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Immunotherapy

• Context

I stochastic model for skin cancer
immunotherapy (Baar et al., 2015)

I Adoptive Cell Transfer (ACT)
therapy (Landsberg et al., 2012)

Objective: understanding the resistance of tumors & treatment optimization

• Parameter estimation using real data

• Evaluation of T cell exhaustion probability

• Treatment optimization to delay relapse
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Experimental data

� Three groups of mice

I CTRL mice (5): no therapy

I ACT mice (7): ACT therapy (70th
day)

I ACT+Re mice (7): ACT therapy
(70th, 160th day)

� Tumor evolution measurement

yobsij =


yij if yij ∈]3 mm, 10 mm[
1.9 mm if yij ∈ [0 mm, 1.9 mm]
3 mm if yij ∈ [2 mm, 3 mm]
10 mm if yij ≥ 10 mm
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Stochastic model: continuous time Markov process (Baar et al., 2015)

� •: M(t): population of differentiated
cells at time t;

� •: D(t): population of dedifferentiated
cells;

� •: T (t): population of therapy cells;

� •: A(t): population of cytokines TNFα.

X(t) = (M(t), D(t), T (t), A(t)) ∈ N4 y

A

D M T

dA

dT

sDM

bD
bM

dD

l
prod
A

E

bTM

dM + tTT

sMD + sAA

Stochastic model = Birth and Death Process + switch + Predator-Prey

Birth and Death Process{
• → • • with a rate b
• → † with a rate d

Predator-Prey system{
Ṁ(t) = M(t) (α− βT (t))

Ṫ (t) = T (t) (δM(t)− γ)

θ′ = (bM , dM , bD, dD, sMD, sDM , bT , dT , tT , sA, dA, l
prod
A )

Modibo DIABATE (LJK-UGA) Stochastic modeling and estimation of tumor growth 5 / 14



Stochastic model: continuous time Markov process (Baar et al., 2015)

� •: M(t): population of differentiated
cells at time t;

� •: D(t): population of dedifferentiated
cells;

� •: T (t): population of therapy cells;

� •: A(t): population of cytokines TNFα.

X(t) = (M(t), D(t), T (t), A(t)) ∈ N4 y

A

D M T

dA

dT

sDM

bD
bM

dD

l
prod
A

E

bTM

dM + tTT

sMD + sAA

Stochastic model = Birth and Death Process + switch + Predator-Prey

Birth and Death Process{
• → • • with a rate b
• → † with a rate d

Predator-Prey system{
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Deterministic approximation of cancer model

Large population approximation: Stochastic model → Deterministic model

Let MK(t) =
M(t)
K

, DK(t) =
D(t)
K

, TK(t) =
T (t)
K

, AK(t) =
A(t)
K

lim
K→∞

(MK(t), DK(t), TK(t), AK(t))
d
= (n∗M , n

∗
D, n

∗
T , n

∗
A)

where (n∗M , n
∗
D, n

∗
T , n

∗
A) is the solution of the deterministic system:

ṅM =

rM︷ ︸︸ ︷
(bM − dM )nM−tTnTnM−sMDnM + sDMnD − sAnAnM

ṅD = (bD − dD)︸ ︷︷ ︸
rD

nD +sMDnM − sDMnD + sAnAnM

ṅT = −dTnT+bTnMnT

ṅA = −dAnA+lprodA bTnMnT

with initial condition (nM0 , nD0 , nT0 , nA0)

θ′ = (rM , rD, sMD, sDM , nM0 , bT , dT , tT , sA, dA, l
prod
A ) (to be estimated)
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Parameter estimation in deterministic approximation: Nonlinear Mixed
Effects Model (Pinheiro and Bates, 1995)

yij = f(ζi, tij) + εij , εi ∼ N (0, σ2Ini),

log(ζi) = log(θ′�di) + ri � di, ri ∼ N (0,Ω)

f(ζi, t) = (n∗M (ζi, t) + n∗D(ζi, t))
1
3 : tumor size (n∗M , n

∗
D solution of the deterministic system);

εi = (εi1, . . . , εini) : residual error;

ζi : individual parameters;

θ′ = (rM , rD, sMD, sDM , nM0 , bT , dT , tT , sA, dA, l
prod
A ) : vector of fixed effects;

di = ( 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0) : when i is a control individual;

di = ( 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) : when i is a treated individual;

ri = (rirM , r
i
rD , r

i
sMD , r

i
sDM , r

i
nM0

, ribT , r
i
dT
, ritT , r

i
sA , r

i
dA
, rilA) : random effects,

Ω : variance matrix of the random effects;

% = {θ′, σ,Ω} ∈ Θ
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Estimation

• SAEM (Stochastic Approximation Expectation Maximization) for censored data

• Model selection through likelihood ratio tests

mean (r.s.e (%)) sd (r.s.e (%))
rM 0.09 (4) 0.10 (34)
rD 0.05 (10) 0.35 (20)

sMD < 0.01 (118) 0 (-)

sDMp < 0.01 (-) 0 (-)

nM0
0.08 (28) 0.58 (29)

bT < 0.01 (16) 0 (-)
dT 0.02 (34) 1.07 (27)

tT 1.33 (55) 1.03 (48)

sA 77 (37) 0 (-)

dA 0.03 (-) 0.09 (181)

lprod
A 0.19 (93) 3.23 (25)

σ 0.44 (6)
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Using estimated parameters, we:

• Simulate T cell exhaustion (Relapse)

• Estimate T cell exhaustion probability

• Optimize treatment doses and times
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Stochastic diffusion approximation of cancer Model (Cseke et a.l, 2016)

Cancer model: continuous time discrete state Markov Jump Process

S =


1 −1 0 −1 1 −1 0 0 0
0 0 1 1 −1 1 0 0 0
0 0 0 0 0 0 1 −1 0

0 0 0 0 0 0 lprod
A 0 −1

 , g(X(t), θ′) =



rMM(t)

tTM(t)T (t)

rDD(t)

sMDM(t)

sDMD(t)

sAM(t)A(t)

bTM(t)T (t)

dTT (t)

dAA(t)


X(t) = (M(t), D(t), T (t), A(t)) ∈ N4 : state of the stochastic model at time t

X(t)→ X(t) + S·r : one possible transition with rate gr(X(t), θ′), r ∈ {1, . . . , R = 9}

xt = (xMt , xDt , xTt , xAt ) ∈ R4 : continuous real-valued pendant to X(t)
K

Cancer diffusion process:

a(xt, θ
′) = Sg(xt, θ

′) and b(xt, θ
′) = Sdiag(g(xt, θ

′))ST

dxt = a(xt, θ
′)dt+ b(xt, θ

′)
1
2 dWt.
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Stochastic diffusion approximation of cancer model

Diffusion process:

dxt = a(xt, θ
′)dt+ b(xt, θ

′)
1
2 dWt, xt0 = xinitial

Euler discretization: xti = xti−1 + a(xti−1 , θ
′)∆i + b(xti−1 , θ

′)
1
2 ρ
√

∆i,

ρ = (ρ1, ρ2, ρ3, ρ4), ρl ∼ N (0, 1), l = 1, . . . , 4
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Parameter estimation for diffusion process (In progress . . . )

Diffusion process:

dxt = a(xt, θ
′)dt+ b(xt, θ

′)dWt,

Noisy observations y = (y1, . . . , yn) of x at time ti, i = 1, . . . , n:

yi = H(xi) + εi, εi ∼ N (0, ς2), θ = {θ′, ς}.

Strategy: Calculate the likelihood p(y|θ) =

∫
p(x, y|θ)dx and compute

θopt = arg max
θ

p(y|θ)

Likelihood calculation → approximate inference methods (p(y|θ) ≈ p̃(y|θ) )

• Expectation Propagation (EP) method (Minka, 2001; Heskes and Zoeter, 2002)

� Approximate p (factorizable) by q (factorizable) by minimizing DKL(p||q)
� Good compromise between accuracy and speed (Barthelmé and Chopin, 2014)
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Conclusion

� Done

I Simplification/adaptation of the cancer model for parameter estimation

I Parameter estimation with NLMEMs and SAEM algorithm using (censored) real data

I T cell exhaustion probability estimation

I Treatment optimization

I Parameter estimation using EP in AR(1) and Ornstein Uhlenbeck latent models

� In progress & Future Works
I Parameter estimation in cancer diffusion approximation using EP method

I Extend the calculations to diffusion model with random effects
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SAEM: Stochastic Approximation EM

SAEM-MCMC for regular exponential families (Samson et al., 2006):

p(yobs, ycens, ζ; %) = exp{〈η%, φ(yobs, ycens, ζ)〉 − Φ(η%)}, % ∈ Θ

Iteration k of the algorithm:

• Simulation step: simulation of (ycens(k), ζ(k)) through the simulation of a Markov
Chain having p(ycens, ζ|y, %̂k−1) as stationary distribution

• Stochastic approximation: update sk according to

sk = sk−1 + γk(φ(yobs, ycens(k), ζ(k))− sk−1)

(γk) is a decreasing sequence:
∑∞
k=1 γk = ∞,

∑∞
k=1 γ

2
k < ∞

• Maximization step: update %̂k−1 according to

%̂k = arg max
%∈Θ

{〈η%, sk〉 − Φ(η%)}
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EP as approximate Belief Propagation (Heskes et a.l, 2002)

Aim: approximate p(y|θ) =

∫
p(x, y|θ)dx where p(x, y|θ) =

n∏
i=1

p(yi|xi, θ)p(xi|xi−1, θ)︸ ︷︷ ︸
ψi(xi−1,xi)

p(xi, y|θ) = p(xi, y1:i|θ)︸ ︷︷ ︸
≈α̃i(xi)

≈β̃i(xi)︷ ︸︸ ︷
p(yi+1:n|xi, y1:i, θ), yi:i′ = (yi, yi+1, yi+2, ..., yi′)

p(xi−1, xi, y|θ) = p(xi−1, y1:i−1|θ)︸ ︷︷ ︸
≈α̃i−1(xi−1)

ψi(xi−1, xi)

≈β̃i(xi)︷ ︸︸ ︷
p(yi+1:n|xi, θ)

We define qi(xi) ∝ α̃i(xi)β̃i(xi), and q(x) =
n∏
i=1

qi(xi)

EP Algorithm:

• Choose i ∈ {1, . . . , n} → update for α̃i(xi) and β̃i−1(xi−1)

• Calculate p̂(xi−1, xi) ∝ α̃i−1(xi−1) ψi(xi−1, xi)︸ ︷︷ ︸
≈β̃i−1(xi−1)α̃i(xi)

β̃i(xi)

• Find arg min
α̃i(xi), β̃i−1(xi−1)

DKL
(
p̂(xi−1, xi|y, θ)

∣∣∣∣∣∣ qi−1(xi−1)qi(xi)
)

• Iterate until convergence
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EP as approximate BP (log-Likelihood approximation)

From estimated αi, βi, we deduce L̃(θ) ≈ log p(y|θ) by replacing the ψi(xi−1, xi) by

their approximation in p(y|θ) =

∫ n∏
i=2

ψi(xi−1, xi)dx1 . . . dxn

L̃(θ) = log

∫ n∏
i=2

Ciψ̃i(xi−1, xi) dx1 . . . dxn

= log

∫ n∏
i=2

Ci exp
{
βTi−1φ(xi−1) + αTi φi(xi)

}
dx1 . . . dxn

=
n∑
i=2

logCi +
n∑
i=2

log

∫
exp

{
(αi + βi)

Tφi(xi)
}
dxi − log

∫
exp

{
αT1 φ(x1)

}
dx1

=

n∑
i=2

logCi +
n∑
i=2

Φ(αi + βi)− Φ(α1)

Then, an optimal θopt is computed as: θopt = arg max
θ

L̃(θ)
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Application 1: Ornstein Uhlenbeck process

dxt = λ(µ− xt)dt+ σdWt, xt0 = xinitial

Exact solution: p(xi|xi−1, θ) = N
(
xi;µ

(
1− e−λ∆i

)
+ xi−1e

−λ∆i , σ
2

2λ

(
1− e−2λ∆i

) )
Euler discretization: p(xi|xi−1, θ) = N

(
xi;xi−1 + λ(µ− xi−1)∆i, σ

2∆i

)
Noisy observations: yi = H(xi) + εi = xi + εi, εi ∼ N (0, ς2), θ = (λ, µ, σ, ς)
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x0 = −5, λ = 1, µ = 1.2, σ = 0.3, ς = 0.5, ∆i = 10−2, n = 500
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Ornstein Uhlenbeck: Parameter estimation with EP
Exact solution
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Application 2: Diffusion approximation of cancer model (In Progress . . . )

Notation: ma = E[xi|xi−1] and Σb = Cov(xi|xi−1)

α̃i(xi) = e
{− 1

2
xTi αΛxi+α

T
νi
xi} and β̃i(xi) = e

{− 1
2
xTi βΛi

xi+β
T
νi
xi}

Calculation of two-slice marginal p̂(xi−1, xi|y, θ) (under canonical/exponential form)

p̂(xi−1, xi) ∝ α̃i−1(xi−1)

p(yi|xi,θ)p(xi|xi−1,θ)︷ ︸︸ ︷
ψi(xi−1, xi, yi, θ) β̃i(xi), i = 1 : n

= e
{αTνi−1

xi−1− 1
2
xTi−1αΛi−1

xi−1} ×
e
{−

1

2
H(xi)

2

ς2
}√

(2π) ς
e
{− 1

2
yi

2

ς2
+yi

H(xi)

ς2
}

×
e
{−

1

2
mTa Σ−1

b
ma}

(2π)d/2
√
|det(Σb)|

e{−
1
2
xTi Σ−1

b
xi+x

T
i Σ−1

b
ma} × e

{βTνixi−
1
2
xTi βΛi

xi}

Minimization of DKL
(
p̂(xi−1, xi|y, θ)

∣∣∣∣∣∣ qi−1(xi−1)qi(xi)
)

(By moment matching: integration and projection on to the chosen family of distribution)

qnew
i−1(xi−1) ∝

∫
p̂(xi−1, xi)dxi ∝ e{−

1
2
xTi−1Λnew

i−1xi−1+νnew
i−1xi−1} → (βnew

νi−1
, βnew

Λi−1
)

qnew
i (xi) ∝

∫
p̂(xi−1, xi)dxi−1 ∝ e{−

1
2
xTi Λnew

i xi+ν
new
i xi} → (αnew

νi
, αnew

Λi
)
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Application 2: Diffusion approximation of cancer model (In Progress . . . )

Notation: ma = E[xi|xi−1] and Σb = Cov(xi|xi−1)

α̃i(xi) = e
{− 1

2
xTi αΛxi+α

T
νi
xi} and β̃i(xi) = e

{− 1
2
xTi βΛi

xi+β
T
νi
xi}

Calculation of two-slice marginal p̂(xi−1, xi|y, θ) (under canonical/exponential form)

p̂(xi−1, xi) ∝ α̃i−1(xi−1)

p(yi|xi,θ)p(xi|xi−1,θ)︷ ︸︸ ︷
ψi(xi−1, xi, yi, θ) β̃i(xi), i = 1 : n

= e
{αTνi−1

xi−1− 1
2
xTi−1αΛi−1

xi−1} ×
e
{−

1

2
H(xi)

2

ς2
}√

(2π) ς
e
{− 1

2
yi

2

ς2
+yi

H(xi)

ς2
}

×
e
{−

1

2
mTa Σ−1

b
ma}

(2π)d/2
√
|det(Σb)|

e{−
1
2
xTi Σ−1

b
xi+x

T
i Σ−1

b
ma} × e

{βTνixi−
1
2
xTi βΛi

xi}

Minimization of DKL
(
p̂(xi−1, xi|y, θ)

∣∣∣∣∣∣ qi−1(xi−1)qi(xi)
)

(By moment matching: integration and projection on to the chosen family of distribution)

qnew
i−1(xi−1) ∝

∫
p̂(xi−1, xi)dxi ∝ e{−

1
2
xTi−1Λnew

i−1xi−1+νnew
i−1xi−1} → (βnew

νi−1
, βnew

Λi−1
)

qnew
i (xi) ∝

∫
p̂(xi−1, xi)dxi−1 ∝ e{−

1
2
xTi Λnew

i xi+ν
new
i xi} → (αnew

νi
, αnew

Λi
)
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Moment closure approximation for cancer diffusion model
Notation: x

[l]
t ≡ xZt , for (Z, l) ∈ {(M, 1), (D, 2), (T, 3) (A, 4)}

Time evolution equation for the first and second order moments:

dE[x
[l]
t ]

dt
= E[al(xt, θ)], l ∈ {1, 2, 3, 4},

dE[x
[l]
t x

[m]
t ]

dt
= E[x

[l]
t × am(xt, θ)] + E[x

[m]
t × al(xt, θ)] + E[blm(xt, θ)], l,m ∈ {1, 2, 3, 4}

Two order Moment Approximation (2-MA): Taylor series expansion around µt = E[xt] +
ignoring terms above degree 2:

dµ
[l]
t

dt
= al(µt, θ) +

1

2

∂2al

∂xt∂xTt
: Σt,

dΣ
[lm]
t

dt
=

∂al

∂xTt
Σ

[.m]
t + Σ

[l.]
t

∂am

∂xt
+ blm(µ) +

1

2

∂2blm

∂xt∂xTt
: Σt,

We solve the equations by using Euler scheme:

µ̃
[l]
i = µ̃

[l]
i−1 +

(
al(µ̃i−1, θ) +

1

2

∂2al

∂xt∂xTt
: Σ̃i−1

)
∆i,

Σ̃
[lm]
i = Σ̃

[lm]
i−1 +

( ∂al
∂xTt

Σ̃
[.m]
i−1 + Σ̃

[l.]
i−1

∂am

∂xt
+ blm(µ̃i−1) +

1

2

∂2blm

∂xt∂xTt
: Σ̃i−1

)
∆i
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