =1)
Using that C(t + h) — C'(t) is independent of I(t) and (22), we get
lim inf W Pt t 4+ h) > ) ([a, co[x [b, x]). (24)
- For the upper bound, observe that
P(t,t+h) < P(CYHt+h)—CLt) €] —oco,—a] x [b—e,00] | I(t) =1)
+ PN > 1, C2t+ h) — C%(t) € {0} x [e,00[ | I1(t) =1).
Using again C'(t + h) — C(t) is independent of I(t) with (22) and Theorem 4 gives

limsup h ' P(t,t + h) < P ([a, 0o x[b — €, oc]).
h—0

Letting € tend to 0 gives the upper bound :

limsup A" P(t, ¢t + h) < u([a, oo[x[b, o0[).
h—0

The two limits (21) and (23) ensure the convergence of measures for sets of the form
{0} x [¢,d[ (with ¢ > 0) and [a, b[X]c,d[ (with a > 0), which completes the proof. O

7 Evolution of the right end-point and of the length

Proposition 3, Theorem 4 and Corollary 3 give by projection :
Corollary 4. (d(t)).e[o,1/m[ s @ jump process satisfying
(i) {(T;,D;) : i € N} is a PPP on [0,1/m[xR" with intensity
_ —(t)
dt fze[om} dzv(2)P(7,7 € dx)

1—mt ’

and {(T;, D;) : i € N, T; > t} is independent of (d())uefo,q-

(ii) For all0 <t <t+s<1/m:
Conditionally on I(t) =, d(t + s) — d(t) is independent of (d(u))ue(o,-
Conditionally also on T; <t <t+s < T;1q for somei € N :

d —(t
d(t+s) —d(t) £ 75
where (Sg)z>0 is a subordinator with no drift and Lévy measure v, that is independent

of (7).

The jump rate of (d(t))icpo,1/m| i given by the following vague convergence of
measures on |0,00] for h tending to 0 :

00 1 - —(®) oo
Pt 0 edr [ IO =0 o, h 7O 40 4 % aap(z) e an),
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We stress that (d(t))¢e(o,1/m[ is not a Markov process since the jumps D; before time ¢
give informations about [(¢) and thus about the future of the process.

Note also that we can derive the law of d(t) conditionally on [(¢) using Theorem 1. More
precisely, conditionally on [(t) = I,

1 (di)

Vd>0, PI@t)edl | dt)=d)= 112dm.

Finally we turn our interest to the process of the length (l(t))te[l),l /m]- 1ts increments
which are due to files arrived at the left of g(¢) which are not stored entirely at the left
g(t), are denoted by L; :

Li == U(T}) — (T;") = G; + D;.

The other increments of (I(t));e[o,1/m] are due to files which arrive on Bg. We can view
(1(t))te[0,1/m] @s a branching process in continuous time with immigration L; at time T;
(with no death, inhomogeneous branching and inhomogeneous immigration) :

Corollary 5. (l(t))te[ﬂ,l/m[ is an inhomogeneous pure jump Markov process satisfying
(i) {(T;, L;) : i € N} is a PPP on [0,1/m[xR" with intensity
—(t)
dt v(dz)P(7,’ € do)zx,
z€[0,00]
and {(T;, L;) : i € N,T; > t} is independent of (I(s))se[o,

(ii) Conditionally on T; <t <t +s < Tiy1 for some i € N, (I(t + u))yepo—s satisfies
the branching property : the law of (I(t +u))ye[o,—s] conditioned on I(t) = x +y is equal
to the law of the sum of two independent processes whose laws are respectively equal
to (I(t+u))uepo,—s] conditioned on l(t) = x and (I(t+u))yejo,—s conditioned on l(t) = y.

The jump rate of (I(t))iejo,1/m| @ given by the following vague convergence of
measures on |0,00[ for h tending to 0 :

P((t+h)—=1Il(t)edx | I(t)=1) o ()
N — (a:—f—l)/o v(dz)P(+," € dz).

Example 3. For the basic example v = 1, the jump rate of the lenght is equal to

“n n)n1
3 :le_m((:lzl)!an(dx).

n=1

This is a consequence of the last displayed limit and (8).
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Proof of Corollary 4. Using (17), we get :

sz[O o] dzﬂ(z)lF’(?it) € dx)

—(t) (t) _ ;
PV eds) [ p(dps) - ,
/ze[o,oo] y€[0,00] 1 —mt
which gives the intensity of {(TZ, D;):ieN } by Proposition 3. O

Proof of Corollary 5. (i) Writing L; = G; + D;, Proposition 3 entails that {(7}, L;)
i € N} is a PPP on [0,1/m] x R™ with intensity d¢i;(dz) where fi; is a measure on R*
defined for a Borel set A of RT by

Mmz/ﬂwﬁﬁ/ & dy)p (dydz).

To determine fi;, we compute its Laplace transform using Lemma 3 :

/ 2 (dr) = / e, (dyd2 )P € dy)
0 R+3

_ / e P € dy)d / v(dl) [e NPT, € dy)
R+3
Y e v=2) 1) (e —
+ IP’( de)( x)e” " (dy — )]
0

:/ dzez“(t>()‘)/ V(dl)ef(lfz)ﬂ(t)()\) [14—/ ef’\“uH(t)(du)]
0 z 0
:/ p(di)e™ D O] ()

0

| [ vane =] oy
|

- / ey / v(d)P(7 € da).
0 0

Then fi;(dz) =z [° l/(dZ)]P)(?S) € dxz), which gives the intensity of {(T}, L;) : i € N}.

(i) The branching property can be seen as a consequence of the determination
of the jump rate. We give here a more intuitive approach : We condition by I(t) = = +y
and by T; <t < t+s < T;+1 and we make the decomposition effective by splitting Bo(t)
in two segments of length = and y. First we store the files {7 : ¢; €]t,t + s],z; > d(t)}.
The free space of the half line at the right of Bg(t) is now the closed range a

subordinator distributed like (7g+s))$20 (see STEP1 in the proof of Corollary 4).
Then we store successively the files {i : t; €]t,t + s|,z; € [g(t),9(t) + ]} and
{i : t; €Jt,t + s],z; €]g(t) + x,d(t)]} which induce two successive increments of the

length. The free space at the right of 0 after the first storage keeps the same distribution
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and is independent of the first increment by strong regeneration. So the two increments
are independent and distributed respectively like I(t 4+ s) — I(t) conditioned by I(t) = =
and by [(t) = y. This gives the result since [(t) is Markovian. Formally [(t 4 s) — I(t) is

—(t+s)

equal to r see proof of Proposition 3) and
Ss(a+y)

—)(t+8) —)(t+8) —>(t+5) o —)(t+8)

TSuary TS T TSuery T Ss

S+ () d

gives the decomposition expected since =g (ot) T Ses

Using Corollary 3 and recalling the definition of p; given at the beginning of the
proof ensures that h'P(I(t + k) — I(t) € dx | I(t) =) converges to

¢(dx) —I—Z/ v(dz)P 70 Ed:n)

The completes the proof, since iz has been determined above. ]

8 Complements

8.1 Distribution of {(7},G;) : i € N} derived from Theorem 3

In Section 5, we used the total intensity of the PPP {(T;,G;) : i € N} to prove
that the intensity of the PPP {(T},G;, R;) : i € N} is equal to dtp®(dydz) (Theorem
3). Here we check that integrating this intensity with respect to the third coordinate
enables us to recover the intensity of {(73,G;) : 7 € N} given in Theorem 2.

For that purpose, use Lemma 3 to rewrite p(t) as

o0 Y
p(dydz) = dz/ v(dl + 2) (IP(?l(t) e dy) + / ]P’(:l(t) e dz)(y — z)I1® (dy — z))
0 0

and calculate the Laplace transform of | €[0,00] P (dydz).

y€[0 oo] z€[0, oo]

= / / dzy( dl—l—z/ 7>‘y[P((_(t)Edy) /yIP’(?l(t)Edaz)(y—x)ﬂ(t)(dy—a:)]
0
T a0 e o [T =D ¢ gmre [ e M) () — IO (du — o
| a0+ [TRr ) e e [T ey -y - o)

g

Il

&
=

S— Sl g

=
m|

>
2L

P(Y " € —dl)p(l) using (10).

8
o,
<
I
x
0\,8
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Thus, we conclude with

dt / pP(dydz) = dtdx / P(Y M e —dl)i(l).
z€[0,00] 0

8.2 Direct proof of Corollary 2 using fluctuation theory

Here we determine the distribution of the remaining data using fluctuation the-
ory : we get laws at fixed times and do not need Theorem 2, as for the proof of Section 5.

We fix t,h and z > 0 . We add the lengths of files fallen in [g(t) — z,g(t)]
during the time interval |t,¢ + h|. Then we remove the free space in [g(t) — x, g(t)]
at time ¢ which is equal to LY. The sum of data arrived at the left of By(t) not
stored at the left of By(t) between time t and ¢ + h is equal to the maximum in
x > 0 of this difference. It is also the quantity of data which has tried to occupy the

(t-+h) _ p(t+h)

location g(t) (successfully or not) between time ¢ and t+h : Y, o) - S0, we have

g(t)

Lemma 9. Let 0 <t < 1/m and h > 0, then

h h
Y;J((t;; ) I;ZS ) = sup{Spz — Lg),x >0} = sup{Sh?S) —xz,x >0} a.s,
where (Sg)z>0 is a subordinator with drift d = 0 and Lévy measure v(dx), which is

independent of (Lg))xzo and (:g(ct))a;zo-

(t;h)

Denoting S = sup{ShH(t) —z,x > 0}, we have for all 0 < a < b,
TI

lim TIPS € [a,b]) = lim h~P(3i € N: (T, R;) €]t,t + h] x [a, b))

and we find the law given in Corollary 2 :

Proposition 4. We have the following weak convergence of bounded measures on |0, co[

when h tends to 0 :
P(S®M ¢ dz) o (z)dz
= )
h 1 —mt

Proof. (ShH(t) — x)z>0 18 a 1lévy process with negative drift —1, no negative jumps and
= >

T

bounded variation. Its Laplace exponent is s o (h¢) — id, where ¢ is the Laplace
exponent of S and is defined by

YA>0, ¢\ = /000(1 — e M)y(dz).
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Note also that using (9), we have

1
1 —mt

[x® o (h¢) —id])'(0) =[] (0).h.¢'(0) — 1 = mh — 1, (25)

which is negative since 0 <t + h < 1/m. Then identity (14) in [1] or Theorem 5 in [2]
ensure that VA > 0, Yh € [0,1/m — ¢,

1 A
e 1) (kO o (he) — id)(N)

E(exp(—)\S(t’h))) = <

Moreover,
(k0 o (hp) —id)(N) _ kD (hd(N) ho(N) | 1 heé(N)
A T he(N) A “l=lh g Fonlh):
So ) \
E(exp(-ASTM)) =1+ —— (qﬁg) —m)h+ op_o(h).

We can now prove the convergence of h~'P(S®" > z) when h tends to 0.

i [ B > 2) 1 E(exp(-AST)) 1 m ¢

0 Jo h h—0 hA 1 mt(X - 7)'

Moreover Fubini gives

/Ooodme—Ax/;oﬂ(a)da:/Ooou(dy)/oydal_i_m:T_qb)(\;\).

Then for every A > 0,

0o P(S(th) 9) © H(a)d
lim 67}\‘%7(5 > o) dz :/ efoifz v(a) adx,

h—0 Jo h 0 1 —mt

which proves the convergence of P(S*") € dz)/h to v(z)dz/(1 —mt). Indeed, introduce
the measures py,(dz) and p(dx) on RT whose tails are given by

un(Jz, o)) = e BSOS w) /b, ple,oc)) = e / " (a)da/(1 — )

The last displayed limit entails the weak convergence of pp(dz) to u(dz) when h tends to
0, by convergence of Laplace transforms. As p is non atomic, for every x > 0, puyp,(Jz, oo])
tends to p(]z, oc]), which proves that P(S®" > z)/h tends to [ v(a)da/(1 —mt). O

Remark 3. Denote 4" the a.s instant at which the supremum S®" is reached. To

obtain the distribution of {(7;, G, R;) : i € N} by this way, we need to know the joint

law of (S(h), 7$()t,h)) which we cannot derive directly from fluctuation theory.
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