Rev. Mat. Apl. 17:37-45

Revista de Matemáticas Aplicadas

© 1991 Universidad de Chile

Departamento de Ingeniería Matemática

EXACT PENALIZATION WITH A SMALL NONSMOOTH TERM

J. FRÉDÉRIC BONNANS

Institut National de Recherche en Informatique et en Automatique Unité de Recherche INRIA Rocquencourt Domaine de Voluceau - Rocquencourt - B.P. 105 78153 Le Chesnay cedex, France

Abstract

With the standard nonlinear programming problem, we associate a potential which is the sum of the Lagrangian and of a nonsmooth penalization term. We show that, for some values of the multiplier used in the potential, the coefficient of the nonsmooth term can be taken very small. The result is valid without second order assumptions but assumes uniqueness of the Lagrange multiplier. It has relation to some results in perturbation theory and to the study of Newton type algorithms for constrained optimization.

AMS Classifications: 90C30, 90C31, 49K40, 49M30.

Key Words: Optimization, penalization, exact penalty, sensitivity, second-order conditions.

1.- Introduction

We consider the standard nonlinear programming problem of minimizing a cost function over R^n , under a finite number of equality and inequality constraints. This may be written as

min f(x) ; g(x) ≪ 0 (P )

where x ∈ R^n and f and g are functions from R^n into R and R^p , respectively, and the symbol ”≪ 0” is defined as follows. Given a certain partition (I, J) of {1, . . . , p} we say that z ≪ 0 iff z_i = 0, i ∈ I, z_j ≤ 0, j ∈ J. 37

38 J.F. Bonnans

In the sequel we assume f, g to be of class C^1, i.e. continuously Fréchet differentiable. Let x̄ be a local solution of (P ). We assume that to x̄ is associated a unique Lagrange multiplier, i.e. a vector λ̄ ∈ R^p such that ∇f(x̄) + p∑ i=1 λ̄_i∇g_i(x̄) = 0; g(x̄) ≪ 0 ; λ̄_j ≥ 0, λ̄_j g_j (x̄) = 0, j ∈ J. (1.1)

As a consequence of results of Han and Mangasarian [8] and Ioffe [9], it is known that the function θ_r(x) := f(x) + r‖g(x)^♯‖ where, for z ∈ R^p , z^♯ is defined by z^♯_i := z_i, i ∈ I, z^♯_i := z^+_i , j ∈ J, has a minimum at x̄, for r large enough. The motivation for considering such exact penalty functions, for which an early reference is Pietrzykowski [12], comes both from the theory of successive quadratic programming (see Pschenichny et al. [13] and Han [7]) and from the strong relation between exact penalization and a certain stability of the cost (Clarke [4], Burke [3]). The concept of exact penalization is also discussed in Bonnans [2].

An important issue is to estimate the value of the coefficient r. For this we have to use the concept of dual norm: ‖z‖_∗ := max{z^ty ; ‖y‖ ≤ 1}. From the above relation, it follows that |z^ty| ≤ ‖y‖‖z‖_∗. It is proved in Charalambous [5] and Han and Mangasarian [8] that, under the additional assumption of a second order sufficient condition, involving a multiplier not depending on the critical direction, θ_r(x) has a local minimum at x̄ whenever r > ‖λ̄‖_∗. The result is still true if the multiplier depends on the critical direction [2]. We prove in this paper that the second order assumption is unnecessary, whenever the Lagrange multiplier is unique. This is a particular case of our main result that states some exact penalization properties for a nondifferentiable augmented Lagrangian of the type L_r(x, λ) := f(x) + λ^tg(x) + r‖g(x)^♯‖. (1.2) Here λ will be an approximation of λ̄ satisfying conditions (2.3) below and r will be a small number. The interest of having a small coefficient for the nondifferentiable term is twofold. First it may allow, as in Bonnans [1], to remove the so-called Maratos effect that prevents the standard sequential quadratic algorithm to accept the unit stepsize. The second interest is in connection with perturbation theory, as there is a close connection between exact potentials and under estimates of the cost function for a problem with a perturbation in the right hand side of the constraints.

Exact Penalization with a small Nonsmooth Term 39

The paper is organized as follows: In section 2 we state the main result. Section 3 discusses some restoration operators, i.e. mappings in R^n whose image is included in the feasible set for (P ). We prove the main result in section 4. Finally the link with perturbation theory is established in section 5. 2.- Main Result

Throughout the paper, x̄ is a local solution of (P ) associated with a unique multiplier λ̄. Given α > 0, we denote by B(x̄, α) the closed ball of center x̄ and radius α, and define the localized problem min f(x) ; g(x) ≪ 0 ; x ∈ B(x̄, α). (P_α) By definition of a local solution, we may assume that α > 0 is such that x̄ is a global solution of (P_α). Of course (P_α) may have other global solutions, no matter how small α is. Let us denote the set of solutions of (P_α) as S_α := {x ∈ R^n ; f(x) = f(x̄) ; g(x) ≪ 0 ; x ∈ B(x̄, α)}. We say that ψ: R^n → R is an exact penalty function if, for α > 0 small enough, S_α coincides with the argument of the minimum of ψ over B(x̄, α), i.e. ∃α > 0 ; S_α = argmin {ψ(x) ; x ∈ B(x̄, α)}. That is to say, it is equivalent, at least locally, to solve (P ) or to minimize ψ. Note that this definition of exact penalty functions, in the case x̄ is the unique solution of (P_α) for some α > 0, amount to say that x̄ is a strict local minimum of ψ. Note also that it may happen that f(x) ≠ ψ(x) even for a feasible x and this is indeed the case for the potential L_r(x, λ) defined in (1.2). We now state our main result, which is a condition on λ under which such a potential is an exact penalty function.

Theorem 1. Let λ ∈ R^p be such that

for all j ∈ J, 0 ≤ λ_j ≤ λ̄_j and if λ̄_j > 0, then λ_j < λ̄_j . (2.3) Then, for any r > ‖λ − λ̄‖_∗, the potential L_r(x, λ) is an exact penalty function.

The proof is in two steps. The first step is to establish the result when λ = 0. Then the condition on the penalty parameter r reduces to r > ‖λ̄‖_∗. The second step consists in writing a perturbed problem whose cost is the Lagrangian L(x) := f(x) + λ^tg(x) and which has the same solution set S_α, the unique Lagrange multiplier associated with x̄ being λ − λ̄, so that the conclusion of the Theorem is given using step 1.

Our first task is to study the regularity of the feasible set and to build a restoration operator satisfying some specific properties.

40 J.F. Bonnans

3.- A Restoration Operator

By a restoration operator we mean a mapping that associates with each x, sufficiently close to x̄, some y ∈ R^n satisfying the two conditions of feasibility, i.e., g(y) ≪ 0, and proximity of y to x, i.e. ‖y − x‖ = O(‖g(x)^♯‖). It is already known that such an operator exists, because as λ̄ is unique, the point x̄ satisfies the hypothesis of Mangasarian and Fromovitz (see [11]), and we may apply Robinson’s result [14]. However, for the sequel we need an operator satisfying some additional properties.

Let Ī, J̄ be two subset of {1, · · · , p} with Ī ∩ J̄ = ∅. We say that MF (Ī, J̄ ) holds at x̄ if

(i) {∇g_i(x̄)}_{i∈}¯_I is linearly independent (ii) ∃d ∈ R^n ; g^′_i(x̄)d = 0, i ∈ Ī ; g^′_i(x̄)d < 0, i ∈ J̄ . We note that the hypothesis of Mangasarian and Fromovitz is precisely MF (I, J(x̄)) where J(x) is the set of active inequality constraints at x: J(x) := {j ∈ J ; g_j (x) = 0}. Define the support of λ̄ (for the inequality constraints) as s(λ̄) := {j ∈ J ; λ̄_j > 0}. Of course s(λ̄) ⊂ J(x̄). We fix I and J as I := I ∪ s(λ̄), J := J(x̄)\s(λ̄). From the uniqueness of the Lagrange multiplier we know by Kyparisis [10] that hypothesis MF (I, J ) holds at x̄. We now construct a restoration operator π: B(x̄, α) → R^n that satisfies

(i) g(π(x)) ≪ 0, (ii) ‖π(x) − x‖ = O(‖g^♯(x)‖), (iii) g_j(π(x)) = min(g_j (x), 0); j ∈ s(λ̄).

(3.4)

The new requirement is point (iii). It says that, if an inequality constraint in the support of s(λ̄) is not violated, the restoration will not change its value, and if the constraint is violated then the value of this constraint after restoration is 0.

Proposition 3.1. Whenever α is small enough, there exists an operator π that satisfies (3.4).

Proof. We consider a set parametrized by z ∈ R^{|s(λ̄)|}:

D(z) := {x ∈ R^n ; g_I (x) = 0; g_j (x) = z_j , j ∈ s(λ̄); g_j (x) ≤ 0, j ∈ J }.

We know that MF (I, J ) holds for D(0) at x̄. Robinson’s result [14] implies the stability of the multifunction D(z), in the following sense: ∃ε > 0,

Exact Penalization with a small Nonsmooth Term 41

M > 0 such that whenever ‖z‖ ≤ ε, x ∈ B(x̄, α), there exists y ∈ D(z) satisfying ‖y − x‖ ≤ M(‖g_I (x)‖ + ‖g_{s(}¯_{λ)}(x) − z‖ + ‖g_J (x)^+‖). (3.5) Now, given x ∈ B(x̄, α), take z := min(g_{s(}¯_{λ)}(x), 0). Then ‖z‖ ≤ ε for α small enough. Defining π(x) as the element y in D(z) that satisfies (3.5), we obtain the desired result.

4.- Proof of the Main Result We first consider the case when λ = 0. Then our main result reduces to the following statement:

Proposition 4.1. The function θ_r(x) is an exact penalty function whenever r > ‖λ̄‖_∗. Proof. We use the restoration operator π of section 3. Let α_0 > 0 be so small that x̄ is solution of (P )_{α0} and choose α ∈ (0, α_0) such that π is well defined over B(x̄, α). We set y = π(x). We will prove that there exists α > 0 such that if x ∈ B(x̄, α), then

y ∈ B(x̄, α_0) and f(y) ≤ θ_r(x) with f(y) < θ_r(x) when x is not feasible.

(4.6)

As f(x) = θ_r(x) whenever x is feasible, the conclusion follows. So let us prove (4.6). Given x ∈ B(x̄, α), we have by (3.4 ii) ‖y − x̄‖ ≤ ‖y − x‖ + ‖x − x̄‖ ≤ O(‖g^♯(x)‖) + ‖x − x̄‖ = O(‖x − x̄‖) = O(α). Reducing α if necessary, we obtain y ∈ B(x̄, α_0). It remains to prove the second part of (4.6). We have, as f is of class C^1,

f(y) = f(x) + f^′(x̄)(y − x) + ρ_1(x, y) (4.7)

where by ρ_i(x, y) we mean some functions such that ρ_i(x, y)/‖y − x‖ → 0 when x → x̄ and y → x̄. By the optimality system (1.1), we have

f^′(x̄)(y − x) = − p∑ i=1 λ̄_ig^′_i(x̄)(y − x) = p∑ i=1 λ̄_i(g_i(x) − g_i(y)) + ρ_2(x, y)

= λ̄^t(g(x) − g(y)) + ρ_2(x, y) = λ̄^tg(x)^♯ + λ̄^t(g(x) − g(x)^♯ − g(y)) + ρ_2(x, y).

42 J.F. Bonnans

Setting ρ_3(x, y) := ρ_1(x, y) + ρ_2(x, y), we get with (4.7) and the definition of a dual norm f(y) ≤ f(x) + ‖λ̄‖_∗‖g(x)^♯‖ + λ̄^t(g(x) − g(x)^♯ − g(y)) + ρ_3(x, y). (4.8) By (3.4 iii) we have g_j(x) − g_j(x)^♯ = g_j(y), j ∈ I ∪ s(λ̄), so that λ̄_i(g_i(x) − g_i(x)^♯ − g_i(y)) = 0, ∀i = 1, · · · , p, and finally with (4.8) f(y) ≤ f(x) + ‖λ̄‖_∗‖g(x)^♯‖ + ρ_3(x, y). Given r > ‖λ̄‖_∗, set ε := r − ‖λ̄‖_∗. For α small enough, we have ‖y − x‖ = O(‖g(x)^♯‖), hence ‖ρ_3(x, y)‖ ≤ ε 2 ‖g(x)^♯‖, so that f(y) ≤ f(x) + ‖λ̄‖_∗‖g(x)^♯‖ + ε 2 ‖g(x)^♯‖, which proves that (4.6) holds, with equality only if ‖g(x)^♯‖ = 0, i.e. x is feasible; in that case, y = x so that the equality indeed always holds.

We recall that L(x, λ) := f(x) + λ^tg(x) is the ordinary Lagrangian. We now get the main result by considering the following perturbed problem and its local version min L(x, λ) ; g(x) ≪ 0. (P^λ) min L(x, λ) ; g(x) ≪ 0 ; x ∈ B(x̄, α). (P^λ_α ) We check in Proposition 4.2 below that, under the conditions of Theorem 1, if α is small enough, then (P_α) and (P^λ_α ) have the same solutions. Theorem 1 follows by combining Propositions 4.1 and 4.2.

Proposition 4.2. If condition (2.3) holds, then for α > 0 small enough, (P_α) and (P^λ_α ) have the same solutions. In particular, x̄ is a local solution of (P^λ) to which is associated the unique multiplier μ := λ̄ − λ.

Proof. a) Let α_0 > 0 be so small that x̄ is a solution of (P_{α0} ), and choose α ∈ (0, α_0). Fix λ satisfying (2.3). From the discussion in section 3, it follows that if α is small enough, there exists an operator σ that with x, feasible for (P^λ_α ) associates y satisfying g(y) ≪ 0, g_j(y) = 0, ∀j ∈ s(λ̄), y − x = O(‖g_{s(}¯_{λ)}(x)‖). (4.9) We will prove that, whenever α is small enough y ∈ B(x̄, α_0) and f(y) = L(y, λ) ≤ L(x, λ) with equality only if y = x.

(4.10)

Exact Penalization with a small Nonsmooth Term 43

Indeed, for some τ ∈ (0, 1) we have L(y, λ) − L(x, λ) = L(y, λ̄) − L(x, λ̄) + (λ̄ − λ)^t[g(x) − g(y)] = L^′_x(x + τ(y − x), λ̄)(y − x) + (λ̄ − λ)^tg(x) = [L^′_x(x + τ(y − x), λ̄) − L^′_x(x̄, λ̄)](y − x)+ + (λ̄ − λ)^tg(x) = ρ_4(x, y) + (λ̄ − λ)^tg(x),

(4.11)

with ‖ρ_4(x, y)‖/‖x − y‖ → 0 when x → x̄ and y → ȳ. Fix ε :=^1_2 min{λ̄_j − λ_j ; j ∈ s(λ)}. By (2.3), we have ε > 0. Reducing α if necessary, as x is feasible for (P^λ_α ) we obtain with the last relation in (4.9): ρ_4(x, y) ≤ ε‖g_{s(}¯_{λ)}(x)‖_1, where ‖y‖_1 := ∑ i |y_i|. Then, as g_j(x) ≤ 0 for all j ∈ s(λ̄), we have with (4.11) L(y, λ) − L(x, λ) ≤ ε‖g_{s(}¯_{λ)}(x)‖_1 + 2ε ∑ s(λ̄) g_i(x) = −ε‖g_{s(}¯_{λ)}(x)‖_1,

i.e. L(y, λ) ≤ L(x, λ), the equality being possible only if g_{s(}¯_{λ)}(x) = 0. Now ‖y − x̄‖ ≤ O(‖g_{s(}¯_{λ)}(x)‖) + ‖x − x̄‖ = O(‖x − x̄‖) = O(α) so that ‖y − x̄‖ < α_0 whenever α is small enough; (4.10) follows.

b) We have proved that a solution of (P^λ_α ) is a solution to

min f(x) ; g(x) ≪ 0 ; g_j (x) = 0, j ∈ s(λ) ; x ∈ B(x̄, α_0). (P̂_α)

We observe that, as λ̄ is the unique Lagrange multiplier associated to x̄, then reducing α > 0 if necessary, it follows that to any solution x̂ of (P_α) is associated at least a multiplier λ̂ such that λ̂_j > 0, ∀j ∈ s(λ̄), hence g_{s(}¯_{λ)}(x̂) = 0, i.e. x̂ is feasible for (P̂_α). This proves that (P_α) and (P^λ_α ) have the same set of solutions. In particular x̄ is a solution of (P^λ_α ), and it is easily checked that λ̄ − λ is the unique Lagrange multiplier associated with x̄.

5.- Relation with Perturbation Theory The property of exact penalization is intimately related to lower estimates for the problem with perturbation in the right hand side:

min f(x) ; g(x) ≪ u. (Q^u)

We define likewise the local perturbed problem min f(x) ; g(x) ≪ u ; x ∈ B(x̄, α). (Q^u_α)

44 J.F. Bonnans

This relation was first observed in Clarke [4], and developed by Burke [3], who obtained the following result (we give a proof for the sake of completeness).

Proposition 5.1. Assume that the norm used in θ_r satisfies the relation z ≪ u ⇒ ‖z^♯‖ ≤ ‖u^♯‖. (5.12) Let α > 0 be such that x̄ is a solution of (P_α). Then the penalty function θ_r(x) has a local minimum at x̄ iff the function

u → inf(Q^u_α) + r‖u^♯‖ (5.13)

has a local minimum at 0.

Proof. Relation (5.13) means that there exists β > 0 such that whenever ‖u‖ ≤ β: f(x̄) ≤ min x∈B(x̄,α) {f(x) ; g(x) ≪ u} + r‖u^♯‖, i.e. f(x̄) = min_{‖u‖≤β} x∈B(x̄,α) {f(x) + r‖u^♯‖ ; g(x) ≪ u}. In particular, for α > 0 small enough, x ∈ B(x̄, α) satisfies ‖g(x)^♯‖ ≤ β , and we may take u = g(x)^♯. It follows that f(x̄) ≤ f(x) + r‖g(x)^♯‖ ; ∀x ∈ B(x̄, α), i.e. θ_r(x) has a local minimum at x̄.

Let us prove the converse implication. Given α > 0 if ‖u‖ is small enough, then Q^u_α is feasible, as a consequence of the results of [14] (note that as the multiplier is unique, the Mangasarian-Fromovitz qualification hypothesis holds at x̄). Then Q^u_α has at least a solution x^u. Then using (5.12)

f(x̄) ≤ f(x^u)+r‖g(x^u)^♯‖ = min(Q^u)_α +r‖g(x^u)^♯‖ ≤ min(Q^u)_α +r‖u^♯‖.

We may likewise consider a perturbation of problem (P^λ_α ) : min L(x, λ) ; g(x) ≪ u ; ‖x − x̄‖ ≤ α. (Q^{λ,u}_α ) It is easily checked that, if λ satisfies (2.3) and α and ‖u‖ are small enough, then (Q^u_α) and (Q^{λ,u}_α ) have the same solutions. Combining Theorem 1 and Proposition 5.1 we obtain the following lower estimate:

Theorem 2. Assume that to x̄, local solution of (P ), is associated the unique multiplier λ̄. Then, for all λ satisfying (2.3) and r > ‖λ − λ̄‖_∗, the function min(Q^u_α) + λ^tu + r‖u^♯‖ has a local minimum at 0.

We note that the lower estimate implies lim inf_{t↘0}^1_t (min(Q^{tu}_α )− min(P_α)) ≥ −λ̄^tu. This is a particular case of the results of Gauvin and Tolle [6].

Exact Penalization with a small Nonsmooth Term 45

References

[1] Bonnans, J.F., Asymptotic Stability of the Unit Stepsize in Exact Penalty Methods, SIAM J. Control Opt. 27, (1989), 631-641.

[2] Bonnans, J.F., Théorie de la Pénalisation Exacte, M2AN (Mod. Math.

Anal. Num.) 24, (1990), 197-210.

[3] Burke, J., Calmness and Exact Penalization, SIAM J. Control Opt. 29, (1991), 493-497.

[4] Clarke, F.H., A New Approach to Lagrange Multipliers, Math. Oper.

Res. 2, (1976), 165-174.

[5] Charalambous, A Lower Bound for the Controlling Parameters of the Exact Penalty Functions, Math. Programming 15, (1978), 278-290.

[6] Gauvin, J., Tolle, J.W., Differential Stability in Nonlinear Programming, SIAM J. Control Optimiz. 15, (1977), 294-311.

[7] Han, S.P., A Global Convergent Method for Nonlinear Programming, J. Optim. Theory Appl. 22, (1977), 297-309.

[8] Han, S.P., Mangasarian, O.L., Exact Penalty Functions in Nonlinear Programming, Math. Programming 17, (1979), 251-269.

[9] Ioffe, A.D., Necessary and Sufficient Conditions for a Local Minimum 1: A Reduction Theorem and First Order Conditions, SIAM J. Control Opt. 17, (1979), 245-250.

[10] Kyparisis, J., On Uniqueness of Kuhn-Tucker Multipliers in Nonlinear Programming, Math. Programming 32, (1985), 246-246.

[11] Mangasarian, O.L., Fromovitz, M., The Fritz-John Necessary Optimality Condition in the Presence of Equality and Inequality Constraints, J. Math. Anal. Appl. 7, (1967), 37-47.

[12] Pietrzykowski, T., An Exact Potential Method for Constrained Maxima, SIAM J. Numerical Anal. 2, (1969), 299-304.

[13] Pschenichny, B., Danilin, Y.M., Numerical Methods in Extremal Problems, Mir, Moscow, (1970).

[14] Robinson, S.M., Stability Theory for Systems of Inequalities, Part II:

Differentiable Nonlinear Systems, SIAM J. Numerical Anal. 13, (1976), 497-513.

[Paper received September 1995]