THE STEKLOV SPECTRUM ON MOVING DOMAINS

BENIAMIN BOGOSEL

ABSTRACT. We study the continuity of the Steklov spectrum on variable domains with respect to
the Hausdorff convergence. A key point of the article is understanding the behaviour of the traces
of Sobolev functions on moving boundaries of sets satisfying an uniform geometric condition. As
a consequence, we are able to prove existence results for shape optimization problems regarding
the Steklov spectrum in the family of sets satisfying a e-cone condition and in the family of convex
sets.

AMS SUBJECT CLASSIFICATIONS: 49Q10, 3515

1. INTRODUCTION

For an open, bounded, simply connected set 2 with Lipschitz boundary, we can consider
Steklov eigenvalue problem. It is known that the Steklov spectrum of €2 consists of a sequence
of the form

0= O‘()(Q) < 01(9) < O‘Q(Q)... — +00.

Various optimization problems for functionals depending of the Steklov spectrum, under cer-
tain constraints on the geometric properties of 2, have been studied.

Weinstock [15] observed that o1 (£2) is bounded above by 27/ Per(2), which means that the
disk maximizes the first Steklov eigenvalue in two dimensions, under a perimeter constraint.
It is straightforward to see that this implies that the disk also maximizes o;(2) under area
constraint (see Remark . Girouard and Polterovich proved in [9] that the estimate

0;(Q) Per(Q) < 2km

provided by Hersch, Payne and Schiffer is sharp in the class of simply connected domains, but
is not attained in that class. We refer to [9],[10, Section 7.3] for further details.

In general, the known results concerning the optimization of functionals of the Steklov spec-
trum are proved by identifying an optimizer. Once an optimizer 2* is identified, it is proved
that the value of the functional on Q2* is the best possible. In the cases where the optimal shape
is not known explicitly, we would like to be able to provide at least an existence result.

First, let’s note that in the case of the Steklov eigenvalues, it is only relevant to study opti-
mization problems in which the Steklov eigenvalues are maximized. Indeed, Colbois, El Soufi
and Girouard proved in [5] that the Steklov eigenvalues satisfy the bound

[slicn
Per(Q)"
Thus, keeping constant volume and increasing the perimeter, we can make the Steklov eigen-
values as low as we want.

A natural way to study optimization problems is to use the classical methods of the calculus
of variations. In order to study the problem

o1(Q) < cgki (1.1)

Q2
ey (@)

where A is an admissibility class (containing, eventually, some constraints), we need a result
concerning the upper semi-continuity of o), with respect to some type of convergence.

We mainly deal with the convergence related to the Hausdorff distance, but in a stronger
sense which is described in the following. Note that maximizing o ({2) under perimeter or
volume constraint, together with the bound (I.I), means that a maximizing sequence (£2,,) will
have a bound on the perimeters (Per(£2,)). It is well known that a perimeter bound, together
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with a bounding box constraint implies L' compactness of characteristic functions. These con-
siderations allow us to work directly with maximizing sequences converging in the Hausdorff
distance and in L.
The main results of the article concern inequalities of the type
lim sup 0%(2y,) < 01(Q), (1.2)
n—oo

under certain regularity assumptions on (£2,,) and Q. We work in the framework of sets which
satisfy a e-cone condition, which is equivalent to a uniform Lipschitz property. In particular,
this allows us to extend functions in H'(2) to H!(D), when Q C D. Another advantage is
that we can work with graphs of Lipschitz functions instead of dealing with general sets. We
believe that our results could be extended to a more general class of sets described in [14].

We found that in order to prove inequalities of the type it is essential to have a result
on the lower semi-continuity of traces of Sobolev functions on moving boundaries presented
in Proposition The main result is stated in Theorem [3.5|and it states that if the sequence
of sets (§2,,) satisfy a e-cone condition and converge to 2 in the Hausdorff topology then (1.2)
holds. Moreover, if the perimeters of €2,, converge to the perimeter of (2 then we have equality
in (1.2). We give a direct proof that the Steklov spectrum of a convex set is close to zero if the
diameter is large. This result is a direct consequence of the bound (L.I), but it avoids the use
of the technical argument presented in [5]. In the end, we are able to provide existence results
in the class of sets satisfying a uniform e-cone condition, as well as in the class of convex sets.
In Figure 2| we present some convex sets obtained numerically for which we have observed the
highest, area normalized, k-th Steklov eigenvalue for k£ € [2, 10]. These shapes were obtained
using shape gradients and performing a projection on the convex hull.

As stated above, the semi-continuity result, and the existence results are proved in the class
of sets which satisfy a uniform e-cone condition. It is not clear if these results still hold if this
hypothesis is removed and we work in the class of general Lipschitz domains. In the case of
the area constraint, Brock proved in [1] that the disk maximizes the first non-trivial Steklov
eigenvalue, without any assumptions on the topology of the domain. Ongoing researc}ﬂ sug-
gests that in the case of the volume constraint, an existence result can be obtained for a relaxed
formulation of the Steklov eigenvalues.

2. PRELIMINARIES

We recall below some theoretical tools needed to prove our results.

2.1. Convergence of sets. In the study of optimization problems where the variable is the
shape of a domain it is often necessary to define a topology on a family of shapes. The choice
of such a topology is not obvious, and different situations require different topologies. In our
study, we use the Hausdorff complementary convergence on open sets and the L' convergence
of a of characteristic functions. We recall that the Hausdorff distance between two compact sets
K, K, is given by
dy (K1, K9) = max{ sup inf d(z,y), sup inf d(z,y)}.
€K, yeKo yeKo €K1

If we consider a bounded open set D and the open sets 1, C D then we define the Haus-
dorff complementary distance as

dpe(Q1, Q) = d (D \ Q1, D\ Q).

These two types of convergence are not equivalent in general. Still, it is possible to prove
that if we have a bounding box, then any sequence of open sets (£2,,) has a subsequence con-
verging in the Hausdorff topology to Q2. Furthermore, if the sequence of perimeters of (£2,,) is
bounded, then (£2,,) has a subsequence which converges in both topologies presented above.
We will consider this combined convergence, which provides, in addition to the properties

Iprivate communication with D. Bucur, A. Giacomini (work in progress)
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of the Hausdorff convergence, continuity for the volume and lower semi-continuity for the
perimeter.

2.2. Uniform cone condition. We recall the following definition from [11, Chapter 2].

Definition 2.1. Let y be a point in R, ¢ a unit vector and € > 0. We define the cone C(y, £, ¢) of
vertex y, direction £ and dimension ¢ by

Cly, &) ={z eR%: (z —y,&) > coselz —y|and 0 < |z — y| < e}.

We say that an open set (2 has the e-cone condition if for every x € 0f there exists a unit vector
&, such that for every y € QN B(z,¢) we have C(y, &;,¢) C .

In the proof of our results we use the fact that sets which have the e-cone condition can be
represented locally as the graph of a Lipschitz function. Theorem 2.4.7 from [11] assures us that
the e-cone condition is equivalent to the following uniform Lipschitz condition.

Definition 2.2. We say that a subset Q of R? has a uniform Lipschitz boundary if there are
some uniform constants L, a,r such that for any point g € 9 there exists an orthonormal
system of coordinates S with origin at x, a cylinder K = By_;(x,7) X (—a,a), and a function
¢ : Bg_1(x,r) — [—a, a] which is Lipschitz, with constant L and ¢(0) = 0 such that

ONNK ={(y,¢(y) :y € K},
ONK={(y,zny) € K:any > ¢(y)}.

One advantage of working with sets satisfying an e-cone condition is the fact that the two
types of sets convergence defined before are connected. The Hausdorff complementary con-
vergence of a sequence of sets implies the convergence of characteristic functions in L!(D) to
the same limit. We refer to [11, Theorem 2.4.10] for a proof. Furthermore, if 2 satisfies a e-cone
condition, then the constants L, a, r in the above theorem depend only on ¢.

The following proposition mentions an interesting property of the sets which satisfy an e-
cone condition. Using the fact that the boundary of such a set has a local representation as the
graph of a Lipschitz function, we can find a bound on the perimeter.

Proposition 2.3. Suppose D is a bounded, open set in R? and suppose that 2 C D satisfies a
e-cone condition. Then Per((2) is uniformly bounded by a constant which depends only on ¢
and D.

Proof: The above remarks, allow us to say that for every zy € 0S) there exist a cylinder K of
the form By_1(xo, ) X (—a, a) centred at xy such that 902N K is the graph of a Lipschitz function
with Lipschitz constant L. Furthermore, L, a,” depend only on ¢. Note that the perimeter of {2
restricted to K, denoted Perx (2), can be expressed as

Perg () = / V14 |Ve(z)|?de < |Bg—1(zo, 7)1+ L2
Bg—1(zo,r)

Therefore, in every such cylinder K, the relative perimeter of €2 is bounded by a constant which

depends only on «.

We claim that the boundary of €2 can be covered with M such cylinders K, where M depends
on D. To see this, we propose the following construction. Choose z; € 92 and let K; be the
associated cylinder, like in Definition At step n, choose z,, ¢ K U ... U K,,_; and denote
K, its corresponding cylinder. This operation must end at some point, since pairwise distances
between x; and xj, with i # j are bounded below by a constant ¢ = min{a, 7} depending on ¢.

To see that there exist a maximal number of points inside D satisfying this property, it is
enough to cover D with cubes with a diameter ¢ < ¢. Obviously, since D is bounded, it is
possible to cover D with a finite number M of such cubes. Each cube can contain at most one
of the points z;, since it’s diameter is smaller than c. Therefore, the above construction ends in
atn < M steps.



4 BENIAMIN BOGOSEL

As a consequence
n
Per(Q) < ) " Per, () < M|By_i(zo,7)|V1+ L2.
i=1

Thus, the perimeter of €2 is uniformly bounded by a constant depending on ¢ and D. O

2.3. Steklov Spectrum. Let 2 be a simply-connected bounded planar domain with Lipschitz
boundary. The Steklov eigenvalue problem is

—Au=0 in £,
g—z = ou on 02,

where % is the outward normal derivative. The spectrum of the Steklov problem is discrete

and its eigenvalues
0=09 < Ul(Q) < JQ(Q) < U3<Q) <...—= 4+

satisfy the following variational characterization

Vu|?d
on(2) = min  max M

n=1,2, ..
Sn €S \{0} [y uldo

The infimum is taken over all n-dimensional subspaces S, of H'(Q) that are orthogonal to
constants on 99, i.e. [, udo = 0.

The Steklov eigenvalues behave well under domain dilatation. Indeed, if we denote ¢ an
image of {2 by a homothety of ratio ¢ > 0 then we have

o (tQ) = %ok(Q). (2.1)

Remark 2.4. In view of property (2.1), the quantities o(Q) Per(€) and oy (Q)|Q|'/? are scale
invariant. Thus maximizing o4 ({2) under perimeter constraint is equivalent to the problem

max oy () (Per(Q)) a1 ,
and maximizing o (€2) under volume constraint is equivalent to the problem
max o7, (€2)]Q1/%.

Combining the above formulations with the classical isoperimetric inequality, we can con-
clude that if the ball maximizes oy, or another well behaving function of the Steklov spectrum,
under a perimeter constraint, then the ball also maximizes the same function under volume
constraint.

3. STABILITY OF STEKLOV SPECTRUM UNDER HAUSDORFF CONVERGENCE

We recall the following result, which can be found in a similar form in in [6, Theorem 2.3.1].
The weak L? convergence coupled with the convergence of a certain integral sequence implies
strong L? convergence.

Lemma 3.1. Let 2 be a measurable subset of R" and suppose F' : R" — R is a strongly convex
function of class C, i.e. it exists y > 0 such that

F(y) = F(x) + VF(2) - (y — 2) + ply — =,
for every x,y € R". Furthermore, we assume that F has the property that if u € L?(2; R") then
VF(u) is also in L*(Q; R™). Let (u) be a sequence in L?(£2, R") such that uj, — u in L*(Q, R").
Suppose the following inequality holds:
lim sup/ F(ug)dx < / F(u)dx
Q

k—o00 Q
Then
up — win L?(Q; R™).
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Proof: For every x we have

F(ug(x)) > F(u()) + VF(u(@)) - (up(z) = u(z)) + plug(z) — u(z) .

Integrating on 2 we have

/Q Flug(a))ds > /Q Flu(z))dz + /Q VE(u(z)) - (us(z) — u(@))dz + plux — ulagmn. G-1)
Note that since VF(u) is in L?(Q; R") and u;, — u weakly in L?(Q; R") we have

lim [ VF(u(z)) - (up(z) —u(x))dx =0,

n—oo Q
Taking n — oo in (3.1) and using the hypothesis we obtain

0 > plimsup [lug — ul| L2(rn),
n—oo
which implies that u;, — u strongly in L?(£; R™). O
We apply this Lemma in the case where F' = /1 + ||z||2. This function is not strongly convex
on all R”, but it is strongly convex on every bounded open set. Furthermore, VF = \/j S0

1+|z|
F satisfies all the hypotheses of Lemma
The following general proposition is a central result of the article, that will allow us to prove
a result of shape continuity for the Steklov spectrum. It allows us pass to the limit when con-
sidering traces of a weakly H'! convergent sequence on moving boundaries that converge in
the Hausdorff distance. A similar result has been proved in [4] for the more restrictive class of
convex domains.

Proposition 3.2. (Convergence of traces) Let D be an open, bounded subset of R%. Suppose

(2,,),9Q C D are open, connected sets which satisfy a uniform e-cone property and €2, 0.
(A) For every (u,,) C H'(D) which converges weakly to u in H'(D) we have

liminf/ ]un|p2/ |ulP
oo JoQn o0

(B) Consider p € [1,2]. Then Per(2,,) — Per(Q) if and only if for every (u,) C H*(D) which
converges weakly to u in H!(D) we have

/ unl? = / P
o0y, o0

Proof: We start with part (B). Note that if the integral convergence holds for any (u,, ), u such
that u,, — u, then taking u,,,u = 1 we obtain exactly Per(2,,) — Per(Q).

To prove the converse implication, suppose Per(£2,,) — Per(2). First, let’s note that is enough
to prove convergence result for a subsequence of (u,). Indeed, from the trace theorem, we
know there exists a constant C' which depends uniformly on L (see, for example, [7]), such that

[unllz2(60,) < Cllunllm (o)

The fact that u,, converges weakly in H'(D) implies that (u,) is bounded in H'(D) and, by the
above inequality, (u,) is bounded in L?(912). Furthermore, if p < 2, the fact that (2,, have finite
perimeter, (Per(£2,)) is bounded and 2/p > 1 allows us to conclude, via the Holder inequality,
that ([, |un[?) is also bounded. If we prove the convergence for a subsequence, then any
other convergent subsequence will have the same limit, so the whole sequence will converge.
This means that in the course of the proof we may pass to a subsequence of (uy,{2,) whenever
it is necessary.

Consider the open sets U,, = B(zo,r) x (—a,a) given for each zy by Definition These
open sets cover 092 which is compact. Thus we can extract a finite cover {Uy, ..., Un}. We can
assume, that for n great enough, each 012, is representable as the graph of a Lipschitz function
in the same coordinate system as 02. We refer to [11, Chapter 2] for more details.
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Consider a partition of unity ¢1, ..., ¢y subordinated to the cover {Uy, ..., Un}. It remains to
prove that

/ (P — / P ésdo.
0Q,NU; o0NU;

Since u, — u in H*(D) implies u,¢ — u¢ in H'(D), we can drop the ¢; in the above limit and
look only at integrals of u,, and w.

Denote by g,,,g : B = B(x,r) — R the functions whose graphs represent the boundaries of
00, 09, respectively, in an orthogonal coordinate system in a neighbourhood if zo. Note that
B has dimension d — 1 so when we speak of almost every z € B we will mean up to a set of

#9-1 measure zero. The fact that Q,, - Q implies ||gn, — g|/cc — 0. Since g, g,, are Lipschitz
continuous functions, they are differentiable almost everywhere and |Vg|, |Vg,| < L, where L
is their common Lipschitz constant. Denote by v the function u after the change of variables in
the new orthogonal coordinate system. It remains to prove that

/B [0n (&, gn(@)IPV/T + [V gn(@) P — /B o, 9(2)P /T T Vg (@) P

The condition Per(€2,) — Per(Q), the fact that H4~1(2, N U;) = 0 and the lower semi-
continuity of the perimeter under L! convergence imply that

lim Per(Q2, NU;) > Per(QNT;),

n—oo
and

lim Per(Q, \ U;) > Per(Q\ U;).

n—oo

This, in turn implies that we have equality, namely

lim Per(Q, NU;) = Per(QNT;).

n—0o0

Translated into the considered coordinate system this becomes

lim 1+ |Vgn(z)|2dx = / 1+ |Vg(z)|?dx.
B B

n—o0

Furthermore, considering measurable sets of the form V' = B’ x[—a, a] and the fact that Per(,,N
V) — Per(Q2N V), we deduce that

lim / V14 |V (z)2dx = / V1+|Vg(x)]2de, (3.2)
n—oo B! B’

for every measurable set B’ C B.
Since v, is a H!(D) function, for almost every x € B we have

o gu@) = (o gla) + [ Ty,

9(x)

To simplify the computations, we denote J,(z) = /1 + |Vgn(2)|?, J(x) = /1 + |[Vg|2. We
obviously have J,,(z), J(x) € [1,V1 4 L?]. We use the inequality

lla+ Al —lalP| < p(|h|lafP~! + AP,

which is trivial for p = 1 and is a direct consequence of the mean value theorem applied to the
function ¢ — [¢t|P when p > 1.
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Thus we have

'/B”Un(SU,gn(SU)HpJn(l‘)dﬂ?—/B’Un(x’g(liﬂpjn(x)dx

< /B 002 gu(@) P — [vn (2, 9(2))P|Jn(2)dz

g’fl(x) an p
<o [ [ Sy uwyis (An)
B |Jg(z) Y
(5) g,
4 [ Joalag@)P | [ R )y
B g(x) Yy

Study of (A,). Since we only know bounds on the L? norm of the gradient of v,,, we apply
Cauchy-Schwarz inequality and then Holder’s inequality to get

0n(2) P2 :
A, <p [ Jgate) = g@E || [ DRy
B g(z) Y
2

P
<plign — gl|2V/1 + L2 / [ / xydy] do

gn(x) 81} 2
<pllgn — gVt L2 (/ /() mydy) ERK
g(x

<C'||gn — QHOOHV“nHHl (D)

JIp(z)dx (Bp)

p

In(z)dx

[N14S)

P

I3

where C” is a constant which depends on B, p, L and ¢ is chosen such that § + L'—1 Asa

consequence of the fact that || g, — g||cc — 0 we have (4,,) — 0.
Study of (B,). We apply Holder’s inequality for p and its conjugate -5

9n(2) gy
——(z,y)dy
/gm dy

=)

Jn(x)dx

z,y)d
/g dy( L y)dy

<pV/1+1 2 ( /| rvn<x,g<x>>|pdx)T ( / . ) "

Using arguments similar as in the study of (A,,) we can see that the last integral is bounded by
1

By <p /B o, g (a) P!

a term of the form C||g, — g||%. To conclude that (B,) — 0 it remains to justify that the first
integral is bounded. For this, we apply again Holder’s inequality for > 1 and its conjugate ¢

to get )
[ atoatopras < ([ vieganas)” i

Using the trace theorem on 92 we have

[ @@yt < [ @heg@)r@de < | o< Ol

This finishes the proof of the fact that (B,,) — 0.
To conclude the proof of (B), it is enough to prove that

hm/|vna:g )P T (2 dx—/|v:vg )P J(x)dx

First, let’s note that the fact that u,, — u in L?*(9€2) implies v, (z, g(x)) — v(z, g(x)) for almost
every x € B.
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Since gy, g have Lipschitz constants bounded by L, and B is a bounded set, we deduce that
|Vgn ()| is bounded in L?(B). Moreover since ||g, — g|lcc — 0 we have that g, — g in L?(B).
This means that (g,,) is bounded in H!(B), so it has a subsequence Vg, that converges weakly
in H'(B) to a function h. This means that g, — h in L*(B) and Vg, — Vhin L?(B). Since
gn — hand g, — gin L?(B), we must have h = g.

Thus, up to a subsequence, we have Vg, — Vg in L?(B;R") and gives

lim [ F(Vg,) = / F(Vg),
Q

n—oo Q

where F(z) = /1 + |z|? is a strictly convex function, if we consider it defined on {z € R" :
|lz|| < L}. Thus we can apply Lemma and find that Vg, — Vg strongly in L?(B;R").
Passing to a subsequence and relabelling, we can assume that Vg, — Vg almost everywhere
in B.

We define the measures y, = J,(x)dz, p = J(z)dz. We note that property implies that
pn converges set-wise to ;1. We use the terminology defined in [13, Chapter 11, Section 4]. This
allows us to use versions of the integral convergence theorems provided in the above reference.
We recall these results in Remark 3.3

Using the bounds on J,,, J we have

lon (2, g(2)]P < V14 L2|v,(z, g(x J(x)
Jn(x)
Since u,, — uin L?(952) and Per({2) is finite, we have

vn (2, g(@))|P T (2) = [v(z, g(2))|P T (z)
in L(B), for every p € [1,2]. This means that

lim/|vnxg ()d 4/|ng x))|Pdp.

n—00 Jn(z)

Furthermore, since J,, — J almost everywhere, it follows that, up to a subsequence, |v,(x, g(x))[?
|v(z, g(x))[P almost everywhere.

Applying a generalized integral convergence theorem, stated in Remark 3.3|(ii), we deduce
that

hm / |on (2, g(2))|Pd —/ lv(x, g(x))Pdp.

This finishes the proof of part (B).

For part (A) the proof is the same, except the last part where instead of applying the integral
convergence theorem we apply the variant of Fatou’s Lemma presented in Remark3.3](i). Note
that general, the measures i, do not necessarily converge set-wise to ;.. We have the weaker
hypothesis linrg gf pn(B') > p(B'), which combined with the estimate yu,,(B’) < V1 + L?u(B’)

is enough to reach the same conclusions. O

Remark 3.3. Let Q2 be a measurable set. Suppose f,,(xz) — f(x) for almost every z € Q. Consider
the measures ji,,, 1 defined on 2 which satisfy for every measurable set A C ) the equality

Jim i, (A) = p(A).

Following the terminology found in [13| Chapter 11, Section 4] we say that p,, converges set-
wise to .
(i) If (fn), f are non negative functions we have

/fd,ugliminf/ fndpn
[¢) n—oo 0

(ii) If there exist functions g, such that g, are integrable with respect to p,, | fn| < gn, gn — g
almost everywhere, and

lim [ gpdu, = / gdp < o0
Q

n—00 Q
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Jim / Fudpin = / fd.

For the part (i), the hypothesis y,,(A) — p(A) for every measurable set A can be relaxed to
lim inf un(A) = W(A), pn(A) < Cu(A),

then

where C > 0 is a constant.

Remark 3.4. It will be necessary to apply Proposition 3.2 part (B) in the case p = 1 without the
absolute values. Under the same hypothesis we want to prove that

lim Uy = / U.
o0 Joq, o0
To achieve this it is enough to note that if u,, — win H'(D) then u;, — u* and u;, — u~ in

H'(D). We have denoted by u™, u™ the positive, respective the negative part of u. We refer
to [11] Corollary 3,1,12] for a proof of this result. We apply Proposition [3.2| for u;} — u™ and

u, — u~ to find that
lim ul = / ut
o0 JoQ, o0

lim Uy, :/ u .
o0 Joq, o0

Subtracting these two equalities we get the desired result.

and

The above proposition helps us to prove the following shape continuity result for the Steklov
spectrum. A general approach has been described in [2] in the case where the operators are
defined on a common space. Another similar result is presented in [4] for the first biharmonic
Steklov eigenvalue in the particular case of convex open sets.

Theorem 3.5. (Shape Stability for the Steklov spectrum) Let D be a bounded open subset of
R%. Suppose (2,), Q2 C D are open sets which satisfy a uniform e-cone condition and €2, 5.
(A) The following inequality holds:

lim sup 0%(2,) < ok(Q).

n—o0

(B) If Per(€2,,) — Per(2) then for every k£ > 1 we have
11151010 or(Qn) = or(2).

Proof: We start with part (B). We divide the proof in two parts:

lim sup o1,(2,,) < 0% () (3.3)
n—0o0
and
lim inf 03(€2,) > 04(€2) (3.4)

For an open set 2 we denote by V() the space of functions on H' () which are orthogonal
to constants in L%(92). Note that if (2 has finite perimeter then V() is closed under weak
convergence in H'(Q) (Straightforward application of Proposition [3.2] together with Remark

3.4).
1. Proof of (3.3). Let ¢ > 0 and consider a k-dimensional subspace S, of V' such that

\V/ 2
0k(Q) +e > max f9|7u2|
weSIMO0} [0 U

Let {u1, ..,u;} an orthonormal basis for S;. Since S, C H'(Q2) and  has Lipschitz boundary,
each u; can be extended to @; € H*(D).
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For n > 1 we modify each %; in order to make them admissible as test functions on €2,,. To do
this, we modify them with a constant term in order to have zero averages on 0f2,,. This is possi-
ble since 2, has finite perimeter and we can simply define v}’ = @; — c', where ¢ is a constant
defined by 0 = faQn (@; — cM)do = fmn t;do — ¢ Per(Qy,). Therefore ¢! = m faﬂn t;do.
Since Per(Q,) — Per(2) > 0 and fmn tido — [5quido = 0, we find that nlggo ' = 0 for
i =1,..., k. This implies that u? — ; in H!(D).

For n great enough, the functions u? span a k-dimensional subspace S C H'(D) which is
admissible as a test subspace for o(€2,,). This implies that

an [Vul? . an Vo, |?
ueSP\{0}  [yq, 12 Jo, v2
where we have denoted v,, a choice of the maximizers of the Rayleigh quotient on S}'. The

maximizer v, exists since S}’ is finite dimensional.
Consider now ug € Sy, arbitrary. Then there exist coefficients a1, ..., a; such that

Uk(Qn) <

up = ajuy + ... + apug.
Consider also the functions v € S}’ defined by
uy = a1uy + ... + agug.

It easily follows that u}} — g in H!(D), since they differ only by a constant term which con-
verges to 0 as n — oco. The maximality property of (v, ) implies

an ‘VUSP < an ‘vvn‘Q
Joo, (W8)* = Joq, v2

We want to prove that hm sup k() < 0,(Q2). Without loss of generality, we can assume

(3.5)

that lim oy(Q,) exists. If not we take a subsequence which realizes the lim sup. We can find
n—o0
a decomposition v, = bluy + ... + bluj. Since the Rayleigh quotient is scale invariant, we
can choose the coefficients such that [b}'| < 1. Using a diagonal argument we can choose a
subsequence of v, such that b7 — b; for i = 1,...,m. Up to relabelling the sequence, we can
assume that v, — v in H'(D) where v is given by
v =Dbiuy + ... + bpuy.
Taking n — o0 in inequality (3.5) and using Proposition 3.2 we obtain that
Jo [Vuol® _ Jo |Vol?
5 S 2 -
Joa 46 Joa v
Since ug was chosen arbitrary, we have that
ma fQ|VUO‘2 fQ|V’U|2
X
weS\0} fooui T Jonv?

The restriction of v to 2 is also in Sy, so the above inequality is, in fact, an equality.
We have just proved that

Vun2 Vol? Vul?
limsup 0% (2,,) < lim fQ" | | = Ja! ’1)2| — max M
noee e N P Joaa v ueS\{0}  fyq u

Taking ¢ — 0 we obtain the lim sup inequality.
2. Proof of (3.4). Consider ¢ > 0 and subspaces S7 of H'(D) such that
Vul?
0,(Qy) +€ > max f9|7| (3.6)
weSI{0} [y, u?

We want to prove that liminf, o 01 (£2,) > 04(£2). We can assume that the limit exists by
taking a subsequence which realizes it. Consider for each S}’ an orthonormal basis {u7, ..., u} }.
Up to choosing a diagonal subsequence, we can assume that each (u]') converges weakly in

§ O‘k(Q) + €.
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H 1(D) to some u;, i = 1, ..., k. Using Proposition and Remark it follows that f s Wi =0,
so S = Span{uy, ..., u}} is admissible as a test space for o, (£2).

Take u = ajui + ... + agug, € Sk \ {0}. Then v, = aju + ... + apuy € S}, \ {0} satisfies v, — u
in H!(D). The inequality implies that

an [Vu,|?
> ="
B faszn va

The weak convergence of (v,) to u and Proposition 3.2]imply that

Uk(Qn) + €

lim inf ]an]22/ |Vu? and lim v,%:/ u?.
Q, Q o9

n

As a consequence, we have

. J; Qn [Vul?
liminf oy (Qy,) + € > =
Since u was chosen arbitrary, we can take the maximum for u € Sy \ {0} in the right hand side
of the above inequality and we get

Vul?
liminf ok (Q,) + £ > max Mi‘

> o01(Q2).
n—00 ueS;\{0} faﬂnzﬂ _Uk( )

Taking ¢ — 0 we obtain
lini)inf () > 01 (2).

Combining the two parts of the proof we conclude that under the hypotheses we considered
we have

lim 04(2,) = 0 (9.
in order to prove part (A) we argue by contradiction. Suppose that lim sup 0, (§2,) > o1 (12).
n—oo

The variational formulation implies the existence of some ¢ > 0 and a k£ dimensional subspace
Sy of V(£2) such that up to a subsequence we have

\V4 2
lim o (Qy,) > 01(2) + € > max f§z|7u2’
n—r00 u€ESk fao u

Therefore, for n great enough we have

Vul?
k() > 0r(2) + € > max 719 | 2| )
uESy f@Q u
Consider a basis {u1, ..., ux } of Si. Like in the proof of part (B), we construct the functions u}'
which are perturbations by constants of H! extensions of u; to the whole D such that |, o0, Ui =
0. In this way we construct the k-dimensional subspaces S} = {u},...u} } which are admissible
as test spaces for 0 (£2,,). Thus we have
Vu 2 Yu 2
max fﬂn‘ii > 05 (y) > 0k(Q) + € > max f9|72‘
uesy faﬂn U uESy, faQ U
Denote v,, a choice of maximizers of the Rayleigh quotient on S}'. We have the representation
vp = blul 4 .+ bRup = blay + ...+ bRay, — (bPct + ... + bic}). Like in the first part we have

= m Jsq,, ido, and we can choose the coefficients (b}') such that [b}'| < 1. Note that in

this setting we do not necessarily have ¢]' — 0 as n — oo, but there is a uniform bound for (c}').
We can choose a subsequence and relabel it such that v,, — b1ty + ... + bpt, — C = up — C'in
HY(D).

Using Proposition 3.2 part (B), we have

liminf/ v2 > / (ug — C)? = / ut —2C ug + C? Per(Q) > / ul,
oo Joq, o0 o0 o0 o0
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since [, uo = 0. Furthermore, the fact that v, — ug — C'in H*(D) and xq, — xgo in L(D)
imply that

lim |an|2:/ Vuo2.
n—oo Qn Q

Taking n — oo in the following inequality

an |[Von|”
20 1L G (@Q0) > () + 6
faQn Un
we obtain
Vul? Vo, |? Vug|?
maxfﬂ|72’<ak(§2)+£§hmsupfg"| Z| < fQ‘ g’ )
ueSk  [oou n—00 faﬂn v2 Jo0 ud
This is a contradiction, since ug € Sy. O

The hypothesis that Per(€2,,) — Per(£2) was crucial in the proof of part (B) of the above theo-
rem, and cannot be discarded. To justify this fact, we propose the following counterexample.

Example 3.6. Denote by S the unit square and by S,, the unit square where we have added a
saw-tooth shape with 2" sides on the upper side of S. For example, we can take S; to be S with
a right isosceles triangle glued to S. S» can be obtained by cutting a square of length v/2/4 from
the top of the “tooth” of S;. S3 can be obtained from S; by cutting squares of side V/2/8 from
the top of each tooth of S,. This procedure constructs inductively the sets S,,. Note that the sets
Sy, satisfy a uniform cone condition.

Furthermore, all the shapes S, have the same perimeter, equal to 3 + v/2, thus Per(S,) —
2 +1/2 > 4 = Per(S). We will show that the Steklov spectrum of S,, does not converge to the
Steklov spectrum of S.

Proof: In the proof we will denote by T the edge of the square S to which the saw-tooth is
glued, and B the other three edges of the square S. We denote by g,, the function whose graph
represents the sawtooth in an orthogonal system of coordinates where the horizontal axis is
directed by T'. Note that in this case |g},(x)| = 1 for almost every « € T. Denote by T,, the graph
of goonT.

Let u € H!(S) be an eigenfunction of S, corresponding to o1(S). Since S is a Lipschitz
domain, u can be extended to H'!(R?), and then take the restrictions of u to S, as test functions
in the definition of o1 (S,,).

To do this, we need to make these restrictions admissible by modifying them with a constant
in order to have the orthogonality to a constant function on S,,. We define u,, = u — ¢, such that

O:/ un:/ u — ¢, Per(Sy).
dSn 0Sn

This implies ¢n = pgsy Jos, U
With the above notations we have

[g=LMa%mnﬁ+wuwm

gn(z)
:\/i/u(x,O)dx—i—\/i// @(x,y)dydac.
T TJO dy

Using techniques similar to the ones involved in the proof of Proposition 3.2} we find that

/ u%\@/uasn%oo.
Tn T

In the same way, we can prove that

/ u2—>\/§/u2asn—>oo.
n T
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We evaluate

/ (u — cp)? :/ u® — 2 Per(S,)
9Sn 0Sn

_/BUQJF/nUQ_W

and we see that for n — oo we have

—_1)2 2
o [ ()

>/ u?,
oS

by the Cauchy-Schwarz inequality. The equality could take place only if u is constant zero on
T, but if this happens for every side of the square, then u is zero on the whole S, which is a
contradiction.

Thus X
Vul? Vuy,
o1(9) = M > lim fsn‘i‘ > liminf o1 (Sy).
fas u2 n—o00 f@Sn u% n—o00
Therefore the sequence of first Steklov eigenvalues of \S;, does not converge to the first Steklov
eigenvalue of S. O

There exist examples in the literature which illustrate the fact that the e-cone condition is also
essential. Girouard and Polterovich consider in [8] one such examples. It consists of taking (2.
being two disks of radius 1 connected by a thin tube of length ¢ and width £3. In the limit, these
connected disks converge to {2 which is formed of two tangent disks. Obviously, such sets do
not satisfy a uniform cone condition. We have Per(Q2.) — Per(Q2), but the Steklov eigenvalues
of €. converge to zero.

4. EXISTENCE RESULTS FOR THE OPTIMIZATION OF FUNCTIONALS OF THE STEKLOV
SPECTRUM

In this sections we will present some consequences of the facts proved in the previous sec-
tions. We will be able to establish some existence results for the problem of maximizing the
Steklov eigenvalue of €2 under different constraints.

Theorem 4.1. Suppose D is a bounded, open set in RY. Denote by O. the class of open subsets
of D which satisfy an e-cone property and have unit volume. Then the problem

max o (2
Qe0, k( )
has a solution.

Proof: Take (£2,,) a maximizing sequence. The Hausdorff convergence is compact, O is closed
under this convergence and therefore there exists an open set 2 € O, such that up to taking a

subsequence and relabelling, we have (2, . Proposition [2.3| or the estimate (1.1) implies
that there exists an upper bound for Per(2,,). The compactness properties of the perimeter
(see for example [12, Theorem 12.26]) imply that there exists a subsequence denoted again
(Qy,) such that (2,,) converges to € in the sense of characteristic functions and furthermore,
nlg)go Per(€2,,) > Per(2) and applying Theorem (A) we deduce that

lim sup 01(2y,) < 0k(Q).
n—oo

The fact that (2,,) is a maximizing sequence coupled with the above inequality proves that €2 is
the set which maximizes o (2) in the class O.. O
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Note that convex sets (2 satisfy a e-cone condition, with ¢ depending on the radius of a ball
contained in €2, as well as of the box D containing €2. We would like to give a general existence
result for the maximization of o (€2) in the family of the convex sets. In order to apply the
results of the previous section, we would need a bounding box for (2. The result given below
proves that a maximizing sequence for o((2) is always confined in a bounded open set D.

Proposition 4.2. Suppose that (£2,) is a sequence of open, convex sets with unit volume, which
satisfy the property that diam(€2,,) — co. Then o4 (€2,,) — 0.

Proof: This result is a consequence of the bound proved in [5], which states that if we
denote by I(2) = Per(Q)/|Q\df1 then

21"

Per(Q)’
Indeed, we could consider a diameter of length M and make a Steiner symmetrization in the
direction of the diameter. There exists a section w orthogonal to the diameter which maximizes
H"1(w). The fact that Q has unit volume implies H""!(w) > 1/M. Consider the cone C
generated by w and the considered diameter. This cone is contained in {2, and by convexity,
the perimeter of 2 is bounded from below by the perimeter of the cone C. Using techniques

or(Q) < cqkid

(4.1)

similar to those in our proof presented below, we can see that the Per(C) > cM ﬁ, where cis
a dimensional constant. This, together with implies that 0,(€2) — 0 as M — oo.

In the case of convex sets it is possible to give a direct proof, which we present below. This
proof avoids the technical measure theory result used in [5], in order to prove (4.1).

Let Q be an open, convex set of R?, having unit volume. Denote by M its diameter, and
denote XX}, one of its diameters. In order to make the proof easier to read, we divide it into
several parts.

Part 1. Bound from below of the volume of a region. We call a cap of {2 the part of Q
contained in a half-space determined by a hyperplane o orthogonal to the diameter X, .X;. We
call region of 2 a subset of 2 contained between two hyperplanes «, 8 which are orthogonal to
XoXp.

Let’s start by giving a lower bound for the volume of a cap. Denote Y = o N XX}, and the
length XY by L. Denote Q~ and Q" the caps of 2 determined by «, which contain X and X,
respectively. Denote C'~ the cone with vertex X and base Q2N a. Denote also with C" the cone
which is the dilated of C~ with center X and a factor M /L. The convexity of 2 implies

C-cQ andCT\C™ D Q.
Therefore we have
2| 7| L
> =
@+ |t —|C7| M4 — LY
which, in turn, implies |Q~| > L?/M9|Q|.
If instead of a cap, we consider a region, we can apply two times the above bound and find
a similar lower bound. Denote (2~ the part of {2 contained in the half-space determined by ~
which contains X, 2 the part of Q contained in the half-space determined by 8 which contains
X}, and Qg the region determined by o and 3. Denote also A = a N XXy, B = 8N XX
Using the bound on a cap, we have

AB¢
AX{

’Qo‘ > ’QOUQ+’,

and
d
k

AX
|Q+ UQO| >

Q.
Txi

Combining the two bounds, we arrive at
d

Q0| > W|Q\a
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where we have denoted the length of AB by L.

Part 2. Bound from below of the perimeter of a region. Suppose we have a region () of
width L, like in the previous section. In the following, we will denote by c¢; a constant which
depends only on the dimension of the space. We perform a Steiner-symmetrization of this
region with respect to the direction AB, which we denote (2. For an introduction to Steiner
symmetrization see [11, Chapter 6] or [3, Chapter 6]. It is known that performing a Steiner
symmetrization preserves the volume, preserves the convexity and decreases the perimeter.
Thus, as a first consequence, Per(€2§) < Per(€)y). Another property of the Steiner symmetrized
set (2 is that all slices with a hyperplane orthogonal to AB are d — 1-dimensional balls. Among
these balls, there is one, denoted w, having radius ry, which has the maximal H41 measure.
Denote ¢ = d(A,w),b = d(B,w). Obviously, we have a + b = L. Since

Ld

1926] > ek

d— . .
we deduce that H4 1(w) > L ’ , which gives us a lower bound r > ¢;—L—.
M & =

We denote w1 = aNQ,ws = BN Q. The fact that Qg is convex, and its d — 1-dimensional
slices orthogonal to AB are disks, means that the truncated cones determined by 71 = (w,w;)
and Ty = (w, ws) are contained in (2.

We know from [3| Lema 2.2.2] that since 71 U T} C Qf and T U T5, Qf are convex, we have
Per(Ty UT) < Per(€2). If we denote by R the region of R? situated between the hyperplanes
a, 3, then Per(T1UT5, R) < Per(€2f, R). This inequality is true because the part of the perimeters
of Q) and T U T, which is contained in OR is the same for both sets.

All we need in order to conclude, is to bound from below the lateral area of a truncated cone.
If we denote by r1,r the two radii of wi,w, then we have two cases. If 11 = r then T} is a
cylinder and the lateral area of 77 is equal to aHi2 (w) = cqar®2.If r; < r then the lateral area
is given by

2 d—1 d—1
a r - T _
/ 1+ — > cja—E— > cqar®™2.
w\proj w1 (7" - 7“1) r—n

Thus the lateral area of 77 U T3 is bounded below by
Per(Th UTy, R) > cqLr?2.
Combining all the above estimates, we arrive at

d-1
Per(QO) > Cd—ata=2y -

(d=2)

M d-1
Thus for a region Q of 2 with width L = oM we have

Per(Q) > cdad_lMﬁ.

Part 3. Upper bound on the Steklov spectrum

For k > 1 divide the diameter XX}, into k equal parts using points X;, and use orthogonal
hyperplanes «; through X; to divide 2 into k subsets of width M /k (in the direction of X(X}).
We define k functions (u;) C H'(Q) such that u; is supported in region i. We choose them to
depend only on the distance from the bounding hyperplanes. One choice is the following:

u; starts from 0 on a;—1 and increases with gradient 1 until it reaches 1.
u; is constant for a while.

u; descends with gradient 1 until it reaches —1.

u; is constant for a while.

u; increases with gradient 1 until it reaches 0.

A schematic picture can be found in Figure[l} Furthermore, we can translate the part where
u; grows from —1 to 1 so that f oo Wi = 0. With this construction we have the following bound
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FIGURE 1. Form of the function u; in the direction of the diameter

on the Rayleigh quotient corresponding to u;:
Jo IV ui? 1
Joqui  — HIHONN {u; = £1})

Using the bounds obtained in the previous section, we have

HEL(OQ N {u; = 1}) > cqad 1 (M/k)TT
HELOQ N {u; = —1}) > cqald 1 (M/k)TT
where a; +as > 1 — 22 Thus
HILO0 N {u; = 1)) + HEHOQ N {us = —1)) > calar + az)? L (M k)71,
These bounds allow us to conclude that as M — oo we have
12 -1
fQ NU;‘ <y kd-1 : Mi>oo 0.
Jog i (1 — 4k/M)d=1A[T=1
As a consequence, we have the bound

12 2
fQ v Zaz“%‘z < max fQ ]Vu;\ ’
faﬂ(z a;iu;) faQ u;

where we have used the fact that the functions u; have disjoint support in 2. This means that

0, (Q) < max

or(2) = 0as M — oc.

|
Using the previous result, we can deduce the existence of a maximizer for the k-th Steklov
eigenvalue in the class of convex sets.

Corollary 4.3. The problem

Q
e

has a solution in the class of convex sets.

Proof: Take (£2;,) a sequence of sets with measure 1 such that 4 (£2,) — sup|q|—1 ox(2). If (2,)
contains a subsequence such that diam(€2,,) — oo, then by Theorem 0, (2,) would have a
subsequence converging to zero. This is impossible, since (£2,,) is a maximizing sequence. Thus
the diameters of (£2,,) are bounded from above, and therefore we can assume that all the sets
(2, are contained in a bounded open set D.

The by the compactness of Hausdorff convergence, there exists a subsequence denoted (£2,,)

such that ,, -5 Q. The properties of the Hausdorff convergence imply that (2 is also convex
and contains a compact ball B (see [11, Chapter 2]). Proposition 2.2.15 in [11] proves that for
n large enough, we must have B C (,,. Proposition 2.4.4 in [11] allows us to say that for n
large enough, the sets 2, and the set (2 satisfy a uniform cone condition. Thus, we can apply
Theorem B.5]to conclude that

lim sup 0%(Q2,) < 01(Q).

n—0o0
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OO UG

o1 =1 o9 = 2.87 o3 = 3.86 o4 = 4.56 o5 = 5.61
06 = 6.24 o7 = 7.43 o8 = 7.99 09 = 9.15 g10 = 9.75

FIGURE 2. Convex shapes with unit area which give highest k-th Steklov eigen-
value in our numerical observations

The Hausdorff convergence implies the convergence of characteristic functions in L (D), which,
in turn implies that || = lim [Q,| = 1. Thus  maximizes 0 (£2) among convex sets of the
n—oo

same measure. |

Remark 4.4. The treatment of the perimeter constraint, in the case of convex sets, is also straight-
forward, since we can apply Theorem [3.2] directly, for a maximizing sequence.

Corollary 4.5. In the following, we consider A to be the class of e-cone sets contained in a
bounded open set D, or the class of convex sets, having unit volume.

(A) If F : R* — R is upper semi-continuous and increasing in every variable, then the
problem
Iéleai(F(al(Q), ey 0% (82)).
has a solution.
(A) If G : RF — R is lower semi-continuous and increasing in every variable, then the
problem

min G(1/01(Q), .. 1/7(2).

has a solution.
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