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Shifted BM on a Tree (Felsenstein, 1985)

be A Known tree.
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Shifted BM on a Tree
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Known tree.

Only tip values observed.

Brownian Motion:

Var[A| R] = 0%t
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Mchild = Mparent 1 d
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Linear Regression Model
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Only tip values observed.

Brownian Motion:

Var[A| R] = 0%t
Cov[A; B| R] = o%tas

Mchild = Mparent +9
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Shifted BM on a Tree

Identifiability

Incomplete Data Model
Linear Regression Model

phenotype
5
|
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time

CA, PB, MM, SR

(Felsenstein, 1985)

Known tree.
Only tip values observed.

Goal: Find shifts position.

Brownian Motion:

Var[A| R] = 0%t
Cov[A; B| R] = o%tas

Mchild = Mparent +9
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e Over-parametrization: parsimonious configurations.
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Parsimonious Solution: Definition

Definition (Parsimonious Allocation)

A coloring of the tips being given, a parsimonious allocation of the
shifts is such that it has a minimum number of shifts.
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Equivalent Parsimonious Allocations

Definition (Equivalency)

Two allocations are said to be equivalent (noted ~) if they are
both parsimonious and give the same colors at the tips.

Find one solution Existing Dynamic Programming algorithms
(Fitch, Sankoff, see Felsenstein, 2004).

Enumerate all solutions New adapted recursive algorithm
(implemented in PhylogeneticEM).
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Equivalent Parsimonious Solutions

GBI
H
)

Equivalent allocations and values of the shifts - BM.
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Collection of Models

New Problem Number of Equivalence Classes: ‘Sﬁ" ?

o SR < (M) = (Lo )

e Recursive algorithm to compute ‘Sﬁ"
(implemented in PhylogeneticEM).

+— Generally dependent on the topology of the tree.

o Binary tree: |SF/| = ("2 %) = (*°F e;gzsf—sﬁffsf shits)

— See convex characters: Semple and Steel (2003)
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Incomplete Data Model
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Y : observed traits
Zy I—Y2 ]
Z4 r.b l; 9 Z : latent variables
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Incomplete Data Model

Z4
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Zy I—Y2
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BMI Z4|ZlNN Zl

Incomplete Data Model
Linear Regression Model

Y : observed traits

Z : latent variables
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Incomplete Data Model

Iy "
Y : observed traits
Zy I—Y2
Z4 r.b l; 9 Z : latent variables
'3

Z3 Y5

BM : Z4|ZlNN Zl ,0264
Y3|22NN Z2+(5,0'2€7

pg(Z,Y):pe(Zl) H pG(Zj‘Zparent(j)) H p9(\/f|zparent(i))

1<j<m 1<i<n
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EM Algorithm: K fixed

Iy —
Zy I—Y2

r. d l7 Y,

Z3 Y5

BM - Z4|ZlNN Zl ,0'264
Y3|ZQNN ZQ+(5,0'2£7

Z4

Goal: @y = argmax p (Y)
nesSk! K
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EM Algorithm: K fixed

Z4

Multivariate Trait
I—Y1
Zy I—Y2

r. d l7 Y,

Z,

—
Z3 Y5

Identifiability
Incomplete Data Model
Linear Regression Model

BM - Z4|ZlNN Zl ,0'264
Y3|ZQNN ZQ+(5,0'2£7

Goal: @y = argmaxpg)n(Y)

77685’

CA, PB, MM, SR

EM Maximize log pg(Y) through Eg[log pe(Z,Y) | Y].
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EM Algorithm:
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K fixed

Z4

r. d l7 Y,

Z,

—
Z3 Y5

Identifiability
Incomplete Data Model
Linear Regression Model

BM - Z4|ZlNN Zl ,0'264
Y3|ZQNN ZQ+(5,0'2£7

Goal: @y = argmaxpg)n(Y)

77685’

EM Maximize log pg(Y) through Eg[log pe(Z,Y) | Y].

E step Given 8", compute pgr(Z | Y)

M step 8" = argmaxy {Egr[log pe(Z,Y) | Y1}

CA, PB, MM, SR
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I—Y1
Z4 ;YZ

Z

[ - Y
3
Z3 s

Compute the following quantities:

E[Z | Y], Var' [Z; | Y], Cov" [Z}, Zyarers(s) | Y]

o Gaussian properties: o(n3).

o Gaussian properties + Tree structure: O(n).
— "Upward-Downward" algorithm.
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Maximize:

m-+n

Ellogpy(Z,Y) | Y] ==Y G(A)+F" (u,07)
j=2

e 11,0°: simple maximization

e Discrete location of K shifts
— Exact and fast for the BM o
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Identifiability
Incomplete Data Model
Linear Regression Model

Model Selection: Penalized Likelihood

log pg,(Y) - pen(K)

50+

_50 4

—-100-+

Idea K = argmax
0< K< Kmax
.oo'..
° ..... ° e ®
:.»0"..'.. ¢
[ ]
..
L]
H
5 10 20
K

CA, PB, MM, SR

{108 s, (¥) = pen(K) |

Criteria Penalties:
log ps (Y)
o AIC AIC K +3
e BIC

BIC (K + 3)log(n)
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Model Selection: Penalized Likelihood

log pg,(Y) - pen(K)

50+

_50 4

—-100-+

ldea K = argmax {Iog P, (Y) — pen(K)}

0<K < Kmax

Penalties:
AIC K +3
Py "....cc"c". Criteria
secc? log ps,(Y) BIC %(K + 3) Iog(n)
H ° AIC .
™ . BIC Solution
§ e Use |SK|.
® Linear Regression
I I Model.
5 10 20
K
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Linear Regression Model

5, VARyan
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Linear Regression Model
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Linear Regression Model

5, VARyan
I"_Yl Z | &
o, Z3 | - Y1 pt 62
z, 35 Zy | - Y2 Iz
.5, " A=V | & | Ta=Ys | p+6 +5
L Z Y, Y> . Ya w61
—| Y3 53 Y5 wn+ 51
Z3 Y5 Y4 .
Ys
Zy Zo Z3 Zy Y1 Yo Y3 Yo Ys
e L BM: Y =TA+cE®M
Y, [ 1 1 -1 -
T=v;|1 1 - - - - 1 . . BM
Yol1 11 - - . .1 . E°" ~ N(0,V)
Ys \1 1 1 - - - - . 1
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Goal

K= argmin {HY—?K
0<K<Kmax

2 pen (n, K, |S,’?’|)
- (1 P Tk-1
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Model Selection on K: LINselect

Goal

A ~ 12 en(n, K,|SE
K = argmin HY—YKH 1+M
0< K < Kinax v-1 n—K-1

Oracle )
inf E[Y] =Y,
nelis SK' H 77||v '
Definition (Baraud et al. (2009))
Let D, N > 0, and Xp ~ x2(D), Xy ~ x2(N), Xp L Xy.

Dkhi[D, N, x] = , Vx>0

1
—FE
E [Xp]
Dkhi[D, N, EDKhi[D, N, q]] = q, V0 < q <1

CA, PB, MM, SR Change-point Detection on Trees 19/38
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LINselect: Oracle Inequality

Proposition (Form of the Penalty and guarantees)

Under our setting: Y = TA + oE with E ~ N(0,V), define the penalty:

—K-1
pen(K) = A EDkhi [K +2,n— K —2,exp (7 log (s,’?" —2log(K + 2))]

n—K-—2

Under reasonable conditions:

~ 2
E[Y]-Yq| E[Y] - Y|,
. [ Vel SCnie,uf4{||[]azn|v+(Kn+2)(3+log(n))}

with C a constant.

Based on Baraud et al. (2009)
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Model Selection: Penalized Likelihood

log pg,(Y) - pen(K)

50+

_50 4

—-100-+

Idea K

Shifted BM on a Tree Identifiability
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Multivariate Trait Linear Regression Model

= argmax {Iog péK(Y)—pen(K)}

0<K<Kmax

e0°®*® eo e’ 1 .
Seec? Criteria Penalties:
log p,(Y)
o AC AIC K +3
BIC
1
BIC E(K + 3) log(n)
5 10 20
K
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Model Selection: Penalized Likelihood

ldea K = argmax {Iog pgK(Y)—pen(K)}

0<K<Kmax
50+
< ST LEL AR Penalties:
c 0 o oo e ®
%’. ::o.o""' °© |09P§K(Y) AlCK+3
—_ e AIC
>- [ ]
P -50- s ° BIC BIC (K + 3)log(n)
= g LINselect .
o
= P LINselect pen(n, K, |S,
~100- ] p ( ) 7‘ K D
0 5 10 20
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LINselect Model Selection: Important Points

Based on Baraud, Giraud, and Huet (2009)

¢ Non-asymptotic bound.
e Unknown variance.
e No constant to be calibrated.

Note e Non iid variance.
Penalty depends on the tree topology
(through |SE'|).

CA, PB, MM, SR Change-point Detection on Trees 22/38



Lasso regression:

~

A = argmin {|IY = TA- + Al|A 4, }
A



Lasso regression:

~

A = argmin {|IY = TA- + Al|A 4, }
A

Initialization: For K fixed
e Choose A to get K shifts

e Estimate A with a Gauss Lasso



We have:
A model of trait evolution
A way to asses identifiability
An inference strategy (EM + LINselect)
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New World Monkey Dataset

We have:

e A model of trait evolution

10
I
o
o

phenotype
5
I

d
© —RE A
“rasg
B
T T T T T
-200 -150 -100 -50 0
time
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New World Monkey Dataset

We have:
e A model of trait evolution

e A way to asses identifiability
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New World Monkey Dataset

We have:
e A model of trait evolution
e A way to asses identifiability
e An inference strategy (EM + LINselect)

-25 ..
.°ooo
..
e

-50 *e.,

=75

log p3,() - pen(K)

-100

-125
0 5 10 20
K
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New World Monkey Dataset

We have:
e A model of trait evolution
e A way to asses identifiability
e An inference strategy (EM + LINselect)

But...

e The BM is not realistic in many cases.
e No selection.
e Unbounded variance.

CA, PB, MM, SR Change-point Detection on Trees
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New World Monkey Dataset

We have:
e A model of trait evolution
e A way to asses identifiability
e An inference strategy (EM + LINselect)

But...
e The BM is not realistic in many cases.

e No selection.
e Unbounded variance.

— Use the Ornstein-Uhlenbeck instead.

CA, PB, MM, SR Change-point Detection on Trees
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@ Shifted BM on a Tree

® Shifted OU on a Tree
e Ornstein-Uhlenbeck
e Re-scaling

© Multivariate Trait



Shifted BM on a Tree q
Shifted OU on a Tree ~ Ornstein-Uhlenbeck
Multivariate Trait €-scaling

Ornstein-Uhlenbeck Modeling (Hansen, 1997)

phenotype

dW(t) = o[B8 — W(t)]dt + odB(t)

-200 -150 -100 -50 0

time

Deterministic part:
e (. primary optimum (mechanistically defined).
e In(2)/a: phylogenetic half live.

Stochastic part:
e W(t): trait value (actual optimum).

e 0dB(t): Brownian fluctuations.

CA, PB, MM, SR Change-point Detection on Trees 26/38
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Al
T T T T \B
-200 -150 -100 -50 0
time time
BM Shifts in the mean: OU Shifts in the optimal value:

Mechild = Mparent + § ﬂchild = ﬁparent + §




phenotype

phenotype

BM vs OU

Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

Equation Stationary State Cov[Y;; Vil
N w()
. dW(t) = odB(t) None. ty X 0°
dW(t) = odB(t) p=_p 1 o ,
o2 5 e (i1 xo
w0 am w0 - +a[B — W(t)]dt 72 =% o

CA, PB, MM, SR
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BM vs OU

Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

Equation Stationary State Cov[Y;; Vil
] w()
. dW(t) = odB(t) None. ty X 0°
— = ﬁ 1 —2ahy 2at; 2
dW(t) = odB(t) H e (e —1)xo
2 «
i T T T 2_ 0~ -
20 10 llmuo <0 +a[ﬁ — W(t)]dt v = o ()

CA, PB, MM, SR
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Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

oOU < BM

OU <= BM on a re-scaled tree with t' = ;-e=29(e2t — 1)

e

{

J

-1 Trait Value 1 -1 Trait Value 1
— —m -038 1 —————————— -0.38 1
Original tree. Re-scaled tree.
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Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

oOU < BM

OU <= BM on a re-scaled tree with t' = ;-e=29(e2t — 1)

1 Trait Value 1 s N -1 Trait Value 1
OU: Bo=p=1and t;, =05 Re-scaled tree.
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Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

oOU < BM

OU <= BM on a re-scaled tree with t' = ;-e=29(e2t — 1)

-1 Trait Value 1 om ) -1 Trait Value 1 ~
OU: Bp=p=1and t;» =05 Re-scaled tree, equivalent BM.
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Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Ornstein-Uhlenbeck
Re-scaling

oOU < BM

OU <= BM on a re-scaled tree with t' = ;L e 2%h(e20t _ 1)

2«

Remarks:
e This only works for a ultrametric tree.

e The laws of the internal nodes is changed.

e This is not the following standard time transformation

g

X = Xoe *t + (1 — e ) + ——
‘ 0 ( ) V2

ei(‘tBGQuzfl

to get the BM solution of the OU.
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We have:
A model of trait evolution.
A way to assess identifiability.
An inference strategy (grid on o« + EM + LINselect).



Shifted BM on a Tree .
Shifted OU on a Tree oo - /1onbect
Multivariate Trait €-scaling

New World Monkey Dataset

We have:

e A better model of trait evolution.

5|

° JMwmiﬂ:\.‘:M oMV 4WA

T T T T T
-200 -150 -100 -50 0

phenotype
2
I
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Shifted BM on a Tree .
Shifted OU on a Tree CR)mstcllir;—Uh\cnbcck
Multivariate Trait €-scaling

New World Monkey Dataset

We have:
e A better model of trait evolution.

e A way to assess identifiability.

s =
— —
0 357 o 357
OU Groups are means, not regimes Defined from the equivalent BM
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Shifted BM on a Tree .
Shifted OU on a Tree oo - /1onbect
Multivariate Trait €-scaling

New World Monkey Dataset

We have:
e A better model of trait evolution.
e A way to assess identifiability.
e An inference strategy (grid on @ + EM + LINselect).

a00

a
2 —
g | — 20

250

200

o 5 10 15 20
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Shifted BM on a Tree .
Shifted OU on a Tree oo - /1onbect
Multivariate Trait €-scaling

New World Monkey Dataset

We have:
e A better model of trait evolution.
e A way to assess identifiability.

e An inference strategy (grid on @ + EM + LINselect).

But...

e Brains are multivariate.
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@ Shifted BM on a Tree

@ Shifted OU on a Tree

© Multivariate Trait
e Multivariate BM
e Multivariate OU
e Results



Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Multivariate BM

Z4

"

Zy I—Y2
5 I 5
¢ Ys

Z,

—
Z3 Y5

Incomplete Data Representation

Multivariate BM
Multivariate OU
Results

Data Vectors of p traits:
Y = (Y, Yp)

Shifts & vector size p.
< All traits shift together.

Y; |2, ~N<z2 44, €7R)

Linear Model Representation

Y =TA + E with E ~ MNnXp(07V7 R)
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Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Model Selection: LINselect
Y = TA + E with E ~ N(0,0%V)

Projectors

EM Estimators

Yi = argmin
’I’]GSPI

N ) ik pen (n, K, K’)
K= ‘thH 14 PR ok )

Goal
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Y =TA + E with E ~ MNnXp(O’Va R)

Projectors

A~

Y, = Proj¢ (Y)

EM Estimators

Goal

. 12 VK, |SE!
K= argmin {[[v— V[, (12l ISD
0<K< Kimax V= .



Y=TA +E with E~ MNnXp(O’Va R)

Projectors

A

Y, = <Pr0j\5IW(Y1)'"Proj‘sl,,(Yp)) Independent

EM Estimators

Yy = argmin

2
neSE -

h*?”

V-1

Goal
~ ~ 112 K. |SP!
K = argmin {HYYK) <1+pen(nSKD>}
0<K< Konax V-1 n—K-—1



Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Model Selection: LINselect
Y = TA + E with E ~ MA 1 ,(0,V,R)

Projectors

?n _ (projgn(yl)...Proj‘s’n(YP)) Independent

EM Estimators

= argmln Z HY/ - [Y,,]/H = argmin HY Y H

neSy! nesy Fv=1

Goal
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Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Model Selection: LINselect
Y = TA + E with E ~ MN,»,(0,V,R)
Projectors
Y, = (Projfgc7 (Y1)--- Proj\sln (YP)) Independent
EM Estimators

Yk = argmln Z HY/ - [Y,,]/H = argmin HY Y H

nesg 1= nese! FV-1

Goal

PI
K= argmin {HY vl <1 . p<K|8!>>}
0<K < Kmnax (A% n—K-—1
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Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Model Selection: LINselect
Y = TA + E with E ~ MA 1 ,(0,V,R)
Projectors

?n _ (PrOjgn(Yl) .. Proj‘S’n (YP)) Independent

EM Estimators

= argmin Z HY, - [Y"]/H = argmin
neSE! neSY

A ) A pen (n, K, |Sf<”|)
K = tr(R 14 A PR
s fute (1020
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Good Case A and X must commute



SDE  dW(t) = —A(W(t) — B(t))dt + ZdB,

Good Case A and X must commute

e A and X diagonal — independent traits

e A = al, scalar and X full — scOU



Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Multivariate OU

SDE dW(t) = —A(W(t) — B(t))dt + XdB;

Good Case A and X must commute

e A and X diagonal — independent traits
< Ingram and Mabhler (2013); Khabbazian et al.
(2016)
< Justification: de-correlate the traits with a
pPCA
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Multivariate Trait Results

Multivariate OU

SDE dW(t) = —A(W(t) — B(t))dt + XdB;

Good Case A and X must commute

e A and X diagonal — independent traits
< Ingram and Mabhler (2013); Khabbazian et al.

(2016)
— Justification: de-correlate the traits with a

pPCA
x With shifts: not justified
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Multivariate OU

SDE dW(t) = —A(W(t) — B(t))dt + XdB;

Good Case A and X must commute

e A and X diagonal — independent traits
< Ingram and Mabhler (2013); Khabbazian et al.

(2016)
— Justification: de-correlate the traits with a

pPCA
x With shifts: not justified

e A =al, scalar and X full = scOU
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Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Multivariate OU

SDE dW(t) = —A(W(t) — B(t))dt + XdB;

Good Case A and X must commute

e A and X diagonal — independent traits
< Ingram and Mabhler (2013); Khabbazian et al.

(2016)
— Justification: de-correlate the traits with a

pPCA
x With shifts: not justified

e A =al, scalar and X full = scOU
< Same tree re-scaling trick — BM
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Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

New World Monkeys (Aristide et al., 2016)

°
O
2
bl
e}
N

L., Ml

0.25

Criterion
0.15

0.05

'
'
'
'
'
'
'
i
5

} IEE— ||m,.,.I||||||,,..”,I...

I :I‘—'—M_ml Saimiri sciureus
f— w
- a w Callithrix penicillata
typ = 12.58% s s 3 =

Cor[PC1, PC2] = —0.13
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Shifted BM on a Tree Multivariate BM
Shifted OU on a Tree Multivariate OU
Multivariate Trait Results

Contributions

Statistical Inference, Univariate

Bastide, Mariadassou, Robin (2017). Detection of adaptive shifts on
phylogenies by using shifted stochastic processes on a tree. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 79(4), 1067-1093.

Multivariate

Bastide, Ané, Robin, Mariadassou (2018). Inference of Adaptive Shifts for
Multivariate Correlated Traits. Systematic Biology.

R package
® PhylogeneticEM, available on the CRAN.

— Univariate and multivariate.
— Rcpp, continuous integration, unitary tests, online doc.
> GitHub: https://github.com/pbastide/PhylogeneticEM
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Shifted BM on a Tree
Shifted OU on a Tree
Multivariate Trait

Conclusion and Perspectives

A general inference framework for trait evolution models.

Literature °

Model: Felsenstein (1985); Butler and King (2004).

e Shift detection: Ingram and Mahler (2013); Uyeda

Contributions °

Perspectives

and Harmon (2014); Khabbazian et al. (2016).

Univariate: Identifiability, EM, Model selection.
Multivariate: OU with correlations.

Deal with uncertainty (data, tree).
Non-ultrametric trees (fossils).
Patterns in missing data.
Phylogenetic Networks.
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e BM on a Network
e Model
e Test for Transgressive Evolution (TE)
e Example

Identifiability Issues
e Cardinal of Equivalence Classes
e Number of Tree Compatible Clustering

Inference
e Initialization
e Upward-Downward Algorithm
e Segmentation Algorithms
e Model Selection

Multivariate Modeling
e Phylogenetic PCA
e Scalar OU
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Simulations Multivariate

Monkey Dataset
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Extensions
o Measurement Error and Factor Analysis
o Tree Misspecification
e Non-Ultrametric Trees
e Patterns in Missing Data
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X. Montezumae

Two traits
e Sword index

e Female preference



X. Montezumae

Two traits
e Sword index

e Female preference

Problem There are hybrids !



Xmaculatus
X.andersi
X.milleri
X.gordoni
Xmeyeri
X.couchianus
Xvariatus.
Xevelynae
X.xiphidium
X.nigrensis.
Xmultiineatus.
X.pygmaeus
X.continens
X.malinche
X.birchmanni
X.cortezi
X.montezumae
X.clemenciae
X.monticolus
X.signum
X-hellerii
Xalvarezi
X.mayae

%

X. Couchianus

-

X. Montezumae
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Phylogenetic “Networks” (Solis-Lemus and Ané, 2016)

X. Couchianus

X. Montezumae

Question:

e Can we see the effects of ancestral transgressive evolution 7
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phenotype

Z,

Z3 Ys

-200

-150 -100 -50 0

Known network.

Only tip values observed.

Brownian Motion:

Cov[Y1; Yo] = 0%ty



[ Known network.
Z4 ;Yz
Z, .
Ya Only tip values observed.
Z3 Ys
© ZQ Y5
< Z v,
g ™A Brownian Motion:
=3
2 o -z Y
£
(?‘ ) 2 Y. Vtree g
a8 _
7 v =2 L
ecpinpj
T T T T T
-200 -150 -100 -50 0

Sum over shared edges.
pi: path from root to tip 7



phenotype

Z,

Yo
Ya

2 —

Known network.

Only tip values observed.

Brownian Motion:
27 = Yals + Vb5

Yatm=1




phenotype

Os Zs l—y1
Yo Zs ;Yz
z B

-200 -150 -100 -50 0

Known network.

Only tip values observed.

Brownian Motion:
t
Vi =

> (Hv)(ﬂv) St

pPi€P; ecpj ecp;j ecpiNp;j
Pi€P;




phenotype

I Known network.

Z4

N T2 S———,
) | —

Only tip values observed.

Brownian Motion:

L7 = Vale + L5 + b

b : Transgressive evolution.




phenotype

Os Z I_Y1
N T2 S———,
Z ) | —

Z3 Ys

Known network.
Only tip values observed.

Goal: Test for transgressive
evolution.

Brownian Motion:

27 =%aZe + 45 + b
b : Transgressive evolution.
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7 .
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Y1
Y2
Y3
Ya
Ys

Zy
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Linear Regression Model
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Transgressive Evolution: Testing Effect(s)

Model:
Y=ul+Nb+0’E , E~N(0,V)
Tests: Ho: No TE b=0
‘H1: TE with one single effect b=05b1
‘Hy: TE with heterogeneous effects b e Rh
Fisher:

Fio ~ Fi,n—2 (A10(b, 0%))
Fo1 ~ Fh-1,n—h-1 (D21(b, 0?))
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X. Montezumae

Sword Index
No evidence for TE.



X. Montezumae

Sword Index
No evidence for TE.

Female Preference
Heterogeneous TE.

y

0.24
031+
0.3
0.20%
0.29%
0.20%
0.28
0.3+
0.3
0.1

X. maculatus
X. andersi

X. meyeri

X. couchianus
X. variatus

X. evelynae

X. xiphidium

X. nigrensis

X. multilineatus
X. pygmaeus
X. continens

X. malinche

X. birchmanni
X. cortezi

X. montezumae
X. clemenciae
X. monticolus
X. signum

X. hellerii

X. alvarezi

X. mayae



.f'
0.24  X. maculatus
0.31* X. andersi

X. Montezumae

029% X. meyeri
029% X. couchianus
028 X variatus
03° X evelynae
03*  X. xiphidium
01 X nigrensis

Sword Index
No evidence for TE.

-0.08  X. multilineatus

002 X. pygmaeus
-0.03* X. continens
024 X. malinche
033 X. birchmanni
-0.05* X. cortezi
019 X. montezumae

Female Preference

Heterogeneous TE.

044 X. clemenciae
0.37*  X. monticolus
034 X. signum

Regression 10 . 091 X heleri
o} 034+ X. alvarezi
.. . <08
Positive correlation = . 034" X.meyoe
g0 .
(Non-significant). Fos wa
0.0 05

Female Preference
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Contributions

Preprint

Bastide, Solis-Lemus, Kriebel, Sparks, Ané (submitted). Phylogenetic
Comparative Methods for Phylogenetic Networks with Reticulations.
Julia package

Solis-Lemus, Bastide, Ané (2017). PhyloNetworks: a package for
phylogenetic networks. Molecular Biology and Evolution, msx235.

— Network inference and use.

— Continuous integration, unitary tests, online doc.
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Initialization For tips
Propagation
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1<p<K

L
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[Ime) =11 > Tile)
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Ti(k) =

]

Termination Sum on the root vector
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Cardinal of Equivalence Classes

Initialization For tips
Propagation

(Si(1), -+ > Si(K))
, _ (Ti1), -+, Ti(K))
K = argmin {S; (p) + I{p # k}}
1<p<K

L
Si(k)=>_Si(p) +H{pi # Kk}, V(p1,...pL) € Kj x ... x Kf

=1 (Sy, (k) . (Si, (KD

L L (T (KD (Ti, (k)i

Ti(k) = > 17 =1] > Tl A A A

(P1s---pL)ERE X ... x Kk =1 I=1pexch
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Cardinal of Equivalence Classes

S (0,%,0)(0,%,)
SN : . T (1,0,0) (1,0,0)
Initialization For tips Coe' Coe

Propagation

Ky= £}
I . ) Ke= {o}
Ki = argmin {Si(p) +I{p # k}} Ki= {0}

L

Si(k)=>_Si(p) +H{pi # Kk}, V(p1,...pL) € Kj x ... x Kf

=1 SE)=0+0;TE =1x1

S@)=1+1;T@O=1x1

L L
Ti(k) = > 17 =1] > Tl S@=1+1;T@®=1x1

(P1s---pL)ERE X ... x Kk =1 I=1pexch
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Cardinal of Equivalence Classes

S (0,,0)(0,0,)(0,0,)(0,8,0) ,0,0)
e . T (100) (1,0,0)(0,1,0)(0,0,1) (0,0,1)
Initialization For tips c'ee Coe 0de 0oe 0oe

Propagation
Kj = argmin {S; (p) + I{p # k}}
lspsk S(L10)
L riiid
Si(k) = ;s,-,(p/) +py # Kk}, V(pr o pr) € Kiox o x K (oo
T (é,l.l)
Ti(k) = > H i(pr) = H > Tilp)
(pr,---pL)ECLX .. x KL I=1 I=1 pexc), S(112)
T(LL1)
ocee
Termination Sum on the root vector |
S(222)
T(113)
ocee
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Linking Shifts and Clustering

Assumption “No Homoplasy™: 1 shift = 1 new color

The No Homoplasy hypothesis is not

~ respected.
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Assumption “No Homoplasy™: 1 shift = 1 new color

The No Homoplasy hypothesis is not
~ respected.

Proposition “K shifts <= K + 1 clusters”
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Definitions

® T a rooted tree with n tips

° N,((T) = |Ck| the number of possible partitions of the tips in K clusters

° A&T) the number of possible marked partitions

—

l:] - - Difference between N§T3) and Agﬁ):
L] [] L] e N = 3: partitions 1 and 2
I:] - D are equivalent

D D - ° Agﬁ) = 4: one marked color

(“white = ancestral state”)
Partitions in two groups for a binary
tree with 3 tips

CA, PB, MM, SR Change-point Detection on Trees
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General Formula (Binary Case)

If 7 is a binary tree, consider T; and 7, the left and right sub-trees of 7. Then:

N(T Z N ) + Z A TI)A(Tr
kitho= kitho—K+1
T) (Te) p(T7) Te) A(Tr Te)
A( Z A i)N N,(qz{)AE(2 )+ Z A( ) Ak2 7r)
kit+ko= ky+ko=K+1

We get:

T n 2n—2—K 2n—1—-K
N£<+)1_N!(<ll_< K > and A(+1_AK+1_< K >
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Recursion Formula (General Case)

If we are at a node defining a tree 7 that has p daughters, with sub-trees 71,...,7p,
then we get the following recursion formulas:

M= Y HN + 2 T4 TIN

kit +kp=K = IC[1,p]  ki4--+kp=K+|I|-1 i€l i¢l
kiyeonkp>1 [1]>2 k.. k,,>1
(T) —
A= > > 1A TIN
IC[Lp] kot +hp=K+|l|—1 i€l igl
=1 kiyeokp>1

No general formula. The result depends on the topology of the tree.

CA, PB, MM, SR Change-point Detection on Trees
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Cholesky Decomposition
The problem is:

A = argmin {||Y ~TAIR + 2 |A_1|1}
A

Cholesky decomposition of V:
V =LL" | L a lower triangular matrix

Then:
1Y =TAalZ = Ly —L 1A

And if Y =LY and T = LT, the problem becomes:

A

A = argmin {|[Y' = T'A|* + A|a-1,}
A

CA, PB, MM, SR Change-point Detection on Trees 16,/60



Let /) be the set of selected variables (including the root). Then:

~ Gauss

A™ =g (Y) with Fy = Span{T} : j € My}
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Goal and Notations

Data A process on a tree with the following structure:

Vi> 1, X Xoag) ~ N (mi(Xea() = 6GXpagi) + 17, 07)

g =1 g=e
_ apa(i) —at; Lir — bvs, (1— e—@1=v1)Y
o =S 1 = b5, =80T Y i = b}ok (1 -
ow | = L= k ( )
2 2 2 )
oj = tjo o? = ;Lau )

Goal Compute the following quantities, at every node j:
Var® (Z, | Y], Cov'” [Z;, Zsagy | Y] E®[Z) | Y]

CA, PB, MM, SR Change-point Detection on Trees 18/60
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Upward

Goal Compute for a vector of tips, given their common ancestor:
fyilx, (Y:2) = Aj(Y)®,, vi),s2(v)(2)

Initialization For tips: fy, |y, (Yi; a) = ®v; 0(a)
Propagation
fuilx, (Y 2) = H vir|x, (Y': 2)

Freipx, (Yi12) = /Y”|XV (V15 B)Fy | (b )b

Root Node and Likelihood At the root:

fxiy (@ Y) o fyx, (Y; a)fx (a)

~1
Var[X1 | Y] = (’}’1 + EY)> Y1 I YiL
E[X|Y]= Var[xlw](7 + ((:))>

CA, PB, MM, SR Change-point Detection on Trees 19/60



Compute B =E[X| Y] , V2=Var X5 | Y] , Gy = Cov [X5: Xy | Y]

Initialization Last step of Upward.
Propagation
Y (b; a, Y)

P ly (@ BY) = Fi iy @Y g,

: _ T
Fxi i ¥ (B3 2 Y) = P vi (B2 YY)

. . j.
o B A A A

Y Yi YL
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Formulas
Upward
L q? -1
5-2(Yf):( Fo—s )
=\ s
i .
. . M: (YJ/) —r
M) = SEO) > gy o7
! =1 I Sj/(YJ/) + 9
Downward

S2(Yd)

C? =q—=21—" V2.
»pa()) J g2 2 )
J,Pa Sj (YJ)+Uj pa

_ SHY)(GEpag) + 1) + o2 M;(Y)

J 51-2(YJ')+<TJ-2

L SO (L, s,
ST+ a2 \ 7 TP s (viy £ o2 Tre0)

2N

CA, PB, MM, SR Change-point Detection on Trees 21/60



2

G(A) =02 (E[X; | Y] - qE [ X | Y] =1 =)
BM : r; = 0, each cost is independent.

G =0 (E[X|Y]-qGE[Xug | Y] >2

J J

(D) =02 (E[X | Y] - qE [Xaagy | Y] —54))° /&)x

J J

Algorithm:
® Find the K branches jy, ..., Jk with largest CJ-O;

@ Allocate one change point in the first K branches;
© For each of these branches, set ()‘J(khﬂ) so that le( )=0




2

G(A) =02 (E[X; | Y] - qE [ X | Y] =1 =)
BM : r; = 0, each cost is independent.

G =02 (E[X | Y] - qE [ Xug) | Y] )

CHB) = 072 (E1X | Y]~ 4 [Xougy | Y] — 5187)° /A

J J

Algorithm:
® Find the K branches jy, ..., Jk with largest CJ-O;

@ Allocate one change point in the first K branches;
© For each of these branches, set ()‘ihﬂ) so that le( )=0




2

G(B) =02 (E[X | Y- GE [Xeap) | Y] =1 = 54))
BM : r; = 0, each cost is independent.

G =02 (E[X | Y] - qE [ Xug) | Y] )

CH(B) = 07 (B1X | Y1 - 4 Xy | Y] — 57)° %

Algorithm:
® Find the K branches jy, ..., Jk with largest CJ-O;

@ Allocate one change point in the first K branches;
© For each of these branches, set ()‘J(khﬂ) so that le( )=0
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M Step: Segmentation
G(B) =02 (B[X | Y] = G [Xeay | Y] = 1 = 54))°

BM , each cost is independent.

¢ =02 (BIX | Y] = GE [Xeg) | V] )’

J

D) =077 (E[X | Y] - 4 [Xoug) | Y] — 58))° /A

Algorithm:
© Find the K branches ji, ..., jk with largest C?;
® Allocate one change point in the first K branches;
©® For each of these branches, set 5}:'“) so that le(A) =0

CA, PB, MM, SR Change-point Detection on Trees 22/60
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M Step: Segmentation
Ci(a,7,0) = <ELX|Y] E[Xoagy | Y] - —@Ejﬂh}b}&)

ou : , a cost depends on all its parents.

® Exact minimization: too costly.
® Need of an heuristic.

® |dea: rewrite as a least square:
|D — AUA|

with D a vector of size n+ m, A a diagonal matrix of size n+ m, A the
vector of shifts and U the incidence matrix of the tree.
® Then use Stepwise selection or LASSO.

® Other idea: binary segmentation.

CA, PB, MM, SR Change-point Detection on Trees 23/60
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Model Selection with Unknown Variance

Theorem (Baraud et al. (2009))

Under the following setting:
Y =E [Y’] +~E"  with E' ~N(0,l,) and S’ = {S,’,,n € M}

If Dy = Dim(S;,), Ny = n— Dy > 7, max(Ly, Dy) < kn, with k < 1, and:

Q' = Z (Dy +1)e b1 < 400

nem
o112
If: % = argmin HY' =V (1 + pen(n)>
neM Ny

N
with:  pen(n) = peny () = AN 4 ] EDkhi[D, +1,N, —1,e"t1] | A>1
n

|- 74 ?

Then: E < C(A, k)

o JIEV1= Yl :
ng]ﬁ/t Terax(Ln,Dn) +Q

CA, PB, MM, SR Change-point Detection on Trees 24/60
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IID Framework (o = 0)

Assume K, =D,—-1<p—-1<n—-8, VneM

Then:
Q=) (Dy+1)etn= D" (Ky+2)e
nem nem
= = log|SL! |+2 log(K+2
_ z ‘S}I—;’I‘(K_i_z)e—LK _ Z ’5;‘?" (K+2)e_(°g’ K’+ og(K+2))
K=0 K=0
p—1 1
= < log(p) < log(n)
o K+2
And:
-1
Lk < log (n—i— m )+2Iog(K+2) < Klog(n+m—1)+2(K+1) < p(2+log(2n—2))
Hence, if p < min <W”+Iog(n), n— 7>, then max(Ly, D) < kn for any n € M.

CA, PB, MM, SR Change-point Detection on Trees 25/60
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Non-1ID Framework (« # 0)

Cholesky decomposition: V =LLT Y =L7'Y ¢ =1L""'s E =L"'E

Y'=E[Y'] +vE’, with: E' ~ N(0, /)

S, =1L7"s, \A/,; = Projsé Y' = argmin||Y — La'Hf/ =LY,

a'es],

~ |2 ~ 112 N 2
“E[Y]—YﬁV:HE[Y’}—Yg , HY—YW

? Y - ¥/
V_H o

Critmc(n) = H Y — \Aﬁ;

2 N
(1 i PenA,L(Ti)) _ HY -y,
Ny

2 pen, (1)
1 3
v ( * N,

CA, PB, MM, SR Change-point Detection on Trees 26/60
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Phylogenetic PCA with shifts

Model Y size n x p (n observations, p traits), Brownian

Y=p+E vec(E)~N(0,R®C)

Empirical Mean and Variance
Y'=CY a"=E[Y"]=Cu with C=(17Cc'1,)"1]C!

1

R =
n—1

(Y-1,Y)Tc Yy -1,Y")

Bias on R
1

E [ﬁ] =R+-——G'CG with G=(n—1,n")

CA, PB, MM, SR Change-point Detection on Trees 27/60
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Phylogenetic PCA : Scores

Rotation 1
R— L upT
n—1

— If R is biased, then V is the wrong rotation.

Scores
S=(Y-1,Y"Vv

— The scores are not decorrelated.

CA, PB, MM, SR Change-point Detection on Trees 28/60
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Phylogenetic PCA : Examples

CA, PB, MM, SR

Trait 2

Al
20-%% pe
A5
15+
\2
1.0~ A8 17
c1
0.5- Bl
0.0- 52 4
B3c2
-0.5- £s
AL
20-%% ps
A5 Cc1
15- A —N\ B1
A2 Cé4
10- A8 B2
A7 B3C2
0.5- c3
0.0-
-05
AL
20. A
A5 c1
15- A3
% ca
1.0- o= =
0.5+ B1 =
B4
0.0- B2
83
-05- ! | , !
-1 0 i 2
Trait 1

Change-point Detection on Trees

First eigenvector
from

true variance R
— PCA
pPCA
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SDE A (p x p) selection strength

dW(t) = —A(W(t) — B(t))dt + £dB;



SDE A (p x p) selection strength

dW(t) = —A(W(t) — B(t))dt + £dB;

Covariances
Cov[X;; Xj] = e AtiTe ™ 4

ti;
4 e Alti—t)) (/ ' e_A"):ZTe_ATVdV> e AT (5—t)
0



SDE A (p x p) selection strength € S,

dW(t) = —A(W(t) — B(t))dt + £dB;

Covariances
Cov[X;; Xj] = e AtiTe ™ 4

ti;
4 e Alti—t)) (/ ' e_A"):ZTe_ATVdV> e AT (5—t)
0



SDE A (p x p) selection strength € S+

dW(t) = —A(W(t) — B(t))dt + £dB;

Covariances

Cov [X;; Xj] = e A ATl _ gAlige—ATh | o Alli—ti)go—AT(5t)

Stationary Variance
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OU Model

SDE A (p x p) selection strength € S+
dW(t) = —A(W(t) — B(t))dt + £dB;

Covariances

Cov [X;; X;] = e AtiFe At — e Alige ATt | o~ Alli=ti)ge~AT(6- )

Stationary Variance

1
S=P [ ] ©PIRP-T|PT
Ag + Ar 1<q,r<p

Incomplete Data Representation

X; | Xoa( NN( “AGX o+ (I, — e A9 B, T =S — —MfSe—Wf)

CA, PB, MM, SR Change-point Detection on Trees 30/60



SDE A= al, scalar

dW(t) = —A(W(t) — B(t))dt + £dB;

Covariances

Cov [X;; Xj] = e AT ATl _ gAlige—AT | o Alli—ti)g AT (5t)

Stationary Variance




SDE A= al, scalar

dW(t) = —a(W(t) — B(t))dt + XdB;
Covariances

Cov [X;; Xj] = e AT ATl _ g Alige—ATh | o~ Alli—ti)geAT(5-t)

Stationary Variance

1
S=P [ ] oP'RP-T |PT
( Aq+Arlicqr<n




SDE A= al, scalar

dW(t) = —a(W(t) — B(t))dt + XdB;
Covariances

Cov [X;; X)] = e AT ATl _ g Alige—ATh | o~ Alli—ti)geAT(5-t)

Stationary Variance



SDE A= al, scalar

dW(t) = —a(W(t) — B(t))dt + ZdB,

Covariances 1
. _ —2ah [ 2at;
Cov [X;; X;] = —2ae « (e ati 1) R

Stationary Variance
1
S=—R
2a



SDE A= al, scalar

dW(t) = —a(W(t) — B(t))dt + ZdB,

Covariances 1
. _ —2ah [ 2at;
Cov [X;; X;] = —2ae « (e ati 1) R

Stationary Variance

1
S—gR

— Re-scaling trick.
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TE: Single Effect

Model: Y =pul+bN+0°E , E~N(0,V)

Test: Ho:b=0

2
. 2 .
1Y = Projy Yl — | Y = Projy gy Y|, | oy

) 2 fiy 7 — F
HY — Projy g YHV,l A

b? w2
~F <1, -2 250~ Proh)NHvl)

CA, PB, MM, SR Change-point Detection on Trees 31/60
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TE: Several Effects

Model: Y = pul+bN+Nd+o°E , E~N(0,V)

Test: Hi:dy=---=d,=0

2 2
Y P Y[, Y Prolam Y[, n gy

Stat.: F1 =
’ “ : ? 1N~ R
HY — Projg; YHV_l

1 . 2
~F (h ~Ln—h—1,5 (1= Proj ,;,])NdHVl)
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Simulations Design (Uyeda and Harmon, 2014)

e Topology of the tree fixed (unit height, A = 0.1, with 64, 128, 256 taxa).
® |[nitial optimal value fixed: Gy =0

® One "base” scenario ap = 3, 72 = 0.5, K, = 5.

a € log(2)/{0.01, 0.05, 0.1, 0.2, 0.23, 0.3, 0.5, 0.75, 1, 2, 10}.

v% € {0.3, 0.6, 3, 6, 12, 18, 30, 60, 150} /(2cxs).

K e {0,1,2 3, 4,5,8, 11, 16}.

Shifts values ~ N (4,1) + 1N (—4,1)

Shifts randomly placed at regular intervals separated by 0.1 unit length.

® n = 200 repetitions: 16200 configurations.

CPU time on cluster MIGALE (Jouy-en-Josas):
® « known: 6 minutes per estimation (66 days in total).

® « unknown: 52 minutes per estimation (570 days in total).

CA, PB, MM, SR Change-point Detection on Trees 35/60
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Log likelihood for a tree with 256 tips. Solid black dots are the median of the
log likelihood for the true parameters.
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One Example
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Adjusted Rand Index
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Parameters: [

ty2=In(2)/a

exe

v9=

K

3 koown

5 E3esimae

H

i

s o«

8 Ko
B8 Esimated

5

g

H

d

5

B

2
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References

Parameters: o

tiz

ntaxa =64

K
B known
B esimated

ntaxa = 128

ntaxa = 256

In(2)/a

oIy (ern-2my)
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Parameters: ~?

tz=In(2)/a
T

9 =exe

K

3 koown

LS ;:. 3 estimated

< i

;

o s o«

3 8 Ko
B8 Esimated

95z = exeu
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Figure: Mean number changes in the shifts positions during the EM algorithm.
Null means that the initial shifts were kept all along.
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Simulations: Experimental Design

-204 208 -204 301

Tree Used
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Simulations: Model Selection (vs slope heuristic)

K=0 K=15

1.00-+ -

, H
0.75- .

H
0,50+ ! 3

H

0.25-
0.00- —_————— Method

B3 LiNselect

| B3 Slope Heuristic
15- . . + -

"5#:—1

SO

A

[ o —
i
¥

5 P NP2 m,;: > & »,ﬁ:\@ "’ff’ LI »,ﬁ;wo; 'Lw” LI \,,fa,y@ ”ff’ >
Scaling Factor

K selected and ARI
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Simulations: Model Selection (vs ¢1ou)

K=0 K=3 K=7 K=11

g ﬁ i
L w W

?’Kjﬁ’w‘f’w'ﬁ””’o‘v”“’@”»@”&" 3 @%W@%Q_ N\:fa‘o“v%’b

N a7

=

Ilg

e

Scaling Factor

K selected and ARI
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Simulations: Model Misspecifications

Model A

Model B Model C

Model D

i

g g

m

it

ﬁ#%*#ﬁ LML

PN N S I
o

ARl and f

CA, PB, MM, SR

AR N R 4

Ts

Change-point Detection on Trees
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Method
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Model B

© Q('l/ 0?. 0‘:0 Qib

Trait Correlation (r4)

(a) Correlation

K=3 K=7 K=11 K=15

Method
~®- PhylogeneticEM
@ llou

pre-processing pPCA
- No
A Yes

RGO BNE GBI NI AN

Scaling Factor

(b) Number of shifts
Pre-processing pPCA
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Monkey Dataset (Aristide et al., 2016)

data(monkeys)

plot (params_BM(p=2), data = monkeys$dat, phylo = monkeys$phy, show.tip.label = TRUE)

Pithecia pithecia
Pihecia oraia

Pilhecia monachus

— ‘Chiropotes chitopotes

= Chiropotes satarias
i Cacajao melanocephalus
— P— Cacajao caiws

Ceorropinacus rosaia
Leoniophects chrysamels

‘Saduinus mystax
Saguinus mas
SaGuinus bicolor
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We use function PhyloEM:

res <- PhyloEM(Y_data = monkeys$dat, ## data
phylo = monkeys$phy, ## phylogeny
process = "scOU", ## scalar OU
K_max = 10, ## mazimal number of shifts
nbr_alpha = 4, ## number of alpha values
parallel_alpha = TRUE, ## parallelize on alpha values

Ncores = 2)

Then plot the solution selected by the default method:

plot(res, edge.width = 2)
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Result

Ca/l}'tl;rix penicillata
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Solution with K = 5 seems to be a good solution too.
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plot(res, params = params_process(res, K = 5), edge.width = 2, show.tip.label = TRUE)

## Warning in params_process.PhyloEM(res, K = 5): There are several equivalent solutions for
this shift position.

&
s
3
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Solution for K =5

params_5 <- params_process(res, K = 5)
eq_shifts <- equivalent_shifts(monkeys$phy, params_5)

plot(eq_shifts)
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Measurement Error (Felsenstein, 2008)

z v
oo
2 7{Yj4 Y, : observed traits
v Lyt
vis X =Y :latent tips
z 4‘% v Z : latent nodes

vy
z? yie

X'~ N (p,T) root

X | xP0) A (xpa(f) + Af,sz) nodes 2 < j < m+n

Yi, ‘ yr) o Af (Ypa(")7 P) observations m+n+1<i<m-+n+n,.
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Factor Analysis (Tolkoff et al., 2017)

F* — v
F 13
1 rYu
F Flvy Y, : observed traits size p
= :ﬁﬁ F : latent features size g < p
F® v
F yie
F' ~ N (g, TE) root
F 20 (xpa(f) + Af,£j|q> nodes 2 <j < m+n
Y! ‘ 0 N <Fpa(i)L, P> observations m+n+1<i<m+n+ n,.
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Tree Misspecification

Simulation Tree and Shifts Estimation Tree and Shifts

Low Misspecification

High Misspecification
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Identifiability

@ +4,=0
2
@
® »  ® e ®

Figure: A non-ultrametric tree, with a “non parsimonious” solution on the left
that cannot be reduced to the “parsimonious” one on the right for an OU.
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Y(nx p) data
M(n x p)  missing data indicator

py(M|Y) sampling law
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Patterns in Missing Data (Rubin, 1976)

Y(nx p) data
M(n x p)  missing data indicator
py(M | Y) sampling law
EM:

E [|0g P6,1/)(Yob57 M, Y niss, Z) ‘ Y obs, M]
=E [|0g Pl/)( M | YObS7YmiSS7 Z) ‘ Yobs> M] +E [|0g pG(Yob57Ymi557 Z) ‘ Yobs> M]
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Patterns in Missing Data (Rubin, 1976)

Y(nx p) data
M(n x p)  missing data indicator
py(M | Y) sampling law

EM:

E [|0g P6,1/)(Yob57 M, Y niss, Z) ‘ Y obs, M]
=E [|0g Pl/)( M | YObS7YmiSS7 Z) ‘ Yobs> M] +E [|0g pG(Yob57Ymi557 Z) ‘ Yobs> M]

MCAR:  py(M[Y) = py(M)
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Patterns in Missing Data (Rubin, 1976)

Y(nx p) data
M(n x p)  missing data indicator
py(M | Y) sampling law

EM:

E [|0g P6,1/)(Yob57 M, Y niss, Z) ‘ Y obs, M]
=E [|0g Pl/)( M | Yobsmei557 Z) ‘ Yobs> M] +E [|0g pG(Yob57Ymi557 Z) ‘ Yobs> M]

MCAR:  py(M[Y) = py(M)
MAR:  py(M|Y) = py(M | Yo )
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Patterns in Missing Data (Rubin, 1976)

Y(nx p) data
M(n x p)  missing data indicator

py(M|Y) sampling law

EM:

E [Iog po,w(Yobs, M, Ymiss, Z) ‘ Yob57 M]
= E[log py(M | Yobs, Ymiss, Z) | Yobs, M] 4 E [log pe(Yobs, Ymiss; Z) | Yobs, M]

MCAR:  py(M[Y) = py(M)
MAR:  pyp(M|Y) = pp(M| Yous)
NMAR:  pyp(M 1Y) = py(M | Yobs, Yemiss)
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