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Abstract

We characterize time-consistent dynamic risk measures.

In discrete time in context of uncertainty, we canonically associate
a class of probability measures to any dynamic risk measure when the
filtration comes from a process bounded at each time. Dynamic risk
measures are conditional risk measures on a bigger space.

In continuous time, we characterize time consistency, studying com-
position of conditional risk measures. Using sufficient conditions for
time consistency, and BMO martingales, we construct new families of
time-consistent dynamic risk measures. Some are continuous general-
izing those coming from BSDE. Others are with jumps.
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Introduction

In recent years there has been an increasing interest in methods defining the
risk of a financial position. Artzner et al [1] have introduced the concept of



coherent risk measures on a probability space. More recently Follmer and
Schied [17], [18] and [19], have addressed a more general issue, defining the
notion of monetary measure of risk, not necessarily coherent and in a more
general context, that of uncertainty where no probability measure is given
a priori.

Several authors have then extended the notion of monetary risk measures
to a conditional or dynamic setting.

In a continuous time dynamic setting F. Delbaen [8] has fully charac-
terized the coherent dynamic risk measures and in particular proved that
the time consitency for coherent dynamic risk measures is equivalent to
the condition of m-stability. Other works concerning a time continuous
dynamic setting are usually based on the Backward Stochastic Differential
Equations (B.S.D.E.) approach called also conditional “g”-expectation. Im-
portant works along these lines are by Peng [24] and [25], Coquet et al. [7],
Rosazza Gianin [20], and Barrieu and El Karoui [3].

There are several approaches in a discrete time setting. All these ap-
proaches assume that a filtered probability space (Q, F, (Fpn)nemw, P) is given
in advance and therefore that the probability P is known. For these ap-
proaches see for example F. Riedel [26] and Cheredito et al [6] where the
notion of time-consistency is studied.

In Bion-Nadal [5] and Detlefsen and Scandolo [11] a new notion of con-
ditional risk measures is introduced. The case of continuous convex condi-
tional risk measures defined on probability spaces is studied by Detlefsen
and Scandolo [11]. In [5] we have studied the more general case of convex
conditional risk measures not necessarily continuous and in a context of un-
certainty. Indeed, as pointed out by Avellaneda [2], it is important to deal
with situations where the probability measure (and even its class) is not
fixed in advance.

In this paper we study the dynamic risk measures (ps;)s<¢ both in dis-
crete time and in continuous time.

In section 1 starting from the conditional risk measures and their repre-
sentation in terms of a set of probabilities and of a penalty function as in [5],
we study the composition rule of conditional risk measures. We characterize
the relation p13 = p1,2(—p2,3) in terms of a stability property of the set of
probability measures (similar to the m stability property of F. Delbaen [8])
and of a cocycle condition on the penalty function.

In section 2 we study dynamic risk measures on a measurable filtered
space (2, F, (Fn)new) in a discrete time setting. We do it in a context
of uncertainty (i.e. whithout fixing in advance a probability). When the
filtration is the natural filtration of a IR’ valued process bounded at each



time, we associate canonically a class of probability measures to any dynamic
risk measure continuous from below. We prove also that the dynamic risk
measures in discrete time are equivalent to conditional risk measures on a
bigger space.

In section 3 we study dynamic risk measures in a continuous time set-
ting, on a probability space. Using the results of section 1, we characterize
the time consistency (Vr < s <t p,; = prs(—pst)) by necessary and suf-
ficient conditions on the set of probabilities (stability) and on the minimal
penalty functions (cocycle condition). When the dynamic risk measure is
constructed from a family of probability measures and a penalty function
(in general there is no reason for this penalty function to be the minimal
one), we get sufficient conditions for the dynamic risk measure to be time-
consistent: stability of the set of probability measures, locality and cocycle
condition on the penalty function.

Using these sufficient conditions, we construct new classes of explicit
examples of time-consistent dynamic risk measures:

Starting with any finite family of BMO orthogonal continuous martin-
gales we construct classes of time-consistent dynamic risk measures. In the
particular case of independent Brownian motions stopped in T we obtain
that way the dynamic risk measures coming from B.S.D.E.

We are also able to construct similar classes of time-consistent dynamic
risk measures starting from BMO martingales which are no more continuous
(in that case we have a condition on the BMO norms). We thus get dynamic
risk measures with jumps.

1 Conditional risk measures

1.1 Some recalls on convex conditional risk measures

In this part we recall some important notions and results of [5]. Let Q2 be a
set. Consider a o-algebra G. We denote £g the set of all bounded real valued
(©,G) measurable maps. We consider that the set of all financial positions
X is &g. X is then a Banach space.

We consider a sub o-algebra F of G and we assume that a probability
measure P is given on (Q, F).

From a financial point of view, the sub o-algebra F can represent the
partial information accessible for an investor and it is natural to assume
that there is a well known probability on (0, F).

The definition of a risk measure conditional to a probability space is as
follows [5]:



Definition 1 A mapping
pF: X — L®(Q,F,P)

is a normalized risk measure conditional to the probability space (0, F,P) if
it satisfies the following conditions:
i) monotonicity: for all X,)Y € X if X <Y then pr(Y) < pr(X) P a.s.
i1) translation invariance: for allY € EF, for all X € X,

pr(X +Y)=pr(X)-Y Pa.s.
i11) multiplicative invariance: for all X € X, for all A € F,

pr(X1a) =Llapr(X) P a.s.

Definition 2 i) A risk measure conditional to a probability space (2, F,P)
18 a mapping

pF: X — L®(Q,F,P)

such that pr — pr(0) is a normalized conditional risk measure

it) A convex conditional risk measure is continuous from below if:

For every increasing sequence X, of elements of X converging to X, the
decreasing sequence pr(X,) converges to pr(X) P a.s..

To each risk measure pr conditional to the probability space (2, F,P) we
associate its acceptance set:

Ay ={X €eX [/ pr(X) <0 Pas.}

The most important results on conditional risk measures are the theo-
rems of representation:

We recall here the theorem of representation of convex risk measures,
continuous from below, conditional to a probability space. This representa-
tion theorem will be crucial for the study of dynamic risk measures.

Theorem 1 Let pr be a convex risk measure defined on (2,G) conditional
to the probability space (Q, F, P).
Assume that pr is continuous from below then for all X € X

pr(X) = ess margem((Eq(—X|F) —a™(Q)) (I)



where o™ (Q) = ess sup{YGApf}(EQ(—Y|f) and M is the set of probability
measures on (§2,G) whose restriction to F is equal to P and such that for
each Q@ € M, o™ (Q) is essentially bounded.

In the following we refer to this representation as the usual representa-
tion.

Remark 1 When we assume that a probability P is given on (2,G) we
define a conditional risk measure on L>°(Q, G, P) as a risk measure pr con-
ditional to the probability space (0, F, P) such that

pr(X)=pr(Y) Pas. if X=Y Pa.s.

In that case in the theorem of representation the set M is a set of prob-
ability measures on (2,G) absolutely continuous with respect to P whose
restriction to F is equal to P.

Remark 2 In case of complete uncertainty ( no probability is given even on
F) a risk measure on (Q2,G) conditional to (Q, F) is a mapping from Eg to
Er satisfying the same equalities and inequality as in definition 1 but exactly
instead of P.a.s.

For the various theorems of representation (for example when the risk
measures are no more continuous from below), we refer to [5].

1.2 Properties of the penalty function

Definition 3 Consider a function o defined on a set M of probability mea-
sures on (£, G) with values into L*°(Q2, F, P).

We say that o is local if VA € FV(Q1,Q2) € M2,

If Eq,(X14|F) = Eqg,(X14|F) Pa.s. VX € &, then 1aa(Q1) =
1aa(Q2) P.a.s.

Proposition 1 i) Consider a risk measure on (2,G) conditional to (Q, F, P).
The penalty function ™ 1is local.

it) For every probability measure Q@ on (,G), a™(Q) is (P.a.s.) the
limit of an increasing sequence fn, = Eq(—X,|F) for some X, € A,,

Proof:

i) a™(Q) = Pess sup{yEApf}(EQ(—Y|f))

VA € F,140™(Q) = ess sup{YGApf}(EQ(—YlA\}")) The local property
of o follows.



ii) It is enough to prove that for @ fixed, the set {Eq(—X|F); X € A,,}
is a lattice upward directed.

Let (Y, 2) € (A,;)* Let B={w € Q / Eg(-Y|F)(w) > (Eg(—Z|F)(w)}.
From the bifurcation property of A, ., it follows that X =Y1p + Z1(q_p)
is in A, and Eqg(—X|F) = ess sup(Eq(=Y |F), Eq(—Z|F)).

Q.e.d.

1.3 Composition of conditional risk measures
Consider three o-algebras F1 C Fo C F3 on a space §2.

Proposition 2 Assume that pa 3 is a risk measure on (2, F3) conditional
to (Q,F2) and p12 a risk measure on (Q, F2) conditional to (Q, Fy)

Then p(X) = p12(—p2,3(X)) defines a risk measure on (2, F3) condi-
tional to (2, Fy).

There is no difficulty in the verification of this proposition. We also have
the same proposition for conditional risk measures on probability spaces.

Now there is a natural question:

Given three risk measures (p; ;) (1<i<j<3) on (£, F;) conditional to (£2, F;),
how can we characterize the equality p1 3(X) = p12(—p2,3(X)) VX either in
terms of acceptance sets or using the penalty functions?

The following theorem gives the answer to this question in the case where
a probability measure P is given on F3 and assuming that the conditional
risk measures are continuous from below. This theorem will be crucial for
the study of dynamic risk measures (in continuous time).

Theorem 2 Consider p; j convex risk measures continuous from below on
(Q,Fj, P) conditional to (2, F;, P). Consider the usual representation
pij(X) = ess margem, ;(Eq(—X|F;) — af5(Q)) Denote M, ; the

set of all probability measures QQ on F; absolutely continuous with respect
to P whose restriction to F; is equal to P. M;; = {Q € M, ; / o (Q) €
L>(Q,F;, P)}.

Aj j is the acceptance set of p; ;.

The following properties are equivalent:

i)p1,3(X) = p12(—p2,3(X)) P.a.s. VX € Ex, (set of bounded F3 measur-
able maps)

i) A1,3 = ./41,2 + ./42,3

iii) (M j)1<i<j<s satisfy the following stability property:

VQ € My3, VR € M3 there exists S € My 3 such that

Vf € Ex,, Es(fIF) = Er(Eq(f|F)|F) Pas. (II)



and the penalty function o™ satisfies the cocycle condition:
VS € My3 VR € Mya VQ € Mag satisfying the relation (11), a5'5(Q)
is R integrable and ai’3(S) = Er(ay’3(Q)|F1) + a5 (R) Pa.s..

Proof of the theorem:

- i) implies ii)

let X € A3 p1,3(X) < 0 Denote Z = X + p3(X). By translation
invariance, ng(Z) =0s0 Z € ./42,3 pl,Q(X — Z) = pl,g(—ng(X)) < 0 So
X —Z¢€ ./4172. Hence ./4173 - AL? + .A273.

Conversely Let Y € A2, Z € Az 3. p13(Y +Z) = p12(—p23(2) +Y).

As Z € Az 3, —p23(Z) +Y >Y and by hereditary property of A; 2 [5],
—p23(Z)+Y € A1 and hence, Y + Z € Ay 3.

Thus ii) is proved.

i) implies iii)

Let Q@ € Mas and R € Mi3 Q|r, = P, R << P and R|f, = P.
Define the probability measure S on (Q, F3) by S(A) = Er(Eqg(14|F2)). S
is absolutely continuous with respect to P and its restriction to F7 is equal
to P and S satisfies (11)

For every X € 413, X =Y + 72 (Y e Ao, Z € ./4273)

Es(~X|F1) = En(~Y|F1) + Ep(Eq(~Z|1F) 1)

so Eg(—=X|F1) < afy(R) + Er(ag(Q)]F1).

This proves that af’;(S) is P essentially bounded, so S € M 3 and that
a’(S) < Er(ay’3(Q)[F1) + af’y(R). Consider now S € My, R € My,
Q € Mayy satisfying the relation (IT), as above we get that a3 (S) <
Er(af3(Q)IF) + aly(R).

Prove now the converse inequality. Let Y € A; 5 and Z € Ay 3.

ER(—Y’]:l) + ER(EQ(—Z|.7'-2)|f1) = Es(—Y — Z|.7:1) it follows that

VZ € Ay 3 (Er(Eq(—Z|F2)|F1)) + of'y(R) < af’5(8S).

From proposition 1, a5’3(Q) is the limit of an increasing sequence

fn = EqQ(—Zy|F2) for some Z,, € Ay 3 bounded from below by —/[| f1]]oc-
Then Er(a3’3(Q)) is the limit of the increasing sequence Er(EqQ(—Zy,)) As
Az C Ais, we get Er(ay’3(Q)) < Er(afs(S)). Now as afs(Q) is R
integrable, it follows from [10] chapitre II that Er(ay's(Q)[F1) is the limit
a.s. of ER(EQ(—ZM}—Q)‘.FD). Then ER(Ozg?3(Q)|.7:1) + OéTQ(R) < 0/17?3(;9)
Q.e.d.

- iii) implies i)

Let X € £x,. From the theorem of representation, there is a probability
measure 2 € M 5 and a probability measure () € My 3 such that

p1,2(—p2,3(X)) = Er(p2,3(X)|F1) — a5 (R)

— Br(Eq(~X|F2) — af3(Q)|F1) — afiy(R)
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Applying hypothesis iii) we get the existence of a probability measure
S € M173 such that p172(—p273(X)) = Es(—X’fl) — O[T?)(S)

From the representation of p1 3 it follows that p12(—p2,3(X)) < p1,3(X).

We have to prove the converse inequality.

From theorem of representation applied to p1 3, we get R € M 3 such
that ,01,3(X) = ER(—X|.7:1) — 05173(R).

Let A ={w e/ (Ep(%|f2)(w) > 0} Define now the probability
measure @ on (2, F3) by

Q(B) = Bp(((5- k)14 + L)1),

(481 7)
@ is absolutely continuous with respect to P and the restriction of ) to
F is equal to Pie. Q) € My3. For every f bounded F3 measurable,

dR
Er(Eq(f1F2)|F1) = Br((Ep(§51F2) (g iizy )L + La-a) /1 F)
= Ep(4E)14f|F1) = Ep(48)f|F1). Indeed, (4£)1q_4) > 0 and its
conditional expectation with respect to Fo is 0 so it is 0 P.a.s.
So Er(Eq(f|F2)|F1) = Er(f|F1) Vf € Ex,.
From hypothesis iii), a’3(R) = Er(ag5(Q)|F1) + o' (R)
and then p173(X) < p172(—p273(X)) VX € g]-‘3.
So i) is proved.

Remark 3 1) The equivalence of i) and ii) is also proved by Cheridito et
al [6].

2) The condition iii) is a generalization of the m-stability property of
Delbaen [8]. Here there is a cocycle condition on the penalty (in the case
of [8] the risk measures where coherent so the penalty was equal to 0).

The preceding theorem cannot be generalized to the case where the penalty
function « is not equal to a™; however we can prove that there are sufficient
conditions on the penalty functions («);; in order to have the equality:
p173(X) = p172(—p273(X)) Pa.sVX € g]-‘3.

Consider three o-algebras F; C Fo2 C F3 on a space ). Consider a
probability measure P on (€2, F3).

Consider a set M of probability measures on F3 equivalent to P.

Theorem 3 Assume that M satisfies the 2 stability properties:
i) m-stability:
For every Q € M, for every R € M, there is S € M such that

Vf € Exy, Es(fIF1) = Er(EQ(f|F2)|F1) P.a.s.

i1) stability by bifurcation:



Y(Q1,Q2) € M2, VA C F; (i=1o0ri=2), there is Q € M such that
EQ(f|Fi) = Eq,(f1AlF:) + EQ,(flg—a)|Fi) P.a.s.

i11) Assume that the penalty function o is such that for all1 <i<j <3
ess supgem(—ai ;(Q)) is bounded P a.s. Assume that the penalty function
is local and satisfies the cocycle condition:

if (Q,R,S) € (M) are such that

Vf € Ex,, Es(fIF)) = Er(Eq(f|F2)|F1) Pa.s.

then 041,3(5) = ER(OZ2’3(Q)|.¢1) + OZLQ(R) P.a.s..
Then the risk measures p; j on (2, Fj, P) conditional to (Q, F;, P) defined
by
pij(X) = Pess supgem{EQ(—X|Fi)) — i (Q)}

satisfy the composition rule:

p173(X) = p172(—p273(X)) P.a.s. VX € g]-‘B.

Proof:

As ess supgem(—; ;(Q)) is bounded , p; ; is a well defined conditional
risk measure. We want to adapt the proof of iii) implies i) in the preceding
theorem.

The new difficulty here is that the ess sup is no more essentially attained.

- First using the stability by bifurcation of M, we prove that for X fixed,
{Eq(—X|Fi) — 0 ;(Q) /Q € M} is a lattice upward directed.

Indeed for every (Q1,Q2) € (M)? consider

A={weQ/ Bq,(~X|F)w) - ais(@1) > Egu(~XIF)w) - ai; (Qa)}

From bifurcation property, there is Q € M such that

Vf Eq(—f|Fi) = Eq, (= f1alF:) + EqQ,(— f1(a-a)|F:)

From the local property of o j, 14 j(Q) = 1ac; j(Q1) and

lo_a0;;(Q) = lo—ac ;(Q2) So

Eq(-X|Fi) — ij(@) = maz(Eqy(~X|F:) — ais(Q1), Equ(~X|F) -
@;,;(Q2))

- So for X fixed, there is a sequence R,, € M such that p; 2(—p2,3(X)) is
the increasing limit of Eg, (p2,3(X)|F1) —a12(Ry), and a sequence Q € M
such that py 3(X) is the increasing limit of Eqg, (—X|F2) — a23(Qk).

As ps3(X) is essentially bounded, for all n, Er,(p2,3(X)|F1) — a1,2(Ry)
is a.s. the increasing limit of Eg, (Eq, (—X|F2) — a2 3(Qk)|F1) — a1 2(Ry).



Using the m stability of M and the cocycle condition, this proves the in-
equality:

p1,2(=p2,;3(X)) < p1,3(X) P.a.s.

Conversely, for every X € £r,, there is a sequence R, of probability
measures in M such that p; 3(X) is the increasing limit of Eg, (—X|F;) —
Oz1,3(Rn).

ER,(=X|F1) —a13(Rn) = Eg, (ER, (=X|72)|F1) — Er, (a2,3(Rn)|F1) —
Oél,Q(Rn).

It follows that p173(X) < p172(—p273(X)) P.a.s.

Q.e.d.

From the proof of this theorem, we also obtain the following result:

Proposition 3 Consider a set M; ; of probability measures on F; equiva-
lent to P whose restriction to F; is equal to P. Consider a penalty function
o j which assigns to each element of M; ; an element of L>°(Q2, F;, P). As-
sume that ess supgem; ;(—i;(Q)) is essentially bounded.

Assume that the M; ; satisfy the following stability conditions: For every
Q € M3, for every R € My o, there is S € My 3 such that

Vfe&r, Es(flF1) = Er(EqQ(f|F2)|F1) Pa.s. (II)

and also for all S € M 3, there are Q € Ma3 and R € M, o such that (I1)
18 satisfied.
Assume that every M; ; satisfies the stability by bifurcation with respect

to F;. Assume that the penalty function is local and satisfies the following
cocycle condition: if (Q,R,S) € (Maz x My x My 3) are such that

Vf € Ex,, Es(fIF)) = Er(Eq(f|F2)|F1) Pa.s.

then 041,3(5) = ER(OZQ,3(Q)|.¢1) + Oél,g(R) P.a.s..
Then the p;; = ess supgem, 1 EQ(—X|Fi)) — @i ;(Q)} satisfy also the
composition rule.

2 Discrete time dynamic risk measures in uncer-
tain context

2.1 Probability measure associated to a dynamic risk mea-
sure

We consider a space ) and a numerable increasing family of o-algebras F,
on Q such that Fp is the trivial o-algebra (Fy = {0,Q}). Denote F the o-
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algebra generated by the F,. We don’t assume that a probability measure
is given a priori.

Definition 4 A dynamic risk measure on (2, F, (Fp)new) S a family
((pnn+1)nemn) where py py1 is a convex risk measure on (Q, Fpy1) con-

ditional to (Q, Fy).

Proposition 4 Letn < m. Consider a dynamic risk measure as in the pre-
ceding definition. Then the relation ppm = pnn+10(—Pn+1,n42)--0(—Pm—1,m)
defines a risk measure on (Q, Fr,) conditional to (2, Fy,). The family (pn,m)
is time-consistent; i.e. Yn < m <1 pp, = ppm0(—pPm.r)-

Remark 4 This notion of time-consistency first appeared in the work of
Peng [25].

Theorem 4 Let (F,,)necvs+ be the natural filtration of a finite family of real
valued processes (X7)1<j<k such that for all j, X} =0 and for all (j,n), X3,
is bounded. Fg is the trivial o-algebra.

To every dynamic risk measure (ppni1)nenv such that for all n € IN,
Pnn+1 B8 continuous from below, is canonically associated a probability mea-
sure P on F = UF, and a dynamic risk measure ((Pnnti)new) on the
filtered probability space (U, F,(Fn)nemw, P) such that, for A € Fpiq,

P(A) = 0 iff pnnr1(A1a) = ppnt1(0) P a.s. VA € R and ppp(X) =
Pnn+1(X) P.a.s.

The equivalence class of P is thus uniquely determined by (pnn+1)nem-

In order to prove this theorem, we prove first the following lemma.

Lemma 1 Let pr be a convex risk measure defined on (2,G) conditional to
(Q,F, P), continuous from below. Let pr = pr — pr(0).

Consider any representation of pr of the kind

pr(X) = ess margem((Eqg(—X|F) —a(Q)) P a.s.

where M is a set of probability measures Q on (2, G) whose restriction to
F is equal to P and such that a(Q) is bounded (P a.s.) (such representations
exist from theorem 1).

Then (Q(A) =0VQ € M) iff (pr(A1a) =0 P a.s. VA € R).

Proof:

Assume that Q(A) = 0VQ € M. Then

pr(Ala) = ess mazrgem((EQ(—A14)|F) — a(Q)) = pr(0) =0 P.a.s.
Conversely assume that pr(Alg) =0 P a.s. VA € IR.

11



If there is @ € M such that Q(A) > 0. Then Eg(14]F) # 0 (and
Eqg(14]F) > 0). So there is € > 0 such that P(B.) > 0 where B, = {w €
O/ Eq(1alF)(w) = e} (B, € F).

Let A < 0. EQ(—A1A135|f) — oz(Q)lBE > —Xelp, — Oé(Q)lB6

a(Q)1p, is bounded (P a.s.). So there is A < 0 such that

EQ(—)\lAlBJ}—) —a(Q)1p, > 1p, P a.s.

It follows that 15 pr(Ala) # 0 P.a.s. and thus we get a contradiction.

So for every Q € M, Q(A) =0.

Q.ed.

Lemma 2 Assume that G is the o-algebra generated by the bounded appli-
cation X = (X;)1<i<i on Q with values into (IR',B) ( B being the Borelian
o-algebra). For every set of probability measures Q on (2,G), there is a
probability measure Q (unique up to equivalence) such that VA € G Q(A) =

0iffVueQu(A) =0.

Denote A the norm closed unital Banach subalgebra of £g generated by
the X;. This algebra is separable. From Dunford et al [14] the unit ball
of its dual is metric compact for the weak* topology. So the weak* closure
of {(Eu);pn € QF is metric compact . It has a numerable dense subset
(EQ;)jen+- Q = D jelNt % is a probability measure on (£2,G). Consider
uw € Q and A € G such that pu(A) > 0. By definition of G, there is a
Borelian B € B such that A = X ~!(B). Denote v the image of u by X.
v(B) = u(A) > 0. v is a Borel measure on IR' so it is regular. There is
J > 0 continuous with compact support , f < 1p such that [ f(t)dv(t) > 0
ie. [ f(X(s))du(s) > 0. Now f(X) is an element of A It follows that there
is j such that [ f(X(s))dQ;(s) > 0. So Q;(A) > 0 and Q(A) > 0.

This proves an implication. The converse implication is trivial. The
unicity of Q up to equivalence follows easily.

Proof of the theorem

We prove by recursion on n € IN the existence of the probability P on
(9, F).

Fo = {0,9Q}. So there is a unique probability on it.

Assume that we have proved the existence of a probability P on (2, F,,)
satisfying the required conditions. Consider the risk measure on £, , con-
ditional to (2, %y, P) defined by 9, ,,11(X) = Dy 11(X) = Prns1(0) Pa.s.
Consider Q,,+1 the set of probability measures on (£2, F,,+1) whose restric-
tion to F,, is equal to P associated to the usual representation of ﬁnn 11
Applying lemma 2 to Q,+1 and then lemmal this gives a probability mea-
sure P41 on (£, Fp41) satisfying the required conditions.
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2.2 A discrete time dynamic risk measure as a single condi-
tional risk measure

We prove now that a discrete time dynamic risk measure can be viewed as a
single conditional risk measure on a bigger measurable space. Furthermore,
the 2 points of view are equivalent.

We consider a space €2 and a numerable increasing family of o-algebras
Fn on Q such that Fy is the trivial o-algebra (Fy = {0,Q}). We don’t
assume that a probability measure is given a priori.

Denote now @ = Q x IN and F the o-algebra generated by the sets
A; x {i} where A; € F;. Denote also F* the shifted algebra generated by
the sets A; x {i} where A4; € F;_;.

Proposition 5 There is a canonical bijection between the dynamic risk
measures pppnt+1 0N (0, F, (Fn)new) and the convex risk measures on (2, F)
conditional to (Q, F®).

Proof:

- Let ppny1 a dynamic risk measure.

Define ¥((ppnt1)) = p on (2, F) by p(f)(w,i) = pi—1,i(fi)(w) where
filw) = f(w,1).

For every open set U in IR p(f) Y (U) = Uiew({w/pi-1.i(fi)(w) € U} x
{i} = UievA; x {i} where A; is F;_; measurable. So p(f) is (Q,F*) mea-
surable.

fis F$ measurable iff for each 1, f; is F;_1 measurable; so the translation
invariance property of p follows from the translation invariance property of
the p;_1; for every i.

Monotonicity and convexity of p easily follow from the same properties
of the Pi—1,i-

The multiplicative invariance property of p follows from the fact that
cach subset F (resp F*) measurable can be written Uy A; x {i} where 4;
is F; (resp Fi—1 )measurable. So p is a convex risk measure conditional to
(@, 7).

- Conversely consider a convex risk measure p on (Q, F) conditional to
(52,.7:"5). To each application F; measurable f associate f defined on Q by
Flw,§) = 0f j # i and f(w,7) = f(w).

pi—1,i(f) = (p(f)): defines a convex risk measures on (2, ;) conditional
to (2, Fi—1). The map ® defined by ®(p) = (pi—1,i)ier is the converse of V.

CorN()llary~1 When a probability P is given on F, define the probability P
on F by: P(UiewAi x {i}) = > icn ﬁP(AZ) There

13



s a canonical bijection between the set of dynamic risk measures on a fil-
tered probability space (2, F, (Fn)newP) and the set of convex risk measures
on (2, F, P) conditional to (2, F5, P).

Corollary 2 Assume that the o-algebras F,, are as in theorem 4 To every
conver risk measure p on (Q,F) conditional to (Q,F°) continuous from
below is canonically associated a class P of probability measure on (2, F)
such that p is a convex risk measure on (0, F, P) conditional to (Q, F*, P)
. Considering such a conditional convex risk measure is then equivalent to
considering a dynamic risk measure continuous from below, on the filtered

probability space (0, F, (Fp)nenP).

Proof:
It results from theorem 4, proposition 5 and the fact that the continuity
from below of p is equivalent to the continuity from below of each p;, 541.

3 Continuous time dynamic risk measures on a
probability space

3.1 Time consistency for continuous time dynamic risk mea-
sures

We consider a probability space (€2, F, P) and an increasing family (F¢):cr+
of sub-o-algebras of F such that F = Usc gy (Fy).

Definition 5 A dynamic risk measure on (2, (F,)icr+, P) is a family
(ps.t)o<s<t of convex risk measure on (2, F¢, P) conditional to (2, Fs, P).

Definition 6 A dynamic risk measure is time consistent if

Vr<s<t Prit = pr,s(_ps,t)

For each ps; continuous from below, consider the usual representation (I).
Using the same notations as in theorem 2 ,we prove the following character-
ization of the time consistency:

Theorem 5 Consider a dynamic risk measure ps; continuous from below.
For each ps consider its usual representation.
The following properties are equivalent:

14



i)The dynamic risk measure ps is time consistent.
ii) The acceptance sets Asy satify the following additive property:
Vr<s<t Ar,t = -Ar,s + -As,t
iii) The sets of probability measures (M) satisfy the following stability
property:
Vr<s<t VQ e M, VRe M, there exists S € M, ; such that

Vf € Ex, Es(fIF) = Er(Eq(f|F)IF,) Pa.s.

and the penalty function satisfies the cocycle condition:
VS € M,y VR € M, s VQ € My, satisfying the relation (IT), ag(Q) is
R integrable and then o;y(S) = Er(afy(Q)|F:) + o(R) P.a.s.

Proof:
This theorem follows from the theorem 2 of composition for the condi-
tional risk measures.

Corollary 3 Consider (gst)o<s<t a family of stictly positive bounded Fg-
measurable functions such that In(gs.) is essentially bounded. Consider the
entropic dynamic risk measure defined as follows:

Let 0 < s <t. For every X € &,

psi(X) = ess inf{Y € Ex, | E(el XN F) < g4}

= ZlInB(e=*%)|Fy) — In(gss)}-

Then ps(X) = ess mazqem, ,(EQ(—X[Fs) — afi(Q))

with a74(Q) = L(Ep(in(42)%8|7,) — in(g,.1)).

The entropic dynamic risk measure is time consistent if and only if the
functions gs; are Fo measurable and satisfy the relation V0 < r < s <
t In(grt) = In(grs) + In(gst) a.s. In particular if we assume that there is
a strictly positive real valued continuous function h such that ¥(s,t) gs+ =
h(t — s) then the associated dynamic risk measure is time-consistent if and
only if there is a real number \ such that gs; = eMt=s)

Proof:

The study of the conditional risk measure associated to a loss function
and the computation of the penalty function is done in details in [5], sec-
tion 5.

In particular in the case of the loss function [(z) = e**, this gives the
conditional entropic risk measure and the penalty function is a{%(Q) =
L(Ep(in(49) 51 7,) - In(g..).

Vr < s <t VQ € Mgy, YR € M, There is a probability measure
S e Mr,t such that Vf € £, ES(fU:T) = ER(EQ(f|Fs)|fr)
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Its Radon Nikodym derivative is % = %%, and then

Er(afy(Q)|F:) + oy (R) = L[Ep(§E(Ep(G3In(G3)IF)|1Fr)

HEp(FRI(GEF) — Ep(GEin(gss)|Fr) — 1n(grs)]-

As %ln(%) is Fs measurable, as E(%U—;) = 1 and % = %%, it
follows that

Br(am (Q)F,)+ar (R) = aZy(S)+Lin(gn)—~In(grs)—~ Ep(2in(g, )| 7).
Hence the dynamic risk measure is time consistent if and only if

(In(grt) — In(grs) — [Ep(g—gln(gs,tﬂfr) = 0 P.a.s. for every probability
measure R € M, s It follows that In(gs;) has to be F, measurable for
every r so it is Fg measurable and then the risk measure associated to
the family of Fp) measurable maps gs; is time consistent if and only if
VO <r <s<t In(gr) =In(grs) +1n(gs) a.s..

The end of the proof is just the application of a classical result.

Q.e.d.

The dynamic entropic risk measure is also considered in [3] and in [11]
in both cases only when gs; =1 V(s,t¢) and in the second paper only in a
discrete time setting. In both cases the time-consistent property is verified.

Corollary 4 Let p > 1 Consider the loss function l(x) = %p ifr>0
l(x) =0 else.
Consider (gst)o<s<t a family of positive bounded Fs-measurable map.
The associated dynamic risk measure is defined as follows:
Let 0 < s <t. For every X € &,
pst(X) =ess inf{Y € Ex, / E(I(-X = Y)|Fs) < gst Pa.s.}
Then the penalty function is
aZ4(Q) = (pged) Epl(33)71F)1 (q is the conjugate of p)
And this dynamic risk measure is not consistent if g # 0 P.a.s..

Proof:

The computation of the penalty function is done in [5] section 5. The non
consistency when gs; # 0 P.a.s.is then an easy consequence of the formula.

Strict monotonicity: This property was first introduced by S. Peng for
the conditional g-expectations in the lectures “Applications of BSDE in
finance” given at IHP in Paris in March 2005.

Definition 7 We say that the dynamic risk measure is strictly monotone if
VEV(X,Y) € &F if X >Y and poy(X) = pot(Y) then X =Y a.s.

As in the case of conditional g expectations, if the dynamic risk measure
is strictly monotone then the time consistency has only to be checked for
r = 0. More precisely:
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Proposition 6 Assume that the normalized dynamic risk measure is strictly
monotone. Assume that VO < s <t pot = po,s(—ps,t)
Then the dynamic risk measure is time-consistent.

Proof: Let 0 < r < s <t. Let X € £r,. Denote Y = —p,(X) and
Z = —prs(—pst(X)).Let Ae F,

000 (142) = p0.r (=prs(—=pot(14X)))) = pos((—=poit(14X)))

= po,t(1aX) = por((—pre(14X))) = por(14Y).

Let A ={w e Q/Y(w) > Z(w)} A is F, measurable. From the strict
monotonicity it follows that A is a negligeable set. So Y < Z a.s. The
converse inequality is proved in the same way. So Y = Z a.s.

The following theorem is very important for the construction of exemples
of time-consistent dynamic risk measures.

Theorem 6 Consider a family Q of probability measures on (2, F) all
equivalent to P. For all0 <r <s <t

Assume that Q satisfies the 2 stability properties:

i) m-stability:

For every Q € Q, for every R € Q, there is S € Q such that

Vf€&r, Es(fIFr) = Er(EQ(f|Fs)|Fr) Pa.s.

i1) stability by bifurcation:
Y(Q1,Q2) € Q%, YA € F, there is Q € Q such that Vf € Fi,

EQ(fu:T) = EQl(f1A|fT) + EQQ(fl(Q_A)|fr) P.a.s.

ii1) Assume that the penalty function o is such that for all s,t,
ess supgeo(—as(Q)) is essentially bounded. Assume that « is local and
satisfies the cocycle condition: if (Q, R,S) € (Q)® are such that

Vf€&r, Es(fIFr) = Er(EQ(f|Fs)|Fr) Pa.s.

then o, ¢ (S) = Er(ast(Q)|Fr) + o s(R) P.a.s.
Then the dynamic risk measure (ps¢)o<r<s<t defined by

ps,i(X) = Pess supgeo{EQ(=X|Fs)) — as:(Q)}

15 time-consistent.

This theorem is just an application of the corresponding theorem 3 for
the composition of conditional risk measures.

To construct time-consistent dynamic risk measures, we will also use the
following lemma:
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Lemma 3 To each family Q1 of probability measures all equivalent to a
probability P we can associate a minimal set of probability measures Q both
m-stable and stable by bifurcation. It is the set of probability measures @ such
that there is a subdivision 0 =ty < t; < ...t,, and for each i € {0,...n} there
are disjoint Fy, measurable sets A; j, U;A; j = S0 and probability measures

Qi,j € Q1 such that

AQi,;

(Z_jcg)ti-u o ( aP )ti+1 1 d Vit ¢ (Z_Q)t o (d%;’j )t 1 III
dQ - Z in,j Ai»j an > n dQ - Z in,j A’”J ( )
d_P)ti j ( aP )ti (d_)tn j ( aP )tn

where (g—g)t means E(Z—g\ft)

Proof: Denote Q the set of probability measures whose Radon Nikodym
derivative satisfies (I11). It is easy to verify that Q C Q and that Q is
m-stable.

Furthermore if ()1 and ()9 are in O and A is JF, measurable we can
construct a new subdivision (s;)o<i<m containing r adapted to both 1 and
Q2. Consider @) such that (g—g)r = (dd%)r and for s > r,

aQy (&)5 (&)5 ~
5= = = 1la+ 5" 1g-a . Then Q € Q and Vs > r, Vf € F,
(@p)r g ap

EqQ(fIFy) = Eq,(f1a|F) + Eg,(flia-a)|F;) Pa.s. so Q is stable by
bifurcation.

3.2 Dynamic risk measure associated to a family of BMO
continuous martingales

For continuous BMO martingales we refer to the book of Kazamaki [21].

Consider a filtered complete probability space (€2, F, P, (Ft)o<t<oo) Satis-
fying the usual hypothesis. Let (M, F;) be a uniformly integrable martingale
with My =0 For 1 < p < o0, let

1
1M]]310, = sup|[E[[Moo = Ms[”|Fs]?[loc
the sup being taken over all stopping times S.

There is then a positive constant K, such that for any uniformly inte-
grable continuous martingale:

IM|[Brvro, < |IM||Bro, < Kpl[M||pymo, (IV)
Recall the following definition of the BMO martingales.
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A uniformly integrable continuous martingale M; is a BMO continuous
martingale if || M || pyo, < oo.

It is proved in Kazamaki [21] theorem 2.3. that if M; is a continuous
BMO martingale, then £(M) is a uniformly integrable martingale (where
E(M)t = ea:p(Mt — % <M >t)'

Definition 8 A family M of martingales on (2, F, P) is stable if:

V0 <s, Y(M,N)e M? VA e F, (M) defined by (M); =
No)lg + (My — Mg)lg_a + Mg for s < t and (M) = My for t <
martingale in M.

( .

Remark: The set of continuous martingales on (2, F, P) is stable.

Lemma 4 To each set My of martingales on (2, F, P) is associated a min-
imal stable set of martingales M containing My. It is the intersection of
all the stable sets of martingales containing M.

M s the set of all martingales M on (Q,F, P) for which there exists a
subdivision 0 = tg < t; < ...t, and for each i € {0,...n} there are disjoint
Fi, measurable sets A; ; such that U;A; j and martingales M; ; in My

such that (M)ti+1 - (M)tz = Zj((Mi,j)tiH - (Mi,j)ti)lAi,j

The proof of this lemma is the same as the proof of lemma 3.

notation

Let M be a stable set of continuous BMO martingales. For each M € M,
denote (Qar) the probability measure equivalent to P of Radon Nikodym
derivative %M = £(M). Denote Q(M) = {(Qar)/M € M}.

From lemmas 3 and 4 we deduce the following result:

Lemma 5 Let M be a stable set of continuous BMO martingales. Then the
set of probability measures Q(M) is both m-stable and stable by bifurcation.

It is proved in Kazamaki [21] that the class BMO(Q ) is equal to the
class BMO(P). More precisely we can prove the following lemma:

Lemma 6 For every K > 0 there exists K > 0 such that for every con-
tinuous BMO martingale M such that ||M||gryo,py < K, for every X

continuous BMO martingale, || X||prro,(Qa) < I~(||XHBMOQ(p)
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Proof:
From theorem 3.1. of Kazamaki [21] there is pg such that for every M
such that || M||gar0,(p) < K, for every p < po, (M) satisfies

(Rp) EI(EM))Z|Fr] < Cp(E(M))y

for every stopping time T
Apply now the conditional Holder inequality (denote ¢ the conjugate
exponent of p).

1
1X 1| 53104 (@ur) < supr [I(E(CEREE 1P 151X | 5as0, (P

Applying now the inequalities (IV') and R,, we get

1
X BMO2 Q) < K2Kg(Cp)? || X || Bros(P)
Q.e.d.

We are now able to construct dynamic risk measures using continuous
BMO martingales. We will give several exemples.

Proposition 7 Consider a stable family M of BMO continuous martin-
gales. Define on Q(M) the penalty function « as follows:

VO<s<t as,t(QM) = EQM(Zt(M) - ZS(M)|]:8)

Assume that one of the following conditions is satisfied:
i) There is a positive bounded predictable process b

such that .

VM e M Z,(M) = / bed[M, M],
0

ii) There is a positive K such that for all M € M, ||M||gyp00) < K.
There is a bounded predictable process bs such that

t
WM € M Z,(M) = / bod[M, M,
0

i41) There is a positive K such that for all M € M, ||M||gyoa) < K.
There is a bounded predictable process H such that

VM e M Zy(M) = (H.M),
Then

psp(X) = esssuppem(EQy (= X|Fs) — asi(Qwm))

20



defines a time-consistent dynamic risk measure on the filtered probability
space (2, F, P, (Ft)o<t<oo)-

Proof:
Let 0 < s <t
We verify first that esssuppyrem(—as(Qar)) is essentially bounded.
In cases i) and ii), The process bs is bounded by C.
t

Oés,t(QM) = (EQJW(f bud[Ma M]u|}_s)

t
s, (Qna)l oo < C(EqQy, (f d[M, M]u|Fs). So [l 1(Qun)loc < ClIMII 010,00
S

Applying now the preceding lemma, it follows that for each M.,||avs ¢ (Qar)]|oo
is finite, and in case ii) that there is K such that [|esssupprem(—ast(Qum))|loo <
K

In case i), as,t(QM) > 0a.s. and as,t(QO) =0s0 CSSSUpMeM(—OLS,t(QM)) =
0

In case iii) H is bounded by B, H.M is BMO and ||H.M||pymo, <
B||M||mo, < KB

So it follows from the inequality (IV) and the preceding lemma that
there is K’ such that

VM € M |las 1 (Qm)lloo < ||H-Ml|Brroy @ur) < K
So |lesssuprre m(—os t(Qar))| oo < K’
It remains to prove that the penalty function is local and satisfies the
cocycle condition.
-« is local:
Let (My, M) € M? let A € F such that VX € F; Eq,, (X1a|F;) =
EQM2 (X1alFs)

It follows that (gg%ﬁ;;z)lfl = (%)1,4 and so for every s <wu <t

La((My)u — (My)s — 5[My, Mi]¥) = 1a((Mz)y, — (Ma)s — 5[M2, Ma]?)

From the unicity in the Doob Meyer decomposition, it follows that
1a((My)y — (My)s) = 14(M3), — (Ma2)s) and then in each of the cases of the
proposition, 14a,+(Qnr,) = 1aas(Qn,). So « is local.

- cocycle condition:

Let 0 <r < s <t let (M,N,R) € M3 be such that

Vfe 5]-}7 EQM(f|~7:7’) = EQR(EQN(f|~7'—S)|~7'—T)

. E(M))¢ E(N))¢t E(R))s
e ({5t = (i) (etraps ) Then
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EQn (01 (Q)I1F) 0, s(Qr) = E(EG1: (SR (ZUN) = Zo(N)| F)| 7))

+E(E0 (Zo(R) = Z:(R))|F)

Denote Y, s = %(ZS(R) — Z,(R)) It is Fs measurable and £(N) is a
martingale so

E(({5a - Yool Fr) = E(BE((ERREF) Yool 7)) = E(Yos|F)

It follows that

EQR (O‘s,t(QN”fr) + ar,s(QR)

= B(({EQE) (Zi(N) = Z.(N) + Zo(R) — Z:(R))| 7).

As in the proof of the locality of o, M, — My = N, — Ny Vs < u <t and
M, — M, = R, — R, Vr < v <s. And then in each of the cases i) ii) and iii)
of the proposition, Z;(N) — Zs(N) + Zs(R) — Z,(R) = Zy(M) — Z,(M) So
« satisfies the cocycle condition.

Hence from the theorem 6, p,; is in each case a time-consistent dynamic
risk measure.

Q.ed.

We give now an exemple of a stable family of continuous BMO martin-
gales of BMO norm uniformly bounded.

Lemma 7 Consider (N;)1<i<k strongly orthogonal continuous martingales.

Consider (¢;)1<i<k non negative predictable processes such that Vi, ¢;.N; is a
continuous BMO martingale. The set M of continuous BMO martingales of
the form the Y, -, Hi-N; where H; is a locally bounded predictable process
such that |H;| < ¢; a.s. is a stable set of continuous BMO martingales with
norm BMO uniformly bounded.

Proof:

It is easy to verify that this set is stable; and for every M € M,
1MBar0, < Sicic 16:-NilBaro,

Q.ed.

Now we can construct in this context another family of exemples of time-
consistent dynamic risk measures.

Proposition 8 Consider a family of strongly orthogonal continuous mar-
tingales (Nj)1<i<k. Consider a non negative locally bounded predictable ¢
such that for all i, .N; is BMO. As in the preceding lemma consider the
stable set M of BMO martingales ) ;<1 Hi.N; with predictable H; such
that |H;| < ¢ a.s. Consider as in the proposition 7, the penalty function o
defined on Q(M) as follows:

VO<s <t as(Qum) = EqQy (Ze(M) — Zy(M)| Fs).
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Assume now that one of the following conditions is satisfied:

i) There are Borel functions b;(s,x1,x2,...,x) with quadratic growth
in (x;); i.e. there is a constant K > 0 such that |b;(s,z)| < K(¢* +
S cick |Til?) such that for VM € M.,

t
Zt(21gigk H;.N;) = E1§i§k fbi(syHl,HQa . Hy)d[N;, Ni]s
0

it) There are Borel functions a;(s,x1, Ta, ..., ) ) with linear growth in (z;);
i.e. there is a constant K > 0 such that |a;(s,z1,22,....,2r)] < K(¢ +
SUp; << |i| such that for VM € M,

Zt(Zlgigk HZNZ) = (Zlgigk ai(s, Hl, HQ, Hk)Nz>t

Then ps(X) = esssuppre m(EqQ, (—X|Fs) — as(Qnr)) defines a time-

consistent dynamic risk measure.

Proof:

The processes a;(s, H1(s), Ha(s), ...Hy(s)) and b;(s, H1(s), Ha(s), ... Hg(s))
are locally bounded predictable.

The proof of this proposition is similar to the proof of the preceding one.

In case i), we get that there is a constant C' such that for every M =
Z1§z‘§k H;.N;,

lasa (@)oo < CZ 16Nl Bonsonionn

In case ii) we get that [|os +(Qar)|loc < C D0 i< 1(0-Ni)ll Brroy (Qur)-
As in the proof of case iii) of proposition 7, using the lemma 6 it follows

that esssupprem(—ast(Qar)) is essentially bounded. The end of the proof
is as that of proposition 7

Proposition 9 Consider a family of strongly orthogonal continuous mar-
tingales (Ni)i<i<k. The set M of all the martingales of the form M =
Y 1<i<i Hi-N; such that H;.N; is BMO for all i is stable.
Consider b;(s, x1, T2, ..., x}) such that there is a non negative predictable pro-
cess ; such that |bi(s,z1, 22, ..., xx)| < k(¥)? + > 1<;cp |2il*. Assume that
;.N; is BMO. -

Assume that ps(X) = ess max prem(Eg,, (—X|Fs) — as(Qm)) P a.s.
where

VO <s<t au(Qm) = EQy(Z:(M) — Zy(M)|Fs) with
t
Zt(ZlSigk HzNz) = Zlgigkofbi(‘g’HhH27 Hk)d[NuNz]s

Then the dynamic risk measure is time-consistent.

Proof:
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As bi(s, 21,29, ...,x%) is of quadratic growth, from the preceding propo-
sition, for each M ||as+(Qnr)||o is finite for each M. Furthermore there is
M in M such that

ESSTNAL M e M(—a,0 (Qnr))=—0ts 1 (Q7) and hence it is essentially bounded.

The rest of the proof is the same as that of the preceding proposition.

Remark 5 This exemple generalizes the dynamic risk measures obtained
from the BSDE.

Indeed consider (2, F,Fi, P) where F; is the augmented filtration of a d
dimensional Brownian motion. When the driver g(t, z) satisfies g(t,0) = 0
and is continuous and convex(in z), and satisfies the condition of quadratic
growth the associated BSDFE

—dyy = g(t, z;)dt — z;dBy

yr =X

has a solution which gives rise to a dynamic risk measure. ps1(—X) = ys
P. Barrieu and N. El Karoui [3] section 7.3 have computed the representation
associated to this dynamic risk measure, assuming that g is strongly convex.

pat(X) = essmazarer(Eay, (=X |Fs) — asa(Qur))

where M is the set of martingales of the form M =, H;.N; such
that H;.N; is BMO for alli. And the N; are independent Brownian motions.
The penalty function is os((Qn) = EQ,u (Ze(M) — Zs(M)|F) with

t
Zt(ZlSigk HzNz) = Zlgigk fG(S,Hl,HQ, Hk)ds
0

where G has quadratic growth. So the dynamic risk measures obtained as
solutions of BSDE are particular cases of the dynamic risk measures obtained
in the preceding proposition when the reference orthogonal martingales are
independent Brownian motions.

In that sense the dynamic risk measures constructed as in the preceding
propositions can be viewed as generalizations of the BSDE when we start
with general continuous uniformly integrable martingales; and no more with
Brownian motions.

Now we will give more exemples constructed in the same manner using
as before BMO martingales. But now we do not assume continuity of the
martingales. We consider cadlag BMO martingales. Jumps are allowed.

3.3 Dynamic risk measure associated to a family of BMO
martingales with jumps

The references for the general right continuous BMO martingales are the
papers of C.Doléans-Dade and P.A.Meyer [12] and [13]
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Consider a filtered complete probability space (2, F, P, (Ft)o<t<oco) Sat-
isfying the usual hypothesis. Let (My, F;)o<t<7 be a (uniformly integrable)
square integrable cadlag martingale with My = 0. M is in BMO if

1
IMl[Brmo = sups||E[[M, M]3 | Fs]||%

is finite (where [M, M| means [M, M| — [M, M]s_).
Denote £(M) the unique solution of the stochastic integral
t

Zy =1+ [ Zs_dMj,. Tt is well known that
0

E(M)y = exp(M; — 3 < M€, M >)Ii<;(1 + AM)e2Ms,

Recall now the following result which is included in the proof of theorem
1 of C.Dolans-Dade and P.A Meyer [12].

Let M a BMO martingale (Mo = 0) such that || M||pro < 3, then £(M)
is a strictly positive process which is a martingale.

In order to construct time-consistent dynamic risk measures we will make
use of the two following lemmas:

Lemma 8 Assume that M is a BMO martingale. Then for every T,
B(([M, M2 )?|Fr) < 2(/[M||pmo)*.

Proof:

We apply the theorem 23 of the chapter V of [22] to the increasing
process [M, M];, the constant positive random variable (||M||grpo0)? and
the continuous increasing function ¢(z) = 2z.

Thus we get E(([M, M])?|F0) < 2E([M, M]oo(]|M||Bro)?. We end
the proof as in the proof of the lemma 1 in [12] applying the preceding
result to the martingale M} = Mp1¢ — Mp-, and the o-algebras F| = Frs.

Lemma 9 Assume that M is a BMO martingale with |M||pyo < K < 1.

(M) oo
Then E((F575=)*1Fr) < 1w < oc.
Proof:
(F=)? = eap2((Moo — Mp-) = (< M€, M >0 — < M€, M >p))

(s> (1 4+ AM,)e™2Ms)2,

The jumps of M are bounded by ||M||gpmo < 1.

As in the proof of theorem 1 in [12], it follows from the inequality e® >
1 + z that each factor of the preceding infinite product is between 0 and 1.

It follows that ( g((M)) )2 < exp2|My — Myp-|
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Consider now as in the end of the proof of the preceding lemma the
martingale M{ = My, — Mp-, the o-algebras F{ = Fry.

Let M"™ = sup, |M{/|. Tt follows then from the John Nirenberg inequality
that E(exp(2M"™)|F'y) <

Q.ed.

We are now able to construct dynamic risk measures associated to stable
sets of BMO martingales with BMO norms bounded by a constant K < %.

1
1*16||M||BMO :

Proposition 10 Consider a stable family M of BMO cadlag martingales
(with My = 0). Assume that there is a 0 < K < 55 such that for every
M e M, ||M||emo < K. For every M denote Qs the probability measure
such that ddQ—P =E&(M).

Define on Q(M) the penalty function « as follows:

VO<s <t as(Qum) = EQy (Ze(M) — Zy(M)| Fs).

Assume that one of the following conditions is satisfied:

i) There is a bounded predictable process by

¢
such that VM € M Zy(M) = [ bsd[M, M],
0

it) There is a bounded predictable process H such that VM € M Zy(M) =
(H.M)q

Then ps+(X) = esssuppem(EqQ,, (—X|Fs) — ast(Qur)) defines a time-
consistent dynamic risk measure.

Proof:

As ||M||pmo < K and K < £, it follows that (M) is a strictly positive
martingale and so (s is a probability measure equivalent to P.

In case i) as the process by is bounded by C,

e (@)oo < ClI(Eqy, (1M, MIEI ) |oc

Applying the conditional Holder inequality and the two preceding lemma,
we get that for every M € M

402

E(M),
P —
loo < 1—16K

E(M)s

llows 1 (@un)l120 < C2IIE(( PIFlol[E(([M, M]Z)?|F)

and so ||esssuppre m(—as,(@Qnr))]|oo is finite.

In case ii), the proof is similar.

The proof of the locality and the cocycle condition of « is the same as
in the case of continuous BMO martingales.

We give now another exemple in the case where the family M is con-
structed from a family of orthogonal BMO martingales.
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Proposition 11 Consider a family of strongly orthogonal cadlag martin-
gales (N;)i1<i<k (with (N;)o = 0). Consider a locally bounded non negative
predictable ¢ such that for all i, ¢.IN; is BMO and such that:
(ZKKk(Hqﬁ.NZ-HBMO)Q)% < 15. Consider the stable set M of BMO mar-
tingales Y 1 ;<1 Hi-N; with |H;| < ¢ a.s. Consider the penalty function o
defined on Q(M) as in proposition 8.

Then ps+(X) = esssupprem(EQ, (—X|Fs) — ast(Qur)) defines a time
consistent dynamic risk measure.

The proof of this proposition is similar to that of the preceding one.

Conclusion

Making use of the conditional risk measures and their dual representation
obtained in [5], we have studied the dynamic risk measures both in discrete
time and in continuous time.

In discrete time (section 2), the study is done in a context of uncertainty
(without fixing in advance a probability measure), which is very relevant for
the study of financial markets. The main result is that when the filtration
F, is the natural filtration of a IR' valued process bounded at each time,
we can associate canonically a class of probability measures to any dynamic
risk measure continuous from below.

We prove also that a dynamic risk measure (which is sequence of condi-
tional risk measures) can be viewed as a single conditional risk measure on
a bigger space.

In continuous time (section 3) we have fully characterized the time-
consistency of a dynamic risk measure on a filtered probability space, in
terms of its dual representation: stability of the set of probability mea-
sures and cocycle condition of the minimal penalty function. We have also
proved that a dynamic risk measure defined from any stable set of proba-
bility measures and any penalty function (which is not assumed to be the
minimal one) is time-consistent if the penalty function is local and satisfies
the cocycle condition.

This allows us to construct new families of time-consistent dynamic risk
measures using BMO martingales. The examples obtained generalize the
dynamic risk measures which are obtained as solutions of BSDE. Using BMO
right continuous martingales, we also construct time-consistent dynamic risk
measures which can have jumps. These various examples will be very usefull
for dynamic pricing and hedging in incomplete markets. This will be the
subject of a future work.
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