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Many applications
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Assume: derivatives or gradient of  not availablef
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x ∈ ℝn f(x)

Many applications

Minimize  f : x = (x1, …, xn) ∈ ℝn ↦ f(x)

Many applications

approach  such that  for all x⋆ f(x⋆) ≤ f(x) x

gradientgradientderivatives

(see also presentation Renaud)



Why stochastic numerical black-box optimization?

non-linear

non-convex

non-quadratic

non-differentiable

multi-modal

ill-conditioned

Difficulties inside the black-box 

discontinuous /

noisy

?

non-separable



From Evolution Strategies (ES) to CMA-ES

Evolution Strategies (70s+)

Rechenberg 🇩🇪 Schwefel 🇩🇪

randomized bio-inspired population-
based algorithms

CMA-ES (1996/2001 - today)

Hansen Ostermeier

The first fathers [in Rechenberg’s 
lab in Berlin 🇩🇪]not enough bio-inspired?

More than 70 million downloads of its two main Python implementations

🇫🇷 RandOpt: Auger/Hansen/Brockhoff+Chotard
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🇩🇪 Glasmachers🇯🇵 Akimoto
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From a simple ES to CMA-ES



A simple Evolution Strategy: (1+1)-ES

-ES(1 + 1)

one parent one offspring

Elitist selection: keep best among 

parent and offspring
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(1+1)-ES algorithm - minimize f : ℝn → ℝ
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WHILE not happy

X̃t+1 = Xt + σ𝒩(0,Id)

IF  THENf(X̃t+1) ≤ f(Xt)
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Issue #1:

 - cannot converge “fast” if  fixedσ
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Need to adapt the step-size  step-size adaptive ES→



(1+1)-ES algorithm with 1/5-th success rule [Rechenberg]

WHILE not happy

X̃t+1 = Xt+

IF  THENf(X̃t+1) ≤ f(Xt)

 #keep offspringXt+1 = X̃t+1

ELSE
 #keep current parentXt+1 = Xt

ENDIF
t ← t + 1

σt+1 = 1.5 × σt

σt 𝒩(0,Id)

σt+1 = 1.5−1/4 × σt

#increase step-size

#decrease step-size



(1+1)-ES algorithm with 1/5-th success rule [Rechenberg]

WHILE not happy

IF  THENf(X̃t+1) ≤ f(Xt)

Xt+1 = X̃t+1

ELSE
 Xt+1 = Xt

ENDIF
t ← t + 1

σt+1 = 1.5 × σt

σt+1 = 1.5−1/4 × σt
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Achieves geometric (“linear”) 
convergenceX̃t+1 = Xt+ σt 𝒩(0,Id)



Invented (independently) in other communities

Schumer, Steiglitz, 1968 “Adaptive Step Size Random Search”

Devroye 1972 “The compound random search algorithm”



More issues with (1+1)-ES with 1/5th success rule: 

candidate solutions are isotropically distributed 

X̃t+1 = Xt+ σt 𝒩(0,Id)
Xt
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candidate solutions are isotropically distributed 
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not adapted on ill-conditioned problems:

Level set of convex-quadratic function:

f(x) =

1
2

(x − x⋆)⊤H(x − x⋆)

x⋆



x⋆



Ideally on a ill-conditionned quadratic problem: 


with cond(H) >>1 (order of ) sample with:


 with 

1
2

(x − x⋆)⊤H(x − x⋆)

106

Xt + σt𝒩(0,Ct) Ct ∝ H−1

x⋆



From (1+1)-ES to -CMA-ES(μ/μw, λ)

❶ adapt the covariance matrix of sampling distribution: 

step-size + covariance matrix adaptive ES = CMA-ES


❷ use a population: -CMA-ES


❸ use mutation and (meta)-crossover

(μ/μw, λ)



Adaptive Stochastic Optimization Algorithm

should drive  towards the optimummt

Given e.g.  

 ❶ Sample candidate solutions , i.e.


 ,                                     

 i.i.d.,  

❷ Evaluate and rank candidate solutions




❸ Update :


θt = (mt, σt, Ct) ∈ ℝn × ℝ> × 𝒮n
++

Xi
t+1 ∼ 𝒩(mt, σ2

t Ct)

Xi
t+1 = mt + σt CtUi

t+1 i = 1,…, λ
{Ut, t ≥ 1} Ui

t+1 ∼ 𝒩(0,Id)

f (Xst+1(1)
t+1 ) ≤ … ≤ f (Xst+1(λ)

t+1 )
θt

θt+1 = F (θt, [Ust+1(1)
t+1 , …, Ust+1(λ)

t+1 ])
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Consequence: same sequence  on  or {θt, t ≥ 0} f g ∘ f
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CMA-ES - simplified setting  θt = (mt, σt, Ct) ∈ ℝn × ℝ> × 𝒮n
++

                         i.i.d                        Xi
t+1 = mt + σt CtUi

t+1 i = 1,…, λ {Ut, t ≥ 1} Ui
t+1 ∼ 𝒩(0,Id)

f (Xst+1(1)
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Sampling + ranking:
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t+1 ]⊤) Ct

rank μ update

+c1 pc
t+1p⊤

t+1

rank 1 update
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σt+1 = σt exp
cσ

dσ

μeff∥ ∑μ
i=1 wiU

st+1(i)
t+1 ∥

E[∥𝒩(0,Id)∥]
− 1

Sampling + ranking:

mt+1 =
μ

∑
i=1

wiX
st+1(i)
t+1 = mt + σt Ct

μ

∑
i=1

wiU
st+1(i)
t+1

Update of :θt
μ

∑
i=1

wi = 1, μeff = 1/∑ w2
i



Cumulative Step-size Adaptation (CSA)

                         i.i.d                        Xi
t+1 = mt + σt CtUi

t+1 i = 1,…, λ {Ut, t ≥ 1} Ui
t+1 ∼ 𝒩(0,Id)

f (Xst+1(1)
t+1 ) ≤ … ≤ f (Xst+1(λ)

t+1 )

Sampling + ranking:

σt+1 = σt exp
cσ

dσ [
∥pσ

t+1∥
E[∥𝒩(0,Id)∥]

− 1]
pσ

t+1 = (1−cσ)pσ
t + cσ(1−cσ)μeff

μ

∑
i=1

wiU
st+1(i)
t+1

Idea:
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Linear Convergence and Learning Inverse Hessian

For all , strict increasing, for all  

with  (SDP), when CMA-ES optimizes :





  with 


g : Im( f ) → ℝ f(x) =
1
2

(x − x⋆)⊤H(x − x⋆)

H ≻ 0 x ↦ g ∘ f(x)

1
t

ln
∥mt − x⋆∥
∥m0 − x⋆∥ t→∞

− CR

Ct ∝ αtH−1 αt → 0

Two examples:



Key of success (?) - Main features
Invariances:  


- to strictly increasing transformation of objective functions 
 

- affine invariance

  for all x ↦ ∥x∥2 ⇔ x ↦ x⊤Hx H ≥ 0

Control of diversity via step-size

    - sees the function at the scale  


robust to noise, outliers, irregularities

 


σt



Key of success (?) - Main features

Population-based algorithm: increase  makes algorithm 
more global


λ

Original designers did not care about having a convergence proof

•successful approach: framework not restricted to updates for which 
proofs can be made


•was challenging to prove linear convergence of CMA-ES [PhD thesis 
Armand Gissler, 2024]

Careful tuning of all constants (depending on dimension, …)

parameter-free algorithm



Thanks!


