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Why does X chromosome inactivation (XCI) occur ?

Mammals :
Females XX, Males XY −→ Dosage compensation
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The mechanism of inactivation

During inactivation, the paternal or maternal X chromosome is inactivated
randomly, and this "choice" of the inactivated X chromosome is passed
from the mother cell to the daughter cells during mitosis.

−→ Appearance of a cellular mosaic.
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Developmental timeline of random XCI in the mouse embryo

Establishment of random XCI
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Definition

XCI ratio
A priori :

P(Xm inactive) = P(Xp inactive) =
1
2

⇒ expected 50 :50 distribution of XiXa(m) and XiXa(p) cells.

Observed deviations
Deviations from the expected 50 :50 ratio are frequently observed (XCI
imbalance)
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Importance of studying the XCI ratio

XCI ratio : powerful tool to infer early developmental dynamics.

Variability between individuals reflects the number of precursor cells
present at XCI.

By the law of large numbers :
Large founder pools → low variability
Small founder pools → high variability

Existing models use XCI variability to estimate :
Founder population size
Lineage allocation dynamics
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Existing models of XCI ratio variability

General approach
Use the observed variability of XCI ratios to infer developmental
parameters, in particular the number of cells present at the time of XCI.

Almost all existing models (Werner 2024, Shvetsova 2019, Amos 2006,
Kane 1979, Nesbit 1971) rely on two key assumptions :

1 Instantaneous XCI
All N0 precursor cells undergo XCI simultaneously.

2 Deterministic growth
Subsequent proliferation preserves exactly the proportions established
at XCI.
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Existing literature (J. M. Werner, J. Hover, J. Gillis, 2024)
Population variability in X-chromosome inactivation across 10 mammalian species
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Existing literature (Shvetsova 2019, Amos 2006)
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Model presentation

XaXa

XiXa(p)

XiXa(m)

μ/2

μ/2

b0, d0

b, d

b, d

N0 : number of XaXa cells at t=0, when inactivation starts  
μ : inactivation rate 
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Model presentation
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Sources of variability

Number of times Xp or Xm is chosen for inactivation : on average it’s
50/50, but there is variance.
−→ The number of clones arising from XiXa(p) or XiXa(m) cells can
vary.

Timing of inactivation for each cell : inactivation is not simultaneous,
the timing is random. Cells inactivated earlier tend to produce larger
clones on average.

Clonal growth : Even for clones originating from cells inactivated at
the same time, clone sizes are random (even if the average growth rate
is the same).
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Notation

At : number of XaXa cells at time t
Imt : number of XiXa(m) cells at time t
Ipt : number of XiXa(p) cells at time t

At = N0 +
∫ t
0

∫
θ∈R+ 1θ≤b0As−

N1(ds, dθ)−
∫ t
0

∫
R+ 1θ≤d0As−

N2(ds, dθ)−∫ t
0

∫
R+ 1θ≤µ

2 As−
N3(ds, dθ)−

∫ t
0

∫
R+ 1θ≤µ

2 As−
N4(ds, dθ)

Ipt =
∫ t
0

∫
R+ 1θ≤b1Ip

s−
N5(ds, dθ)−

∫ t
0

∫
R+ 1θ≤d1Ip

s−
N6(ds, dθ) +∫ t

0

∫
R+ 1θ≤µ1As−

N3(ds, dθ)

Imt =
∫ t
0

∫
R+ 1θ≤b2Im

s−
N7(ds, dθ)−

∫ t
0

∫
R+ 1θ≤d2Im

s−
N8(ds, dθ) +∫ t

0

∫
R+ 1θ≤µ2As−

N4(ds, dθ)
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A new quantity : Nclones

Distinguishing two quantities
N0 : number of cells present at the onset of XCI
Nclones : number of independent XCI choices : XaXa → XiXa

Each XCI event initiates a clone whose cells share the same inactive X.

Key point
The amount of stochasticity generated by XCI is determined by Nclones, not
directly by N0.

Instantaneous XCI =⇒ Nclones = N0
Asynchronous XCI =⇒ E (Nclones) > N0
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Expected number of XCI events

Number of initiated clones
Ct =

∫ t
0

∫
R+

1{θ≤µAs−}N1(ds, dθ), and Nclones = lim
t→∞

Ct

Expected number of independent XCI choices

E (Nclones) =
N0µ

µ−(b0−d0)
> N0 if b0 − d0 > 0
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Variance of absolute population sizes

An explicit expression for Var(Imt − Ipt ) can be derived by solving a set of
ordinary differential equations (ODEs).

Figure – Var(Imt − Ipt ) over time, theoretically computed (orange curve) and
estimated by simulations (blue points).
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Limitation of analyzing Var(Imt − Ipt ) (variance of absolute cell
counts) :

At later stages, it is practically impossible to count the total number of
cells in a whole organism.
⇒ Variance of total counts is not well suited for comparison with real
biological data.

Biological data correspond to the distribution of Imt−Ipt
Imt+Ipt

, and
Var(Imt−Ipt )
E((Imt+Ipt )

2)
̸= Var(

Imt−Ipt
Imt+Ipt

).
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Instantaneous inactivation and derministic growth
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Instantaneous inactivation and derministic growth
N := N0 = Nclones

Binomial distribution : Var (Ip0) = Npq = N
4

Var
(
Im0−Ip0
Im0+Ip0

)
= Var

(
1 − 2Ip0

N

)
= 4

N2
N
4 = 1

N

Deterministic growth : Var
(
Imt−Ipt
Imt+Ipt

)
= 1

N for all t (and P(survival) = 1).

lim
t→∞

Var
(
Imt−Ipt
Imt+Ipt

| survival
)

= 1
N
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Instantaneous inactivation and stochastic growth
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Instantaneous inactivation and stochastic growth

N := N0 = Nclones

Ai (t) = size of the clone originating from the i-th primordial XiXa cell, at
time t

lim
t→∞

Ai (t)e
−(b−d)t = wi a.s. with wi = χiψi , χi ∼ B(λ), ψi ∼ Exp(λ),

λ = b−d
b , and all the variables χi , ψj mutually independent.
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Instantaneous inactivation and stochastic growth

N := N0 = Nclones

λ = b−d
b

lim
t→∞

Var
(
Imt−Ipt
Imt+Ipt

| survival
)

= 1
1−(1−λ)N

N∑
n=1

(N
n

)
λn(1 − λ)N−n 1

2n

(
λn

n−1∑
k=1

(nk)
(k−1)!(n−k−1)!

∫ +∞
0

∫ +∞
0 ( y−x

x+y )
2xk−1yn−k−1e−λ(x+y)dxdy + 2

)

=
1

1 − (1 − λ)N

N∑
n=1

(
N

n

)
λn(1 − λ)N−n 1

2n

(
2 +

n−1∑
k=1

(
n

k

)(
1 − 4k(n − k)

n(n + 1)

))
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Instantaneous inactivation and stochastic growth
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)
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0 ( y−x

x+y )
2xk−1yn−k−1e−λ(x+y)dxdy + 2

)

=
1

1 − (1 − λ)N

N∑
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(
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n

)
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Instantaneous inactivation and stochastic growth
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Asynchronous inactivation, without XaXa birth and death
during inactivation
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Asynchronous inactivation, without XaXa birth and death
during inactivation

N := N0 = Nclones

Ai (t)e
−(b−d)t −→

t→+∞
χiψie

−(b−d)Ti a.s., with Ti ∼ Exp(µ) i.i.d,

χi ∼ B(λ), ψi ∼ Exp(λ), and all the variables χi , ψj , Tk mutually
independent.

Xi = ψie
−(b−d)Ti (limiting rescaled clone size conditional on survival)

Xi density function :
h(x) = βλβxβ−1 ∫∞

u=λx e
−uu−βdu = βλβxβ−1Γ(1 − β, λx)

with λ = b−d
b and β = µ

b−d
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Asynchronous inactivation, without XaXa birth and death
during inactivation

Density of X = ψie
−(b−d)Ti = lim

t→∞
Ai (t)e

−(b−d)t

32 / 45



Asynchronous inactivation, without XaXa birth and death
during inactivation

Laplace transform :

E (e−sXi ) =
∫∞
0 e−sxh(x)dx = βλβ

∫∞
x=0 e

−sxxβ−1 (∫∞
u=λx e

−uu−β du
)
dx

= λ
s ln

(
1 + s

λ

)
if β = µ

b−d = 1

= 2λ
s

(
1 − λ

s ln
(
1 + s

λ

))
if β = µ

b−d = 2

=−β!
β−1∑
i=0

1
(β−i−1)!

(
−λ

s

)i+1
(
(1+ s

λ)
i

i!

(
ln
(
1 + s

λ

)
− Hi

)
+

i∑
j=1

(
s
λ

)i−j Hj

j!(i−j)!

)

if β integer ≥ 1, where Hj =
j∑

k=1

1
k is the j-th harmonic number.

If Sn = X1 + ...+ Xn with X1, ...,Xn independent :

E (e−sSn) = (E (e−sXi ))n
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Asynchronous inactivation, without XaXa birth and death
during inactivation

Var
(
Imt − Ipt
Imt + Ipt

∣∣∣∣ survival
)

−→
t→+∞

1
1 − (1 − λ)N

N∑
n=1

1
2n

(
N

n

)
λn(1 − λ)N−n

(
2 +

n−1∑
k=1

(
n

k

)∫ +∞

0

∫ +∞

0

(
x − y

x + y

)2

fk(x)fn−k(y) dx dy

)

with fn the inverse Laplace transform of s 7→ λn

sn

(
ln
(
1 +

s

λ

))n
if β = µ

b−d = 1

with fn the inverse Laplace transform of s 7→ 2nλn

sn

(
1 − λ

s
ln
(
1 +

s

λ

))n

if β = µ
b−d = 2

with fn the inverse Laplace transform of

s 7→

−β!
β−1∑
i=0

1
(β − i − 1)!

(
−λ
s

)i+1
(1 + s

λ

)i
i !

(
ln
(
1 +

s

λ

)
− Hi

)
+

i∑
j=1

( s
λ

)i−j Hj

j!(i − j)!

n

if β integer ≥ 1,

where Hj =
j∑

k=1

1
k is the j-th harmonic number.
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Asynchronous inactivation, without XaXa birth and death
during inactivation
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Asynchronous inactivation, with growth of the XaXa cell
population during inactivation
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Conclusion and Perspectives

Future extension to this work
Gamma distributed lifetimes
Incorporating successive samplings

Other ongoing related work
Estimation of model parameters from experimental mouse data :

initial population size N0,
cell proliferation rates (bi , di ),
XCI rate (µi ).

Published related work
Molecular mechanisms of XCI (gene regulatory network, establishment
and maintenance of XiXa) : deterministic ODE-based modeling.

Published in SIAM Journal on Applied Dynamical Systems (2026) :
Bifurcation Analysis for Gene Regulatory Networks Embedding a
Toggle-Switch Model : Application to X Chromosome Inactivation.
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Existing literature (Shvetsova 2019, Amos 2006)
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Existing literature with sampling (Kane 1979, Nesbit 1971)
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An alternative model based on stochastic growth (Ropers
1977)

Initial condition :
deterministic XCI
perfectly balanced population

50% XiXa(m) 50% XiXa(p)

Source of variability : stochastic cell proliferation (variability generated
after XCI)

Mathematical formulation :
Pólya urn process : division ↔ addition of a ball of the same color

Remark
Stochastic growth model with cell proliferation only (no cell death).
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Data
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Nclones
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Gamma distributed lifetimes and Galton-Watson processes
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E (|Ti − Tj |)
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E (|Ti − Tj |)

45 / 45


	Biological context
	X chromosome inactivation

	XCI ratio
	Definition
	Importance of studying the XCI ratio

	Existing models
	A multi-type stochastic birth-death process with asynchronous XCI
	Computation of limt  Var(Imt - IptImt + Ipt survival) in intermediate models

