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Goal:
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Assumption: Y and S independent conditionally on 7.



Goal:
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Assumption: Y and S independent conditionally on 7.

This talk: Conditional on 7.



@ From the Brownian Motion to the Cauchy Process
e Brownian Motion
e Relaxed Brownian Motion
e Cauchy Process

® Cauchy Process on a Tree
e CPon a Tree
e Likelihood Computation
e Ancestral State Reconstruction

© Integrated Processes
e Velocity Statistic
e Integrated Brownian Motion
o Belief Propagation



@ From the Brownian Motion to the Cauchy Process
e Brownian Motion
o Relaxed Brownian Motion
e Cauchy Process

® Cauchy Process on a Tree

© Integrated Processes



Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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® The trait evolves like a BM in time
® Speciation — two independent processes

® Only tip values are measured

time (Mys)
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Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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SDE: d Xy =o0dB;

Heredity: Xg|X7 ~ N(X7, 0%tg)

Covariances: Cov(Y;, Y;) = a2V
e Distribution: Y ~ N (ul,,02V)
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Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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® Heredity: X8|X7 ~ N(X7, th)
® Distribution: ¥ ~ MN(1,u”,V, X)
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Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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e SDE: dX; = £¥/2dB; :
longitude

Heredity: X8|X7 ~ N(X7, th)

Distribution: Y ~ MN(1,u7,V, X)

® Note: Y3|X7 ~ N(X7, (tg + t3)£)
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® Brownian Motion:

X8|X7 ~ N(X7, tgz)



Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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® Brownian Motion: Xs|X7 ~ N (X7, tsX)

® Relaxed Brownian Motion: Xs|X7, 98 ~ N(X7, 8 X tgX)



Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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Brownian Motion:
® Relaxed Brownian Motion:

® Regularisation:

X8|X7 ~ N(X7, tgz)
Xg|X7, pg ~ N (X7, g x tgX)
6; ~ L() iid
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Brownian Motion
Relaxed Brownian Motion
Cauchy Process
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® Relaxed Brownian Motion: X;[Xpa(iy, #i ~ N (Xpa(iy; @i X tiX)
o; ~ L(8) iid

® Regularisation:

® Unsampled tip: Changes the whole distribution.



¢j | v ~ Inv-Gamma(v/2,v/2)
xj | xpa(j)7¢ja z NN(Xan),¢j X th)



Brownian Motion
Relaxed Brownian Motion
Cauchy Process

¢j | v ~ Inv-Gamma(v/2,v/2)
Xj | Xpaj)s @5» X ~ N (Xpa(j), 95 X )

gives:

Xj | Xpagiy, v ~ To(Xpa(y), )



From the Brownian Motion to the Cauchy Process Brownian Motion
Cauchy Process on a Tree Relaxed Brownian Motion
Integrated Processes Cauchy Process

Inverse-Gamma Normal Mixture

¢j | v ~ Inv-Gamma(v/2,v/2)
X;j | Xpa(): 95> E ~ N (Xpa(j)s ¢ X HE)

gives:

X | Xpa) T v ~ To(Xpa(jy, tE)

Student: not a stable distribution.

a(pag))

X; | Xpa(pa(i))s Es ¥ #To(Kpa(pa(i)): (i + tpai)) E) -

— adding a node changes the whole distribution.
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Brownian Motion
Relaxed Brownian Motion
Cauchy Process

Stable distribution: X is stable if, for X1 and X iid copies of X:
aX1 + bX, = cX+d (a, b,c > 0)
IS

Characteristic function: Symmetric « stable distributions :

E ¢ = o(u; 0,7, 1) = expliop — yul®)

Density: Only tractable in two special cases:
® o = 2: Gaussian distribution.
® o = 1: Cauchy distribution.

0.4

=== Cauchy

0.3 == Gaussian

0.2

0.1

Note: See also the Lévy distribution for 00
an asymmetric stable distribution.

-4 0 4



Brownian Motion
Relaxed Brownian Motion
Cauchy Process

Cauchy Propagation:

X | Xoati): 0 ~ C(Xpa(j): 15)

Stable Distribution:
Xi | Xpa(pa(i)): @ ~ C(Xpa(pa(i)): o (t + toa(j)))

Density:
1 1

Itq ( tja@))

® Xpa(j) is the location parameter.

P (X | Xoa(i) o) = -

® ot; is the scale parameter.



¢j | v ~ Inv-Gamma(1/2,1/2)
X | Xoa(iy: 83:0% ~ N (Xa(), 65 % 071)

gives:

Xi | Xpaiy: 0% ~ Ti(Xoa(s)» o°t))



Brownian Motion
Relaxed Brownian Motion
Cauchy Process

¢j | v ~ Inv-Gamma(1/2,1/2)
X; | Xan)>¢j702 ~ N (Xoa(j)s @5 % o°t))

gives:

Xi | Xpaiy: 0% ~ Ti(Xoa(s)» o°t))
~ C(Xpa(j): 7\/1))

“Cauchy-RRW" — Still not stable !



Brownian Motion
Relaxed Brownian Motion
Cauchy Process

phenotype

Brownian Motion:



Brownian Motion
Relaxed Brownian Motion
Cauchy Process

phenotype

time

Cauchy Process:

E [eiuX(t)] = exp (%t/ (eiux —1— iUX]I{|X| < 1}) i_;) _ e—Ut|U|
R



Brownian Motion
Relaxed Brownian Motion
Cauchy Process

phenotype

time

Cauchy Process:

XE =X+ Y (XE - E[X{)

k>1
2 d
XK ~ Compound Poisson rate: — dist: — on Ik
T 2x2
_ . . _l_1._ 1.1
Io —]—OO,—l]U[1,+OO[, Ik—]-;,—m]u[k—_’_l,r[kz:l
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@ From the Brownian Motion to the Cauchy Process

® Cauchy Process on a Tree
e CPonaTree
e Likelihood Computation
e Ancestral State Reconstruction

© Integrated Processes



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction
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Heredity: X8|X7 ~ N(X7, O'2t8)

Covariances: Cov(Y;, Y;) = a2V

Marginal: Y; ~ N (1, 02 V;)

Distribution: Y ~ N (ulp, 02V)
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o Heredity: Xg|X7 ~ C(X7,0tg)
® Covariances: do not exist.
® Marginal: Y; ~ C(p, 07j)

® Distribution: Y ~ ?



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

0 | Y3
Y1 b _
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Yy . _ Ye
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time (years)
o Heredity: Xg|X7 ~ C(X7,0tg)
® Covariances: do not exist.
® Marginal: Y; ~ C(u, o)
e Distribution: Y ~ MC(u1,vphy(-))



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Likelihood:
1 —iuTyY
p(Y | p,0)= ) e e PY| X0 (U;0)du
Exact Algorithm:

Can compute the integral explicitly, with one traversal of the tree.

Complexity:
Quadratic in the number of tips.

Stability:
Sums of large positive and negative numbers: numerical issues.



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Density for an ancestral state:

p(Xj=v|Y, X, =p,0)=
POV | X = v.0)p(Y . = v | X, = o)
p(Y|Xr:lu’7U)

Can be computed for a grid of values v.
(Linear in the number of grid values.)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Density for an ancestral state:

p(Xj=v|Y, X, =p,0)=
POV | X = v.0)p(Y . = v | X, = o)
P(lerzﬂaa)

Can be computed for a grid of values v.
(Linear in the number of grid values.)

Can be multimodal !



Cauchy reconstruction:




Cauchy reconstruction:

20

1.0

0.0




CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Cauchy reconstruction:

1 1
I
2.0

1.0

Shifted BM: Some shift configuration are not identifiable.

{DE[E i*&
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Cauchy RRW:

~ Montreals

Simulations



@ From the Brownian Motion to the Cauchy Process

® Cauchy Process on a Tree

© Integrated Processes
e Velocity Statistic
e Integrated Brownian Motion
e Belief Propagation



Summary:

Velocity Statistic:

WLDV — zicbranches %
>_icbranches ti




Velocity Statistic
Integrated Brownian Motion
Belief Propagation

MCMC: Sample (0, Tk, ¥y) from
p(0, 7,4 |Y,S)

Ancestral reconstruction: Sample ancestral positions Xy from
p(X|Y, 0k Tk)
Displacement: for each branch i at iteration k

d,’; = ||kaa(') - X,i||2 = distance covered on branch /

tj = length of branch i in tree Tx

Velocity Statistic:
N
L od!
WLDV) = —Z',jl k
i=1 i



Models: Brownian Motion, Relaxed Random Walk, Cauchy



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Models: Brownian Motion, Relaxed Random Walk, Cauchy
Velocity is not defined | processes have infinite variation.



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Models: Brownian Motion, Relaxed Random Walk, Cauchy
Velocity is not defined | processes have infinite variation.
Sampling inconsistent: the more densely sampled, the faster the

process appears

100 200 300 400 500
Number of tip nodes in the subsampled tree

Weighted lineage dispersal velocity (km/year)
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Brownian Motion
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Velocity Statistic

Belief Propagation

Integrated Brownian Motion
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Integrated Brownian Motion
t
V(t) = v -|—/ odB; ~ N (v, o%t)
0
t o2
X(¢) = %0 + / V(s)ds  ~Nixo+wot, 5 )
0



Velocity Statistic
Integrated Brownian Motion
Belief Propagation
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Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Integrated Brownian Motion

t t
V(O =V, + [ 0dB X()=X,+ [ V(s)as
0 0
Velocity (BM):

E[V]] =V,
Var[V,-; Vj] = ZT,'_,'

Position (IBM):
E[X,] = VpT,' —+ Xp

Var[x,,XJ] = zTU |:7—I.7-j + Tij (% o Ti -12_ Tl):| .



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

X1

L. X, ~ N (,T)

Xe —X3 XJ | Xpa(j) NN(qjxpa(J) + ¥y, zj)

Xs Xy

Pruning: Likelihood pg(Xops) in O(n).
Belief Propagation: Ancestral density pg(Xanc|Xops) in O(n).

— with missing data.



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

BM:

X; | Xpagi) ~ N (Xoa(i): 4R)
IBM:
60)1Ge) -
X/ | \Xpa(j)
10 Voa(i) i t2)2
VG D)o Gen) (e 23) o
— joint velocity / position vector is linear Gaussian



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

MEXICO

CUBA,

Viral Phylogeography 32/35



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

MEXICO

DOMINICAN

JAMAICA . ~REPUBLIC

§ BELIZE




Three processes:
® Strict Brownian Motion
® Relaxed Random Walk - Cauchy Process
® Integrated BM 10U

Efficient Likelihood Computation:
® Linear Gaussian process
® Sequence / Trait independence

® No geography / temporal variables

Perspectives:
e Multivariate Cauchy o
® Include spacial co-variables
® Prediction 7
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Definition:

X~MC, <= a’'X~C ,VacRP.



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Definition:

X~MC, <= a’'X~C ,VacRP.
Characterization:
X ~ MC, <= éx(u)=E [euTX] — oii(u)=(u)
with:

{ p(au) = an(u) Va e R,u e RP.

7(au) = [a] 7(u)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Definition:

X~MC, < a’X~C , VacRP.
Characterization:
X~ MCp < ¢x(u) =E [euTX] _ pin(u)—y(u)

with:

{ p(au) = au(u) Va e R,u e RP.

v(au) = [a] y(u)
Student with v = 1:

X ~ MTp(N: T v=1) < ¢x(u) = e“Tﬂ—\/“T}:"

~ PaulBastide Viral Phylogeography
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B b vg|r (uB;0) = exp (ipug — otg |ugl)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

A
. < Syl (uai0) = &0 (jnua — ota lual)
B b vg|r (uB;0) = exp (ipug — otg |ugl)

Joint distribution:

D vavelr (Ui0) = Py, r (Uai ) X Dyyir (UBiT)

=exp (in(ua + ug) — o(ta|ual + ts |usl))



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

A
. < Syl (uai0) = &0 (jnua — ota lual)
B b vg|r (uB;0) = exp (ipug — otg |ugl)

Joint distribution:

D vavelr (Ui0) = Py, r (Uai ) X Dyyir (UBiT)
= exp (in(ua + ug) — o(talual + ts |ugl))

— multivariate Cauchy...
...but not Student:

Y(u) = o(ta|ua| + tg |ug|) # VuT Zu



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Branch Characteristic Function:

¢Xj’Xan) (u;0) =exp (iXan)u — ot |u|)

Tree Characteristic Function: Conditionally on Xioor =

n
O¥ X (W) =exp iy =0 Y | > w

k=1 j#root kedesTips(j)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Branch Characteristic Function:

¢Xj’Xan) (u;0) =exp (iXan)u — ot |u|)

Tree Characteristic Function: Conditionally on Xioor =

n
O¥ X (W) =exp iy =0 Y | > w

k=1 Jj#root  |kedesTips(j)
o
Multivariate Cauchy but not a Student with v = 1.



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

X

¢Yj|xj (uj;a):exp iX; Z Uk_U'Z tk Z up

k€EdesTips(j) keEdesj I€desTips(k) / A



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

¢Yj|xj (uj;a):exp iX; Z Uk_U'Z tk Z up

k€EdesTips(j) keEdesj I€desTips(k) / A
Propagation: A

yit

dvix (Wi0o) = qﬁyjllxj (uj1;0)><¢Y,~2|Xj (W?;0)  conditional independence



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

X

¢Yj|xj (u’;a) =exp | iX; Z U —o Z ti Z u

k€EdesTips(j) keEdesj I€desTips(k) / A

Propagation: "
i

dvix (Wi0o) = ¢Yh|x,- (uj1;0)><¢Y,~2|Xj (W?;0)  conditional independence

¢Yi1|xj ("jl;a) :/

iyT !
B [/pY,-1|le(y;x)pxj1|Xj(X;XJ-)dx]ey "dy
rR" /R



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

¢Yj|xj (uj;a):exp iX; Z Uk_U'Z ti Z up

k€EdesTips(j) keEdesj I€desTips(k) / A

Propagation: A
yit

dvix (Wi0o) = ¢Yh|x,- (uj1;0)><¢Y,~2|Xj (W?;0)  conditional independence

Yi

¢Yi1|xj ("jl;a) :/

R

iyTull
:/ [/ Pyi|x, (¥ix)e” v dy] P, |x; (xi Xj) dx
R R

iyTult
|:/pri1|le (y;X)ple|Xj(X;)<j)dX:| eV vdy



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

¢Yj|xj (uj;a):exp iX; Z Uk—UZ ti Z up

k€EdesTips(j) keEdesj I€desTips(k) / A

Propagation: A
yit

dvix (Wi0o) = ¢Yh|x,- (uj1;0)><¢Y,~2|Xj (W?;0)  conditional independence

Yi

¢Yj1|Xj (u‘llyo') :\/n'
R

iyTull
:/ [/ Pyi|x, (¥ix)e” v dy] P, |x; (xi Xj) dx
R R

— /R |:¢YJ'1|XJ.1=X (Ujl;a)] ple|Xj (X;Xj)dX

iyTult
|:/pri1|le (y;X)ple|Xj(X;)<j)dX:| eV vdy



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

¢Yj|xj (uj;a):exp iX; Z Uk_U'Z ti Z up

k€EdesTips(j) keEdesj I€desTips(k) / A

Propagation: A
yit

dvix (Wi0o) = ¢Yh|x,- (uj1;0)><¢Y,~2|Xj (W?;0)  conditional independence

Yi

¢Yi1|xj (ujl;a)zexp -0 Z ty Z ul | x

kEdes ji I€desTips(k)

E |exp | iZ Z Uk with Z ~ C(Xj, ot,)
kedesTips(j1)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Characteristic Function:

¢Yj|xj (uj;a):exp iX; Z Uk_U'Z ti Z up

k€EdesTips(j) keEdesj I€desTips(k) / A
Propagation: A

yit

dvix (Wi0o) = ¢Yh|x,- (uj1;0)><¢Y,~2|Xj (W?;0)  conditional independence

¢Yi1|xj (ujl;a)zexp -0 Z ty Z ul | x

kEdes ji I€desTips(k)

exp | iX; Z ux — otj, E Uk

ke€desTips(j1) kedesTips(j1)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

1 —i T
pY [ 10) = (2m)" /R e M Yy xpp (u;0)du

1 —iul . ?
p(Y|p,,o)=W/e “Yexp luZuk—oth Z ug| | du
& R? k=1 jF#root kéedesTips(j)
Idea:
® take a node j with two descending tips k and /
® change of variable : v, = ux + uj and vy = uy

® integrate out v;.

back



Partial Likelihood:

+o0

r 1 sgn(u .
p(Y | z,0,T)= W/ > C5Yexp (—otrs|ul — iu(ys — z7)) du.
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Partial Likelihood:

r 1 +w sgn(u B
p(Y | z,0,T)= W/ > C5Yexp (—otrs|ul — iu(ys — z7)) du.

—° beLy

Recursion formula:

Cp= Cm,b

s

Z < Ck,c + Ck,c >
o(tic — tin) +i(ye —yb) — o(tin + tic) — i(ye — yb)

cEdesTips(k)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Partial Likelihood:

+o0
p(y | z,0,T)= (27r)|LT|/ Z 5 exp (—atrs|u] — iu(ys — z:)) du.

bELy

Recursion formula:

Ck c Ck c >
C,=0C, = + £
e ’b Z (0(% —tin) +i(ye —yb)  o(tip + tic) — i(ye — yb)

cEdesTips(k)

Initialization for any tip i: Cf, = C; = 1.



Conditional Independence:

o (5 o) = (v [ 7)o (#27)



Conditional Independence:

b [T ) = (s |20} (3| 007)
Integration on parent branch:

+o00
p (yk ‘ Zpa(k),0,77<_) =/ p (yk ‘ Zk,0,77<_) P (2 | Zpah), o) dzi



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

Conditional Independence:

o (5 v ) = v [ 7)o (#27)

Integration on parent branch:

(5 [ )= |

— 00

+o0

p (yk ‘ Zk70,77<_) P (2 | Zpak), 0 ) dzk
Recursion:
P (yk ‘ Zpa(k)> @ Tie ) = (2‘”)%“ /j: /:r:: exp (i(u +V)Zpa(k) — otklu + v|)

X Z Cffz(u) exp (—oty.p|ul — iuyp) Z C:%E(V) exp (—oty.c|v| — iuyc)| dudv
beL; cELj



Root integration:

Rr,bUtr:b + Ir,byb

2
Y I=00) =5 D Tty

bedesTips(r)



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

A A

c

Recursion Formula:

C C
C- — Cm k,c _ k,c . >
o Iy i <U(fj:c = tin) +i(ye — yb) * o(tip + tic) — i(ye — yb)

cEdesTips
Exact:
Can compute the integral explicitly, with one traversal of the tree.

Complexity:

Quadratic in the number of tips.

Stability:

Sums of large positive and negative numbers: numerical issues.

Theoretical problem:



CP on a Tree
Likelihood Computation
Ancestral State Reconstruction

A A

c

Recursion Formula:

C C
C- — Cm k,c _ k,c . >
o Iy i <U(fj:c = tin) +i(ye — yb) * o(tip + tic) — i(ye — yb)

cEdesTips
Exact:
Can compute the integral explicitly, with one traversal of the tree.

Complexity:

Quadratic in the number of tips.

Stability:

Sums of large positive and negative numbers: numerical issues.

Theoretical problem: Division by zero ! o



From the Brownian Motion to the Cauchy Process CP on a Tree
Cauchy Process on a Tree Likelihood Computation
Integrated Processes Ancestral State Reconstruction

Chelonia Dataset

4{444{444444{::5§%%%§%%§

Jaffe et al. (2011)

summary (data)

Max.
## 2.303 2.996 3.296 3.482 3.892 5.497

## Min. 1st Qu. Median Mean 3rd Qu.
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summary (exp (data))

## Min. 1st Qu. Median Mean 3rd Qu. Max.
## 10.00 20.00 27.00 41.67 49.00 244.00



summary (exp (data))

## Min. 1st Qu. Median Mean 3rd Qu. Max.
## 10.00 20.00 27.00 41.67 49.00 244.00
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Velocity Statistic
Integrated Brownian Motion
Belief Propagation
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From the Brownian Motion to the Cauchy Process Velocity Statistic
Cauchy Process on a Tree Integrated Brownian Motion
Integrated Processes Belief Propagation

Existing Approaches
RRW: Lemey et al. (2010); Fisher et al. (2021)

p(6,0 | Y) o p(Y| o) p(¢)p(o) with & ~ Inv-Gam(1/2,1/2)

General Stable Process: Elliot and Mooers (2014)

General Lévy Process: Landis et al. (2013); Duchen et al. (2017);
Landis and Schraiber (2017)

— large latent space, numerical integration

New approach: Direct numerical likelihood maximization.

Paul Bastide Viral Phylogeography 17/35



From the Brownian Motion to the Cauchy Process Velocity Statistic

Cauchy Process on a Tree Integrated Brownian Motion
Integrated Processes Belief Propagation
Greater Antilles Anolis Lizards (Mahler et al., 2013)
log(SVL) i ﬁ d » 3

T T T T T 1 Anolis sagrei
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library (cauphy)

fitContinuous(phy, svl, model

## [1] -4.700404

fitContinuous(phy, svl, model

## [1] -4.700404

fitCauchy(phy, svl, model

## [1] 4.441921

fitCauchy(phy, svl, model

## [1] 4.926054

Velocity Statistic

"cauchy", method

"lambda", method

"BM") $opt$1lnL

Integrated Brownian Motion
Belief Propagation

"lambda") $opt$1lnL

"fixed.root")$logLik

"fixed.root")$logLik
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Lizard Dataset
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Cauchy RRW:

a
)



Cauchy RRW:
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Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Selected Model: [Jll v [l ou [ ea [ cP

EB  NIG1 NIG3 NIG5 NIG 10
Simulation Model

1

o

0

Count
I ~
o ol

)
a

0

Simulations:

Design similar to Landis and Schraiber (2017).

Model selection with AIC criteria. o



estimated dispersion

Method EE ML E3 REML

' 0 0 i
10 20 30 40 50 100 150 200 250
number of tips

REML: Re-root at a tip.

Velocity Statistic
Integrated Brownian Motion
Belief Propagation
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25/35

Viral Phylogeography



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

~ 4
Y1 - -
l—Yz o
8
s AR
e
Y, N
L T
Ys o | Y,
r T T T 1 ! T T T T T
_g s ” 2 0 -8 -6 -4 -2 0
time (Mya)

® Heredity: Xg|X7 ~ N(X7,02tg)
® Covariances: Cov(Y;, Y;) = a2V

e Distribution: Y ~ N (ul,,02V)



Velocity Statistic

Belief Propagation

Integrated Brownian Motion

~
Z1-Y1 i
l—zz'Yz o
8
3-Y3 AR
]
Z4-Y, N
N
;ZS-Y5 - v,
T T T T | T T T T T
8 6 4 2 0 -8 -6 -4 -2 0
time (Mya)

® Heredity: Xg|X7 ~ N(X7,02tg)
® Covariances: Cov(Y;, Y;) = a2V

e Distribution: Y ~ N (ul,,02V)

26/35



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

~ 4
Z1-Y1 - 4
l—Zz =Y, o
8
3-Y3 AR
e
Z4-Ys N
N -
Lzs -Ys
o | A
r T T T 1 ! T T T T T Y
8 6 4 2 0 -8 -6 -4 -2 0

time (Mya)
® Observation: Y1|Zy ~ N(Z1,5%)
® Covariances: Cov(Y;,Y;) = 0?Vjj + 025;

e Distribution: Y ~ N (ul,, 02V + s%1,,)



Relax the BM variance structure:

V(A)ii = Vi
V(A\)j = AV



From the Brownian Motion to the Cauchy Process
Cauchy Process on a Tree Integrated Brownian Motion
Integrated Processes

Pagel's Lambda (Pagel, 1999)
Relax the BM variance structure:

V()i = Vi
V(A)j = AVjj

Equivalent to running a BM on a modified tree with:

At if / internal node

t()\),': e
Ati+ (1= A)T;  if i leaf

A=1 A=0.5 A

—

0

i

Paul Bastide Viral Phylogeography 27/35




Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Pagel's Lambda: (ultrametric tree with height T)

Y ~ N(plp,03V(A) V) =AV+(1-NTI



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Pagel's Lambda: (ultrametric tree with height T)

Y ~ N(plp,03V(A) V) =AV+(1-NTI
BM with measurement error:

Y ~ N(pl,, 0V + s21)



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Pagel's Lambda: (ultrametric tree with height T)

Y ~ N(plp,03V(A) V) =AV+(1-NTI
BM with measurement error:
Y ~ N(pl,, 0V + s21)
Equivalent if:

o?T

=arie D= o ST



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Pagel's Lambda: (ultrametric tree with height T)

Y ~ N(plp,03V(A) V) =AV+(1-NTI
BM with measurement error:
Y ~ N(pl,, 0V + s21)
Equivalent if:

o?T

=arie D= o ST

A is the phylogenetic heritability



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

At if i internal node
Ati+(1—=A)T  if i leaf

A=1 A=0.5 A=0

—




At if i internal node
t(A)i = .
Ati+(1—=A)T  if i leaf

Cauchy on the transformed tree:

08 6y e (0 2) = :uzuk-a Syl Y

Jj#root kedesTips(j)



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

At if i internal node
t(A)i = .
Ati+(1—=A)T  if i leaf

Cauchy on the transformed tree:

108 Dy |Xoo (U0, A) l,uz Uk — O\ Z t Z Uk

Jj#root  |kedesTips(j)

—oa(1=NT Y |uj]

i tip



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

At if i internal node
t(A)i = .
Ati+(1—=A)T  if i leaf

Cauchy on the transformed tree:

108 Dy | X0 (U0, A) ’“Z Uk — OxA Z t Z Uk

Jj#root  |kedesTips(j)

—oa(1=NT Y |uj]

i tip
Cauchy Errors:
O\ =0 ox(1=A)T=s



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

At if i internal node
t(A)i = .
Ati+(1—=A)T  if i leaf

Cauchy on the transformed tree:

108 Dy | X0 (U0, A) ’“Z Uk — OxA Z t Z Uk

Jj#root  |kedesTips(j)

—oa(1=NT Y |uj]

i tip

Cauchy Errors:
ol
0T +s

)\:O'-l-S/T



® Heredity: X8|X7 ~ C(X7,0‘t3)

® Observation: Y1]|Z1 ~ C(Z1,5)
® Marginal: Y;i ~C(u,0T +s)

Equivalent to Pagel's A.



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Easy to implement:
Transform tree for each A.

Phylogenetic Heritability:
® X\ = 0: no heritability.

® )\ = 1: no individual variation.

Individual variation:
Measurement error, intra-specific variation, multiple
measurements, ...

Valid for any a-stable process.



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Definition:

X~MC, < a’X~C ,VacRr.
Characterization:
X~ MCp <= ¢x(u)=E [euTx] = e n—(w)

with:

(u) = /S luTs|do(s)

and o(s) is a spectral measure on the sphere Sp.



Assumption:

X=AV with A: pxgqg and V vector of g iid Cauchy



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

Assumption:

X=AV with A: pxgqg and V vector of g iid Cauchy

Notes:
e If p = g, then getting the density is easy.
® g > pis allowed.
® Cauchy on a tree : special case with p = n and ¢ =2n — 2.



From the Brownian Motion to the Cauchy Process Velocity Statistic

Cauchy Process on a Tree Integrated Brownian Motion
Integrated Processes Belief Propagation
Special Case: Linear Combinations (Kidmose, 2001)

Assumption:
X=AV with A: pxgqg and V vector of g iid Cauchy

Notes:

® |f p = g, then getting the density is easy.

® g > pis allowed.

® Cauchy on a tree : special case with p =n and g =2n— 2.
Characteristic Function: Assuming V; ~ C(u;, o})

¢x(u):ei"T”_7(“) with  ~(u /}u s’da and

Z oi/ AT A;(5(s — s;) + (s + 7).

Paul Bastide Viral Phylogeography 33/35



Velocity Statistic
Integrated Brownian Motion
Belief Propagation

gaussian student linear cauchy orthogonal linear cauchy

student linear cauchy orthogonal linear cauchy
20
10
> 0
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From the Brownian Motion to the Cauchy Process Velocity Statistic

Cauchy Process on a Tree Integrated Brownian Motion
Integrated Processes Belief Propagation
Special Case: Linear Combinations (Kidmose, 2001)

Assumption:
X=AV with A: pxgqg and V vector of g iid Cauchy

Notes:

® If p = g, then getting the density is easy.

® g > pis allowed.

® Cauchy on a tree : special case with p=n and g =2n— 2.
Perspectives:

® For p =2, and any g: we can get the density.

® |t looks like a mixture of Cauchy-Like distributions.

® Can we do any p ?

Paul Bastide Viral Phylogeography 35/35
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