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Only tip values observed.

Goal: Find shifts position.

Brownian Motion:

Var [A | R ] = σ2t

Cov [A; B | R ] = σ2tAB

mchild = mparent + δ
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Equivalent Parsimonious Allocations

Definition (Equivalency)

Two allocations are said to be equivalent (noted ∼) if they are
both parsimonious and give the same colors at the tips.

Find one solution Existing Dynamic Programming algorithms
(Fitch, Sankoff, see Felsenstein, 2004).

Enumerate all solutions New adapted recursive algorithm
(implemented in PhylogeneticEM).

+
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Collection of Models

New Problem Number of Equivalence Classes:
∣∣SPI
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)
=
(# of edges

# of shifts

)
• Recursive algorithm to compute
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K
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(implemented in PhylogeneticEM).

7→ Generally dependent on the topology of the tree. +

• Binary tree:
∣∣SPI

K

∣∣ =
(2n−2−K

K

)
=
(# of edges−# of shifts

# of shifts

)
7→ See convex characters: Semple and Steel (2003)
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Y : observed traits

Z : latent variables

BM : Z4|Z1∼ N
(
Z1 , σ2`4

)
Y3|Z2∼ N

(
Z2 + δ, σ2`7

)

pθ(Z,Y) = pθ(Z1)
∏

1<j≤m

pθ(Zj |Zparent(j))
∏

1≤i≤n

pθ(Yi |Zparent(i))
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Goal: θ̂K = argmax
η∈SPI

K

pθ̂η
(Y)

EM Maximize log pθ(Y) through Eθ[ log pθ(Z,Y) | Y ].

E step Given θh, compute pθh (Z | Y )

M step θh+1 = argmaxθ {Eθh [ log pθ(Z,Y) | Y ]}
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E step
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Compute the following quantities:

E(h)[Zj | Y], Var(h) [Zj | Y] , Cov(h) [Zj ,Zparent(j) | Y
]

• Gaussian properties: O(n3).

• Gaussian properties + Tree structure: O(n).
7→ ”Upward-Downward” algorithm.

+
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M Step

Maximize:

E [ log pθ(Z,Y) | Y ] = −
m+n∑
j=2

Cj (∆) + F (h)
(
µ, σ2

)

• µ, σ2: simple maximization

• Discrete location of K shifts

7→ Exact and fast for the BM +
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Solution

• Use
∣∣SPI

K

∣∣.
• Linear Regression

Model.
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
BM : Y = T∆ + σEBM

EBM ∼ N (0,V)
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Model Selection on K : LINselect

Goal

K̂ = argmin
0≤K≤Kmax

{∥∥∥Y − ŶK
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V−1
+ σ̂2

K pen
(
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∣∣SPI
K
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Model Selection on K : LINselect

Goal

K̂ = argmin
0≤K≤Kmax
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Definition (Baraud et al. (2009))

Let D, N > 0, and XD ∼ χ2(D), XN ∼ χ2(N), XD ⊥ XN .

Dkhi[D,N, x] =
1

E [XD ]
E

[(
XD − x

XN

N

)
+

]
, ∀x > 0

Dkhi[D,N,EDkhi[D,N, q]] = q, ∀0 < q ≤ 1
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Multivariate Trait

Identifiability
Incomplete Data Model
Linear Regression Model

LINselect: Oracle Inequality

Proposition (Form of the Penalty and guarantees)

Under our setting: Y = T∆ + σE with E ∼ N (0,V), define the penalty:

pen(K) = A
n − K − 1

n − K − 2
EDkhi

[
K + 2, n − K − 2, exp

(
− log

∣∣∣SPI
K

∣∣∣− 2 log(K + 2)
)]

Under reasonable conditions:

E


∥∥∥E [Y]− ŶK̂

∥∥∥2

V−1

σ2

 ≤ C inf
η∈M

{∥∥E [Y]− Y∗η
∥∥2

V−1

σ2
+ (Kη + 2) (3 + log(n))

}

with C a constant.

Based on Baraud et al. (2009) +

CA, PB, MM, SR Change-point Detection on Trees 20/38



Shifted BM on a Tree
Shifted OU on a Tree

Multivariate Trait

Identifiability
Incomplete Data Model
Linear Regression Model

Model Selection: Penalized Likelihood

Idea K̂ = argmax
0≤K≤Kmax

{
log pθ̂K

(Y)− pen(K )
}

−100

−50

0

50

0 5 10 20
K

lo
g 

p θ̂
K
(Y

) −
 p

en
(K

)

Criteria
log pθ̂K

(Y)

AIC

BIC

Penalties:

AIC K + 3

BIC 1
2
(K + 3) log(n)

CA, PB, MM, SR Change-point Detection on Trees 21/38



Shifted BM on a Tree
Shifted OU on a Tree

Multivariate Trait

Identifiability
Incomplete Data Model
Linear Regression Model

Model Selection: Penalized Likelihood

Idea K̂ = argmax
0≤K≤Kmax

{
log pθ̂K

(Y)− pen(K )
}

−100

−50

0

50

0 5 10 20
K

lo
g 

p θ̂
K
(Y

) −
 p

en
(K

)

Criteria
log pθ̂K

(Y)

AIC

BIC

LINselect

Penalties:

AIC K + 3

BIC 1
2
(K + 3) log(n)

LINselect pen(n,K ,
∣∣SPI

K

∣∣)

CA, PB, MM, SR Change-point Detection on Trees 21/38



Shifted BM on a Tree
Shifted OU on a Tree

Multivariate Trait

Identifiability
Incomplete Data Model
Linear Regression Model

LINselect Model Selection: Important Points

Based on Baraud, Giraud, and Huet (2009)

• Non-asymptotic bound.
• Unknown variance.
• No constant to be calibrated.

Note • Non iid variance.
• Penalty depends on the tree topology

(through
∣∣SPI

K

∣∣).
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Multivariate Trait

Identifiability
Incomplete Data Model
Linear Regression Model

LASSO Regression

Lasso regression:

∆̂ = argmin
∆

{
‖Y − T∆‖2

V−1 + λ ‖∆−1‖1

}
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Multivariate Trait

Identifiability
Incomplete Data Model
Linear Regression Model

LASSO Regression

Lasso regression:

∆̂ = argmin
∆

{
‖Y − T∆‖2

V−1 + λ ‖∆−1‖1

}

Initialization: For K fixed

• Choose λ to get K shifts

• Estimate ∆ with a Gauss Lasso
+
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Multivariate Trait

Identifiability
Incomplete Data Model
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New World Monkey Dataset

We have:

• A model of trait evolution

• A way to asses identifiability

• An inference strategy (EM + LINselect)
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We have:

• A model of trait evolution

• A way to asses identifiability

• An inference strategy (EM + LINselect)

But...

• The BM is not realistic in many cases.
• No selection.
• Unbounded variance.

7→ Use the Ornstein-Uhlenbeck instead.
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Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

Outline

1 Shifted BM on a Tree

2 Shifted OU on a Tree
• Ornstein-Uhlenbeck
• Re-scaling

3 Multivariate Trait
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Shifted OU on a Tree

Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

Ornstein-Uhlenbeck Modeling (Hansen, 1997)
0

1
2

3
4

time

ph
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ot
yp

e

−200 −150 −100 −50 0

W(t)
β

(1 − e−αt)βt1 2 = ln(2) α dW (t) = α[β −W (t)]dt + σdB(t)

Deterministic part:

• β: primary optimum (mechanistically defined).

• ln(2)/α: phylogenetic half live.

Stochastic part:

• W (t): trait value (actual optimum).

• σdB(t): Brownian fluctuations.
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Multivariate Trait
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Shifts
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BM vs OU

Equation Stationary State Cov [Yi ;Yj ]
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Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

OU ⇐⇒ BM

OU ⇐⇒ BM on a re-scaled tree with t ′ = 1
2αe
−2αh(e2αt − 1)

−0.38 1
−1 1Trait Value

Original tree.

−0.38 1
−1 1Trait Value

Re-scaled tree.
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OU ⇐⇒ BM

OU ⇐⇒ BM on a re-scaled tree with t ′ = 1
2αe
−2αh(e2αt − 1)
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Re-scaled tree.
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Shifted BM on a Tree
Shifted OU on a Tree

Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

OU ⇐⇒ BM

OU ⇐⇒ BM on a re-scaled tree with t ′ = 1
2αe
−2αh(e2αt − 1)

−0.38 1
−1 1Trait Value

−2

OU: β0 = µ = 1 and t1/2 = 0.5

−0.38 1
−1 1Trait Value

−1.4

Re-scaled tree, equivalent BM.
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Shifted OU on a Tree

Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

OU ⇐⇒ BM

OU ⇐⇒ BM on a re-scaled tree with t ′ = 1
2αe
−2αh(e2αt − 1)

Remarks:

• This only works for a ultrametric tree.

• The laws of the internal nodes is changed.

• This is not the following standard time transformation

Xt = X0e
−αt + β(1− e−αt) +

σ√
2α

e−αtBe2αt−1

to get the BM solution of the OU.
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Shifted OU on a Tree

Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

New World Monkey Dataset

We have:

• A better model of trait evolution.

• A way to assess identifiability.

• An inference strategy (grid on α + EM + LINselect).
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We have:
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• An inference strategy (grid on α + EM + LINselect).

200

250

300

350

400

0 5 10 15 20

K

lo
g 

lik
el

ih
oo

d

0.3

1.0

3.0

10.0

30.0

150.0
α

CA, PB, MM, SR Change-point Detection on Trees 31/38



Shifted BM on a Tree
Shifted OU on a Tree

Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

New World Monkey Dataset

We have:

• A better model of trait evolution.

• A way to assess identifiability.

• An inference strategy (grid on α + EM + LINselect).

But...

• Brains are multivariate.
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Shifted OU on a Tree

Multivariate Trait

Multivariate BM
Multivariate OU
Results

Outline

1 Shifted BM on a Tree

2 Shifted OU on a Tree

3 Multivariate Trait
• Multivariate BM
• Multivariate OU
• Results
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Multivariate Trait

Multivariate BM
Multivariate OU
Results

Multivariate BM

Y5

Y4

Y3

Y2

Y1

Z2

Z3

Z4

Z1 δ

l4

l7

Data Vectors of p traits:

YT
i = (Yi1, · · · ,Yip)

Shifts δ vector size p.

↪→ All traits shift together.

Incomplete Data Representation

Y3 | Z2 ∼ N
(

Z2 + δ, `7R
)

Linear Model Representation

Y = T∆ + E with E ∼MN n×p(0,V,R)
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Multivariate BM
Multivariate OU
Results

Model Selection: LINselect

Y = T∆ + E with E ∼ N (0, σ2V)

Projectors
Ŷη = ProjVSη (Y)

EM Estimators

ŶK = argmin
η∈SPI

K

∥∥∥Y − Ŷη

∥∥∥2

V−1

Goal
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V−1
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ŶK = argmin
η∈SPI

K

∥∥∥Y − Ŷη
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Multivariate BM
Multivariate OU
Results

Multivariate OU

SDE dW(t) = −A(W(t)− β(t))dt + ΣdBt

Good Case A and Σ must commute

• A and Σ diagonal → independent traits

↪→ Ingram and Mahler (2013); Khabbazian et al.
(2016)

↪→ Justification: de-correlate the traits with a
pPCA

× With shifts: not justified +

• A = αIp scalar and Σ full → scOU

↪→ Same tree re-scaling trick → BM +
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New World Monkeys (Aristide et al., 2016)

PC1

−
0.

1

0.
1

PC2

−
0.

04

0.
05

0 5 10 15 20

0.
05

0.
15

0.
25

K

C
rit

er
io

n

t1/2 = 12.58%

Cor[PC1, PC2] = −0.13

Alouatta palliata

Saimiri sciureus

Callithrix penicillata

Monkeys Simus

CA, PB, MM, SR Change-point Detection on Trees 36/38



Shifted BM on a Tree
Shifted OU on a Tree

Multivariate Trait

Multivariate BM
Multivariate OU
Results

Contributions

Statistical Inference, Univariate

Bastide, Mariadassou, Robin (2017). Detection of adaptive shifts on
phylogenies by using shifted stochastic processes on a tree. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 79(4), 1067–1093.

Multivariate

Bastide, Ané, Robin, Mariadassou (2018). Inference of Adaptive Shifts for
Multivariate Correlated Traits. Systematic Biology.

R package

• PhylogeneticEM, available on the CRAN.

7→ Univariate and multivariate.
7→ Rcpp, continuous integration, unitary tests, online doc.
7→ GitHub: https://github.com/pbastide/PhylogeneticEM
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Multivariate Trait

Conclusion and Perspectives

A general inference framework for trait evolution models.

Literature • Model: Felsenstein (1985); Butler and King (2004).
• Shift detection: Ingram and Mahler (2013); Uyeda

and Harmon (2014); Khabbazian et al. (2016).

Contributions • Univariate: Identifiability, EM, Model selection.
• Multivariate: OU with correlations.

Perspectives • Deal with uncertainty (data, tree). + +

• Non-ultrametric trees (fossils). +

• Patterns in missing data. +

• Phylogenetic Networks. +
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Xiphophorus Fish Dataset (Cui et al., 2013)

X. Montezumae

Two traits

• Sword index

• Female preference

Problem There are hybrids !
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Phylogenetic “Networks” (Soĺıs-Lemus and Ané, 2016)
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Question:

• Can we see the effects of ancestral transgressive evolution ?
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Shifted BM on a Network
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Shifted BM on a Network
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Goal: Test for transgressive
evolution.
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Linear Regression Model
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Transgressive Evolution: Testing Effect(s)

Model:
Y = µ1 + Nb + σ2E , E ∼ N (0,V)

Tests: H0: No TE b = 0
H1: TE with one single effect b = b.1
H2: TE with heterogeneous effects b ∈ Rh

Fisher:

F10 ∼ F1,n−2

(
∆10(b, σ2)

)
F21 ∼ Fh−1,n−h−1

(
∆21(b, σ2)

)
+
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References
ToC

Xiphophorus fishes (Cui et al., 2013)

X. Montezumae

Sword Index
No evidence for TE.
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Contributions

Preprint

Bastide, Soĺıs-Lemus, Kriebel, Sparks, Ané (submitted). Phylogenetic
Comparative Methods for Phylogenetic Networks with Reticulations.

Julia package

Soĺıs-Lemus, Bastide, Ané (2017). PhyloNetworks: a package for
phylogenetic networks. Molecular Biology and Evolution, msx235.

7→ Network inference and use.

7→ Continuous integration, unitary tests, online doc.

back
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Cardinal of Equivalence Classes

Initialization For tips
Propagation

Kl
k = argmin

1≤p≤K

{
Sil (p) + I{p 6= k}

}
Si (k) =

L∑
l=1

Sil (pl ) + I{pl 6= k} , ∀(p1, . . . pL) ∈ K1
k × . . .×KL

k

Ti (k) =
∑

(p1,...pL)∈K1
k×...×K

L
k

L∏
l=1

Til (pl ) =
L∏

l=1

∑
pl∈Kl

k

Til (pl )

Termination Sum on the root vector
back

(1,0,0) (1,0,0)
(0,∞,∞)(0,∞,∞)S

T
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pl∈Kl

k

Til (pl )

Termination Sum on the root vector
back

· · ·

(Si (1), · · · , Si (K))

(Ti (1), · · · ,Ti (K))

(Si1
(k))k

(Ti1
(k))k

(SiL
(k))k

(TiL
(k))k
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Cardinal of Equivalence Classes

Initialization For tips
Propagation
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k × . . .×KL

k

Ti (k) =
∑

(p1,...pL)∈K1
k×...×K

L
k

L∏
l=1
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L∏
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k

Til (pl )

Termination Sum on the root vector
back

(1,0,0) (1,0,0)
(0,∞,∞)(0,∞,∞)S

T

S( ) = 0 + 0 ; T( ) = 1 x 1 

S( ) = 1 + 1 ; T( ) = 1 x 1

S( ) = 1 + 1 ; T( ) = 1 x 1 

K1 = { } 
K1 = { } 
K1 = { } 
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(1,0,0) (1,0,0) (0,1,0) (0,0,1) (0,0,1)

(1,1,1)

(1,1,1)

(1,1,1)

(1,1,3)

(0,∞,∞)(0,∞,∞)(∞,0,∞)(∞,∞,0)(∞,∞,0)S
T

(0,2,2)

(1,1,0)

(1,1,2)

(2,2,2)

S
T

S
T

S
T

S
T

CA, PB, MM, SR Change-point Detection on Trees 11/60



References
ToC

Linking Shifts and Clustering

Assumption “No Homoplasy”: 1 shift = 1 new color

Proposition “K shifts ⇐⇒ K + 1 clusters”

CA, PB, MM, SR Change-point Detection on Trees 12/60



References
ToC

Linking Shifts and Clustering

Assumption “No Homoplasy”: 1 shift = 1 new color

∼
The No Homoplasy hypothesis is not

respected.

Proposition “K shifts ⇐⇒ K + 1 clusters”

CA, PB, MM, SR Change-point Detection on Trees 12/60



References
ToC

Linking Shifts and Clustering

Assumption “No Homoplasy”: 1 shift = 1 new color

∼
The No Homoplasy hypothesis is not

respected.

Proposition “K shifts ⇐⇒ K + 1 clusters”

CA, PB, MM, SR Change-point Detection on Trees 12/60



References
ToC

Definitions

• T a rooted tree with n tips

• N
(T )
K = |CK | the number of possible partitions of the tips in K clusters

• A
(T )
K the number of possible marked partitions

Partitions in two groups for a binary
tree with 3 tips

Difference between N
(T3)
2 and A

(T3)
2 :

• N
(T3)
2 = 3: partitions 1 and 2

are equivalent

• A
(T3)
2 = 4: one marked color

(“white = ancestral state”)

CA, PB, MM, SR Change-point Detection on Trees 13/60
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General Formula (Binary Case)

If T is a binary tree, consider T` and Tr the left and right sub-trees of T . Then:
N

(T )
K =

∑
k1+k2=K

N
(T`)
k1

N
(Tr )
k2

+
∑

k1+k2=K+1

A
(T`)
k1

A
(Tr )
k2

A
(T )
K =

∑
k1+k2=K

A
(T`)
k1

N
(Tr )
k2

+ N
(T`)
k1

A
(Tr )
k2

+
∑

k1+k2=K+1

A
(T`)
k1

A
(Tr )
k2

We get:

N
(T )
K+1 = N

(n)
K+1 =

(
2n − 2− K

K

)
and A

(T )
K+1 = A

(n)
K+1 =

(
2n − 1− K

K

)

CA, PB, MM, SR Change-point Detection on Trees 14/60
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Recursion Formula (General Case)

If we are at a node defining a tree T that has p daughters, with sub-trees T1, . . . , Tp ,
then we get the following recursion formulas:



N
(T )
K =

∑
k1+···+kp=K

k1,...,kp≥1

p∏
i=1

N
(Ti )
ki

+
∑

I⊂J1,pK
|I |≥2

∑
k1+···+kp=K+|I |−1

k1,...,kp≥1

∏
i∈I

A
(Ti )
ki

∏
i /∈I

N
(Ti )
ki

A
(T )
K =

∑
I⊂J1,pK
|I |≥1

∑
k1+···+kp=K+|I |−1

k1,...,kp≥1

∏
i∈I

A
(Ti )
ki

∏
i /∈I

N
(Ti )
ki

No general formula. The result depends on the topology of the tree.

back
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Cholesky Decomposition

The problem is:

∆̂ = argmin
∆

{
‖Y − T∆‖2

V−1 + λ |∆−1|1
}

Cholesky decomposition of V:

V = LLT , L a lower triangular matrix

Then:
‖Y − T∆‖2

V−1 =
∥∥L−1Y − L−1T∆

∥∥2

And if Y′ = L−1Y and T′ = L−1T, the problem becomes:

∆̂ = argmin
∆

{∥∥Y′ − T′∆
∥∥2

+ λ |∆−1|1
}

CA, PB, MM, SR Change-point Detection on Trees 16/60
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Gauss Lasso

Let m̂λ be the set of selected variables (including the root). Then:

∆̂
Gauss

= ΠF̂λ
(Y′) with F̂λ = Span{T′j : j ∈ m̂λ}

back
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Goal and Notations

Data A process on a tree with the following structure:

∀j > 1, Xj |Xpa(j) ∼ N
(
mj (Xpa(j)) = qjXpa(j) + rj , σ

2
j

)

BM:


qj = 1

rj =
∑

k

I{τk = bj}δk

σ
2
j = `jσ

2

OU:



qj = e
−α`j

rj = β
pa(j)(1− e

−α`j ) +
∑

k

I{τk = bj}δk

(
1− e

−α(1−νk )`j
)

σ
2
j =

σ2

2α
(1− e

−2α`j )

Goal Compute the following quantities, at every node j :

Var(h) [Zj | Y] ,Cov(h) [Zj ,Zpa(j) | Y
]
,E(h)[Zj | Y]

CA, PB, MM, SR Change-point Detection on Trees 18/60
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Upward

Goal Compute for a vector of tips, given their common ancestor:

f Yj |Xj
(Yj ; a) = Aj (Yj )ΦMj (Yj ),S2

j (Yj )(a)

Initialization For tips: f Yi |Yi
(Yi ; a) = ΦYi ,0(a)

Propagation

f Yj |Xj
(Yj ; a) =

L∏
l=1

f Yjl |Xj
(Yjl ; a)

f Yjl |Xj
(Yjl ; a) =

∫
R

f
Yjl
∣∣∣Xjl

(Yjl ; b)f
Xjl

∣∣∣Xj
(b; a)db

Root Node and Likelihood At the root:

f X1|Y (a; Y) ∝ f Y|X1
(Y; a)fX1

(a)
Var [ X1 | Y ] =

(
1

γ2
+

1

S2
1 (Y)

)−1

E [ X1 | Y ] = Var [ X1 | Y ]

(
µ

γ2
+

M1(Y)

S2
1 (Y)

)

Xjl
Xj1

XjL
· · · · · ·

Xj

Yj1 Yjl YjL

CA, PB, MM, SR Change-point Detection on Trees 19/60
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Downward

Compute Ej = E
[

Xj

∣∣ Y
]
, V 2

j = Var
[

Xj

∣∣ Y
]
, C 2

j,pa(j) = Cov
[
Xj ; Xpa(j)

∣∣ Y
]

Initialization Last step of Upward.

Propagation

f Xpa(j),Xj |Y (a, b; Y) = f Xpa(j)|Y (a; Y)f Xj |Xpa(j),Y
(b; a,Y)

f Xj |Xpa(j),Y
(b; a,Y) = f Xj |Xpa(j),Y

j (b; a,Yj )

∝ f Xj |Xpa(j)
(b; a)f Yj |Xj

(Yj ; b)

Xjl
Xj1

XjL
· · · · · ·

Xj

Yj1 Yjl YjL

CA, PB, MM, SR Change-point Detection on Trees 20/60



References
ToC

Formulas

Upward 
S2

j (Yj ) =

(
L∑

l=1

q2
jl

S2
jl

(Yjl ) + σ2
jl

)−1

Mj (Yj ) = S2
j (Yj )

L∑
l=1

qjl

Mjl (Yjl )− rjl

S2
jl

(Yjl ) + σ2
jl

Downward 

C 2
j,pa(j) = qj

S2
j (Yj )

S2
j (Yj ) + σ2

j

V 2
pa(j)

Ej =
S2

j (Yj )(qj Epa(j) + rj ) + σ2
j Mj (Yj )

S2
j (Yj ) + σ2

j

V 2
j =

S2
j (Yj )

S2
j (Yj ) + σ2

j

(
σ2

j + p2
j

S2
j (Yj )

S2
j (Yj ) + σ2

j

V 2
pa(j)

)

back
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M Step: Segmentation

Cj (∆) = σ−2
j

(
E [Xj | Y ]− qjE

[
Xpa(j)

∣∣ Y ]− rj − sj ∆j

)2

BM : rj = 0, each cost is independent.

C 0
j = σ−2

j

(
E [Xj | Y ]− qjE

[
Xpa(j)

∣∣ Y ] )2

C 1
j (∆) = σ−2

j

(
E [Xj | Y ]− qjE

[
Xpa(j)

∣∣ Y ]− sj ∆j

)2

Algorithm:

1 Find the K branches j1, . . . , jK with largest C 0
j ;

2 Allocate one change point in the first K branches;

3 For each of these branches, set δ
(h+1)
jk

so that C 1
j (∆) = 0

back
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M Step: Segmentation

Cj (α, τ, δ) = σ−2
j

(
E [Xj | Y ]− qjE

[
Xpa(j)

∣∣ Y ]− rj − sj

∑
k

I{τk = bj}δk

)2

OU : rj = βpa(j), a cost depends on all its parents.

• Exact minimization: too costly.

• Need of an heuristic.

• Idea: rewrite as a least square:

‖D − AU∆‖2

with D a vector of size n + m, A a diagonal matrix of size n + m, ∆ the
vector of shifts and U the incidence matrix of the tree.

• Then use Stepwise selection or LASSO.

• Other idea: binary segmentation. back
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Model Selection with Unknown Variance

Theorem (Baraud et al. (2009))

Under the following setting:

Y ′ = E
[
Y ′
]

+ γE ′ with E ′ ∼ N (0, In) and S′ = {S ′η , η ∈M}

If Dη = Dim(S′η), Nη = n − Dη ≥ 7, max(Lη,Dη) ≤ κn, with κ < 1, and:

Ω′ =
∑
η∈M

(Dη + 1)e−Lη < +∞

If: η̂ = argmin
η∈M

∥∥∥Y ′ − Ŷ ′η

∥∥∥2
(

1 +
pen(η)

Nη

)

with: pen(η) = penA,L(η) = A
Nη

Nη − 1
EDkhi[Dη + 1,Nη − 1, e−Lη ] , A > 1

Then: E


∥∥∥E [Y ′]− Ŷ ′η̂

∥∥∥2

γ2

 ≤ C(A, κ)

[
inf
η∈M

{∥∥E [Y ′]− Y ′η
∥∥2

γ2
+ max(Lη ,Dη)

}
+ Ω′

]
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IID Framework (α = 0)

Assume Kη = Dη − 1 ≤ p − 1 ≤ n − 8, ∀η ∈M

Then:

Ω′ =
∑
η∈M

(Dη + 1)e−Lη =
∑
η∈M

(Kη + 2)e−Lη

=

p−1∑
K=0

∣∣∣SPI
K

∣∣∣ (K + 2)e−LK =

p−1∑
K=0

∣∣∣SPI
K

∣∣∣ (K + 2)e
−(log

∣∣∣SPI
K

∣∣∣+2 log(K+2))

=

p−1∑
K=0

1

K + 2
≤ log(p) ≤ log(n)

And:

LK ≤ log
(n + m − 1

K

)
+2 log(K +2) ≤ K log(n+m−1)+2(K +1) ≤ p(2+log(2n−2))

Hence, if p ≤ min
(

κn
2+log(2)+log(n)

, n − 7
)

, then max(Lη ,Dη) ≤ κn for any η ∈M.
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Non-IID Framework (α 6= 0)

Cholesky decomposition: V = LLT Y ′ = L−1Y s ′ = L−1s E ′ = L−1E

Y ′ = E
[
Y ′
]

+ γE ′, with: E ′ ∼ N (0, In)

S ′η = L−1Sη, Ŷ ′η = ProjS′η
Y ′ = argmin

a′∈S′η

∥∥Y − La′
∥∥2

V
= L−1Ŷη

∥∥∥E [Y ]− Ŷη̂

∥∥∥2

V
=
∥∥∥E [Y ′]− Ŷ ′η̂

∥∥∥2

,
∥∥∥Y − Ŷη

∥∥∥2

V
=
∥∥∥Y ′ − Ŷ ′η

∥∥∥2

CritMC (η) =
∥∥∥Y ′ − Ŷ ′η

∥∥∥2
(

1 +
penA,L(η)

Nη

)
=
∥∥∥Y − Ŷη

∥∥∥2

V

(
1 +

penA,L(η)

Nη

)
back
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Phylogenetic PCA with shifts

Model Y size n × p (n observations, p traits), Brownian

Y = µ + E vec(E) ∼ N (0,R⊗ C)

Empirical Mean and Variance

ȲT = C̃Y µ̄T = E
[
ȲT
]

= C̃µ with C̃ = (1T
n C−11n)−11T

n C−1

R̂ =
1

n − 1
(Y − 1nȲT )T C−1(Y − 1nȲT )

Bias on R̂

E
[
R̂
]

= R +
1

n − 1
GT C−1G with G = (µ− 1nµ̄T )

CA, PB, MM, SR Change-point Detection on Trees 27/60



References
ToC

Phylogenetic PCA : Scores

Rotation

R̂ =
1

n − 1
V̂D̂2V̂T

7→ If R̂ is biased, then V̂ is the wrong rotation.

Scores
S = (Y − 1nȲT )V̂

7→ The scores are not decorrelated.
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Phylogenetic PCA : Examples

T1

−1.61 0.63

T2

−0.4 2.17

A1
A2
A3
A4
A5
A6
A7
A8
B1
B2
B3
B4
C1
C2
C3
C4

T1

−1.61 2.63

T2

0.6 2.17

A1
A2
A3
A4
A5
A6
A7
A8
B1
B2
B3
B4
C1
C2
C3
C4

T1

−1.61 2.63

T2

−0.15 2.17

A1
A2
A3
A4
A5
A6
A7
A8
B1
B2
B3
B4
C1
C2
C3
C4

A1

A2
A3

A4

A5

A6

A7
A8

B1

B2
B3
B4

C1

C2
C3

C4

A1

A2
A3

A4

A5

A6

A7
A8

B1

B2
B3
B4

C1

C2
C3

C4

A1

A2
A3

A4

A5

A6

A7
A8

B1

B2
B3
B4

C1

C2
C3

C4

−1 0 1 2

−0.5

0.0

0.5

1.0

1.5

2.0

−0.5

0.0

0.5

1.0

1.5

2.0

−0.5

0.0

0.5

1.0

1.5

2.0

Trait 1

Tr
ai

t 2

First eigenvector
from

true variance R
PCA
pPCA

back
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OU Model

SDE A (p × p) selection strength

dW(t) = −A(W(t)− β(t))dt + ΣdBt
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OU Model

SDE A (p × p) selection strength

dW(t) = −A(W(t)− β(t))dt + ΣdBt

Covariances

Cov [Xi ; Xj ] = e−Ati Γe−AT tj

+ e−A(ti−tij )

(∫ tij

0

e−Av ΣΣT e−AT vdv

)
e−AT (tj−tij )
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OU Model

SDE A (p × p) selection strength ∈ S++
n

dW(t) = −A(W(t)− β(t))dt + ΣdBt

Covariances

Cov [Xi ; Xj ] = e−Ati Γe−AT tj

+ e−A(ti−tij )

(∫ tij

0

e−Av ΣΣT e−AT vdv

)
e−AT (tj−tij )
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OU Model

SDE A (p × p) selection strength ∈ S++
n

dW(t) = −A(W(t)− β(t))dt + ΣdBt

Covariances

Cov [Xi ; Xj ] = e−Ati Γe−AT tj − e−Ati Se−AT tj + e−A(ti−tij )Se−AT (tj−tij )

Stationary Variance

S = P

([
1

λq + λr

]
1≤q,r≤p

� P−1RP−T

)
PT
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OU Model

SDE A (p × p) selection strength ∈ S++
n

dW(t) = −A(W(t)− β(t))dt + ΣdBt

Covariances

Cov [Xi ; Xj ] = e−Ati Γe−AT tj − e−Ati Se−AT tj + e−A(ti−tij )Se−AT (tj−tij )

Stationary Variance

S = P

([
1

λq + λr

]
1≤q,r≤p

� P−1RP−T

)
PT

Incomplete Data Representation

Xj

∣∣ Xpa(j) ∼ N
(
e−A`j Xpa(j) + (Ip − e−A`j )βj ,Υi = S− e−A`j Se−AT `j

)
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Covariances
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Stationary Variance
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OU Model

SDE A= αIp scalar

dW(t) = −α(W(t)− β(t))dt + ΣdBt

Covariances

Cov [Xi ; Xj ] =
1

2α
e−2αh

(
e2αtij − 1

)
R

Stationary Variance

S =
1

2α
R
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OU Model

SDE A= αIp scalar

dW(t) = −α(W(t)− β(t))dt + ΣdBt

Covariances

Cov [Xi ; Xj ] =
1

2α
e−2αh

(
e2αtij − 1

)
R

Stationary Variance

S =
1

2α
R

7→ Re-scaling trick.
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TE: Single Effect

Model: Y = µ1 + bN̄ + σ2E , E ∼ N (0,V)

Test: H0 : b = 0

Stat.: F10 =
‖Y − Proj1 Y‖2

V−1 −
∥∥∥Y − Proj[1 N̄] Y

∥∥∥2

V−1∥∥∥Y − Proj[1 N̄] Y
∥∥∥2

V−1

n − r[1 N̄]

r[1 N̄] − r1

∼ F
(

1, n − 2,
b2

2σ2

∥∥(I− Proj1)N̄
∥∥2

V−1

)
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TE: Single Effect
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TE: Several Effects

Model: Y = µ1 + bN̄ + Nd + σ2E , E ∼ N (0,V)

Test: H1 : d1 = · · · = dh = 0

Stat.: F21 =

∥∥∥Y − Proj[1 N̄] Y
∥∥∥2

V−1
−
∥∥∥Y − Proj[1 N] Y

∥∥∥2

V−1∥∥∥Y − Proj[1 N] Y
∥∥∥2

V−1

n − r[1 N]

r[1 N] − r[1 N̄]

∼ F
(
h − 1, n − h − 1,

1

2σ2

∥∥∥(I− Proj[1 N̄])Nd
∥∥∥2

V−1

)
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TE: Several Effects
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Simulations Design (Uyeda and Harmon, 2014)

• Topology of the tree fixed (unit height, λ = 0.1, with 64, 128, 256 taxa).

• Initial optimal value fixed: β0 = 0

• One ”base” scenario αb = 3, γ2
b = 0.5, Kb = 5.

• α ∈ log(2)/{0.01, 0.05, 0.1, 0.2, 0.23, 0.3, 0.5, 0.75, 1, 2, 10}.
• γ2 ∈ {0.3, 0.6, 3, 6, 12, 18, 30, 60, 150}/(2αb).

• K ∈ {0, 1, 2, 3, 4, 5, 8, 11, 16}.
• Shifts values ∼ 1

2
N (4, 1) + 1

2
N (−4, 1)

• Shifts randomly placed at regular intervals separated by 0.1 unit length.

• n = 200 repetitions: 16200 configurations.

CPU time on cluster MIGALE (Jouy-en-Josas):

• α known: 6 minutes per estimation (66 days in total).

• α unknown: 52 minutes per estimation (570 days in total).
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Log-Likelihood

t1 2 = ln(2) α γ2 K

256

0.
01

0.
05 0.

1

0.
2

0.
23 0.

3

0.
5

0.
75 1 2 10

0.
05 0.

1

0.
5 1 2 3 5 10 25 0 1 2 3 4 5 8 11 16

−800

−600

−400

−200

0

Lo
g 

Li
ke

lih
oo

d

α
Known

Estimated

Log likelihood for a tree with 256 tips. Solid black dots are the median of the
log likelihood for the true parameters.
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Number of Shifts

t1 2 = ln(2) α γ2 K
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One Example
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Adjusted Rand Index

t1 2 = ln(2) α γ2 K
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Parameters: β0

t1 2 = ln(2) α γ2 K
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Parameters: α

t1 2 = ln(2) α γ2 K
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Parameters: γ2

t1 2 = ln(2) α γ2 K
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Exploration

t1 2 = ln(2) α γ2 K
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Figure: Mean number changes in the shifts positions during the EM algorithm.
Null means that the initial shifts were kept all along.
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Simulations: Experimental Design
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Simulations: Model Selection (vs slope heuristic)
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Simulations: Model Selection (vs `1ou)
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Simulations: Model Misspecifications
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Simulations: Scalability
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Model B
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Monkey Dataset (Aristide et al., 2016)

data(monkeys)

plot(params_BM(p=2), data = monkeys$dat, phylo = monkeys$phy, show.tip.label = TRUE)

PC1

−0.1 0.1

PC2

−0.04 0.05

Saguinus bicolor
Saguinus midas
Saguinus mystax
Saguinus fuscicollis
Callithrix jacchus
Callithrix penicillata
Callithrix kuhlii
Callithrix aurita
Mico humeralifer
Mico chrysoleucus
Mico argentatus
Cebuella pygmaea
Callimico goeldii
Leontopithecus chrysomelas
Leontopithecus rosalia
Aotus azarae
Aotus nigriceps
Aotus vociferans
Cebus apella
Cebus robustus
Cebus albifrons
Cebus capucinus
Saimiri sciureus
Saimiri boliviensis
Ateles geoffroyi
Ateles marginatus
Ateles paniscus
Ateles chamek
Lagothrix lagotricha
Brachyteles hypoxanthus
Brachyteles arachnoides
Alouatta macconnelli
Alouatta seniculus
Alouatta caraya
Alouatta belzebul
Alouatta guariba
Alouatta palliata
Alouatta pigra
Callicebus moloch
Callicebus brunneus
Callicebus donacophilus
Callicebus personatus
Cacajao calvus
Cacajao melanocephalus
Chiropotes satanas
Chiropotes chiropotes
Pithecia monachus
Pithecia irrorata
Pithecia pithecia
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Analysis

We use function PhyloEM:

res <- PhyloEM(Y_data = monkeys$dat, ## data

phylo = monkeys$phy, ## phylogeny

process = "scOU", ## scalar OU

K_max = 10, ## maximal number of shifts

nbr_alpha = 4, ## number of alpha values

parallel_alpha = TRUE, ## parallelize on alpha values

Ncores = 2)

Then plot the solution selected by the default method:

plot(res, edge.width = 2)
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Result

PC1

−0.1 0.1

PC2

−0.04 0.05

Alouatta palliata

Saimiri sciureus

Callithrix penicillata
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Model Selection

Solution with K = 5 seems to be a good solution too.
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Solution for K = 5

plot(res, params = params_process(res, K = 5), edge.width = 2, show.tip.label = TRUE)

## Warning in params_process.PhyloEM(res, K = 5): There are several equivalent solutions for

this shift position.
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Solution for K = 5

params_5 <- params_process(res, K = 5)

eq_shifts <- equivalent_shifts(monkeys$phy, params_5)

plot(eq_shifts)

back
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Measurement Error (Felsenstein, 2008)
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Factor Analysis (Tolkoff et al., 2017)
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Tree Misspecification
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Identifiability
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Figure: A non-ultrametric tree, with a“non parsimonious” solution on the left
that cannot be reduced to the“parsimonious”one on the right for an OU.
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Patterns in Missing Data (Rubin, 1976)

Y(n × p) data

M(n × p) missing data indicator

pψ( M | Y ) sampling law
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Patterns in Missing Data (Rubin, 1976)

Y(n × p) data

M(n × p) missing data indicator

pψ( M | Y ) sampling law

EM:

E [ log pθ,ψ(Yobs,M,Ymiss,Z) | Yobs,M ]

= E [ log pψ( M | Yobs,Ymiss,Z ) | Yobs,M ] + E [ log pθ(Yobs,Ymiss,Z) | Yobs,M ]
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Patterns in Missing Data (Rubin, 1976)

Y(n × p) data

M(n × p) missing data indicator

pψ( M | Y ) sampling law

EM:

E [ log pθ,ψ(Yobs,M,Ymiss,Z) | Yobs,M ]

= E [ log pψ( M | Yobs,Ymiss,Z ) | Yobs,M ] + E [ log pθ(Yobs,Ymiss,Z) | Yobs,M ]

MCAR: pψ( M | Y ) = pψ(M)
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Patterns in Missing Data (Rubin, 1976)

Y(n × p) data

M(n × p) missing data indicator

pψ( M | Y ) sampling law

EM:

E [ log pθ,ψ(Yobs,M,Ymiss,Z) | Yobs,M ]

= E [ log pψ( M | Yobs,Ymiss,Z ) | Yobs,M ] + E [ log pθ(Yobs,Ymiss,Z) | Yobs,M ]
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