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Motivation

RONCE et KIRKPATRICK 2001 :

o moment-based quantitative model, unspecified mode of
reproduction,

¢ local trait distributions assumed to be normal, with a fixed
variance,

o numerical existence of bistable asymmetrical equilibria
(source-sink).
MIRRAHIMI 2017 :
© mesoscopic model, asexual reproduction,
o possibility of bimodal distributions.

o single stable symmetrical equilibrium (either monomorphic or
dimorphic).
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Questions

(i) Could a model with an explicit term of sexual reproduction
explain the discrepancy between these two studies ?

(ii) Could it shed some lights on the domain of validity of the
Gaussian assumption on local trait distributions ?
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Mesoscopic model in a symmetrical setting

reproduction selection competition migration
a’ni - ., / ) —
2 A~
5 = Pmax Bo(ni) — | s(z—0;)°+ &p; n; +m(n; —n;),

ni(z) : trait density of subpopulation i.
p; : size of subpopulation .
B, : sexual reproduction operator.
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The inﬁnitesimal model FISHER 1919,BULMER 1971,LANGE 1978, BARTON,

ETHERIDGE et VEBER 2017

z1+z 2
ZH:Zl:Zl,ZQ:Z2}N 12 2+N( 2)

where %2 is the variance within families, or segregational variance. We
assume it to be constant and independent of the family.
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The infinitesimal model

z1+2 2
Z|{21=Z1,ZQZZ2} 1 2 2 +N( 2>

where %2 is the variance within families, or segregational variance. We
assume it to be constant and independent of the family.

Infinitesimal model operator (Boui et al. p. d.,CALVEZ, GARNIER et PATOUT 2019)

Bs(n)(z) = ﬁ /R2 exp [—(z — zj%)z} n(zl)n(zz)dzldzz.

g
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where %2 is the variance within families, or segregational variance. We
assume it to be constant and independent of the family.

Infinitesimal model operator (Boui et al. p. d.,CALVEZ, GARNIER et PATOUT 2019)

Bs(n)(z) = n(z1) dz1dzs.
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The infinitesimal model

z1+2 2
Z|{21:Z1722:Z2} 1 9 2 +N( 2)

where %2 is the variance within families, or segregational variance. We
assume it to be constant and independent of the family.

Infinitesimal model operator (Boui et al. p. d.,CALVEZ, GARNIER et PATOUT 2019)

Bs(n)(z) = ﬁ /11%2 exp [—(z _1:21‘2”2)2} n(zl)n(:z)dzldzz.

We can compute that :

/RB,(n)(z)dzzp, /Rch,(n)(z)dz:/Rzn(z)dz:E.
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System of moments deduced from the mesoscopic model

From the properties of B,, we get the following system :

dcgsi = pPi ['f‘max —KpP; — 8 ((El — 91')2 + 80'1'2)] + m(pj — Pi),

% =—20;%s (Zi — 0;) +¢;) + m %(Ej —Z;)

do; __
dt —
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System of moments deduced from the mesoscopic model

From the properties of B, we get the following system :

Wi = p; [Pmax — kpi — 5 (Zi — 0:)> + 50:°)] + m(p; — pi),

i — —20;%s ((Zi — 0;) + i) +mPi(z; - %)

Idea

In regime of small variance, we can asymptotically close this system of
moments.
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. o 2
Small variance regime* : e? == % < 1

. * (DIEKMANN et al. 2005,PERTHAME et BARLES 2008, DESVILLETTES et al.
2008, MIRRAHIMI 2017,BOUIN et al. p. d.,CALVEZ, GARNIER et PATOUT 2019)
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Small variance regime : €2 := 7 <1

Rescaling

2 =

Y

SR\

niclz) = ma(2)
Be(nia)(2) = o= [ e [‘(z —

Z1+Zz)

2 ] ns’i(zl)nm( 22)

dzleQ
Pi
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o . 2
Small variance regime : €2 := m <1

Hopf-Cole transform :

o 1 Ue g . 1 U0, + 62 Ve,i
nei(z) = exp ( —5 = exp | ———5— |

2me
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o . 2
Small variance regime : €2 := m <1
Hopf-Cole transform :

nei(z) = 1 exp <u€7i> = ! exp 771’0’i+820€’i .
’ 2me g2 2me g2

We compute, for z € R :
exp ['U(J7z(zl)+'ll(]41<52)(Z2142>z2)2u[).i(z>‘|

2

o
/ exp [UU’Zgz ) + v (2") dz’}
R €

X exp [V e(21) + vie(22) — vie(2)] d21 d2a.

B.(nie)(z) 1
nie(z)  \/me /Rz

11 /24
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o . 2
Small variance regime : €2 := m <1

Hopf-Cole transform :

nei(z) = ! exp <u52> _ exp 7u0’i+62v5’i
= 2me g2 2me €2 '

We need up; to be a non-positive function such that :

2
Vz € R, max luo,i(zl) + uo’i(zg) — (Z ! + Z2> _ uO7i(z)1 = 0.

(21,22)
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o . 2
Small variance regime : €2 := m <1

Hopf-Cole transform :

nei(z) =

1 <um’ > 1
ex : = ex
2me Pl 2 o2me P

up,; + g Ve,
g2 '

We need up; to be a non-positive function such that :

2
Vz € R, max luo’i(21) + up,i(z2) — (z — M) _ uo,i(z)] 0.

(21,22)

From BOUIN et al. p. d.,
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o . 2
Small variance regime : €2 := m <1

Hopf-Cole transform :

1 Uei 1 (z — 25)?
nei(z) = e exp < ;;) = 5 exp (252’ + Us,i) )

We need up; to be a non-positive function such that :

(21,22)

2
Vz € R, max |:LLOJ(Z]_> + U[)’Z'(ZQ) - <Z - M) — UO,i(Z)] =0.
From BOUIN et al. p. d.,

uo’i(z) = —

and n; . is Gaussian at first order, of mean 2} and variance g2
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Moments approximation when ¢ < 1

As the local trait distributions are normal at the first order, we get :

o2 2+ (’)(54), i = (’)(54),

1, T
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Moments approximation when ¢ < 1

As the local trait distributions are normal at the first order, we get :
ohe =+ O, die =0,
which leads to :

dd’;i = Pi [’rmax —RKp; — 8 ((Ez - 02)2 )} + m(p pl) +0 (07) ;

Zi = = o4
T = —20%s (2, - 6;) + mE(%; - %) + O (%)

Conclusion

In the regime of small variance, this model is equivalent to RONCE et
KIRKPATRICK 2001.

12 /24



Model
000000

Numerical comparison with RONCE et KIRKPATRICK
2001’s model, in a small variance (2 =2.5-1073)4

— N [RK0]]
— Ny [RK0]]
Ny

Ny

Size of subpopulation

10° 10 107 0°

Time ¢ (log scale)

FIGURE — Dynamics of the sizes of subpopulations

d. (other parameter values taken from RONCE et KIRKPATRIGK 2001, fig.1)
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Numerical comparison with RONCE et KIRKPATRICK
2001’s model, in a small variance (2 =2.5-1073)4

[RK01]
[RK01]

Local mean trait
xE:)I o 8| o

10° 10 107 0°

Time ¢ (log scale)

FIGURE — Dynamics of the local means trait

d. (other parameter values taken from RONCE et KIRKPATRIGK 2001, fig.1)
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Numerical comparison with RONCE et KIRKPATRICK
2001’s model, in a small variance (2 =2.5-1073)4

Local variance in trait 1
150 —— Local variance in trait 2
----- Fixed variance [RK01]

Variance

10° 10 107 0°

Time ¢ (log scale)

FIGURE — Dynamics of the local variances in trait

d. (other parameter values taken from RONCE et KIRKPATRIGK 2001, fig.1)
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Numerical comparison with RONCE et KIRKPATRICK
2001’s model, in a small variance (2 =2.5-1073)4

Skew 1
—— Skew 2
----- Skew null [RK01]

Skewness

10° 10 107 0°

Time ¢ (log scale)

FI1GURE — Dynamics of the local skews

d. (other parameter values taken from RONCE et KIRKPATRIGK 2001, fig.1)
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t:=€"Pmaxt, s:=

Scaling to get a dimensionless system and scaling time

, m =

7Hnax

— ne(t,2) :=

Tmax ~ la

ni(t, z).
rnqax ¢ ’
K~ 1, 0~ (1)L

Dac
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Scaling to get a dimensionless system and scaling time

dpe i — 3
52% = Pe,i [1 — Peyi — S ((Za,i - (_1)1)2 + 52)] + m(pa,j - pa,i)
+O(e*),
(Se) :
e28ei — 925 (1) —2.,) +m Lot (22,5 — Zei) + O(eY).

Two different time scales : ecology and evolution.
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Monomorphism in the small variance regime

d(ze1 — Ze2) Pei | Pe2
2 € € e e — _ 2
" = —m |+ | (Ze1 — Ze2) + O(7).
dt Pe,2 Pe,1 ( : : ) ( )
—_——
<-2m
¢ Due to the mixing effect of migration, Z. ; and z. ; relax quickly
towards the same dominant trait z*.
¢ z* moves according to slow dynamics (driven by the selection
term), which justifies the scaling of time.
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Fast-slow analysis result *

Proposition

The solutions (pe 1, pe,2,Ze1,Ze,2) of (Se) converge uniformly over finite
time towards a solution (p1, p2,z*,2*) of the unperturbed system (Sp)
when € vanishes (depending on initial conditions) :

o[l = pr = s (% + 17— m] +mpa =0,
(Sp) : g P2 [1—p2—s(z"=1)2—=m] +mp; =0,

. P2 _p1
z* pP1__ P2 *
a =25 (p2+pl—2’>,

pL P2

The first two equations define the slow manifold (C (]Rj)2 x R)
constituted by the fast equilibria. The slow variable’s dynamics (last
ODE) happen on that manifold.

. * the proof relies on arguments from LEVIN et LEVINSON 1954
17 /24
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Fast-slow analysis result *

Proposition

The solutions (pe.1, pe2, Ze1,Z,2) 0f (Se) converge uniformly over finite
time towards a solution (pi, p2, z*,2*) of the unperturbed system (Sp)
when € vanishes (depending on initial conditions) :

p1[1—p1—s(z*+1)>=m]p1+mps =0,
(So): {P2[l=p2—s(z"=1)° =m] +mpy =0,

5o P2 _P1

2z p1L P2 *

dt—25<p2+p1—z>,
P17 P2

(Sp) has a reduced complexity in comparison to (S:). (and this result
does not depend on the selection functions!)

. * the proof relies on arguments from LEVIN et LEVINSON 1954
17 /24
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Using the symmetries of the system to solve for
equilibria

pr[l—p1—s(z"+1)>=m]+mpy =0,
(So): P2 [L—p2—s(z" = 1) —=m] +mp; =0,

Aot P2 _P1
zT P1L P2 *
P11 P2

19 /24
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Using the symmetries of the system to solve for
equilibria

p2 [1 = pa—s(2*=1)* —=m] +mp; =0,
(So) : m[l—m—s(z +1)? = m] +mpy =0,
Pr1

-2 =25 ("Qp2 —I-Z)
P1+

pP2  P1

Invariant :
(Php%z*) = (PZ;Ph —Z*).
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Asymptotic equilibrium analysis
0Oe00000

Using the symmetries of the system to solve for
equilibria

pa [1—p2—s(z*= ) —m] +mp; =0,
(So) : pl[l—m Sp( )? —m] +mpy =0,
Pl _

gg
= (p1+02 )7

(,01,,02, Z*) = (an P1, _Z*)'

Invariant :

Algebraically :

IP € Rs[X], P<p2+p1):o.
P1L P2

19 /24
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Results : equilibrium analysis

o If s < 1, there exists a unique symmetrical equilibrium :

Z*:O, p1:p2:1—s.

o If [1+2m < 55| A [m? > 4s(m —1)], then there exists
additionally a unique mirrored couple of asymmetrical
equilibria.

o Elsewhere, no (fast) equilibrium exists.
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Results : equilibrium analysis (same with colors)

W Asymmetrical equilibria

[0 Coexistence of asym. and sym. equilibria
" Symmetrical equilibrium

Il No (fast) equilibrium

Migration rate (m)

1o

20

Strength of selection (s)
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Stability

When 1+ 2m > s, the slow manifold can be globally parametrized by
z* (slow variable) :

(So) ~

z* *\ . p(z*)—g(z*) 1 *
B =16 =2 (R )

o Both asymmetrical equilibria are locally stable upon
existence.

o The symmetrical equilibrium is locally stable if and only if the
asymmetrical equilibria do not exist.

21 /24



Introduction and motivation Model Fast-slow analysis

0000 0000000 0000

Stability

Asymptotic equilibrium analysis
000e000

m=5.00, 59 < 1+2m
m=3.25, 14 2m =5g
m=1.00, g < 1+2m < 5g
m=0.251+2m=g
m=0.02, 1+2m < g

c e e e

h

'\

T o e o

2%

FIGURE — Stability reading (s = 1.5, m € {0.02, 0.25, 1, 3.25, 5})

Références
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Summary of the stationary states of the model

EEl Extinction

B Specialist species (asym.)

B Possible extinction, depending on initial conditions
[0 Generalist species (sym.)

Migration rate (m)
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Numerical summary of the outcomes (2 = 2.5 - 1073)

301

Migration rate (m)

00

0.0 05 10 LS 20 25 30
Intensity of selection (g)
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Conclusion

(i) With sexual reproduction and in the small variance regime, the
assumption of normality on local trait distributions can be
justified.

(ii) Bistable asymmetrical equilibria have been analytically
found in the regime of small variance.
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Conclusion

(i) With sexual reproduction and in the small variance regime, the
assumption of normality on local trait distributions can be
justified.

(ii) Bistable asymmetrical equilibria have been analytically
found in the regime of small variance.

Prospects :
¢ Does it still hold when the segregational variance is not small ?

¢ The methodology developed relies heavily on the segregational
variance being constant and independent of the family, while being
small. What can be said about the validity of such an assumption ?

¢ Other frameworks with sexual reproduction ?
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