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Derivative-free / Gradient-free optimization

Minimize f : x = (x;,...,x,) € R" = f(x)

approach x* such that f(x™) < f(x) for all x

Assume: derivatives or gradient of f not available

Zero-order black-box optimization

x € R"”

Many applications

(see also presentation Renaud)




Why stochastic numerical black-box optimization?

Difficulties inside the black-box

non-linear non-differentiable non-separable

“I non-quadyatic

G'BI.C —-05 0.0 0.5 1.0

B 1
discontinuous / multi-modal

ill-conditioned noisy

gradient direction —f'(x)"

Newton direction —H~'f"(x)!
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From Evolution Strategies (ES) to CMA-ES

Evolution Strategies (70s+)
randomized bio-inspired population-

based algorithms \l NEY 21
Rechenberg ®8 Schwefe| ==

CMA-ES (1996/2001 - today) The first fathers [in Rechenberg's
not enough bio-inspired? lab in Berlin =%

I ¥ RandOpt: Auger/Hansen/Brockhoff+Chotard

‘e Akimoto ™ (Glasmachers Hansen Ostermeier

1“1 Arnold

More than 70 million downloads of its two main Python implementations



From a simple ES to CMA-ES



A simple Evolution Strategy: (141)-ES

(1+ 1)-ES
one parent one offspring

Elitist selection: keep best among

parent and offspring
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t € N iteration index

X, € R" : parent at iteration t
o € R, : step-size
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~J
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IF offspring better than parent [ f(X,,,) < f(X) ] minimize f : R?2 5 R

X, = Xt+1 +keep offspring

ELSE \
X,.1 = X, #keep current parent %

RN



(141)-ES algorithm - minimize f: R" - R

WHILE not happy
X, =X +0o/(0,)

F f(X,,1) < f(X,) THEN
X, = Xtﬂ +keep offspring

ELSE
X,.1 = X, #keep current parent

ENDIF
t—t+1



(141)-ES algorithm - minimize f: R" - R

WHILE not happy
Xz‘+1 =X, + oA (0,1

IF Issue +#1:
- cannot converge “fast” if o fixed

100 R —— e — | ( )
3 | random search f X) =
estep—size too small - 3 ‘
=1
o constant step-size
E g n=10
T 10
C
o ;
'-8 | i step-size too large- - - - - - —
C 3
% __
=10 |
optimal step-size
(scale invariant)
1 0_9 ; ; ;
0) 0.5 1 1.5 2

. . :
function evaluations % 10
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1 O ,,,,,,,,,,,,,,,,,,,,,, - randomsearch ,,,,,,,,, i
step-size too small — :
) constant step-size
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-
O | o
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optimal step—éize
(scale invariant)
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function evaluations % 10"

Need to adapt the step-size — step-size adaptive ES



(141)-ES algorithm with 1/5-th success rule [Rechenberg]

WHILE not happy
X, =X+0,/0.1)
IFf(XtH) < f(X,) THEN

X, = Xr+1 +keep offspring

0,.1 = 1.5 X 0, #increase step-size
ELSE

X,.1 = X, #keep current parent
6., = 1.57"* x 5, F+decrease step-size

ENDIF
t—t+1



(141)-ES algorithm with 1/5-th success rule [Rechenberg]

WHILE not happy Achieves geometric (“linear”)
X, =X+0,/0.1) | convergence

IFf(Xt+1) S f(Xt) TH EN 0 constant o
10° AN eomsesor
X1 =X
O
GI+1: 15><Gl‘ %10—3
>
ELSE c
X — E _ -
t+1 t » 2107 R — _
o, =15"""Xogc, h ‘
optimal step—siz adaptive
EN DI F 9 (scale invariant) &l step-size o
10 | B
0 500 1000 1500
t—1+1 function evaluations

fx) = le.z - n=10
i=1
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Adaptive Step Size Random Search

MICHAEL A. SCHUMER, MEMBER, IEEE, AND KENNETH STEIGLITZ, MEMBER, IEEE

Abstract~—Fixed step size random search for minimization of
functions of several parameters is described and compared with the
fixed step size gradient method for a particular surface. A theoretical
technique, using the optimum step size at each step, is analyzed. A
practical adaptive step size random search algorithm is then pro-
posed, and experimental experience is reporied that shows the
superiority of random search over other methods for sufficiently high
dimension.

INTRODUCTION

e T T TN TRANTY AATYT YT 1 .. 1 - . &

' THE COMPOUND RANDOM SEARCH ALGORITHM. . :.

Lud P.DEVROYE

Rastrigin has compared a fixed step size random
search (FSSRS) method with a fixed step size gradient
method and concluded that under certain circumstances
FSSRS is superior. It is clear, however, that if the step
size of the random search method were optimum at each
step, even better performance would result. In this
paper, a hypothetical random search method that uses
the optimum step size at each point will be analyzed
for a hyperspherical surface. An adaptive step size

B i
e

Dept.of Electrical Engineering
Catholic University of Louvain,Belgium

St o

ABSTRACT

The optimization of a function of many va-
riables is investigated.A new algorithm is
proposed : the compound random search algo-
rithm (CRSA).This algorithm combines the
features of random search and non-random
"direct search.Each part of the algorithm

is @iscussed in detail.The CRSA is compared
with several other direct search methods

in many different problems.The results are
promising.Some modifications of the basic
search scheme make the CRSA particularly
.useful and efficient.

‘accelerate and control the search.Moreover,

new information must be gathered during the
search and transformed into useful datsa.
There is a remarkable resemblance between
this search and a learning process or a
game against nature.

A new algorithm is developed which performs
much better,even under the worst circum-
stances,than the powerful methods of Gucker
[13] or Rosenbrock l11!.Moreover,this met-
hod is one of the fastest random optimiza-
tion methods when an optimum must be loca-
lized guite accurately.In our discussion,
the rate of convergence is determined in

Invented (independently) in other communities

Schumer, Steiglitz, 1968 “Adaptive Step Size Random Search”

Devroye 1972 “The compound random search algorithm™

o



More issues with (1+1)-ES with 1/5th success rule:
candidate solutions are isotropically distributed

Xt_l_l — Xt+ ./’/(O,Id)




More issues with (1+1)-ES with 1/5th success rule:

candidate solutions are isotropically distributed

: X+ 0, 40,1

not adapted on ill-conditioned problems:

Level set of clonvex—quadratic function:
Jx) = E(X —x*)"H(x — x™)






ldeally on a ill-conditionned quadratic problem: E(X — 2" H(x — x*)

with cond(H) >>1 (order of 10°) sample with:

X +oc./(0,C) with C, x H™!



From (1+1)-ES to (u/u,,, 1)-CMA-ES

@ adapt the covariance matrix of sampling distribution:
step-size + covariance matrix adaptive ES = CMA-ES

® use a population: (u/u,,, A)-CMA-ES

® use mutation and (meta)-crossover



Adaptive Stochastic Optimization Algorithm
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Given e.g. 0, = (m,0,,C) €E R"X R, X &7,
w1~ N (my, o

X;+1—mt+6ﬂ/C t+1,l—1 /1
{U,t>1}i.id.

@ Sample candidate solutions X

! t+1




Adaptive Stochastic Optimization Algorithm

Given e.g. 6, =(m,0,C) € R"XR_ X & |
~ N (m,oc°C), i.e

@ Sample candidate solutions X

41 1 ........ e
th+1 — mt+ Gt\EU;_Hv | = 1 /1 é
{Ut,t>1}||d t+1~/V(O,J
0
® Evaluate and rank candidate solutions 2 |
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Adaptive Stochastic Optimization Algorithm

Given e.g. 6, =(m,0,C) € R"XR_ X & |

@ Sample candidate solutions X}

X'  =m+or/CU., i=1,.,2

~ N (m, o7 C), i.e1

{Ut,t>1} IId t+1N‘/V(O’Id)§ .
0 ________ L
® Evaluate and rank candidate solutions 2 ..... ..........................
Siv1(1) St+ (4) I
f<Xt+1 ) <f( t+11 ) S R
—2 0 2

® Update 6;:
92‘+1 T (91‘? [USH_l(l)a ceey SH_I(/D])

+1

should drive m, towards the optimum



Comparison-based = Invariance strict. increasing functions

Let g : Imf — Im(g) be strictly increasing
f(Xjff) <. < f(XfJf?)
<
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Consequence: same sequence{6,,t > 0} on for geof



Comparison-based = Invariance strict. increasing functions

Let g : Imf — Im(g) be strictly increasing
f(Xjff) <. < f(XfJf?)
<
eor () << ver ()

Consequence: same sequence{6,,t > 0} on for geof

£ = IxII? g1°f &°f



CMA-ES - simplified setting 8, = (m,,0,,C,) € R"XR_ X &7

Sampling 4+ ranking:
X, =m+o0y/CU., i=1,.,14 (U,t>1}iid U

1~ V(L)
F(xm®) << r(xm®)



CMA-ES - simplified setting 8, = (m,,0,,C,) € R"XR_ X &7

Sampling 4+ ranking:

X;H—m +0A/CU+11'—1 LA {U,t>1}iid U z+1 ~ N(0,1)
Si1(1) X+ (1)
f<Xf+11 ) - S f( 41 )
Update of 4
H H H
mt+1 = Z Wleir_ll(l) _ m + O-t Ct Z Wl Uti+1l(l) 1221 W = I’Iueff = 1/ZW12

1)
Co Her zﬂ Wi Utfll() 1
O 1 = O. eXp —
T4, EL[ V(O]
- 1,

Ci=U-c, )Crc,4/C (ZWZUE@ tTll(z)]T) N

ranku update L]




Cumulative Step-size Adaptation (CSA)

Sampling 4+ ranking:

X, =m+o0y/CU., i=1,.,14 (U,t>1}iid U, ~ #(0,1)
Sia1(1) X+ (4)
F(x®) << (X @)
ldea:

| A

Y Y

decrease o increase o

pt+1 = (1—-c )pz + \/C (1-c )ﬂeffz WzUifll(l)

1)
D7 |

ENAVOI)I

CO
Orp1 = 0,EXP | —
(o2



Rank-one update
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Rank-one update










P = (I=cop; +y/ell=coper/ €, Z WzUtSf:f(l)

U
Cryr = (1= Cu —c)Ctc \/ ZwlUiﬁ(l) SHI(Z)]T V Cite pt+1pt+1

mnk 1 update

rank u update



CMA-ES

Sampling 4+ ranking:
Xt’+1—m,+at\/EU’1i—l A {U,t>1}iidU

i) xSii(®)
f<X#T ) <f( 1 )
Update of 4
H
— () _ O
M1 = Z WX o =mtopn/C Z Wl
i=1

piy = (I=c)pf +/c,(1=c ) peg Z WU

~ i=1 N
Co [hzsy|

d, | ENV O

~ N (0,1,)

t+1

0141 = 0;€XP

1)
U
Py = (=cpf +1/c(d=c)penr/C Z w U

Cp == ¢, — c)Ctc \/_ (Z WlUt?—+11(l) SHI(Z)]T> \/_+Cl pt+1pt+1

mnk 1 update

rank u update



Visualization - experimentum crucis

bl%e:abs(f), cyan:f-min(f), green:sigma, red:axis ratio Object Variables (9-D)
0 ; : , :

15 X(1)=3.0931e
X(2)=2.2083e
X(6)=5.6127¢
X(7)=2.7147e

X(8)=4.5138e

X(9)=2.741e-
X(5)=-1.0864
5 1e-08 X(4)=—3.8371
1071 f=2.66178883753772e-10 5 : : (3)=—6.9109
0 2000 4000 6000 0 2000 4000 6005) '
» Principle Axes Lengths Stgndard Deviations in Coordinates divided by sigma
1 0 H H 1 0 H H 1
2
. 3
1 10 4
5
107 6
7
8
107" : : 107 : : 9
0 2000 4000 6000 0 2000 4000 6000
function evaluations function evaluations

f(x)=> 1, lOO‘ri':llxiz,a =6

| =



Visualization - experimentum crucis

bI%e:abs(f), cyan:f-min(f), green:sigma, red:axis ratio Object Variables (9-D)

10 4 X(1)=2.0052e
X(5)=1.2552¢e
10 /) X(6)=1.2468e
X(9)=-7.3812
10 X(4)=—2.9981
X(7)=-8.3583
10 \ X(3)=-2.0364
X(2)=—2.1131

_10[=7.91055728188042e-10

107, 2000 4000 6000 0 2obo 4o;oo soo0) 26301 C H —1 .F I I
, Principle Axes Lengths Standard Deviations in Coordinates divided by sigma H
10 3 ? . = —3 g )
| | < n 1
0 R\ ‘ . V AR | . ; a 8
100 10 . : 5 \ . \ J MY . 2
AR .
A7
1 0-2 ‘15
16
9
1 0-4 ; ; ; ; ‘ 4
0 2000 4000 6000 0 2000 4000 6000

function evaluations function evaluations

f(x) =g (x"Hx), g : R — R stricly increasing



Linear Convergence and Learning Inverse Hessian

1
For all g : Im(f) — R, strict increasing, for all f(x) = E(x — 2T H(x — x™)
with H > 0 (SDP), when CMA-ES optimizes x — g o f(x):

Lo lm, = x™|]

— In > — CR
[ ||m0—x*|| — 00

C,x aH ! witha, — 0

Two examples:

Objective f;unction \?/alue

K — T :
eigenvalues =

1U¢ of covariantema
of covariance matrix g :

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
function evaluations function evaluations



Key of success (7) - Main features

Invariances:
- to strictly increasing transformation of objective functions

- affine invariance

x - ||x||? < x+— x"Hx forall H>0

10° |-

objective function ;
vé?ueiv b : ;

10° feagm—st

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
function evaluations function evaluations

Control of diversity via step-size NI

C

- sees the function at the scale ¢,

robust to noise, outliers, irregularities




Key of success (7) - Main features

Population-based algorithm: increase 4 makes algorithm 55
YO
more global o

| Gt/ WS O M s
——————————

Careful tuning of all constants (depending on dimension, ...)
parameter-free algorithm

Original designers did not care about having a convergence proof
s successful approach: framework not restricted to updates for which
proofs can be made

= was challenging to prove linear convergence of CMA-ES [PhD thesis
Armand Gissler, 2024]



Thanks!



