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Abstract. In this paper, we investigate a two-dimensional interior transmission
eigenvalue problem for an inclusion made of a composite material. We consider
configurations where the difference between the parameters of the composite material
and the ones of the background change sign on the boundary of the inclusion. In a first
step, under some assumptions on the parameters, we extend the variational approach
of the T-coercivity to prove that the transmission eigenvalues form at most a discrete
set. In the process, we also provide localization results. Then, we study what happens
when these assumptions are not satisfied. The main idea is that, due to very strong
singularities that can occur at the boundary, the problem may lose Fredholmness in
the natural H! framework. Using Kondratiev theory, we propose a new functional
framework where the Fredholm property is restored.
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1. Introduction

The interior transmission eigenvalue problem (ITEP) has now a long history. In
electromagnetism, both the scalar [13, 31, 14, 6, 15] and Maxwell [18, 8, 7, 9] problems
have been widely studied. But lot of questions remain. In this paper, we investigate an
ITEP in a situation which, up to our knowledge, has not been studied before. Denoting
by p the magnetic permeability of the inclusion D and by po the one of the reference
medium, we consider a two-dimensional scalar problem where the sign of y— po changes
on 0D. This 2D configuration corresponds to electromagnetic scattering in transverse
electric polarization. Notice that p can be a matrix, if the inclusion is filled with an
anisotropic material (u = g A~ in the sequel). The difficulty lies in the fact that
solutions of the ITEP can exhibit a very singular behaviour at the points of 9D where
I — po changes its sign.

To carry our study, we will rely on the analogy between the ITEP and the
sign-changing transmission problem (SCTP) which models the interface between a
metamaterial (with electromagnetic constants € and p taking negative real values) and
a classical material (with positive ¢ and p).

We have already pointed out this analogy in previous papers [3, 10]. In particular,
we have shown that the T-coercivity technique (that we used extensively for studying
the SCTP [4, 1]) allows to establish Fredholm property for the variational formulation
of the ITEP, in the classical framework (the fields belong to H!(D)), as soon as the
sign of p — o is constant in a neighbourhood of dD. Then the discreteness of interior
transmission eigenvalues can be deduced under additional hypotheses on the dielectric
permittivity . When p, o are smooth, these additional hypotheses have been relaxed
in [21]. However, in this work, the authors also need to impose that p— o has a constant
sign in a neighbourhood of dD.

In the opposite case where 1 — pp has not a constant sign in a neighbourhood of
dD, one expects, still by analogy with the SCTP, that the H*(D) functional framework
may become inappropriate. For the SCTP, this happens when the interface between the
negative material and the positive one has corners. Then there exist so-called black-
hole waves which propagate towards the corners, with associated fields which do not
belong to HY(D). The corresponding theory is detailed in [2] for a model problem: an
appropriate functional framework is derived and justified, using Mellin transform and
Kondratiev weighted Sobolev spaces.

Our objective in the present paper is twofold.

(i) First we aim at relaxing the condition on pu — pg (or equivalently on A — Id in the
anisotropic case) imposed in [3] to apply the T-coercivity technique. Doing so, we
will derive new conditions on p, allowing a change of sign of u — py on 9D, such
that the ITEP is of Fredholm type in the H'(D) framework.

(ii) On the other hand, we want to point out that this Fredholm property of the ITEP
in the H'(D) framework can fail. Adapting the ideas of [2], we will propose in
this case new extended functional frameworks to restore Fredholmness. For each
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extension, the associated spectrum contains two parts: the set of transmission
eigenvalues (with eigenvectors in H'(D)) and a set of spurious eigenvalues (with
a strongly oscillating behaviour in L?(D) \ H'(D)). This spurious spectrum
depends on the choice of the new functional framework. We will see how to
select the good extensions so that no spurious spectrum appears on the real
and purely imaginary axes. Let us emphasize that it is necessary to take into
account the strongly oscillating behaviour in the functional framework only to
recover Fredholmness. However non spurious eigenvalues correspond to regular
(non oscillating) eigenvectors and do not depend on the choice of the extension.

The paper is organized as follows. The interior transmission eigenvalue problem
is defined in Section 2, and the idea of the T-coercivity method is briefly recalled in a
simple configuration. In Section 3, we investigate the extension of this approach to cases
where the sign of A — Id changes on 0D. Building appropriate operators T, we derive a
sufficient condition on A which ensures that the ITEP is of Fredholm type. To relax this
condition, we turn to a different approach. First, in Section 4, we study in details the
singularities of a model problem, around a point of 0D where A — Id is sign-changing.
We focus particularly on the possible existence of “strongly oscillating singularities”,
which are local solutions of the interior transmission equation which behave like r®
with n € R (where r denotes the distance to the singular point). Such solutions are not
in H', and this is why the variational T-coercivity method fails in this case. This leads to
generalize the definition of the ITEP by changing the functional framework. In Section 5,
we introduce well-suited weighted Sobolev spaces, where a strongly oscillating behavior
is allowed and where the Fredholm property of the model problem is established. Finally,
Section 6 is devoted to the study of discreteness of the transmission eigenvalues. We
consider both configurations where the variational approach applies and configurations
with strongly oscillating singularities. We discuss the relevance of the problems set in
the new functional frameworks.

2. Setting of the problem

2.1. Basic definitions

Consider D C R? a bounded simply connected domain with Lipschitz boundary 0D.
The unit outward normal vector to 9D will be denoted v. We study a time-harmonic
electromagnetic scattering problem for an inclusion whose coefficients are given by A(x)
and n(x). To simplify the presentation, we assume that the background is homogeneous.
Here, A € L>(D, C?*?) is a matrix valued function such that A(z) is hermitian positive
definite for almost all € € D. Moreover, n € L>(D) is a strictly positive real valued
function. We suppose that A=' € L>°(D,C?**?) and n! € L>(D).

If & is an open subset of R? we denote indistinctly (-,)s the inner products of
L2(0) := L*(0,C) and L*(0) := L*(0,C?), and || - ||¢ the associated norms. We
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also denote H!(D) instead of H'(D,C). Moreover, we define

sup, A :== su su Az and infy A:= inf inf - A(x)E).

be weg sec%llg\:l(g (@)%) ? meﬁﬁe@,\ﬂ:l(g (@))
We will say that the open set ¥ C R? is a neighbourhood of 9D if there holds
oD C (¥ N D).

Definition 2.1 The elements k € C such that there exists a pair (u,w) # (0,0) solving
the problem

Find (u,w) € HY(D) x HY(D) such that:

div(AVu) + k*nu = 0 in D

Aw + k*w = 0 inD (1)
U —w = 0 ondD

v-AVu—v-Vw = 0 ondD

are called transmission eigenvalues.

Here, w and u denote respectively the incident field which does not scatter and the total
field inside the inclusion. One classically proves that (u,w) satisfies (1) if and only if
(u,w) satisfies the problem
Find (u,w) € X such that, for all (v, w’) € X, 2)
ar((u,w), (v, w')) := (AVu, Vu')p — (Vw, Vu')p — k* ((nu,v')p — (w,w’)p) =0,
with X = {(u,w) € HY(D) x HY(D) |u — w € H{(D)}. With the Riesz representation
theorem, we define the operator 7, : X — X such that, for all ((u,w), (v/,w")) € X x X,

(e (u, w), (W', w")) e (pyxar(py = ar((u, w), (v, w")). (3)

The spectral problem associated with (1) differs from classical ones because ay, is not
coercive on X neither “coercive4compact”.

2.2. The T-coercivity method

We briefly recall the method of the T-coercivity in the simple case: sup, A < 1 and
suppn < 1. The idea is to consider an equivalent formulation of (2) where ay, is replaced
by a; defined by

a ((u,w), (', w')) = a((u, w), T, w')),  ¥((u,w), (v, 0)) € X x X, (4)
T being an ad hoc isomorphism of X. Indeed, (u,w) € X satisfies ax((u, w), (v, w')) =0
for all (v/,w’) € X if, and only if, it satisfies a; ((u,w), (v/,w")) = 0 for all (v, w') € X.
In the present case, let us take T such that T(u,w) := (u — 2w, —w). One can check that
T2 = Id. Therefore, T is an isomorphism which is equal to its inverse. Using Young’s
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inequality, we can write, for k = ik with k € R* := R\ {0}, for o, 8 > 0 and for all
(u,w) € X,
‘a;f((u, w), (u,w))‘ = |(AVu,Vu)p + (Vw,Vw)p — 2(AVu, Vw)p
+k2 ((nu,u)p + (w,w)p — 2(nu, w)p)|
(AVu,Vu)p + (Vw, Vw)p + k2 ((nu,u)p + (w,w)p)
—2|(AVu, Vw)p| — 26 |(nu, w) p|
> (1= a)AVu,Vu)p + ((1 — a tsupp A)Vw, Vuw)p
+67 (((1 = B)nu,u)p + (1 — B~ supp n)w, w)p) .
Taking a and S such that supp, A < a < 1 and suppn < S < 1, this estimate proves

\Y

(5)

that a} is coercive over X. Using Lax-Milgram theorem and since T is an isomorphism
of X, one deduces that @7 is an isomorphism of X for k = ix with k € R*. Besides, for
a general k € C and for k € R*, the operator 7, — o7, is compact since the embedding
of X in L?(D) x L*(D) is compact. As a consequence of the analytic Fredholm theorem,
this proves that the set of transmission eigenvalues is at most discrete with infinity as
the only accumulation point when sup, A < 1 and sup,n < 1. More generally, in [3],
we prove the following results.

Theorem 2.2 1) Assume that there exists ¥, a neighbourhood of 0D, such that
suppny A < 1 or 1 <infpny A. Then for all k € C, the operator @, : X — X defined
in (3) is of Fredholm type.

2) Assume that there exists ¥, a neighbourhood of 0D, such that supp~, A < 1 and
suppryn < 1, or infpay A > 1 and infpryn > 1. Then the set of transmission
eigenvalues is at most discrete with infinity as the only accumulation point. Moreover,
we can find two positive constants p and 6 such that if k € C wverifies |k| > p and
|Re k| < 0|Smk|, then k is not a transmission eigenvalue.

Remark 2.3 With a stronger assumption on A, we can weaken the condition on n (see

[3, Theorem 3.4]).

The goal in this paper is to understand what happens when A — I'd changes sign on 0D.
To study such a configuration, we will first work on a simplified interior transmission
problem.
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Figure 1. Geometry of the domain €.

3. A model problem

3.1. Setting of the problem

Let us denote (7, 8) the polar coordinates centered at the origin O. We define (see Figure
1) the sets:

= {(rcosf,rsinf) |0 <r<1,0<6<d}
= {(rcosf,rsinf) |0 <r<1, 9<0<m}
{(rcosf,rsinf)|0<r<1, 0<6<m};
{( )
= {( )
= (=

rcosf,rsinf)|r=1, 0<0<n};
rcosf,rsinf) |0 <r <1, 6=19}
1;1) x {0}.

M HE 702

In particular, the boundary of Q verifies Q2 = ' UX. We introduce the function
A:€Q — Rsuch that A =A4;in Q and A = Ay in 5. Here 0 < A; < 1and Ay > 1
are two constants. Our objective in this section is to understand the properties of the
following simplified interior transmission problem:

Find (u,w) € HY(Q) x H(Q2) such that:

div (AVu) = f inQ

Aw = g in{)

u—w = 0 onX (6)
v-AVu—v-Vw = 0 onX

u = 0 onl

w 0 onl.

In (6), v denotes the unit outward normal vector to 9€2. Moreover, f and g are two source
terms which belong to some functional spaces which will be specified later. Compared
to (1), in this interior transmission problem, the transmission conditions are written
only on the part 3 of the boundary. This will lead to simplification in the analysis and
this is why we say that it is a simplified interior transmission problem.

Let us define the linear space Xy = {(u,w) € H{(Q) x HL(Q)|u —w = 0on X}
where HL(Q) = {p € H'(Q)|¢ = 0on T'}. In the sequel, we will also use the space
HL(Q2) = {¢]a, | ¢ € HL(Q)}. To (6), we associate the sesquilinear form b on Xx such
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that b((u,w), (v, w")) = (AVu, Vu')g — (Vw, Vu')g and we consider the variational
problem

Find (u,w) € Xy such that, for all (¢/,w") € Xy, 7)
b((u, w), (v, w')) = F((u',w")),
where F' € X5, the topological dual space of Xy, made of the continuous antilinear forms

on Xy. With the Riesz representation theorem, we define the operator Z : Xy, — Xy
such that, for all ((u,w), (v, w")) € X5 x Xg,

(‘@(u7 ’LU), (ul> w/))Hl(Q)le(Q) = b((u’ w)’ (u/7 ’LU/)). (8)

Again, the study of % is not simple because b is not coercive on Xy neither
“coercive+compact”.

3.2. A wvariational approach

In this section, we study the operator % using the variational approach of the T-
coercivity. However, since we have neither A > 1 nor A < 1 on X, the computation
presented in §2.2 fails. We must work with a different isomorphism T : Xy, — Xyx. If ¢
is a measurable function on 2, we denote p; := ¢|o,, P2 = Y|a,. Set

(Ul — 2U}1 + 2R2w2, —wi + 2R2U2) on Ql

T(u,w) = (v,w'), with (v, v')= .
(u,w) = (u',w'), wi (u',w') (112, —ws + 2u1) on O,

(9)
In this definition, R, is the operator such that, on Qi, (Rapo)(r,6) = @o(r, 526 + )
for vy € HL(y). First, notice that Rops = o on II for all ¢y € HL(Qy). As a
consequence, one can check that ' € H{.(Q) and w’ € H{.(R2). Then, one can verify that
' —w' € HY(Q) so that the operator T defined in (9) is indeed valued in Xs. Finally,
noticing that T? is equal to the identity of Xy, we deduce that T defines an isomorphism.
For all (u,w) € Xy, we find

+2<A1VU1, V(—w1 -+ ngg))gl — 2(Vw1, V(RQU/Q))QI — Q(V’LUQ, VUQ)QZ.

Let us introduce «, 3,7, n four strictly positive parameters. Using Young’s inequality
and setting

1R == sup IV(Rae2)llen,

P2€HE(Q2), [[Vip2llo,=1
we can write:

|2(A1VU17 v(_wl + R2w2))91|
< Ai(a+ B)(Vur, Vur)g, + Ao (Vwy, Vo, + A1 871 R[> (Vws, Vws)a,,

2(Vwr, V(Raus))a, | < y(Vwr, Vo, +77 [ Re[|*(Vug, Vus)a,,

|2(Vw2, VUQ)Qz’ S T](VU)Q, Vw2>Q2 + Uﬁl(VUQ, VUQ)QQ.
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We deduce
b((u, w), T(u, w))
> A(1—a—B)(Vu, Vur)a, + (Ay =y M| Ra|l” — 7 1) (Vuz, Vug)g, (10)

+(1 — a™tA; — ) (Vwy, Vg, + (1 — A1 87| Ral]? — n)(Vws, Vws)q,.
In [1, 11], we obtain ||Ry||* = Ty where
T—19 U
. 11
A 19) (11)
Notice that there holds Ty > 1 with Ty = 1 if and only if ¥ = 7/2. From (10), we are
going to prove the following result.

Ty := max (

Lemma 3.1 Assume that Ay, As verify
1 14+ 7Ty
d A
1+ 7, an 2T T A1+ Ty
where Yy is defined in (11). Then the operator £ : Xy — Xy defined in (8) is an

1somorphism.

Remark 3.2 Thus, when A; < min(9/7, (mr—139)/m), the operator B : Xy, — Xx, defined
in (8) is an isomorphism for Ay large enough.

Remark 3.3 Actually the proof we give allows to obtain the following result. Assume

that A € L>(Q2,C**?) is a matriz valued function such that A(x) is hermitian positive

definite for almost all x € Q, with A~ € L>(Q2,C**?). Assume that
14+ 7Ty

1+ 7Ty 1 — (supg, A)(1+Ty)’

then the operator % : Xy, — Xy defined in (8) is an isomorphism. Here, we see an

and infg, A >

supg, A < (13)

advantage of this variational tool of the T-coercivity compared to the Fourier/Mellin
approach of §5. It allows to work with quite general parameters.

Proof From (10), to complete the proof, the goal is to find four strictly positive
parameters «, 3,7, n such that we have both

l—a—p>0; Ay =7 Ty —n 1 >0;
1—04_1A1—7>O; 1—A1ﬁ_1T19—77>0.
Let us choose a and B such that a™! = s(1 + Ty) and 7' = s(1 + Ty)/YTy for
some s € (1;1/(A1(1 + Yy))). We find 1 —a—f = 1 —1/s > 0. Next, take
v=mn=1t(1—-sA(1+ Ty)) for some t < 1. We obtain
l—a A —y=1-A1p"Ty—n=(1-1t)(1—-s4,(14+7Ty)) >0

147y
H1—sA(1+ Ty)

and Ay —y Ty —n7t = Ay — (14)

If A, satisfies the second relation of (12), taking s > 1 and ¢ < 1 close enough
to one, we obtain that (14) is strictly positive. By virtue of (10), we deduce that
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((w,w), (v, w") — b((u,w),T(v,w')) is coercive on Xs. Since T defines an isomor-
phism, Lax-Milgram theorem allows us to conclude that the operator & : Xy — Xy
defined in (8) is an isomorphism when A; and A, satisfy the condition (12). m

Now, the question we propose to investigate is the following. Are the conditions of
Lemma 3.1 necessary? In other words, what happens for the operator Z when A does
not meet the assumptions (12)7? For a precise answer, we refer the reader to Remark
6.2.

4. Study of the singularities

The analysis we will develop in the next section relies on a precise study of the behaviour
of functions satisfying problem (7) in a neighbourhood of O by means of Fourier /Mellin
transform. In order to facilitate the presentation of the technique, we will work not
directly on the simplified interior transmission problem (6) but on an equivalent problem.
This equivalent problem is obtained from (6) by unfolding the domain ). In this section,
we first explain this unfolding procedure. Then, we compute the singularities in the
unfolded domain.

4.1. The unfolding procedure

Figure 2. Initial domain 2 and unfolded domain w.

Let us reintroduce (r,6) the polar coordinates centered at the origin O. We define
(see Figure 2, on right) the sets:

wy = {(rcosf,rsinf) |0 <r<1,0<6<9};

wy = {(rcosf,rsinf) |0 <r <1, ¥<60<mr};
ws = {(rcosf,rsinf) |0 <r <1, m<6<2r}
w = {(rcosf,rsinf) |0 <r <1, 0<6<2r}.
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Let o denote the function such that o(0) = oy for 6 € (0;9), o(f) = oy for 6 € (V; )
and () = 03 = —1 for 6 € (m;27). Here 0 < 0y < 1 and 0y > 1 are two constants. In
the sequel, to simplify, we will make no distinction between ¢ and the function defined
on w, equal to ; on wj, 7 = 1...3. Now, we consider the problem:

Find v € H}(w) such that:
div(eVv) = h inw,
where H}(w) := {¢ € HY(w)|¢ = 0 on dw}. Problem (15) can be seen as a transmis-

(15)

sion problem between a positive composite material filling the region w; U wy and a
negative material in ws. Let us assume that the source terms in (6) and (15) are such
that f € L*(Q), g € L*(Q) and h € L*(w). Moreover, let us assume that h satisfies
h(z,y) = f(z,y) a.e. in w; Uws and h(z,y) = g(z, —y) a.e. in ws.

* Consider (u,w) a solution, if it exists, of the simplified interior transmission prob-
lem (6). Then define the function v such that v =« on w; Uwy and v(z,y) = w(z, —y)
a.e. on ws. Is it easy to check that v verifies the transmission problem with a sign-
changing coefficient (15) for o1 = A; and 0y = As.

* Conversely, if v satisfies the transmission problem with a sign-changing coefficient
(15), define the functions u and w such that u = v on Q, w(z,y) = v(z, —y) a.e. on .
Then, one can check that the pair (u,w) is a solution of the simplified interior trans-
mission problem (6) for A; = oy and Ay = 0.

Although the equivalence between the simplified interior transmission problem (6) and
the transmission problem with a sign-changing coefficient (15) is very simple, we decided
to introduce the scalar problem (15) to avoid to work with the system of partial differ-
ential equations (6). We associate to problem (15) the sesquilinear form m on H}(€2)
such that m(v,v’) := (¢Vv, V'), and we consider the variational problem

Find v € H}(w) such that, for all v € H}(w),
m(v,v") = H(v'),
where H € H™'(w) := H}(w)*. With the Riesz representation theorem, we define the
operator . : Hj(w) — H}(w) such that, for all (v,v") € Hi(w) x H}(w),
(M v,V 1) = m(v,0"). (17)

The main difficulty in the investigation of the properties of .# comes from the triple

(16)

point O: at this point, the solutions of problem (16) can be very singular.

4.2. Description of the singularities

When one is interested in studying the regularity of the solutions of problem (16), one is
led to compute the singularities, i.e. one is led to look for the functions s(r, 0) = k(r)¢(0)
with separate variables (in polar coordinates) which satisfy

div(oVs) = r2 <aq§(r(9r)2f<c + /i(@gaag)qb) = 0.
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The above equation has been obtained noticing that o depends only on 6. Using the
separation of variables, we deduce that x and ¢ must satisfy

(r0,)*k = Ak on (0;+00) and (0p0dp)d = —A*0¢ on T := R/(277Z),

for some constant A € C. The problem verified by s, for which we do not impose
boundary conditions, can be easily solved. For A = 0, we find x(r) = A Inr+ B whereas
for X\ # 0, we obtain k(r) = Ar* + Br=, A, B being two constants. The problem
satisfied by ¢ contains boundary conditions (here, periodic boundary conditions) and
no source term. This implies that, for most \ € C, zero is the only solution. Therefore,
if we want to compute non trivial singularities, we need to solve the spectral problem:

Find (), ¢) € C x HY(T) \ {0}, such that :

o/ ) (18)
%<0@ ) = —A\00¢ on T.
The study of this problem leads us to consider the symbol .Z such that for all A € C,
. 1 1 *
Z(\): HY(T) — H'(T) (19)

¢ Og(00ho) + N 0.

We say that A € C is an eigenvalue of the symbol .Z when there exists a non trivial
¢ € HY(T) such that £ (\)¢ = 0. The dimension of ker .#(\) is called the geometric
multiplicity of the eigenvalue A. We denote A the set of the eigenvalues of .Z. This
set is also called the set of singular exponents associated to O. As for the interior
transmission eigenvalue problem, the study of (18) is not standard because the sign-
changing parameter o appears both in the principal and in the compact part of the
equation. However, now it is only a 1D problem. Proceeding as in [12, Lemma 4.9], we
can prove the

Proposition 4.1 Assume that o1 # 1 and oo # 1. Then, the set A is discrete.
Moreover, there exist two positive constants p and & such that if X € C verifies |\| > p
and |Re A| < § |Sm |, then X is not a singular exponent.

As we will see later, we can decompose the solutions of the source term problem (16)
as the sum of a finite number of singularities and a regular term. The computations of
the beginning of this paragraph show that for A # 0, each singularity is proportional to

(r,0) — 6(0), (20)

where (A, ¢) corresponds to an eigenpair of problem (18). Therefore, the regularity of
the solutions of problem (16) only depends on the set A. That is why our work now
will consist in describing precisely A. In particular, we will be interested by the set
AN Ri\ {0}, the reason being that, for A € Ri \ {0}, the singularity (20) presents
a curious oscillating behaviour (see Figure 3). When such singularities exist, we will
prove in Proposition 6.16 (actually this was already noticed by Kondratiev in [19]) that
Fredholm property in H' is lost for problem (16). At this point, we should emphasize
that these oscillating singularities do not appear for classical elliptic operators. Their
existence here is a consequence of the change of sign of the parameter o.
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Figure 3. Behaviour of the real part of the radial component of the singularity r*$(6),
for A € Ri \ {0}, in a neighbourhood of O. To understand these oscillations, observe
that Rer? = cos(nlnr) for n € R*.

4.3. Ezplicit computation of the singularities in the case ¥ = 7/2

In order to be able to compute explicitly the set A, we will restrict our study to the case
of an angle

U=m/2.
In the sequel, we denote I; := (0;99), Iy := (¥;7), I3 := (m;27) and ¢; := ¢[1,,j = 1...3.

* The set A always contains the value 0. Indeed, there holds Z(0)¢ = 0p(c0y¢p) = 0
when ¢ = cst.

* Cases where 0 is an eigenvalue of geometric multiplicity equal to 2. Let

us look for a ¢ € HY(T) such that £ (0)¢ = 9y(c0y¢) = 0 with ¢; = A10, ¢y = A+ Bs

and ¢3 = Azl + Bs. First, writing the continuity of the flux, we obtain ¢; = A0,

¢o = Ai(01/09) 0+ By and ¢3 = A1(01/03) 0+ Bs. The continuity of ¢ provides ¢; = A0,

o = Ai(o1/09) (0 —9) + A10, 3 = Ai(01/03) (0 — ) + A1(01/02) (m — ) + A1 and

0= Ai(01/03) T+ Ai(o1/02) (m — V) + A19. So, we have Z(0)¢ = 0 and ¢ # 0 when
v om—9 7

— +—=0.
01 02 03
For our configuration where o3 = —1 and ¢ = 7/2, this relation writes
01+ 09 = 20109 <~ 0'2(20'1—1)20'1. (21)

In order equation (21) to be solvable in (0;00) x (0;00), the coefficients oy, oy must
satisfy o1 > 1/2, 09 > 1/2. Moreover, if o1 > 1/2 is given, then there exists a unique

C 20— 1
such that we can find a non constant function ¢ satisfying Z(0)¢ = 0. From (22), we
observe in particular that if 1/2 < o7 < 1 then 05 > 1, and if o7 > 1, then 1/2 < 09 < 1.
Therefore, 0 is an eigenvalue of geometric multiplicity equal to 2 only in cases where

09 (22)
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the sign of 0 — 1 changes. This is coherent with Theorem 2.2 which states that the
operator .7, : X — X associated with the interior transmission problem is Fredholm
if suppry A < 1 or if 1 < infpry A, where ¥ is a neighbourhood of dD. Indeed,
configurations where 0 is an eigenvalue of geometric multiplicity equal to 2 correspond
to limit configurations where Fredholm property is lost in H!. For oy = 0, = 1, we will
see that A is equal to the entire complex plane (Remark 4.2).

02

1/2 -

! o 1

Figure 4. Curve (01, 03) when o1, o2 satisfy the relation (22).

* Computation of the non trivial singular exponents. If ¢ satisfies Z(\)¢ =
Dp(0Dpp) + N2 o = 0 for X # 0, then, for j = 1...3, we have ¢() = A;exp(i\d) +
Bjexp(—iAd) on I;. Writing the matching conditions, we find that A\ € C* satisfies
A € A if and only if the following matrix is not invertible

[ Y o~V M =i 0 0 T
0.261')\19 _0.26—1')\19 _0.161')\19 O.le—i)\ﬁ 0 0
0 0 ei)nr e—i)ﬂr _ei)\ﬂ' _e—i)\ﬂ'
m(A) - 0 0 o1 e’i)\ﬂ' _0.16—2')\# ei)nr _e—i)\ﬂ'
1 1 0 0 _62i)\77 _6—21'/\71'
o9 —0y 0 0 €2i)\7r _6—2i/\7r

For an angle 9 equal to /2, the determinant of this matrix can be explicitly computed.
We obtain

det M) = 2(09 — 1)(01 — 1)(01 + 02) cos(2A7)
+4(01 — 09)? cos(Am)
—209 — 207 — 20% — 20% + 120907 — 2020f — 20301.

Remark 4.2 For oy = 05 = 1, we notice that det M(N) = 0 for all A € C. Therefore,
in this case, we deduce that A = C.
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Remark 4.3 We see that if \ € A, then —\ € A and X\ € A. The first point comes
from the fact that problem (18) is quadratic with respect to A. The second statement can

be obtained observing that det M(A) = det M(N). Moreover, if X € A, then (A +2) € A.
As a consequence, it is sufficient to study AN{A € C|0 < ReA < 1,0 < ImA}.

Rewriting the equation det9(A) = 0 under the form a(cos(A7r))? + beos(Ar) + ¢ = 0,
one obtains that A should satisfy
1 —4
COS()\W) c {1’ <0'1+0'2)( +O’10’2) 0'10'2}
(1 — 01)<O'2 - 1)(01 + 0'2)
The previous computations lead to the conclusion that the set of eigenvalues of .Z is

given by the expression

A = (22) U {in+2Z} U {—in+2Z} U {ig +2Z} U {—if+ 2Z}, (23)
where n € {z € C| — 7 < Qmz < 0} denotes the number such that
((01 +03)(1 + 0109) — 40102)

(1 = 01)(o2 — 1)(01 + 02)

To know when there exist purely imaginary singular exponents, it just remains to know
when there holds

(o1 4 02)(1 4+ 0103) — 40109

(1 —01)(o2 — 1)(01 + 02)

Indeed, arccos(z) € Ri\ {0} if and only if z belongs to (1; +00). For (01, 0,) € R} xR%,
one can check that property (25) is true if and only if (o7, 03) belongs to the set

n = ~ ' arccos (24)

™

> 1. (25)

R = KB UAy U DR U Ry, (26)
where Py = {(o1,02) eRL xRi |0y >1 and o0y <2—01}

Ky = {(o1,00) € RL xR |0y >1 and 20101_ 7 <02 < 1}

Kz = {(01,02) ERLXRi |0 >1 and oy <2 — 05}

Ky = {(01,09) ERL xR |0y >1 and 20202_ 1 <o <1}

* Conclusion. e For (01,09) € R} x R% \ %, we can prove that A N Ri = {0}.
e For (01, 09) € #Z, we can prove that 1 defined in (24) is real strictly positive. Therefore,
in this case, there holds A NRi = {0, +in}. The associated singularities take the form
) with  ¢(0) = A exp(—n0) + B;exp(nb) on 1, (27)
the vector (A1, By, Ag, Bo, A3, B3)' being an eigenvector of the matrix M(in). We choose
an eigenvector so that ||¢|lr = 1 (we remind that T := R/(27Z)). Observe that
the angular behaviour is the same for the two singularities. In the sequel, the value
of the integral fozﬂa(ﬁ)gb(ﬁ)z df will play an important role. More precisely, to avoid
technicalities in the analysis we develop, we will need this quantity to be different from
zero. We will assume that this property is true. Figure 9 leads us to think that this is
not a restricting assumption.
We have computed the singularities for problem (16). Let us present now the framework
which will allow us to use them.
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)

1/2 -

— o1
1/2 1

Figure 5. Representation of the set # = %1 U%2UH#3U%, in orange. For (01,02) € Z,
strongly oscillating singularities appear.

Re A
Sm A
° ° ° ° ° °
—6 —4 -2 2 4 6
= = = = = = Fe
° ) ° l ° ° °
+in
Figure 7. Set A for (01,02) = (4,2) € R} x R% \ Z.
Sm A
° ) { +n ° ) )
o6 4 =2 o2 oA o6 > Re A
° e —in { ° ° °

Figure 8. Set A for (01,02) = (3/4,2) € Z. Notice the two non trivial singular
exponents on Ri.
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Figure 9. The surface in color represents the value of fo% a(0)p()? df with respect
to (01,02), for (01,02) € Z N ((0;5) x (0;5)). Here, 6 — ¢(6) is the angular part of
the singularity (r,0) — r™¢(0) (see (27)). The plane in z = 0 allows us to see that
this integral (at least its approximation) vanishes only on % but not in Z.

5. Fredholm property for the model problem in the unfolded geometry

Problems of singularities usually raise in the study of partial differential equations in
non smooth domains as well as in the study of partial differential equations with non
smooth coefficients. To handle such problems, Kondratiev developed in the pioneering
paper [19] an efficient theory. For more recent references, the reader might consult the
monographs [20, 26, 23]. This theory is based on the use of the Mellin transform, which
is nothing else than the Fourier transform with respect to Inr, where r denotes the
distance to the singular point. The Mellin transform appears very useful in this field
because it defines isomorphisms between some ad hoc spaces and some weighted Sobolev
spaces, the latter being particularly well-suited to measure precisely the behaviour of
the functions at O.
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5.1. Analysis in weighted Sobolev spaces

We consider the variational problem

Find v such that:

(UVU, VU’)M = H(U’), V= (gooo@-))- (28)

We search for the solution of (28) in the Kondratiev space Vj(w). This space is defined
as the closure of €;°(w) for the norm

s V@Il = (90l + I )2)

where 7 is the distance to the origin O and € R is the weight. Notice that the trace of
the elements of V}j(w) vanishes on dw. Since the linear space €;°(w) is dense in Vj(w)
for all § € R, the equality (28) is valid for all test functions v’ in V! 5(w). Therefore, the
source term H in (28) can be chosen in V! g(w)*, the topological dual space of V! 4(w)

1/2
)

made of the continuous antilinear forms on V1t s(w). As a consequence, we can associate
with problem (28) the operator

My Vg(w) = VEg(w)* (29)
such that (.#sv,v") = (6Vv, V'), for all v € Vj(w), v € VL 5(w).

Remark 5.1 With this definition, one observes that the adjoint of Mp is M_p, i.e.
MG = Mg for all B €R.

In order to study the properties of .#3, we introduce a transmission problem set on the
plane R?, where we can apply the Mellin transform without concern for boundary. More
precisely, let us define the set R? := R?\ {O} and, for 3 € R, the operator

Nt VE(R?) — VI 5(R?)". (30)
such that (J%f,v’}w = (6Vu, V') for all v € Vé(RQ), v € VI_B(I@Q). In this
definition, & : R? — R denotes the extension of o to R? such that

=0 in {(rcosf,rsinf) |0 <r < +oo, 0<0 <V}
G = 09 in {(rcosf,rsinf)|0 <r < +oo, ¥ <6 <m}
6d=03=—1 in{(rcosf,rsinf)|0<r < 400, m<0<2r}.

In the next theorem, we provide a necessary and sufficient condition so that .45 is an
isomorphism. For the proof, again, we refer the reader to [19, 26, 20] for the general
theory concerning the study of elliptic operators in weighted Sobolev spaces, and to
[17, Theorem 3.7], [5], [12, Theorem 4.16], [2, Theorem 4.1} for the extension of this
theory to the transmission problem with a sign-changing coefficient. The general idea
is to proceed to a Fourier transform with respect to Inr. This leads to study a family of
1D Ordinary Differential Equations, for the angular coordinate 6, which depend on the
Fourier parameter. After a precise analysis of the properties of these ODEs, we perform
the inverse Fourier transform which provides solutions in the weighted Sobolev spaces
we introduced above. In this approach, the sign-changing problem is tackled during the
investigation of the properties of the 1D operators.
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Theorem 5.2 Assume that o1 # 1 and o3 # 1. Then, the operator Nj : VE(RQ) —
Vl_ﬁ(]l@)* defined in (30) is an isomorphism if and only if no eigenvalue of the symbol
Z (defined in (19)) belongs to the line

lg:={) € C|Re\ = S}. (31)
In other words, if o1 # 1, 09 # 1, N is an isomorphism if and only if AN Lz = 0.

Remark 5.3 When o1 = 1 or/and oo = 1, ellipticity is lost (see [32, 30], [22] and
[16, 28]) on the interface where o takes opposite values (we recall that o3 = —1). In this
case, the functional framework must be modified to recover Fredholmness. This has been
achieved naturally when o1 = 1 and o9 = 1 working with a fourth order formulation for
the original interior transmission problem (see [31]). However, when o1 =1 and o9 # 1
or when o1 # 1 and g9 = 1, the authors do not know any appropriate framework where
Fredholmness holds. This seems to be an open question and its treatment is beyond the
scope of the present article.

To characterize the properties of .#p, we recall below the definition of a Fredholm
operator.

Definition 5.4 LetY and W be two Banach spaces, and let L : Y — W be a continuous
linear map. The operator L is said to be of Fredholm type if and only if the following
two conditions are fulfilled

i) dim(ker L) < 0o and range L is closed;
i) dim(coker L) < oo where coker L := (W /range L).

Besides, the index of a Fredholm operator L is defined by ind(L) = dim(ker L) —
dim(coker L).

Using a localization process, Theorem 5.2 to invert locally in a neighbourhood of O
and [1, Theorem 5.2] to invert locally away from O, we can build a right regularizer
(also called a right parametrix) for .#3 : Vi(w) — V! 5(w)* when AN €g # 0. In other
words, when AN£s # 0, we can construct an operator Rs : V! 5(w)* — Vj(w) such that
MzRz = Ids+Kpg, where Kz : V! 5(w)* — VI ;(w)* is compact (here, Id is the identity
of V1 5(w)*). Since AN L # 0 < ANL_g# (), we can also build a right regularizer for
Mg when AN Lz # (. Remembering that .#; = .#_3, we deduce that if ANl = (), we
can construct left and right regularizers for .#3 (a left regularizer is nothing else than
a left inverse modulo a compact operator). This procedure proves the

Theorem 5.5 Assume that oy # 1 and oy # 1. Then, the operator Mz : Vi(w) —
Viﬁ(w)* defined in (29) is of Fredholm type if and only if AN Lg =0, where A denotes
the set of singular exponents introduced after (19).
If ANl # 0, then the range of M5 is not closed.

The second non trivial result we need from this theory is a result of decomposition.
Using a density process and residue formula, the following result can be proved in the
same manner as [20, Theorem 5.4.2].
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Theorem 5.6 Assume that oy # 1 and oy # 1. Consider B and 3? two real numbers
such that ' < 0 < 2 and such that (AN {B' < ReX < B?}) C Ri. Let vgz be an
element of Vi, (w) which satisfies Mp2vp: € Vl_ﬁl(w)* (the important point here is that
VL (w)* s included into V! 4 (w)* since 8 < (%). Then, there hold the following
representations:

1) if (01,02) € RE X RU\Z, ice. if AN {B < Re X < 32} = {0},

vge = vg + C(cg + ¢y Inr) ; (32)
2) if (01,09) € R, i.e. if AN{B < Re X < %} = {0, +in},
vg2 = vg + (] + g Inr + ¢ rG(0) + ¢, v "p(0)) (33)

Here, vg is an element of Vi, (w), ¢ is defined in (27), ci, c?; are some constants and

¢ € €°(Ry) is a cut-off function such that {(r) =1 forr < 1/2, {(r) =0 for r > 3/4.

5.2. Computation of the index

In this section, we precise the result of Theorem 5.5 computing the index of .#3 with
respect to [3.

Theorem 5.7 Assume that oy # 1 and oo # 1. Then, there exists 3° > 0 such that
ANl =0 for all B € (0;8°). When (01,09) € %, we can take 3° = 2.

1) Assume that (01,00) € R x R\ Z. For all 8 € (0;3°), the operator M :
Vi(w) = VLg(w)* defined in (29) is of Fredholm type, onto, and of index 1, whereas
M V' 5(w) = Vi(w)* is of Fredholm type, injective and of index —1.

2) Assume that (01,02) € #. For all B € (0;2), the operator M : Vi(w) — VEz(w)*
defined in (29) is of Fredholm type, onto and of index 2, whereas M_5 : V' 5(w) —
Vé(w)* is of Fredholm type, injective and of index —2.

Remark 5.8 Let Y and W be two Banach spaces, and let L : Y — W be a continuous
linear map. If L is of Fredholm type and injective, L is called a monomorphism. In this
case, there holds the estimate ||y|ly < C'||Ly|lw, for some C >0, and for ally € Y. If
L is of Fredholm type and onto, L is called an epimorphism.

Proof According to Proposition 4.1, we know that the set of the singular exponents
A is discrete. Moreover, there exist two positive constants p and ¢ such that if A € C
verifies |A\| > p and [Re A| < § |Sm A, then A does not belong to A. This allows to prove
that we can find 4% > 0 small enough such that AN ¢ = for all § € (0; 8°). In virtue
of Theorem 5.5, we deduce that .#j is of Fredholm type for all 8 € (0; 3%). Since A € A
if and only if —\ € A, this also implies that .#_g is of Fredholm type for all 5 € (0; 8°).
When (01, 09) € Z, according to formula (23), we can take % = 2. Let us fix 8 € (0; 89).

1) Assume that (07,02) € R% x R\ Z. First, we want to prove that ker.#_g = {0}.
Let v be an element of ker.#Z_ 5. Define ¢ such that o(r,0) = v(r,0) on w and
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o(r,0) = —v(1/r,0) on R* \ w. Tt is easy to check that © belongsi to Vl_ﬁ(ﬂo%2)
and satisfies div(6Vo) = 0. This proves that v is an element of ker.4#_ 5. Since
N g VI_B(JIOQQ) — VE(RQ)* is an isomorphism according to Theorem 5.2, we deduce
successively that 0 = 0, v = 0 and ker #_5 = {0}.

Next, we focus our attention on the set ker .#s. Let v belong to ker .#s. Accord-
ing to formula (32), v admits the representation v = ¢; Inr 4 (o + 0 for some constants
¢1, ¢ and some 0 € VI ;(w). Notice that (r,) — Inr belongs to the kernel of ..
So (co + ¥ must be an element of ker .#Z3. By an energy argument, we prove now that
co = 0. Let us introduce x € €°(R_) a cut-off function such that x(¢t) =0 for t < —2
and x(t) = 1 for t > —1. For all m € N* := N\ {0}, we define x,, (see the graph on
Figure 10) such that ., (r) = x(lnr/m).

7= Xm(T)

Figure 10. Graph of the function x,,.

Since, u := (cy + ¥ € ker ., there holds (cVu, V(x, In7)), = 0. But there also holds
(eV(xmu), V(Inr)), = 0. Using these two relations, we can write

0= (InrVu—uV(nr),cVym)w-

Since ¥ € V! 4(w), we can prove that (In7Vo —0V(Inr),0Vxom)w — 0 when m — +oo.
We deduce that (InrV(cy) —coV(Inr),oVxm)w — 0 when m — 400 (notice that Vy,,
is not null only in a neighbourhood of O and that ( = 1 in this region for m large
enough). But

(—coV(Inr), oVxm)w = —c2(010 + 09(m — ) — ). (34)

This proves that co = 0 and that v = 0 belongs to ker .#Z_g. Since ker #_5 = {0}, we
deduce that v = 0. Thus, there holds dim(ker.#j3) = 1 with ker .#3 = span(lnr).

Finally, we compute the indices. We can write

ind(43) = dim(ker.#3) — dim(coker .#3)
= dim(ker .#}3) — dim(ker .Z}) (35)
= dim(ker .#3) — dim(ker #Z_5) = 1

I Let us define the property Pg: [v € Vl_ﬁ(w) =0 € VI_B(]IO%Q)]. It is important to underline that for
B8 >0, Pg is true but P_g is wrong. In other words, for 5 > 0, v € V};(w) does not imply 0 € V}g(RQ)
As a consequence, we can not prove using this approach that .#3 is injective for 5 > 0. And actually,
this is reassuring since .#3 is not injective for 5 > 0.
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To obtain (35), we have used the following property: if L is a Fredholm operator, then
L* is a Fredholm operator and coker L is isomorphic to ker L* (see [24, Theorem 2.13]).
In the process, we also obtain

ind(A#_g) = dim(ker #Z_z) — dim(coker .#Z_gz)
= dim(coker #3) — dim(ker #p) = —ind(#3) = —1.

2) Now, we assume that (0y, 02) € 2. The difference with the case (01, 09) € R xR%\Z
is the existence of the oscillating singularities (r, 8) — r™®7¢(#). Proceeding as for point
1), we prove that ker.#Z_g = {0} for § € (0;2). Now, let us study ker .#j3. First, we
notice that the functions (r,#) — Inr and

s 1= (r'" — 17" (0) (36)

are two non collinear elements of ker.#3. We deduce that dim(ker.#3) > 2. Let
us consider v € ker.#z. According to formula (33), v admits the representation
v=ciInr+((cy+c3rP(0) + car™"p(0)) +  for some constants c;, ¢, c3, ¢q and some
V€ Vl_ﬁ(w). Let us prove that the function u := v—c; Inr—c3s, which belongs to ker .4,
is equal to zero. We have u = ((cotc57 "¢ (0))+a with c5 = c34¢4 and @ = 0+c3((—1)s.
Observe that there hold (eVu, V(xm35)), = 0 and (6 V (xmu), VS), = 0 where x,, is the
cut-off function we introduced in the proof of point 1). This allows us to write

0= (sVu—uVs,aVxm)w.

Since @ € V! 4(w), we can prove that (sVi — aVs,oVxm), — 0 when m — +oo. We
deduce that (sV(cy + cs77¢(0)) — (c2 + 577 ¢(0))VS, 0V Xm)w — 0 when m — +oo
(again, notice that Vx,, is not null only in a neighbourhood of O where ( = 1). A
simple computation leads to

(sV(csr™M¢(0)) — (ca + cs77P(0))VS, 0V X )

e ) ) aX 2 2
= —021'77/ (r'" + 7“7”7)8—;” dr / op(0) df — 2cxin / a(0)? db.
e—2n 0 0

In the distributions sense, there holds 9ycdy¢p = \?>0¢ on T = R/(27Z). This implies

0% op(0)df = 0. Since fo% op(0)?dl # 0 (see Figure 9 and the discussion at the end
of §4.3), we deduce from (37) that ¢; = 0. Working as in point 1), we prove next that
co = 0. Finally, we obtain that v = 4 so that u belongs to ker .#_3 = {0}. Hence,

v = ¢y Inr 4+ c3s and we deduce that dim(ker .#3) = 2 with ker .#3 = span(lnr, s).

(37)

Now, we compute the indices. We can write
ind(#s) = dim(ker.#3) — dim(coker .#js)
= dim(ker .#3) — dim(ker .Z3) (38)
= dim(ker .#3) — dim(ker #Z_5) = 2—-0 = 2.
Moreover, we have ind(.#_g) = —ind(#3) = —2. =
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5.3. Construction of isomorphisms

In this section, imposing a special behaviour for the solutions at point O, we build
isomorphisms. The technique is borrowed from [25], [26, Chapter 5. If (01,0,) € Z,
we define the functions

st = ¢ro(0) and s = (re(h), (39)
where 7, ¢, ¢ are introduced in (24), (27), (33).
Theorem 5.9

1) Assume that (o1,09) € R x RY \ Z. For 8 € (0;8°), define the unique operator
A span(() @ VEg(w) — Vi(w)* such that <///f%dv,v’>w = (oVv, V'), for all
v € span((¢) & Vl_ﬁ(w), v' € 65°(w). Then, ,///faﬁd is an isomorphism.

2) Assume that (o1,09) € Z. For B € (0;2), define the unique operator //lf}}d :
span(C,s*) @ VI(w) — Vi(w)* such that <//{faﬁdv,v’>w = (oVu, V'), for all v €
span(C,st) @ VL 4(w), v’ € €5°(w), where s is the function introduced in (39). Then,
///faﬁd is an isomorphism.

Proof 1) If v is an element of ker///faﬁd, then there holds v = ¢,¢ 4 v for some constant
¢; and some ¥ € V! 5(w). Proceeding as in the proof of Theorem 5.7, with the energy
argument, we prove that ¢; = 0. We deduce that ker .//f%d = ker .#_5 = {0}. Now, let
us consider H € Vj(w)*. Since the operator .#3 : Vi(w) — VLg(w)* defined in (29)
is onto (see Theorem 5.7), we know that there exists v € Vi(w) such that .#Zsu = H.
According to formula (32), v admits the representation v = ¢;Inr + (cy + 0 for some
constants cj, ¢y and some v € Vl_ﬁ(w). Since Inr belongs to ker .#j3, the function
u = (cy 4 0 also satisfies .#pu = H. But u is an element of span((,s) ® V! 5(w). Thus,
A is also onto.

2) Ttem 2) can be proven following the same lines. Let us just precise the definition of
A" in this case because this is not so direct. The linear form v' = (0Vs*, V'), is
well-defined on V! 4(w). Although s* € Vi(w) \ V! 4(w), we will extend it to Vi(w),
and actually to V%(w) for all v € R. Using Green’s formula and remembering that
div(eV(r*"¢)) = 0 in w, we can write

(oVst, V'), = (or= 19V (, V), — (aV (rE19),v'V(),, YV € 65°(w).

Since ( is equal to one in a neighbourhood of O, the support of V({ does not meet O.
Therefore, there exists a constant C' > 0 such that [(oVsT, Vo'),| < C'v'; Vi(w)l,
for all v € %5°(w). Since by definition, €5°(w) is dense in Vj(w), we deduce that
the linear form v — (0Vs™, Vo'), can be uniquely continuously extended to Vj(w).
This justifies that the operator . : span(¢, s*)®V! 5(w) = Vj(w)* is well-defined. m

In Theorem 5.9, the choice of adding the singularity 1 but not the singularity Inr to the
functional framework in which we search for the solution is quite natural. Indeed, the
function 1 belongs to H'(w) whereas the function Inr does not. However, the choice of
adding sT instead of s~ in the case 2) is more arbitrary. Assume that (o, 05) € Z. For
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B € (0;2) and v € C, define the unique operator (work as in the item 2) of the proof of
Theorem 5.9)

() s span(C, 57 +957) & VEy(w) - V()"
such that, for all v € span(¢, st +vs7) @ VL 4(w), v € €5°(w),
(5 (v)v, U,>w = (oVv, V'),.

Here, s, s are the functions introduced in (39). For the operator .#"%'(v), we have
the

Proposition 5.10 i) If v € C\ {—1}, then .4 (v) is an isomorphism.
ii) If v = —1, then //f%d(’y) is a Fredholm operator of index zero. Moreover, we have
ker .#/"\(vy) = span(s), where s is the function defined in (36).

Proof Obviously, there holds ker.#(y) C ker.#s = span(s,Inr). Since, Inr ¢
span(¢, st 4 ys7) @ VLg(w), we have ker.Z™(y) C span(s). One can check that
s € span((, st +s7) ® V! 4(w) if and only if v = —1. Therefore, if v € C\ {—1}, then
A () is injective, and if y = —1, then ker ./Z"%'(7) = span(s).

Now, let us study the question of the ontoness of .#*%'(7). Let us consider H € Vj(w)*.
Since the operator .#3 : Vi(w) — V! ;(w)* defined in (29) is onto in virtue of The-
orem 5.7, we know that there exists v € Vj(w) such that .#zv = H. According to
formula (33), v admits the representation v = ¢ Inr + ((co + c3s™ + ¢487) + 0 for some
constants ¢, ¢z, ¢3, ¢4 and some ¥ € V! 4(w). Since Inr and s belong to ker .#3, for
all @ € C, the function u = v — ¢;Inr — as also satisfies .#zu = H. In order H to
be in the range of ///faﬁd(fy), we must find « such that u = v — ¢; Inr — as belongs to
span(C, st 4 vs7) @ V1 g(w). This is achievable for all H € Vj(w)* if and only if the

matrix
1 1
I

is invertible. This condition is equivalent to v # —1. This proves that //lf%d(v) is onto
as soon as v # —1. This procedure allows also to demonstrate that when v = —1, there
holds dim(coker .Z"%(7)) =1. =

With these results, we have managed to construct functional frameworks, which take
into account the oscillating singularities, where well-posedness for the problem in the
unfolded geometry w holds.

6. Back to the original geometry

Now, we go back to the original interior transmission problem of Section 2. To simplify
the notations and to avoid multiple sub-cases, we will focus our attention on quite
specific configurations. First, we will assume that the domain D is partitioned into two
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subdomains Dy, D, such that D; N Dy = () and D = Dy U D,. The interface 9D, N 90D,
meets 0D at exactly two points O, O'. At these points, 9D, N 0Dy and the boundary
0D are locally straight lines. Therefore, at O (resp. O’), the domain D; coincides with
a sector. We denote ¢ (resp. ¢') the aperture of this sector (see Figure 11). Define
Ay := Alp,, Ay := A|p,, where A is introduced in §2.1, and assume that

Sulemaf/lA < 1 and lnfD2mj/2A > 1 (40)

Here, for ¢ = 1,2, ¥#; denotes a neighbourhood of 9D; N dD. At O', we assume that
the coefficient A is such that the condition (13) is satisfied locally, i.e. we assume that
there exists d’ > 0 such that

SulenB(Olyd/) A < 1/(1 + T19/)
1+ Ty (41)
1 — (supp,rpora) A) (1 + To)’

where Ty = max((m — ') /9,9 /(m —1")). In this notation, B(O’, d’) refers to the open
disk of radius d'.

and infD2mB(O/7d/)A >

Figure 11. Geometry of the domain D.

Let us introduce a set of assumptions, which will describe different configurations, to
precise the values allowed for A and n. In particular, Assumption 1 is constructed so
that we can work in a H! framework whereas under Assumption 3, two oscillating sin-
gularities exist at point O.

Assumption 1 The function A is such that condition (13) is satisfied locally at O.
In other words, we assume that there exists d > 0 such that

1+ 7y
1 — (supp, (0.0 A) (1 + Ty)’

1 :
SUPp, nB(0.4) A < T, and infp, po,a) A > (42)
where Ty = max((m — ) /9, 9/(m — ).

Assumption 2 The coefficient n satisfies supp, s, n < 1 and infp,ny, n > 1, where
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¥, i = 1,2, is the neighbourhood of 0D; NdD introduced in (40). Moreover, there holds
. 1+ Ty
SPpinB o0 " < T, P> T (supp,rpo,0) M) (1 + L)’
1+ Ty
1 — (supp,rp(ora) 7)1 + Tor)’
where Ty, d and Ty, d" are respectively defined in (42) and (41).

(43)

SUPp,nB(or,a) 1 < 11T, Y, inf p,Ap(or,ay 1 >

Assumption 3 There exists d > 0 such that A; = A|p, and Ay = A|p, are respectively
constant in Dy N B(O,d) and Dy N B(O,d), with Ay = o7 and Ay = 09. Moreover,
0D N 0Dy is perpendicular to 0D in this region (¥ = 7/2) and (o1, 02) belongs to Z,
where % is defined in (26).

Remark 6.1 Notice that Assumption 1 and Assumption 3 are mutually exclusive: A
cannot satisfy both requirements (see Figure 12).

Remark 6.2 With Figure 12, we observe that if Ay < 1 and As > 1 are locally constant
in a neighbourhood of O and if ¥ = 7/2, when (A1, Ay) € (0;1) x (1;+00) \ (F, UZR)
(notice that this set is not empty), A does not verify Assumption 1 nor Assumption 3.
For such A, for which no oscillating singularities exist, we can use a H' framework.
However, up to now, the authors have failed to handle these configurations with the
T-coercivity technique.

Remark 6.3 To lighten the notation, we do not consider here the case where in
Assumption 1, the roles of Dy and Do are exchanged (region %, of Figure 12). However,
the T-coercivity approach we propose allows to consider such configurations.

6.1. Discreteness of the transmission eigenvalues in the variational framework

Localization process is a classical tool in the theory of elliptic partial differential
equations (see [22, Chapter 2, §5], [20, §6.3] or [26, §4.1.2]). Although the operator
7, associated with the Interior Transmission Problem is not strongly elliptic, we can
implement this technique using the T-coercivity approach which allows to restore some
ellipticity. Of course, this method can be used only in situations where no oscillating
singularities exist.

Theorem 6.4 Under Assumptions 1 and 2, the operator <, : X — X defined in (3) is
an isomorphism for k € Ri such that |k| is large enough.

Proof First, we introduce a partition of unity adapted to the features of the coefficients
Aandn. Let (;,i=0...4be five elements of (D, [0; 1]). We assume that (3 (resp. ¢4)
is equal to one in a neighbourhood of O (resp. O') and that the support of (3 is included
in DN B(O,d) (resp. DNB(O',d")) where d (resp. d') is introduced in (42) (resp. (41)).
The function ¢; (resp. (3) is such that its support is included in D; N %\ {O, O’} (resp.
Dy %\ {O,0'}), where #; (resp. #3) denotes the neighbourhood of D1 N AD (resp.
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Ay

1/2 -

A

1/2 1

Figure 12. Assume that A; and As are locally constant in a neighbourhood of O and
that ¥ = 7/2. In this case, there holds Ty = 1 and Assumption 1 boils down to take
(A1, Ag) such that 0 < 4y < 1/2, Ay > 2/(1 — 2A;) (region .%2). On the other hand,
Assumption 2 is equivalent to choose (A, As) in the region % = %1 U %y U X5 U Ry
defined in (26).

0D, N 0D) introduced in (40). The function ¢, belongs to €;°(D). Finally, these five
functions are chosen so that there holds

4
Z G=1 onD.
i=0

Let us define the operator T : X — X such that for all (u,w) € X,

T(u, w) = Co(u, —w) + (1 (u — 2w, —w) + G (u, —w + 2u) + (3(Uq, Wa) + Ca(Up, wp)
with

(g, wa) = (uy — 2wy + 2Ryws, —wy + 2Ryuy)  on Dy N B(O,d)
v (ua, —ws + 2u2) on Dy NB(O, d)
(up, wp) = (uy — 2wy + 2Rhwy, —wy + 2Ryuy)  on Dy NB(O',d)
n (ug, —wg + 2us) on Dy NB(O',d)

In this definition, the operator Ry is the one introduced in (9) whereas R}, is such that

(Rhpa)(r',0") = @a(r’, '9/19_,”9’ + ), for s € HY(D N B(O',d)), (r',0') being the polar

coordinates associated with O’.

Let us prove that the form a}. defined in (4) is coercive for some x € R large enough.
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For all (u,w) € X, one has
(1, w), (u, w))
= (AVu,Vu)p + (Vw,Vw)p + k*(nu,u)p + k*(w,w)p
— 2(AVu, V(Gw))p — 2% (nu, Gu)p
—2(Vw, V(Gu))p — 26%(w, Gu)p (44)
— 2(A1Vuy, V(G(wy — Rows)))p, — 2(Vwy, V(Rouz))p, — 2(Vws, V(C3uz))p,
— 2% (nauy, G3(w1 — Rows))p, — 26%(wr, (3 Rouz) p, — 267 (w2, G3uz) ,
= 2(A1Vuy, V(G(wr — Ryws)))p, — 2(Vwr, V(GRYu2))p, — 2(Vws, V(Ciu2)) b,
— 2k (1w, Ga(wr — Ryws))p, — 262 (w1, GRyue) p, — 267 (w2, Gutiz) p,.-
Let us present how to deal with the first “non coercive term” in (44). We first write
2(AVu, V(¢Gw))p = 2(GGAVu, Vw)p + 2(AVu, wV () p.
Using Young’s inequality, we obtain for all o > 0,
12(CAVu, Vw)p| < a(¢AVY, Vu)p + a (G AVw, V) p.
We deduce
—[2(AVu, V(Gw))p| > —a(G AV, Vu)p — o (GAVW, Vw)p — ¢ ||ullap Jw|p,
where ¢ > 0 is a constant. Similarly, we have
—|2(nu, Gw)p| > —a(Gnu, u)p — o H(Gnw, w) p.

Since A satisfies property (40) and since n is such that supp -4 7 < 1, one can choose
a > 0 such that

l—a>0;, Id—a'A>0 and l1—a'n>0 in D;N 7.
This yields
(GGAVuY, Vu)p + (G Vw, Vw)p + *(Gnu, u)p + 2 (Gw,w)p
—2(AVu, V(Gw))p — 26*(nu, Gw)p
> € ((GAVY, Vu)p + (GVw, Veo)p + &G w)p + 3G, w)p )
—c|lullu ) [[wllp-

The same idea allows to study the term —2(Vw, V(Gu))p — 2k*(w, Gau)p in (44). To
consider the remaining terms, we proceed like in the proof of Lemma 3.1. Collecting all
these intermediate estimates, we finally find
ar ((u,w), (u,w)) > C ((AVU, Vu)p + (Vw, Vw)p + k*(nu,u)p + nz(w,w)p) 45)
45
—¢([lullm ) llwl[p + llullpllwllap))-
Writing

[l oy lwllo + ullolwlinwy < 0 (lullisp) + 1wl ) + 07 (lullp + lwlp),  (46)
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for all n > 0, plugging (46) in (45) and taking 7 small enough, we obtain
ar ((u,w), (u,w)) > C ((AVU, Vu)p + (Vw, Vw)p + *(nu,u)p + £ (w, w)D)
—c(Jullp + llwllp)-
This proves that if x is large enough, then a. is coercive. In particular, this implies

that T*«7, is an isomorphism of X. Since .7, is selfadjoint, we deduce that the operator
<}, is an isomorphism for k£ € Ri such that |k| is large enough. =

Smk
- Rek=0Smk _.-
° ¢ °
Re k
® ® >
°

Figure 13. Under Assumptions 1 and 2, all the transmission eigenvalues are located
in an infinite bow tie of the complex plane.

As a corollary of this theorem, since in the definition of .o7,, the spectral parameter k
and the coefficient n appear only in the compact part, we have the

Proposition 6.5 Under Assumption 1, for all k € C, the operator <, : X — X defined
in (3) is a Fredholm operator of index zero.

Let us conclude by stating and proving the main result of this section.

Theorem 6.6 Under Assumptions 1 and 2, the set of transmission eigenvalues is at
most discrete with infinity as the only accumulation point. Moreover, there exist two
positive constants p and § such that if k € C verifies |k| > p and |Re k| < 0 |Sm k|, then
k is not a transmission eigenvalue (see Figure 13).

Proof The first result is a direct consequence of Propositions 6.5, 6.4 and analytic
Fredholm theorem. Let us study the question of the localization of the transmission
eigenvalues. According to Proposition 6.4, we know that there exists 79 > 0 such that if
ko € Ri satisfies |ko| > 79, then 7, is an isomorphism. Let us denote %y, the inverse of
Ay, Now, take k = ke with 0 € [—m/2;7/2]. Tt is easy to check that ||« — @, || <
C|1 — €*?|. Therefore, By, = RBry( Gy + (Hh — i) = 1d + By (S — Ay, is

invertible for 6 small enough. This yields the second result of the theorem. m
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6.2. Fredholmness in the frameworks with strongly oscillating singularities

In this section, we suppose that Assumption 3 holds true. In this case, according to
the results we obtained in §4.3, we know that there exist two strongly oscillating sin-
gularities at O. Our goal is to understand what is the consequence of the existence of
these singularities for the initial transmission eigenvalue problem. Before proceeding,
we need to convert to the original geometry the notations introduced in §5.1 to study
the transmission problem set in the unfolded domain.

In accordance to §5.1, for f € R, we introduce the space
Xg = {(u,w) € V(D) x V4(D) J[u—w=0 ondD\{O}}.
In this definition, Vj(D) denotes the closure of 4°(D \ {O}) for the norm

B 1/2
le; VRO = (IF9eld + I 013 )
where 1 is the distance to the point O and 8 € R is the weight. We denote X7 the

topological dual space of Xg, made of the continuous antilinear forms on Xz. For all
k € C, we introduce the operator

%”3 : Xﬁ — X*—ﬁ (47)
such that, for all (u,w) € X3, (v/,w') € X_3,
(., 5(u, w), (W', w"), = (AVu, V') p — (Vw, V') p — k* ((nu,u’)p — (w,w')p).
The two oscillating singularities in the unfolded geometry w were denoted (r,6) +—
rg(0) and (r,0) — r~m¢(0). We define the functions ®;, ®; € H'((0;7)) such that
D,(0) = ¢(0), P;(0) = ¢p(2m — 0) for all § € (0;7). Here, we use the subscripts ; and
; because ®,, ®; correspond respectively to the angular component of the singularities

for the total and incident fields (see the sentence right after (1) for the definition of the

total and incident fields). We introduce
Sq := (Sat,8q:) where (844(7,0),8.:(r,0)) :== (1,1),
Sp := (Spt,Spi) where  (spe(r,60),8p4(r,0)) ;== (Inr,In7r),
)= (¢

= ( ( )
= (Sct,Sei)  where  (8.4(r,0),8.:(r,0) (r)r®,(0), ¢ (r)rnd,(0)),
= ( (

Sat(r,0),84:(r,0)) == (C(r)r=24(0), C(r)r="2;(0)).
Above, ¢ € €°(R,[0;1]) is a cut-off function which is equal to 1 in a neighbourhood of
O and whose support is included in [0; d), the parameter d being introduced in Assump-

(48)

Sq := (Sq¢,Sqi) where

tion 3. Thanks to this cut-off function, the matching conditions s.; = s.; and sg; = s4;
are satisfied on 0D. Notice that the matching conditions s,; = s,; and s,; = sp; on 9D
are satisfied without need to use (.

As in the proof of Theorem 5.5, using a localization process, Theorem 5.5 to invert
locally in a neighbourhood of O, Theorem 6.4 to invert locally on 0D \ {O}, we can
build left and right regularizers, i.e. left and right inverses modulo a compact operator,
for o p : X5 — X* 5. This allows to proves the
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Theorem 6.7 The operator <, 5 : Xg — X* 4 defined in (47) is of Fredholm type if
and only if AN lg =0, where A, {5 are respectively introduced in (23), (31).
If AN Lg # 0, then the range of <, p : Xg — X* 5 is not closed.

Remark 6.8 Of course, the same results hold true for <, s for all k € C, since
o, 3 — A g is a compact operator.

Now, we detail the proof of an important result, specific to this configuration where the
sign of A — Id changes on 0D.

Proposition 6.9 Under Assumption 3, for all k € C, the original operator o7, : X — X
defined in (3) in the H' framework, is not of Fredholm type. Its kernel is of finite
dimension but its range is not closed.

Proof For all k € C, o7, — o is a compact operator. Therefore, it is sufficient to prove
that .27 is not a Fredholm operator. First, we notice that there holds H' (D) C V(D) for
B > 1. This yields ker @4 C ker .2 g for 8 > 1. According to Proposition 4.1, we know
that there exists 8 > 1 for which AN¢ 5= (). Consequently, in virtue of Theorem 6.7, A, 5
is a Fredholm operator. This allows us to write dim(ker %) < dim(ker o7, 5) < +oo0.

To prove that the range of 7 is not closed, we start by recalling a lemma due to
J. Peetre [29] (see also Lemma 5.1 in [22, Chapter 2| or Lemma 3.4.1 in [20]).

Lemma 6.10 Let Y, W, Z be three reflexive Banach spaces, such that'Y is compactly
embedded into Z. Let L :' Y — W be a continuous linear map. Then the assertions
below are equivalent:

i) dim(ker L) < 400 and range L is closed in W ;
ii) there exists C' > 0 such that ||y|ly < C (||Ly|lw + |lyllz), Yy € Y.
Assume that, for our problem, there exists C' > 0 such that there holds
[(w, w)|[apy<mr o) < C ([ (w, w) [ py<mrpy + (v, w)llp),  Y(w,w) e X, (49)
For all m € N*| define the pair (u,,, w,,) such that
(tm (@), win (@) = (C(r)r™™ ™ 24(0), ¢ (r)r™ /™ (6)),

where ( is the cut-off function introduced after (48). By construction, (uy,, w,,) belongs
to X for all m € N*. It is clear that there exists a constant C' > 0 such that

(s W) |0 < C, ¥m € N, (50)

Moreover, we can write, for a fixed small € > 0 and some C' > 0,

Y m om m
||(um7wm)||12{1(D)><Hl(D) = ||Vum||2B(o,g) >C / r¥m=ldr = C 5 e A C 5 (51)
0

Our goal is to contradict estimate (49). Therefore, it remains to prove that the sequence
(119 (tm, Wi ) || 11 (D) 11 (D) )men+ Temains bounded. Since the space

Xeo == {(u,w) € X | (u,w) € €°(D\ {0}) x €*(D \ {0})} (52)
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is dense in X, we can write

| (Wim, W) 111 (Dyx111 (D) = sup [(AV U, VU') p — (Vr, V') pl.
(v, w'") € Xeo,
l(w's W)l (pyxmr oy =1

Let us define @,,, @, such that (U, (x), Dy, (x)) = (F7T/mO(6), rm+1/md,(9)). With
this definition, there holds (uy,, w.,) = ((Up, (W,,). For all (v, w') € X, we can write
|(AVUy,, VU' ) p — (Vwy,, V') p — ((AVUy,, V(W) p — (VW,, V(Cw'))p)]
= [(AunV¢, Vi )p = (0nVE, V') p = (AVlm, W'V()p — (Vim, w'V()p)|  (53)
< Ol w)[[apyxm(p),
where the constant C' is independent of m € N*. The last line of (53) has been
obtained noticing that V( vanishes in a neighbourhood of O. Therefore, to prove that

(1192 (U, Wi ) || 11 (D) 11 (D) Jmen+ Temains bounded, it is sufficient to establish that there
exists C' > 0 such that

AV, V(G — (T, V(G0 )] < C (0l opean s Yl 0) € X (54
Integrating twice by parts (remember that the elements of X, vanish at O), we find
|(AV T, V(Cu'))p = (VWm, V(Cw')) ]
= |(div(AVUy,), Cu')p — (AW, Cw')p|
= (1/m)[(A(2in + 1/m)r=>*mm e, (0), Cu')p
(i + 1/, (0), ) (55)
= (1/m) (A + 1m)r B, (0) /(i + 1/m), (o))
—((2in + 1/m)r=+Hm0(0) / (in + 1/m), 0(Cw')) |
< Ol p (o) + 1w i) /m.
Since ||r=1++l/m| 5 < C'/m (see (51)), we deduce (54) from (55). Thus, the sequence
(119 (tm, W) || 11 (D) 11 (D) Jmen= is bounded. Thanks to (50), (51), this proves that esti-

mate (49) does not hold. Lemma 6.10 allows us to conclude that the range of 7% is not
closed since dim(ker .o%) < +o0 according to the first part of the proof. m

The result of Proposition 6.9 is interesting because it tells us that, under Assumption
3, we can not hope to apply the analytic Fredholm theorem in a H! setting in order to
prove discreteness of transmission eigenvalues. We need to change the functional frame-
work to recover Fredholmness. To do this, we take into account the two singularities
(plus the constant) prescribing the behaviour of the functions at O, as we did in the
unfolded geometry w (see §5.3). Let us present this procedure.

According to formula (23) and Assumption 3, we know that AN/¢z = ) for all § € (0;2).
For § € (0;2) and v € C, define the space

Xr_ag(’y) := span(sq, S + 7Sq) X g5 (56)
where the singularities s,, s, and s, are set in (48). Let us introduce

A7) X () > Xy
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the unique operator such that, for all (u,w) € erg(’y), (v, w') € X,

<e127k1:ai15(’y)(u, w), (v, w')>D = (AVu, Vu') p—(Vw, Vu') p—k* ((nu, ') p — (w,w")p) .(57)
Again, for details concerning the definition of this operator, we refer the reader to item
2) of the proof of Theorem 5.9. Using again a localization process, Proposition 5.10 to

invert locally in a neighbourhood of O, Theorem 6.4 to invert locally on 9D \ {O} and
working as in the proof of [2, theorem 4.4], we obtain the

Proposition 6.11 Under Assumption 3, the operator gf};afﬂ(v) : erg(v) — Xg*
defined in (57) is Fredholm.

Now, we want to prove that 27*ds(v) : X®4(y) — Xg* is of index zero for all k € C
and all v € C. Since @4*;(7) — @3*5(7y) is compact, it is sufficient to prove this
result for %‘:aflﬁ (7). In paragraph §5 where we worked in the canonical geometry w, this
process was relatively easy to carry on since the elements of ker .#3 and coker .Z_g (see
Proposition 5.10) were explicitely known. In the original geometry, we will need to use
some simple algebra to obtain the same results. The approach is borrowed from [26,
Chapter 5] (see an example of application in [27]).

First, we define the space

W := span(s,, Sy, S¢, Sq¢) © X_g,

where the singularities s,, sp, S, and s, are set in (48). Now, we introduce a practical
tool, namely the sesquilinear form ¢ over W x W such that

q(v,V') = (et sv, V'), — (. sV, V) V(v,v') e W x W. (58)

Let us present the main properties of this form. For all (v,v') € W x W, we have
q(v,v') = —q(v',v).

In other words, ¢ is a skew-symmetric sesquilinear form. Such a map is called a

symplectic form. In case where v € X_g or v/ € X_g, there holds

q(v,v') =0.

Indeed, for example if v € X_3, we can write, remembering that the adjoint of % g is
% —B»

q(v, V') = (,5v, V') p = (o,5V', V) = (v, V')p — (F,5V', V)
= (@, —pv. V) — (), v, V), =0.
Therefore, introducing the quotient space # := W /X_g, we can actually see ¢ as a

symplectic form defined over # x # . By definition of W, the classes of equivalence
of sS4, Sp, S, S¢ constitute a basis of # (it is easy to see that these functions are linearly
independent). Let us construct a new basis for # made of functions which satisfy some
biorthogonality relations for the symplectic form ¢. In the sequel, this property will be
very useful. Let us define the normalisation parameters

ag = 1/(m(oy + 09 — 2)),

a, = (217)_1</07T/2 o1D2(0) db + /0”/2 oo ®3(0) df — /07T d2(0) d9> 71, o
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and the pairs of functions

s¢ = (s0,,50;) where (s3,,50;) = \/]00](Sar + iSpt, Sai + iSpi),
sy = (801 50;) Where (854, 50;) := /]0l(Sat — iSb¢,Sai — iSpi),
s, = (s;,8,,) where (s}, 87) = \/loy|(sce, sc0),
s, = (s,,,8,;) where (s,,,8 )= Ve (Sats Sai)-

Under Assumption 3 (see also Figure 9 and the discussion at the end of §4.3), the
denominators in (59) do not vanish.

Proposition 6.12 For j =0,n and [ = 0,n, we have
q(s7,s;) = %id; sgn(a;) and q(s;,s7) =0,
where d;; =1 if j=1and d;; =0 if j # L.

Proof The skew-symmetry of ¢ provides ¢(si,sg) = 0 and q(sf,sﬁ ) = 0: for example,

we can write

0(53756) = —Q(56756r> = _Q<5(T’56) =0.
Let us compute ¢(sg,s7). We reintroduced the cut-off function x,, of Figure 10. One
has

<%,558—758_>D /|a0|

= lim (AV(sq¢ 4 ispe), V(X (Sat +1841))) 0 — (V(Sai + i8pi), V(X (Sas + i81)))p

m—-+00

(.55 50 ) /|l

= lim (AV(Sat — iSbt), V(Xm(sat — Z.Sbt)))D — (V(Sai + iSbi), V(Xm(sai + isbi)))D-

m——+00
We deduce
q(sd,s5) = ml_lg_loo —2i|ao|(AVSat, V(XmSbt)) D + 2t (AVSspt, V(XmSat)) D
+2i| 0| (VSais V(XmSi)) D — 28| 0| (VSpis V(XmSai)) D (60)
= mli}IJIrloo 2| (AVSpe, 80t VXm)p — 2i|an](VSpi, $a:VXm) D = i 8gnayp.

The last line of (60) is the same as (34). In the computation of ¢(sg,s5), q(sg,s,),
when one integrates with respect to the 6 coordinate in a neighbourhood of O, there
appears the term

w/2 /2 ™
0 0 0

According to the discussion after (37), we know that this quantity is equal to zero. This
yields q(sy,s:) = q(s,s,]) = 0. Proceeding as for the computation of ¢(s{, s ), we
finally find q(s;, s5) = +isgn(a,). =

Let us use the symplectic form ¢ to describe the quotient space ker .o 5/X_g.
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Proposition 6.13 Under Assumption 3, we have dim(ker o7 5) — dim(ker @% _5) = 2
for all p € (0;2). Let K be a vector space such that ker o7 3 = K @ ker o# _3. There
exists a basis of K equal to (1, 10,), with

tog (=8, = (1’ 1)
10y = (G + 2 DB0), S + 2 B(0)) + 1, (61)

where v, € C and o € X_g. Moreover, the coefficient vy, in (61) satisfies |y,| = 1, i.e.
Yp € Sunity := {€?, 0 € [0;27)}.

Proof Let us assume that the normalisation parameters introduced in (59) verify ap > 0
and o, > 0. When o < 0 and/or a;,, < 0, the analysis we present can be easily adapted.

i) Let us prove that dim(ker .o 5) — dim(ker.of _5) > 2. Proceed by contradiction
assuming that dim(ker % 3) — dim(ker o4 _5) < 1. Introduce F and G two finite di-
mensional vector spaces such that

X% =range 2, 5 @ F; (62)
F = (FNrange % 3) ® G. (63)

According to Lemma 6.14, proved later, we have X*; = range o s + Xj. Conse-
quently, we can write X* ;5 = range &, 3 @ G. Since &, s is the adjoint of < s, one
has dim(F) = dim(coker o _3) = dim(ker.o% 3) and dim(G) = dim(coker &% 3) =
dim(ker o4 _g). Thus, our hypothesis leads to dim(F) — dim(G) < 1 which implies
dim(F N range % ) < 1 according to (63). Now, recall that <7 s(sj) € X% and
o, 5(s,) € Xj. According to the decomposition (62), there exist 0o, v, € X_5 and
fo, £, € F such that @ s(sq) = @, 0o + fo and o 3(s,) = @b, 0, + f,. But
clearly f, and f, belong to F Nrange @ g. Since, by assumption, the dimension of
this vector space is less than one, there exist two coefficients 7, 7,,, with |7o| + |7,)| # 0
such that 7of, + 7,,f, = 0. The function v := 79(sg — ¥o) + 7,(s; — ©,) belongs to
ker o7 5. As a consequence, there holds g(v,v) = 0. But using Proposition 6.12, one
finds g(v,v) = i|7|* +i|7,|*. This is absurd since we have |1o| + |7,| # 0.

ii) Now, we establish that dim(ker «% 3) — dim(ker 2% _5) < 2. Again, we proceed
by contradiction and we assume that dim(ker .o g) — dim(ker .o _5) > 3. Let us in-
troduce v1, v2, v3 three functions of ker.o# s which are linearly independent modulo
X_g. According to formula (33), we know that every element v € ker .2 3 admits the
representation v = cf 8¢ + ¢y 5, + c;r 5,f + ¢,'8, + v for some constants el ey, c:]r y G
and some v € X_g. Using some simple algebra, we can find three coefficients 71, 7, 73,
with |71] + || + |73| # 0, such that v := mv; + TV, + T3v3 admits the decomposition
v = ¢; 8, +¢; '8, + for some constants ¢, ¢; and some © € X_z. Since v € ker & 3, we
have (v, v) = 0. Using Proposition 6.12, one finds q(v,v) = i |cj|*+i|c;|*. Thus, there
holds car = cf{ = 0 and v is an element of ker &% _z. In others words, 71v1 + T2v2 + T3v3
is equal to zero modulo X_g. This is absurd since vy, vg, v3 are linearly independent
modulo X_g and since |7y| + |72| + |73] # 0.
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iii) Let K be a vector space such that ker o 3 = K@ker o _5. Clearly, wy =s, = (1, 1)
is a non trivial element of K. Let us introduce w, a second element of K such that
(1, 10,)) constitutes a basis of K (we know that this vector space is of dimension 2). Ac-
cording to formula (33), tv, admits the representation 1o,, = ¢, Sq+ ¢} Sp+C¢ Se+ €4 Sq+ 10
for some constants c,, ¢, ¢, ¢q and some w € X_z. Since the first element of our basis
(g, 10,) = (8,4, 10,) is 8,4, we can impose ¢, = 0. Now, observe that w, and to, belong
to ker o 5. Thus, we have g(t,, 1) = 0. Noticing that, s, = |ag|™%(s§ + 55)/2,
sp = il (55 —870)/2, sc = |ay| 728} and sq = || 7/%s,, one computes

0 = q(1,, o) = icylap] tq(sy — ¢, 55 + 55 )/4 = cplao| Fsgn(ag) /4.

This yields ¢, = 0. On the other hand, we find
0 = gy, ,) = i lay [ sgn(ay) (Jeol* = leal?). (64)

We deduce there should hold both |c.| # 0 and |cq| # 0 (otherwise w,, € ker o s NK =
{0} and w, cannot be an element of the basis of K). Since tv, is defined up to a mul-
tiplicative constant, we can take ¢, = 1. It follows from (64) that |c4| = 1. Summing
up, we can take v, admitting the representation w, = s, + 7, sq + tv. In this case, the
parameter -y, must satisfy |y, =1. =

The following lemma is a technical result needed in the proof of Proposition 6.13.
Lemma 6.14 There holds X* ;5 = range « 5 + X3.

Proof Consider a source term f € X* ;. Our goal is to build v € Xz such that
J =, sv € Xj. To proceed, we will localize and unfold f to obtain a source term, de-
fined on the entire plane, with the same behaviour as f at O. Using the well-posedness
of the transmission problem in the plane, we will construct a preimage of this source
term. Folding and multiplying by a cut-off function this solution to return to the orig-
inal domain, this procedure will provide a preimage of f modulo a smooth perturbation.

Let us translate this into equations. Define the map ¢ € V! ﬂ(@z)* such that
(9, 9)p2 = (f,C7(9)) pxp, Vo € Vl_ﬁ(]lo%Q). In this definition, ¢ is the cut-off function in-
troduced in (48), R2 = R2\{O} and 7(¢) is such that 7(o(z, 1)) = (©p (2, y), om(z, —1)),
where ¢, = P|rx(0;400) A Py, = P|Rx(—o0:0)- According to Theorem 5.2, we know that
there exists a unique v € V};(RQ) such that .45 v = g. Define v := (7(v). We have both
. pv € range g and f — o pv € Xj;. =

Now, we are ready to prove well-posedness in the frameworks with oscillating
singularities.

Theorem 6.15 Under Assumption 3, the operator </*5(v) : X™4(y) — X5* defined
in (57) is Fredholm of index zero for all v € C.
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Proof Since the index is constant with respect to compact perturbations, let us prove
this result for «7*d;(). First, we assume that v # ,, where 7, is defined by the
statement of Proposition 6.13 (in particular, we know that |vy,| = 1). In this case, we
have 1, € ker o/*;(7) and o, ¢ ker.o;*!4(7). Since ker o _g C ker o/*I5(y), this
yields

dim(ker @7;*5(7)) = dim(ker @, _5) + 1. (65)
Now, let us establish that dim(coker 27*!4(v)) = dim(coker %, 5) + 1. We introduce F,
G two finite dimensional vector spaces such that

X} = range ;"% (y) @ F; (66)
F = (FNrange.s 3) ® G. (67)

As in point i) of the proof of Proposition 6.13, one obtains X* 5 = range % 5(7) @ G,
dim(F) = dim(coker A3*5(v)) and dim(G) = dim(coker.o% g). Let us prove that
dim(F) = dim(G) + 1. Accordlng to (67), this is equivalent to dim(F Nrange @ 5) = 1.
First, let us define g = % g, = A s((Inr,(Inr) € Xj.  Assume that g €
range #73*45(7). In this case, there exists v € X™§(v) such that v = g. The
function v — s belongs to ker &% g. This is not possible by virtue of Proposition 6.13.
Indeed, we have computed explicitly the kernel of .27, 3 and no term involving s, appears.
Therefore, we conclude that g ¢ range /34 5(7). Thus, Frrange o, 4 is not equal to {0}.
This implies dim(F Nrange o 3) > 1. In view of the sequel, using (66), we decompose
g under the form g = #*4;(y)vg + ¢, with vy € X™4(7) and g* € F. Now, consider f
an element of F Nrange % 5. There exists v € Xz such that f = <% zv. Moreover, v
admits the representation v = ¢, S, + ¢ Sp + Ce S¢ + ¢4 Sq + v for some constants c,, ¢, ¢,
cq and some ¥ € X_g. Let us look for 7 € C such that v —c, 8, — ¢, Sp— T (Sc +7p Sa +10)
belongs to X™4(v) (we remind that s, and s, 4,84+ 10 are functions of ker 7 5). One
can easily check that we can solve this problem if and only if the matrix

1 1

/e
is invertible. This condition is equivalent to v # ~,, which is precisely the case we are
dealing with. Now, observe that v — ¢, 8, — ¢, Sp — T (Sc + 7 Sa + W) + ¢, Vg 1S an element
of X™J() such that 73, ( casa—cbsb—T(sC—l—vpsd—i—m)—l—cbvg) f —c»g'. One
deduces that f — ¢ gjj € F M range %radﬁ and, since F N range %radﬁ = {0}, we have
f — ¢,g* = 0. Thus, there holds F N range .o s = span(g?) and we have finished to

prove that
dim(coker @754 5(v)) = dim(coker o 5) + 1. (68)

From (65) and (68), we can write
ind(5?45(v)) = dim(ker 2;*5(y)) — dim(coker «7;*4(v))

= (dim(ker.o _g) + 1) — (dim(coker o7 ) + 1)

= dim(ker o4 _p) — dim(ker o _g) = 0.
The case where v = 7, can be handled analogously: we can prove that we have both
dim (ker 7*5(7)) = dim(ker 2%, _z) + 2, dim(coker @7*;()) = dim(coker 2%, 3) +2. =
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6.3. Figenvalues in the frameworks with strongly oscillating singularities: discussion

At this stage, we have found a family of formulations of the interior transmission prob-
lem, parametrized by v € C, which satisfy the Fredholm property. Can we prove
discreteness of the set of eigenvalues for these formulations? Then, a natural question
is: do these different formulations provide the same eigenvalues, and if not, has our
result any meaning in relation to the initial question? A part of the answer is given by
Proposition 6.16.

For all v € C, define

spe(y) == {k € C| ker sz,ﬁfafﬁ('y) + {O}} )
Moreover, recall that we denote Syniy := {€, 6 € [0;27)}.

Proposition 6.16 Suppose Assumption 3 holds true and v € C\ Synity. Let k € C be
such that k* € R. If (u,w) is a non trivial element of ker 7*44(7y), then (u,w) belongs
to HY(D) x HY(D). In this case, (u,w) is a classical transmission eigenvalue in the sense
of Definition 2.1. As a consequence, for v € C\ Sunity, spc(y) N (RURi) is independent
of v and is exactly the set of real or purely imaginary transmission eigenvalues, in the
classical sense of Definition 2.1.

Proof Let & € C be such that k* € R. Let v = (u,w) be a non trivial element of
ker o7;*5(v). By definition of X™§(v) (see (56)), we have v = ¢,8q + 5 (Sc +78a) + ©
for some constants ¢,, ¢; and some v € X_g. Since k? is real, there holds ¢(v,v) =0
(here, ¢ is the symplectic form defined in (58)). By a simple computation, working
like in point iii) of the proof of Proposition 6.13, and using Proposition 6.12, we find
q(v,v) = i|cs|*(1 — |y?). By assumption, we have |y| # 1. This implies ¢, = 0 and
veHY(D)x HY(D). =

According to the analytic Fredholm theorem, for all v € C, there holds the following
alternative: either spc(y) is at most discrete with infinity as the only accumulation
point, or spc(vy) is equal to the entire complex plane. From the previous proposition,
we deduce the

Corollary 6.17 Suppose Assumption 3 holds true. If there exist v € C and k € C such
that ker o7 5(v0) = {0}, then, for all v € C\ Sunity, spc(y) is at most discrete with
infinity as the only accumulation point. Moreover, in this case the set of transmission
eigenvalues, in the classical sense of Definition 2.1, is at most discrete with infinity as
the only accumulation point.

Proof Let 7, € C and k € C be such that ker 27! 5(v) = {0}. In this case, with the
analytic Fredholm theorem, we can prove that spc(v) is at most discrete with infinity
as the only accumulation point. Now, if v belongs to C \ Sunity ;we know, thanks to
Proposition 6.16, that (spc(y) NR) C (spc(yo) N R). This proves that (spc(y) N R)
is discrete. Therefore, there exists k € R such that egz%,;afﬁ(y) is injective. From the
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analytic Fredholm theorem, we deduce that spc(7y) is at most discrete with infinity as
the only accumulation point. Using the theorem of decomposition 5.6, we can prove
that the classical H! transmission eigenvalues, in the classical sense of Definition 2.1,
actually belong to span(s,) @ X_g. Noticing that this space is included in X™J(v) for
all v € C, we obtain the second part of the corollary. m

Let us emphasize that finding &k such that ker @4*4;(79) = {0} cannot be done using
the variational approach of the proof of Theorem 6.1. For now, this remains an open
problem. What could be proven in the present case is that a given value of k cannot
belong to spc(y) for all parameters A; or A, varying in a small interval. The idea is to
derive the eigenvalue equation with respect to A;, @ = 1 or 2. In other words, we are not
able to prove the discreteness of transmission eigenvalues for some given configuration.
But we can prove the existence of a small perturbation of the configuration such that
the discreteness holds.

Let us now go back to the question stated above: does the set of eigenvalues spc(7y) re-
ally depend on 7, and if it does, how can we explain and use our result? By Proposition
6.16, if 7o & Sunity, real values and purely imaginary values of spc(y) are independent
of v and correspond to transmission eigenvalues, in the classical sense of Definition 2.1.
But what can we say concerning complex values? We conjecture that part of them
depend on ~ while the others do not. The latest are transmission eigenvalues, in the
classical sense of Definition 2.1, while the first ones are not, because they are associated
to strongly singular fields (u,w) which are not in H'(D) x H}(D). As a consequence,
we also conjecture that Herglotz waves are not dense in the functional spaces er"g(v)
which contain strongly singular fields.

A numerical way to identify “true” complex transmission eigenvalues among all
values of spc(y) could be to compute the values of spc(y) for different . True
eigenvalues are those which are independent of . Finally, let us underline that such
numerical computations cannot be achieved with a standard approach (a finite element
discretization for instance) which will not be able to capture the possible strongly
oscillating behavior of the solutions. Again we can benefit from the previous work on
the SCTP (sign changing transmission problem) for which we have proved the efficiency
of using Perfeclty Matched Layers around the singular points in the case v = 0 (see [10,
Chapter 5]). We are currently investigating how to extend this approach to deal with
the configurations v # 0.
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