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@ Introduction



Clonal Reproduction versus Sexual Reproduction

Clonal Reproduction Vs,

@ individual reproduces out of
itself

o offspring = copy of the
parent

o offspring genom:

» 100% of genes of the
parent

Sexual Reproduction

Eltemzellen

(a‘

—Meiose— g,

@ individual needs a partner for
reproduction
@ offspring genom:

» 50% genes of mother
» 50% genes of father
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Clonal Reproduction versus Sexual Reproduction

Clonal Reproduction

+ fast growing populations

4+ no time loss for partner
selection

- genes stay constant over
generations

- hard adaptation to changing
environment

Sexual Reproduction

slowly growing population
time cost for partner selection
genetic variability

possible adaptation to
changing environment

correction of genetic defects

elimination of disadvantageous
mutations



© Clonal reproduction model
@ Trait substitution sequence



Clonal reproduction model

Bolker, Pacala, Dieckmann, Law, Champagnat, Méléard, ...

© ~ N : Trait space
n;(t) : Number of individuals of trait i € ©

Dynamics of the process

n(t) = (no(t), ny(t),...) € NN
Each individual of trait 7

@ reproduces clonally with rate b;(1 — )

@ reproduces with mutation with rate b;. according to some mutation
kernel M (i, j)

@ dies due to age or competition with rate d; + 27 Cijnj



Clonal reproduction model

Bolker, Pacala, Dieckmann, Law, Champagnat, Méléard, ...

© ~ N : Trait space
n;(t) : Number of individuals of trait : € ©

Dynamics of the process

n(t) = (no(t), ny(t),...) € NN
The population n;

@ increases by 1 with rate b;(1 — p)n;
e makes n; increase by 1 with rate b - M (i,7) - n;
o deceases by 1 with rate (d; + > cijn;j)n;
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Clonal reproduction model

Bolker, Pacala, Dieckmann, Law, Champagnat, Méléard, ...

© ~ N : Trait space
n;(t) : Number of individuals of trait i € ©

Dynamics of the rescaled process (with competition ¢;;/K)

S (1) = %(no(t),nl(t), ) e (N/K)Y

The population nf¢

i
@ increases by 1/K with rate b;(1 — p) - Kn¥
@ makes n]K increase by 1/K with rate b;M (i, j) - Knk

o deceases by 1/K with rate (d; + ) _; cijn]K) - Knl



Large populations limit

u=0and K — o Fournier, Méléard, 2004

Proposition

Let © = {1,2}, assume that the initial condition (n{(0),ni(0))
converges to a deterministic vector (zg,yo) for K — oco. Then the process
(nf(t),n& (1)) converges in law, on bounded time intervals, to the

solution of
d (z(t)\ _ [ (b1 —di — et — cioy)z
dt (y(t)) = X(z(t),y(t)) = <(b2 —dy — ez — céy)y) .

with initial condition (x(0),y(0)) = (xo,¥o)-

Monomorphic equilibria : 71; = %=%

Cij
Invasion fitness : f;; = b; — d; — ¢;jn;.




Large populations and rare mutations limit

Champagnat, 2006

p=uK)< (KlogK)™!

Start with nf<(0) = nyli—y + £ 1iy (time of the first mutation).
If y is fitter than z, i.e. fy, >0 and f;, <0, then with proba — 1:

population size
4

(D{{, l{y})

t-g i3 i
O(log K)

Subcritical BP

0 i
O(log K) o(1)

Supercritical BP
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Trait Substitution Sequence Champagnat, 2006

Proposition
Assume

o log K < KL” < exp(cK)

e V(i,j) € ©2, either f;; <0 or f;; >0 and fi; <O0.
Then the rescaled process

K _
(nt/K“)tZO = (nx, 1Xt)t20

where X is a Markov chain on © with transition kernel

PGi.7) = b 0 ),
J o
&i(x2)
&i(1)
&i(o)
10/29




© Mendelian diploid model
@ Genetic variability
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Mendelian Diploid Model

Collet, Méléard, Metz, 2013

Let U be the allelic trait space, a countable set.
For example U = {a, A}.

@ An individual 7 is determined by two alleles out of I/ :

» genotype:  (uf,ub) € U?
» phenotype:  ¢((ul,u)), with ¢ : U? — R,

@ Rescaled population:
let V; be the total number of individuals at time ¢,

Ny
1
M () = 22 2 Tty (1)

=1
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Reproduction rate of (u},u}) with (u], u}):

Juiui g

Number of potential partners of (ui,u4) x their mean fertility
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Reproduction rate of (u},u}) with (u], u}):

Juiui g

Number of potential partners of (ui,u4) x their mean fertility

Reproduction without muta-
tion: Probability 1 — pux

= Mendelian rules: newborn get-
ting genotype with coordinates
that are sampled at random from
each parent.

T

aA @) bB
5

Q
LR
@ @ @ @
‘l‘aB(\Ab(‘AB'
I O S W 13/29



Reproduction rate of (u},u}) with (u], u}):

Juiui g

Number of potential partners of (ui,u4) x their mean fertility

Reproduction without muta- Reproduction with mutation:
tion: Probability 1 — pux Probability pix

= Mendelian rules: newborn get- = changing one of the two allelic
ting genotype with coordinates traits of the newborn from a to b
that are sampled at random from according to the kernel M(a,b).
each parent. G?'Asc

Ll N
aA @) b8 s

[ ) +\

S ®) @ ®

® ® ® @ @ @ @ @
)
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Birth and Death Rate

Let U = {a, A}, and px = 0.
an

aa @aa

N : N %
@ The populations increase by 1 with rate / .'_
b (faaNaat+2 faanaa)? @ A)B/ ‘OG'MIA
aa

= TFaafaatfaAnaatfaanaa

b -9 (faaNaat+s faanaa)(faanaa+s faanaa) ‘ V\ Q’
ad = faaNaatfaanaa+faanaa QA" 00
bas = (faanaatifaanaa)® \%K T

faaNaatfaanaa+faanaa GA'.GA
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Birth and Death Rate

Let U = {a, A}, and px = 0.
Qe

aa@aa
The populations increase by 1 with rate / X > I
°
a6
b (faanaa“l‘ farnaa)? @ A)ﬂ/ ‘GG"GA
aa

= TFaafaatfaAnaatfaanaa

b =92 (faanaa+§faAnaA)(fAAnAA+%faAnaA) ‘. L2 Q’
ad = faaNaatfaanaa+faanaa QA" 00
(faanaa+ifaanaa)? \%K --

baa = faaNaatfaanaa+faanaa GA'.GA

@ The populations decrease by 1 with rate
daa = (Daa + Caa,aanaa + Caa,aAnaA + Caa,AAnAA)naa
doa = (Dga + Coaaalaa + Caaaafas + Coa,aanaa)naa

dasa = (Daa+Caaaanas+ Casaanas + Caaaalaa)Naa
14/29



Large populations limit Collet, Méléard, Metz, 2013

Proposition

Assume that the initial condition (nX(0), n%,(0),n% ,(0)) converges to a
deterministic vector (z, Yo, 20) for K — oco. Then the process

(nXE (1), nE,(t),n% 4(t)) converges in law to the solution of

d x(t) baa(T, Y, 2) — daa (2, Y, 2)
— (y(t)> = X(x(t),y(t),2(t)) = (baA(wvy, 2) — daa(z,y, Z)>

bAA(x,ya Z) - dAA(xaya Z)

(fAAz+lfaAy)2
° baa(z,y,2) = m

® daa(x,y,2) = (Daa+ Canaa® + Canaay + Caanaz)z
@ and similar expressions for the other terms

15/29



The 3-System (aa,aA, AA)

Phenotypic viewpoint

o allele A dominant » AA 17

) aa ¢

L

o allele a recessive

L

The dominant allele A defines the phenotype = ¢(aA) = ¢p(AA)
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The 3-System (aa,aA, AA)

Phenotypic viewpoint

o allele A dominant » AA 17

) aa ¢

L

o allele a recessive

L

The dominant allele A defines the phenotype = ¢(aA) = ¢p(AA)
® Cyjugvive =€ Vujug,v1v2 € {aa,ad, AA}

° fAA:faA:faaEf
0 Dya = Dys =D but Dyg = D+ A
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The 3-System (aa,aA, AA)

Phenotypic viewpoint

o allele A dominant » AA 17

) aa ¢

L

@ allele a recessive

L

The dominant allele A defines the phenotype = ¢(aA) = ¢p(AA)

® Cyjugvive =€ Vujug,v1v2 € {aa,ad, AA}

° fAA:faA:faaEf
0 Dya = Dys =D but Dyg = D+ A

= type aA is as fit as AA and both
are fitter than type aa

16 /29



Work of Bovier, Neukirch (2015)

Start with nZK(t) = Ngalimaq + %h:aA then :

[T Maa
— Nan

[ — N.,

N~

O(loglKI')l O(1) I I > O(Il(l/4+c)

The system converges to (0,0,7144) as t — oo but slowly ! R



Genetic Variability ? Polymorphism?

Suppose a new dominant mutant allele B
appears before a A dies out.

Suppose that phenotypes a and B cannot reproduce.

Can the aa-population recover and coexist with the
mutant population ?

We will study the deterministic sytem and start with initial condition
ni(0) = naali—aa + €li—aa + €li—ga + € 1i—aB

18/29



Model with a second mutant

Mutation to allele B — U = {a, A, B}
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Model with a second mutant

Mutation to allele B — U = {a, A, B}

o
B aa gy aA gl AA B #) AB

= 6 possible genotypes: aa, aA, AA, aB, AB, BB
= Dominance of alleles a < A < B

19/29



Model with a second mutant

Mutation to allele B — U = {a, A, B}

2 @ ® @ @ 6
B cc U oA gl AA gl aB gld AR giy BB g

= 6 possible genotypes: aa, aA, AA, aB, AB, BB
= Dominance of alleles a < A < B

Differences in Fitness:

o fertility: fu=fa=fp=1Ff
@ natural death: D, =D+ A >Dy =D >Dg=D— A
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Birth Rates

No recombination between a and B

20/29



Birth Rates

birth-rate of aa-individual:

_ TNaa (naa + %naA) %naB (%naA + %naB)

baa = Pool(aa) Pool(aB)
%naA (naa + %naA =+ %naB)
Pool(aA)
Pools of potential partners:
aa aA aB
aa aa aB aB
AA AA BB

AA BB

21/29



Competition

No competition between a and B

22/29



Competition - first try

aa | aA AA | aB AB BB
aa | c¢ c c 0 0 0
aA | ¢ c c c c c
AA | ¢ c c c c c
aB| 0 c c c c c
AB| O c c c c c
BB | 0 c c c c c
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Competition - first try

0 100 200 300 400 500 600 700
aa aA AA aB AB BB oo



Competition - first try
100 ?(/\w 6060 200

~10}

-5} \

-20¢F

-25¢

-30

-35
aa aA AA aB AB BB
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Competition - second try

competition felt by < competition felt by
nqa from B-individuals naa from B-individuals

@ the decay of aA-population slows down

@ aa-population can recover

25 /29



Competition - second try

aa| aA AA | aB AB BB
aa | c¢ c c 0 0 0
aA | ¢ c c c c c—n
AA | ¢ c c c c c
aB| 0 c c c c c
AB| O c c c c c
BB| 0 |c—n ¢ c c c
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Competition - second try

0 100 200 300 400 500 600 700
aa aA AA aB AB BB .



Competition - second try

~10}

-15¢

-20¢F

-25¢

-30

-35

aa aA AA aB AB BB
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Recap - Dimorphism in two mutations

Mutation 1 A Mutation 2
-

0 100 200 300 400 500 600 70 0 100 200 300 400 500 600 700
P~ i — [
/ 200 300 ——#00———600—600 700 t 500 600 700
5| —sk
-10 -10f &
-15, -15}
-20 -20¢
25 _2sf
-30
-35
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1.Phase: Fixation of the mutant

number of individuals

100 200 300 400 500
T T T

@ AB grows to level gq
@ aB,BB < ¢

T

25!

/

T LT

200 300 400 500

log of the number of individuals

= perturbation of the 3-system (aa,aA, AA) of at most O(gg)

600

time
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2.Phase: Invasion of the mutant

number of individuals T T T

Ng T 100 300 500 600 time
5
-5
A ;
10
3
=Naa
=Naa

= Naa n

2 EL - nA;
—=nam —=Nag
=nNes =nes

1 —nag ~20 s
—ngg

A //
- A S, =25 N
100 200 300 400 500 600 time log of the number of individuals
T T LT

@ aa,aA,aB < ¢y
= perturbation of the new 3-system (AA, AB, BB) of at most O(z)
= use results of Bovier, Neukirch (2015)

® Nga + ngp increases if n >0
29 /29



3. Phase: Recovery of aa

number of individuals T T LT

fig T 00 300 500 600 time
5| —
3
=Nas
-lap

=n,

2 0o =Naa
-nar =N
—naa =nae
— N =nes

1 - Nas. 20| 5.
—ngs

= 5 //
i S T 25! ol
100 200 300 400 500 600 time log of the number of individuals

o AA small enough
@ aA big enough
= aa starts to reproduce out of itself as much as with the other partners.
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4. Phase: Coexistence

number of individuals T T

fig . 100 300 — 600 time
: r
—
3
=Naa
—naa

= Nas =nm

B =Neg

o =Nag

= Na& =nNes
- -20

L nas Zs

- Ngg
i * /!
=25

100 200 300 400 500 600  time
1 T LT

log of the number of individuals

Delicate phase : aa grows out of itself and feels no competition with BB
= convergence to coexistence-fixed-point 74, BB

BUT meanwhile :

due to Mendelian recombination, aA,aB, AB have a "bump” upwards,

and due to competition with them BB has a "bump” downwards.
29 /29
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