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Introduction: general setting

» Scattering by a negative material in electromagnetism in time-harmonic
regime (at a given frequency):
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» Scattering by a negative material in electromagnetism in time-harmonic

Zoom on a metamaterial: practical realizations of metamaterials are
achieved by a periodic assembly of small resonators.
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EXAMPLE OF METAMATERIAL (NASA)

Mathematical justification of the homogenized model (Bouchitté,
Bourel, Felbacq 09).
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Introduction: in this talk

» In this talk, we investigate a Dirichlet spectral problem for a small
inclusion of negative material in a bounded domain.

» Let Q, w be smooth domains of R3 such that O € w, @ C . For
d € (0;1], we consider the problem

Find (A, %) € C x (H§(Q) \ {0}) s.t.:
—div(o9Vud) = Mud  in Q, with,
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» Let Q, w be smooth domains of R3 such that O € w, @ C . For
d € (0;1], we consider the problem

Find (A, %) € C x (H§(Q) \ {0}) s.t.:
—div(o9Vud) = Mud  in Q, with,

o H{(Q):={ueHQ)|u=0o0n 00}

1> 0 in Q?:Q\E
o2< 0 in Q):=dw.

(This problem is not classical because ¢ changes sign.)

» We define the operator A° : D(A%) — L?((2) such that
D(A%) = {u € H}(Q) | div(c®Vu) € L2(Q)}
Ady = —div(a?Vu).

o %=
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Introduction: main question of the talk

» Using boundary integral equations (see Costabel and Stephan 85,
Dauge and Texier 97) or the T-coercivity approach (see Bonnet-Ben Dhia
et al. 99,10,12,13), we can prove the :

PROPOSITION. Assume that op/0; # —1. For § > 0, the operator A° is
selfadjoint and has compact resolvent. Its spectrum G(A?) consists in two
sequences of isolated eigenvalues:

—00 = A< <A < 0SAT SN S-S X L. 5 oo
n—-+o00 n—-—+00
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» For all 6 € (0;1], A® has negative spectrum. At the limit § = 0, the
inclusion of negative material vanishes and ¢? is strictly positive.

( ? What happens to the negative spectrum when § tends to zero? )
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Outline of the talk

@ Limit operators
We introduce the two natural limit operators which appear when § — 0.

© Results

We state the main results concerning the asymptotic behaviour of the
eigenvalues when § — 0.

© Numerical experiments

We illustrate the theoretical results with numerical experiments.

5 /14



@ Limit operators
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Far field operator

» As ¢ — 0, the small inclusion of negative material disappears.

7 /14



Far field operator

» As ¢ — 0, the small inclusion of negative material disappears.

7 /14



Far field operator

» As ¢ — 0, the small inclusion of negative material disappears.

7 /14



Far field operator

» As ¢ — 0, the small inclusion of negative material disappears.

7 /14



Far field operator

» As ¢ — 0, the small inclusion of negative material disappears.

7 /14



Far field operator

» As ¢ — 0, the small inclusion of negative material disappears.

7 /14



Far field operator

» As 0 — 0, the small inclusion of negative material disappears.

» We introduce the far field operator A” such that

D(A%) = {v e H}(Q) | Av € L2(Q2)}
AVy = —g1Aw.

PROPOSITION. There holds S(A") = {pn}r>1 with 0 < g < pg < -+ <

MUp... — +00.
n——+oo
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Near field operator

» Introduce the rapid coordinate € := 6 ~*x and let § — 0.
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Near field operator

» Introduce the rapid coordinate & := §~'z and let § — 0.

0'00:0'1 @

o0

g = 09

» Define the near field operator B> such that

D(B>) = {w € HY(R?) | div (6> Vw) € L2(R?)}
B*w = —div(6®Vw).
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Near field operator

» Introduce the rapid coordinate &€ := § ' and let § — 0.

0'00:0'1 @

o0

g = 09

» Define the near field operator B> such that

D(B>) = {w € HY(R?) | div (6> Vw) € L2(R?)}
B*w = —div(6®Vw).

PROPOSITION. Assume that o9/01 # —1. The continuous spectrum of B
is equal to [0; +00) while its discrete spectrum is a sequence of eigenvalues:

SGB¥)\Ry = {p—ntn>1 Wwith 0>p_1>-->p_p... — —o0.

n——+oo




© Results
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Spectrum for a small inclusion: results

Assume that o3/01 # —1 and that B> is injective. For n € N*, we denote
X,y pl, ul, the eigenvalues of A%, A% B* as in the previous slides.

THEOREM. (PosITIVE SPECTRUM) For all n € N*| ¢ € (0;1), there exist
constants C,dg > 0 depending on 7, e but independent of d, such that

XS — | < CO3%72, W6 € (0;0).
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THEOREM. (POSITIVE SPECTRUM) For all n € N*, ¢ € (0; 1), there exist
constants C,dg > 0 depending on n,e but independent of d, such that

XS — | < C83/27F, W8 € (0;6).

IDEA OF THE PROOF:

@ We prove the a priori estimate Hu5||Hé(Q) < c||A%u’||q for & small
enough (# hard part of the proof: weighted Sobolev spaces+overlapping
cut-off functions +Nazarov’s technique).

@ If (11, v,) is an eigenpair of A°, we construct u such that
Ay — ppullo < ¢8P(|ul|q, for some S8 > 0.
@ If ()\°,ud) is an eigenpair of A%, we construct v such that
A% — Xow|lo < ¢6®|v]|q, for some S > 0.

@ We conclude with a classical lemma on quasi eigenvalues.
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Spectrum for a small inclusion: results

THEOREM. (NEGATIVE SPECTRUM) For all n € N*, there exist constants
C, 7,90 > 0, depending on n but independent of 9, such that

A2, — 62 n| < Cexp(—/8), V6 € (0;60]-

Why is it a 62?2

If (\%,,,u,) is an eigenpair of A°, there holds

/ o'Vl - Vv de = )\5/ wodr, YveHL(Q).
Q Q
z =0 =V, =01V Denoting U°(&) = u®(6¢), we deduce
/ aoong‘s-VEVdgzo‘W/ UV de, YV e Hy(671Q).
5-10 510

Why the convergence is exponential?

If (—n, v_y) is an eigenpair of B>, v_,, is exponentially decaying at co.
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Spectrum for a small inclusion: results

Assume that o3/01 # —1 and that B> is injective. For n € N*, we denote
X,y pl, ul, the eigenvalues of A%, A% B* as in the previous slides.

SCHEMATICALLY, WE HAVE:
PR P o ho i
ROV S S oo X i
0
6—0
6_2M_2 5_2M_1 M1 H2 -
2Pacossacosnasnnssasnace S oaconcasasoasssasassaseossasassanaans [rooa¥Goasacocsans Dod
0
6726(B*) N (—o0;0) G(A%)
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Assume that o3/01 # —1 and that B> is injective. For n € N*, we denote
X,y pl, ul, the eigenvalues of A%, A% B* as in the previous slides.

THEOREM. (PosITIVE SPECTRUM) For all n € N*| ¢ € (0;1), there exist
constants C,dg > 0 depending on 7, e but independent of d, such that

I\, — | < C8*%7¢, W5 € (0;6)-

THEOREM. (NEGATIVE SPECTRUM) For all n € N*| there exist constants
C, 7,80 > 0, depending on n but independent of §, such that

X%, =0 2pu_n| < Cexp(—v/6), Vb € (0;80].

—n

PROPOSITION. (LOCALIZATION EFFECT) For all n € N*, let u®,_ be an
eigenfunction corresponding to the negative eigenvalue \°,. There exist
constants C',,dp > 0, depending on n but independent of 4, such that

/OﬂA”HV@M%ﬁ”%mSCWﬁAm V6 € (03 60].
Q
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© Numerical experiments
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Numerical experiments for the small inclusion

» Using FreeFem++, we approximate numerically the spectrum of A°
using a usual P1 Finite Element Method. We solve the problem

Find (A, u)) € C x (V;, \ {0}) s.t.:

ooVl - Vo, = )\2/ u vp,  Vup € Vi,
Q Q

where V), approximates Hj(Q) as h — 0 (h is the mesh size).
» We consider the following 2D geometry:
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Find (A, u)) € C x (V;, \ {0}) s.t.:

ooVl - Vo, = )\2/ u vp,  Vup € Vi,
Q Q

where V), approximates Hj(Q) as h — 0 (h is the mesh size).
» We consider the following 2D geometry:

[We display the spectrum as § — 0 (h is more or less ﬁxed).]
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Numerical experiments for the small inclusion

Contrast Ky = -2.5

SCLQ R R e L R e S
*
*
*
*ii
40+ FTIF R etk xR KRR IR IR AR R KRR kR K
. *
* *

s X

*

-

e
*%

*
*x
** R A A A A A AT AR F AR IR AR A

w
o

*
ii*************************************************
t
*
* *
*, *,

N

o
T
*

*

*
Fay
*x

Positive spectrum

Hkx Fkx
* k. Fokok
B T Eh 2 2 SRR

101

Ak ek o o KKK KKK F KA KA KA HAHHH A A A FAH A K KK F K F K F K H K FHFHA KA K

0 0.5 1 15 2

—Iog10 1)

» The positive part of G(A%) converges to G(A”) when § — 0.
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Numerical experiments for the small inclusion

Contrast K,=—25
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» The negative part of G(A?) is asymptotically equivalent to the negative
part of 6 ?&(B>) when § — 0.
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Numerical experiments for the small inclusion

Contrast Ky = -2.5

* Linear regression for the 1st negative eigenvalue: a = —2.0056
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» The negative part of G(A°) is asymptotically equivalent to the negative
part of 6 ?&(B>) when § — 0.
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Localization effect

Eigenfunction associated to the
first negative eigenvalue

Eigenfunction associated to the
first positive eigenvalue

0=0.5

i.08946

2
0

-2

-3.08976

i0.4709

20
0

=20

=-29.6975

0=0.5

-0.2
-0.4
-0.6
-0.8
-1
-1.08968

0=0.05
=3.3e-32

=-0.2
-0.4
-0.6
-0.8
-1
-1.08688

» The eigenfunctions corresponding to the negative eigenvalues are

localized around the small inclusion. Here, o5/01 = —2.5.




Thank you for your attention!!!
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