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blological context

From telomere biology to observed length distributions

@ Telomeres: chromosome ends, genome integrity, shortening at each division.

@ No maintenance — critical shortening, senescence, ageing. In contrast, cancer cells bypass
this via telomerase.

@ Experiment: steady-state length distribution; goal: infer the underlying mechanism.

@ Modeling telomere dynamics
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Adapted from Teresa Teixeira lectures

@ Inverse problem: parameter inference
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blological context

Long-read Nanopore sequencing

Why is it useful for telomeres?
@ Well suited to repetitive telomeric DNA.

@ Precise access to full telomere-length distributions.

AGCTCGCGGCATGC
GGCTGCCATCGCGT
AGGCTGCTCGAGGA
TTCAGCAGCATGAG

Image from Canada’s Michael Smith Genome Sciences Centre
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Data used in this work

Full telomere-length distributions from long-read Nanopore sequencing
@ Garrido (2026) pipeline.
@ Theulot (2025): additional mutants (rifIA, yku70A).
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Stochastic telomere dynamics

@ We follow the length of one telomere along a
single lineage across successive cell divisions.

Mathematical representation (Xu, 2013):

L, —a+ b, with probability P(L,). one tracked

lineage

L, — a, with probability 1 — P(L,),
Ln+1 =

Equivalent formulation:
Red path: one lineage followed

Loy1 = (Lh — a)+ + G Gy, over divisions.

@ a > 0: constant shortening per division.
@ C, ~ Bernoulli(f(L,)): elongation indicator.

® G, ~ Geom(p): elongation size, with
E[G,] =1/p.

@ f(L,): elongation probability.
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1, if L < L,

f(L)= 1
. ifL> L.
14 8(L— L) s
o Ls. threShOld beIOW Which recruitment N Function f(L,) for different B values with Ls = 90

is maximal,

@ [3: rate of decay of recruitment above

the threshold,

Interpretation

Very short telomeres have priority, while 00

longer telomeres can still be elongated with B
decreasing probability (Texeira, 2004).

V. Gavilanes
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State space and transition mechanism
We model the telomere length by a time-homogeneous Markov chain
(Ln)s>0 on E =N, with update rule

Ln+1 = (Ln - a)+ aF CnGm

where C, ~ B(f(L,)) and G, ~ G(p).
The chain is ergodic in the sense proved by Eugéne (2017): it admits a unique
stationary distribution

Transition kernel

Fori,j€ E,
1—£(i), Jj=(—a),
P(i,j) =P(Lnyr =j | Ln =1i) = § f(i)p(1 — p)d=F2~L, j>(i—a)+ +1,
0, otherwise.

Ergodic convergence

There exists a unique stationary distribution 7 and for all / € E,

IP"(i,) = 7llrv ——0
n— oo

- ____ __ _________________ ___ __ ____
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Finite truncation used in practice

We work on E;__ = {0,..., Lmax} (with a truncated geometric tail) and
compute 7 from
T =7P, Z w =1,
JE€EL

This is the equilibrium object used for parameter inference: = = m(6).

Convergence rate (finite state space)

On E; ., irreducible 4+ aperiodic = P"(i,-) — m with an geometric rate. If A, is
the eigenvalue with the second-largest modulus, then there exists C > 0 such
that

[P"(i,-) — mllrv < ClA2|".
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@ Example parameters: Lo ~ 1£(200,400), a =4, L; =90, 8 = 0.045, p = 0.026.
@ Simulation loop: 173.21s vs. meo: 0.21s.

- Step n = 499
0006 Stepn =1 oo0s p
£ simulation (hist)
— simulation (KDE)

£ Simulation (nist)
— simulation (KDE)

0.005 0,005

0.004 0.00a

gonoa gms
Initial distribution Steady-state distribution

This is what we expect from a model of telomere homeostasis: after enough divisions,
the system settles into a steady-state distribution.
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@ Modeling telomere dynamics

Biological mechanisms
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@ Inverse problem: parameter inference
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Inference principle

Parameter vector

0 = (a7 stﬂvp)

Compare model and data at stationarity
@ Data: empirical distribution 7exp from Nanopore reads.

@ Model: stationary distribution mmoa(6).

Estimation

0 € arg min WA (Trexp, Tmoa(6))
0co

where W, denotes the 1-Wasserstein distance. )

@ The Wasserstein distance is useful here because it compares the whole distribution.

@ In practice, optimization is performed with CMA-ES (Covariance Matrix
Adaptation Evolution Strategy).
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Wasserstein (1D): area between the CDFs KS distance: max vertical gap between CDFs
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Wasserstein distance: Kolmogorov—Smirnov distance:

dis (s v) = sup |Fu(x) — Fu(x)|
W) = [ 1F() = )
R It measures only the largest vertical gap
in dimension 1. It measures the area between the two CDFs.
between the two CDFs.

Biological interpretation

We want to compare the whole telomere-length distribution, not just the worst local error.
Wasserstein measures the redistribution needed to match model and data, making it more
relevant for comparing the full distribution shape.
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reproduces the main empirical features

Experimental vs Stationary Comparison CMA-ES (WT_repl with Wasserstein)

Before Optimization After CMA-ES Opti
A — Experimental data KDE — Experimental data KDE
0.012 v Curve to optimize CMA-ES curve
[N =~ a=8, B=0.100000, p=0.302000, L,=277 == a=3, $=0.008000, p=0.102000, L;=1
AR 5 WTrept. real dota) o optimize
HN =8, B=0.100000, p=0.302000, L,=277
0.010 HE =1 WT_rep1 (real data)
[
[
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@ The fitted stationary distribution reproduces the main empirical shape.

@ The framework captures differences in WT (first replicate).

Telomere Length Modeling 7 April 2026 13/



Comparison of experimental and fitted stationary distributions on real data
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RIF1_repl model (a=4, =0.0536, p=0.0116, L;=143)
KU70_repl KDE

KU70_repl model (a=8, B=0.0022, p=0.1100, L;=88)
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@ The fitted stationary laws reproduce the main empirical shapes.

@ They capture strong differences between WT, yku70A, and rif1A.
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Results

RIF1 repl: a=4, p = 0.0116 => E[G]=86

— Experimental (kde)

KU70_repl: a=8, p = 0.11 => E[G]=9

rtal (kde)

Exper

2
Pesk = 149

A —— Ls=88, B=0.0022 o —— Ls=1, B=0.0079 s —— Ls=143, B=0.0536
Strain a 1/p (Ls,B) Interpretation Literature
WT 3 10 (1, 0.0079)  balanced -
yku70A 8 9 (88, 0.0022) stronger shortening, slower decay 3" overhang problem

Soudet et al., (2014)

rifiA 4 86 (143, 0.0536) stronger  elongation,  extended  Increased elongation
plateau then faster decay Teixeira et al. (2004)
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discret to continous

Limite discret to continous

In the discrete model, the stationary law is obtained from
T=aP,
where
P(i.J) = (1= F() Ly=mayy + F() (1= pY ™ T g oy

With CMA-ES, this computation is repeated for many parameter sets, which is costly.

The continuous limit gives
&Q&ﬂ=a@«1—ﬂﬂx&ﬁn—ﬂﬂq&ﬂ+u/mHMQLQEM“”W,
0

and at equilibrium
atC(X, t) = O

Interest

The continuous model avoids repeated matrix computations and can strongly reduce
fitting time while keeping a good approximation of the stationary distribution.
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Imite discret to continous

Discrete vs continuous stationary distributions with a = 4, B=0.045, p = 0.026, Ls = 90.
—— Discrete stationary distribution
Continuous stationary distribution

0.004

0.003

Probability

0.002

0.001

0.000

Model Mean (s) Std (s) Speed-up
Discrete 1.1258 0.1634 1.00

Continuous 0.0002 0.0000 5184.64

Almost same fit, but more than 5000x faster. Crucial for repeated evaluations in
optimization by CMA-ES.
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Imite discret to continous

The continuous formulation is not only a numerical approximation. It also raises several
mathematical questions.

Main objective
Show that the solution of the continuous equation converges toward a stationary profile:
ICCt) = CO —0,  t— oo

Ideally, one would like an exponential convergence estimate:

IC(,t) = €O < Ce™ (1€, 0) = C()II-

@ Prove well-posedness of the integro-differential equation.

@ Prove existence and uniqueness of a stationary state.

@ Study convergence toward equilibrium (semigroup or entropy methods).
°

Justify that the continuous stationary profile approximates the discrete stationary
law.

This would justify replacing repeated computations of 7y by the equilibrium profile of
the continuous model during parameter fitting.
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perspectives

Take-home messages

@ A simple stochastic model with shortening and preferential rescue of short telomeres
captures the main experimental trends.

© The model provides a bridge between a biological mechanism and an experimentally
observed steady-state distribution.

© Across strains, the fitted parameters support distinct biological regimes of telomere
maintenance.

© The continuous model gives a very good approximation of the stationary distribu-
tion while being much faster than the discrete model, which is crucial for repeated
evaluations in CMA-ES.
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perspectives

Limits and perspectives

Practical identifiability

@ Fix Ls when independent biological or
empirical information is available.

@ Use likelihood profiles to detect flat
directions and weakly identified parameters.

@ Use a Bayesian approach such as ABC to
include prior biological information and
quantify uncertainty.

Ly

T
250 500 750

Model limitations and next steps

°

@ The current model follows one representative Example of end-specific heterogeneity.
telomere, not all chromosome ends jointly.

@ Next steps: include end-specific heterogene-
ity.
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perspectives
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