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Vector-borne Diseases

@ Vector Borne Diseases involve at least 3 components :

@ Vectors: usually bloodsucking arthropods like mosquitoes (malaria, dengue,
chikungunya, yellow fever, west Nile fever), ticks (Lyme disease), fleas (Black
Death)....

@ Hosts (humans for our models)

@ Pathogens: plasmodium (malaria), virus (dengue, chikungunya, Zika), bacteria
(Yersinia pestis for the Black Death)

@ Other species can be involved, for instance as reservoir (like birds for the west Nile
fever or rodents for the Black Death)
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Mosquito-borne Diseases

o Diseases transmitted by hematophagous
organisms: 17% of world's infectious
diseases (WHO).
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Mosquito-borne Diseases

o Diseases transmitted by hematophagous
organisms: 17% of world's infectious
diseases (WHO).

o Female mosquitoes need blood to
produce the eggs. Transmission through
the bite.

@ Mosquitoes of the genus Anopheles:
Malaria

@ Mosquitoes of the genus Aedes: dengue
fever, Zika, Chikungunya, yellow fever.
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Aedes mosquitoes: public health problem (Dengue)
@ = 400 million infections every year.
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Aedes mosquitoes: public health problem (Dengue)

@ = 400 million infections every year.
@ = 3.9 billion people at risk in 129 countries.

o No efficicient vaccine, nor antiviral drugs.

@ Expansion of vector's habitat (global trade, global warming, reduction of predator
populations ...)
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Dengue vector population : Tiger mosquito in France

France métropolitaine
Départements oU le moustique-tigre
est installé au Ter janvier 2023

2022

Aedes albopictus installé
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How to fight it?

o Natural and mechanical control: reduction of egg-laying sites, helping natural
predators, removal of larvae - implementation complexity, time-consuming, economic
cost...
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How to fight it?

o Natural and mechanical control: reduction of egg-laying sites, helping natural
predators, removal of larvae - implementation complexity, time-consuming, economic
cost...

@ Insecticide: ecological drawbacks, not species-specific, indirect effect of predator
population which may also lead to mosquito overpopulation in the following season,
rapid development of resistance ...

@ Biological control and Genetically Modified Organisms - past experience should lead
us to be cautious and avoid when possible.

o Natural to consider both continuous and impulsive controls.
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Species-specific methods we will focus on :

o Wolbachia method

- Reduction of the vector capacity. - Wolbachia vertical transmission.
- Cytoplasmic incompatibility. - Population replacement.

RELEASE PERIOD
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o Sterile insect technique

- Population reduction/suppression. - Recurrent intervention
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Mosquito life cycle
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Aquatic phase :

egg (few days to several months)
larvae (3 days to several weeks)
pupa (1-3 days)

Adult phase (~ 1 month)
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Mosquito life cycle

The life cycle for mosquitos may be schematized as follows
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Mosquito life cycle
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Targeting sexual reproduction: SIT

Sterile Insect Technique

Mass-rearing of ¥
insects takes
e n s‘peclal Male and female
facilities.

insects are separated.
lonizing radiation is
used to sterilize the
male insects.

The sterile male
insects are released
over towns or
cities...

Chaire MMB

..Where they

compete with

wild males to
mate with
females.

These females lay
eggs that are
infertile and bear
no offspring,
reducing the
insect population.
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Targeting sexual reproduction: SIT

Sterile Insect Technique (SIT) : releases of sterilized male mosquitoes. The release

function is denoted wu.
Introduce a new compartment for sterilized males, denoted M.
Probability for a female to meet a non-sterilized male is proportional to the proportion of

them, with a preferential parameter, denoted ~.
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Spatial problem - invasive wave propagation

Figure: Expansion of Aedes albopictus in
mainland France

Global warming and trade help Aedes mosquitoes to settle in many temperate regions
including Europe. They are not only an invasive species but also vectors for many
diseases including dengue, Zika and chikungunya.
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Sterile Insect Technique: Rolling carpet strategy

A strategy to avoid the epidemic risk is to repulse the invading wave of mosquitoes
(including expanding the mosquito-free area) using a Rolling Carpet strategy where we
act in a band of width L that moves with speed ¢ against the invading front.
Mathematical study helps optimizing this strategy (e.g. the amount of mosquitoes
released, M)
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SIT as a general technique against pests

Used since the 60's and combined with other control methods, the SIT has been
successful in controlling various insect pests, including

fruit flies (Mediterranean fruit fly, Mexican fruit fly, oriental fruit fly, melon fly);
o tsetse fly;

@ screwworm;

moths (codling moth, pink bollworm, false codling moth, cactus moth, and the
Australian painted apple moth)

@ mosquitoes.

With good "return on investment" according to FAO and IAEA.
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Bistable Dynamics and Traveling Wave solutions

Assumption : Bistable dynamics

Oru— Au = g(u)
—— <~

Diffusion Growth b :
Natural set of solutions : the traveling wave solutions  u(x,t) = ¢(x — cot).
Ou—Au=gu) — —cd —¢" =g(e).
¢ connects the two stable steady states :
¢(—o0)=1 and ¢(+00)=0.
The sense of propagation depends on sign(cp) = sign (fol g(v)dv)

Assumption : sign(co) > 0 : naturally, the mosquitoes invade the territory

Cot




The rolling carpet strategy

The idea is to act on a finite interval (0, L) and move this action like a rolling
carpet in the opposite sense to that of the natural invasion traveling wave.

Aim of the work : generate a traveling wave with a negative speed solution of

Ot — Au = g(U) (cet x> trery + Act(U) L cecn<iiar)s
u(—o0) =1,
u(4+o00) =0

Act

o L

Fig. 1. The system at time t =0



The rolling carpet strategy

The idea is to act on a finite interval (0, L) and move this action like a rolling
carpet in the opposite sense to that of the natural invasion traveling wave.

Aim of the work : generate a traveling wave with a negative speed solution of
atu —Au= g(u)l{x<ct,x>L+ct} + ACt(u)l{ct<x<L+ct}>
u(—o0) =1,
u(+o00) =0

" Act

N—

<t Lct0

Fig. 1. The system at t = t3



Numerical results

We perform numerical simulations of
Oif — O f = g(f, ms),

for c = —0.1, L = 20 and two sizes of releases M.
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Wolbachia

In this part, we will mainly focus on the spatial spread of Wolbachia bacteria into a wild
host population.

o Endo-symbiotic bacteria found in most arthropod species.
@ Maternally transmitted from mother to offspring.

o Causes cytoplasmic incompatibility (Cl) and blocks transmission of some viruses
(Dengue, Chikungunya, Zika) by Aedes mosquitoes.

o Several side-effects on its host (reduces fecundity, reduces lifespan, ...).

RELEASE PERIOD

Wild mosquito Mosquitoes with Wolbachia released Wolbachia establishes in the Q\d' Infecté Sain
population wild mosquito population —
Gt S e s Infecté | ]
320y A IR TS N T Sain x S
Uy 323332537330y Y 330333738
y "> 7
DN

without i 3‘ with

urce: http:

Then, it is a population replacement problem : replacing the wild population by a
population carrying the bacteria Wolbachia.
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Mathematical model

Only adult mosquitoes can fly and their dispersal is estimated to less than 1km during
their life time. Then we consider the simplified model for adult mosquitoes:

@ n;: density of Wolbachia-infected mosquitoes;

@ n,: density of uninfected mosquitoes;

@ dy,d; = ddy: death rate, 6 > 1;

F.,F; = (1 — sy)Fy: fecondity;

sn: cytoplasmic incompatibility parameter (fraction of uninfected females’ eggs
fertilized by infected males and which will not hatch);

@ K: carrying capacity ;

e D: dispersal coefficient (assumed to be constant and normalized D = 1).

Model i —An; = (1—sy)Funi (1 — “£2) — §dyns,
Ony — Any = Fyuny (1 — s, nii”'nu )(1 — %) — dynu, J

Luis Almeida Chaire MMB October 27th, 2022 17 /38



Mathematical model

Model

Oni — An; = fi(ni,ny) = (1 —sy)Fy nz( — m) — ddyni,
Onu — Any = fa(ni, nu) = Funu(1 — sn - J(1— 2wy — dyny,

o Nonnegativity: if at t = 0 the densities are nonnegative, then they are nonnegative
for any positive time.
@ Bound: solutions are clearly bounded uniformly by K (if so at ¢t = 0).

@ This model is competitive : d2f1 < 0 and 91 f2 < 0 on the quadrant (n;,n,) > 0.
Then an increase of n; (resp. n,) will affect negatively the population n, (resp. n;).

Luis Almeida Chaire MMB October 27th, 2022 18/38



Mathematical model: equilibria

We first consider the steady states (equilibria) for the associated ODE model, with no

diffusion.

Steady states

As soon as sy + 0 — 1 < dsp, there are four distinct nonnegative equilibria:
@ Wolbachia invasion (njy, nyw) := (K

o Wolbachia extinction (njg,n,g) := (0, K —

@ co-existence steady state
(nic,muo) = (K — 1=

- F7u 1—Sf
@ extinction (0,0) is unstable.

)

d—(1-sy)

dsp

_ % 1—53f70) is stable;
}f,—z) is stable;
dy 5 \O(sp=1)+(A—sp)y . .
(K — 1—sf) T ) is unstable;

Luis Almeida Chaire MMB
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Dynamical system

The question is to know whether we can pass from the Wolbachia-free equilibrium to the

Wolbachia infected equilibrium thanks to releases of mosquitoes and how to optimize the
releases.
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Dynamical system

Since the study of the spatial system is complicated, we first consider the dynamical
system neglecting the spatial dependency.

Mathematical model

Let u denote the release function. The dynamical system reads

Ly =1 —sp)Funi (1 — 2E2) — dyn; + u,

%nu = Funu(l — Sh ﬂ,ilin“ )(1 - L]{"“) - dunu’
ni(t=0)=0, nu(t=0)=njp:=K— &,

where s;, € (0,1] is Cl rate, K is environmental capacity, b; and d; are birth and death
rates.

Principle : Two competing populations (for breeding sites), with reproductive interference
by (unidirectional) Cl are exposed to releases u > 0.

Luis Almeida Chaire MMB October 27th, 2022 21/38



Dynamical system : an optimal control problem

We want to optimize the release strategy to be as close as possible to the
Wolbachia-infected equilibrium at the final time of treatment, denoted T :

Cost i 1
J(u) = ST + 5 (i = na(T)) 42
Constraints @ The local release of mosquitoes is bounded : 0 < u < U.
@ The total number of mosquitoes used is bounded (production

limitation) : 0 < fOT u(t)dt < C.

Optimization problem

T
min  J(u), with Z/{U,C,T:{Ogugﬁa.e.,/ u(t)dth}. J
0

“EMU,C,T

Luis Almeida Chaire MMB October 27th, 2022 22/38



Reduction of the optimal problem

As above, we may try to simplify the system by using the large fertility asymptotics,
ek 1,

0
{;tm- =(1- Sf)%ni(l — "”’%) — dduni + u,

O . .
n = (1 — o) (- 25 — duna,

As above, when ¢ — 0, we deduce
n; +n, = K(1 —en) + o(e).
Then we may compute the system of equation satisfied by n and the proportion

ng

p= NNy’

Luis Almeida Chaire MMB October 27th, 2022 24/38
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Reduction of the optimal problem

As above, by passing to the limit € — 0, the system reduces to
Reduced problem

P _ f(p) + uglo),
where
ddy  p(1—p)(p—0) sp+o-1
W= a -+ s ° 5
_ 1 (1-p)?
90 = K T prr (s

o = = = Do
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Reduction of the optimal problem

For the cost functional, we have
1
J(u) =5 ((ni +nu)(T)(1 ~ p(T)))?
L= e B ) (s 4 na)(Dp(T))?
2 TFO(1— sy T WM TP '
Thus, with the fact that n; +n., — K in C°([0,7]), we deduce that
J(u) = (K(1 - p(T)))%.

E—r

Luis Almeida Chaire MMB October 27th, 2022 26 /38
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Reduced optimal control problem

Reduced optimization problem

min (1 —p(7))?,
'“‘quC’T( ( ))
W|thUUCT—{0<u<U a.e. fo

u(t)dt < C}, where p solves the differential equation
P = () +ug(p),

f bistable,g > 0 on (0,1)

g(1) =0.

o = = = Do
Luis Almeida Chaire MMB




Reduction of the optimal problem

As a consequence we may prove the following result:
Theorem (LA, Privat, Strugarek, Vauchelet, SIAM Math. Anal. 2018)

Assume T' > C'/M and above assumptions on the coefficients.
Then, any solution u* to the reduced optimal problem satisfies fOT u*(t)dt = C and is
bang-bang (i.e. equal a.e. to 0 or U).

Moreover, if (u®) is a family of minimizers for the optimal problem for the full system.
Then, as € — 0, it converges in Ll(O, T') to a solution of the reduced problem. Moreover,
we have

lim min J°(u)= min (1-p(7T))>

e=>0uely o p uEUyG o 1

Luis Almeida Chaire MMB October 27th, 2022 28/38



Reduced optimal control problem

This problem is simpler to study than the full system. Indeed, we observe that when
u =0,
e if 0<p<6,then Lp<0;
e ifg <p<1,then Lp>0.
In other words, the basin of attraction of 1 is (6, 1), outside this domain, the solution
move away from 1. Hence to be optimal one expects the solution to go to this basin of

attraction as fast as possible. If the solution cannot reach this basin of attraction, it is
better to act at the end of the protocol.

Luis Almeida Chaire MMB October 27th, 2022 29/38



Reduction of the optimal control problem

Actually, we can get a precise description of the optimum:

Theorem (LA, Privat, Strugarek, Vauchelet, SIAM Math. Anal. 2018)

o If U < max — L) then the unique solution is given by u* = Ul[T—C/U,T]'

pel0,6] 9(p)

o Otherwise, defining C*(U) = foe #‘%”g(m, one has

e if C' < C*(U) then the solution is unique and equal to u* = Ul[T—C/ﬁ,T];
e if C' > C*(U) then the solution is unique and equal to u* = Ul ooy
o if C' = C*(U) then there is a continuum of solutions given by u} = Ul sic/m for

Xefo,T—C/U].

utt) aty ut)

0 ' 0 ¢ 0
0 T-cmM T 0 cm T 0 1 recmT
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Reduction of the optimal control problem

Interpretation.

@ the best release protocol in the framework of the frequency model consists in a
single release phase

@ If the amount of mosquitoes available is enough to cross the threshold 6, then it is
preferable to make the maximum effort at the beginning of the time protocol.
Indeed, p is increasing whenever p > 6, thus it is interesting to cross this threshold
as soon as possible

o if the amount of mosquitoes is not enough for p to reach the threshold 6, then p < 6
and p is decreasing when u = 0. In this case, the optimum is achieved acting at the
end of the time frame to avoid p to decrease

utt)

0 T-cmM T 0 cm T 0 1 recmT
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Epidemics: bringing humans and a disease into the picture

Sl = byH-— %VIIMSH — by Su
Ey = @IMSH —vaEy —buEu
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M
— M (1_ ?) —duM
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Epidemics: bringing humans and a disease into the picture

Sty buH — %IMSH — buSu

EYy ’%VIIMSH —vuaFEuy —buEn

Iy vyaEg —oulg —bulg
M B

: M(1-2) Mg 1y —

Su b ( K> i Syvlg —daSu

Ey £%¥59A41}1-— YmMErm — duEym

Iy Y En — dy I
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Epidemics: bringing humans and a disease into the picture

Sh
Ely
I
Sh

Ehr

Ing

Impulsive control: u(t) =5

by H — B?MIMSH —buSu

%VIIMSH —vyaEuy —buEu
YaEug —oulay —buly
M B
M(1-2) Mg 1,
b < K) i Syvlg —daSu
%VISMIH —vyvEMm —duvEm
Y Erm — dv I

»_,cid6(t—t;) Constraint: >"  ¢;=C
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Epidemics: bringing humans and a disease into the picture
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Goal: Minimise J(u) during an outbreak
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]
Use of Wolbachia

We add the mosquitoes with Wolbachia:
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Results: instant releases for Wolbachia

o C' < G(8): release before the outbreak reaches its peak.

o C > G(9): Release at t = 0.
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Use of Sterile mosquitoes
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Use of Sterile mosquitoes
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Results: 20 instant releases
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Conclusions for the epidemic model

e Wolbachia:

o Optimal strategy: One single release

o If we have enough mosquitoes to trigger a population replacement: release as soon as
possible.

o If we don't have enough: release before the peak of the outbreak.
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Conclusions for the epidemic model

e Wolbachia:

o Optimal strategy: One single release

o If we have enough mosquitoes to trigger a population replacement: release as soon as
possible.

o If we don't have enough: release before the peak of the outbreak.

@ Sterile mosquito:
o Strategy and results depend highly on the number of releases considered (when low).
o After ~ 20 releases almost no improvement.
o With few mosquitoes: spaced releases around the peak.
o With a lot of mosquitoes: spaced releases from the beginning.
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