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Probabilistic setting

Let T > 0 a finite horizon and consider set of labels T = {&} U :: N".
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Probabilistic setting

Let T > 0 a finite horizon and consider set of labels T = {&} U U:OT N".
m (B{):epo, 7] is a standard Brownian motion in R” for j € T;

m Q'(dt, dz) is a Poisson random measure on [0, T] x R, with intensity dtdz
for i € Z;

m {B',@ ,i,j €T} forms a family of mutually independent processes.
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Probabilistic setting

Let T > 0 a finite horizon and consider set of labels T = {&} U U:OT N".
m (B{):epo, 7] is a standard Brownian motion in R” for j € T;

m Q'(dt, dz) is a Poisson random measure on [0, T] x R, with intensity dtdz
for i € Z;

m {B',@ ,i,j €T} forms a family of mutually independent processes.

Consider A a compact space subset of a Euclidean space.

Definition (Standard strong control)

We say that 8 = (B;)iez is a standard strong control if 8 is an F-predictable
measurable AZ-valued process.
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Controlled population

Considering V; the set of alive particles at times s, the controlled branching
diffusion is described by
B _ E
ft - (Syti,B 3

icVy
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Controlled population

Considering V; the set of alive particles at times s, the controlled branching
diffusion is described by
B _ E
ft - 6Yti‘5 3

iEVy
such that

m Spatial motion: each i moves according to the following stochastic
differential equation

dYi? = b (Y7 el BL) ds+ o (Y7, €l, L) dBL .
Therefore, the motion is associated with the generator L, with
1
Lo(x,M,a) = b(x,\ a)T Dp(x) + ETr (mr-r(x7 A, a)D2<p(x)) ,

m Branching rate: given that i is alive at s, the probability that she dies in
[s,s+0s) is

v (V&P €8, BL) 85 + o(ds) -
m Branching mechanism: When / dies, she has an offspring with probability

(pe (Y24, €2, 1))
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Strong SDE

Let DY = ([0, T]; M(RY)) be the set of cadlag functions from [0, T] to M(RY).
The controlled branching diffusion is associated with the following SDE on D¢

(@) = (pe))+ /ZDw (Ya?) o (Vi el 8L) dB,

t ieVy

S
+/ > Lo (vit el pl) du
t

ieVy

/ D D k= DRV, (1 p ) (2)Q )

(s]XR+ ey, k>0

with 1(x, A, 2) = [0, A, 3) 023 pelx A @), 2 X @) kg pelx A, 2))
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Existence and uniqueness

Assume the following conditions

m b and o are Lipschitz continuous, i.e., there exists L > 0 such that
|b(x, A, a) = b(x', X, )| + |o(x, A, a) = o(x', X', 3)| < L(|x = x| + dga(A\, X)) ;

m b, o and ~ are uniformly bounded;

m the first and second order moments related to (pk)« are uniformly bounded,
i.e., there exist a constant C > 0 such that

kak(x,)\,a) <C, Z k(k —1)pk(x,A\,a) < C.
k>1 k>1

Let t € [0, T], A € M(RY) with \ := > icy Ox and V finite, and 3 be a
standard strong control. There exists a unique (up to indistinguishability) cadlag
and adapted process (ff)s>t satisfying the previous SDE such that ff =
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Martingale properties

Fix (t,\) € [0, T] x M(R?), with A\ =", 6,., V finite, and 3 a standard
strong control. Therefore,

Fw(ﬁ?)—/ Fo (60) Y Lo (viP el 6l) +
t

i€Vs
SFL(E) Y | oo (i) o (Vi 6. 80)
i€EVs
+> v (vit, el 8l)
i€ Vs
<Z Fo (Z oy + (k= 1)5Y«',ﬁ> pi (YiP 68, BL) — Fy (£6) >du
k>0 j€Vs ’ ‘

where F, denotes the the cylindrical function F, = F({y,-)), for F € C}(R)
and ¢ € C(RY)
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Control problem

Reward function: Fix 1) € Cp(R? x M(R?) x A) and ¥ € Co(M(R?)). Consider
the following reward function

.
A(t, X 8) :=E [/ D w (VP el Bl) ds + w (€7)

tojevs

134 ﬂ]
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Control problem

Reward function: Fix 1) € Cp(R? x M(R?) x A) and ¥ € Co(M(R?)). Consider
the following reward function

.
A(t, X 8) :=E [/ D w (VP el Bl) ds + w (€7)

tojevs

134 ﬂ]

Control problem:

vi(t,\) = sup {Jl(t, \B):B€e R(lw}.
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Verification theorem

Let w be a function in Cp ([07 T] x M(Rd)) and fix (t,\) € M(RY), and
assume the following

wr(X) = W(N), for A € M(RY);

{Ws Es /Zi[} Y'B,fu,ﬁu)du s € [t, T]}/salocal

ieVy
submartingale, for any B € R(t 57

B there exists 3 € R (.5) such that

{Ws 55 /Zl/} YJﬁ,fu,ﬁu>du s € [t, T]}lsa/oca/

toiev,
martingale.

Then,_B is an optimal control for v(t, N), i.e., vi(t,X) = h(t, \; B), and
vi(t, A) = we(N).

Antonio Ocello
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But
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But ...
what if the particles are too many?
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Scaling limit
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N=100
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Weak formulation

Let A be the set of {B(]Rd) ® ]-'s}s-predictable processes from [0, T] x R? to A.
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Weak formulation

Let A be the set of {B(]Rd) ® ]-'s}s-predictable processes from [0, T] x R? to A.
Let £' be the generator

1
LFo(x, N 8) = EZ(A)LAO(X,/\,a)+5':;/(/\)IDAD(X)U(X,)\,a)I2

#9062 2) | D Fe (4 (k= 1)8) e A ) = Fio ()
k>0
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Weak formulation

Let A be the set of {B(]Rd) ® ]-'s}s-predictable processes from [0, T] x R? to A.
Let £' be the generator

1
LFo(x, N 8) = F;(A)LAO(X’/\,a)+EFZ(A)IDAD(X)U(XJ\,B)IQ

+(x, A, a) (Z Fo (A + (k= 1)5,) pi(x, A, a) — Fy (>\)> )

k>0

Definition

Fix (t,A) € [0, T] x M(R?) with A =", 6, with A=>",_ 4,/ and V finite.
We say that (P, ) € P(D?) x A is a controlled branching diffusion process, and
we denote (P, a) € R(lt’A), if P(pue = A) = 1 and the process

ME? = Fo(us) — / / L2 (6, s (x)ul )l
t JR

is a (P, F)-martingale for any F € CZ(R), ¢ € CZ(R?), and s > t.
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De-zooming

Consider the de-zooming of the population solution in D of the previously

considered SDE
m_1, 1 Sy,
& = nﬁnr =5 5Y,’1t'

i€Vt
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De-zooming

Consider the de-zooming of the population solution in D of the previously

considered SDE
m_1, 1 Sy,
& = nEnr =5 5Yn't~

i€Vt

Therefore, the previous martingale problem translates into

n ° 1/ n n
Fw(”ﬁg))*// {Fw(na‘u’)w(x,na( ), au(x)) +
¢ Jre [N

+$ Fg (n{,(,")) |D4p(x)o' (X, ng("), au(x)) |2 +
+y (x, nE®, ay(x) ) (Z Fy (ngg") + (k- 1)5x) pk — Fy <ng£")) ) nel" (dx)du
k>0

is a (IP, F)-martingale for s > t, and for any F € C2(R) and ¢ € CZ(RY).
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Weak rescaled formulation

Renaming ¢/n with ¢ and « for nvy oin the previous computation, we obtain a
new martingale problem. Let £" be the generator

1
LMFo(x, N a) = F;(A)L¢(X,A,a)+ZFQ(AHD@(X)J(X,A@)P

+7(x, A, a) ZF(/; ()\-i- k_lfsx) Pk — Fo ()

n
k>0
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Weak rescaled formulation

Renaming ¢/n with ¢ and « for nvy oin the previous computation, we obtain a
new martingale problem. Let £" be the generator

1
LMFo(x, N a) = F;(A)L¢(X,A,a)+ZFg(A)|D¢(x)a(x,A,a)|2

k—1
+7(X7>‘73)<k>0 v( n X) Pk—Fw()\)> .

Fix (t,A) € [0, T] x M(R?) with A=>",_, 6 with A=23"_ 6,and V
finite. We say that (P, ) € P(D?) x A is a n-rescaled controlled branching
diffusion process, and denote (P, ) € R{, ), if P(u: = A) =1 and the process

M = Rt = [ [ £
is a (P, F)-martingale for any F € C2(R), ¢ € C2(R?), and s > t.
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Controlled superprocesses

Suppose that pi(x, A, a) = px and that >, kpx = 1.
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Controlled superprocesses

Suppose that pi(x, A, a) = px and that >, kpx = 1.
Let £ be the generator -

1
LF (A a) = FL(A)Lp(x, A, a) + EF*Z (M) v(x: A a)p?(x) -
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Controlled superprocesses

Suppose that p«(x, A, a) = px and that Zk>0 kpx = 1.
Let £ be the generator -

1
LF (A a) = FL(A)Lp(x, A, a) + EF*/”/ (M) v(x: A a)p?(x) -

Fix (t,A) € [0, T] x M(Rd). We say that (P,a) € P(D?) x A is a controlled
superprocesses, and denote (P, ) € Ry, if P(1: = A) = 1 and the process

ML = Fo(us) — /ts /Rd LF, (X, puy au(x)) pu(dx)du

is a (P, F)-martingale for any F € CZ(R), ¢ € CZ(R?), and s > t.
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Scaling limit

Fixa € A, t € [0, T], and X\, A, € M(R?), for n > 1, such that
An=12 EIEV,, din and X\p — X for n — oo. Then,

m there exists a P" € P(D?) such that (P",a) € Riean)

m P" — P for n — oo;

m there exists a unique P € P(D?), denoted by P1“**), such that
(]P), a) S R(t,A)-
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Scaling limit

Fixa € A, t €0, T], and A\, A\, € M(R?), for n > 1, such that
An=12 EIEV,, din and X\p — X for n — oo. Then,

m there exists a P" € P(D?) such that (P",a) € Riean)
m P"— P for n— oo;

m there exists a unique P € P(D?), denoted by P1“**), such that
(]P), a) S R(t,A)-

Reward function:

]
Juelt N ) 1= B l / / 0 (6, s, () s s + W ()
t Rd

Mt—/\]
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Scaling limit

Fixa € A, t €0, T], and A\, A\, € M(R?), for n > 1, such that
An=12 EIEV,, din and X\p — X for n — oo. Then,

m there exists a P" € P(D?) such that (P",a) € Riean)
m P"— P for n— oo;

m there exists a unique P € P(D?), denoted by P1“**), such that
(]P), a) S R(t,A)-

Reward function:

]
Juelt N ) 1= B l / / 0 (6, s, () s s + W ()
t Rd

Mt—/\]

Control problem:

Voo (t, A) = sup {Joo(t,)\;oz) RS A}.
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Scaling limit

Fixa € A, t €0, T], and A\, A\, € M(R?), for n > 1, such that
An=12 EIEV,, din and X\p — X for n — oo. Then,

m there exists a P" € P(D?) such that (P",a) € Riean)
m P"— P for n— oo;

m there exists a unique P € P(D?), denoted by P1“**), such that
(]P), a) S R(t,A)-

Reward function:

]
Juelt N ) 1= B l / / 0 (6, s, () s s + W ()
t Rd

Mt—/\]

Control problem:
Voo (t, A) = sup {Joo(t, Xa):a€ A}.

And now, we can start optimizing ...
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Dynamic programming principle

We recall

)
Veo(t,A) = sup B [ / / W (x, s, as(x)) ps(dx)ds + W ()
t RrRd

acA

:U't_)\:|

If we have an optimal control &, what is the behaviour of an optimally controlled

trajectory (us), under P(t:2)7
t,\,&)9

How Ve (5, is) and veo (5 + h, pisip) for s,s 4+ h € [t, T] under P 7

Theorem (Dynamic programming principle)

We have

acA

Voo(t, A) = inf E]Pt»\ya |:/ /d ¢(X,Ms,as(x))ﬂs(dx)ds+ Voo(Ty ,LL-,—):| )

for any (t,\) € [0, T] x M(]Rd), and T stopping time taking value in [t, T].
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Differential properties

A continuous and bounded function u : M(Rd) — R has a linear derivative ) u

if there exists a bounded function dyu : M(Rd) x RY 3 (A, x) = dau(), x) €R,
continuous for the product topology, such that

u(\) — u(\) = / /d Sau (EA+ (1= )X, x) (A = X) (dx) dt,

for \, N € M(Rd). We denote Cl(M(Rd)) this class of functions.

We say u has intrinsic derivative Dyu if u € Cl(M(Rd)) and dyu is of class C*
with respect to the second variable, and

Dxu(X, x) = Oxdau(X, x).

We denote with Cl’l(M(]Rd)) this class of functions.

Antonio Ocello LPSM, SU
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Generalized martingale problem

We define the operator L on u € Cs’z(M(Rd)) by
T 1 T
Lu(A,x,a) = b(x, A a) Du(A, x)+ ETr (ao (x, A, a)@xDAu(/\,x))
1
+§7(X7 )\7 a)éiu(:uv X, X)

for (x,),a) € R? x M(RY) x A.

For (t,\) € [0, T] x M(Rd) and o € A, the following are equivalent:
(P, @) € Reenys

the process

MY = () — / 5 / Lt ) )l

is a (P, F)-martingale for any u € C2*(R%), and s > t.

Antonio Ocello LPSM, SU
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HJB equation

1 1
H(x, A, a,p, M, 1) = b(x, A, 8) Tp+ = Tr (00T (x, A, a)M) + S(x, A, @)r + 9(x, A, a).

Theorem (Verification theorem)
Let V : [0, T] x M(Rd) — R be a function living in
C®A([0, T) x M(RY)) N C°([0, T] x M(R?)). Suppose that V satisfies

a2 la=(t.x.2)
V(T,\) = W(\).

o0V (t,\) + / in; H(X, A, a,D\V(q),0<Dy\V(q), 6§\ V(q,x)) Adx) =0
€
R

and there exists a continuous function 3(t,x, \) valued in A such that

a(t,x,\) € arg mig H (x7 A, a, Dav(t, A, x), BxDav(t, A, x), 5av(t, /\,x,x)) .
ae

Therefore, if «* = {a;(x) := a(s, x, us),s € [t, T)} € A, then V = v and o*
is an optimal Markovian control.
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Exercise

Assume that b, o, and v do not depend on the measure. Fix h € Co(R?) with
h > 0 and define the following value function

welt.)) = sup B [op(~(hm))]

Proposition

Suppose there exists a function w € C,([0, T] x R?), such that

—0rw(t,x) — sup {b(x, a) " Dw(t, x) + % Tr (crch(x7 a)D?w(t, x))
acA

~ S aw(e 2} o0,
w(T,x) = h(x) .

Therefore, we have that

Voo (£, A) = exp ((w(t, ), A)) -
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Questions
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Questions

Modelling:
m Do these dynamics reflect reality?
m Which cost functions?

m What is important to control? Is it a direct control or an inverse control?

Antonio Ocello LPSM, SU

Control of branch



Optimization
00000000

Questions

Modelling:

m Do these dynamics reflect reality?

m Which cost functions?

m What is important to control? Is it a direct control or an inverse control?
Mathematics:

m Convergence rate for the scaling limit

m Characterization of regular solutions for the HJB equation

m Viscosity solutions for the HJB equation

m Simulations
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